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Abstract

In this paper we investigate a non-linear and non-local one dimensional transport equation under random
perturbations on the real line. We first establish a local-in-time theory, i.e., existence, uniqueness and blow-
up criterion for pathwise solutions in Sobolev spaces HS with s > 3. Thereafter, we give a picture of the
long time behavior of the solutions based on the type of noise we consider. On one hand, we identify a
family of noises such that blow-up can be prevented with probability 1, guaranteeing the existence and
uniqueness of global solutions almost surely. On the other hand, in the particular linear noise case, we
show that singularities occur in finite time with positive probability, and we derive lower bounds of these
probabilities. To conclude, we introduce the notion of stability of exiting times and show that one cannot
improve the stability of the exiting time and simultaneously improve the continuity of the dependence on
initial data.
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1. Introduction and main results

Consider the following one dimensional non-local transport equation

ur + (Hu)u, =0, (1.1

where H denotes the Hilbert transform. This equation first appears in the literature due to its
analogy with the Birkhoff-Rott equations describing the evolution of vortex sheets with surface
tension [4,45]. Moreover, (1.1) can be also viewed as a toy-model of the two-dimensional surface
quasi-geostrophic equation (SQG) which describes the evolution of the potential temperature in a
rapidly rotating stratified fluid with uniform potential vorticity [25,47]. A striking result showing
the finite time blow-up of classical solutions to (1.1) for a generic class of smooth initial data
was first obtained by Cérdoba, Cérdoba and Fontelos in [11] by means of complex analysis
techniques. After that breakthrough, equation (1.1) is known as the CCF equation. Subsequent
works have shown finite blow-up avoiding complex analysis approach (cf. [38,53]). In particular,
in the latter Silvestre and Vicol provided four elegant and simple real analysis proofs of the
blow-up phenomena.

In this paper, we are interested in stochastic variants of the CCF equation (1.1). Indeed, the
introduction of stochasticity into ideal fluid dynamics has received special attention over the past
two decades. The inclusion of stochastic noise can be a way of representing model uncertainty
and turbulence. For example, in weather forecasting, phenomena including cloud formation are
to this day poorly understood and the inclusion of stochastic noise has become an essential tool
for gaining better understanding about it. Since the pioneering work of Holm in [31], where a
variational approach to introducing noise in equations in a fashion that respects the geometry
of the system is developed, the literature regarding the analysis of non-linear stochastic partial
differential equations with transport type noise has increased substantially (cf. [1,2,9,10,20] and
the references therein). To the best of the authors’ knowledge, there are very few results regarding
the CCF model under random perturbations. Only recently, by applying an abstract framework
for singular stochastic partial differential equations (SPDEs) derived by two of the authors, cf.
[3], the local existence, uniqueness and blow-up criterion of pathwise solutions to (1.1) with
transport noise have been addressed in the periodic setting, i.e., forx e T =R /27 Z.

To extend the result on stochastic CCF equation developed in [3] to the real line case, i.e.,
x € R, and to study the noise effect, in this paper we will consider the following Cauchy problem

du + Huw)u,dt =h(t,u)dW, xeR, >0, 12)
(1.
u(w,0,x) =up(w,x), xeR,

where W is a cylindrical Wiener process and # is a non-linear function. In this work, under some
natural assumptions collected in Assumption (A), we obtain the local existence, uniqueness and
a blow-up criterion of pathwise solutions to (1.2). The detailed result is stated in Theorem 1.1.
Here we notice that classical probabilistic compactness arguments cannot be directly applied
to deal with the whole space R and new ideas are in order, see Remark 1.2 for more precise
explanation.

It is well-known that noise effect is one of the crucial subjects in the study of SPDEs. In-
deed, regularization effects due to noise have been observed for various models and different
settings. For example, it is known that the well-posedness of linear stochastic transport equation
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with noise can be established under weaker hypotheses than its deterministic counterpart and re-
store uniqueness of solutions, cf. [15,18]. Regularization effects caused by the noise on flux for
stochastic scalar conservation laws have been studied in [22]. Extensions of the previous works
for the stochastic transport and continuity equations to k-forms have been recently addressed in
[5]. In terms of numerical simulations, the regularization effects of noise can be found in [40].
Moreover, for different fluid models with linear multiplicative noise, we refer to [24,37,50,54],
where noise provides a damping effect on the pathwise behavior of solutions.

Compared to the deterministic counterpart of (1.2), i.e., (1.1), in this article we focus on the
following issues for the problem (1.2) regarding the noise effect:

e Noise versus finite time blow-up;
e Noise versus dependence on initial data.

1.1. Noise versus finite time blow-up
In this direction, we attempt to answer the following two important questions:

(Q-1) What kind of noise can prevent blow-up?
(Q-2) If blow-up may occur, what is the corresponding probability?

We remark here that most previous results in the literature on regularization by noise are re-
stricted to linear equations or linear noises. For instance, we refer to [15,18,16,37,46] for linear
transport equations, and to [19,24,50,54] for linear noise. Therefore, for non-linear SPDEs, it
is very natural to analyze the validity of the regularization effects by non-linear noise. Indeed,
searching for nonlinear noise such that blow-up can be prevented is important because it helps
us to understand the regularization mechanisms of noise, and this is the main motivation to study
question (Q-1). Actually, even in the case of non-linear equations with linear noise, the noise
effects are complicated because there are both examples in positive direction, i.e., noises can
regularize singularities, and negative direction, i.e., noises cannot regularize singularities. For
example, for the stochastic 2D Euler equations, coalescence of vortices disappears (see [19]) but
noise cannot prevent the formation of shocks in the Burgers’ equation (see [1,17]).

For simplicity, we set (Q-1) in the framework where A(t, u)dW = «a(t,u)dW, with W a
standard 1-D Brownian motion and « a non-linear function. We then focus on the system

du + (Huw)u, dt =a(t,u)dW, xeR, >0,
(1.3)
u(w,0,x) =up(w, x), x eR.

We will show in Theorem 1.2 that if «(z, -) grows fast enough, then global existence of path-
wise solutions holds true with probability 1. This is strongly in contrast with its deterministic
counterpart where the breakdown of classical solutions to (1.1) with generic smooth initial data
occurs, cf. [11]. Hence we justify the idea that fast growing non-linear noise (strong noise) has
regularization effects on the solutions in terms of preventing singularities.

By Theorem 1.2, we have identified a family of noises that can prevent blow-up, and this
partially answers (Q-1). Next, we will pay our attention to the case that blow-up may occur.
Indeed, as a toy-model for the 2D surface quasi-geostrophic equation (SQG) (and hence for the
3D incompressible Euler equation), analyzing the possible blow-up of solutions is one of the
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central questions in the study of non-local transport type equations, cf. [11,14,38,43,53]. In this
paper we are also interested in identifying the possible formation of singularities in finite time
and estimating its probability, hence giving a partial answer to (Q-2). Since Theorem 1.2 shows
that fast enough growing noises can prevent blow-up, it is natural to ponder that singularities can
only occur when the noise is somehow weak. Indeed, in contrast to the fast growing noise, we
will show that in the case of linear noise (weak noise) given by equation

du + (Hu)u,dt =b(t)udW, xeR, t>0,
(1.4)

u(w,0,x) =up(w,x), xek,

where b is some continuous function and W is a standard 1-D Brownian motion, finite time
blow-up cannot be prevented and finite time singularities occur. The precise statement of this
result is given in Theorem 1.3.

1.2. Noise versus dependence on initial data

Now we turn to the problem of noise effect on the initial-data dependence. There are very few
results concerning the noise effect in the direction of dependence on initial data. In this work we
will partially answer the following question:

(Q-3) Can noise affect the initial-data dependence?

The main motivation to consider question (Q-3) relies on the following observation. On the one
hand, regularization provided by noise may look related to regularization effects induced by an
additional dissipative term (a Laplacian). On the other hand, if one would add a real Laplacian
to the governing equations, parabolic techniques may be used to improve the continuity of the
initial-data dependence. For example, in the deterministic incompressible Euler equations, the
solution map ug — u cannot be better than continuous [29] but for the deterministic incompress-
ible Navier-Stokes equations with sufficiently large viscosity, it is at least Lipschitz continuous
in sufficiently high Sobolev spaces (see pp. 79-81 in [26]). In the deterministic setting, simi-
lar questions regarding the continuity map on the initial-data have been widely investigated for
various non-linear dispersive and integrable equations of which we only mention a few related
results. Koch and Tzvetkov [39] proved that the solution map of the Benjamin—Ono equation
cannot be uniform continuous. For Camassa—Holm type equations, we refer to [27,28] for the
non-uniform dependence on initial data in Sobolev spaces H® with s > 3/2. Similar results in
Besov spaces B;’ o first appeared in [57,56], where the critical index s can be also covered. In
the case of the SQG system, we refer the reader to [32]. In the stochastic setting, the interplay
between regularization provided by noise and the dependence on initial conditions is first studied
in [52,55].

In this article we consider question (Q-3) for (1.2). More precisely, we first recall the con-
cept of stability of the exiting time as in [52,55]. Roughly speaking, this notion refers to the
continuous changes of the point in time with respect to the initial condition, where such point
is defined as the time when the solution leaves a certain range, see Definition 1.2 below. Later
on, in Theorem 1.4, we show that when k(¢, u) satisfies certain conditions (see Assumption (D)),
the multiplicative noise cannot improve the stability of the exiting time, and, at the same time,
improve the continuity of the map ug — u defined by (1.2).
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1.3. Notations, definitions and hypotheses

We now introduce some notations. L?(R) is - the usual space of square—integrable functions on
R.Fors € R, D* = (1—92,)%/? is defined by D* f (&) = (1+£&2)*/2 f (£), where  is the Fourier
transform of g. The Sobolev space H*(R) is defined as

H @ 2] f e L2®): 1w = [ (+51F @RS < oo
R

in which the inner product ( f, g) s is given by

o g)me 2 / (1+82) F(&) - 3E)de = (D £, D' g) 0.
R

When the function space refers to R, we will drop R if there is no ambiguity. x <y (x 2 y)
means that x < cy (x > cy) holds for some universal deterministic constant c. Such constant
may differ from line to line. For linear operators A and B, the commutator [A, B] is defined by
[A,B]=AB — BA.

The triplet (2, F, P) denotes a complete probability space, where [P is a probability measure
on 2 and F is a o-algebra. EX is the mathematical expectation of X with respect to P. Let
W(t) =W (w,t), w € Q2 be acylindrical Wiener process. More precisely, we consider a separable
Hilbert space U and let {ex} be a complete orthonormal basis of I/. Then we define

00
wa Z Weep,
k=1

where {Wy}k>1 is a sequence of mutually independent standard 1-D Brownian motions. We call
S=(Q,F, P, {F}i>0, W) a stochastic basis, where {F;};>¢ is a right-continuous filtration en-
dowed on (€2, F, IP) such that {Fp} contains all the P-negligible subsets.

Lo (U; X) stands for the set of Hilbert-Schmidt operators from I/ to another Hilbert space X
For a predictable process Z € Lo(U; X),

t 00 t
/ Zdwéz / ZerdWy

0 k=1 0

is a well-defined X'-valued continuous square integrable martingale, see [12,48] for more details.
In the sequel of the paper, when a stopping time is defined, we set inf@ £ oo by convention.
We now give the precise notion of a pathwise solution to (1.2).

Definition 1.1 (Pathwise solutions). Let S = (2, F, P, {F;};>0, V) be a fixed stochastic basis.
Let s > 3/2 and ug be an H*-valued Fo-measurable random variable.

1. A local pathwise solution to (1.2) is a pair (#, t), where 7 is a stopping time satisfying P{t >
0}=1landu: Q2 x [0,00] = H' is an F;-predictable H*-valued process satisfying
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u(- At) e C([0,00); H*) P —a.s.,

and for all ¢ > 0,

IAT AT
u( Ant)—u) + /(Hu)uxdt/z f h(t', u)dW P —a.s.
0 0

2. The local pathwise solutions are said to be pathwise unique, if given any two pairs of local
pathwise solutions (u1, t1) and (u3, 7o) with P {u1(0) = u>(0)} = 1, we have

Plui(t,x) =usr(t,x), (t,x) €0, 11 Aol x R} =1.

3. Additionally, (u, t*) is called a maximal pathwise solution to (1.2) if 7* > 0 almost surely
and if there is an increasing sequence 7, — t* such that for any n € N, (u, 7,,) is a pathwise
solution to (1.2) and on the set {t* < o0},

sup |lullgs > n.
1€[0,74]

4. If (u,t*) is a maximal pathwise solution and t* = co almost surely, then we say that the
pathwise solution exists globally.

Inspired by [52,55], we introduce the concept on stability of exiting time in Sobolev spaces.
Exiting time, as the name suggests, describes the first time that the solution leaves a given range.
More precisely, we introduce

Definition 1.2 (Stability of exiting time). Let s > 3/2 and S = (R, F, {F:}s=0, P, W) be a fixed
stochastic basis. Let ug € L*(2; H*) and {uo.n} C L?(S2; H) be Fo-measurable. For each n, let
u and u, be the unique solutions to (1.2), as in Definition 1.1, with initial values u¢ and ug_,,
respectively. For any R > 0, define the R-exiting times as

R 2inf(r > 0: Junllpgs > R}, t82inf(r >0: |ul|ms > R)}. (1.5)
Then we define the following properties on stability:

1. If up,, = up in H® P — a.s. implies that

lim rf =R p_ a.s., (1.6)
n—oo
then the R-exiting time of u is said to be stable.
2. fug, — upin H* forall s’ < s almost surely also implies that (1.6) holds true, the R-exiting

time of u is said to be strongly stable.

To study the existence of pathwise solutions to (1.2), we need the following assumptions on
the h:
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Assumption (A). We assume that when s > 3/2, h : [0,00) x H® > (t,u) — h(t,u) €
Lo(U; H*) is continuous. Furthermore, we assume that there are two non-decreasing locally
bounded functions f, g : [0, +00) — [0, +00) such that

e Forany s> 0and u € H®,

W@t Wl Lot msy < f (uxlizoe + [ Hux L) (1 + llull ). (1.7

e Foranyt >0,

sup
lullps vl s <N

{1 At u) — h(t, V)l 2@t 15)
{urv}

}Sq(N), N=1 (1.8)
llu — vl s

Example. Now we give an example of noise coefficient satisfying Assumption (A). For sim-
plicity, we only consider the 1-D case, i.e., W = W, and & : (¢t,u) — h(t,u) is a map from
[0, 00) x H® to H®. The extension of this example to the general Lo(U; H*)-valued i can be
carried out by considering % (eg), where {ex}x>1 is a complete orthonormal basis of ¢/ (as 1-D
case with suitable coefficient) such that Zkzl ||h(ek)||§1s < 00. To that purpose, let G = ie—\xl.

Then in 1-D case, (1 — 2,)~! can be understood as

(1= 0207 ] @ =1G » f1) for f € L2(R), (1.9)
where x stands for the convolution. Now we let
h(t,u) = q(t)(1 — 32) " [)* + Hu)"1, k,n>1.

If g (+) is smooth with both upper and lower bounds, then it is easy to see that / satisfies Assump-
tion (A).

To find global existence, we need some stronger conditions on the noise coefficient # and we
make the following assumption:

Assumption (B). We assume that when s > %, o :[0,00) x H > (t,u) — a(t,u) € H® is con-
tinuous. Moreover, we assume the following properties hold true:

e «(-,u) is bounded for all u € H® and there is a non-decreasing locally bounded function
1(-) : [0, 0c0) — [0, 00) such that for any ¢t > 0,

lla(z, u) —a(t, v)llgs
llu —vllgs

sup {1{”751)} } <I(N), N>1, s>3/2. (1.10)

lull s vl gs <N
e Define

6= {g € C*([0, 00); [0, 00)) : G(0) =0, G'(x) >0, G"(x) <0 and Aim G(x) = OO},

and we assume that there is a function G € & and constants K1, K, > 0 such that for all
(t,u) €[0,00) x H® with s > 5/2,
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G (lull2, DM@) + 26" (lullys ) [(@ (@, w), 1) o1 |

2
{g Qi @ w. w1}

<Ki—K»
L+ Gull?,-0)

, (1.11)

where
M) =20l oo + [ Hu |l o) el 355-1 + lloet, )13,
and Q is the constant given in Lemma 2.3.

Example. Let ¢ (¢) be a continuous function such that ¢, < g2(t) < ¢* for all ¢ and let Q be the
constant given in Lemma 2.3 below. Then it is easy to check that

alt,u) £ q(0) (1 + llux |l Lo + [Hue | 1) (1.12)
with
: 1 * 1 k
elther0>§, q >q*>00r9=5, q->q«>20 (1.13)

satisfies Assumption (B) with G(x) = log(1l + x) € &. For simplicity we only verify (1.11).
Indeed, we observe that

G (2 )M + 26" (el o) | (e, 1), 1) s |

2
{g Qo @t w. w1}

+ K>
L+ G(lul?-))
20l llz + I Hawll L) el + @) O+ uallos + [ Hugll2o)® el
1+ a3,y
2q°(1) (1 + llug | oo + M | 20> ull s
- —
(112
g (1) (1 + lluxll Lo + 1M || o) ulld,

2 2
(14 12) (1 +1og(t + ). )))

<20(llux L= + [Huxllzo) + (@) (1 + lluxll Lo + [ Huxll L)
267 (1) (1 + llugllzoe + | Huxll o)™ lulf,,-, K q2(t) (1 + x|z + [Huy | )
_ : )
(1 + ||u||§{s,l> (1 +log(1+ )

Il
SR}
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If ||uxllLoo + || Huy| Lo is bounded, then J is also bounded, and hence it can be controlled by
some constant K| > 0. To prove (1.11), we only need to check that Jj can be also controlled by
K1 when [lux ||z + | Hux||oe — 00. Let P = g*(1) (1 + llux || o + [ Hux [l 2)*". Due to the
embedding H*~! < W1 when |ju,||z= + |Huy| z — 00, ||u| ys—1 — oo. Hence, we have
that

2 = H o0
s 3= limen { QU + [Husllis)
luex Nl oo+ Hutx || Loo — 00 Nt Il oo+ Hutc || oo =00 P
2l el
— K A P.
(1) (1B ) (1 +loe(t + ulZ,. )

Moreover, if (1.13) is satisfied,

. 20(lluxllzee + [Hux|lL)
imsup <

1
Nt oo+ Hat | oo —+00 P

and consequently lim Supy,, 1 wo-[Hu, || oo —>+o0 J = 0. Therefore o given by (1.12) and G(-) =
log(1 + -) satisfies (1.11).

In the linear noise case (1.4), we make the following assumption on b:

Assumption (C). We assume b(t) in (1.4) satisfies that b(r) € C ([0, 00); [0, 00)) and there exists
some b* > 0 such that b2(r) < b* for all r > 0.

Finally, we assume the following conditions to study the question (Q-3):

Assumption (D). When considering (1.2) in Section 6, we assume that for s > 3/2, h : [0, 00) X
H* > (t,u) — h(t,u) € L(U; H) is continuous. Moreover, we assume the following:

e There exists a non-decreasing and locally bounded function /(-) : [0, +00) — [0, +00) such
that for any 1 > 0 and u € H® with s > 3, we have that

WA, Wl gy@t; 15y < Ul llizoe + 1 Huxll L) lull s
e There exists a non-decreasing and locally bounded function g(-) : [0, +00) — [0, +00) and a

real number og € (3/2,7/4) such that for all N > 1,

__ 1
sup  Nh(t, W)l gyt o0y < g(N)e "la0.
120, [l s <N

e Property (1.8) holds true.
Example. Let us here give an example of noise structure satisfying Assumption (D). As above,
we only consider the case where A(t,u) dWW = y(¢t,u) dW with W a standard 1-D Brownian

motion. Let k > 1 and ¢(-) be a continuous and bounded function, then for any k,n > 1,
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1
y(t,u)y=q@e "Mu0 (1 =07 )7 ox[(wn)* + (Huy)"]
satisfies Assumption (D), where (1 — fo)_l is defined in (1.9).
1.4. Main results and remarks

In this subsection, we present the precise statements of the different results shown in this
article. The first result reads:

Theorem 1.1. Let s > 3 and let h(t,u) satisfy Assumption (A). If ug is an H®-valued Fy-
measurable random variable satisfying E||u0||%is < 00, then there is a local unique pathwise
solution (u, t) to (1.2) in the sense of Definition 1.1 with

u(- A1) e L* (2 C ([0, 00); HY)). (1.14)

Moreover, (u, T) can be extended to a unique maximal pathwise solution (u, T*) with the follow-
ing blow-up criterion:
1{ =I{ P —a.s. (1.]5)

limsup, _, o« |u(t)]| s =00} limsup, _, .+ [|ux (1) ]| oo + 1| Huux (1)[| Loo =00}

Remark 1.1. Before we explain the ideas and difficulties regarding the existence of local path-
wise solutions, let us first stress some important remarks on the blow-up criterion (1.15).

e The blow-up criterion (1.15) implies that the H 5" norm of the solution within the range s’ €
(%, s] blows up at the same time t*. Indeed, for any fixed s and 5" € (%, s), since

lullzoe + 1 Huxllzoo S Null o < Nl as,

we can conclude that |lul| ;s blows up no later than the time [luy (¢)| oo + [[Huy || Lo blows
up but no earlier than the time ||| s blows up. Therefore, equality (1.15) shows that all of
the H* norms have the same blow-up time. This fact will be used to prove Theorem 1.2 (see

4.1)).

e Invoking the well-known logarithmic Sobolev inequality involving the Hilbert transform H

IHuxllzoe $ (14 Nuxllzoe log (e + luxll 1) + luxllz2) (1.16)

one can show in deterministic case, by using (1.16), that the blow-up criterion (1.15) can be
improved into (cf. [14])

limsup [|u(t) || s = 00 <= limsup |juy (t)|| Lo = 0.
t—>t* t—>t*

However, it is still not clear how to achieve this in the stochastic setting. Technically, because
E [(1+ lluxllzoclog (e + luxll 1) + luxllz2) lull s ] is involved, we have not been able to
close the estimate for IE ||u ”%{s'
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Remark 1.2. Now we give a remark regarding the existence part in Theorem 1.1. Since we focus
on a Cauchy problem defined on the whole space R, the classical probabilistic compactness
argument for non-linear SPDEs in bounded domain seems inapplicable in this work. Indeed, we
have the following essential difficulties:

e For smooth u, in the a priori L?($2; H®) estimate for u, after using the Itd formula for ||u ||%_15,
we will have to deal with E (/2 (llux || zo) (1+[|uel|35)) and B (x| oo+l Huax | o0) el 755 )
coming from A (¢, u) and (Hu)u,, respectively. To close the estimate, these two terms should
be controlled in terms of E ( 14 lu ||%1s). Since we cannot split the mathematical expectation,
we add a cut-off function to the original problem to cut the non-linear parts in terms of || - || g~
(see (3.1) below) with suitable r such that H* <> H" <> W1.%_ This enables us to close the
a priori estimate. In this work, s > 3 and we let r =5 — 3/2.

e As the second step, we construct the approximation scheme and obtain certain uniform es-
timates. Our next aim is to pass to the limit to obtain the existence of a solution. If the
target problem is defined on bounded domain, usually one can find g € (r,s) such that
H® << H? < H" (here <> means the embedding is compact). By the uniform esti-
mates, one can follow the compactness argument (cf. Prokhorov’s Theorem and Skorokhod’s
Theorem) to obtain the convergence in HY, which enables us to pass to the limit to find a
martingale solution to the cut-off version of the target SPDE. We can a posteriori introduce
a stopping time to remove the cut-off. We refer to [6,8,13,24,30,54,55] for different exam-
ples. On the contrary, in unbounded domains, the compact embedding only holds true for
the “local” space H} << Hl(f)c. Because the cut-off || - || g appears in the problem itself,
even though we obtain the convergence in H]%C (cf. Prokhorov’s Theorem and Skorokhod’s
Theorem), it is still not enough to guarantee the convergence of || - | z- because || - ||gr is a
global object (for space variable), which cannot be controlled by a /ocal condition. As men-
tioned above, because the cut-off is needed, we have to establish a convergence result in some
topology no weaker than H".

e In this paper, we will show that there exists a sub-sequence of the approximate solutions
converging in C([0, T]; H") almost surely, and the essential part of proving this is motivated
by [42,44]. We also remark that our analysis is also available for the torus case, i.e., x €
T =R/2nZ, since all the estimates can be performed in the same way (up to some obvious
modifications) for x € T. In the deterministic case where the cut-off is no longer needed,
convergence in local Sobolev spaces is sufficient to take limit to find a solution.

Hereafter, we consider the noise effect versus finite time blow-up. Our second result gives a
partial answer to (Q-1):

Theorem 1.2 (Noise preventing blow-up). Let s > 3 and ug € H* be an H*-valued Fy-
measurable random variable with ]E||uo||%1x < oo. If Assumption (B) holds true, then the cor-
responding maximal pathwise solution (u, t™) to (1.3) satisfies

P {r* = oo} =1.
Remark 1.3. Let us first recall that in the deterministic counterpart of (1.3), the blow-up of
regular enough solutions actually cannot be prevented, cf. [11,43,53]. Therefore, Theorem 1.2

justifies the idea that fast growing non-linear noise (strong noise) can regularize the solutions
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in terms of preventing singularities. Here we use the terminology “fast growing” condition, de-
scribed by (1.11) in Assumption (B), to cancel (notice that G” < 0 in (1.11)) the growth of the
non-local transport term (Hu)u such that EG (||u||12L[S) can be controlled with a Lyapunov type
function G. The idea of using a Lyapunov type function is motivated by the works [7,36,49,51].

Complementarily, in the case of linear noise, we can show that singularities occur in finite time
with positive probability which yields a partial answer to (Q-2). The precise statement reads:

Theorem 1.3 (Blow-up for linear noise). Let 0 < K < 1, s > 3 and b(t) satisfy Assump-
tion (C). Assume that ug = ug(w, x) is an H® valued Fo-measurable random variable satisfying
E ||uo||%{s < 00 and attaining a global maximum at xo. If

*

b
Aug(w, xp) > X P—-a.s., (1.17)

where b* is given in Assumption (C) and A is defined in (2.5), then the unique maximal pathwise
solution (u, t™) to (1.4) satisfies that

P{t* < o0} > P{limsupmalléu\u(t) =400} > ]P’{ef(;b(’/)dwf/ >K Vi>0}>0. (1.18)

t—1* XE€

Remark 1.4. We make the following remarks regarding Theorem 1.3:

e Motivated by previous works [24,50,51], to study (1.4), we make use of Girsanov type trans-
form to obtain a PDE with random coefficient instead of a SPDE to study blow-up. In this
linear noise case, the blow-up criterion (1.15) also holds true. By direct computation, we

have Hu, = Au for the fractional Laplace operator A = (—A)% . Hence the blow-up criterion
(1.15) becomes
1 { = 1{ ) P —a.s.

limsup, _, o+ [lu(0) || gs =00} limsup, , .+ [lux (Dl Lo+l Au(®) || oo =00

This motivates us to consider blow-up for the particular case limsup,_, .« || Au(t)| Lo = 00.
Actually the case we obtain, as shown in (1.18), is limsup,_, . max,cr Au(t) = 4o00. So far
it is still not clear if lim sup,_, .« min, g Au(t) = —oo holds for blow-up.

e The key identity used in our analysis on blow-up is originally introduced in [53, Proposition
3.5], where the authors show that C! global solutions to (1.4) cannot exist. The precise state-
ment of this identity in our stochastic context is given in (5.9). Although the idea towards
the proof of (5.9) is similar to [53], we cannot assume without loss of generality (as in [53,
Proposition 3.5]) that v(zg) = 0, which simplifies the proof of (5.9). The main reason relies
on the fact that in the stochastic setting zg depends on ¢ and w € Q2. As a consequence, for
different w, the time ¢ such that v(zg) = 0 may be different, and therefore we cannot assume
that v(zg) = 0. On the other hand, if we fix ¢ such that v(z¢) = 0, then v(z9) = 0 may not hold
almost surely, which brings further obstacles in proving (5.9).

e For trivial b* = 0, which means b(¢) = 0, Theorem 1.3 recovers the deterministic result [53,
Theorem 3.7]. Due to the presence of the noise term b(¢)udW, the condition (1.17) is more
restrictive compared to the deterministic case where Aug(xo) > 0 suffices to show the finite
time blow-up, [53, Theorem 3.7]. Therefore, although finite time singularities can be shown
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in the stochastic case, it is somehow restrictive and strongly depends on the choice of the
coefficient b(t).

Regarding question (Q-3), we have the following partial (negative) answer:

Theorem 1.4 (Weak instability). Let s > 3. If h satisfies Assumption (D), then at least one of the
following properties holds true.

1. For any R > 1, the R-exiting time is not strongly stable for the zero solution to (1.2) in the
sense of Definition 1.2;

2. There is a T > 0 such that solution map ug +— u defined by (1.2) is not uniformly contin-
uous as a map from L*° (2, HY) into L'(2:; C([0, T, H)). More precisely, there exist two
sequences of solutions u""(t, x) and u>"(t, x), and two sequences of stopping time 71,0 and
T2.n, Such that

e fori=1,2 P{1;, >0} =1 for each n > 1. Besides,

lim 71, = lim 1, =00 P —a.s. (1.19)
n—o0 ) n—o0

o Fori=1,2,u""eC(0,1,], H) P —a.s., and

E( sup flu""(®)llgs + sup Iqu’”(t)IIHs> Sl (1.20)
ZE[O,‘EI,H] IG[O,‘L’Z,”]
o At initial timet =0,
lim sup [u""(0) — u®"(0)|| s = 0. (1.21)
n—)OOwEQ
o Whent >0,
liminfE sup lu'" () — > ()| s > sup |sin(r)]. (1.22)
N=>00 1[0, T Aty nAT2 L] t€[0,T]

Remark 1.5. The idea behind Theorem 1.4 can be understood as follows: one cannot improve
the continuity of the map ug — u, and simultaneously, the stability of the exiting time at u = 0.
Hereafter, we briefly outline the main difficulties encountered in the proof of Theorem 1.4 and
the main strategies used to tackle them.

e For system (1.2), we do not know how to obtain any explicit expression of the solutions.
Therefore, to establish (1.22), the idea relies on finding two sequences of approximate solu-
tions {um, n} (m € {1,2}) such that the difference between u,, , and the actual solution u™"
tends to zero as n — 0o, from which one can prove (1.22) by using {u,, ,} rather than {u""}.
In this way, the first difficulty lies in the construction of such approximate solutions {u, ,}.
In this work, by some delicate calculation, we are able to construct two sequences of approx-
imate solutions {u,, ,} such that the actual solutions {u""} satisfy
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u"™"(0) = um n(0), hm E sup [lu™" —umnllus =0, (1.23)
[0,7m, nl
where u™" exists at least on [0, 7, ,]. Technically, since the equation involves the non-local

Hilbert transform  and the problem is defined on R, the construction of approximate solu-
tions u,, , is more elaborated than the constructions in [44,52,55].

e The second difficulty we have to surpass is that we need to guarantee that inf, 7, , > 0 al-
most surely when dealing with (1.23). This obstacle comes from the lack of lifespan estimates
which we believe is quite a common issue in SPDEs. Indeed, in deterministic cases, one can
easily obtain the lifespan estimate, from which it is not difficult to find a common inter-
val [0, T'] such that all actual solutions exist on [0, T'] (see for example Lemma 6.1). In the
stochastic setting, we are not able to show this precise estimate. As in [52,55], the key ob-
servation to surpass this difficulty is that the property inf,, 7, » > 0 can be connected to the
stability property of the exiting time (see Definition 1.2). The condition comprising the fact
that the Rp-exiting time is strongly stable at the zero solution will be used to provide a com-
mon existence time 7 > 0 such that for all n, u™" exists up to T (see Lemma 6.4 below).
Therefore, to prove Theorem 1.4, we will show that, if the Rp-exiting time is strongly stable
at the zero solution for some Rp > 1, then the solution map ug — u defined by (1.2) cannot
be uniformly continuous.

1.5. Plan of the paper

We outline the structure of the paper. In Section 2 we provide some relevant preliminaries and
recall well-known estimates that will be employed throughout the paper. In Section 3 we show
the existence and uniqueness of local pathwise solutions and derive a blow-up criterion proving
Theorem 1.1. We will divide the proof into several subsections. First we use an approximation
scheme and perform uniform bounds in Subsection 3.1. Next, in Subsection 3.2 we show the
convergence of the approximated solutions and afterwards in Subsection 3.3 we prove the global
pathwise solutions to the cur-off problem. We conclude the proof of Theorem 1.1 in Subsection
1.1. Section 4 is devoted to studying the effect of strong noise and proving Theorem 1.2. In
Section 5 we show that finite time singularity occurs in the case of linear noise thus proving
Theorem 1.3. To conclude the article, in Section 6, we prove Theorem 1.4. The proof is divided
into Subsection 6.1 - Subsection 6.3.

2. Preliminaries

Forany ¢ € (0, 1), J; is the Friedrichs mollifier defined by J; f (x) = jo x f(x), where * stands
for the convolution, j.(x) = ¢ ]( ) and j(x) is a Schwartz function satisfying 0 < ](f;‘) <1 for
allé eR and j (E) =1 for any |§| < 1, where f denotes the Fourier transform of f. It is obvious
that };(5) = 7(85). Moreover, for any u € H®, we have, cf. [54,55],

||I — JE”L(HS;H’) ~ 0(8“‘7"), r<s, (21)
Iellzeas,mry S r>s, (2.2)
(Jefi @2 =(f, JeQ) 2. (2.3)

The Hilbert transform is defined as
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1
Hfx) = ;p.v. ;(Ty))c dy. 2.4)

R

The fractional differential operator A% = (=A)? is defined as the following singular integral
operator

A% F(x) = cap.v /Mdy, ae(0,2), (2.5)

|1+oz

21
42T (5+a/2)

VT (—a/2)|
gamma function. In particular, when @ = 1, H fy = —A f. Since J, H and D* can be character-

ized by their Fourier multipliers, it is easy to see

where the constant ¢, = is a normalization constant and I represents the classical

[D*, H]=[D*, Je] = [0x, H] = [3x, Je] = [Je, H] =0, (2.6)
and for any s > 0,
IHullgs < Nullas, 1eullms < lullas. 2.7

Lemma 2.1 (Page 3 in [58]). Let J, be defined as in the above. Assume g € W and f € L.
Then for some C > 0,

[[e. g10x fllz2 < Clldxglizell £l z2-

We also recall the following well-known estimates.

LemmaZZ([M 351). If f, g € HS YW with s > 0, then for p, p; € (1, 00) withi =2,3 and

_ 1,1 L L
p o —i—pz + we have

I[D°, 18]l < Cop IV fllLor 1D gliLez + 1D FllLrs gl Lrs),

and

1D (flLr = Csp(I fllLr 1D glliLra + I1D° fllLrallgliLrs).

Lemma 2.3. Let s > 3. Let J. be the Friedrichs mollifier defined before. There is a constant
0 = 0O(s) > 0 such that

|(Huwyu, w) o=t | < Q| oo + [ Haee | Loo) 1] 3y1 (2.8)
and for all ¢ > 0,

|(Je [(Huw)ur], Jew) sl < Q| poe + I Hueellzoo) el s - 2.9)
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Proof. We first prove (2.9). Due to (2.6) and (2.3), we commute the operator to derive

(D*J [(Hu)uy], D* Jou)

- ([Ds, Hu] u, DSJgu)LZ + (e, HulD¥ u, D* Jetd) > + (Hu) D* e, D* o) .
Then it follows from Lemmas 2.1 and 2.2, integration by parts, (2.7) and H® < W1 that

([0 HuJue, D 92u) | S Qi + el

|([e. HulD uy, D* Jeu) | < I1Hul|os llull s

and

[(Hu)D* Jeuy, D* Jeu) ;5| S [ Huxll oo llulFys.
Combining the above inequalities gives rise to (2.9). For (2.8), since ((Hu)uy, u)ys—1 is well-

defined in this case, by repeating the above analysis, one can easily obtain the (2.8) and the proof
is therefore completed. O

Remark 2.1. We remark that (2.9) will be used in the proof of blow-up criterion (1.15) (see
(3.26) below) and (2.8) will be used in the proof of Theorem 1.2 (see (4.3) below). We refer to

Remark 4.1 for more details.

Let us collect some identities and formulas regarding the Hilbert transform and the fractional
Laplacian operator, cf. [11,53]. The first one is the so-called Cotlar’s identity

H(fH) = HN? = (2.10)
The second one is the following equality:

Lemma 2.4 (Corollary 3.3, [53]). For any f € L'(R;R), we have that for g(x) = xf (x),

Ag(x) =xAf(x) —Hf(x)

Finally, we recall the following estimate on the product of a Schwartz function and a trigono-
metric function.

Lemma 2.5 ([27]). Let § > 0 and o € R. Then for any r > 0 and any Schwartz function V, the
following equation holds true:

3

R X _
Jim n=3 |y (5 costux e =

1

ﬁ||¢||L2~ 2.11

Moreover, (2.11) also holds true when cos is replaced by sin.
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3. Proof of Theorem 1.1
For the sake of clarity, the proof is divided into several subsections.
3.1. Approximation scheme and uniform estimates

The first step is to construct a suitable approximation scheme. For any R > 1, we let xr(x) :
[0, 00) — [0, 1] be a C*® function such that yg(x) = 1 for x € [0, R] and xg(x) =0 for x > 2R.
Then we consider the following cut-off problem on R,

{du + xrUlull gs=32) (Hu)uxdt = xg(llu|l gs-32)h(t, w)dWv, A1)

u(w,0,x) =up(w,x) € H*, s> 3.
To apply the theory of SDEs in Hilbert space to (3.1), we will have to mollify the transport

term (Hu)u, since the product (Hu)u, loses regularity. To this end, we consider the following
approximation scheme:

du + G (w)dt = Ga(t, u)dW,
G1,e() = xrUlull gs—3/2) Je [(HJeu) 05 Joul,
Gao(t,u) = xr(lull gs—32)h(t, u),
u(0,x) =up(x) € H®,

(3.2)

where J; is the Friedrichs mollifier defined in Section 2.

After mollifying the non-local transport term (Hu)u,, we see that G (-) and Ga(¢, -) are
locally Lipschitz continuous in H®. Moreover, the cut-off function xg(|| - || gs-3/2) gives the
linear growth condition (cf, Lemma 2.3 and (1.7)), i.e., there are constants [; =1 (¢, R) > 0 and
I» =1(R) > 0 such that for all t > 0 and s > 3,

1G1e@) s <L+ llullgs), G2 Wl gy @a;m5) < (L + llullgs), t€[0,T].  (3.3)

Therefore, for a fixed stochastic basis S = (2, F, P, {F; };>0, W) and for ug € LZ(Q; HS)
with s > 3, the existence theory of SDEs in Hilbert space (see for example [48, Theorem 4.2.4
with Example 4.1.3] and [33]) shows that for any R > 0, (3.2) admits a unique solution u, €
C([0,00), HS) P —a.s.

We have the following uniform-in-¢ estimate:

Proposition 3.1. Let s > 3, R > 1 and ¢ € (0, 1). Assume h satisfies Assumption (A) and ug €
LZ(Q; H?) is an Fo-measurable random variable. Let u. € C([0, 00); H®) solve 3.2) P —a.s.,
then for any T > 0, there is C = C(R, T, ug) > 0 such that

supE sup [ue(1)[|7s < C. (34)
e>0 1€[0,T]
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Proof. Using the 1t6 formula for ||u, ||%1_; , we have that for any ¢ > 0,

dllue ()17 =2xR (luell gs—32) (h(t, ue)dAW, ) s
—2xRr(|lug ”HS—3/2) (DSJS [Je(Hug)x Jouel, Dsus)Lz dr

+ X Nuel gs—s) Nt w7,y g oy At

Then, by means of the BDG inequality, (1.7), HS3/2 <5 Wl and (2.7), we find that for some
constant C = C(R) > 0,

E sup [lue(t)%s — Elluoll%s

t€[0,T]
T 3
<E / X e | gzs=32) £2 QN | rs=32) 1+ Nlue ) e[| 35 dt
0
T
+2E / e lte o) | (D U (Hate ) Jouee ], Do) o | di
0
T
+E / 1 e lgs-32) £ el gs-32) (1 4 e |30 )de
0
T
<lE sup lluell3s + C(R)E / (1+||ug||%p)dt
2 4e0.7]
0
T
+2E / xR el gs—32) [(D° Je [Je (Hue)dy Jeue], D¥ue) | dr.
0

Let Jou, = v. It follows from (2.3), Lemma 2.2, integration by parts and (2.7) that

|(DXJ8 [Je(Hug)dy Jougl, Dsus)L2| < |([DX, Hv] Uy, DSU)L2| + |((’HU)Dva, DSU)L2|
<C (IHvllaslvxllLee + [[Hvx Lo [Vl gs) vl a2
<Clvll gs-32llvlls
which implies

T T

E/XR(””S”HS*»*/Z) |(Ds-]£ [Je (Hug)0x Jouel, Dsua)L2|dl =< C(R)E/ ||Mg||%.1sdt.
0 0

Therefore we obtain
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T
E sup [ue(®)3s <2EuollFs + C(R) / <1+E sup ||u(t’>||%,s> dr.
tel0,T] 0 t'€[0,¢]

Using Gronwall’s inequality to the above estimate implies that for some C = C(R, T, ug) > 0,

E sup |ue(0)]%s < C(R, T, uo),
t€[0,T]

whichis (3.4). O
3.2. Convergence of approximate solutions

Now we are going to show that, there is a subsequence of u, converging in C ([0, T'], H*~3/%)
almost surely. To this end, for the solutions u, and u,, to (3.2), we consider the following problem
for ve y =ue —uy),

dve 4+ [G1e(ue) — G y(up)]dr = [Gao(t, ug) — Ga(t, uy)|dW, ve,(0) =0. (3.5)

We notice that

Gi.e(ue) — G pluy)
=xR (e || grs-32) [Je (Je (Hutg) dx Jeue)] — xR Ul | rs=32) [ Ty (I (Huay) O Tyue) |
=[xrluell gs—32) = xR Qttnll grs=312)] Je[Je (Hue) iy Jeue]
+ xR Uluyll gs-32)(Je — J)[Je (Hute) 0y Jotte]
+ xR Uyl grs-32) I (Je = Jp) (Huag)dx Jeue] + xr (g | prs—3/2) Ty [Ty (Hug — Huy) O Jeue]
+ xR (g | rs=372) Ty LTy (Huay )0 (Je = Ty ]+ xR (Lt || grs—32) Ty [ Ty (Haay) i Ty (e — u)]

£y a (3.6)

and
Ga(t,ug) — Go(t, uy)
=xR(luell gs-32)h(t, ue) — xR luyll gs-32)h(t, uy)
= [xrUluell gs=32) = xR Ulunll gs—32) | At we) + xR (lunll gs—32) (A, ue) — h(t, uy)]
8
ézqi_ 3.7
i=7

Invoking It6’s formula in (3.5) and recalling (3.6) and (3.7), we find that for any 7 > 0,

262



D. Alonso-Ordn, Y. Miao and H. Tang Journal of Differential Equations 335 (2022) 244-293

t t
ey 12,022 =1 — / Qudr’ + / s, (3.8)

where

t

8 6
22/(qudws US,?]) ) Z qlvvéi’] Hs—3/2» Q3
i=7 i=1

0 Hs—3/2

8

Z%‘

i=7

Lo (U HS312)
(3.9)

Lemma 3.1. Let s > 3. For any ¢, n € (0, 1), there is a constant C > 0 such that Q; given by
(3.9) satisfies

|Qa21 <C( + lluellzys + NunllF) 1veyll3s-32 + C(lue 35 + lluyllgys) max{e, n}.

Proof. Using the mean value theorem for yz(-) and (2.7), we have

g1l grs=372 S Ve Il vz luee [ s
Using (2.1) and (2.7), we see that

1/2 1/2 2 .
i ll 32 Smax{e2, n Y lluel%ys, i =2,3,

||‘]4||HS*3/2 5””8,7}”1{5*3/2““8”H%

1/2 172

g5l grs-3/2 < max{e Hiue |l s Nty || 25 -

For gg, using (2.3), (2.6) and then integrating by parts, we have

(6. ve.n) grs—32 =x& Ny |l grs—372) / D 2Ly (Hug)dy Jyve ] - DY v, yd

=XR(||u,,||H373/z)/ [DH/Z, J,,(’Hun)] B JyVe.y - D32 00 ydx
R

+XR(||un||Hx_3/z)/J,,(Hu,,)axDS*WJnvg,,,.DS*3/2J,7US,,7dx
R

=x& (gl grs-372) / [DH/Z, J,,mu,])] By Jye - D 2 v, dx

1
= 5 xRty gs=32) / Ay Iy (Huy) - (D732 Jyve p)dx.
R

Using xg(-) <1, Lemma 2.2, (2.7) and the embedding H*~3/2 < W1 we have
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2
(Q6, Us,n)H.r—z/z ,S”un”HS*WZ [10x Jr)vs,n [l Loe ”Us,n ||H5*3/2 + 110y Jn (H”n) Il 1,00 ||vs,7] ||Hs—3/2
2
§||un||H3' ||Us,n||Hs73/z-

Therefore we can put these all together to see that there is a constant C > 0 such that

|Qal <C(1+ lluell s + NugllFr) ve, 13532 + Clute | s + luyll ) maxe, )

21 = elNHs nilHs enll gs=3/2 ellgs nll gs , Ny,

which is the desired estimate. O

Lemma 3.2. Let s >3, R> 1 and ¢ € (0, 1). Let u, € C([0, 00); H®) solve (3.2) P — a.s. For
any T >0 and K > 1, we define

ol =inf{t = 0: Juc ()l = KIAT, (3.10)
and
Tk =Tk ATk 3.11)
Then we have
Elin il;[;]E sup  |lug —uyllgs—32=0, K> 1. (3.12)

rel0,7], 1

Proof. Recalling (3.8) and (3.9), we have

t t

e () l3gs-32 < |Q1|+f|Q2|dl/+/|Q3|dt/- (3.13)

0 0

The mean value theorem for xg(-) and Assumption (A) yield that
1971 2, (v ms-32) < CllVeyl s=372 f Cllee [ s) (1 + Nuae || 1s) -
By (3.11) and Assumption (A), we see that
sz, ws-3r2) = Cllvegllg—2a(K), 1 €10, 7], (] P —a.s.,

where g (-) is given in Assumption (A). Therefore we find a constant C = C(K) > 0 such that

re,r]‘l( r}:,n.K T
E / 1031dt <C(K)E / ey 12,0 20dt < C(K) / E o osup  vey @) adr.
0 0 o t/E[O,r;,mK]

(3.14)

Then we employ the BDG inequality to (3.8) to find
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2
E  sup  [lve @ ly-3p

[Orsr]K]
1
T 2 T
snl(
<C(K)E /nvmnm 3adt +ZE / |Qildt
i=2
reTn.K 3 TZn,K
1
<SE - sup lveylmsn + C(KE / ve.y I 3gmsndt + ) E / |Qildt
rel0,z], &1 0 i=2

T

| )
<3E sup eyl +CK) [ B sup (e (@)ls2dt +E / |Qaldr.

T t
ref0.7], ¢l o reloTl, kl

On account of Lemma 3.1, we arrive at

e, K &n,K
E / [Q2]dr <C(K)E / ||Ua,n||§{ks/zdf + C(K)T max{e, n}
0 0

<C(K) / S e s + CUOT max(enl. (.19

s n, l(
Now we can put these all together to obtain

E sup  [ve I3 SCK) [ B sup v ()1 35m32dr + C(K)T max{e, n},

T '
ze[O,rM_K] 0 t’e[O,tgvn’K]

(3.16)

which means that

E  sup  [lvey ()3, < C(K, T)max{e, n}, (3.17)

rel0,7] ¢
and hence (3.12) holds true. O

Lemma 3.3. For any fixed s > 3 and T > O, there is an {F;};>0 progressive measurable H®-
valued process

ueL? (L% (0, T; HY)) (3.18)
and a countable subsequence of {u.} (still denoted as {u.}) such that
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we 22% win €0, T1: H 73 P —as. (3.19)

Proof. We notice that for each ¢ € (0, 1), (3.2) has solution u, almost surely. Now we first take
¢ to be discrete such that for all &, u; can be defined on the same set Q with IP’{Q} =1 (actually,
one can pick discrete &€ = z from the beginning in (3.2)). Recall (3.10) and (3.11). For any € > 0,
by using Proposition 3.1 and Chebyshev’s inequality, we see that

]P’{ sup ||u£—u,7|| 3 >e}

t€[0,T] 2

P {({TET’,%K < T} U [TSY:n,K = T]) N {tes[gpﬂ lug — u,,||H57% > 6]}

<P {stK < T} +P |r,{K < T} TP sup e —uyll,, g >
rel0.7], 1
2C(R, T, ug)
ST—HP’ sup ||u5—u,7||HS_% > €
rel0.t], 1
Now (3.12) clearly forces
2C(R, T,
limsupP § sup |lug — uyllgs-32 > € % K>1.
e—>0p<e t€[0,T] K

Letting K — 00, we see that i, converges in probability in C([0, T']; H® -3/ 2). Therefore, up to
a further subsequence, (3.19) holds true.

Now we prove (3.18). Indeed, since H® < H*~3/? is continuous, there exist continuous maps
7 s HS73/2 > HS, m > 1 such that

Imull s < llullgs, N mpull s = ullgs, we H ™2,
m— o0

where |Ju|| s £ oo if u ¢ H®. For example, one may take 7, as the standard mollifier. Then it
follows from Proposition 3.1 and Fatou’s lemma that

E sup ||u(t)||Hg<11m1nf]E sup ||7rmu(t)||HY
1€l0,7] 70 1el0,T]

<liminfliminfE sup ||JT,,lug(t)||HA
m=00 e=0  s¢[0,T]

<liminfliminfE sup ||ug(t)||Hr <C(R,up, T).

m=00 =0 1e[0,T]
Hence (3.18) holds true. O
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3.3. Global pathwise solution to the cut-off problem

Proposition 3.2. Let s > 3, R > 1 and ¢ € (0, 1). Assume Assumption (A) is satisfied. Let ug €
L%(Q; H®) be an Fo-measurable random variable. Then for any T > 0, (3.1) has a solution
ue L? (2 C ([0, T1; H%)). Moreover, there is a constant C(R, T, ug) > 0 such that

E sup |ul%s < C(R,T,up).
t€l0,T]

Proof. Since for each ¢ € (0, 1), u, is {F;};>0 progressive measurable, so is . By Lemma 3.3
and the embedding H*~3/2 < W1 we can send ¢ — 0in (3.2) to conclude that u solves (3.1).
Now we only need to prove (1.14). Due to Lemma 3.3, u € C([0, T]; H*~3/*) N L>® (0, T; H*)
almost surely. Since H® is dense in H*=3/2 we see that ([59, page 263, Lemma 1.4]) u €
Cy ([0, T]; H®), where C,, ([0, T]; H®) is the space of weakly continuous functions with val-
ues in H®. Therefore to prove (1.14), we only need to prove the continuity of [0,7] > ¢ >
lu ()l £

However, we cannot directly apply the Itd6 formula for ||u||%1x to get control of E| u(¢) ||%1S
because we only have u € H® and (Hu)u, € H*~'. Indeed, the It6 formula in a Hilbert space
([12, Theorem 4.32] or [21, Theorem 2.10]) requires ((Hu)uy, u) ys to be well-defined and the
1t6 formula under a Gelfand triplet ([41, Theorem 1.3.1] or [48, Theorem 4.2.5]) requires the
dual product gs—1 ((Hu)uy, u) gs+1 to be well-defined. In our case neither of them is satisfied. To
this end, we recall the mollifier J; defined in Section 2 and apply the It6 formula to || J.u 12, to
obtain

A Jeu@) s =2xr lutllyr.0) (Jeh(t, w)dW, Jeu) s
— 2xrlullwr.0) (Je[(Hu)uy], Jou) s dt
+ Xk el o) et ), g g sy di- (3.20)
By (3.18),
vy =inf{t > 0: ||u(®)||gs > N} > ocas N > o0 P —a.s. (3.21)
Then we only need to prove the continuity up to time tiy A T for each N > 1. We first notice

that J, satisfies (2.3), (2.6) and (2.7). Therefore for any [z, t1] C [0, T] with t; — > < 1, we use
Lemma 2.3, the BDG inequality, Assumption (A) and (3.21) to find

4
E [(nfsu(n A s = etz )y ) } <C(N.D)ln —nf.

Using Fatou’s lemma, we arrive at

4
E [(Ilu(n AT s =t AT ) ] <CWNV. Tt —n*.

This and Kolmogorov’s continuity theorem ensure the continuity of 7 — |lu(¢ A Tx)| g5, com-
pleting the proof. O
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3.4. Concluding the proof of Theorem 1.1

Finally, we are in the position to finish the proof of Theorem 1.1. For the sake of clarity, we
split the proof into three steps.
Step 1: Existence. For ug(w, x) € L%(Q; HY), we let

Q={k—1=uollgs <k}, keN, k=1

Since IEI||u0||%p < 00, we have

uo(@,x) =Y uor(@,x) =Y uo(@, ) 1<uglys <k} P —a.s.
k=1 k=1

On account of Proposition 3.2, we let ux g be the pathwise global solution to the cut-off problem
(3.1) with initial value ug x and cut-off function xz(-). Define

T g =inf{t>0: sup fug g()IFs > luoxllfys +27 - (3.22)

t'€[0,1]
Then for any R > 0 and k € N, we have P{r; g > 0} = 1. The difficulty here is that we have to
take R to be deterministic. Otherwise Proposition 3.1 will fail. To overcome this difficulty, we let
R = Ry be discrete and then denote (uy, tx) = (uk, R, , Tk, R, )- It is clear that P{ry > 0, k > 1} =

1. Let E > 0O be the embedding constant such that || - |[y1,00 < E| - ||gs for s > 3. Particularly,
we take R,f > E2||u0,k||%15 +2E?, and then we have

P {10 < B2 i3y < E2llmo gl + 2% < RE, r€[0,54], k= 1} =1,

which means

P {xr (lullyre) =1, 1 €[0, 7], k> 1} =1.

Therefore (uy, 7x) is the pathwise solution to (1.2) with initial value ug . Notice that

1A lg, Tk A1, Tk
Loy ui(t A7) — Lo,uox = — / Lo [(Hug) gl e’ + / Lo h(t, up)dW,
0 0

IQkh(t, uy) = h(t, lgkuk) — lgfh(t, 0)

and

1o, [((Hup)oxur]l = (Hlgug) oy 1o uk.
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By Assumption (A), we have ||k (¢, 0) ||z, Hs) < 00. Then we have

loup(t A1) — 1guuox

=lgui(t Ao 1) — uok

7N tALlg, Tk
= — / (’ngkuk)ax(lgkuk)dt/—i- / h(t, 1g,ui)dW.
0 0

Therefore (1, uk, 1o, ) is a solution to (1.2) with initial data ug . Since Qi (2 = @ for
k # k" and | ;- S is a set of full measure, we see that

U= g 1<fuolys <kl T= D _Ako1<lugl s <k) Tk
k>1 k>1

is a pathwise solution to (1.2) corresponding to the initial condition u¢. Besides, using (3.22), we
have

2 2
sup |l =D V- t<jugllps <ty sup llug s
t€0,7] =1 1€[0, 7]

=3 ot <tuots <0 (N0 +2) = 2uollfy +4.
k>1

Taking expectation gives rise to (1.14).

Step 2: Uniqueness and maximal pathwise solution. With (u, t) in hand, we can extend (u, 7)
to a maximal pathwise solution in the sense of Definition 1.1 by following the techniques as
in [9,23,24,50]. For uniqueness, we let (#1, t1) and (u3, 72) be two solutions to (1.2) such that
1 ;(0) = uo almost surely and u;(- A 7;) € L% (S2; C ([0, 00); H%)) with s > 3 for j = 1,2. Let
% <6 <5 — 1 and define

g =inf{r > 0: lurllas + lua@llgs = KYAT, KeN, T>0.
Using (1.8) and the definition of rlg, then the estimate of Esupte[o’rlg] llug () — uz(t)||12q$ is
essential as in the derivation of (3.12) and we have

E sup [lu1(t) —uz(®)|3;s =0.

rel0,7]]
If necessary, to guarantee © I€ > 0 almost surely, we can first assume ug € L>°(2; H*) and then
remove this restriction by using the techniques as in Step /. Hence we obtain uniqueness and the
details are omitted here for brevity.
Step 3: Blow-up criterion. We first define

Tim =1I0f{t Z 0 lu@)llps Zm}, T2 =inf{r = 0: [lux(®)llze + [ Hux (@)l = n},
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and then let 7y = lim 71, and 7o = lim 1 ,. We notice that for fixed m,n > 0, even if
m—0oQ n— o0

P{r1.m = 0} or P{rp,, = 0} is larger than 0, for a.e. w € Q, there is m > 0 or n > 0 such that
T1.m, T2.n > 0. By continuity of |lu(¢)| gs and the uniqueness of u, it is easy to check that 71 = 12
is actually the maximal existence time t* of u in the sense of Definition 1.1. Therefore to prove
(1.15), we only need to verify that

T1=170 P—a.s. (3.23)

The approach here is motivated by [3,9]. Since H® < W' and # is continuous in H* (cf.
(2.7)), there exists a constant M > 0 such that,

sup  (flux(@llze + [Huxllze) =M sup  Ju(@®)llgs < ((M]+ Dm,

1€[0,71,m] 1€[0,71,m]

where [M] denotes the integer part of M. Therefore we have 71, < v, (Mj+1)m < T2 P —a.s.,

which means that 11 < 70 P — a.s. Now we only need to prove 7o < 11 P — a.s. We do the
following claim:

Claim:

]P’{ sup lu()|gs <oog =1 Vni,np €N, (3.24)

16[0’1'2,7” An3]
As is explained before, we cannot directly apply the Itd formula for ||u||%15 to get control of

E|lu(t) ||%{S. Similar to (3.20), by applying J; to (1.2) and using the [td6 formula for || J.u ||%{S , We
have that for any ¢ > 0,

Al JeuO)ll7s = (Jeh(t, w)dW, Jeu) s — 2 (D* Je [(Hu)uy], DS Jeu) ,» dt
+ et )1 7y g prs) A (3.25)

By the BDG inequality, we have

E  sup [ Jeu(®)|3s

IG[O,‘L’Z,,,I An3]

T2,ny A2 2
<E|| Jeuo|3s + CE / et )7, 0. g5y | Jeuell 35 dt
0
2,0 N2 2,0 N2
+2E / | (D*Je [(Huw)uy], D* Jou) ,, |df + E / I eh (2, )17, 4. syt
0 0

Then (1.7) and (2.7) lead to
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1

2,0 N2 2

CE{ [ bt gl el

(=}

ny
1
551& sup ||J€u||%,s+Cf2(2n1)/(1+JE||u||i,s)dz.
0

tel0, 72,111 Anz]

By Lemma 2.3, we find

‘L’z’nlAnz ny
2E / | (D’ J; [('Hu)ux],DSJSu)LZ |dt§Cn1/<1+IE||u||%p)dt. (3.26)
0 0

It follows from (1.7) that for some constant C > 0,

T2,ny Any

ny
E f ||J€h(t,u)||2£2(u;m)dt§Cf2(2n1)/(1+E||u||%{s>dt.
0 0

Therefore we combine the above estimates, use (2.7), and then send ¢ — 0 in the resulting in-
equality to obtain

na
E  sup  fu(®)|%s §C]E||uo||%{s+C/ <1—HE sup ||u(t’)||%_1s>dt. (3.27)

1€[0,72,1, An2l 0 1'€[0,tAT2 5 ]

Then Gronwall’s inequality shows that for each n1, ny € N, there is a constant C = C(ny, na,
ug) > 0 such that

2
E  sup  Ju@®llgs < Cny,na, uo),
IG[O,TQ.,II Ang]

which gives (3.24) and concludes the claim.
Hence (3.24) implies that for all n1,ny € N, P {supte[o’r2 wy Al lu@®)|lgs < oo} = 1. On the
other hand, it is easy to see that for all ny,ny € N,

{ sup  Jlu@) |l g <OO} C U {rom Ana <tim} C{rom Ana <1},
tell

0,72,2, An2] meN

Consequently,

Plon<tul=P{ (| {on=u}lt=P] () {omrm=u}lt=1 (328

nieN ny,nyeN

Combining the above three steps, we complete the proof of Theorem 1.1.

271



D. Alonso-Ordn, Y. Miao and H. Tang Journal of Differential Equations 335 (2022) 244-293

4. Proof of Theorem 1.2

To begin with, we can follow the steps as in the proof of Theorem 1.1 to obtain that, if u( is an
H?-valued Fp-measurable random variable satisfying E||u0||%15 < 0o with s > 3, then (1.3) has
a unique pathwise solution u € H* with maximal existence time t*. Now the target is to show
that P{t* = oo} = 1. To this end, we define

T =inf{t >0 lu(®)|l g1 >k}, k>1 and T* = lim .
—00
Recalling Remark 1.1, we have

r=1* P—a.s. 4.1

2

Therefore we only need to show ]P’{r’;|< = oo} = 1. Applying the It6 formula to [lu(#) ||,

gives
i3, =2 (@t u), ) o1 AW — 2 (Ha)ux, u) o1 dt + [loet, w) |13, dt. - (4.2)

Let G € &. On account of the It formula, we derive

AG (lull3s-1) =26 (lull;-1) (eelt, w), 1) o1 AW
+ Gl { =2 (e, 1) g + e, w13, |
+2G" (20 | (et ), w) o | .
Recall that in Assumption (B),
M) =20 lux ()L + [ Hue Ol o) (@) 5750 + e w) 13-

Hence taking expectation, using inequality (2.7), Lemma 2.3 and Assumption (B) we find that
for any ¢ > 0,

EG(lu(®)]13,-1)

t
—EG(lluol%, ) +E / G (o) [ =2 (e, ) gt + e’ )11} o
0
t

+E/2g”(||u||§,ﬂ) (@), u) o | 0’

0
t
<E {G(luoll,-) +E / G (Nl DM@ + 26" (Nl ) | (e’ w),10) o |* ¢
0
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2
<EG(luols) + Kit Ejl( {9/l o)yl | 43)
u s—1 - ) .
=7 ‘ ? 1+ Gl

0

which shows that there exists a constant C = C(ug, K, K7, t) > 0 such that

2
Ao Dl w.w,..}

dt’ < C(ug, K1, K>, 1). “4.4)
L+ G(ul3,-)

0

Moreover, for any T > 0, it follows from Assumption (B) and the BDG inequality that
E sup G(llull?,)
1€[0,T]
1
2

T
2
<EG(luoly, )+ CE | [ {90l @]} o
0

2
oz, ol w,w g}
—}—K]T—I-KzE/ 3 dr
J 1+ Gl )
T ’ 2 2
i [0/l @, 00, 01}
E 2)+-E 1+ 2 +CIE/ d
=BG ole) 5 zes[g,pr]( Gl l)) J L+ Gull3,) '
2
oz, o @, w |}
+K1T+K2E/ 3 dr.
J 1+ Gl )
Thus, using (4.4) we obtain
T / 2 2
E G(llull? C(ug, K1, T) + C(K2)E {g(”””HH)|(“(Z’”)’”)H“*l|} d
<
st Gl = Cluo, K1 T) +CUK) 0/ T '

< C(uo, K1, K2, T).

We can infer from the above estimate that

P{* <T} <P{@ <T} <P { sup G(llull3y1) = Gk

- C(uo, K1, K>, T)
1€[0,T] -

G(k?)

Therefore, since lim,_, o G(x) = 00, one can send k — oo to identify that ]P){‘E;‘ < T} =0. Since
T > 0 is arbitrary, we have that P{t* = co} = 1, which shows the desired assertion.
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Remark 4.1. We remark that the using of Lyapunov is motivated by the non-explosion test [36],
see also [7,49,51]. In the above proof, (2.8) is used to obtain (4.3), but we remark that (2.9) is
also used implicitly. Indeed, as in the proof of (3.23), (2.9) is used to obtain (3.26), and here (4.1)
also requires (2.9) because it is a consequence of (3.23). In this work we estimate H*~! norm
(i.e., Esup,co. 71 G(llu ||12qs,1)) and use the fact (4.1) to prove global existence. Let us stress that
this extends the recent work [51], where the authors estimate H* norm of the solution to show
global existence.

5. Proof of Theorem 1.3
Due to the linear nature of the noise, we use the Girsanov type transformation

2,/
t b=(t") 4.1
—dr

u, Blw,t)=eh W=l (5.1)

_ 1
B, 1)

In the following lemma we show that v is the solution to a random PDE enjoying desired regu-
larity properties.

Lemma 5.1. Let s > 3, b(t) satisfies Assumption (C) and fix S = (Q, F, P {Fi}i>0, W). Assume
that uy(w, x) is an H®-valued Fy-measurable random variable with IE||u0||§+v <ooand (u, t*)
is the corresponding unique maximal pathwise solution to (1.4). Then fort € [0, t*), the process
vasin(5.1) is a solution P — a.s. to

2ty 1.
v+ BHV =0, Blw, 1) = el bW 524 (52)

v(w,0,x) =up(w,x), xeR
with v e C ([0, T%); H)(C'([0, t*); H*™ ) P —a.s.
Proof. Applying Theorem 1.1 for the particular case A (¢, u) = b(t)u and noticing that b(¢) sat-

isfies Assumption (C) (and therefore h(¢, u) = b(t)u satisfies Assumption (A)), we infer that
equation (1.4) has a unique maximal pathwise solution (u, t*). It6’s formula yields

dl - —b(r)ldW + bz(t)ldt
B B B

and hence straightforward computation shows that

dv =—B(Hv)v,.dt, 5.3)
yielding the first equation in (5.2). At time ¢ = 0, v(w, 0, x) = ug(w, x) since f(w,0) =1
almost surely, so v satisfies (5.2) almost surely. Furthermore, Theorem 1.1 shows that u €

C ([0, t*); H) P —a.s., hence v € C ([0, t*); H*) and v € C! ([0, ), Hs_l) P—-as. O

Invoking Lemma 5.1, we have that for a.e. w € 2 the process v(w, t, x) solves (5.2) on [0, T*)
andv € C ([0, t*); H*) Cl([0, 7*); H*~1) for s > 3. In particular, by the Sobolev embedding,
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veC ([0, ); C! ), therefore for a.e. w € €2, the particle trajectory mapping related to the process
v given by

dp(w,1,x) N
—a - Blw,HYHv(w, t, p(w,t,x)), tel0,17), (5.4)

¢(@,0,x)=x, xeR,

has a unique solution ¢ (w, 1, x) € C1([0, *) x R). Now for a.e. w € , we let xg = xo(w) € R
be the point that u( attains its global maximum, i.e.,

v(w, 0, xg(w)) = ug(w, xo(w)) = meﬁ( up(w, x), forae we Q.
xXe

Then we focus on the particle trajectory mapping from xg in (5.4), i.e.,

W = B0, OHV(0.1.$ (@, 1,x0)). 1 €[0,7), (5.5)
¢(w, 0, x0) = xo.

On the other hand, by the transport nature of equation (5.2), the value of v is constant along
characteristics and since v(w, 0, x¢) attains a global maximum, we have that

o v(w, t,p(w,t,x9) =0, te[0,7%) P —a.s. (5.6)

Computing the quantity Av(w, t, ¢ (w, t, xg)), i.e., the evolution of the A operator of v along the
trajectory, we see that for a.e. w € Q and ¢ € [0, T*), there holds

dAv(w, t, ¢(w,t, xp))
dr

dAv(w, t, p(w,t, xg)) do (w, t, xg)
do(w, t, xg)) dt

= - IB(w’ t) {A[(HU)UX]((U’ tv ¢(CU, t’ xO)) - (HU)(CL), t’ ¢(w’ t9 x()))AUx(CL), t’ ¢)(w’ ts xO))} )
(5.7

=Avi(w, t, ¢(w, t,x0)) +

where chain rule is used in the former equality and the fact that v solves (5.2) and the particle
trajectory equation (5.5) in the latter. Let v = Hv. Then we have v, = Av and Avy = —0,,, and
then we can rewrite equation (5.7) as

dAv(w, t, ¢(w,t, x0))
dr

=— B, 1) [AGAD) (@, 1, ¢(w,1,X0)) + V(. 1, P (@, 1, X0) Uax (@, 1, P (@, 1, x0))]. (5.8)

Now we denote zg = ¢ (w, t, xo) and omit the dependence of w and ¢ in (5.8) for simplicity if
there is no ambiguity.
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5.1. An identity for the fractional Laplacian A

Lemma 5.2. For a.e. w € Q and t € [0, t*), there holds the following equation

Hv(zo) — Hv(:) 2

20—

1 1
A(UAD)(z0) + V(20) Vxx (20) = —E(Av(Zo))2 - H (5.9

-1
H?2

Proof. We remark that (5.9) has been obtained in [53, Proposition 3.5] in the deterministic case.
However, notice that one cannot assume without loss of generality (as in the deterministic case)
that v(zg) = 0, which simplifies the proof of (5.9) (see Remark 1.4), and hence we present also
the complete proof here.

Recalling (5.6) and vy = A, we have Av(zp) =0 for ¢ € [0, T*) almost surely. Then, invok-
ing the integral representation (2.5) for « = 1, we arrive at

U(20) Av(z0) —v(Y)AV(Y) dy

A(WAD)(z0) =lp.v.f

™ lz0—yI?
R
1 —5()AD
=—p,v.fwdy, 1e[0,7%) P —a.s. (5.10)
m 120 — I

On the other hand, we have that

Av(y)

1
0(20)Vxx (20) = —0(z0) A(AD) (20) = V(z0) —p-V- 20— P dy, t€[0,7%) P—a.s.,

where we have used in the first equality the fact that fo = —A? and the semigroup property of
the fractional Laplace operator A2 = A A. Therefore, we have that

- - . 1 v(zg) — ¥ AD
A(WAD)(z0) + v(20) Vxx (20) = —p.v./ o) (y))2 ) dy, te[0,7%) P —a.s.
T lzo — ¥l
R
(5.11)
Recalling the notation v(zg) = ¥(w, t, 20), then for a.e. w € Q and ¢ € [0, t*) we define
V(w, t,y) 2 b(w,t,20) — (o, t, y). (5.12)

Since v(w, t, zo) = 0, factorizing the root implies that there exists a process n(w, t, y) such that
V(w,t,y)=(z0 — y)n(w,t,y), t€[0,7%) P —a.s. (5.13)
Therefore we can observe that
n(w,t,z0) = —vx(w,1,20), Hn(w,1,20) = Av(w,1,20), 1€[0,7%) P —a.s. (5.14)
Again, we drop w and ¢ if there is no ambiguity. Then (5.11) reduces to
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v(y)AV(y) d

1
A(WAD)(20) + 0(20)Vxx (20) = —;P~V-/ 10 — Y2

5 dy, te€[0,7%) P —a.s.
|zo0 — ¥l

_ _lp_v./ (zo = (WA ((zo — In(NIK)
T
R

Using the linearity of the fractional Laplacian operator and Lemma 2.4, we have

[A((zo = InNI) =z0An(y) — yAn(y) +Hn(y) = (zo — Y)An(y) + Hn(y)

and hence

—(z0 = »I)n(y) ((zo — V) An(y) +Hn(y)) dy

1
A(OAD)(z0) + 0(20)Vxx (z0) = —P-V-/ 2
T |z0 — ¥l

R

dy

1 / —(z0 — )’ n(MAn(y)dy 1 / (zo — Y)n(WHn ()
—p.Vv. - —p-Vv.
lzo — yI? T lzo — yI?

I |
=——pV/nUMﬂ@Ny+—pv/
T T
R R
2
a2t [H(mHn)]1(z0), t€[0,7*) P —a.s.

n(y)?’-ln(y)d
————dy
Yy =20

1
-
M4

Therefore, applying the identity (2.10), we can rewrite the above equation as

- S~ 1 2, 1 N RNk X

ADAD) (20)+(z0) s 20) = =3 (0 45 (o) = — | A2 . 1e10.7%) Paus.
T L
Using (5.12), (5.13), (5.14) and noticing Av(z9) = 0, we arrive at
L o (RO B B O Nk
A(WAD)(z0) + 0(z0)Vxx (20) = _E(UX(ZO)) + E(Av(zo)) - = .
T ||zo—- I8
~ <2
- (5 (20))” — 1) —v0) ,» t€l0, ) P —aus.
2 7T 20— - 0z

Then (5.9) is a direct consequence of the above equation and the fact v =Hv. O
5.2. Proof of Theorem 1.3

Now we are in the position to prove Theorem 1.3. To begin with, we can infer from Lemma 5.2
and (5.8) that

2

A 1 1 — .
dAv(zo) _p |:§(AU(Z0))2+ ” Hv(zo) — Hv(:) 1
H?2

dt i ZO_'

]Zﬁ%(l\v(zo))z, tel0,t*) P —a.s.
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Let F(w, 1) £ Av(w, 1, zo). Then the above estimate becomes

LD o BP0, 1107 F-as. 619

Let 0 < K < 1 and define Q* £ {w: B(r) > Ke_bT’ for all ¢}. If F(w,0) > % almost surely,
then t* < oo for a.e. w € Q*. Indeed, integrating (5.15) leads to

1 n 1
F(w,t) F(o

'
1
0 ZE/,B(w,t/)dt’, tef0, ™) P—a.s.
0

Since F(w, 0) > % almost surely, (5.15) means that F is increasing almost surely. Therefore we
restrict the above inequality to w € Q* and we arrive at

T*

1 1 —Et/ , K _b* _x
>—-K [e 2 dt:—(l—e 2’)
F(@,0) — 2 b*
0

and hence

F(al),O) B bE* (1-e%7)z0

By the assumption F(w, 0) > %—* almost surely, we arrive at

. . t t b2(t')
Thus 7* < 0o a.e. on Q* as desired. Recalling that B(w, 1) = eJo bWy = “5=d1 e have

shown that

P{t* < 00} > P{B(1) > Ke~ =" forall 1},
which together with b*(t) < b* (¢t > 0) implies that
P{t* < o0} > ]P’{efot bWHaWy - K for all 1}.
The proof is now completed.
6. Proof of Theorem 1.4
In this section, we provide the proof of Theorem 1.4. As is mentioned in Remark 1.5, since
we cannot get an explicit expression of the solution to (1.2), we start with constructing some
approximate solutions from which (1.22) can be established. Similarly as before we divide the

proof into several subsections.
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6.1. Approximate solutions and actual solutions

Following [44], we construct the approximate solution as follows. First, we fix two functions
¢, ¢ € C° such that

1, if x| <1,

d(x)= and (j;(x) =1l if x € supp ¢. 6.1)
0, if |x| > 2,

Next, we construct the following sequence of approximate solutions

U =up+u;, me{—1,1}, (6.2)
where

® Ujp =up m.pn is the high-frequency part defined by
Up=upmn(t,x)= rf%*sgb (%) cos(nx —mt), neN. (6.3)
n

® U =uj m., is the low-frequency part defined as the solution to the following problem:

oru; + (Hup)oyu; =0, xeR, t>0,
e (6.4)
u;(0,x)=-H (mn ¢>(—)>, x eR.

nd

In (6.3)-(6.4), 6 > 0 is a parameter that will be determined later in the proof.
Let us consider the problem (1.2) with the initial data u,, ,(0, x), i.e.,

du + (Hu)u,dt = h(t,u)dW, xeR, >0,

u0,x)=—H (mnflqg (:—3» + nfgfsqﬁ (:—3) cos(nx), xeR. (63

Since Assumption (D) implies Assumption (A), Theorem 1.1 immediately yields that for each
fixed n € N, (6.5) has a unique pathwise solution (™", t™") such that u”" € C ([0, T"""]; H*)
P —a.s. with s > 3.

6.2. Estimates on the errors

Substituting (6.2) into (1.2), we define the error £(w, t, x) as

t

t
E(w, t,x) = upmp(t,x) =ty n0,x)+ /(’Hum,n)axum,,, dr’ —/h(t’, Umn)dW P —a.s.
0 0

By using (6.2) and (6.4), we reformulate £(w, ¢, x) as
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E(w,t,x)

t
=u;(t,x) —u;(0,x) + /(Hul)axul dt’ + up(t, x) — up(0, x)
0

t t
+ /(Hu;)axuh + (Hup) @yu; + dcup)dt’ — f h(t, Um,n)dW
0 0
=up(t,x) —up(0,x)
t t
+ f(’Hul)Bxuh + (Hup) Oyuy + dyup) dt’ — / h(t', up ) dW P —a.s. (6.6)
0 0

The following lemma shows the decay estimate for the low-frequency part of u,, ,.

Lemma 6.1. Let |m| =1, s > 3, § € (0,2) and n > 1. Then there exists a T > 0, indepen-
dent of n, such that the initial value problem (6.4) has a unique smooth solution u; = uj ;. €
C([0, T;1; H®) for all n > 1. Besides, for any r > 0, there exists a constant C = Cr,qsz > 0 such
that u; satisfies

S
lui ()| gr < Clmln2™", 1 €0, T1]. (6.7)

Proof. For |m| =1 and any fixed n > 1, since u;(0, x) € H*, by applying Theorem 1.1 with
h = 0 and deterministic initial data, we see that for any s > 3, (6.4) has a unique (deterministic)
solution u; = u; ., € C ([0, T;]; H*). We will show that there exists a lower bound of the exis-
tence time, i.e., there is a 7; > O such that for all n > 1, u; = u; , , exists on [0, 7;] and satisfies
(6.7). The proof of Lemma 6.1 consists of three main steps.

Step 1: Estimate ||u;(0, x)|| gr. Let g(x) = mn~' (;—s) For n > 1, by using (2.7), we have
that

bbb ()L
s .01 = [mn '8 (55)[

_ / (1+ 6 [56)P de
R

R

=m2n8_2/ (1 + ‘%‘z)r (g(z)‘z dz
& n

roa 2
szn‘s’z/ (1+|z|2> ‘cb(z)‘ dz < Cm*n®2,
R

= 2
66| ds
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for some constant C = C, 3> 0. Therefore we find that

k)
4700, x) || g < Clm|n27".

Step 2: Proof of (6.7) for r > 3/2. In this case, we apply Lemma 2.2, (2.7), H" < W1 and
integration by parts to find

2
——lu;ll5-
7 a il

—/DrugDr ((Hup)ocuy) dx
R

|(D"u;, D (Hup)dyup), |

A

< |(ID", Huiloxur, D up) ;| + | ((Hu) D" 9 up, D" uy) 5|

< (107 a2 N L= + 1195 ) 1D B 2) Nl e
1 r 2
+ 2 (Huy) 0x (D" uy)” dx
R

2 2
Slaxurllpoe lurllgr + 110 (Hur) | oo g || 30
< 2 H 2
Slluellyeo lur e + 1w lyroo lurll g

<Cllulyyr. €=Cr>0.
Solving the above inequality gives

IOl _ 1

lullgr < —————, 0<t<——"7-—.
1 —Ctllu;(0)|| g~ Cllui(0)|| gr

Remember that u; = u; ,, ,. Then we define the time interval [0, 77 ,, ,] such that

1

upllgr <2\|lu;0)||gr, tel0,T; , T = 6.8
” l”H = ” l( )”H [ l,m,n] I,m,n ZC”L{[(O)”[—N ( )
By Step 1, we have that for [m| =1, Tj .0 2 la - —> 00, asn — 0. Therefore we can find a
2Cn2~
common time interval [0, 77] such that "
8
lurllgr < 20uO)llpr < Clmin2~", t€[0,T;], C= C.5>0, (6.9)

which is (6.7).
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Step 3: Proof of (6.7) for 0 < r <3/2. Applying Lemma 2.2, (2.7), we have

d 2
EE”WHW

= —/DrulDr ((Hup)oxup) dx
R
|(D"ur, D" (Hup)deu)) |
< |(ID". Hugloxur, D ur) ;| + [ (Hur) D" duz, D uy)

IA

2]

S (10" a2 1050 0w + 1185 ) 1= 1 D" 0l 2 ) Nt e

1
+5 / (Hup) 8, (D" up)* dx
R

2 2
S0xurll oo llurllgr + 1105 (Hup) [l oo llurll -

It follows from the embedding H r+3 <y W1 that

1d
Eauuzu%p SNl oo g3 + 18 () |l poe g |13

2 2
Sllur oo luallgr + 1Hur .00 gl e

2 2
Slurll ey Nalgr + Wl g e e

2
S loezll 3 Hotr V-
Using the conclusion of Step 2 for r + % > 3, we have

d
E”L‘ZHH' S ||Ml||Hf||Ml(0)||H,+%s 1 €0, 771,

and hence
t
w1 < Ml (O) )| e +/ el s O3 A2, 1 €00, 71
0
Applying Gronwall’s inequality to the above estimate, we have that

sl S Nar @)l exp {lr )13 Th} 1 €10, T

Since 6 € (0,2), we can infer from Step I that exp{||u1(0)||H,+% Tl} < C(r, &, T;) for some

constant C(r, ¢, T;) > 0. Therefore we see that there exists a constant C = C, b1 > 0 such that
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3_
lurll e < Clmin2~", 1 €10, T3],
concluding the desired estimate (6.7). O
The above result implies that the H®-norm of u;, the low-frequency part of the approximate
solution defined by (6.2), is decaying. For the high-frequency part uj, due to Lemma 2.5, its

H*-norm is bounded. To sum up, let 7; be given in Lemma 6.1, for any s > 0, there is a constant
M:MM;(]5 T > ( such that

lmnllgs S M, 1 €[0,Th]. (6.10)

Moreover, although not strictly necessary, we can infer from (6.9) that M can be independent of
T; when s > 3/2.

6.2.1. Estimating the error £ ~
Recall (6.6). By using (6.1), we have that ¢ = ¢¢. Then by (6.3) and u;(0, x) in (6.4), we see
that form € {—1, 1},

un(t, x)—up (0, x)
—n 3 (:—5) cos(nx —mt) —n~3"5¢ (:—8) cos(nx)
o () (e
YR E
—m~ (Huy(0, x)n' =25 (:—5) cos(nx — mt)

—m~ " (Huy (0, x)) nlfgfsqb (%) cos(nx)
n
t
= / (Huy (0, x))n17%75¢> (%) sin(nx —mt')dt’.
n
0
Furthermore,
t t
/(’}—lul)axuh dr' = — /(’Hul)(t’)nl_%_sd) (%) sin(nx — me') ds’
n
0 0

35

t
+ /(Hul)(t’)n_7 9.6 (%) cos(nx —mt')dr'. 6.11)
0

Thus, (6.6) becomes
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t
E(w.1,x) = /[(’Hul)(O) — Hup)(AHn' "2 (;—8) sin(nx — me')d’
0

t
_38_ X / /
~I—/(’Hu1)n ? 70 (55 ) costux —mi') di
n
0

t

t
+/(Huh)(axul+axuh)dt/_/h(t/sum,n)dw
0 0
t t

= /Edt'—/h(t’,um,n)dw P—a.s., (6.12)
0 0

where

E = E(w,t,x) =[(Hu)©) — (Hu)) ()] "> (:—S) sin(nx — mt)

+ Hupn—350,¢ (%) cos(nx — mt) 4+ (Hup) @y + deup). (6.13)

n

Now we shall estimate the H°°-norm of the error £, where oy is given in Assumption (D).
Actually, we will show that the H°°-norm of £ is decaying.

Lemma 6.2. Let n > 1, s > 3, % < 8 < 1. Let T; be given in Lemma 6.1, and oq be given in
Assumption (D). Let

re=—s—1+o09+54. (6.14)

Then ry < 0 and the error £ given by (6.12) satisfies

E sup E®)]30 < Cn?,
tel0,7;]

where C = C (09, ¢, ¢, T}) > 0 is a constant independent of n.

Proof. It is obvious by construction that r; given by (6.14) is negative. Combining (6.13), the
embedding H° < L and Lemmas 6.1 and 2.5, we find that for ¢ € [0, T;],

1Ellm < | [ (©) = (Hup) @' =37 (5 ) sin(ux —mn)|
+ ” (Hul)n_%_saﬂb (:—8) cos(nx — mt) H

H°0
+ [|(Hup)oxuill goo + | (Hun)Oxunll groo

ST U 0) = Hu) )l e | (55) singex — )|

H°0
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3 _

+n7 27 [[Hull oo

) (%) cos(nx — mt/)‘ -
+ 1 Hun) sl oo + 1| (Haen) 3 | g

ST (Hug) (0) — (Hug) (1) | oo +n 07100738
+ | (Hup)dcurll goo + | (Hup)dxunll goo

S0 [ (Hup) (0) = (Hup) () oo + "

+ I(Hup)dxuill goo + | (Hup) dxunll oo - (6.15)

For || (Hu;)(0) — (Huy) () || oo, it follows from the fundamental theorem of calculus and H?0 <
L®° that for ¢ € [0, T7],

(Hu)(0) = (Hup) Ol geo S i (0) — wi (@)l oo

t
= /B,MZ(I/) dr’

0 H

t
S/II(HMI)BXWIIHJO dr’
0

t
2 §—2
§/||uz||,m+] dr' < n¥72;,
0

where we used (6.4) with ¢ € [0, 7;], Lemma 6.1 and the embedding H o0+l sy W1.20 Therefore,
n! TSN (Hug) (0) — (Hup) ()| goo Sn' 0P 2T =0T, t€[0, 7). (6.16)
Next, applying Lemma 6.1 and 2.5, we have for ¢ € [0, T7],
| (Hupn)dxurll goo S Nunll oo llugll oo+t
<pHo0p 3=l = oo+ i—l < n's, (6.17)

I (Hun)dxunll oo S llunll oo lun |l grog+1
5n73+(70nfs+(70+1 — n72s+20'0+1 Snrs. (618)

Here in (6.18) we used the assumption og € (3/2, 7/4) to guarantee n~2+200+l < n's. Inserting
(6.16), (6.17) and (6.18) into (6.15), we finally obtain

IEllgoo Sn', te[0,T7]. (6.19)

With (6.19) at hand, we are in the position to estimate [E sup, ¢ 1) [1€(?) II%IUO. Invoking It6 for-
mula in (6.12) leads to
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t t
1St )12 < | -2 / Gttt ) AW, E) oo | +2 / (E. &) o] dF
0 0

t
+f NG, e )2y 04 o0, A
0

Taking supremum with respect to 7 € [0, 7;] and using the BDG inequality, we can find some
C > 0 such that

E sup [IE@%00
te[0,77]

T T
1 — —
<JE sup €@ +CE / (e, wm N7, @ pro0y dt + C f [E||E||%,UO+E||80)||%,UO]dr.
1€[0,77]
0 0

By virtue of (6.19), we arrive at

Ui

T
E sup [IE@) 500 S Tin™ +E / V(e tm N7y @1 g0, 2 + / E sup [|E@)||3e dr.
tel0,T7] 0 t'€[0,t]

Now, we estimate ||A (2, U n) |l 2, @4 Ho0). For any fixed s > 3, on account of Assumption (D),

Lemmas 2.5 and 6.1, we can pick « > 2(1 + S_z(’_oa_l) such that

I N s\ 2
”h(tv um,ﬂ)llzﬁz(u-Hao) 5 <e|“”’="Hf’0 > S (n_5+00 +n7—1) S n2rj’

which gives

T

E sup [E0) e < Tin + / E sup €W dr.
te[0,T] t'€[0,t]

Obviously, for each n > 1, E sup,¢[o 7 ||5(t)||fqa0 is finite and 7; > O is fixed. Then by the
Gronwall inequality, we have

E sup [IE@®))300 < Cn*".
t€[0,7]

The proof is completed. O

286



D. Alonso-Ordn, Y. Miao and H. Tang Journal of Differential Equations 335 (2022) 244-293

6.2.2. Estimating umy , —u"™"

Recall the approximate solutions u,, , given by (6.2). Then we have the following estimates

on the difference between the actual solutions and the approximate solutions.

Lemma 6.3. Let s > 3, % < & < 1, og be given in Assumption (D) and rg < 0 be given in (6.14).

For any R > 1, we define
" i=inf{t > 0: |u"™" | ms > R}.

Then for n > 1 and T; > 0 given in Lemma 6.1,

E sup et n — u’”’”H%_IUO < Cn?s,
1€[0,Tintg™"]
2 25 —2,
]E Sup ”um,n - um’n”HZx—nO S Cn s 0'0’

re[0, TiATy™]
where C = C (s, o0y, ¢~), ¢, Ty, R) > 0 is a constant independent of n.

Proof. Let v =uv, » = up , —u™". Then v satisfies v(0) =0 and

t t t

v(t)—i—/((?—[v) Ot + (Hu™") dcv) dt’=—fh(t’,um’”)dW+/Edt’,
0 0 0

where (6.12) is used. For 7; > 0, we use the It6 formula to find

t 1 t

(6.20)

6.21)

6.22)

() 1300 = —2f(h(r’,u’"~”)dW, V) oo +2/(E,v)Hoo dt/—Z/ ((Hv) dxttm,n, V) o dt’
0

0 0

t

t
—2/((%14’"»") eV, V) 1yop dt’+/||h(t’,u’"’")llzﬁz(u;mo)dt’.
0 0

Taking supremum with respect to ¢ € [0, Ty A Tp""], and then using the BDG inequality yields

that for some C, C > 0,

E  sup  [[v®llFe0
1e[0, TiATg™]
T]A‘L';en’n 1/2 Tl/\rlr;z,n
<CE f 1011300 W2 2 u™ ™2, 04 rro0y A +2E f I(E, v) ool dt
0 0
Tinty™ Tinty™
+2E / |((Hv)axum,n,v)HUO|dt+2IE f |((7—[um’”)8xv,v)H(,0|dt
0 0
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m,n

Tintg’
+E / G u™ "2, 04 proo, At
0
TN
1 _
=;E sup ()30 + CE / I(E, v)peo| dt
1€[0,Tintg™"]
0
Tinty™ Tinty™
+CE / |((Hv) Oxttm,n. ) o | df + CE f |((Hu™") v, v) oy | dt
0 0
T/\TWYI
+CE / e, ™ "7y 04 ooy -
0

Recall that (6.10) gives |lupmnllas S M, G, ONILE [0, T; A r 1. Hence we can infer from
Assumption (D) that for some C>0

(e u™ ™ N Zy 0 o0y S WA wm N7y @ o0y + 1 i n) =BG W™ 7, 04 ooy

_/ -1 \? _
SC(e'“"’J’H“O) +q(C)||v||%1no, te[O,Tl/\rZ”"] P—a.s.,

where ¢ (-) is given in (1.8). As a result, for any fixed s > 3, by applying Lemmas 2.5 and 6.1
again, we can pick A > 2(1 + = 00_ ) to derive

2
At u™ n)”[jz(z,{ HO0) ~ Sllum n“HUO + ||U||H00
5 22
S (70t ol
Sn®s 4 vll3ey, 1€10, TIATR"] P —a.s.

Via (6.19), we have

2 2
21(E, v)pmo | <20 Ellpoollvllgoo S NE Nz + 100500 S0 + 1013

Using Lemma 2.2, (6.10), (2.7), integration by parts, and the embedding H* — H% — w oo
we obtain that almost surely

(0 et ) o | S UHVI a0 Bt g W0 S Nt 10
SHll3e, £ €10, i A TR,
and
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[((P™") 050, 0) o
= [([D?, Hu"""]dxv, D®v) 2 + (Hu™" D?d v, D™v) 2|

-1 2
S (IID”‘)?"W'"’"||L2||3xv|IL°o + [oxHu™" || oo || D7 3xv||L2) lvll oo + 10x Hu™ " || Lo [V | o0
2 2 2 s
SIHu™ " gs 1ol go0 S ™ 1 as 1ol 500 S 0llge, ¢ €10, T ATg "],
To sum up, we obtain that

T
E  sup  [v®)l3e S Tin®s + / E  sup o)) dr.

te[0,TiATR "] o t'el0, Aty

Using the Grénwall inequality, we obtain (6.21).

Now we prove (6.22). To this end, we first notice that 2s — op > 3 and u™" is the unique
solution to (6.5). Then, similar to (3.27), we can use (6.20) and Assumption (D) to find for each
fixed n € N that

i

E sup w120y S Elltmn )17 2000 + / E sup (™" |30 dr.

H2.y—(10
1e[0,TiATy™] r'el0, 1Aty "]

Using the Gronwall inequality and Lemmas 6.1 and 2.5, we have

2 2 L] —0042 25—2
E  sup ™" 15000 SElumaO)l o0, S (1277 +0°77)7 Sn™ 770, n > 1.
1€[0,Tintg™"]

Hence, by Lemmas 6.1 and 2.5 again, we arrive at

s 2
E sup ”um "— Um,n ”[—[25’“0
1€0, AT
< ZE m,n 2 2]E 2 < C 2S—20’() >1
— sup ”l/l ”HZsfao + Sup ||um,n||H2xfaO = n , = 1.
1e[0, TiATg "] 1e[0, TiATg™"]

Therefore, we complete the proof. 0O
6.3. Concluding the proof of Theorem 1.4
To begin with, we have the following property:

Lemma 6.4. Let Assumption (D) hold true. Suppose that for some Ry > 1, the Ro-exiting time
of the zero solution to (1.2) is strongly stable. Then we have

lim )" =00 P —a.s. (6.23)

n—oo Ro
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Proof. By Assumption (D), the unique solution with zero initial data to (1.2) is zero. Now we
notice that for all s" < s, lim,— oo ||t n Ol s = limy— o0 |42 (0) — 0|l v = 0 and the Ro-
exiting time of the zero solution is co. Then the assumption that Rp-exiting time of the zero
solution to (1.2) is strongly stable immediately implies (6.23). O

Proof of Theorem 1.4. We only need to show that if the Ry-exiting time is strongly stable at the
zero solution for some Ro >> 1, then {u~'"} and {u!"} are two sequences of pathwise solutions
such that (1.19), (1.20), (1.21) and (1.22) are satisfied.

For each n > 1 and for fixed Rg > 1, Lemmas 6.1, 2.5 and (6.20) give IP’{IZ’O’" >0=1,
and Lemma 6.4 implies (1.19). Then, it follows from Theorem 1.1 and (6.20) that u™" €
c([o, ‘E;go’n]; H*) P — a.s. and (1.20) holds true. Next, we check (1.21). By interpolation, we
have

E sup et — Mm’n”H’
te[O,ﬂAr;"O'”]
1 1
2 2
S|E sup letm.n —u™" || oo E sup lm,n — ’/lm’n”HZS*"o
te[O,T,Arg(;”] te[(),TlA‘L';;'(;n]
1 1
7 7
2 2
S|E sup ltm.n —u™" (300 E sup llttm,n —u™" ”st—ao
telo,Tmr;’d”] ze[O,]}ArZ’d"]
Combining Lemma 6.3 and the above estimate yields
1 1 ’
]E Sup ”um’n _ um,n ”HS Sn1~2rs . nz'(237200) — nrx , (624)
te[O,Tmr;;l(;"J
where r; is defined by (6.14) and
, 1 1 §-1
O>rs=r‘y-§+(s—oo)-§=T.
Since rs/ < 0, we can deduce that
lim E  sup  |lupmy —u™" | gs =0. (6.25)

te[O,T;ArZ‘(;"]

Since § < 1, we have

||l,t_1’n(0) — ul*” O lgs = ||M,1,n 0) — ul,n(O)HHS

=2 (2 G, = 1o (o)l

5 ~
§n7_1 Hd)”H — 0, asn — oo.

HS

Since =" (0) and u!"(0) are deterministic, the above estimate implies that (1.21) holds true.

290



D. Alonso-Ordn, Y. Miao and H. Tang Journal of Differential Equations 335 (2022) 244-293

Now we prove (1.22). Let 7; > 0 be given in Lemma 6.1. We can infer from (6.25) that

liminfE sup =" () — u " (1) | s
n—oo —1,n 1,n
ze[O,Tl/\rRO /\rRO]

Z liminfE sup lu—1.,(t) —ur,()|l s
n—o00o —1,n 1n
tel0, T ATp " ATpt]
— lim E sup lu—1,n(t) — u” (@) || s
n—oo —1,n 1,n
te[O,TlArRO ATry ]
— lim E sup lluey o (2) — ul™ (1) || s
n—o0 —L.n 1n
1[0 TnTg " ATg']
> liminfE sup Nu—1n(@) —urn@)as.
n—0oo

1€[0.T AT " ATR']
Then it follows from the construction of u,, ,, Lemmas 6.1, 2.5 and 6.4, and Fatou’s lemma that

liminfE sup =10 () — w1, (@)l s
n—oo —1,n 1,n
1€[0, T ntp " Aty ]

= liminfE sup
T el0, Tt ATk
, L] Ro Ry

|23 (55) sin(u) sino) + g1 0) = w1001

.. _d_
2> liminfE sup n"27°¢
n—ee tel0, Aty Arh™)

4] Ry Ry

X . . .. 3
¢<_5> s1n(nx)H |sint| — liminfn2 !
n HS n—oo

> sup |sinf|,
1€[0,7;]

which is (1.22). The proof is therefore completed. O
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