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1. Introduction

We consider two very representative homogenization problems for conservation laws
subjected to a stochastic perturbation by a multiplicative noise.

The first problem we consider is the one of the nonlinear transport equation whose
deterministic case was first addressed in [24], in the periodic case, and later on in [2,30]
in the almost periodic, Fourier-Stieltjes algebras cases, respectively. See also [15,55]. The
equation is the following

1

du® +a (g) Ve f(u®)dt = kgo(u®)dW + 5

ke h(u®) dt, (1.1)
where W is a scalar Brownian motion, dW denotes Itd differential, a(y) €
(Lip N A) (RY)? satisfies V,, - a(y) = 0, A(R?) is a general ergodic algebra, a concept
whose definition we recall subsequently, f, o, h : R — R are smooth functions, with ¢ and
h satisfying h = ¢’c. We also assume that f/, o', h' € L>°(R), and o > §y > 0. We further
assume that the set of zeros of f’ has measure zero, namely, [{u € R : f'(u) = 0}| =0.

Note that by the well-known conversion formula between Stratonovich and It6 differ-
entials (see, e.g., [5]) equation (1.1) may be written as

du® +a (g) Ve f(u®)dt = ko o(u®) odW,

where odW denotes integration in the Stratonovich sense.
The initial condition is given by

u®(0,2) = Uo (x g) : (1.2)

where Uy (z,y) € L=(R%; A(R?)). Although we study the homogenization problems here
in the general context of ergodic algebras, the results established in this paper are new
even in the context of periodic homogenization. So, the reader not familiarized with the
concept of ergodic algebras may, in a first reading, just assume the periodic case.

The concept of ergodic algebra was introduced in [57] (see also [40]), motivated by
algebras generated by typical realizations of stationary ergodic processes and their self-
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averaging property provided by Birkhoff theorem. Namely, an ergodic algebra is an
algebra A(R?) of bounded uniformly continuous (BUC) functions in R? satisfying the
following: (i) A(R9) is invariant by translations, that is, if f € A, then f(- + \) € A, for
all A € R%; (ii) every function f € A(R?) possesses mean-value, that is, there exists a
number M (f) such that f(e~'z) — M(f) as € — 0 in the weak—* topology of L>(R9).
In particular, we have

M(f):zzlinoo|BOR / J
B(0;R)

where B(0; R) is the open ball with radius R centered at the origin 0, and |B(0, R)| is
its n-dimensional Lebesgue measure. Also, one easily sees that M (f(-+ X)) = M(f), for
all A € R™. We also use the notation M(f) = f f dz; (iii) A is ergodic in the sense that
if we define in A the semi-norm [f]s := M (|f|?)'/?, taking equivalence classes by the
relation f ~ g <= [f — g]2 = 0, and denoting the completion of the quotient space by
B2(R™), the Besicovitch space of exponent 2 associated with A(R?), we have that any
g € B2(RY), satisfying g(-+\) = g(-), in the sense of B2(R%), for all A € R%, is equal to a
constant in B2(R9). As examples of ergodic algebras, besides the periodic functions, we
have AP(R?), the space of almost periodic functions (see, e.g., [11]), the Fourier-Stieltjes
algebra FS(R?) (see, e.g., [26,30]), or the larger one WAP(R?), the space of the weak
almost periodic functions, see [26,27]. In particular, in [27], Eberlein proved that every
function ¢ € WAP(R?) admits a decomposition ¢ = ¢, + ¢xr, where ¢, € AP(R?) and
dn € N(RY) where

1
N(R = {f € BUCRY : lim o / £l dy =0},
B(0;R)

This motivates the introduction in [29] of the algebra of the weak— almost periodic
functions, W*AP(R?), defined by

W AP(R?) := AP(R?) + N(RY),
which is clearly an ergodic algebra and contains all the ergodic algebras containing the
periodic functions so far known.
In all that follows, we assume that the ergodic algebra A(R?) is a subalgebra of

W"AP(RY), that is, A(R?) C W*AP(R).
Let B%(R?) denote the L2-Besicovitch space associated with A(R). Set

T :={ve AR™") NWH>*(R") : V,v:=a-Vve AR™)}.

We define
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S = {v € B*(R?) : ][ v(y)a(y) - Ve(y)dy =0, forall ¢ € T}
Rd
and its subspaces
S i={ve ARY N WE2(R?Y) : V0 =0, ae. },

and

B2nL2 . B2nL2 .
St= {"u €S F()ren CT, vp —vand Vv, —° }

In the periodic case we have ST = S, as proven in [15] by applying the commutation
lemma in [20]. In general, it holds §* C S'. In [2] it was shown that for a large collection
of fields a(y) € (AP NLip) (R4 R%), with diva = 0, the space S* is dense in S in the
B2(R%) topology, when A(R?) = AP(R?). Similarly, in [30] also a large collection of fields
a(y) € (FSNLip) (R?%; R%), with diva = 0, was described for which the space S* is dense
in S in the topology of B?(R%), when A(R?) = FS(R?). Finally, in [55], it was shown
that for any a(y) € (AP NLip ) (R4 R9), ST is dense in S, in the topology of B(R?), for
AR?) = AP(RY).

We assume that

Up € L®(R% A(RY)), Up(z,-) € S for ae. z € RY (1.3)

Let K be the compactification of R? associated with the ergodic algebra A(R),
through a classical theorem by Stone (see, e.g., [22,23]). For each y € K, consider the
following auxiliary initial value problem

dU + V- (a(y) f(U))dt = koo (U) dW + %H(Q) R(U)dt, t>0, zcRY  (1.4)

U(O,m,y) = UO(xay)v T € Rda (15)

where a(y) is the orthogonal projection of a(y) onto S in B#(R?). In particular, @ is a
Borel function over K. Actually, it has been proven in [55] (see Theorem 3.2 in [55]) that
a(y) € C(K) ~ A(R?); we will not make use of this fact here. The stability properties
of solutions of the Cauchy problem for stochastic scalar conservation laws imply that
U e L?(;L2°((0,T) x R? x K)), for any T > 0; we will comment further on this point
in Section 3.

Let (2, F,P) be a probability space, {F; : 0 <t < T} be a complete filtration, that
is, an increasing family of o-algebras contained in F, all of them containing all the null
sets of F, such that Fy = (,~,F¢. In this paper, for simplicity, we assume that the
o-algebra F is countably gener_ated and F; is the filtration generated by the Brownian
motion {W(s) : 0 < s <t} and Fo, the o-algebra generated by the null sets of F.
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If X is a Banach space, let J\/'I%V (0,T, X) denote the space of the predictable X-valued
processes (see, e.g., [17], p.94, [51], p.28). This is the same as the space L2([0,7T] x
2, X) with the product measure dt ® dP on Pr, the predictable o-algebra, i.e., the
o-algebra generated by the sets {0} x Fyp and the rectangles (s,t] x A for A € F;.
We denote N3, (0,7, LE (R)) := NpsoNE (0,T, L*(B(0, R))), where B(0,R) is the
open ball centered at 0 with radius R in R?. We will say that u is predictable if u €
NZ(0,T, L2 (RY)). Let us also denote Q = (0,T) x R<.

Definition 1.1. We say that a predictable function u® € L?(Q; L>(Q)) is an entropy
solution of (1.1)~(1.2) if for all convex n € C*(R), for ¢ € C?*(R), such that ¢'(u) =
7' (u) f'(u), and for all 0 < ¢ € C°((—00,T) x R%), a.s. in , we have

[ 6000+ atu)a (£) Vot 5 7 R0 + "))

Q

T
3

T
+ Ko //n'(ua)o(us)cp dx dW (t) + /77 (Uo (CC, g)) »(0,z) dz dt > 0.

0 Rd R4

Definition 1.2. For each y € K, we say that a predictable function U(y) € L?(Q; L*°(Q))
is an entropy solution of (1.4)—(1.5) if for all convex n € C?(R), for ¢ € C%(R), such that
q'(u) = 1'(u) f'(u), and for all 0 < ¢ € C2((—o00,T) x R%), a.s. in 2, we have

s}

/n(U(y>)5tso+q(U(y)) (y) - Vo + %% (" U)RU W) +1"UW)e*(U(y))) ¢ da dt

+m//#W@MW@WMW%H/M%@M@@MﬁZ&(M)
0 R4 Rd

Theorem 1.1. Let u® be the entropy solution of (1.1)—(1.2), with Uy satisfying (1.3), and,
for each y € K, let U(y) be the entropy solution (1.4)~(1.5). Assume that ST is dense
in S in the topology of B*(R?). Then, we have that u® — wu, in the weak topology of
L2(Q; L2 (Q)), that is, L*(Q; L*((0,T) x {|z| < R}), for any R > 0, where

uwmz/Umawmw»
K

and dm(y) is the measure on K induced by the mean value on A(RY). Moreover, if
U € L2( B2 (R Cy([0,T) x RY))), then us(t, ) — U (t,x,%) strongly converges to zero
in (9 I2,(Q)).

loc



[ H. Frid et al. / Journal of Functional Analysis 283 (2022) 109620

The second problem is the one of a stiff oscillatory external force whose deterministic
case was first addressed in [25], in the periodic one-dimensional case and later on in [2,3]
in the almost periodic and ergodic algebras multidimensional case. The corresponding
equation is as follows

1 1
du* + V- f(u7) dt = 2V (%) dt+ o 07, (u) AW + 558 D (u°) (1.7)

where f = (f1,..., f4), fi : R = R are smooth functions, ¢ = 1,...,d, f{ > 69 > 0,
fi >0,k =2,...,d We also assume that f' € L¥(R;R%) and f{, f, f{" € L>(R).
ko € R is a constant. V' : R — R is a smooth function belonging to an arbitrary ergodic
algebra A(R), W : Q x [0,T] — R is a standard Brownian motion, and oy,, hy, are
obtained from f; from the expressions

1 ()

Ufl(u) = mv hfl = _f{(u)g

We observe that, from the assumptions on fi, it follows that h}l € L*(R).
Again, in view of the Stratonovich-Itd conversion formula, we note that equation (1.7)
may be written as

1
du® +V, - f(u®)dt = EV/ (%) dt + ko oy, (u¥) o dW.
We prescribe an initial data for (1.7) of the form
x
u®(0,x) = ug (x, g) , (1.8)
which, for simplicity, we may assume to be deterministic, whose hypotheses we will
specify later on.

Let g = f; ' be the inverse of f;. We assume that, for some vy € L®(R%), ug(z,v)
satisfies

uo(z,y) = g(V(y) + vo(x)). (1.9)

Let us consider the auxiliary equation
dii+ V- f(u)dt = koo f, () dW + %m?) hy, (@) dt, (1.10)
where f = (f1, fo, ..., fa), with fi, fa, ..., fa, satisfying
p= f 9(AG)+ V) (111)

fr(p) = ]ifkog(fl(p)ﬂf(zl)) dz, k=2,---,d, (1.12)
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and o (1), hj (-) are defined as oy, hy, with f1(-) instead of f; We remark that, from
the assumptions on f and f1, it follows from (1.11) and (1.12) that f and f; also satisfy
e L*°(R;R%) and fi, f, fI"" € L°(R).

For (1.10) the following 1n1t1a1 condition is prescribed

u(0,z) = ug(x) := ]{Ruo(x,zl)dzl = fi Hvo(x)). (1.13)

Definition 1.3. We say that u® € N2 (0,7, L2 _(R?)) N L3(Q; L>=(Q)) is an entropy so-
lution of (1.7)—(1.8), with ug (-, =) € L?(€; L>=(R?)), satisfying (1.9), if for all convex
n € C%(R), for ¢ € C?(R,R%), such that ¢'(u) = n'(v)f'(u), and for all 0 < ¢ €
CX((—o0,T) x R?), as. in 2, we have

€ € 1(, € 1 y (*1 H(Q) €
n(u)0p + q(u®) - Vo + 1 (uf) -V (;) + 5y (uF) ) pdudt
Q
) T
+ %/0)2«1 (u)n”(u)cpdxdt—i—ﬁo//n’(u)aﬁ (w) dz dW (t)
Q 0 R4

+ /n(u)gp(O,x) dx dt > 0.

Rd

Definition 1.4. We say that a predictable function u € L2?(Q;L°°(Q)) is an entropy
solution of (1.10)-(1.13) if for all convex n € C?(R), for ¢ € C?*(R,R%), such that
7 (u) = ' (v) f'(u), and for all 0 < ¢ € C((—00,T) x R%), a.s. in Q, we have

[n@oie+at@) - Vo 2 (i @hy, @) + " @), (@) ¢ dods
Q

+n0// @) dr dW (1) + /n(ﬂo)<p(0,x)dxdt20.

0 R4 R4

We can state our second main result.

Theorem 1.2. Let u® be the entropy solution of (1.7)—~(1.8), with ug satisfying (1.9),
and u be the entropy solution of (1.10)—(1.13). Then, u* — wu in the weak topol-
ogy of L*(;LE .(Q)). Moreover, u(t,z) — U(Lx,f) strongly converges to zero in

L2 (3 L,e(Q)), as e — 0, where U(t,z,y) = g (fu(alt, ) + V(y)).

Before we make an account of earlier works connected to the present one, both in
homogenization theory and in the theory of SPDEs, and a brief description of the con-
tents in this paper, we remark for practical purposes that the stochastic perturbation



8 H. Frid et al. / Journal of Functional Analysis 283 (2022) 109620

of the deterministic versions, of the equations we deal with herein, are determined by
the stochastic equations satisfied by certain special solutions, which in turn are natural
stochastic extensions of the stationary solutions of the corresponding deterministic ver-
sions, which play a central role in the homogenization process in the deterministic case.
Homogenization theory has been useful in many well known cases to derive equations
from mechanics and other applied areas, as the Darcy law in two-phase flows in porous
media (see, e.g., the famous appendix by Tartar in [53]), and we believe that the way
the stochastic perturbations were derived here may be useful in applications.

This paper is concerned with both the theory of homogenization of partial differential
equations and the theory of stochastic differential equations. The homogenization theory
of partial differential equations has been a field of intense research since the 1970’s and
we refer to the classical book [10] for an account of this theory up to 1978. We also
refer to the other classical book [40] where a section is devoted to the homogenization
theory in the context of ergodic algebras, which is the setting adopted in this paper.
The homogenization methods used in this paper are based on those developed in [2]
and [3], which in turn are mostly based on the concept of two-scale Young measures
for almost periodic oscillations and its natural extension to ergodic algebras. Two-scale
Young measures were introduced in the periodic case in [24] (see also [25]) as an extension
to the notion of two-scale convergence introduced in [49] and further developed in [1]
(see also [15]). Two-scale convergence for general oscillations in ergodic algebras were
established in [13], and corresponds to the linear case of the two-scale Young measures
established in [2], as proved in [31].

The theory of stochastic partial differential equations has experienced intense progress
in the last three decades and we cite the treatise [17] for a basic general account of this
theory and references. More specifically, concerning the theory of stochastic conservation
laws, we mention the first contributions by Kim [43], and Feng and Nualart [28]. The lat-
ter was further developed in Chen, Ding, and Karlsen in [14] and Karlsen and Storrgsten
n [42]. An inflection in the course of this theory was achieved by Debussche and Vovelle
[18] with the introduction of the notion of kinetic stochastic solution, extending the
corresponding deterministic concept introduced by Lions, Perthame, and Tadmor [45].
We also mention the independent development in this theory made by Bauzet, Vallet,
and Wittbold [7]. Concerning homogenization of stochastic partial differential equations,
this has not been a frequently researched topic, although the earliest contribution seems
to have appeared already in the early 1990’s by Bensoussan in [9]. As to more recent
publications on this subject, we mention the contributions of Ichihara [38], Sango [54],
Mohammed [47], and Mohammed and Sango [48], among others. Consult also references
in these papers.

Concerning our method for proving Theorem 1.1 and Theorem 1.2, the core of our
technique is to begin by using two-scale Young measures, as in [24,25,2,3], for instance,
then to derive a stochastic kinetic equation satisfied by the generalized kinetic function
associated with the two-scale Young measure, and then to apply a uniqueness result for
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weak solutions of the corresponding stochastic kinetic equation, as is done in [15] in the
deterministic periodic case for general conservation laws.

This paper is organized as follows. In Section 2 we state and prove a result on the
existence of stochastic two-scale Young measures which will be used in the two subse-
quent sections. In Section 3, we address the homogenization of the stochastic nonlinear
transport equation. In Section 4, we deal with the same problem for the stochastic stiff
oscillatory external force equation. In Section 5 we establish a general well-posedness
result for stochastic conservation laws, which fits the needs of the present article. Fi-
nally, in Section 6, we gather a general comparison principle and the so-called stochastic
Kruzkov inequality. Both needed for the analysis in Sections 3 and 4.

2. Stochastic two-scale Young measures

In the following sections our analysis will be based on the notion of two-scale Young
measures as was done in the deterministic case in, e.g., [24,25,2,3]. For future ref-
erence, we next state as a proposition the existence of stochastic two-scale Young
measures associated with (generalized) subsequences satisfying bounds such as (3.3)
or (4.4) below. The proof follows ideas in [2]. Nevertheless, here there is the probabil-
ity space € and the stochastic integral as new ingredients. Also we need to establish
an estimate (¢f. (2.3)) that will be needed in the following sections. Therefore, we in-
clude a detailed proof here for the convenience of the reader. For simplicity, to avoid
the use of generalized subsequences, we assume that our ergodic algebra is separable.
In practice, this means that if Wy(¢,z,Z,u),...,Yn(t,2, Z,u) is the finite family of
continuous oscillatory functions involved in our homogenization problem, we consider
the closure of the subalgebra of A(R™) (invariant by translations) generated by the
functions ga, 6,4, (y) = \P1<ta1’m51’y’ u“n)v s 9an, BN N (y) = \IIN(taN’xﬁN’y’ U"YN)’
a;, B, € N, i=1,--- | N, where {(to,, 2s,,uy,) : a;, Bi,7 € N} is a countable dense
subset of [0,00) x R¢ x R, for i =1,---,N.

Proposition 2.1. Let (2, F,P) be a probability space, with F countably generated, let Fy
be the filtration generated by the Brownian motion W (t) and Fy, the o-algebra generated
by the null sets of F. Let A(R?) be a separable ergodic algebra and K the associated
separable compact space such that A(R?) ~ C(K), with associated invariant measure
dm(y). Let u®, e > 0, be a sequence of predictable functions in LP(Q; L .([0,00) x RY)),
for all p > 1, satisfying

uf (w, t, 2)| < Co(1+ W (w, )["°),  for a.e. (w,t,z) € Qx [0,00) x RY, (2.1)
for some C,, > 0 and Ny € N. Let wy be defined in (5.11). Then, there erists a subse-

quence, u®*, e — 0, and a parameterized family of probability measures over R, vy ¢ 4.y,
satisfying the properties:
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(2)
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Vi t,z,y 15 measurable, in the sense that for any ¢ € C.(R), <Vw,t,z,y, ¢) is measurable
with respect to the sigma-algebra F @ B([0,00) x R?) @ B(K);

For any A € F, denoting by E 4 the conditional expectation with respect to A, for
all U € C.([0,0) x R? x R; A(R?)) ~ C.(]0,00) x RY x K x R),

lim E 4 / 1 (t,x, i,us’“ (t,a:)) wy (z) dt dzx
k— o0 €k

[0,00) xR4
=E4 / WV .z, Ut 2, y, 7)) wy (z) dm(y) dt dz.  (2.2)
[0,00) X R¥ x K

For a.e. y € IC, for all T > 0, we have

ess sup // I€/P wn (%) Vi t 20,y (dE) dz | < Cr v, Vp € [1,0), (2.3)

tGOT]

where Cr np 15 a positive constant depending only on T, N, p.

If U € C([0,00) xRIxR; A(RY)) ~ C([0,00) xR ICxR) is such that |¥(t, z,y,£)| <
Lio, 7, () C(14[€|P), for somep > 1 and Ty > 0, then (2.2) holds for all A € F. More
generally, for such ¥, if £ € L2(Q) and ¥ (w,t,x,y,£) = L(w)V(t,z,y,§), then

lim E / ] <w,t,w, ?,us’“ (t,x)) wy (z) dt dzx
k

k—o0
[0,00) xR4

=E / <Vw,t7x7y, \i/(w, t,x,y, )> wy(x) dm(y)dtde. (2.4)
[0,00) X Ré X K

If ¥ € C([0,00) x R x R; A(RY)) satisfying |W(t, x,y, &) < 1oz, ()C(L+[E]P), for
some p > 1 and Ty > 0, then
@) [ [ Wt W9, (o) dimy) d
Rd K

is a predictable process on  x [0,00), and, for any A € F,
lim IEA//\II (t,:z:, i,ue’“ (t,x)) wy (x) de dW (t)
k—o0 €k

0 Rd

:IEA7// Wity s Ut 25, ) wn () dim(y) de dW (1), (2.5)

0 Rd K
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Moreover, for m-a.e. y € K,

(1) / Wortnny Ut 2, ) wiy () d
Rd

is a predictable process on 2 x [0,00).

Proof. Let W*(t) := maxo<s<¢ |W(s)| and, given M > 0, let ¢t5; :=1inf{t >0 : W*(¢) >
M}. Given T > 0, for M sufficiently large, tp; > T. Therefore, taking M € N, making
M — o0, and defining Qp(T) 1= {w € Q : ta(w) > T}, we see that P (Q\ Qp(T)) — 0.
Indeed, Q/(T) is an increasing family of subsets of Q and if P (Q\ U;en Que(T)) > 0,
then we would be able to find w € Q for which W (t) is defined and continuous for
t € [0,00) and such that W*(w,t) — 400 as t — T, which is absurd. We fix T > 0, and,
for simplicity we write simply Q5 instead of Qs (7). So, for each M € N, we have that
u® is a bounded sequence in L>(Qys x [0, 7] x R?). Let us consider the countable family
of real valued functions over Qys, § := {W(-,r) : r € QN [0,T]}. We may assume,
without loss of generality, that the functions of the family § are defined at every point
of Qs and that § distinguishes between the points of €2, that is, given wy,ws € Qyp,
w1 # wa, then there is r € Q N [0, 7] such that W(wy,r) # W(wa,r). The first assertion
is clear since we may find a set of null P-measure in €2 out of which the functions in
the countable family § are defined everywhere, and so we can define them as 0 over
this null P-measure subset of €2. The second assertion follows from the fact that we can
define in  the equivalence relation wy ~ wq if and only if W(wy,r) = W(ws,r) for all
r € QN[0,T]. Then we define the quotient space Q= 1/ ~, with the natural projection

:Q = Q, 7o (w) = [w], where [w] is the ~-equivalence class of w. We also define the
class F of subsets of Q by A € F if and only if 7' (A) € F, and for A € F we define
P(A) = P(w‘l(A)) It is easy to check that F is a sigma-algebra and P is a probability
measure on . Moreover, W (t) is a Brownian motion over €, since the distributions of
W(t), t € [0,T], on (2, F,P) and on (Q,]:",I@’) coincide; therefore, for all purposes, we
can assume that the family § distinguishes between the points of ); otherwise we replace
(Q, F,P) by the quotient space (Q,]}, PP) and, once we obtain the result for the latter,
it can be automatically lifted up to the original probability space (92, F,P).

Let B(as) be the algebra of bounded functions over ;. Let 2 be the closed sub-
algebra of B(Qps) generated by {1,F}. According to a well-known extension of the
Stone-Weierstrass theorem (see [22], p.274-276, Theorem 18 and Corollary 19) there
exist a compact Hausdorff space €2); and an one-to-one embedding of €, as a dense

subset of Q,/, such that each 1) € 2 has a unique continuous extension 1 to Qy;, and
such that the correspondence v <+ 1) is an isomeric isomorphism between 2 and C/(yy).

Q{lw w) dP(w /w ) dP(w

Moreover, the relation
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defines P as a Radon measure over Q. In particular, we can endow 2j; with the
topology induced by the embedding Q,; — Qs with respect to which P is a Radon
measure and 2, is relatively compact. Therefore, henceforth, for simplicity, we consider
Qur as compact and P as a Radon measure on 2,7, with the referred topology, which
coincides with the topology generated by the family §.

Let Ly := C.(1 + MNo) where C, is as in (2.1). Denote by Co(as x [0,T] x RY x
[~Las, La); A(R?)) the space of functions W¥(w,t,z,y, &) continuous in Qy x [0, 7] x
R? x R x R?, belonging to A(R?), as functions of y, for each fixed (w,t,z,£) € Qu ¥
[0,7] x R? x R, and such that ¥(-,-, x,-,-) — 0 as |z| — oo, uniformly in Qs x [0, 7] x
R x R9. Clearly, Co(Qas x [0, T] x R? x [~Las, La]; A(R?)) is isometrically isomorphic
to Co(Qar x [0, T] x RY x K x [~ Lz, L)), defined similarly. Given ¥ € Co(Qar x [0, T x
R? x [~Las, Las); A(R?)), define

(U5, U) = / N4 (w,t,x, g,us) wy dt dz dP(w).

Qs X [O,T] xRd

Because we are assuming |u(w,t, )| < Co(1 + |W(t)|™0), the above equation defines
115, as a bounded sequence of Radon measures on Qp; x [0,T] x R x K x [=Laz, L),
where R? is the one point compactification of R? generated by Cy(R%), the continuous
functions on R? vanishing at oo. Since the space of the Radon measures on €y x
[0,T] x R? x K x [—Ls, L] is compact in the weak-x topology by the Banach-Alaoglu
theorem, we can find a subsequence uf\ﬁ}/"’“ converging to some Radon measure pps on
Qar % [0, T] x RE x K x [—Lag, Lpg]. Making M = 1,2, - - -, we can extract for each M > 1
a subsequence €7 ; from the subsequence obtained for M — 1, €57_1 %, inductively, and
then take the diagonal subsequence € =: €. Observe that uj, restricted to Qnr_1,
coincides with z5,_,. Therefore, the limit measure p = lim pi*, which is well defined in
Qu x [0,T] x R? x K x R, for each M € N, is then defined in  x [0,7] x R? x K x R
and coincides with g5, when restricted to Q7 x [0,7] x R x K x R. In particular, for
all C.(Q x [0,T] x R? x R; A(R?)) we have

lim ///\Il(wta:xu) dP dt wydz
k—00 Ek

= / qj(w7t’x7y7 5) du(w7t7x7y7 5)' (2'6)
Ox[0,T)xRIXKCxR

Now it is easy to check that the projection of the measure p, obtained above, over
Q x [0,7] x R? x K is equal to dP dt wydx dm(y), since this is true for any u5,. We
can then apply the theorem on disintegration of measures (see, e.g., theorem 2.28 in [4],
whose extension to the present case is straightforward) to conclude the existence of a
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dP dt wydx dm(y)-measurable family of probability measures v, ; », such that, for any
U e LY Q% [0,T] x R x K x R; 1) we have

\Il<w7 t’ m7 y7 f) du(w7 t7 x? y’ 6)
Qx[0,T]xREX K xR

/ /\I!(w,t,x,y,g) AV .2,y (&) | dP dt wydx dm(y).

Qx[0,T)xR4x K R

In particular, item (1) follows.

As for (2), it is enough to prove the result for all A € F;, ¢ > 0. So, take A € Fr,
for some Ty > 0. We can repeat the above construction for 7' = 1,2,---, starting at
T = k with the subsequence obtained in T = k — 1 and so, using again the diagonal
argument, we may define a subsequence which is good for any time interval [0, T, with
T > 0 arbitrary. In particular, we may assume that, for each M € N, AN Q,, is a
Borel set in our topology for ;. Therefore, given M € N, we can find sets K and
V with K compact and V open in Qj; satisfying K € AN Qy C V and such that
P(ANQy \ K) and P(V \ AN Q) are arbitrarily small. We can also find ¢ € C'(Q),
with 1x < ¢ < 1y. Using a sequence of such ¢ € C(Qy) in (2.6), we get, for any
U € C.([0,00) x RT x K x R),

T
lim / //fo (tx£u> dP dt wydz
k— 00 Ek

ANQy 0 R4

= / Wt ,€) duo, b2, 9,6 (27)
ANQar x[0,T]xREX xR

Making M — oo, we get (2).
Concerning (3), given ¢ € C([0,T]), with |[[{|lz1(o,r;y = 1 and ¢ € C(K), with
l¢llz1 (k) = 1, for each M we have

EszM/TC(t) /@(y) /wN($) /\f|p AV t2y(§) | da | dm(y) | dt
0 K R

R4

T
= lim IEZQM/g(t) /<p <£> wy (z) [uF|P dz | dt
k— o0 €k
0

R4

< klirgoCEf((t)/ (1+|W(t)N0>p‘cp <€£)‘w1\;(m)d$dt

k
Rd
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p
SC”CHLI([O’T])H()OHLI(]C)/U}N(ﬂf)dl‘E sup (1+|W(t)|No) .

0<t<T
Rd

Since the right-hand side does not depend on M we obtain

E/TC(??) /w(y) /wzv(w) /Ifl”de,t,m,y(é) da | dm(y) | dt
0 K R4 R

SC”C”Ll([O,T])||S0||L1(IC)/wN(x) dz E sup (1+|W(t)‘NO)p
R 0<t<T

p
< C”C”Ll([O,T])”‘P”LI(IC) /wN(x) dz E (1 + ‘W(T)|No) 7
R4

where the latter inequality follows from Doob’s maximal inequality, and the fact that
(1+ |W(¢)|No)P is a submatingale (see, e.g., [17]). Taking the sup for ¢ € L'([0,T]), with
<o,y = 1, and @ € LY(K), with llellLrcy = 1, we finally get

E sup Sup/ /\ﬁl Wty (§) | dz < Cronp,

t€(0,7] veK J

and so (2.3) follows.
Concerning (4), for ¥ € C([0,00) x RY x R; A(R?)) is such that |¥(¢, z,y,&)| <
Lio, 7] (£)C(1 4 [€]P), for some p > 1 and Ty > 0,

lim E 4 / 1 (t,x, i,us’“ (t,x)) wy (z) dt dz
k—o0 Ek
[0,00) xR4

. x
P(4) kILIEOEAmQM / v (t,x,a,ue’“(t,x)> wn (z) dt de + Ry

[0,T]xR4

P(ANQ -
— T B[ (e U,0.) () deda din) + R,

[0,T]xRex K
where,

P(A ﬁP(((il\) QM))EAO @) / C(1+ [W(t)|Noyp dt/wN(x) dx

Rd

:/wN( / / (1 + W (t)|Noy? dt dP,

Rd N(Q\Qar) [0,T]

|Rum| <
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which yields (2.2), for such ¥(t, z,y,&), by making M — oo. In particular, (2.4) follows
for ¢(w) = ﬁlm for A € F. Now, given any £ € L?(Q), (2.4) follows by approximating
¢ in L?(Q) by finite linear combinations of indicator functions, which concludes the proof
of (4).

We now pass to the proof of (5). Let e be the subsequence obtained above. First, we
note that (2.1) and the assumed bound on ¥ implies that the sequence

(w,t) — /\IJ (t,a:, ;,us’“(t,x)> wy(x) dz, keN
k
Rd

is uniformly bounded in L2(£2x [0, T]) and so it has a subsequence that converges weakly
in L2(Q2 x [0,7T7]). Since each element of the sequence is predictable, then the limit, which
by (2.2) equals

//(Vw,t,fc,ya\p(t;xvya')) wy dz dm(y)a

Rd K

is also predictable.
Fix T > 0, and consider the sequence of random variables

Xy = /T/\p (t,::;,%,ﬂ(t,@) wy () dz dW (t).

0 R4

Define also

Xim [ Gt Wit (o) dimy) do dIV 1),

0 RIxK

To prove (5) it is enough to show that any subsequence {Xy,} has a further subse-
quence that converges to X weakly in L?().

Take any subsequence { X, };. By (2.1) and the It6 isometry, we have that the { X, };
is uniformly bounded in L?(f2). Thus, it has a further subsequence which converges
weakly to some X € L2 (©). For simplicity of notation, we denote this sub-subsequence
by {Xy,}; as well. In particular, for any predictable square integrable process C(t) we
have that

j—o0

lim E ij/C(t)dW(t) = X/C(t) dw(t) | . (2.8)
0 0
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On the other hand, using the It6 isometry and applying (2.2) we see that

lim E X@/C@mWﬂ

J—00
T
= lim E /C’ / ( @,y (t,x)) wy (z) dz dt
J—roo €k;
0

Rd
- / CO) [ Wit Wt 9.)) o (o) o din(y)
RexK
Now, using the It6 isometry once again we see that

lim E | Xj, /c HdW(t) | =E /c £y dw () | . (2.9)

J—00

Comparing (2.8) and (2.9) we can conclude that X = X a.s.. Indeed, note that X is
Fr-measurable, since every X, is. Also, note that IE(X) = lim; 00 E(X};) = 0. Then, we
can define the Fi-martingale Y (t) by Y (¢) := E(X|F;), 0 <t < T (which is sometimes
called the Doob martingale associated to X ). By the martingale representation theorem
(see, e.g., [52]) we have that there is some predictable integrable process D(t) such that

Yﬂ:/D@MW@

Then, choosing

C(t)=D(t) — / Vot Ut 2, Y, ) wy (z) de dm(y),
RiaxKC

by virtue of (2.8) and (2.9), we have that
T
~ 2 ~
E (|X—Xy ) —E (X—X)/C(t)dW(t) —0,
0

which proves the claim.
Since this holds for any sub-subsequence of { X}, we have that the whole sequence
converges to X weakly in L?(2). In particular, given A € F we have that

lim E(14X;) =E (14X),
k—oc0
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which yields (2.5).
Moreover, to prove the assertion about the predictability of

<Vw,t,a:,ya \I/(t, z,Y, )> wy dz,
Rd

for m-a.e. y € K we argue as follows. Since we are assuming that the separable ergodic
algebra A(R?) is a subalgebra of W*AP(R), we may as well assume that A(R?) contains
the trigonometric functions sin A-y, cos A-y, for all A € R? such that Jic g(y)eV dm(y) #
0, for some g € A(R?), which is sometimes called the spectrum of the algebra A(R?),
which is a countable set; otherwise we can augment A(R™) to a separable ergodic algebra
containing such trigonometric functions. In particular, it contains an almost periodic
approximation of the unit, that is, a sequence of functions in AP(R?), {px(y) : k € N},
such that for all g € A(R?), pr * g(y) = [ pe(y — 2)9(2) dm(z) = g.(y) in C(K), where
g« s the almost periodic component of g, and so the convergence is a.e. in K to g; pr may
be taken as the Bochner-Fejér polynomials associated with the spectrum of the algebra
A(R?) (see, e.g., [11]). Since C(K) is dense in L'(K), px * g(y) — g(y) in L(K) for all
g € L*(K). Now, from what was seen before, for each y € K,

(w,8) o / / k(Y — 2) W Ut 2, 2,)) wyy de dim(2),

R4 K

is predictable, for all k € N.

Let us fix T > 0. Since F is countably generated, we can find a family {¢; : { € N} in
L*°(2 x [0,T]) dense in L?(Q x [0,T]). Then using the bound for ¥ and (2.3), we have
that for all [ € N

T
klim /pk(y—z) ]E/z/)l(w,t)/(V%t,w,z,\ll(t,x,z,-)) wy dx dt | dm(z)
—00
K 0

R4

T
=E ¢l(w7t) <Vw,t,:c,y7\Ij(tvxayv'»dexdt (210)
Foen

Rd

in L'(K) and, after passing to a subsequence if necessary, the convergence is also a.e. in
K.

Let us now fix, y € K in the subset of full measure in K for which (2.10) holds for all
I € N. Using Jensen inequality, the bound for ¥ and (2.3), we see that the functions

’Yk(wat> = /Pk(y - Z) / <Vw,t,a:,27lp(t7x7z7 )> WN dmdm(z), k= 1727 T
K Rd
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form a bounded sequence in L?(Q2x [0, T]). Then, given any subsequence of this sequence,
we can find a further subsequence converging weakly in L?(2 x [0,T]), and, because of
(2.10), its weak limit in L2(2 x [0,7]) must be

(1) = / (Vo t.mgs (s, ) wi d,
Rd

therefore, the whole sequence 7 converges weakly to v(w,t) in L2(Q x [0, T]). Now, since
the v,’s are predictable and L?(2 x [0, T]; P) is a closed subspace of L?(Q x [0,T]), we
deduce that y(w,t) is also predictable, for a.e. y € K, which concludes the proof. O

Remark 2.1. We remark that it follows from item (4) of Proposition 2.1 that given
F € C(R) such that |F(¢)| < C(1 + [£]P), for some p > 1, and letting F(w,t,z,y) :=
(Vo t,,y, F), then for any T > 0 we have that F'(u®*) — F(u) in the weak topology of
L3(Q; L2 ((0,T) x R%)), where

loc

m(w,t,x) = /F(w,t,x,y)dm(y). (2.11)
K

In particular, if v, ¢ ¢y = 0v(w,t,0,y), then F(u) = Jic F(U)dm(y).

Indeed, it suffices to take ¥ in (2.4) of the form ¥(w,t,x,y,&) = €(w)Y(t, x)F(§) with
0 € L%(Q), ¢ € Ce((0,T) x R?) arbitrary to deduce (2.11), observing that, by (2.1) and
the assumption on F, F(u*) is bounded in L2(2; L>=((0,T) x R%)), therefore bounded
in L?(Q; L?((0,T) x {|z| < R})), for each R > 0 and the functions of the form £(w) (¢, z)
with £ € L2(Q) and ¢ € C.((0,T) x R9) are dense in L?(Q; L?((0,T) x R%)).

The next result gives sufficient conditions for the existence of correctors for the weak
convergence of the sequence u®* established by Remark 2.1.

Proposition 2.2. Let v, ¢ ., be the stochastic two-scale Young measure constructed in
Proposition 2.1. Assume Vi ¢,z = 0U (w,t,0,y) JOT

(a) U e L*(Q; AR L>=((0,T) x R%))), or

(b) U € L2(@; BA(R; Cy((0, T x R%))).

Then, u®% = U (w,t,x, %) — 0 strongly in L?(; L2 _((0,T) x R%)).

Proof. First we observe that, because we only seek to show convergence in
L2(; L2 ((0,T) x RY)), for item (b), we can just consider U € L?(£%; B*(R%; C.((0,T) x
R?))). Second, we see that the result would follow immediately from Proposition 2.1 if
we were allowed to use
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\i/(w,t,x,y,f) =6 —Ulw,t,z,9)|*> = € = 26U (w, t,2,9) + |U(w, t,z,9)|%, (2.12)

as a test function in (2.4). Let us check this possibility for each of the terms in the
right-hand of the last equation in (2.12). The first term, &2, is good and, by Remark 2.1,
we have

k—oco

lim E / |ut* |Pwy dodt = / |U(w, t,2,y)Pwx (z) dm(y) dz dt.

(0,T)xR4 (0,T)xRex K

Concerning the second term, —2£U (w, t, x,y), we observe first that if
U e L?(Q AR% C.((0,T) x RY)))
we could approximate it in
LY AR C((0,T) x RY)))

by finite linear combinations of functions of the form 14(w)u(t,z,y) with ¢ €
AR C.((0,T) x R?)), A € F, and for such functions we could apply Proposition 2.1
to obtain

lim E / us‘“U(w,t,x,ﬁ)wN dx dt
k—r 00 €k
(0,T)xR4

_E / U(w, t, 2, y) Pwy (2) dm(y) de dt,  (2.13)

(0, T)xRex K

so this equation holds for U € L?(Q; A(R%; C.((0,T) x R9))).
Now, in case (a), for U € L*(Q; A(RY; L>°((0,T) x R%))), we can approximate U in
L2(Q; AR%G L2 ((0,T) x R%))) by a sequence of functions in L2(Q; A(R%; C.((0,T) x

R%))) to obtain that (2.13) holds also for U € L?(€; A(RY; L>=((0,T) x R9))).
In case (b), if U € L?(Q; B>(R%; C.((0,T) x R))), we can approximate U in

L*(Q; B3R C.((0,T) x RY)))

by a sequence of functions in L?(Q; A(R%; C.((0,T) x R?))) and for the latter we have
already shown that equation (2.13) holds, so it also holds U € L2(£; B2(R%; C.((0,T) x
R%))).

Now, concerning the last term in the right-hand side of the last equation in (2.12), it
does not depend on &, so we just need to use the well known fact that, for a function
U e L2(Q; A(R?; L>2((0,T) x R?))), in case (a), and ¥ € L2(Q; B2(RY; C.((0,T) x R%)))
in case (b),
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x
‘I’(UJ’t)x’ 6_) - qI(U')7t7x7y) dm(y)7
k
K

in the weak topology of L?(; L2 .((0,T) x R%)), and so we get

loc

2
wy dx dt

lim E / 'U (w,t,x, 1)
k—o0 €k
(0,T)xR4

=E / |U(w,t,z,y)*wy dm(y) dz dt.
(0, T)xRexK

Putting together the facts described above, we conclude that

lim E / ‘ ut —U (w,t,m, £)
k—o00 €k

(0,T)xRd

2
wy drdt =0,

which finishes the proof. O
3. Stochastic nonlinear transport, proof of Theorem 1.1
In this section we prove Theorem 1.1. By assumption, we have that h = o’c. Set

Ya(t) = gla+ koW(t)), (3.1)

where g is a solution of the ODE ¢'(§) = o(g(€)) and o € R. We assert that v, is
a solution of equation (1.1), for any a € R. Indeed, since ¢"(¢) = o'(9(£))d'(§) =
o' (g(€))o(g(&)) = h(g(&)), the assertion follows from the Itd formula.

By the Stochastic Kruzkov inequality, cf. Proposition 6.1, a.s. we have

T

/ / {Iug — alt)] @1 + 80 (0 = ¥a(®) (F(u7) = fWa®))a () - Voo

0 R4

n %/@3 sgn (U — 1) (h(u) — h(ta)) ¢} dz dt + / ‘Uo (= g) - g(a)’ ¢ d

Rd

+ / / Kosgn (u® — ¥q) (0(u®) — 0 (Ye)) odxdW(t) > 0. (3.2)

0 R4

A similar inequality holds with (- — ), instead of |- — - |, which easily follows by adding
to (3.2) the difference of integral equations defining weak solutions for u®(¢,z) and for
Yo (t). From (3.2) we easily get the comparison principle
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E//{(us —Ya(t)y ¢ +sgn (u® —Pa(t)) 4 (f(u°) = f(Palt))a (f) Ve
0 R4
+ %HS sgn (u€ = o)+ (A(u€) — h(1a)) ¢} dz dt

[ (B0 (e2) afe) o001 20

Rd

which, when g(ay) < Uy (3:, f) < g(aw), for some a1, as € R, implies a.s. the following
uniform boundedness of the solutions of (1.1)-(1.2)

Ya, (1) Su(t,x) < o, (t), for ae. (¢, x). (3.3)

We recall that it follows from the definition of entropy solution (see Definition 1.1),
for any C? convex function 1 : R — R, and ¢ satisfying ¢’ = 1’ f’, u® satisfies

//{ o+ q(u)a (g) -Vo+ %fi% (n’(us)h(us) + T]”(us)a(u":)z) ¢} dudt

0 R4
///{077 Vo dx dW (t) + /7) (UO (:E, g)) ¢(0,z) dz > 0.

0 Rd R4

(3.4)

Now, in equation (3.4) we take @(t, z) = e (£) ((t)¥(x), where 0 < p € A(RY), Vp €
A(R%RY), 0 < ¢ € C2([0,00)) and 0 < 9 € C°(R?), take conditional expectation with
respect to an arbitrary A € F, and let ¢ — 0, along a subsequence for which u® generates
a two-scale Young measure v, ¢ 4 4, according to Proposition 2.1, to obtain, since A € F
is arbitrary and we drop the w subscript from v, ; » 4, a.s.,

/ c( / (07,40} aly) - Vypdm(y) dt >0, (3.5)
0

where

O'gy = /19(3:)1/,5@@ dz.

]Rd
By applying inequality (3.5) to C' £ ¢, with C' = ||¢]|co, and using the arbitrariness of ¢,
Y= <03y,q(~)> €S, forae.te(0,7). (3.6)

Now, for any n € C?, C|u|? +n(u) is convex for C sufficiently large (depending on 1), so
(3.6) holds for any n € C? and, by approximation, for any Lipschitz continuous 7. Now,
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if f' # 0, given any n € O, defining 7' = 1’/ f’, the entropy-flux associated to 7j is § = 0,
so that (3.6) gives

Yy <02y,17(-)> €S, for a.e. t € (0,T) and all n € C. (3.7)

In the more general case, where [{u : f'(u) =0} = 0, we argue as in [30] to deduce
that (3.7) still holds. Namely, for any open interval I with I C R\ Ey, where Ey =
{u : f'(u) =0}, we define n; = x;/f’, where x; is the indicator function of the interval
I, whose corresponding entropy flux is g7, with ¢f = x;. Now, by approximation with
convergence everywhere, the property may be extended to any open interval in R \ Fjy.
Also, since the intersection of any open set with R \ Ey is a countable union of intervals
in R\ Ey, by approximation with convergence everywhere we get the property for any
such intersection, and since Fy has measure zero, the primitive of such intersection is
equal to the primitive of the interval itself, so the property holds for ¢g;, where I is any
open interval, and hence for g; where I is any interval. Since any C' function may be
uniformly approximated by piecewise linear functions, which are linear combinations of
gr functions, we deduce that (3.7) also holds in this more general case.

Now, we take ¢(t,z) = ¢ (£)J(t,z) in (3.4), where 0 < ¢ € ST and 0 < 9 €
C°(R9t1) and take the conditional expectation with respect to an arbitrary A € F.
Passing to the limit as e — 0 in (3.4), along a subsequence which generates a two-scale
Young measure according to Proposition 2.1, as above, we get, a.s.,

r ) 1
J [ [t 00t G060 904 50 o ) 0}

0 Rd K
x p(y) dm(y) dz dt

oo

+////<éo Ve, ') U p(y) dm(y) dax dW ()
0 K

Rd

+//M%mwwwmwmmwmww.@&

R4 K

Observe that instead of a(y) we have, in (3.8), a(y), the vector field whose components
are the orthogonal projections of the corresponding components of a(y) onto S, in L?(K),
which is due to (3.7). Indeed, we use the fact that, for g € (SN L) (K) and r € L?(K),
the orthogonal projection of gr onto S, gr, is equal to g7, where 7 is the orthogonal
projection of r onto S (see Proposition 4.2 in [30]). Since we assume that ST is dense in
S, we can extend (3.8) from 0 < ¢ € Sto all 0 < ¢ € L?(K), where we also use condition
(1.3) on the initial data Uy(z,y). Therefore, for P-a.e. w € 2 and m-a.e. y € K, we have,
for all ¥ € C2°(R4*1),
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7 1
//{ Voo ) D1+ (i @) 809) V9 4 33 (Ve (0" 2>>z9}dmdt
0

d
—i—//lio (Vi,z,y,n'o) O dx dW (t)
0 R4

+ / 0 (Uo(@, ) 9(0,2) dz > 0. (3.9)
Rd

Now for a convex 7 € C3(R), such that n” € C}(R), we have the obvious formulas

n() = / O (e () de,
/ PO (O e (€) d,
(77 h+n"o 2) ()= / (U’h' +1"(h+200") + 77”,02) (O —oo, y(8) dE, (3.10)

/770 +1"0) ((—oo, . (£) dE,

R

0 Vol ) = / 0 ()L oo o) (E) dE.

R

Therefore, for a fixed y € K, setting p1 (¢, x,&) = vi 54 ((§, +00)), we get from (3.9)

/OO / / {”1“””’5)77’(5)1%+m(t,z7£>f’<£>n/<§)a(y>w

0 R4 R

1
+5rop(t 2, &) (R + 0" (h + 200") +n"'0%) (5)19} d¢ dz dt

4 70 / / ropr (6,2,€) (10" + n"r) ()9 d€ daw AW (1)

0 R4 R
// N —oo,Up () (£)P(0,2) d§ dz > 0. (3.11)
R¢ R

Thus, seeing the left-hand side of the inequality above as a distribution applied to
n"(£)Y(t, x), we conclude that it is indeed a measure, which we denote by ml(t x,&). Wi
can then extend the identity defining m; to any n of the form n(¢) = [~ __ ¢ s)ds, for
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some ¢ € C°(R). This way we deduce that p; is a weak solution of the following kinetic
equation

5’,01

1 1 dW (t
4 J(€)aly) Vo + 53 (Eeps — 5a0e(0%Depr) = Dems — roadem o (3.12)

and we see from (3.11) that p; verifies

esslim [ p1(t,2,§)C(§)o(x) d§ do = / L(—o0,Uo (@) (§)C(§)S() dE dx,  (3.13)

t—0+
Rd+1 Rd+1

for all ¢ € C°(R) and all ¢ € C°(R?), see also Remark 5.13.

Considering the definition of the measure mq (¢, z,£) from (3.11), we may check that
my satisfies the conditions of a kinetic measure in Definition 5.1. Also, pi(t, z,€) is
a generalized kinetic function whose associated Young measure, vy 5, satisfies (5.27),
which can be verified without difficulty using the bounds (3.3).

Now, let U(t,x,y) be the entropy solution of (1.4)-(1.5). According to Definition 1.2,
recalling (1.6), for each y € K, for any convex n € C?(R), and 0 < ¢ € C°(RH1),

/n(U(y))atw +q(U(y))aly) - Ve + %% (" U)U(y)) +1"(U(y)o*(U(y))) ¢ da dt
Q

o O/R/ (¥))g dz dW (t) R[n(Uo(y))w(va) da dt > 0.

Setting pa(t,z,€) = 1(_oo,u(t,z,y)) (§), using the formulas (3.10), we get from (1.6)

]0//{/’2“795’5)77,(5)%+p2(t,x,§)f’(§)n’(§)a(y).V<p

0 R4 R

58 (t.0.) ((Q) + 1 (0 + 200)(€) + 1)  } de da

b [ [ [ ropaltin,&) 60" (€) +"0()) p de dzaw (0

0 R4 R

// I oot (o) ()0, 2) dE d > 0. (3.14)

R4 R

Thus, again, the left-hand side of (3.14) defines a measure mo(t, x, &) applied to @n”.
Therefore, as above, we see that ps is a weak solution of the kinetic equation
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0 5 1 1 dW (¢
O | P(€)aly) Voo + L R3h(€)0eps — L K30c(0%Depa) = Dems — o eps o)

5 5 , (3.15)

and we see from (3.14) that po verifies

sstim [ paltn,0©0(0) ddr = [ Lo (@O0 dedr.  (3.10)

Ré+1 Rd+1

for all ¢ € C°(R) and all ¢ € C°(R?). Since p, is a standard kinetic function, a well
known argument shows that the convergence in (3.16) may be strengthen to a strong
convergence in L'(R% wy) (see also Remark 5.13).

Again, by the definition of the measure ms(t, x, ) from (3.14), we may check that mo
satisfies the conditions of a kinetic measure in Definition 5.1. Also, pa(t, x, &) is trivially
a generalized kinetic function whose associated Young measure dy ¢ 4 ), satisfies (5.27),
which can be verified without difficulty using the bounds (3.3).

Due to (3.12)-(3.13) and (3.15)-(3.16) and the properties satisfied by mj, mg and
,u}ym = Vizy, ,uim = 0y(t,z,y) (see, in particular, Proposition 2.1(3)), we can apply Propo-
sition 5.1 together with the well-posedness result in Theorem 5.1 (see also (6.2) and
discussion at the beginning of Section 6) to deduce that

E//pl(t,x,f) (1—p2(t,x,§))dexd§

Re R
<o) / / pr(0.2,€) (1= po(0,,€)) wy dr d = 0,

R4 R

for 0 <t <T, wy given by (5.11), and so p1(t,x,&) = p2(t, z,£), a.e. in Q x (0,00) X
R? x R. Clearly, this implies that

Viay = OU(t,.y);

a.e. in Q x (0,00) x R% x K. In particular, due to the uniqueness of the limit, we deduce
that the whole sequence u®(t, z) satisfies

UEA’U,(t,CU) ::/U(t,l‘,y) dm(y),

K

in the weak topology of L2(; L2 _((0,T) x R?)), for each T' > 0. Indeed, if this is not the

loc

case, then there would be a sequence £; — 0, a test function ¢ € L2(Q; L2((0,T) x R?))
and a constant o > 0 such that

E/uei wdxdt—E/uwdxdt > a, forall j€N. (3.17)
Q Q
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However, by the procedure above, there is a further subsequence ¢;, for which ux
generates a Young measure v, ¢ ., that turns out to be equal to dy(w ¢,2,y), Which by
Remark 2.1, contradicts (3.17).

Finally, concerning the last assertion in Theorem 1.1, it follows directly from Propo-
sition 2.2 (b). This concludes the proof of Theorem 1.1.

4. Stiff oscillatory external force, proof of Theorem 1.2

In this section we prove Theorem 1.2. For the convenience of the reader, we rewrite
here the formulas related to the homogenization problem for (1.7), beginning with (1.7)
itself

1 1
du* + V- f(uf)dt = 2V (%) dt + o o, (uF) AW + 33 hy, (u°) dt,

where f = (f1,..., f4), fi : R = R are smooth functions, ¢ = 1,...,d, f] > 6 > 0,
fi >0,k =2,...,d We also assume that f' € L=(R;R%) and f{, f, f{" € L>(R).
ko € R is a constant. V' : R — R is a smooth function belonging to an arbitrary ergodic
algebra A(R?), oy, hy, are obtained from f; from the expressions

1 AW
TNk

We observe that, from the assumptions on fi, it follows that h}l € L*(R).
We recall that g = f; ' is the inverse of f;. We assume that, for some vy € L>(R?),
the initial data ug (z, £) in (1.8) satisfy

On (u) =

uo(z,y) = g(V(y) + vo(x)).
We recall the auxiliary equation (1.10)
= 1
du+V - f(u)dt = koo, (@) dW + §n3 hy, () dt,

where f = (f1, fo,..., fa), with fi, fo, ..., f4, satisfying (1.11), (1.12) which we recall
here

p= ]ig(fl(p)-i-V(Zd)) dz1,
fr(p) = ]ifkog(f1(p)+V(Z1)) dzi, k=2,...,d,

and o7 (1), hy (-) are defined as oy,, hy, with f1(-) instead of f; We recall that, from
the assumptions on f and f1, it follows from (1.11) and (1.12) that f and f; also satisfy
f/ e L®(R;RY) and f, f{', f{” € L®(R).
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We recall that for (1.10) we have prescribed the initial condition

u(0,z) = up(zx) := ]iuo(mzl)dzl = fi (wo()).

We begin the proof of Theorem 1.2 by observing that (1.7) admits special solutions
of the form

Vo (t, %) =g (V (%) + koW (t) + a) ) (4.1)

where a € R, as a consequence of It0’s formula.
The equation (1.10) has the following special solutions

Pay (t) := g (v + koW (1)) , (4.2)

where g(-) := f; (-), the inverse function of f;(-), that is,

w*fy(t) = ]][Rg (’Y + lioW(t) + V(Zl)) le.

By the stochastic Kruzkov inequality, cf. Proposition 6.1, we get a.s.

[

+ i ]fk(uf) — i (va (1, %)) ‘ b + %ngsug,% (hfl () =Ry, (e (1 x;))>¢} dz dt
k=2

] [rafontsr=on (v (¢ ) ossavie

0 R4

uf = v (8.2 |00+ [A1w) = £ (va (6. 2))] 600

+ / g — e $(0,2) dz > 0, (4.3)
R4

where, V¥, = 1, (t, ””8—1), Sap = sgn(a —b), as in the last section, and we use the fact
that fi, fo, -+, fa,0p, are monotone increasing. A similar inequality holds with (- —-)+
instead of | - — - |, which easily follows by adding (subtracting) to (4.3) the difference
of integral equations defining weak solutions for u®(¢,z) and for ¢, (t7 ””5—1) Let wy be
defined as in (5.11). In particular, from (4.3) it follows the comparison principle

IE/ (ug(t,x) — Yo (t, %))i wy dr < eCt/ (uo(m, %) — g (O7 %))in dz,

Rd Rd
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for some C' > 0.
Thus, if a3, 9 € R are such that

G (0. 21) S, ) < vy (0,2)
€ € €
we obtain the following, which provide bounds for v independent of e:
Yoo (85) S (t0) < vy (12, (4.4)
Taking, in (4.3), ¢(t,x) = ep (‘7‘;—1) Y(t, ), where p, ¢’ € AR), p > 0and 0 < ¢ €
C((0, 00) x R?), taking conditional expectation with respect to an arbitrary A € F, and

letting € — 0, along a subsequence for which u® generates a two-scale Young measure
Uy tz,y (see Proposition 2.1), we get, a.s., where we again drop the subscript w from

Vo, t,x,ys

///@@@meﬁw—ﬁmﬁwmw@MMwMﬁEQ

0 Rd K

where K denotes the compactification of R? generated by A(R?), whose invariant mea-
sure associated with the mean-value is denoted by dm(y).
Applying this inequality to C' + ¢, with C' = ||¢||~, We obtain, a.s.,

oo
[ ][40 @l 50 = fiGalt)) ' @) dmy) dade =0, (a5)
0 Rd K

We define, similarly to [25,2], the family of parameterized measures p 5, over R by

(t2ys 0) = Wy, O(f1(N) — koW () = V(y))), for 6§ € C.(R).

We see from (4.5) that p ., actually does not depend on y € K, since

[ [ [ 00 . 8) & ) i e =, (1.6
0 Rd K
for all 6 of the form |- —al, @ € R, and, from the remark made just after (4.3), also for

0(-) = (- — @)1, a € R, which implies that (4.6) holds for all § € C'(R).

Now, taking any nonnegative ¢ € C!(R9*+1) in (4.3), taking conditional expectation
with respect to an arbitrary A € F, and making ¢ — 0 along a subsequence as above,
given by Proposition 2.1, we get a.s.
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/ / / {< A = Wt 91} Bt + Wooms |11V = Fo(alts 1)) b,

0 Rd K

+Z<w e [FFO) = P (Wa(t,9))]) G

+ =g Wy Sape (i, (A) = g, (Va(t,9)))) ¢} dm(y) dx dt

N | —

/ W |01, (N) = 01, (ta (£, ))& dm(y) d AW ()
d IC

\ 0\8

/ n(,y) — a(0,)] 6(0, z) dm(y) dz > 0. (47)
d IC

Due to (4.6) we can write ps 5, = ft,. Then, using the substitution formulas A =
g(p+ koW (t) + V(y)), Yalt,y) = g (a+ koW (t) + V(y)), we can rewrite (4.7) a.s. as

/ /{<# / 19 (- + oW (1) + V() — g (a + moW(8) + V(1))] m<y>> b4
0 d K
d
+Y <u [ 1916+ kW (0 + V(@) = prla + koW (©) + V(@) dm<y>> ba,
k=1 K
+ %ng <Mt,m7 /S-,a (hfy 09 (-4 woW(t)+ V(y)) — hgy 0 g(a+ koW(t) + V(y))) dm(y)> ¢>} dx dt

+//~o uuy,/m 0 (- + koW (1) + V(1)) — 05, © gla+ KoW (1) + V (3)] dm(y) )o de dWV (1)
0 Rd i

[ [ 1ot ) ~ gla+ V(@) 600, ) dm(y) da > 0
RrRd K

where pr, = fr 09 (so p1(t) =1), Sap =sgn (@ —b) =sgn (g(- + koW () + V(y)) — gla +
koW (t) + V(y))), from which it follows

/ / {<u / oW () + V() — g (0 + moW () + V(). dm<y>> "

0 R4

d
+y <ut,z, / Pe(- + 5oW (t) + V(y)) — prla+ oW (t) + V(). dm(y)> Py
k=1

K

1
+ §’€g<ﬂt,a:7/sv,a,+ (hf1 °g ( + KOW@) + V(:U))
K
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—hyf 0 g(a+ kW (t)+V(y))) dm(y)>¢} dx dt

N 7 / ,€0< . / (04, 0 g(- + moW(t) + V(1))
K

0 Re
—op o gla+ koW(t)+ V(y)))Jr dm(y)>¢dw dW (t)

/ / wo(w,y) — gla+ V() dm(y)o(0,2)dz > 0, (48)

Rd K

where Saps i= (a — )+ = sgn +(gla+ roW (1) + V() — g(b+ koW (1) + V(1))
Note that from the formulas for o7 and hy,, recalled in the beginning of this section
we may verify, and this seems a little miraculous(!), the equations

75, 090) = [ o1, 0900+ V(1)) dm(y)

K
s, 09(0) = [ g, 090+ V() dmiy)
K

Also, by the monotonicity of g, pi, k = 2,...,d and o, we can pass the integral over

K inside of the positive part in each term of (4.8). Thus, recalling the definition of f,
k=1,...,d and .o, we obtain

//{ fit,2, (3 (- + koW (1)) — Gla + koW (1)) 1) ¢

0 Re
d
D> (bt (Fi 0 90+ roW(8) = fic0 gla+ koW (1)) , ) b,
—1
+ <,Ut,x, %/@35.7a,+ (hj 0g(-+roW(t) — hj og(a+ rkoW(t))) > qb} dx dt

+ / / m0<ut,w, (07, 09(-+ KW () — af, 0 gla+ /-cOW(t)))+ >¢>dx dW (t)

0 Rd
+ / (7(vo(x)) — g()), ¢(0,2)dx > 0.
Rd

Given ¥ € C°(R4*1) and p € C°(R), we define the measure m; = m; (¢, z, &) applied
to ¥ by
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(my,9¢) : 7//{ (tt,zs (G (- + oW (1)) — G(€ + koW (1)) Dt

0 R4 R

d
3 (s (Fe 9+ maW (0) = Ju0 §(6 + W (1)) , ) b,

=1

k
(e 88t (g 03 oW () = i, 03 (€ + koW (1) ) 0| 916)de

b [ [ [ sl o, o+ maW(0) = o5, 0 3¢+ maW(0), Y03(6) d¢ dw W (1)

0 R R
+ / / (30 2)) — ()., (0, 2)3(€) dE d. (4.9)
R4 R

We then take ¢ = ¢', for some ¢ € C°(R) and make an integration by parts in the
integral in £. Hence, defining p1(¢,x,&) = w2 ((€, +00)), ao(§) = §'(), ai(€) = (fio
(€, i=1oood, H(E) = (hf, 0 9)(€), G(E) = (07, 0g)'(€), setting a:= (as,...,aq),
we get from (4.9)

(Ogmy, V) = 7//{%(5+HOW(t))P1(t,%f)?9t

0 R4 R

d
+ Y ar(€+ roW ()pa (t, z, ﬁ)ﬁmk+%“(Q)H(§ + koW (t))pr(t, , 5)19}50(5) d§ dx dt

k=1

+ / / / koG(E + roW (1) pa (1, 2, €0 (€) dE dax dVV ()

0 R4 R
/ / e cuny?(0,2)(€) dé dz.  (4.10)
R? R

Therefore, we see that p; is a weak solution of the stochastic kinetic equation

Ou(a0(& -+ RoW (1)) +al€ + oW (1)) - Vaps — SRAH(E + oW (1))

AW (t)
dt ’

= ('95m1 + lioG(f —+ IioW(t))pl (411)
in the sense of (4.10) extended from test functions of the form ¥y to all test functions
in C°(R¥*2). Also, from (4.10), it follows that

ess hm//,o1 (t,z,6)d(x, &) da dE = //}Ig@o(m)qb (z,€) dz dE, (4.12)

t—0
R4 R R4 R
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for all € C°(R*H1), see also Remark 5.13. We observe that p; is a kinetic function asso-
ciated to the Young measure fi; 5. Also, it is not difficult to check, by Proposition 2.1(3),
that p satisfies (5.27) and we also may check that mq, defined by (4.9), satisfies the
conditions of a kinetic measure in Definition 5.1.

On the other hand, using the here called stochastic Kruzkov inequality (see Proposi-
tion 6.1) for (1.10) for the entropy solution of (1.10)-(1.13) and for the special solution
iy (1), we get

7/{%( u|¢>t+§j|fk b (1)) = Fol)] s

0 R4

+%H35wm(t),a (hf,(sn) = Ny, (@) @5} dz dt + / 14 (0) — u(0, )| (0, z) d

//ﬁo\o—f & (e (1) Sz dW (1) > 0, (4.13)

0 R4

for all ¢ € C2°(R4*1).
Let X(t,x) = fi(u(t,z)) — koW (t) and observe u(t,z) = g(X(t,x) + koW (t)). We
then get from (4.13) as before,

//{ (y + moW (1)) — G(X (£, 2) + oW (1)), by
0 Rd
d
+ 3 (ool malV () = oo g0X(02) + maW(E), 6, bt do
k=1

00 1 ) )
+ [ [ 54885 (hr, 050+ W (0) — by, 05X (1 0) + koW (1) oo
0 Rd

4 / (G(7 + V() — 3(v0(x) + V(). 6(0,2)) de

R4
+ /Ho/ (07, 090y + koW (1)) = 07, 0 g(X (¢, ) + koW (1)) dzdW(t) =0
0 R4

Hence, given ¢ € C°(R4*1), ¢ € C2(R) we can similarly define the measure my =
ma(t, z, &) applied to 9@ by

(s, 65) : ///{ (1 + roW (1)) — (X (1 2) + 5oV (1)) . 0.5(€)

0 R4 R
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d — —
+3° (Fro gy + oW () - fio g(X(12) + moW (1)) , om@(s)} ¢ d dt

st [ [ [ (0904 maW(0) = g, 0 X (0,0) + oW (0) 99(6) d s

+/ﬁo//(gf1 0 5y + KW (1)) — o7, 0 G(X (t,2) + koW (1)) | 9B(E) d dw AW ().
. (4.14)

Therefore, we again take ¢ = ¢’ for some ¢ € C°(R) and make an integration by parts
in the integral in &. Hence, defining p(t, 7, &) := [(_oo x(t,2)) (&), We see that p, is a weak
solution of the stochastic kinetic equation

Ou(a0(€ -+ RoW (1)) + al + oW (1)) - Vapa — ZRAH(E + moW (1))

W (t)
dt ’

= 8§m2 + K()G(€ + KJQW(t))pQ d (415)

where a;, 7 =0,...,d, H and G are as before. Also, from (4.14), it follows that

t—0+
R4 R R4 R

ess lim//pg(t,x,f)qb(x,f) dx d€ = //H§<UO(I)¢($,€) dx d€, (4.16)

for all ¢ € C°(R*1). Since p is a standard kinetic function, a well known argument
shows that the convergence in (4.16) may be strengthen to a convergence in L'(R¥; wy)
(see also Remark 5.13).

Therefore, p1, pa are weak solutions of identical kinetic equations, (4.11) and (4.15),
with possibly distinct kinetic measures m, and mo, and satisfy identical initial conditions
(4.12) and (4.16).

Our next goal is to prove that u; , = dx ;) a.s. and to do that we are going to prove
the uniqueness of the weak solution of (4.11)-(4.12) or (4.15)-(4.16), independently of the
corresponding kinetic measure. This, in turn, will be a consequence of the next lemma.

Lemma 4.1 (rigidity/comparison result). Let p1(t,z,£), p2(t,x,&) be generalized kinetic
functions, that is, functions taking values in [0, 1] such that —O¢p1 and —0¢p2 are Young
measures, which solve equations (4.11) and (4.15) with initial conditions po1 and po 2,
respectively, where my and meo are kinetic measures in the sense of Definition 5.1. Then
there is a constant C > 0 such that
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E//a0(€+fi0W(t))p1(1 ~ po)(Dw dE dz

R4 R

< CE//ao(ﬁ)Po,l(l — po,2)wn d€ dz,

R4 R

(4.17)

for a.e. t € [0,T], where wy is the weight given by (5.11).

Remark 4.1. Observe that the stochastic kinetic equations (4.11), (4.15) are different
from the equations (3.12), (3.15) (which are of the type analyzed in Section 5). In partic-
ular, the former two equations do not have gradient noise and a second order differential
operator. They do, however, contain coefficients that are predictable random fields. We
recall that a continuous mapping H = H(w,t,z,u) : Q@ x [0,T] x R x R — R is a called
a random field when it is viewed as a random variable w — H(w,t,z,u), with (¢, z,u)
fixed. If, for each fixed (2, u), the stochastic process (w,t) = H(w,t,z,u) is {Fi};e(0 7
predictable, then H is called a predictable random field. Nevertheless, given the crucial
observation below, cf. (4.21), the analysis in Section 5 carries over to the stochastic ki-
netic equations (4.11) and (4.15), see in particular Proposition 5.1, the equation (5.36),
and (6.2) and the discussion found at the beginning of Section 6.

To keep this paper at a reasonable length, we will only supply a sketch of the proof of
Lemma 4.1, focusing on the formal argument leading up the crucial equation (4.21), from
which we can proceed as in Section 5. The rigorous proof relies on the usual regularization
procedure, the Ito6 product formula, and commutator estimates to control regularization
errors. In fact, the step involving regularization by convolution (in x, £) is simpler (than in
Section 5) since there are no error terms that require second-order commutator estimates,
like (5.37), that is, all the error terms can be handled using the standard DiPerna-Lions
folklore lemma [20]. We refer to Section 5 for details.

Sketch of proof of Lemma 4.1. We will first formally derive stochastic kinetic equations
for p; and ag(E+roW (t))(1—p2). Then, combining the resulting equations, It6’s product
formula will provide (at least formally) an equation for ag(§ + koW (t)p1(1 — p2), which
we can use to prove (4.17), along the lines of Section 5.

We observe that we can write (4.11) as a stochastic differential equation of the fol-
lowing form, where we drop the subscript 1 in p; and mq,

d(ao(€ + koW (1))p) = Adt + BdW + dem,
where
A= a6+ RoW (D)) - Vapt LRAH(E+ KW (D)o, B = KoGIE + oW (1))p.

Thanks to the It6 formula, ag(§ + koW (t)) satisfies the stochastic differential equation

dao(&+ koW (1)) = koag (€ + koW (1)) dW + %/ﬂgag(f + koW (1)) dt, (4.18)
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and, by the formulas for ag, o7,, and h, , we have
ap(§) =05 09(8), ag=1(0709) (&),  ag=(hz 0g) (&),
50
ag(§) = G(8), ag(§) = H(E). (4.19)

Denoting a¢(§) = #(6) we get, also from I[t6’s formula, the following stochastic differen-

tial equation for ag(§):

1
dag (& + roW (1)) = rodg(§ + koW (£) AW + Sk (€ + koW (1) dt,
where, by virtue of (4.19),

ane) =—2C  are =

2G(§)? — ao(§)H(8)
ao(£)?’ '

ao(§)?

(4.20)

By the It6 product rule,

dp = d(ao(& + koW (t))ao(§ + koW (t))p)
= ao(§ + koW (t))pd(ao(§ + koW (t))) + ao(§ + koW (1)) d(ao(§ + koW (t))p)
+ [ao(§ + koW (1)), ao(§ + koW (1)) o]
= koao(§ + koW (t))ap(§ + koW (t))p dW + %“(2)@0(5 + koW (t))ag (& + koW (t)) pdt
T a0 (€ + roW (£)) A dt + o (€ + roW (£) B AW + do(€ + koW (£))dem
+ koag (€ 4+ koW (t)) B dt.

In sum, we deduce that p; satisfies the stochastic kinetic equation

Oep1 + o (€ + koW (1))a(€ + koW (1)) - Vapr

W(t)
dt

15+ - d
= in%Am + koBp1 + ao (& + koW (t))dema,

where

A =ig(€+ koW (1)) H (€ + koW (1)) + 2a6(€ + koW (1)) G (€ + koW (1))
+ ao(& 4+ koW (t))ag (& + koW (1)),

and
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B = ag (& + koW (t))ag(€ + koW (t)) + ao(€ + koW (£))G (€ + koW (1)).

At this point, we observe that (4.19) and (4.20) imply that A = 0 and B = 0. Thus,
we conclude that p; satisfies the (much simpler) equation

Orp1 + do(f + I<E()W(t))a(f + K?()W(t)) -Vep1 = Elo(f + HoW(t))agml. (421)

In view of (4.15) and (4.18), we obtain the following equation for ag(§ + koW (¢))(1 —
p2):

Ot (ao(§ + koW (1)) (1 = p2)) + a(§ + koW (t)) - V(1 — p2) — %'%H(ﬁ + koW (1)) (1 — p2)

= —0gma + KkoG(§ + koW (t))(1 — pz)dwc;t(t)'

(4.22)

Given the stochastic kinetic equations (4.21) and (4.22), we may apply (again for-
mally) Itd’s product rule to obtain

d (ao(§ + oW (t))p1(1 — p2))
= ao(§ + koW (1)) (1 = p2) dpr + prd (ao(§ + koW (£))(1 — p2))
+ [p1,a0(€ + koW (£))(1 — p2)]
= —a(&+ koW (t)) - (1 — p2)Vaprdt + (1 — p2)0cmy

(4 RoW (D) - V(L — pa) i+ SKIH(E + R0 W (D)pr(1 — po) dt

— plagmg + KoG(f + IioW(t))pl(l — pg)dW(t).

In other words, we have the following equation for ag(€ 4+ koW (t))p1(1 — p2):

O (ao(§ + koW (t))p1(1 = p2)) + a(€ + koW (1)) - Vi (p1(1 — p2))
1

= 5“3H(€ + koW (t))p1(1 = p2) + (1 = p2)Oemy — p10gma

+ koG(E 4+ koW (1)) p1 (1 — p2)dW(t).  (4.23)

Note that the coefficient ag(§ + koW (t)) in the equation for (1 — ps) provides a can-
cellation with the coefficient ag(§ + koW (t)) which multiplies the measure m; on the
right-hand-side of (4.21). This cancellation, which results in the term (1 — p2)0¢mo on
the right-hand side of equation (4.23), is essential for the proof of Lemma 4.1, as it will
allow us to discard this term later on in the analysis based on its sign, after integra-
tion by parts. Similarly, the term —p;0¢mo, which is of the same nature, will also be
discarded by its sign. To carry on the proof, we take appropriate test functions in the
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equation (4.23) and manipulate the remaining terms to conclude by applying Gronwall’s
inequality.

At last, we reiterate that the above argument can be turned into a rigorous proof
using regularization by convolution (in z, §), following Section 5. O

Finally, in view of Lemma 4.1, we deduce that

E//ﬁa§+mww»mawxﬂl—muwganmws

R4 R

sca)//@aompmfwl—mp@fnwwmwfza

R4 R

for 0 <t < T, and so, since p; and ps coincide at ¢ = 0, both being equal to l¢y,(2),
we obtain

Htx = OF, (a(t,2))— oW (1)

and consequently

Vtaoy = 5g(f1(ﬁ(t,x))+V(y))a P-a.e. in Q.

In particular, it follows that, u® — [, g(fi(u(-,-) + V(y)))dm(y) = @ in the weak—
topology of L?(%; LZ ((0,T) x R%)), for all T > 0 (cf. Remark 2.1 above). Note that
we used the uniqueness of the limit to conclude that the whole sequence u® converges,
similarly as in the proof of Theorem 1.1.

Again, the last assertion in Theorem 1.2 follows directly from Proposition 2.2 (a).

This concludes the proof of Theorem 1.2.
5. A well-posedness result

In this section, we provide a well-posedness result for a class of stochastic conservation
laws that is (more than) general enough to encompass some of the equations encountered
earlier in this paper; namely, hyperbolic conservation laws with variable coefficients and
deterministic/stochastic source terms, posed on an unbounded spatial domain (R%), see
Remark 5.5 for further details on the class of equations. Since these equations are not
all covered by the available well-posedness literature [7,8,14,18,19,21,28,37,42-44,46], we
will outline some of the arguments leading to this result, particularly the uniqueness part
of it. On a technical level, the approach presented here is somewhat different from the
one [18] utilized in many of the references listed above.
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The initial-value problem for these SPDEs take the form

Opu + div, A(t,x,u) = B(t,u)W (t) + R(t,z,u), (t,x) € (0,T) x R?, (5.1)
u(0,z) = up(w,z), x € RY .

where W is a cylindrical Wiener process [17] with noise amplitude B, A = (Ay, ..., Aq) is

the flux vector, R is the “deterministic” source term, ug is the initial function, and T > 0

is a fixed final time. We fix a stochastic basic S consisting of a complete probability space

(Q, F, P), a complete right-continuous filtration {F;},c(o 7, and a sequence {Wi}lie, of

independent one-dimensional Wiener processes adapted to the filtration {F;}, c0,1]"
We assume that the flux A belongs to C([0, T]; C*(R? x R;R4)) and

|t 2, )| < ma(t) (1+[ul) (1+|2),

(5.2)
|A(t, z,u) — A(t,x,v)| < mg(t) |u—v|(1+|z]),

for t € [0,T], * € R%, and u,v € R, where m,(t) is an integrable function. Moreover,
[(divy A)(t, z,u)] < mg(t) (14 |u]), (div, A)(t,x,0) =0, (5.3)

for t € [0,T], € RY, and u € R, where mg(t) is another integrable function. Note that,
without loss of generality, we may always assume (div, A)(¢,z,0) = 0.
We assume that the source function R belongs to C([0,T]; C*(R? x R)), and

|R(t,z,u)| <mpg(t) 1+ |u]), |R(t,x,u)— R(t z,v) <mg(t)|u—uv|, (5.4)

for t € [0, 7], * € R%, and u,v € R, where mg(t) is an integrable function.
The driving noise W is a cylindrical Wiener process [17],

W(t) = Z Wi (8)r, (5.5)

k>1

evolving over a separable Hilbert space 4, equipped with an orthonormal basis {1}~
The series (5.5) converges in an auxiliary (larger) Hilbert space $ly with Hilbert-Schmidt
embedding { C y. The (nonlinear) noise amplitude B = B(w, t, u) is an operator-valued
mapping. For each u € L?(R?), we define B(t,u) by its action on each

B(t,u)y == b(w, t, -, u(")), b € C([0,T] x R? x R), k € N.
We then obtain

B(t,u) dW (t) = > bi(t, z,u) AWk (t). (5.6)

k>1

We assume that the sequence {by},, satisfy the following conditions:



H. Frid et al. / Journal of Functional Analysis 283 (2022) 109620 39

B2(t,z,u) = 3 (it w)® S 1+ uf?, (5.7)
E>1

S lbt ) = be(t,y, ) S fe =yl 4 Ju— o] alfu — o)), (5.8)

E>1

forwe Q,t€[0,T], z,y € R and u,v € R, for some continuous nondecreasing function
pon Ry with u(0+) = 0. The “Lipschitz case” corresponds to p(§) = €.

Remark 5.1. We have assumed that the coefficients A, B, and R in (5.1) are deterministic.
However, this is not necessary. Indeed, the results presented in this section carry over
to the case where A, B, R are predictable random fields satisfying conditions similar to
those listed above (cf. Remark 4.1 for the notion of predictable random field).

The initial function ug is an Fy-measurable random variable satisfying
up € L™ (9; L>°(RY)) . (5.9)

Given a convex S € C%(R), define Qg : [0,7] x R x R — R% by (9,Qs)(t,z,u) =
S’ (w)(0y,A)(t, z,u). We call (S,Qs) an entropy/entropy-fluz pair and write (S, Qg) € &.
For (5.1) the entropy inequalities read

¢S (u) + divy Qs (t, z,u) + S (u) ((divy A)(t, z,u) — R(t,x,u)) — (dive Qs)(t, z, u)

< 37 S ()bt ) Wi(t) + %S"(U)Bz(t,x,u)
k>1

in D'([0,T) x RY), a.s., V(S,Q) € E. (5.10)

Remark 5.2 (weighted LP estimates). For discontinuous solutions, the entropy inequalities
act as a replacement for the Itd (temporal) and classical (spatial) chain rules. It follows
from (5.10) with S(u) = u? (p > 2) and a standard martingale argument that

u € LP (Q; L= (0, T; LP (wndx))) ,

where LP(wydz) denotes the weighted LP space of functions v : R? — R for which

/|v|p wydr < 0.
Rd

Throughout this section, we make use of the weight function
wy(z) =1+ z>)"N, N>d/2 (5.11)

This function is integrable on R? and satisfies
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—2Nzx wy ()
@ = (Vs s

Vuy(z) = ——wy
1+ |z

Note that LP(wydz)-bounds with p € [1,2) follow trivially from the L?(wxydz)-bound.

Remark 5.3 (weight-free framework). The Itd noise term continuously injects “entropy”
into the system, cf. the S” B2-term in (5.10). Suppose B(t,x,0) = 0. Then the ordinary
LP spaces constitute a natural choice for (5.1), in which case we may drop the weight
wy and obtain u € LP (Q; L™ (O,T; Lf”(]Rd))) for all p € [2,00), provided

ug € L (Q; (L> N L) (RY)). (5.12)

Without this assumption (B(w,t,x,0) # 0), weighted L? spaces appear to be better
suited.

We can also drop the weight wy at the expense of imposing a stronger condition on B2
as |x| = oo, cf. (5.7), namely that

B2(w,t,2,u) < (b(z))” (1 n |u|2) . be (I2nL®) (RY), (5.13)

for w e Q,t €[0,T], z € R% and u € R. Under this assumption or B(w,t,,0) = 0,
it is possible to use (5.10), with S(-) ~ || and S”(-) ~ (), to arrive at an L' bound,
and consequently u € LP (Q;L°° (O,T;LP(Rd))) for all p € [1,00), in the event that
ug € L (Q; (L1 N L°°) (Rd)). At the same time, it is possible to replace the assumptions
on the flux function, cf. (5.2) and (5.3), by the following more general ones:

At z,u) = Alt, z,u) + At, ),

At 2, 0)] < ma(t) (L4 Jul) (1 +Jal), [ At 20| < ma(®) (04 Jul™),
|f~1(t, x,u) — fl(t,x,v)| <mg(t) ju—v|(1+ |z]), (5.14)

‘fx(t, ) — At v)‘ < ma(t) (1 a4 \v|’"a—1) u— vl

|(divy A)(t, 2, u)| < ma(t) (1+ |ul), (divy A)(t,2,0) =0,

for t € [0,T], z € R%, and u,v € R, where r, > 1 is a number and my, mq are integrable
functions on [0,T]. “Globally Lipschitz” fluxes correspond to setting A=0in (5.14),
while “polynomially growing” (z-independent) fluxes correspond to setting A=0.In
the “weight-free” LP framework it is natural to assume (5.12).

Most of the works on kinetic solutions for stochastic conservation laws have dealt with
the torus case (T4), and 2-independent flux / no reaction term. The works on entropy
solutions, on the other hand, have considered the unbounded domain case (R%), often
with globally Lipschitz (z-independent) flux and no reaction term. In [28] the authors



H. Frid et al. / Journal of Functional Analysis 283 (2022) 109620 41

allow for a polynomially growing flux A = A(u) (and R = 0), corresponding to the
A= fl(u) part of our flux. Existence of an entropy solution is proved in [28] under
the assumptions (5.12) and (5.13), whereas uniqueness is established under the weaker
condition (5.7). These results, based on entropy solutions, are consistent with ours based
on kinetic solutions.

For some specific choices of the noise amplitude B it is possible to construct L solutions
of (5.1), that is, u € Lg%, ., assuming (5.9). Of course, for L solutions, it is sufficient
that A, R, B are merely “locally Lipschitz in u”.

In what follows, we mostly lay out the results and proofs in the context of weighted LP
spaces. However, whenever relevant conditions are imposed on the “data” of the problem,
cf. (5.12), (5.13), and (5.14), the reader may set “wxn =17 in the stated results.

We are going to rely on the (more precise) “kinetic” interpretation [50] of the entropy
inequalities (5.10). The mapping x : R? — R defined by

]I0<£<u, if u >0
x(&u) =140, if u=0
—I[u<£<0 if u <0

is called a x function. Notice that x (&, u) = I¢<,, — Le<o for a.e. &, for each fixed u € R.
Moreover, x is compactly supported in the ¢-variable, and thus x(-,u) € L'(R). For any
locally Lipschitz continuous h : R — R, we have the following representation formula:

/h’ w)d¢é, u€eR.

We also need the “one-sided” x-functions x4 (&, u) = Iecy, and x— (&, u) == x4 (&, u)—

(= —l¢>y). Observe that x4 (&,u) = x(§,u) + Ieco and x— (&, u) = x(& u) — Ie>o, for
a.e. &, for each fixed u € R. In contrast to x, the one-sided functions x+(-,u) are not
compactly supported and thus not integrable on R. In most applications, however, it is
sufficient that y4(-,u) is in L (R), for each fixed u € R.

Remark 5.4 (properties of x+ ). The following properties are easy to verify:

() (1004 = o X600 =6 )

(2) Jin '€ (€ u) (1 — x4 (€0)) dE = Tyoo (S() — S(1)), VS € Lipyoe(R);
<>|ufv|—fR|><+<s W) (6] de:

(4) (x+(&u) + x+(&v)). Then g |u—o| = [p g — g*dé.

Let us introduce the following notations for further use:

a; = a’i(ta]}7§) = (8uAl)<t7m7§)7 i = 17' s 7d7
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a=(ay,...,aq), d=d(t,x,&) :=—(divy A)(t, z,£),

a = a(t,x,§) = {a,d} [16], and note that div(, ) @ := divy a + ded = 0. In view of our
assumptions (5.2), (5.3), and (5.4), we clearly have

a(t,z,€)
W . S ma(t), (W,t,g) e Q x [O,T] X R, (515)
d(t, 2, &) Lo <mat) A+[E]),  (w,t,8) € 2x[0,T] xR, (5.16)
and
IR, 2, )L <mr(t) (L+E]),  [[0eR(w,t,2,8)l| e < mr(t), (5.17)

for (w,t,£) € 2 x [0,T] x R. These estimates imply, a.s., @, R € L' (0,T; L{ (R? x R)).

loc
Besides, we will always assume

Vieoa VoR e L' (0,T; L, (R x R)) aus., (5.18)

and so, a.s., a, R € L! (O,T; Wllo’cl(Rd X ]R)) (for the DiPerna-Lions regularization
lemma).
Setting

p= p(w,t,x) = X+<£,’U/(W,t7$)) = I[E<u(w,t,a:)a

the kinetic equation reads

5‘tp + diV(%g) (Ep) + Ragp
. B2 (5.19)
+ Zbkagpwk(t) =0 <285p> +0gm  in D/([O,T) x R? x R), a.s.,
k>1

where @ := {a, d} satisfies div(, ¢ @ = 0, B? is defined in (5.7), and d¢p = —6({ —u). All
the coefficients @, R, by, B? depend on (¢, x,¢). On the right-hand side of (5.19), m is the
so-called kinetic measure.

Remark 5.5. Observe that the stochastic kinetic equations (3.12) and (3.15), which arise
in our first homogenization problem, are both of the type (5.19). On the other hand, the
kinetic equations (4.11) and (4.15) (arising in the second homogenization problem) are
not, see also Remark 5.5. However, combining the arguments developed in this section
with those used in the proof of Lemma 4.1, we can also handle this (new) type of
stochastic kinetic equations.
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Definition 5.1 (kinetic measure). A nonnegative mapping m : Q — M([0,7] x R? x R)
is called a (weighted) kinetic measure provided the following three conditions hold:

(1) m(¢) : © — R is measurable for each ¢ € C.([0,T] x R? x R), where m(¢) denotes
the action of m on ¢, i.e., m(¢) = f[O,T]dexR o(t, x, &) m(dt, dx, dE);

(2) the process (w,t) +— m(¢)([0,t] x R x R) = f[O,t]xMX]R o(x, &) m(ds, dz, d€) is pre-
dictable and belongs to L2(Q x [0,71]), for any ¢ € C.(R? x R);

(3) m exhibits weighted p—moments: my := wym, cf. (5.11), satisfies

E / €17 mn(dt, de, d€) <pnp 1, Vp € [0,00). (5.20)

[0, T]xR4xR

Definition 5.2 (kinetic solution). Given an initial function ug € L (Q, Fo; L (]Rid)), set
po = lgcy,. A measurable function u : Q x [0,7] x R — R is said to be a kinetic
solution of (5.1) if u is a predictable L?(wydz)-valued stochastic process such that

E (esssup ||u<t>||’gp(wx)> Stvpl,  VpeE[2,00), (5.21)
te[0,T)

and there is a kinetic measure m such that p := I¢,, satisfies (5.19).

Remark 5.6. The property 0:p = —d(§ — w) is satisfied by any kinetic solution p (and
thus p € BV). Given a function H = H(t,z,£) that is continuous in &, we assign the
following meaning to the distribution H0gp:

<Hafp7 ¢>Dé)'D£ = _H(t7 z, u(w7 t7 .’L‘))¢(t, x, u(w, t7 LL’))7 (b S Dt,:c,§7
for a.e. (w,t,x) € Q x [0,T] x R?, thereby explaining the meaning of (5.19).

Remark 5.7 (entropy € kinetic solutions). It is equivalent to be a kinetic solution ac-
cording to Definition 5.2 and an entropy solution, i.e., a weak solution of (5.1) satisfying
(5.10).

Remark 5.8 (weighted p-moments of kinetic measure). Fix a kinetic solution p with

kinetic measure m. For later use, let us compute the p-moments of the weighted measure
mpy := wym, where wy is the weight function (5.11). It follows from (5.19) that

m(0e) (0, T]) = / Do (e, €) m(dt, d de)

[0, T]xRe xR

= (X009 = (UT)) + [ (pl0.a(0) - Vs e
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°“‘~w%

<(R85p dt — Z/ bkagp (p> de

k>17)

/T<( a£p> 2 a§¢> dt, Yy € CFR!xR), (5.22)

where x := p — I¢o and xo := po — lg<o. Fix any convex function S € C?*(R) with
2 1 .
IS S 7 1971 S 1P 1871 S 1€ (0 = 0), de, S € C2(R). We will

pol

utilize the test function ¢ = ¢k ¢(z,§) = S’ (&) wn(x) gb,;(x)d)g(ﬁ) giiy S (&) wn(x),
where ¢, (z) = ¢1 (%)7 ¢ € CPRY,0< ¢ <1,¢; =1on {|Jz|] <1}, and ¢ = 0 on
{le] > 2}. Moreover, gu(x) = ¥ (£), ¥1 € C2(R), 0 < gy < 1, 4 = Lon {|¢ <1},
and 11 = 0 on {|¢] > 2}. We refer to {¢,(x)},~, and {1¢(x)},~, as truncation sequences
(on, respectively, R? and R). Clearly, |V, ()| < lﬂngmgzm A %HESIEIQ& and

~ K

e = S (€)wn ()b (@)1 (€) + ' (€)wn ()b () (€) “T5° 8 (€ w (),
Vans = S'(€)Vun (2) b (@)e(€) + S (E)wn (1) Vn()tbe (&) 55 §'(6)Vwn ().

Making use of ¢, ¢ in (5.22) and sending &, ¢ — oo, we eventually arrive at the following
equation satisfied a.s. by the weighted kinetic measure my (= wym):

[ s ©matitdo.ds) = [ Suo)wnde - [ ST) wydo
R R

[0, T]xR4xR

/ / ( Q51t+x| QT) = o (div, Qs)( 2, w)

0 R4

+ 5" (u) (R(t, z,u) — (div, A)(t, z, u))) wydx dt

Jrz w)bg (t, z, u) wydr dWi(t)
k217 Ra
-
+§//S’”(u)BZ(t,x,u) wydx dt, (5.23)
0 Rd

for any S € C2(R), S(0) = 0, S” > 0. Keeping in mind our assumptions (5.2), (5.3),
(5.4), (5.7), and (5.21), choosing S(&) = Wl(pm) €72 in (5.23) gives
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E / €17 my(dt, da,d€) < O, p e [0,00), (5.24)
[0, 7] xR xR

where €' depends on T, N and [[ul ,p+2 (0, 1.0 (0,7 Lr+2 (wy dz))) (S€€ also next remark).

Regarding the “weight-free” LP—framework discussed in Remark 5.2, cf. (5.12), (5.13),
and (5.14), the equation (5.23) continues to hold with wy = 1 (and thus my = m), in
“—2N7” term is zero. As a result, IEfOT Jraxg |€I° m(dt,dx,d¢) < C
where C' depends on T" and ||u||LP+2(Q7LOQ(O7T’LP+2(R(1)))

which case the

For L*°—solutions, the bound (5.24) on my continues to hold with C depending on T, N,
and Ky = ||uHLoo .If R—(div, A), by, B? are zero on Re\ [— Kmax; Kmax), it follows
from (5.23) that the Welghted kinetic measure my is compactly supported in &.

Remark 5.9 (improvement of integrability via a martingale argument). By the previous
remark, the random variable w fo T)xR4xR I€” my (dt,dz, d€) belongs to L (£2). One
can improve this to LI(Q) for any ﬁmte q > 1. To this end, we will argue that

_r_
p+2

E (esssup u(t)||er+2(dem)> + E / I€1P my (dt, dx, d€) Seron 1,
reloT] 0,7]xR4 xR

provided the initial data ug satisfy | (||u0\|2p+2(dem)) < oo, for r > p+ 2, a condition
that clearly is satisfied due to (5.9). The case r = p 4 2 is covered by the definition of
kinetic solution, cf. (5.20) and (5.21). In view of (5.23) with S(§) = Wl(p-rz) [P and
the growth assumptions (5.15), (5.16), and (5.17), it follows easily that

esssup/|u P wydz + / €)Y my (dt, dx, d€)
te[0,T]
[0,T] xR xR

(5.25)
/|uo|er dex+//|u )P wydzdt + sup |M(t)],

0 fd te[0,T]

for a.e. (w,t) € Q x [0,T], where

M(t) = Z S (u)bg (w, s, 7, u) wydz dWi(s), S'(u) =
k>19 ma

gl

We raise both sides of (5.25) to the power r/(p + 2) > 1, apply Jensen’s inequality to
the second term on the right-hand side, and take the expectation, eventually arriving at
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72
E (esssup ||u(t)|2p+2(dex)> +E / I€1P my (dt, dzx, d€)
t€[0,T]
0,T]xR4xR
T
1 E (Juoloesgunan) + [ B (1@imemyan) d
0
+E sup |M(t)|7. (5.26)

te[0,T]
A standard martingale argument (Burkholder-Davis-Gundy inequality [12]) supplies

E sup |M(t)|72
t€[0,T]

T

1 T kA

STN SE (eSSSUp ||u(t)||Lp+2(deaz)> + /]E (Hu(t)HLw?(wNm)) dt +1.
t€[0,T] 0

Making use of this estimate in (5.26), followed by an application of Gronwall’s inequality,
leads to the sought after estimates.

It is easy to make the previous argument operational in the “weight-free” LP—frame-
work discussed in Remark 5.2, assuming (5.12), (5.13), (5.14). The same applies to
L*°—solutions.

Roughly speaking, the difference between a kinetic solution p and a so-called general-
ized kinetic solution g is that the structural property Jgp = —0(§ — u) is replaced by the
requirement J;0 = —v for some Young measure v on Re. We refer to [18] for relevant
background material on Young measures.

In what follows, any function of the form p = p(z,&) = I¢cy(.) will be called a kinetic
function. We reserve the term generalized kinetic function to functions ¢ = o(z, §) taking
values in [0, 1] such that —0¢p is a Young measure. For us z = (w,z) or z = (w,t, ).

Definition 5.3 (generalized kinetic solution). Fix a generalized kinetic function gp(w, z, ).
We call g: Qx [0,T] x RYx R — [0, 1] a generalized kinetic solution of (5.1) with initial
data po if 0 := 0 — le<o is P/B(L*(wndz df)) measurable and

E [ esssup // I€1P wn (@) Vi 10 (dE) dz | Srovp 1, Vp € [2,00), (5.27)
t€[0,T] RIXR
where v := —0¢0 is a Young measure, the spatial weight wy is defined in (5.11), and

there is a kinetic measure m such that ¢ satisfies a.s.

0o +div(, ¢ (EQ) + ROgp
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2
+ Z bi0c 0 Wk(t) = 0¢ (%859) +0gm in D/([O,T) x R% x R). (5.28)

k>1

Remark 5.10. Given a function H(¢, z, ) that is continuous in £ and a generalized kinetic
solution p, we assign the following meaning to the distribution H 0 o:

<H85Q7 ¢>'Dé,D§ = _/H(Wat7xa§)¢<ta 3775) Vw,t,m(d§)7 (b € Dt,a:,§7
R

for a.e. (w,t,2) € Q x [0,T] x RY, thereby making precise the meaning of (5.28).

Remark 5.11. Although a generalized kinetic solution p is merely locally integrable in &,
the associated function g (= ¢ — I¢<0) is globally integrable; by (5.27),

[ 12011l wn(e) dede Srp . te 0.7 VpeLoo)
R<4xR

Remark 5.12 (cidldig / ciglad versions). There are general theorems [52] ensuring that
many real-valued stochastic processes X (¢) (discontinuous semimartingales) have a right-
continuous version and, what’s more, these versions necessarily have left-limits every-
where. Right-continuous processes with left-limits everywhere are referred to as cadlag.
Left-continuous processes with right-limits everywhere are referred to as caglad.

A generalized kinetic solution g is clearly not affected by modification of its values
on any set of measure zero. In fact, g is an equivalence class of functions. When proving
stability and uniqueness results we must work with left /right continuous representatives
of each equivalence class. Indeed, a result from [18, Proposition 10] (see also [21, Lemma
1.3.3]), easily generalized to our setting, says that a generalized kinetic solution g pos-
sesses weak left and right limits o®* at every instant of time . We then introduce left and
right continuous representatives of o by setting o% (t) := o>* for all ¢ € [0, T]. Clearly,
ot are both predictable since g is. Using the left and right continuous representatives p*
one can convert the time-space weak formulation (5.28) into a formulation that is weak
in space only (and pointwise in time): for any t € [0, T}, a.s

t t
(o™ (t),9) = (00, ¢ +/ (,6)®) /R(?gg ©) ds
0
t

0

_§/< bkdeo) (s), @) dWi(s O/t<( 3§g> 5), a§<p> (5.29)

- {m(agso)([O,t]), for o+
m(9e)([0,1)), for o~
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Be mindful of the fact that (0% (t) — 0™ (t), ¢) = —m(9ep)({t}). Since the atomic points
of m(dep)(-) is at most countable, we have (o (¢), p) = (07 (t), ¢) for a.e. t and in turn
ot = o~ almost everywhere. The real-valued stochastic processes X*(t) := (0% (t), ),
defined by (5.29), are of the form X*(t) = A*(t)+M(t), where A*(t) are finite variation
processes and M (t) is a continuous martingale. Moreover, A1 (0) = (0o, ¢)—m(de)({0}),
A7(0) = (00,¢), and M(0) = 0. Below we note that m(Js¢)({0}) = 0 for kinetic
initial data gy = [¢<y,. Whenever convenient, we may assume that X (X ~) are cadlag
(caglad).

In what follows, we will outline a proof of uniqueness. Although we should work with the
left /right continuous representatives oT as in [18, Proposition 10] (see also [21]) and make
use of the space-weak formulation (5.29), we will not do so in an attempt to save space
and keep the presentation as simple as possible. Instead we refer to [18,19,21,32,33,37]
for such details, see also [34,35].

Remark 5.13. Let us make a comment on generalized kinetic solutions and the satisfac-
tion of the initial condition. Suppose g = I¢<,, for some function ug satisfying (5.9). It
follows from (5.29) that (the right-continuous representative of) o satisfies a.s.

(0(0),¢) = (20, ¢) = m(Pe)({0}), Vi € CX(R? xR). (5.30)

To conclude ¢(0) = gy we argue that m ({0} x R? x R) = 0. The argument is standard
[50], so we merely sketch it. Following Remark 5.8, (5.30) implies a.s. that

S'(€) (0(0) — x(&,up)) wy d dx + / S"(&) wy m(dt,dz,dE) =0,
RiIxR {t=0} xR4 xR

for any S € C%(R) for which S” > 0 and S,S’,5” grow at most polynomially. By
Brenier’s lemma [50], the first integral is nonnegative. As a result, both integrals must
be zero. In other words, a.s., 0(0) = gy and m ({0} x R? x R) = 0.

Following an approach developed by Perthame [50], later extended to the stochastic
case in [18] (see also [18,19,21,32,33,37,44,46]), we establish a rigidity result implying
that generalized kinetic solutions are in fact kinetic solutions, at least when the initial
function is a kinetic function, g9 = lI¢<y,. The proof herein involves a regularization
(via convolution) procedure, the Itd formula, and commutator arguments (going beyond
the deterministic one by DiPerna-Lions) [36]. Essentially the same proof also shows
that kinetic solutions are uniquely determined by their initial data, satisfying an L!
contraction principle.

Proposition 5.1 (rigidity result). Suppose that by, B?,a = {a,d}, R satisfy conditions
(5.7), (5.8), (5.15), (5.16), (5.17), (5.18), and divyeya = 0. Let o be a generalized
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kinetic solution of (5.1) with initial data po. Suppose m ({0} x R% x R) = 0. Then, for
te 0,7,

0<E // 0—0°) ()wydéde Spon E // (po — p3) wn d€ d. (5.31)

RaxR RIxR

If 00 = Te<u, for some ug satisfying (5.9), thenm ({0} x R? x R) = 0 and thus o—¢*> = 0

a.e.; whence o = le,, for some function u that necessarily is a kinetic solution of (5.1).

Remark 5.14. Informally speaking, cf. (5.29), we have o(t) = V(t) + M (t), where V (¢) is
a finite variation process, M(t) is a continuous martingale, and (0) = V(0). In the proof
below we need to determine the equation satisfied by S(o(t)), where S(o) = o—0?. Noting
that (o(t))% = (V(t))2+2V (t)M (t)+ (M (t))?, we can calculate the first and second terms
using standard calculus, while the third term can be computed using the It6 formula
for continuous martingales [52]. Alternatively, we use the It6 formula for discontinuous
semlmartlngaleb [39] to Write S(o(t)) = S(0(0)) + fo S’ (o(s—))do(s) + Qs(t) + Js(t),
where Qg(t) fot 18"(o(s—)) d[o](s), [o](t) = [M]( )+ qu (Ao(s))? is the quadratic
variation process, and

() = 3 ((S(0(6)) = S(els-) - 8'(als-)Ae(s) ~ 55" (0ls-) (Be(s))*)

s<t

is the “jump part” coming from the (temporal) discontinuities in . With S(g) = o0 — 0?
).

(and §” = —2), we have Js = 0 and Qs(t) = —[M](t) — .-, (Ao(s))* < —[M](¢

Proof. We will first give an informal proof of (5.31). Recall that g satisfies a.s. (5.28). By
the It6 and classical chain rules we arrive at the following equation for S(p) := o — 0*:

0:5(0) + divy.e) (ag(g)) + RO:S(p)

. 2 (5.32)
+ 3 00eS(0) Walt) = 0 (5-065(0)) + ' (@)0gm + ©,

k>1

where Q contains the difference between certain quadratic terms linked to the variation
of the martingale part and the second-order differential operator of the equation (5.28):

_S"(0) 2 5"(0) o 2
Q=— };(b/ﬁg@) 5 B (0e0)” =0.

The perfect cancellation (i.e., @ = 0) is the basic reason why the Proposition 5.1 holds.
It follows from (5.32) that I(¢) = Io(p) + Z?:l Ii(p), t € [0,T], where
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—E // S(o(t))pdé dz, To(p) = E / S(o0)p dé da,

RIxR R4xR

11(<P)=/ E // S(o(s))a(s) - Vige)pd€dr | ds,
0
h(e) =3 / e || B0t tepdeds | s

o) = [ |E || RGeSt des | as
0

np)=-E [l 0 (S el)p) mids,do,do).

for any ¢ € C1(R? x R). Let us particularize the test function as

P(,8) = Pre(, ) = wn (2) b (€)1 (E), (5.33)

where the weight function wy is defined in (5.11) and {¢x},.5,, {¥¢},5, are truncation
sequences respectively on R?, R.
We rely on (5.15) and (5.16) to supply

1S(e(s))a(s) - Viwe)ene| S (0= 0°) (5) lals)| v (VwNI + %HK<|§|<2MUN>

1
+ (9 - 92) (s)[d(s)] ﬂegagzzwz\/

a(s)
1+ |z

<

~ ’

(0—0°) (s)vewn +ma(t) (0 — 0%) (s) (L+¢]) Hz<|g|<zzw1v
Lge

< (ma(s) +ma(s)) (0 — 0%) (s)wn € LY 4 4 ¢

and thus

‘Il Pkl | / ma+md // 0 — Q U)Nd§d$ ds.

0 RIxR
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Next, since p € L™

w,t,x

¢ and o= —v(d§),

| B2(5)0: S (0(5)) O pre e
(5.7)

< gleigzae (14 16%) 11— 2005)| 6o wn w(de) 5 5 (1+1612) i v(de),

| =

and so, recalling (5.27), [I2(¢xel SToN 7 1o,

Evoking (5.17),

|0 (Row,e)| < |0 R(s)te + R(s)¥y| ¢ wn

S (ma(s) 4 mas) (14 I Titgcary ) wy S ma(s)

and thus, after an integration by parts,

t
[I3(¢r,e)l S | mr(s) | E (0— QQ) (s)wy dédx | ds.
o=

RIxR

Finally, using again that O¢p = —v,

—0¢ (5"(0(8))pne) = =20 e wn v(dE) — (1 — 20(s)(s)) ¢w by wn
< (20(s) = 1) ¢ hpwn,

and so, putting ¢ € L, , . and (5.20) to good use,

w,t,x

Li(ene)l £ 3 B (10,7 x RY x {0 < [¢] < 261) = 0(1/6) 5 0

Summarizing our computations (after sending x — o),

E / (0— &%) (1) dewn dé da S E / (00 — &2) Wrwn de do
R4xR R4 xR
(5.34)

t

+ /M(s) E / (0 —0%) (s)Ypwn dédz | ds+ O(1/0),
0 RIxR

where M is an integrable function on [0,7]. We arrive at the sought after (5.31) by

sending ¢ 1 oo and then applying Gronwall’s inequality.

Unfortunately the equation (5.32) for S(p) is only suggestive as the calculations involving
the chain rule are merely formal. To make the calculations rigorous we regularize the
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“linear” equation (5.28), bringing in several regularization errors that must be controlled.
Let J¥ : RY —» R, J§ : R — R be standard Friedrich mollifiers, and define

st €) = ox (7255) =[] ottt = )€ - Q) dy e

RIxR

mes(w, t,x,€) = m* Jfo // JZ (@ —y)J5 (€ — Q) m(t, dy, dC).
RIxR
The mollified quantities . 5, mc s are smooth in z,£ but discontinuous in ¢. However,
working with suitable representatives (versions), we can ensure that g, 5, m. s are cadlag
/ caglad in time ¢, thereby making the Itd formula available to us, and thus the arguments
below can be made rigorous (see e.g. [18,21,32-35]). In passing, note that m. s is a
measure on [0,T] (depending on the “parameters” w,x,§).
The following equation holds a.s.:

Or0e,5 + divy ¢ (5&-,5) + ROg0e 5 + Z ((bkagQ) * (J§J§)) Wi (t)

E>1

=% ((28’59) * (Jé”«fl?)) +0gmes+res i D([0,T) x R X R),

where the reminder term re 5 = 7. 5(w, t, x, &) takes the form
Te,§ = diV(m,E) <6Q575) - diV(Iyg) ((EQ) * (J:Jg)) + Raggg’(; - (Ragg) * (J:Jg) .

Our assumptions imply that @, R € L' (O,T; Wl R? x R)), whereas the generalized
kinetic solution p belongs a.s. to L™ (0, T; L (R? x R)) Moreover, div(; ¢) @ = 0. Hence,
by [20, Lemma II.1], 7. s converges a.s. to zero in LlloC as e,0 — 0. Given (5.35), we apply

the It6 formula as well as the classical (spatial) chain rule. The result is the following
equation for S(g. s) that holds a.s. in D'([0,T) x R¢ x R):

05 (05) + div(r,) (TS (02,5) ) + ROES 0-,5)

+3 5 0.0) ((bkagg) x (Jgjg)) Wi(t) = O (B;agwe,é)) (5.36)

k>1

+ 5(0e,6)0eme,s + S'(0e,5)re.5 + ¢ (S'(0e,6)Te.5) + Qe

where 7. 5 = %26595,5 - (3725£Q> * (Jgjg) and

Q.= 55" (0:0) > (weo)» (725))" = 35" (0e) ((B*0c0) (2 JE) ) Deo-s
- (5.37)
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As a result of assumptions (5.7) and (5.8), B®> € L! (0 T, WhHR? x R)) (besides, we
know ¢ € BVg). Thus, it is not difficult o show that, 7. 5 converges a.s. to zero in L10C
as €,0 — 0 [32]. Choosing (5.33) as test function in (5.36), recalling that S(o) = o — 02,

and carrying on as before (5.34), we deliver

E / (e — 62.5) (£) oy dE di S E / (00cs — 02, 5) (0) thpw d€ da
R4 xR R4xR

t
+ [ M(s) | E (Qe,a - 9375) (s)hpwn dédx | ds
fuoe 1

RIxR
T
HE//MR/( )degdxdt
T
+E 0/ R/ R/ Q. swn dé da di + O(1/0), (5.38)

for some integrable function M on [0, T], where gg . s := 0o * (Jez J§ . Provided we show
that the “e,§ — 0 limit” of the Q. s—term is zero, we obtain the rigidity inequality
(5.31) by sending &,6 | 0 and £ 1 oo in (5.38), followed by an application of Gronwall’s
inequality.

It remains to compute the limit of the Q. s—term. Recalling that B? = Yokt b%, we
write Qg 5(w,t,2,8) =Y poq Qe k(w, t,x,§), where, for k =1,2,.., N

O siliort,a,€) := ((8R0c0) » (J275)) Ocons — ((bxdie) » (25))
= [ (nrt0.09° = buter o Ot 2.5.0)

x (9¢0)(w,t,y,C)(Oe0)(w, t, 7, )
X JE(x — y) I (x — §)J§ (€ — C)J5 (€ — ) dC dy dC dy.

We can switch the roles of y and ¢ as well as ¢ and ¢. Add the resulting expression for
Q¢ 5.1 to the one above and divide by 2, obtaining

Qs,&,k(wv t7 x, f) = % W ’bk(wa t7 Y, C) - bk(wa t7 gv E)’Q (6EQ> ((U, ta Y, C)(@g@)(w, ta g) C_)

X JE (@ — y) 2 (x — §)IE(E — )5 (€ — ) dC dy dC d.
(5.39)

Summing over k, recalling (5.7), and using 0z 0 = —14, ¢ - (d§) with v(R) = 1, the following
estimate eventually materializes:
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/ Qe 5(w,t,7,€) wy(z) d dx

<5 [ (w57 +1c = (i = D) ety @x) s 3.0

x JE (@ — y)JE (@ — )5 (€ — Q)5 (€ — O wn(x) dC dy dl dy dE da

£,000
2ok

N (&4 p(9)) 0.

This concludes the proof. O

Remark 5.15. Regarding the “weight-free” LP—framework discussed in Remark, the proof
of Proposition 5.1 remains the same except for a few changes involving the terms I1 (¢ ¢)
and I(pk,e) to account for the weight-free test function ¢, ¢(x, &) = ¢y (x)10e(€) and the
modified assumptions (5.12), (5.13), and (5.14).

The next theorem contains the main result of this section, namely the existence,
uniqueness, and L' stability of kinetic solutions.

Theorem 5.1 (well-posedness). Suppose that by, B%,@ = {a,d} , R satisfy conditions (5.7),
(5.8), (5.15), (5.16), (5.17), (5.18) and div(yey@ = 0. There erists a unique kinetic
solution of (5.1) with initial data uy satisfying (5.9). If uy,us are two kinetic solutions
of (5.1) with initial data u1 o, us 0, respectively, then

E / lua (t, ) — ug(t, 2)| wy de Spon E / lu,0(x) — ug0(z)| wy dz, (5.40)
d

for all t € [0,T), where wy is defined in (5.11). Besides, the unique kinetic solution u
of (5.1) has a representative in the space LP(§; L*°(0,T; LP(wndx))) which a.s. exhibits
continuous samples paths in LP(wydx), for all p € [1,00).

Proof. Asin [32,35], we point out that the L' contraction principle (5.40) is a simple con-
sequence of Proposition 5.1. Indeed, define 6 = § (I¢<y, + l¢<u,) =: 5 (p1 + p2) and also
00 =13 (Tecuro + Lecus ) =t 3 (P01 + po,2). Note that o is a generalized kinetic solution
with initial data g, kinetic measure m = $(my +mo), and 9¢6 = —3% (8u, + 6u,) =1 —7.
Clearly, m({0} x R? x R) = 0 (since m1, my both vanish at ¢t = 0 because of the kinetic
initial data) and thus o(0) = g, cf. Remark 5.13. By Proposition 5.1,

// tywy dédr Spn E // —QO wy d€ dz,
R4xR RIxR

for a.e. t € [0,T]. A simple computation, exploiting the identities p? = p; (i = 1,2), will
reveal that @ — 2> = § (p1 — p2)” = J1p1 — po| and so [ (2—2%) d€ = § w1 —uz|. Tn
the same way, we have [p (Pg — 95) d€ = 1 |uy,0 — ug0|. Consequently, (5.40) holds.
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The sample paths of a kinetic solution u are a.s. continuous as a result of the unique-
ness result. The detailed proof is the same as in [18, Corollary 16] (see also [21]). Thanks
to the continuity of the sample paths, the contraction inequality (5.40) holds for all
t e [0,T].

The existence part of the theorem can be founded on the vanishing viscosity method
[7,14,18,28,42], or operator splitting [6,41] to separate the deterministic and stochastic
effects in (5.1). Existence results on R? are provided in these references under the as-
sumptions that R =0 and A = A(u) does not depend on ¢, z. The techniques employed
in [6,7,14,18,28,41,42] can be adapted to the general context provided by (5.1). Here we
only give a sketch of the proof via the vanishing viscosity method, based on [18].

Given € > 0 and consider the following parabolic SPDE

Opuf + divy A(t, ,uf) — eAgu® = B(t,u®)W(t) + R(t,z,u®), (t,x) € (0,T) x R?,
uf(0,2) = up(w,z), z€R™L
(5.41)

It is not difficult to show that equation (5.41) is well-posed. Indeed, the unique weak
solution belonging to the weighted space L?(Q; (C([0,T]); L*(wndz))) N L?(Q x [0,T);
H'(wydx)) can be found as a fixed point of the operator

Ku(t) == S(t)ug +/S(t - s)(R(s, u(s)) — diva(s,~,v(s))) ds

+ [ S(t—s)B(s,v(s)) dW (s),
/

where S(t) is the semigroup generated by the heat equation in R9.
Let uf be the weak solution of (5.41). Then, for S € C?(R), by Itd formula we have
that the following equation is a.s. satisfied in the sense of distributions:

0:S(uf) + divy Qs (¢, x,u®) + S’ (u®) ((divy A)(t, z,u®) — R(t, z,u®)) — (dive Qs) (¢, =, u®)
= 8" W)V + B0 S() + 3 8w on (b, ) W0) + 5 8" () B2 ), O
k>1

where Qg : [0,T] x R x R — R is given by (0,Qs)(t,z,u) = 5" (u)(0,A)(t, z,u).
Let S(&) = [€|P, p > 2. Then, similarly as in Remark 5.2, taking conveniently chosen
test functions, after some manipulation it follows that

T
E<sup |uf<t>’zp(wdz>>+e | [ 1eor - ve oy @i < e a3

te(0,T] 0 B
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where C'= C(p, ug,T) is independent of e.
Moreover, u® is a kinetic solution of equation (5.41), in the sense that the function
0°(t,2,8) := l¢cye(r,0) satisfies the SPDE

0p0° + div(y ¢ (EQE) + RO 0" —eAgo°

. B2 (5.44)
+ Z brOc0° Wi (t) = ¢ <7afg€> +dgm®  in D'([0,T) x R x R), a.s

k>1

where m® = €|V u®|*6¢—y<, with initial data ¢°(0,,£) = po(,£) = Lecuy(a)-
Let us denote vj , = —0:0°(t,7,§) = ¢—ye(t,0)- Then, v° is a Young measure and by
(5.43) we have, in particular, that

Ei//mﬂMAQWMﬁgq, (5.45)

0 Rd R
for any p > 0, uniformly in . Likewise, (5.43) also implies that
e [l amienn <G,
[0,T]xRexR
uniformly in €, where m%; = wym?®. This last estimate can be improved to the following

2

E / € dmy (6 ta)| <Cp pe. (5.46)

0,7]xRe xR

Proceeding similarly as in Remark 5.9, it suffices to take convenient test functions (in

connection with the weight wy) in (5.42) with S(¢) = |¢[** "2, squaring the resulting
equation and taking expectation. Indeed, note that
2
2
B[ 1 dmicta)
0,T) xR xR
eS"(uf) |V uf|” wydx dt
@+2 //ﬁ NVl

0 R4

With some manipulation involving the It6 isometry and using (5.43) all the other terms
can be bounded appropriately so that (5.46) follows. We omit the details.
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Now, by the theory of Young measures and kinetic functions (see e.g. Theorem 5 and
Corollary 6 in [18]) (5.45) guarantees the existence of a sequence {e, },, a young measure
v and a generalized kinetic function ¢ : Q x [0,7] x R? x R — [0, 1] such that &, — 0,
ven — v in the sense of Young measures and o°» — o weakly-* in L>(Q x [0, T] x R x R)
as n — 00. Moreover, denoting by M, the space of the bounded Borel Measures on
[0, 7] x R? x R, by (5.46) there is a kinetic measure my such that, up to a subsequence,
my — my weakly-+ in L?(Q; My), as n — oo. Defining m := ﬁmN, then m turns
out to be a kinetic measure in the sense of Definition 5.1 and we may pass to the limit
as € = €” — 0 in equation (5.44) in order to conclude that g is a generalized kinetic
solution of equation (5.1). At this point, the rigidity result implies that p = I¢«, where
u is a kinetic solution. 0O

Remark 5.16 (strong convergence of the parabolic approzimations). Let ¢ and ¢° be as
in the proof of Theorem 5.1. Taking advantage of the particular structure of ¢°» and o
we have that

2 2
Husn||L2(Q><[O,T];L2(de:r)) - ||“||L2(Qx[o,T];L’z(dew))
= / 2(0 — 0°") d wydxdt. (5.47)
[0,T] xR xR
By Chebyshev’s inequality and using (5.43) with p = 3, for any R > 0 we have

T
E// / 126(0 — 0°)| d€ wydx dt < %.
0 RY[¢[>R

Thus, taking expectation in (5.47), we may pass to the limit as €, — 0 in order to
conclude that

[u™ = ull L2 (axjo,7): L2 Wy dz)) = 05 as n — oo.

In fact, by uniqueness, the whole sequence u® converges strongly to the kinetic solution.
Finally, in light of estimate (5.43), by Holder inequality we also deduce that

l|uf — u”LP(QX[O,T];LP(deac)) — 0, ase — 0,
for any p > 1.

Remark 5.17 (1/2-Holder continuous noise coefficient). Referring to (5.6), consider the
simple noise term b(u)dW (t), where W(t) is a one-dimensional Wiener process and
b(u) is a scalar function. Typical noise functions covered by the regularity condition

(5.7) include b(u) = |u|”, v > 3, which is Holder continuous with exponent y > 3.
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Condition (5.7) is the same as the one imposed in the existing literature (see e.g. [18]).
Unfortunately, it does not allow for the interesting example b(u) = \/|ul, or any function
b that satisfies |b(u) — b(v)| < u(|lu — v|), where

!fm;f

Condition (5.48) embraces $-Hélder continuous noise functions b, like b(u) = /|u].
Returning to the general case (5.6), assuming by, = bi(§) Vk, we claim that Proposi-

d¢ = oo. (5.48)

tion 5.1 (and Theorem 5.1) actually holds with (5.8) replaced by

37w () = b (@)1 < (ullu — o)), (5.49)

k>1

for some continuous nondecreasing function p on Ry satisfying pu(0+) = 0 and (5.48).
To allow for (5.49), we will make a more careful choice of the approximate delta function
J§ in order to handle the key error term (5.39). Inspired by the work [56] of Yamada
and Watanabe on stochastic differential equations, we pick a strictly decreasing sequence
{an},2, of positive numbers, a, | 0, recursively defined by ag = 1 and for n = 1,2,...
by f;n"*l m d¢ = n. For example, with u(§) = /€ for € > 0, a, = a,_1e~™; hence

an = e~ 37("+1) Next, pick positive C2° functions v, on Ry with suppvy C (an,an—1)

and
2 2 o
0<tp(€) < ——5 < —, forany¢cR, / Vn(€)dé = 1. (5.50)
n(p(€)?* ~ né
We introduce the function ¥,,(§) := |£| fo Yn (k) dr dk for € € R, which is a symmetric

approximation of |£|. Since ¥, (and thus W¥,,) is zero in a neighborhood of the origin, we
have ¥,, € C*°(R) and /(&) = ¥, (|¢]) < % Moreover, ¥,,(-) — |-| uniformly on R.
Let us now return to (5.38) and the error term (5.39), replacing Jg(-) by ¥n(|-])
(= ¥5()) and, at the same time, renaming ¢ by n. Note that >, -, b (¢) — bk(C_)]2 is
bounded by a constant times (u(|¢ — ¢]))* + (u(|€ - §|))2, and thus, cf. (5.50),

S 1) — bl (1 = ¢l o (1~ 1) < (9 (1€~ C1) + o (16— C1).
k>1

As a result,

/ Q€,5(w7t7x7§) wN(x) dgd.’E

3 [ (0 0= ) + wn e = D) @)@ t.3: )l @) 5.)

n
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X J2(x = y)J2(x = 5w (x) d¢ dydl dj dg da

<1 [ (J1ore etz - acay)

g (// |Gc0)(w, 1.5, )| T2 (x ~ ) dCdy) wy(@)de Sy — "0,
where we have used d¢p = —v with v(R) = 1. Therefore, sending n — oo, e — 0, and

then £ — oo in (5.38), we obtain (5.31).
6. Comparison principle & stochastic Kruzkov inequality

In a standard way, one can use Theorem 5.1 to deduce a comparison result. Indeed,

E / (u1(t) —uz(t)), wy dr SE / (u1,0 — uz2,0), wn(z)dz, (6.1)
R4 Rd

which follows from (5.40) and the identity 2(a — b)+ = |a — b 4+ (a — b) for all a,b € R.
As a result, ug1 < ug,2 implies u; < us.

One can also establish (6.1) directly, following the proof of Proposition 5.1 step-by-
step, modulo one change. The proof of Proposition 5.1 makes use of the It6 chain rule
to compute the equation for o — 0? = o(1 — g). To establish (6.1), we use instead the
It6 product formula to deduce that (formally) the functions p1 = l¢cy, and pa = Iecy,
satisfy the inequality

O (91(1 - 92)) +divige (5 o1(1 - 92)) + RO (91(1 - 92))

+ > e (011 = 02)) W)

k>1

< O (%235 (91(1 - Q2))> + 0 ((1 — 02)my — Q1m2>,

(6.2)

where u1, us are two kinetic solutions with corresponding kinetic measures m, and ms. Of
course, the rigorous proof goes through a regularization step that justifies the application
of the It6 product formula.

More generally, we can derive a stochastic Kruzkov inequality, that may be considered
as a comparison inequality which is satisfied a.s.. Particular cases of this inequality have
been proven to be extremely useful in Sections 3 and 4.

Proposition 6.1 (stochastic Kruzkov inequality). Let u; and us be two kinetic solutions
of (5.1) with initial data w19 and ug g, respectively. Suppose divy A = 0. Then, almost
surely,
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oo

//{|u1 — Ug| Pr + sgn (ug — ug) (A(t,z,u1) — A(t, z,u2)) - Vi
0

Rd

+sgn (u1 —ug) (R(t,x,u1) — R(t, x, uz)) ¢} dx dt

Z//sgn up —u2) (be(t, z,ur) — b (L, z,u)) ¢ de dWi(t)
k>17

R4

+ / lu1,0 — w20l #(0,z) dz > 0, (6.3)

Rd

for any ¢ € C°(R x R?) with ¢ > 0.

Note that, formally, this inequality results by integrating inequality (6.2). Below, we
present a straightforward proof using the fact that the unique solutions are obtained
through the vanishing viscosity method.

Proof. Following the proof of Theorem 5.1 we have that u;, j = 1,2, may be found as a
limit in LP(Q x [0, 7] x R%) when & — 0 of a sequence {u5}e>o0 of weak solutions to the
parabolic SPDEs

Opu§ + divy A(t, o, u5) — eAgu§ = B(t,u5 )W(t) + R(t,x,u3), (t,x) € (0,T) x R,

u3(0,2) = ug j(w,r), z€ R<.
For fixed € > 0, we have that (u; — us) is a weak solution of the following equation

O (u1 — u2)® +div, (A(t, z,u]) — A(t,x,u3)) — eAy(uj — uf)

= (B(t,u5) — B(t,u5)) W(t) + R(t,z,u5) — R(t,z,u5), (t,z) € (0,T) x RY,
(u§ —u5)(0,2) = (up1 — uo2)(w,x), =€R™
Let Sp(€) be a C? convex approximation of ||, such that Sj(¢) is monotone nonde-

creasing, Sy(€) = 1, for € > §, and Sj(§) = —1, for £ < —4. Then, for any nonnegative
test function ¢(t, x), after sending § — 0, by Itd formula we have a.s. that

[ [ s = asloedzar [ [ sen s - 5) (At 1) ~ At 0.05) - Vo
0 R4 0 Rd

- 6//sgn (u] —u5)V(ui — u3) - Viodz dt

0 R4
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oo
+ / / sgn (uf — u5) (R(t, z,ui) — R(t,x,u5)) ¢ dx dt
0 R4

#3 [ [ s i = 08) (e ) — bt m,05)) oo a0

k>17 Ra

+ / |up,1 — up 2| ©(0,z)dz >0, (6.4)
Rd

where the convergence in the stochastic integral is enabled by (5.8).

Recall that both u, us satisfy estimate (5.43), uniformly in €. Thus, as convergence in
mean square implies convergence in probability, which, in turn, implies a.s. convergence
along a subsequence, we know that the third term on the left-hand side of (6.4) con-
verges to zero a.s. along a subsequence €,, — 0. By the same token, passing to a further
subsequence as the case may be, taking the limit as €,, — 0 in (6.4), we obtain (6.3). O
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