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Abstract

Not being able to price the illiquidity costs of a portfolio can often be an
expensive gambit for investors. Yet, mathematical models of illiquidity are
rare in the literature. The object of this thesis is to explore the discrete-time
illiquidity framework of both Christodoulou [Chr20] and Schweizer et al. [LPS98]
to understand the impact of illiquidity under various market regimes. Secondly,
we will add the illiquidity framework to unit-linked insurance, and finally, we
will explore if the conclusions of Schweizer et al. [LPS98] hold under a non-linear
supply curve. We found that the illiquidity cost in the model of Christodoulou
[Chr20] was influenced by the length to maturity of the derivative, the size of
the illiquidity parameter €, and the amount of stock purchased. Additionally,
we found that the illiquidity cost was subject to a desaturation point and we
succeeded in expanding the model of Schweizer et al. [LPS98] to a non-linear
supply curve. The results of this thesis apply to a broad class of trading
strategies and our findings can be used to find the behavior and bounds of an
illiquid trading strategy.
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CHAPTER 1

Introduction

Oscar Wilde defined a cynic as “A man who knows the price of everything and
the value of nothing”. The aim of a financial mathematician should then be to
become halfway cynical, since much of the discipline is devoted to finding the
correct market price.

This thesis is taking aim at pricing illiquidity risk. Illiquidity is loosely
speaking when a stock incurs a cost when sold at a particular point. This
can be due to various reasons such as the market being saturated with the
given stock, a liquidity squeeze making money less available etc. The risk of
illiquidity impacts the price of an asset and must somehow be estimated such
that investors are compensated fairly when buying on markets with illiquidity.

Specially, this thesis will investigate hedging methods in incomplete markets,
then move on to summarize important results from the discrete-time model
introduced by Schweizer et al.[LPS98] and expanded on by Christodoulou
[Chr20]. Then we will investigate the behavior of illiquidity given by the model
developed by Christodoulou under various assumptions and lastly we will expand
the model to a non-linear supply curve and see which assumptions of Schweizer
are still valid.

We found an explicit representation of the value process under illiquidity,
created a numerical method to calculate the illiquidity cost, incorporated this
method into a unit-linked policy and finally we managed to expand Schweizer
et al.[LPS98] linear supply curve model into a the non-linear setting,.



CHAPTER 2

Mathematical prerequisites

Before diving into the topic of the paper, we make a short pit stop and equip
ourselves with some useful mathematical concepts.

2.1 Measure theory

We start in the realm of measure theory. Measure theory is a field of mathematics
exploring the concept of a measure. A measure gives a formalization of the
concepts of length, area and volume. Measures form the foundation of probability
theory and integration theory which are corner stones of stochastic equations.

o-algebra

Let A be a set. The og-algebra on A, called A, is a non-empty collection of
subsets of A, which satisfy the following three conditions:

L. 0eA
9. If B € A, then B® € A.
3. If B1,B>, B3, ... € .A, and B¢ = .A\B, then U, B,, € A.

Then smallest o-algebra is defined as {£2,0)} and the largest is of order 2V
also known as the power set.

See [Dam07].
Measure

Let A be a o-algebra on a set A. A measure is a function p : A — [0, +o0] if
and only if it satisfied the following conditions:

1. Null empty set: u(0) = 0.

2. o-additivity: For n > 1, if B,, is a sequence of disjoint subsets in A, then
wW(UnByp) = Zn w(Bn)-

A probability measure is a mapping P : A — [0, 1] for,
1. P(0) =o0.
2. P() =1.
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3. For disjoint events By, of the subsets of A the P(U3Z,B,,) = >~ P(Bn).
See [Dam07].

Discrete probability space

A probability space (€, A, P) is discrete if and only if:
1. Q is finite or countably infinite.
2. The o-algebra is a collection of subsets of €.

3. The probability measure is defined for every subset of Q st. P(A) =
Yo, Plw)and 3 o Plw=1).

The discrete probability space is the sum of probability measure of singletons.
See [Dup].

Borel o-algebra

The Borel o-algebra on R, noted by B(R), is the o-algebra generated by open
sets in R, or equivalently by open intervals (a,b) of R.

Similarly the Borel o-algebra on R™, noted by o-algebra on R", is the
o-algebra generated by the sets [];_,(a;,b;) of R™. See [Dup].

Measurable function

Let (X,A) and (Y,X) be two measurable spaces. Where X and Y are two
measurable sets equipped with the o-algebras A and ¥ respectively. A subset
B € ¥, and a function f: X — Y is measurable if

fYB)={reX|f(x)e BY€ A forall Be¥. (2.1)

See [Dup].

2.2 Stochastic analysis

Stochastic analysis allows one to understand stochastic dynamics and models
which will be important in the later sections.

Stochastic process

A stochastic process describes how a variable changes over time due in part to
some random variation.

Formally speaking: Let T' # ) be an index set (e.g. T = [0, c0) time interval).
Then a collection of random variables {X;}er is called a stochastic process
with parameter space T.

Filtration

A filtration is a family of o-algebras on a measurable space.

Given a (2, F, P) be a probability space. A filtration F,, is an increasing
sequence of o-algebras of F, such that 7, € F and t; <ty — Fy, C Fy,.

See [Dam07].



2.2. Stochastic analysis

Predictable process

Let (Fp)nen be a filtration. The process (X, )nen is a predictable process for
the filtration if X is Fy measurable and X, is F,,_1 measurable for all n > 0.

In other words: By knowing the value of the process at a previous time we
also know its value at a future time such that given X,,1; € F, and X,, is a
predictable process we have

EXpi1|Fn) = Xnt1. (2.2)
See [Dam07].

Adapted process

The process {X; }en is adapted to the filtration {F; }en if the random variable
X;:Q — Sisa (F, A)-measurable function for each ¢t € N with respect to the
measurable space (S,.A).

Informally speaking the adapted process cannot see into the future and
cannot reveal more information than the o-algebra. See [Dam07].

Stopping time

Loosely speaking a stopping time is a rule that decides whether a process
continues or stops on the basis of its present position and past events.

Specifically, let 7 be a random variable, which is defined on the filtered
probability space (Q, F, (Ft)ier, P). 7 is called a stopping time when {7 <
t} € F, for all t € T. See [Dam07].

Martingale

A martingale is the mathematical way of describing a fair money game in the
sense that if we play this game and want to estimate how much money we will
have in the future, our best guess is simply how much money we have now. So
the expected value of each game is 0. Mathematically we define it as follows:

A Stochastic process, defined on a filtered probability space
(Q,F,{ }ter, P), Y : T x Q — S with values in a separable Banach space S is
a martingale if

1. Y is adapted to the filtration F such that for each t € T the random
variable Y; is a F;-measurable function.

2. For each t, Y; lies in L' space i.e.

E1(|Y:]) < 4o00.

3. For all s and t where s < t and for all F' € Fj,
Ey([Y: = Yi]1p) =0,
where 1 is the indicator function of the event F.

In discrete-time the conditional expected value of the next observation, given
all past observations is equal to the most recent observation i.e.

E(Xpi1] X1, X)) = X (2.3)
See [Dam07].



2.2. Stochastic analysis

Super- and Submartingale

A supermartingale is a stochastic process {X,,;n > 1} satisfies the relations
E[|X,|] <oo; E[Xp|Xn-1,Xn—2,...X1] < X,1; n>1 (2.4)

A submartingale is a stochastic process {X,,;n > 1} satisfies the relations
E|X,|] <oo; ElXn|Xn-1,Xn—2,....X1] > Xpn_1; n>1. (2.5)

See [Dam07].

Local martingale

Given a probability space (2, F, P), let F,. = {F;}1>0 be a filtration on F. Let
X :[0,00) x Q2 — S be a stochastic process with values in S. Then X is called an
Fi-local martingale if there exist a sequence of F,-stopping time 74 : @ — [0, 00)
such that

1. The 73’s are almost surely increasing: P (7 < 741) = 1.
2. The 74 diverges almost surely: P(limy_ooTr = 00) = 1.

3. the stopped process
Xt‘rk = Xmin(t,fk)

is an F,-martingale for every k.

See [Dam07].

Semimartingale
A real valued process X on a filtered probability space (€2, F, (Fi)¢>0, P) is a
semimartingale if it can be decomposed as

Xt = Mt + At7 (26)

where M is a local martingale and A is a cadlag adapted process of locally
bounded variation. See [Dam07].

Doobs decomposition

Let (X, Fn)nen be a submartingale. Then the doobs decomposition of X, is
given by
Xn = XO + Mn + Ana (27)

where A,, = >, _, E[X) — Xx_1|Fx_1] and is a increasing predictable process
and M, = X,, — Xy — A,, is a martingale. See [Dam07].
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Martingale representation theorem

The Martingale representation theorem states that a random variable that
is square integrable functional of a Brownian motion can be expressed as
an ito integral with respect to that Brownian motion. Let {B;};>0 be a
Brownian motion on a filtered probability space (2, F,{F:}i>0, P) and let G,
be a complete and right continuous filtration generated by B. Let X be a square
integrable random variable that is measurable with respect to G, then there
exists a predictable process C, which is adapted to G; such that

X = E[X] +/ CsdBs. (2.8)
0
See [Dam07].

Discrete-time processes

A discrete-time financial model considers financial assets at a finite number of
time points, which may be unrealistic in markets where price changes occur so
frequently that the discrete model cannot follow the moves.
Consider a finite probability space (2, F,P) with a filtration {F}, }1>n>n-
The market consist of (d+1) assets, whose prices are positive random
variables SO, S}, ..., 54 at a time n. These random variables are measurable
with respect to {F,, }1>n>n. See [Dam07].

Continuous-time processes

Let (A,0) be a measurable space, then a continuous-time stochastic process
with a state space (4, 9) is a set (X¢);er+ of random variables on a probability
space (2, A, P) with values in (4, 9).

An important precondition for the Black-Scholes model is a continuous-time
process. See [Dam07].

Brownian motion

A Brownian motion is a stochastic process (B;);>¢ defined on a probability
space (€2, A, P) with the following properties:

1. By = 0.
2. The path (¢t — By) is continuous in t with probability 1.
3. The process (B;)¢>0 has stationary and independent increments.

4. The increment By1 — B, is normally distributed with mean 0 and variance
1.

Independent increments means that increments of random variables are jointly
independent. While stationary increments means that the distribution of
Byy1 — B, = By is the same as B; — By = B;.

The Brownian motion is often used to model random stock movements and
drunk people walking. See [Dam07].
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Geometric Brownian motion

A process Sy, t > 1 is a geometric Brownian motion (or exponential Brownian
motion) with drift x4 and volatility o if it can be written as

Sy = Soexp(put + oWy), teRy, (2.9)

where W is a standard Brownian motion.

Note that the law of a geometric Brownian motion is not actually Gaussian.
Instead the random variable S; is lognormally distributed with mean ut and
variance o%t. Such that it is only its relative increments that are stationary and
independent ie.

0<ty<ty<..<tn, (2.10)

are stationary and independent. This is the same as saying

St Sw. S

, 0<ty<t) <..<tn, 2.11
Stnfl Stn—? StO 0 ' ( )
furthermore, the log-returns
S, St, S,
log(=t), log(Zt2=1), . log(2) 0 <ty <ty < ... < tn, (2.12)
Stn_1 Stn—2 Sto

are stationary and independent. Additionally, the law of % with s < tis
lognormal distributed with parameters u(t — s) and o?(t — s) and the law of
log(g—;),s < t is normally distributed with N (u(t — s),0%(t — s))

This process is often used to model stock prices, a prominent application is
the famous/infamous Black-Scholes theory of option pricing. See [Dam07].

Option pricing for geometric Brownian motion

If we consider a European call option with expiration date t = T, at a strike
price K; the payoff will be Cr = (S(T) — K)T. Assume that the stock price
follows a geometric Brownian motion and we work in continuous-time.

The discounted price of an option with expiration date ¢ = n is given by the
discounted expected value

1

Cy= ——
T @+

E*(S, — K)*, (2.13)

where E* is the expected value under a risk-neutral probability measure P.
Under a risk neutral measure the expected value of the stock equals the risk-free
interest rate r, i.e. E(S7) = (1 +7)Sp. That is to say that the discounted stock
price is the "fair" price and form a martingale. Another way to write this is

Co=e¢"TE*(S(T) - K)™ . (2.14)

See [Uni].
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Risk-neutral measure with respect to S(t)

One often wants to have the price only in terms of the price of the stock and
not by the risk preferences of the people in the market. This is where the risk
neutral measure can help, since it adjusts the current value of the stock such
that it is worth the present value of the expected future returns on that stock.
Formally speaking: Let S(t) = SpeX®), where X (t) = ut + o B(t) is a Brownian
motion. We find new values for  and o (calling them p*,0*), where the pricing
is "fair" such that e~ "*S(t) forms a martingale and E(S(t)) = €"*Sy. We have
that E(S(t)) = €Sy, where 7 = 1+ 02 /2 so we need to have

p+o?/2=r. (2.15)
This occurs when ¢* = o, but changing the drift term p to
w=r—a%/2. (2.16)

Which can be called the risk-neutral drift. In effect we are replacing S(t) by its
risk neutral version such that S*(t) = SpeX (), where

X*(t) = u*t+oB(t) = (r — 0?/2)t + o B(t), (2.17)
and then
Co=e"TE*(S(T) - K)T

_ efrTE(S(T)* _ K)+ (218)
= T B(Spelr o /AT B _ oyt

such that the price only depends on the real variance term 2. See [Uni].

Equivalent measures
Consider a probability space (€2, F). Two probability measures P and Q are
equivalent on F if

P(A) =0 QA) =0, VAEF.

See [NIE].

Rodyn-Nikodym theorem

Rodyn-Nikodym theorem states that P(A) =0 — Q(A4) =0, VA € F only
occurs if and only if there exists an F-measurable mapping € :  — [0, c0) such
that

/dQ(w) :/ e(w)dP(w),VA € F. (2.19)
A A

The above can be written as e = dQ/dP, e is called the likelihood ratio between
P and Q or the Radon-Nikodym derivative. Some useful consequences of this
theorem are:

1. For any random variable X on L' (Q, F, Q) : E€[X] = E”[¢X] and likewise
E9[e'X] = EF[X].
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2. Assume Q is absolutely continuous w.r.t. P on F and that G C F, then
the likelihood ratios ¢* and €9 are connected through €9 = E[¢7|G].

3. Assume X is a random variable on (2, F, P) and let Q be another measure
on (€, F) with Radon-Nikodym derivative € = dQ/dP on F. Assume now
X € LY(Q,F,P) and let G C F then

EP[ex|g)

EC[X|G] = EPeld]

,Q—a.s. (2.20)

See [NIE].

Girsanov’s Theorem

Suppose B;,0 > t > T is defined on some probability space (2, F,P) is a
>

Brownian motion with respect to the filtration (F;, ¢ > 0), and let (u(¢),t >0
be adapted. If there exists
o ¢
B(t) = B(t) —l—/ p(u)du, (2.21)
0
and
t 1t
Z(t) = e:rp(—/ w(uw)dB(u) — 5/ pw(u)du), Z = Z(T). (2.22)
0 0

Suppose that Z;,0 > ¢ > T is a martingale.

Then under the probability measure P with the Radon-Nikodym density
z—g = Z the process (B,t € [0,T]) is a standard Brownian motion.

Proof: Using the Levy theorem, which states that a continuous martingale
starting at 0 and having quadratic variation equal to t for every t > 0 is a
Brownian Motion. We see that B(0) = B(0) = 0 and the quadratic variation
is (B)(t) = t. It remains to show that B is a martingale under P. We defined
Z(t) = eX®) where

X(t) = 7/0 w(u)dB(u) — 7/0 w(u)?du. (2.23)

Using the Ito formula

1 1
dZ(t) = deX® = eX(t)(—u(t)dB(t)—§,u(t)2dt)—|—§ex(t),u(t)2dt = —u(t)Z(t)dB(t).
(2.24)
Which is solved by the stochastic integral

2(t) = Z(0) - /O 1(w)Z (w)dB ). (2.95)

So Z(t) is a martingale under P, since E[Z(T)] = Z(0) = 1. We assume further
that the stochastic integral is square-integrable and thus well defined.
From the martingale property we have

Z(t) = E[Z(T)|Fi] = E[Z|F] (2.26)

9
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is the Radon-Nikodym derivative process.
Using the product rule d(XY) = XdY + YdX + dXdY we have

d(E(t)Z(t)) B(t)dZ(t) + Z(t)dB(t) + dB(t)dZ(t)
Bt)ut)Z(t)dB(t) + Z(t)dB(t) + Z(t)u(t)dt
( B(t) + u(t)dt)(—p(t) Z(t)dB(t))
=(=B)u(t) + ) Z(t)dB(t).
Now we see that there is no drift dt-term, so B(¢)Z(t) is a martingale under P.
(t

Due to the martingale property of B(t)Z(t) under P we have for 0 < s <
t < T we have

(2.27)

EB®)|F] = ﬁEF(t)Z(WA - Z@E@)Z(s) “B(s).  (229)
So B under P.
See [NIE].

Black-Scholes Model

The Black-Scholes model describes the behavior of prices in a continuous-time
setting with one risky asset (a stock with price S; at time t) and a riskless asset
(with price S? at time t).

Suppose the riskless asset is described by the differential equation

dsp = rSdt, (2.29)

where r is a non-negative constant. Let SJ = 1 and then S = e
It is assumed that the stock price is determined by the stochastic differential
equation:

where p and o are two constants and (B;) is a Brownian motion.
We consider an interval [0, 7], where T is the terminal time of the option.
The solution to (2.30) is

2
Sy = Soexp(pt — %t +0By) (2.31)

where Sy is the spot price at time 0.

A limitation of the model is that when used in discrete-time the standard
Black-Scholes hedge is no longer perfect, in the sense that the expected return
of the hedged portfolio only goes to zero in expectation and not almost surely,
such that the hedge is not perfect. See [Dam07].

2.3 Life insurance mathematics

We take a brief detour into the land of life insurance mathematics so that
we have the theoretical tools at hand to calculate the reserve of a unit linked
insurance. Later on we want to use a unit linked insurance with the value
process of christodoulou’s discrete-time framework [Chr20].

10
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Markov process

A stochastic process X = {Xt}te]R+ is a Markov process if

P(X; € Blo(Xy,, Xop, s Xo,)) = P(Xs € Blo(X,,)),  (2.32)

forall0 <s1 < s9<...<s, <tand B € B(R).

A Markov process is independent of past events given the present, such that
the process X;, ., at time ¢,,,1 only remembers its last position X;, = iy.

See [Ban22].

Transition probability

A continuous-time Markov chain with transition probabilities is defined as
pij(S,t) = P(Xt = ]|Xs = Z), s < t, Z,j S S, (233)

where p;;(s,t) is the probability that X will be in state j at time t given that X
was in state i at a previous time s.

Discrete-time Markov chain with transition probabilities. We now evaluate
X ={X,,n > 0} in discrete-time such that we have pointwise transition rates
ie

pij(n,m) = P[X,, =j|X, =1], i,j€S, m>n. (2.34)
This framework is often used to calculate survival probabilities in a life insurance
setting.
See [Ban22].

Chapman-Kolmogorov equation

Let {X,}ies, be a Markov process and let P(s,t) = {p;;(s,t)}i jes be its matrix
of transition probabilities. Then

Ppij(s,t) = Y pir(s, w)pr,; (u, 1), (2.35)
kesS

for all s < w < t and i,j € S with P(X; = ),P(Xy = j) # 0, where the
following is true

1. pij(s,t) >0

2. X jespij(sit) forall i€S

3. pij(s,s) =1;—; provided that P(X;=14)#0
See [Ban22].

Markov process characterization

A stochastic process X = {X;},cs is a Markov process if and only if

P(Xy, =1, .., Xy, = in) = P(Xy, = 01)Diy 0 (t1, t2)Dig,is (T2, 3) Dy 1 iy (-1, tn)
(2.36)
forall ty <ty < ... <t, € J,i1,...,i, € S,n > 1. See [Ban22].

11
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Transition rates

Let X = {X;,t € J} be a Markov process with finite state space S. The
transition rates p;, pij,4,j € S,j # i are the functions defined by

. tedies, (2.37)

pi(t) = limp—0,n>0

and

pij (t, t+ h)

Tt e i€ Si# ], (2.38)

ij(t) = limp—0,n>0
when they exist and are finite. See [Ban22].

Kolmogorov equations

Assume that X = {X;,t € J} is regular, i.e. the transition rates p;, p;j,t €
J,i € S,i # j exist and are continuous with respect to t, then:
1. Backward Kolmogorov equation

%pij(svt) = wi()pii(s,6) = > par($)pis(s,1) (2.39)
kES ki

2. Forward Kolmogorov equation

d
S5Pii(8:1) = 15 (5)piz (s, ) + D i (s)pin(s, ) (2.40)
kesS, ki
See [Ban22].
Discount factor

v :[0,00) = [0, 00) is the discount factor defined as

v(t) = exp(—/o rydu), t >0, (2.41)

where 7 : [0,00) — R is a deterministic integrable function modelling the interest
rate.
See [Ban22].

Policy functions in continuous-time

Let a;,ai; : [0,00) = R, 4,5 € S,i # j be functions of bounded variation. Here

a;(t)= the accumulated payments from the insurer to the insured up to time
t, given that we know that the insured has always been in state i.

a;;(t)= the punctual payments which are due when the insured switches
from state i to j at time t.

See [Ban22].

12
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Policy functions in discrete-time

Let azp"e, af}"” :N = R,i,j € S be functions. We call them policy functions
and they are defined as follows:

afre= pension payment which is due at time n, given that the insured is at
time n in i,
aZOSt: capital benefits which are due when switching from i at time n to j

at time n+1.
See [Ban22].

Mathematical Reserve

The mathematical reserve is the cost of the insurance for the insurance company
at each time t. It is calculated as the present value of the insurers future
obligations minus the present value of future obligations of the insured. You can
calculate the reserve for various insurance policies. The reserve can be described
in continuous-time and discrete-time where the major difference is that in the
first case we use integrals while in the latter we use sums. See [Ban22].

Reserve formula in continuous-time

The formula for reserves in continuous-time is given by:

Vi(t, A) = 1) /too(v(s)pij(t, s)da;(s) +v(s)pij(t, s)pjn(s)a;k(s)ds, (2.42)

v(t
where the fot da;(s) corresponds to the accumulated liabilities while the insured

is in state j, and fot a;k(s)ds is the accumulated liabilities when the insurer
switches from state j to k.
See [Ban22].

Reserve formula in discrete-time

The reserve of a stochastic cash flow is given as

Vi(t ZZ n)pi;(t,n)a P’e Z Z (n+1)pi; (t,n)pjr(n,n+1)a P‘m( )]

]ES n>t Jk€Sk#jn>t
(2.43)

See [Ban22].

Unit linked policy based on the Black-Scholes model

A unit linked policy is an insurance contract which is linked to the performance
of a stock market or fund. Such that the amount insurers liability corresponds
to some underlying stock.

We consider a regular Markov process X = {X;,t € [0,T]},T € R,T >0
with a filtration 7% generated by X. The state space of X is denoted I (i.e.
the states of the insured).

Additionally, we consider a stochastic process S with the SDE-dynamics

ds,

S = /,L(t, St)dt + O'(t, St)th, S[) > 07 te [07 TL (244)
t
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2.3. Life insurance mathematics

which we assume to have a unique strong solution, such that S is adapted to
the filtration F, i.e. S; is a measurable function of Wy, s < t.

Let F = {Fi}tejo,r) be the filtration generated by W. Let Q denote the risk
neutral martingale measure.

Assume now that a; is differentiable almost everywhere with at most a
discontinuity at the end of the contract t = T and let Aa;(T) = a;(T) — a;(T—)
be the jump caused by the discontinuity. Assume also that the functions
fisgishij 1 [0,T] x R — R are

Aal(T) = fz(T7 ST), 61-(1&) = gi(t, St), Q5 (t) = hij (t, St), te [O,T],

where a;(t) is the (weak) derivative of a;(t) with respect to time.
The mathematical reserve V; (¢, S;) of the contract linked to the fund S at
time t, given that the insured is in state i at time t, is given by

(> w(T)pi (8, T)Eqlf; (T, S7))| ]

1
V+(t, St) :@
JjEF

7

T
+ 3 [ ol (1T Eqlay 5. 51) Filds (2.46)

. / )i (1, T) 15 (5) B [hsn (5, S,)| Fi) ds

J,keEF k#j

Further assume that Sy > 0, djf’ = rdt, Bo = 1. The fair value of a European

call option based on the Black- Scholes model is given by

Eole " T=9(Sy — K)|Fi] = N(A)S; — N(B)Ke™™, (2.47)
where
In(3) +(r + %)t
A= 2.48
0 (2.48)
B=A-oVt (2.49)
and
N = / —¢ —2v" gy (2.50)
See [Ban22].

Unit linked insurance in discrete-time
Let al”(n) = f;(n,S;) and af ***k(n) = g;1(n, S;) where f;,g;xN = R, j,k € S

Then the mathematical reserve of a unit linked policy in discrete-time is
given by

Vi (4 51) =5 (0 3 mlpis (1. Eqlfy . S1) | i

JES N>t

+ Z Z v(n + 1)pi;(t,n)pjk(n, n+ 1) Eqlgjk(n, ST)|F])
i kES kAj n>t
(2.51)

See [Bafni22].
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2.4. Financial mathematics

The equivalence principle

The equivalence principle is a method to make the present value of a policy null
as seen against the value of a premium or premiums. See [Ban22].

2.4 Financial mathematics

We will now pass in review important theorems and definitions from financial
mathematics which will be the backbone for many of the later results.
First fundamental theorem of asset pricing

A discrete market, on a probability space (€, A, P) is arbitrage free if, and only
if, there exists at least one risk neutral probability measure that is equivalent
to the original probability measure P.

See [Dam07].

Second fundamental theorem of asset pricing

An arbitrage-free market (S,B) consisting of a collection of stocks S and a
risk-free bond B is complete if and only if there exists a unique risk-neutral
measure that is equivalent to P and has numeraire B.

See [Dam07].
Self Financing Strategy

A trading strategy is said to be self-financing if

In other words purchasing new assets can only be financed by the sale of assets
in the portfolio and not through outside infusion or withdrawal of money, i.e
the variation in the strategy value are only caused by gains/losses in the asset
price and does not depend on the fluctuations of portfolio weight.

See [Dam07].

Attainable claim

Let X be a contingent claim. X is a non-negative valued, F;-measurable, random
variable. The contingent claim X is attainable if and only if its expected value
is the same under all equivalent martingale measures.

See [Dam07].

Arbitrage opportunity
An arbitrage opportunity arises if there exist a trading strategy ¢ such that

Volp) =0 and Vp(p) >0 and P[Vp(e) > 0] >0, (2.53)

i.e., there is a strategy such that money is generated out of nothing. See
[Dam07].
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2.4. Financial mathematics

Complete market

A market is complete if every contingent claim is attainable. See [Dam07].

Incomplete market

In an incomplete market perfect risk transfer is impossible. There is no unique
martingale measure in an incomplete market and we have for any given non-
replicable claim an interval of prices that are all compatible with the no arbitrage
condition. An example of an incomplete market is when we have two sources of
randomness (stock and volatility) but only one instrument that we can use to
hedge (stock). There are more states of the world than underlying securities to
hedge them. So that you have a source of risk which cannot be gotten rid of.
See [Dam07].

Pricing in incomplete markets

We have to price the risk somehow in the incomplete market setting. Intuitively,
the more risk you take on the higher the expected return should be in excess
of the risk-free rate. We thus have to find a market price of risk. We can
introduce the concept of market price of volatility risk, which measures the
excess expected return of this unhedgeable risk. We have to create a market
pricing model which contains the market price of risk parameter, such that
the prices of all options are consistent with each other through a ’universal’
measure. See [Dam07].
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CHAPTER 3

Literature review of hedging and
pricing methods in finance

3.1 Hedging options

In this section we give an overview of some methods for pricing and hedging
options by means of a quadratic criterion. The quadratic criterion will then
later be extended to capture illiquidity effects in markets as well. The problem
of pricing and hedging can be described as follows: What price should the seller
of an option charge the buyer at time 07 and having sold the option, how can
the seller insure himself against a random loss at a time T?

To answer these questions it is useful to consider a portfolio strategy of the
form (X,Y) = (X, Y3)o<t<r where X is a d-dimensional predictable process
and Y is adapted. X} describes the number of units of asset i held at time ¢
and Y; is the amount invested in the riskless asset at time t. We can value the
portfolio (Xy,Y;) by

Vi =XS¢ + Y. (3.1)

The cumulative gains in the portfolio up to a time t is G¢(X) = fg X:dSs. Tt
is assumed that G¢(X) is well-defined and that S is a semimartingale. The
cumulative cost up to a time t is given by

t
Ct:‘/;g—/ XstSZ‘/t—Gt(X) (32)
0

The self-financing condition imply that the cumulative cost process C is constant
over time and/or the value process V is given by

t
V=V, +/ XodSe = Vo + Gi(X) = Co + Gu(X) (3.3)
0

Where Cj is the initial outlay at the start of the strategy. A contingent claim
H is attainable if there exist a self-financing strategy with Vp = H P-a.s. H is
then given by

T
H = H0+/ X dS, P-as., (3.4)
0

In a setting of incomplete markets we can give a range of possible prices for
H which are consistent with an arbitrage free market. The risk process of the
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3.1. Hedging options

portfolio ¢ is defined as
Ri(p) = Bl(Cr(p) = Cu(9)*|F] 0<t<T. (3.5)

A risk minimizing strategy (RMS) is a strategy with Vr(¢) = H that also
minimized the risk process. A formal definition of RMS for a strategy ¢ is if
for any RMS strategy @ where V(%) = Vr(p) P-a.s., we have

Ri(p) < Ri(p) P-as. for every t € [0,T]. (3.6)

where B = X,Y is a perturbation of the portfolio. The intuition behind this
notion of risk minimization is that any small change in the underlying stock
should not be able to create a new risk minimizing strategy. In addition a RMS
is called mean-self-financing if its cost process C'(¢) is a P-martingale. It holds
true that any RMS is also mean-self-financing. See [Sch99].

Quadratic hedging

In general a non-attainable contingent claim can by definition not be obtained
by a strategy with final value Vp = H that is also self-financing. We can insist
that Vi = H by a choice of Y, because Y is adapted. Since this strategy cannot
be self-financing, we have to find a "good" approximation of a self-financing
strategy by minimizing the cost process C. To this end we introduce a quadratic
criterion which measures riskiness when S is a martingale.

See [Sch99].

Locally risk-minimizing strategy

One method of quadratic hedging is local risk-minimization (LRM) in both
discrete and continuous-time. This method is somewhat narrow since it requires
the price process S to be a local P-martingale.

To exclude arbitrage opportunities it is assumed that S has an equivalent
local martingale measure (ELMM) Q, i.e., that there exists a probability measure
Q@ ~ P such that S is a local Q-martingale. P is the convex set of all ELMMs
Q for S, thus P is non empty. When S is a local P-martingale we mean that
the measure P is in P.

See [Sch99].

Discrete-time framework

In this scenario trading can only occur at the dates k = 0,1,....,7T € N. At a
time k, we choose a number of shares X1 being held in the period (k, k + 1]
and the amount of Y}, units of riskless asset held in the period [k, k + 1). We
can determine the holdings of X1 at a time k due to the predictability of X.
We further assume that S = (Sk)o,1,....7 is a square-integrable process adapted
to the filtration F = (Fg)o,1,...7-

The portfolio ¢, = (Xj,Y%) at time k has as before the value Vi (p) =
XSk + Y. We want to minimize risk locally so we have to consider incremental
cost of switching the portfolio from ¢ to wiy1. Xk41 is chosen at time k with

.....

18



3.2. Christodoulou’s discrete-time framework for hedging in illiquid markets

a given price Si. The incremental cost is

Crr1(p) = Cr(p) =(Xig1 — Xi) Sk + Yiy1 — Ya
=Vis1(¢) = V(@) — Xpg1(Sk1 — Sk) (3.7)
=AVit1(p) — Xpr1A8k41,

where the difference operator AUyy1 := Ugy1 — Uy for any discrete-time
stochastic process U.

The aim of local risk-minimization is to minimize E[(Cr11(¢) — Cr())?|F]
with respect to time k. Since the Fi-measurable term V(o) does not affect the
conditional variance of the cost given Fj, we can write

E[(ACk+1(9))?*|Fi] =Var[Vis1 () — Xit1ASy41|F2]
+ (E[Vit1(9) — Xes1ASk41| Fi] — Vi())?.

Since the first term on the right hand side does not depend on Y, we can
optimize by choosing Y} such that

(3.8)

Vi(p) = ElVir1(p) — X1 ASk11]Fil, (3.9)
which is the same as
0= E[AVit1(p) = Xp+1ASk11|Fi] = E[ACk11(0)] Fi]. (3.10)

Since Vp(p) = H is fixed we can through the use of backwards induction in
the previous equation take the value Vi11(¢) as given. It remains to minimize
Var[Vis1(p) — Xi11ASk11|Fr] with respect to the Fj-measurable X1 which
is only achieved if and only if

CO’U(Vk_H(QO) — Xk+1ASk+17 ASk+1|fk) =0. (3.11)

We can use the Doobs decomposition of S to write it as a martingale M and
a predictable process A such that Mo = 0= Ao, AAgi1 = E[ASy+1|Fk] and
AMp1 = ASpy1 — DAy

We can now rewrite (3.11) as

0= CO’U(AC}H_l(gD), Aﬂk—i-lurk) == E[A0k+1(<p)Aﬁk+1|Fk]. (312)

This is saying that the product of two martingales C'() and M must also be a
martingale.

The general statement in discrete-time is thus: A suitable integrable strategy
© is locally risk-minimizing if and only if its cost process C(¢p) is a martingale
and the product of it and the martingale part (here M) is also a martingale.
See [Sch99].

3.2 Christodoulou’s discrete-time framework for hedging in
illiquid markets

This section gives an outline the framework for estimating a locally risk min-
imizing strategy under illiquidity in discrete-time developed by Christodoulou
[Chr20] and some important properties of this strategy.
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3.2. Christodoulou’s discrete-time framework for hedging in illiquid markets

The basic model

We assume that we have a probability space that is filtered (2, F,F, P) and
a financial market that has d+1 assets. P is the objective measure and
the filtration is F = (Fg)k=0,1,..,r- The indices k = 0,1,...,T are discrete-
time points where ty < t; < ... < tp. The discounted (marginal) price of d
risky assets is an F-adapted, non-negative d-dimensional stochastic process
S = (Sk)k=0,1,..7- S} denotes the price of an asset j at time t,. Assume that
the risk-less asset (Y) exists and has a discounted price of 1.

Then we assume that we have a non-negative, d-dimensional supply curve
Se(z) = (Sp(x)!, ..., Sk(2)?), for 27 € R?, where Si(z)’ = S7(27) is the j-th
stock price per share at a time k for sale when 27 < 0 and to purchase when
27 > 0. The supply curve determines the price that each market participants
has to pay or receive for a illiquidity of size 27 at time k. We further assume
that the supply curve is independent of participants past actions and assume
that the supply curve is measurable with respect to the filtration F.

We also assume that the illiquidity costs are non-decreasing in the number
of shares x i.e. for each k and j, then Sy (z)? < Sk(y)?, P-a.s. for 27 < y. For
z € R? we let |x| be the Euclidean norm. Let (x,y) is the inner product of
z,y € RY.

Let L%.(R?) be the space of all Fr—measurable random variable Z : Q — R?
satisfying ||Z||P = E(]Z|P) < co. We define ASy, = S — Si—1. Lastly, ©4(5)
is the space of all Re—valued predictable strategies X = (Xy)g=1,2,..7+1 such
that X,ASy, € L' and AXj1[Sk(AXpi1) — Sk(0)] € Ly for k=1,2,...,T.

See [Chr20].

Trading strategy

A trading strategy describes the buying and selling of stocks in a market in at
a time T.

Definition 1 A pair ¢ = (X,Y) is called a trading strategy if:
1. Y = (Yi)k=01,. 7 is a real-valued F-adapted process.
2. X € 94(5)
3. Vi(p) = Xps1Sk + Vi € LY for k=0,1,...,T

Where X,z 41 is the number of shares held in the risky asset Si and Y} is
the units in the non-risky asset in the time interval (k,k + 1]. Vi(y) is the
marked-to-market value or book value of the portfolio (X1, Ys) at a time k.

Cost and Risk process
A contingent claim H in L%F’Qis defined as

H = YT-i-lST +?T7 with YT+1ST,YT+1 S L;’Q, (313)

where both XTH and Y are Fi-measurable random variables. YTH is the
quantity of risky assets that the option seller will provide the buyer at the
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3.2. Christodoulou’s discrete-time framework for hedging in illiquid markets

expiration date T of the financial contract H. Similarly, Y is the committed
number of bonds at time T. The total outlay under liquidity costs is

AY; + AXk+1Sk(AXk+1) =AY, + AXk+1[Sk(AXk+1) — Sk(())}, (314)

where AY, = Y, — Y1 and AXy = X — X;_1 at a time k € 1,2,...,T.
The last term in (3.14) is the illiquidity cost stemming from illiquidity, where
Sk(0) = Sk is the marginal price.

(3.14) can be rewritten as the relation

AYk+AXk+1Sk(AXk+1) = AVk(X, Y)—XkASk+AXk+1 [Sk(AXk+1)—Sk(O)}

(3.15)

Note that a self-financing trading strategy occur when the total outlay is zero
at time k. R

To define the cumulative cost of the trading strategy we let Co(p) = Vo(p)

be the initial cost and define the cost process under illiquidity C(p) =

(Cr(#))r=o,1,...7 by

Cr(p) Zx AS,, +ZAXm+1 (AX 1) — Sm(0)]. (3.16)

When the cost process is square integrable the quadratic risk process under
illiquidity R(¢) = (Ri(¢))k=0.1,...,r is defined as

R(p) = E[(Cr(p) — Cr())?|Fil. (3.17)

A local risk-minimization approach aims to find a locally risk-minimizing strategy
= (X,Y) s.t. Vp(p) = H where X717 = X7yq and Yr =Y 7
Let C(¢) = (Cr(®))k=0.1,... 7 be the cost process without liquidity cost (i.e.
S(x) = S5(0)), defined as

k
Cr(p) = Vi(p) = Y XmASp. (3.18)

We then get the following relation

Cr(p) = Cily) = Or(p) Z AXpn1[Sim(AXn41) = S (0)].
m=k+1
(3.19)
Another way to define the risk process is the linear risk process under illiquidity
Ri(p) = E[|Cr () — Ci ()| Fi): (3.20)

Still another approach is the quadratic-linear risk process (QLRP) under
illiquidity

T
Ti () = E[(Cr(0)=Cr(0)) 2| FJHEL D A\ X1 [Sm(/\ Ximt1)—Sm (0)]| F],
m=k+1

(3.21)
Which measures the quadratic difference of the cost process and the liquidity
costs linearly. See [Chr20)].
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Locally risk minimization under illiquidity

The aim for this section is to locally minimize the risk associated with random
fluctuations of the stock price while reducing the liquidity costs brought about
by the strategy. We want to find the current optimal choice of strategy by fixing
the portfolio at past or future times, such that Y; and Xy, is only minimized
locally at a time k.

Definition 2 A local perturbation ¢’ = (X', Y”) of a strategy ¢ = (X,Y) at
a time k € [0,1,...,T — 1] is a trading strategy such that X,,;1 = X, and

Y1 =Y, forallm # k.
We can define the QLRP as

T () = El(Cr(9) — Cu(9))?|F] + aB[AXps2[S4 1 (AXkr2) — Sier1(0)| Fil.

(3.22)
Which we will use to find a local risk minimizing strategy under illiquidity for
some a € R,

Definition 3 A trading strategy ¢ = (X,Y) is called locally risk-minimizing
(LRM) under illiquidity if for any time k € 0,1,...,7 — 1

T (o) < T (¢")  P-as. for any local perturbation at time k. (3.23)

Definition 3 takes into account the liquidity costs only at the current time, since
the risk is only minimized locally. This is well-defined since the cost process is
square-integrable and the liquidity costs are integrable.

The a represent the traders sentiment towards liquidity risk. « > 1 represent
a severe risk aversion towards liquidity risk and o < 1 means a severe risk
aversion to the risk of miss-hedging.

An important property of the local risk-minimizing strategy is that the cost
process is a martingale.

Lemma 1 For a LRM-strategy under illiquidity, the cost process C(yp) is
a martingale. The martingale property of the cost process give us the
representation,

Ri(¢) = E[Ri41(0)|Fi] +Var(ACy41(¢)|Fr) P-as. for k=0,1,..,T—1.
(3.24)
Proof:
Fix a date k € [0,1,...,7 — 1] and define a pair ¢’ = (X', Y”’) by letting
X'=X,Y/ =Y for j #k and
Yy = E[Cr(p) — Cr(p)|Fr] + Vi (3.25)

Then Yk/ is adapted since both of its terms are adapted to the filtration F.
Additionally we have

Vi(¢') = Vi(®) + E[Cr(0) — Ci(9)| Fil- (3.26)

which adapted to F and so ¢’ is a strategy. Indeed from V. (¢’) we have that
under a local perturbation of ¢ at date k we have

Cr(¢") — Cr(¢") = Cr(p) — Cr(p) — E[Cr(p) — Cr(p)|Fil, (3.27)
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and

Ri(¢") =E[(Cr(p) — Cilp) — E[Cr(¢) — Cr(@)|Fr])*|Fx]
=Var[Cr(¢) — Cr(9)|Fi] < E[(Cr(p) — Ci(0))*|Fx] (3.28)
=R (p).

However, we assumed that ¢ is a locally risk-minimizing, so we must have
Ri(¢") = Ri(p) P-a.s. so

E[Cr(p) — Cr(p)|Fr] = E[(Cr(¢) — Cr(¢))r,] =0 P-as. (3.29)

Then the cost process must be a martingale.

Lemma2 If C(y) is a martingale and ¢’ is a local perturbation of ¢ at time
k then

Ti(¢") =E[Ri41(9)|Fi] + E[(ACk41(¢"))?| Fi]

3.30
+0Bl(Xess — XSk (Kiso — Xot) — Sea )AL O
Proof:
From Lemma 1 we have that since C(¢p) is a martingale and
Ri(¢') = B[R41(9)|Fi] + El(ACk+1(0)?| Fil, (3.31)

where ACy41(¢') = E[Cr(¢") — Ci(#')].
In addition since ¢’ is a local perturbation and Ry (¢) = Ri(¢’) then

E[(Xkyo = Xy ) [Skr1 (Ko = Xpp1) = Sk (0)]|Fi]

= E[(Xk+2 - Xllc+1)[Sk+1(Xk+2 — XI/CJrl) _ SkJrl(O)H]:k;], (332)

which completes the proof.
Since Ri11(p) = Ri+1(¢’) holds for any local perturbation at a time k, we
then get from Lemma 2 that we can minimize over the expression

Var(ACk41(p)|Fr) + aE[AX k1o — Sp+1(0)|Fx]  at time k. (3.33)

Proposition 1 A trading strategy ¢ = (X,Y) is LRM under illiquidity if and
only if the following two properties are satisfied:

1. C(yp) is a martingale.

2. For each k € [0,1,...,T — 1], X};11 minimizes:

Var (Vi (0) = (Xjq1) ASkp1 | Fi) +B[(Xi2— X 1) 1Skt (X2 = X 1) = S0 (0)] | F5],
(3.34)

over all Fy-measurable random variables X;_ | so that X ;ASy 1 € IL;J2

and (Xg4o — Xj 1) [Sk41(Xpt2 — Xjpy) — Sk41(0)] € L.

Proof:

First we prove that ¢ = (X,Y") is a LRM-strategy under illiquidity. To do
this we need to show that Ty (p) < Tk (¢’) P-a.s. for any time k € (0,1,..,7—1)
and for any local perturbation ¢’ of ¢ at time k.
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We know that C(¢) is a martingale and ¢’ is a local perturbation of ¢ at
time k then we know from Lemma 2 that

Tii(¢') =E[Rp41(9)| Fi] + E[(ACk41(¢))? | F]

+ aB[(Xkpa — Xfo)[Ss (Xirz — Xpan) = Sera O F. )
From the definition of conditional variance we know
B[(ACk41(¢))?|Fi] = Var(ACks1(¢')|Fr), (3.36)
and so we can evaluate
Te(¢") 2E[Rit1 ()| Fk] + Var(ACk41(¢)| Fi) (3.37)

+ aB[(Xkt2 — X ) [Set1(Xir2 — Xiy1) — Sk+1(0)][F3]-
For ¢’ then X}  , = Xpyo and Y}, | = Yj4; and so

Var(ACk1(¢")|Fr) =Var(Crya1 (@) | Fr)
=Var(Vis1(¢") = (Xp11)ASki1]Fr) (3.38)
=Var(Vig1(p) = (Xp 1) ASky1|Fr)-

which yields

Ti(¢") 2E[Rp11(9)|Fr] + Var(Viga(¢) = (Xjq1) ASkr1|Fr)

QB((Xi2 — X )[Sia(Xira = ) = Sena)i7), &
and in fact we have
Ti(¢") ZE[Ri41(0)|Fi] + Var (Vg1 () — (Xp41) ASk41]Fr) (3.40)
+ aB[(Xjt2 = Xpt1) [Sk1 (Xnr2 — Xjgq) — Se+1(0)] | Fil.
However, we defined Ty () as
Tis() =Ri(p) + aE[AX 1 2[Skt1(AXpt2) — Sk41(0)]|Fk]- (3.41)

Since C(y) is a martingale we can use Lemma 2 to characterize T () as

Ti(¢) =E[Ri41(9)| Fil + Var(ACk41(9)| Fi)

+ aB[AX k1 2[Sk11(AXki2) — Skr1(0)]]Frl. (3.42)

Then T (¢") > Ti(¢) and thus ¢ is a LRM-strategy under illiquidity.

Proving the opposite direction we start by assuming that ¢ is a LRM-
strategy under illiquidity (Tx(¢") > Tk(¢)) for any perturbation ¢’ at time k.
Property (1) is satisfied due to Lemma 1. To show Property (2) is satisfied we
observe that since C'(p) is martingale and ¢’ is a local perturbation we have
that equation (3.30) in Lemma 2 holds and since C'(¢p) is a martingale, equation
(3.41) also holds and T} (¢") > T () we have

Tg (') =E[Ri41(#)|F] + E[(ACk11(£))?| Fi]
+ aB[(Xpro — Xy 1) [Sk1(Xnr2 — Xjyy) — Sk41(0)]|F%]
> T (¢) = E[Ri41(0)|F] + Var(ACk+1(#)) | Fk)
+ aB[(Xpro = Xpy1)[Ser1 (Xnr2 — Xiyy) — Ska1(0)]|F%],

(3.43)
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using the definition of conditional variance we have

Var(ACk1(9")|Fr) + (E[ACk41(9")|F])?

+ aB[(Xk+2 — Xpt1)[Sh+1(Xet2 — Xipq) — Skr1(0)]|F]

Z VCLT‘(AC}C+1(19)‘.F]€)

+ aB[( Xtz = X 1) [Sk1 (Xir2 — Xig1) — Skt1(0)][Fi).
for any Fj-measurable choice of V)| and X; ;. We can fix X}, and pick Y}/

such that F[ACk+1(¢")|Fx] =0 and ¢’ is a local perturbation of ¢ at time k,
we have the inequality

Var(Viyi(e) — (Xjp1)ASk41|Fr)

+ aB[(Xpt2 — Xjp1) [Skr1 (Xt — Xjqr) — Sk41(0)]|Fe]
> Var(Vit1(9) — (Xk+1) ASk41[Fk)

+ @B [(Xiq2 — Xt 1) [Sk1 (Xng2 — Xpy1) — Skt1(0)]|Fil,

(3.44)

(3.45)

so condition (2) is satisfied and the proof is completed. See [Chr20].

Linear supply curve

The liquidity cost is related to the depth of the limit order book (LOB). In this
scenario assume that the LOB’s ability to recover itself is infinite, so that no

feedback from the hedging strategy is taken into account. The supply curve
Sp(x) = (Si(xl), ..., S¢(x?)) is given by

Si (z7) = Si + xjeiSi (3.46)

where 27 is again the illiquiditys size x (of the j-th asset) at time k. S is assumed
to be a non-negative semimartingale price process and e, = (ex)k=0,1,...7 is a
positive deterministic R%-valued process, s.t. the price process does not take on
negative values. A 1-dimensional, time independent LOB can be described with
a density function q, where ¢(z)dx is the bid or ask offers at a given price level
xSk. In addition, F(p) = flp q(x)dx is the quantity available at a price pSk.
So that an order of # = F(p) shares at a time k shifts up the quoted price in
the LOB to Sk(z)T = g(x)Sy where g(z) solves the equation z = 1g(£) q(y)dy,
hence g(x) = F~!(z). Since we in this scenario does not take into account price
impact, the price returns to Sg. The cost of x shares is S flg(w) pdF(p) which
should be equal to 25y (x) = xSy + €228}, for a suitable choice of q i.e depth
of the order book.
Such a choice could be

@)= 5 (3.47)

which is independent from price. Notice that as €; tends to zero the liquidity
cost vanishes. ¢ is thus a measure of illiquidity.

The aim is to construct an optimal strategy satisfying the LRM-criterion
under illiquidity ie. at time k, minimize

d
Var(Vi1(X,Y) — (Xl/c+1)ASk+1|}—k) + aE[Z EkSiH(XliJrz - (Xllc+1)j)2|]:k}-
j=1
(3.48)
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3.3. Schweizer’s bounded mean-variance and substantial risk conditions

for all X}, with a chosen Y}, so that the cost process C' becomes a martingale.
We can expand the above expression as:

Var[Vig 1 (X, Y) | Fi] + Var[(Xp 1) ASk 1] Fr] — 2C0o0[Vi 1 (X, Y), (Xpy 1) ASki1 | Fr]
d
+ aE[Zl €1 St (XT0)? = 20 ) (Xi)) + (Xhr))?1 i)
iz
= Var[Vip (X, V)| Fi] + [(X501)?Var[ASy 41| Fi]
d
— 2(X}41)Cov[Vir1 (X, Y), ASp i |[Fil + @ > (X 1) PEle] 1 ST | Fi]

Jj=1

d d
—2a Z Eleg 1St (K1) XJ ol Fil + o Z Elef, 1St | XT o1 Fil,
j=1 j=1

(3.49)

where we used the following relation Var[X — Y] = Var[X]| + Var[Y] —
2C000[X,Y].
We introduce the following notation:

Ag;j = VC”“(ASZHLFIC% Ai;j = E[€i+15i+1‘fk]a Ap;j = Ag;j + AZ’?;‘?

bg;j = COU(VkHASZHu—k)v bi;j = E[€i+15i+1Xg+2|fk]a br;j = bg;j + bg;j
Dyji = Cov(AS] 1 AS| 1| Fr)

fori#£ g, foralli,j=1,...,dand k=0,....,T — 1
For simplicity assume a = 1 then (3.49) can be rewritten by defining the
function Fj, : R4 x Q — Rt as

d d
Fi(e,w) =Y [ej P Ak (w) =23 ejbrg(w) + D ¢j¢i Disji(w)
=t =t ; s (3.50)
+Var(Vey [F) (w) + > Bl ST X7 Fil (w).

Jj=1

For a fixed w we can find the gradient of the function Fj. The extreme points,
found by solving grad(Fy) = 0, will be the solution to the linear system of
equations Fic = by,

Where Fj, € R4*? with Fr.ij = Dy j for i # j, Fii j = Ag,; for i = j and
b, = (bk:;17 ceny bk;d) € Rd. See [ChI’ZO]

3.3 Schweizer’'s bounded mean-variance and substantial
risk conditions

Schweizer et. al [LPS98] showed that in a discrete-time non-complete market
we can impose appropriate bounds such that a locally risk-minimizing strategy
with illiquidity cost exists for every square-integrable contingent claim. Such
that one can hedge a contingent claim using square-integrability rather than
other more stringent conditions such as convexity or concavity etc.
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3.3. Schweizer’s bounded mean-variance and substantial risk conditions

Another important result is that one can create a fictitious asset price
process which lies between the bid and ask price processes and if we hedge our
contingent claim by a LRM strategy without illiquidity costs in this fictitious
model, we obtain the exact same LRM strategy with illiquidity costs in the
original model with bid-ask spread. This adds a robustness to the LRM criterion
described earlier.

Consider now the presence of a bid-ask spread in a market due to illiquidity
costs. Such that for some fixed illiquidity parameter e € [0,1) the bid and ask
prices will be (1 — €)Sy and (1 + €;)Sy, respectively for one share of a stock at
date k.

Definition 4 Let I' be the class of all adapted processes © = (x)k=0,1,...,7
with values in [—1,+1]. For « € T', the linear supply curve S* is defined by
Si =Sk + exxpSy for k=0,1,...,7.

if p = (X,Y) is a strategy, the process V7 () is defined by

Vi () = Xp1SF + Y k=0,1,...,T. (3.51)

The process X* is non-negative, since € € [0, 1], adapted and assumed to be
square-integrable.

Jouini/Kallal [EH95] showed that the bid ask processes S~ = (1 —¢;)S and
ST = (1+¢;)S is an arbitrage-free system of bid and ask prices if and only if
there exists a process x € I and a probability measure QQ equivalent to P such
that S* is a Q—martingale. Q is then a price system which is compatible with
both the bid and the ask price process and S* becomes a re-valuation of the
stock, while V¥(yp) is the value process of the strategy ¢ in terms of S*.

The objective with the rest of this section is to impose suitable bounds on S
and e such that ©(S7) = ©(S) for all € T'. Meaning that one strategy can
be used for all reasonable choices of units.

Proposition 2 A strategy ¢ = (X,Y) is LRM if and only if it has the following
two properties:

1. C(yp) is a martingale.

2. For each k € [0,1,...,T — 1], Xj,1 minimizes
Var(Viyi(¢) — Xpy1ASks1 + €Sk | Xpga — Xjpq || F]

over all 7, —measurable random variables X ,’C 11 such that X ,’g +1ASk+1 S
LQ(P) and X,’H_lSkH S LQ(P).

which is essentially the same definition used in (3.34) by Christodoulou, except
that the investors risk appetite « is exchanged with the illiquidity risk € which
now depends on a variance term instead. The proof follows by similar reasoning
as in Proposition 1 in the previous section, and is therefor omitted.

Definition 5 S has substantial risk if there exist a constant ¢ < oo such that

2
Skfl

—————— <c¢ P-as. for k=1,...,T. 3.52
E[AS2|Fr-1] ~ (852)
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3.3. Schweizer’s bounded mean-variance and substantial risk conditions

The smallest constant satisfying (3.52) we call cgr

This condition provides a lower bound on the conditional variance of
increments of S.

Before moving further we establish which spaces we are working in when S
has substantial risk.

Lemma5 Assume S has substantial risk. Then:

1. ©(5%) 2 O(S) for every = € T', where ©(S5) is the space of all predictable
processes X = (Xg)g=1,.7+1 such that X;AS; € L?(P) for k=1,..,T
and I is the class of all adapted processes © = (zx)g=01,.. 7 in [—1,+1].

2. Vi(p) € L*(P) for k =0,1,...,T, for every z € I' and for every strategy
®.

3. X318, € L2(P) for k =0,1,...,T for every X € O(X).
4. Ci(p) € L3(P) for k =0,1,...,T and for every strategy .

Proof:
We have that

XkAS,f = XpASk + e, X ASE + €. X Sk_1Axy, (3.53)

and each x is bounded by 1, 1) then follows from 3) since each X;ASy, € L?(P)
in ©(S57) is also in ©(S).
We also have that

Vi (@) = Vi(p) + e X415k, (3.54)

and Vi(¢) = X318k + Y € L?(P) for k=0,1,...,T. so 2) follows from 3).
We further have a useful relation
Ack(go) = AVk(QD) — XL ASL + EkSk|AXk+1‘
= Xk+1Sg +Y, — stlf Y1 (355)
= AV (¢) — X AS}.

X €T and x is predictable so (3.55) and Vi () = Xy41Sk + Y3 € L?(P) for
k=0,1,...,T makes 4) follow from 2) and 1).
To prove 3) we observe that

52
E[(X 2 = E[( X1 A 2"k )< egpE[(Xp1 A 2
[(Xk+15%)7] [(Xk+1ASk41) E[A5§+1|fk}]_CSR [(Xk41A8k41)7] <00
(3.56)

since X € ©(S) and S has substantial risk so 3) follows. Which completes the
proof.

To prove that ©(S*) C ©(S) we look at the mean-variance tradeoff process
of S

Definition 6 S has bounded mean-variance tradeoff process if for some constant
>0

(E[AS%_HU k])2
— " <¢ P-as for x=1,..,T. 3.57
Var(ASE | Fr) — ( )
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3.3. Schweizer’s bounded mean-variance and substantial risk conditions

Proposition 4 Assume S has bounded mean-variance tradeoff and substantial
risk. For a fixed x € T" and assume that there is a constant ¢ > 0 such that

Var[ASE|Fr-1] > Var[ASk|Fr—1] P-as. for k=1,..,T, (3.58)

then S7 has bounded mean-variance tradeoff and ©(S%) = ©(9)
Proof: We first show that (3.58) implies that S’ has bounded mean-variance
trade off. From (3.57) we know that this will be the case if

(E[ASE|Fr-1])? < const.Var[ASy|Fi—1] P-as. for k=1,...,T. (3.59)

Let c¢pryr(0) be the lowest possible value satisfying the inequality.
We also have that

ASE = AS), + 27, Sy — eyl | SF_ = ASy, + 27, AST + e, AT ST (3.60)
and

E[(ASEH)|Fr1]® < 2(1 + ) > E[ASE | Fr_1] + 86257,

< const. E[ASy| Fr—1]* < const.(1 + caryr(0))Var[ASk| Fr_1],
(3.61)
where we used that ¢ is bounded by 1 and cpry7(0) = %M
then (3.52) along with (3.57).
We have from lemma 5 that ©(S*) O O(S) so we need only show that
O(S*) C B(9).
First let S* = S§ + M* + A® be the Doob decomposition of S* then

, and

XkAS]f = XkAM]f + XkAAx = XkAle -+ XkE[AS}f‘fk_l], (362)

and
Var[ASE|Fe_1] = E[(AMZ)?| Fr_1]. (3.63)

S?* has bounded mean-variance tradeoff, (3.57) gives that X € ©(S®) if and
only if X,AM? € L?(P) for k = 1,...,T which will be written as X € L?(M?)
The same is true for S = S° When X is predictable and (3.58) holds, then

E[(XpAM})?| Fio1)] = XPVar[ASy|Fr_1]

1 1
< EX,%Var[AS,ﬂfk,l] = ;E[(XkAM,f)ﬂfk,l],
(3.64)

which means that L2(M<®) C L*(M), then ©(5%) C ©(S) since both have
mean-variance tradeoffs which are bounded. This completes the proof.

If one knows a Proposition 4 gives an estimate of (3.58), but we need to
impose additional conditions on S and x such that (3.58) holds uniformly over
all z € T,

Proposition 3 If there is a constant § < 1 such that

E[S|Fr—1]

_ZWkR o5 plas for k=1,..T. 3.65
Var[ASy| Fr_1] = a.8. ot e (3.65)

2€p
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3.3. Schweizer’s bounded mean-variance and substantial risk conditions

Then (3.58) holds simultaneously for all x € T, with ¢ = 1 — §. Specifically,
(3.65) holds if S has bounded mean-variance tradeoff and substantial risk and if
€}, satisfies

4e2 (14 2cpv7(0) + 2csr(1 + cpryr(0)) < 1. (3.66)

Proof: We know that S7 = Si(1+ xex) and leaving aside the Fj_q-measurable
terms from the conditional variance yields

Var[ASE|Fr—1] = Var[ASk + eS| Fr—1]

= Var[ASk|]-'k,1] + Var[:rkekSM]:k,l] + ZCO’U[ASk, xkeksk\]:k,l]

> VaT‘[ASk|.7:k_1] — QEk\/V&T[Ask|fk_1]va7‘[1‘k5k‘fk_1],
(3.67)

where we used the Cauchy-Schwarz inequality ie. |ICov(X,Y)|? <
Var(X)Var(Y) — [Cov(X,Y)| > —/Var(X)Var(Y) since the variance
is non-negative.

When we assume that xj is bounded by 1, (3.65) gives us

VaT[.’EkSkLFk,l] = E[(kak)2|]-"k,1] — E[SEkSkU‘—kle

) 5 (3.68)
< E[mk5k|]-"k_1] < PVGT[ASH]:/C—J-
k
Then (3.58) with ¢ =1 —§. We get (3.65) from (3.66) when we take
E[X}|Fe1] = Var[AXy| Fr1] + (X1 + BIAXy|Fr1])? (3.69)
and use the following estimate from (3.52)
X7 | < csprE[AX?|Fr_1] (3.70)
and (3.57)
E[AX?|Fr_1] < Var[AXg|Fr_1](1 4+ caryr(0)). (3.71)

Then the statement follows from these inequalities.

Condition (3.65) informally states that illiquidity costs have to be small
enough for the next theorems to hold.

The explicit calculation is as follows: we must show that

E[SRIFe-1] (1 + 2eary1(0) + 2cs(1 + caryr(0))) (3.72)
VaT[ASkU:k_l] - ’
for the inequality to hold.
We have
E[Sz‘]:k_ﬂ < Var|ASk|Fr—1] + (Sk—1 + E[ASH}-}C_J)Q
Var[ASg|Fr—1] ~ Var|ASk|Fi—1]
< VaT[ASkLkaﬂ + 251%_1 + 2E[A5k\}'k,1]2
- Var[ASH]:k,ﬂ

< VCLT[ASH]‘-]C_J + ZCSRVCLT[ASH]:;C_l](l + CMVT(O)) + QE[ASk|.7:k_1]2

- V(L?”[ASM]:]Cfl]
(3.73)
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3.4. Solving for the optimal strategy

and

Var[ASF|Fe_1] > Var[ASk| Fr_1] — 2ex\/Var[ASy| Fu_1]Var[zy S| Fr_1]
= E[AS?|Fu_1] — E[ASKFr_1]® — 261/ Var[ASk| Fr_1]Var[zy Sk Fr_1],

then use
Var[ASE | Fr—1] < (1 = 8)Var[ASk|Fr—1], (3.75)

such that

(1 — (S)VCLT[AS]C|]:]€,1] Z E[AS]%] - E[ASklfk,1]2 - (5V(J/I“[AS}C‘]:]€,1]

> VaT[ASk|.Fk_1](1 + CMVT(O)) — E[ASM]:k_ﬂz — 5VaT[ASk|.7:k_1].
(3.76)

Then
E[AS}C|./—'.]€,1]2 Z CN[VT(O)VGT[ASMJ_'.kfl], (377)

and finally

E[Sg‘}-kfl] < VaT[ASkLkaﬂ + QCSRVGT[ASM}—kfl](l + CMVT(O)) + 2E[A5k|}—k71]2
Var[ASk|Fe—1] ~ Var[ASk|Fi-1]

< VCLT[ASH]:]C,l] + QCSRVGT[ASH.Fk,l](l + C]VIVT(())) + QVGT[ASH]:]C,ﬂCMVT(O)

Var|ASk|Fi—1]

= (14 2cpvr(0) + 2csr(1 + carvr(0))),
(3.78)

which yields the desired inequality. See [LPS98].

3.4 Solving for the optimal strategy

In this section we prove the existence of a LRM strategy under illiquidity
cost. The method for finding the optimal strategy is to solve for every k in
the conditional variance minimization problem in (2) of Proposition 2 for the
optimal X value. For this section we assume that S is a square-integrable

process.
We define

V;f((p) = Xk+1slf +Y. = Vk(tp) + €xx X115k (3.79)

Theorem 1 Let S have bounded mean-variance tradeoff, substantial risk,
satisfy (118) and

Var[AXp|Fy_1] >0 P-as. for k=1,..,T. (3.80)

Then for any contingent claim (X7,1,Y7) there exist a LRM strategy
" = (X*,Y*) where X7, | = X7y1 and Y7 =Y.
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3.4. Solving for the optimal strategy

Where X™* can be characterized as follows: There exists a process 6* € I
such that we can define v € I' by

v = sign(Xp ., — Xp) + 5;.7)(;“:;(; for k=1,..,7,3.1 (3.81)
and
Vi (") = Vi(p) + en(sign(Xiyy — Xi) + 0pIxp, =x; ) Xkt Sk (3.82)
then

Cov(AVY (¢*), AS?| Fi—1)

X =
k Var[AS?|Fj_1]

P-a.s. for k=1,..,T. (3.83)

We can view S* as a suitable strategy within the bid-ask range.

Proof:

The proof relies on backward induction to prove the existence of a predictable
process X* with X7, = X741 and satisfying assertions 1), 2) below for
k=0,1,....,T and 3), 4), 5) for k=1, ..., T"

1. X}, Sk € L*(P).

* T * T *
2. Wy =H — Zj:kJrl Xj ASJ‘ + Zj:kJrl ekij|AXj+1| € LQ(P).

3. There exists an Fj,_; —measurable random variable X; with values in
[—1,+1] such that if we define vy, by (3.82), then we have
COU(E[W]:U:]C] + €k'UkSkXZ+1a Sk(l + Ekvk)‘]:k,ﬂ
Var[Sk(1 + exvr|Fr—1]

X; = P-a.s.

4. X;ASy € L2(P).
5. X minimizes Var[E[W}|Fy] — XpASk + exSk| Xj — Xi|[Fr—1] for all
Fr-1
When these are established we can define Y* by
Yy = E[Wi|F] — Xg 1 Sk for k=0,1,..,T. (3.84)

Then Y* is adapted and X, Sy 4+ Y € L?(P) by 2). Using 4), ¢* = (X*,Y*)
does satisfy X7, = X741 and Y3 = Y. From the definitions of Y* and W},
Vi(p*) = E[W}|Fy] for all k and C(¢*) is a martingale. Then using 5) and
Proposition 1 we have that ¢* is LRM. Indeed, since Y* suggests that

EWi|Fi] + ervpSe Xp i = Vi (07),

Then (3.84) is just a restatement of X} in 3). In order to complete the proof
we only need to establish 1)- 5). For that purpose define X 1= X741, then
if we assume that X,,1S7r € L?(P) and H = X7,.1S7 + Y7 € L?(P) then
1) and 2) holds for k = T. We now want to show that when 1) and 2) holds
for any k then there exist an Fj,_; —measurable random variable X; satisfying
3)-5) for k, which in turn imply the validity of 1) and 2) for k£ — 1.
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3.4. Solving for the optimal strategy

Assume that 1) and 2) hold for k. Let

sign(x) = sign(x) + Ly—g = {—i—i iZi i i 8 ,
(3.85)
sign(x) = sign(z) — Lo_o = {j Ej ’ 2 8 ,
and define the function
fr(c,w) = Var[EWg|Fi] — cSk + €Sk Xi 1 — || Fr-1](w) (3.86)

and
i (¢, a,w) =Cov(E[W} | Fi] + ex Sk X1 G Si(1 + e, GL?) | Fie_1) (w)
— Var[Si(1 + ex G| Fr_1)(w)
(3.87)
where

fo’c)) = asign(Xjy1 — ¢) + (1 — a)sign(Xj 4 — ¢, (3.88)

where the conditional variance and covariance are calculated with respect to
the distribution of (E[W|Fx], Sk, Xj, 1) given Fr_1 Schweizer et al. [LPS98]
showed and we will take for granted that we can obtain the existence of
an Fj_i—measurable random variable X} and an Fj;_;—measurable random
variable o} with values in [0, 1] such that

(X (w),w) < frlc,w) P-as. for all ¢ (3.89)
and
9k (X} (w), af(w),w) =0 P-as. (3.90)

If we then define 0; = 2aj — 1, then we have
G = sign(X7,, — X7) + 651 = 3.91
P = sign( Xy — Xg) + 65 lxy, —x; = vk (3.91)

with all that in place we can get X; from 3) by rewriting (3.90) such that 3)
holds for k.
Next we prove that 4) hold for k. Let x be any process in T with xp = vy
and define
W]f = E[Wmfk} + GkkakX;+1. (3.92)

By 1) and 2) for k, W € L?(P), we can write X} in 3) as

o — Cov(WE, ASE|Fr—1)
M Var[AS®T| Fr4]

(3.93)

because Fj,_1—measurable terms do matter for the conditional variance and
covariance.
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The Cauchy-Schwarz inequality and Proposition 5 imply that

. Var[W§ | Fi_
E[(X;AS)?] < E[M
| Foe

E[E[(W)?|Fr1]

B[AS|Fi-1])

VCLT[AS]%|}—]¢_1]] (3.94)
Var[ASk |f'.k71]

v

> 21+ earvr(O)EIWEP) < o0

then 4) holds for k. Because S has substantial risk, we can conclude as in
Lemma 3 that X;Sx_1 € L?(P) which establishes 1) for k — 1. While at the
same time we have XSy, = X;AS, + X} Sk—1 € L?(P) as required in 5).

That 5) holds for k is then evident. In fact, if X} is Fj—1—measurable and
satisfies X, ASy, € L?(P) and XSy € L?(P), then we have

VCLT'[E[W]:L/_'.]C] - XkAXk + ekSk|X,j_1 - Xk||]-'k_1](w) = fk(Xk(w),w) P-a.s.
(3.95)
and so 5) for k follows from (3.89). Finally,

Wi =Wy — XiASy + exSk| X — Xi| € LA(P) (3.96)

due to 2) for k, 4) for k, 1) for k and the square-integrability of X Si. Then b)
holds for k£ — 1, and the induction along with the proof is complete.

Theorem 2 Assume Theorem 1 holds. The strategy ¢* which is LRM for a
price process S with illiquidity costs, is also a strategy which is LRM for a price
process SV without illiquidity costs, where v is given by (3.81).

Proof:

We first want to show that under no illiquidity costs we have that the
strategy described in Theorem 1, namely ¢* = (X*,Y™*) has the same value
process, cost process and risky stock amount X as a new strategy p which
will be defined below. With this result in hand we can prove the statement of
Theorem 2.

Consider when €, = 0 so there are no illiquidity costs. Recall that the value
and cost process of a strategy ¢ = (X,Y) are defined as

Vk((p) = XS +Y, for k=0,1,....T, (397)
with Xy =0 and
o . k
Cr(e) =Vilp) = Y X;AS; for k=0,1,..T, (3.98)
j=1

and a contingent claim H which is a F;-measurable random variable in L?(P)
space.
With these conditions S has bounded mean-variance tradeoff and is a LRM

strategy » for H. We can then characterize V7 (p) = H P-as., C(p) is a
martingale and so

- Cov(AV (9), ASy|Fr_1)

= P-a.s. fi k=0,1,...T. 3.99
g Var[ASy| Fe_1] a5 or P (3.99)
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When e = 0, the ¢* strategy from theorem 1 yields V(¢*) = V(%) when
X* = X. Then when H = X157 + Y. It is then given that

Vr(e*)=H=Vr(p) P-as., (3.100)

and so
—  Cov(H,ASp|Fi_1)
Xr=
V(IT[ASTLFt_l]
and when ¢, = 0 we have S¥ = S. - o
Furthermore, When Vi 1(¢*) = Vi41(@) and X}, | = X1, the martingale
property of both C(¢*) and C(p) yields

E[AVi1(0%)Fr] = Xi g1 E[AX k1| Fi] = E[AV 41 (2)|F], (3.102)

= X7 P-as., (3.101)

so therefore Vi (¢*) = V() P-a.s. which implies that X; = Xj. It follows
from backwards induction that this is true for all k =1,...,T.
With this in hand we turn to prove the general statement of Theorem 2.
Let o = (X,Y) be a LRM for the price process SV without illiquidity costs
and let

Vi(p) = Xi41 Sy + Y, (3.103)
and
B B K
Crlp) = Vilp) — Y X;ASY, (3.104)
=1

which is the value and cost processes when the price process is SV. We
have that S” has bounded mean-variance tradeoff by Proposition 3 and its cost
process is a martingale from Proposition 1 and

_ Cov(AVi(p), ASP| Fi—1)

X,
F Var[ASY|Fr—1]

P-as. for k=1,...,T. (3.105)

We have already showed that V?(¢) = V(i) in the previous paragraphs and
so by (136) we must have that X = X* and since ACy(p) = AV — X AS}
we also have that

ACL(p) = AV, — X, ASY = AVY — X, ASY = ACk(p), (3.106)

then C(p) = C(yp), and since ¢ is mean-self financing both C(¢) = C(y) is a
martingale.

We also have that C(p*) is a martingale with the same terminal value as
C(y) namely,

T T

H=Y X;AS)=H-> X;AS!, (3.107)
J=1 Jj=1

hence Y = Y*.

This theorem proves that we can construct a LRM strategy ¢* for the price
process S including illiquidity cost by re-valuing the stock at a suitable price S*
within the bid-ask range and then minimize the risk locally for the illiquidity
cost free prices with Sv.

This result is important since it shows that the LRM strategy have a
robustness property under illiquidity costs. See [Sch99].
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3.5. The F-property

3.5 The F-property

This section will define the F-property described by Christodoulou [Chr20]
which will be used to give an exact formula for X.

Definition 7 The process S;,t > 1 has the F-property if there exists some
0 € (0,1) such that
det(Fy,) — (1 — 0)det(F{) > 0. (3.108)

Note that this is not to be confused with the filtration Fy.
Where F,f = diag(Ag;1, ..., Ag;q) and we recall that Ag.; = var(ASky1|Fr)+

Elegr41Sk+1|Fk]-
In the 1 dimensional setting F} becomes

F, = Var(ASk41|Fr) + E[Ekk+15k+1|fk] >0, (3.109)

which is what we will build on.
Now we will describe properties of the F-property.

Definition 8 S has below bounded mean-variance tradeoff if there exist a
constant C' > 0 such that in the 1 dimensional setting which translates into

(E[Slf+1‘]:k])2

>C P-as. forall z=1,...d. (3.110
Var(S¢, ) )

Definition 9 S satisfies the F condition if for some constant C' > 0 we have

[Sk+1|]:k

Var(ASE | Fr) + >C P-as. forall z=1,..,d,

Var(Sg, | F)

(3.111)
uniformly in k and w and if for some C > 0.

Var(AS | Fr) 1

~ + >(C P-as. forall x=1,...,d,
ESE 73] Var(ASE | Fr)
(3.112)
uniformly in k and w.

Proposition 4 For S satisfying C' < Var(AS}, || Fx) < C for some positive
constants C, C for all = 1,...,d then the F property holds. In particular if S
has independent increments then S has bounded mean variance and satisfy the
F property.

Proof:

The claim follows directly from C < Var(ASE, ) <C.

Proposition 5 For S having bounded mean variance tradeoff from above and

below then the F condition holds. In particular, if S has independent returns

then S has bounded mean-variance tradeoff and satisfies the F property.
Proof:
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3.5. The F-property

The claim is a direct consequence of S having bounded mean variance
tradeoff from above and below.

We can use the F property to prove the existence of a local risk-minimizing
strategy under illiquidity. In addition we will use backwards induction to give
an explicit representation of the optimal strategy

Theorem 3 Assume S has the F-property and bounded mean variance
tradeoff from below and above. Assume also that the covariance matrix F}
is positive definite at all time & = 0,1,...,7 — 1. Then for any contingent
claim H = YT+1ST +?T € Lgll with YT+1ST S L%,w’z and YTJFI S L%d,
there exists a local risk-minimizing strategy @ = ()2 , }/}) under illiquidity with
Xri1=Xr4q and Yo = Y. Assume further that the strategy is represented
by

X1 = F', P-as. for  k=0,..,T—1, (3.113)
Vi1 = E[Wi|Fu] = Xey1Se P-as. for  k=0,..,T—1, (3.114)
where
—~ T A~
Wi=H- > X,AS,. (3.115)
m=k+1
Proof:

The proof relies on a backward induction argument on k¥ =0,1,...,T. Start
by setting Xry1 = X741 and Yr = V7. Fix some k € {0,1,...,7 — 2} and
assume that at times [ =k, ..., T — 2

1. Xi12ASP, € L7 and Xpy0 € L3
5% 2 Qx 1,1
2. [Xigol®SPy € Ly,
v U 2,1 U
3. Xiy2Sit2 + Y1 € Ly, Yy € Fiyo,

At time k we want to minimize

d
Var(Vig1 () = (Xp 1) ASki1|Fi) + 0B enir1 Sty (Xeva — Xpi1)?|Fil,

j=1
(3.116)
over all X;_ , and show that the following properties are fulfilled.

1. X, ASP. €Ly and X, € L3,
2. | X 287 € Ly,
3. (X, )Sk+Y, €Ly, Y, €F

The properties 1)-3) ensures that (X,Y) € ©(S). First define the function
F as in (3.50), where all the terms in F} are integrable. Since Fj, is positive
definite then there exist a unique solution to the minimization problem and an
Fr—measurable minimizer X, can be created which equal F}~ Lpy. Assume
also that ?k as in (3.114). ?k is Fr—measurable since all of its elements are
JFr—measurable.
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3.5. The F-property

Xes1Sk + Vi = E[Wi|Fi] € L2 follows from H € L2, the induction
hypothesis 3.7, X,,AS,, € L7" and X;,ASy 11, which will be shown
below.

First we show that )Z'kHAS,fH € L2T’1. By the inequality

Bl|ASE 1 [P|Fi] = Var(ASE 1| Fi) + E[JASE || Fi)* < CVar(ASE,, | Fr)
(3.117)
We then know that for a constant C' > 0,

E[(X ASE |2} < CE[V (XA S + YA |]: >§d: “ ar (ASZJA)‘Q
k —= ar\Ag k k+ k A or
+1 k+1 ROk ' i=1 | @ (Ask-H)

4 |VaT(ASIf+1)‘2

+ Ele SR+ c(e
[ kk+1 k+1]| Z( ( kk?"rl) |V(l7"(ASZ,:+1) +E[6kk+ls§+1]|2

=1
Var(ASE,,)P

: . E[| Xpro|?|Fl,
|Var(ASl?+1)+E[5kk+157€“+1“2) ([ Xkt2 || Fi]

+ Elexk+1Si41]
(3.118)

holds. We have that both )?;H_QS;H_l + }A/;H_l and )A(k+2 are both in Lg:l.
Christodoulou [Chr20] also showed that

[Var(ASE,)[?
[Var(ASE, ) + Elexrt15%, ]

Var(AS}fH)F
[Var(ASg 1) + Elerrt1574]1%
(3.119)
is uniformly bounded in k and w when S has the F-property and bounded mean
variance tradeoff from below and above, which we will take as a given. Then
Xpi1 € L7' due to (3.114).
The next step is to show that the liquidity costs

E +Elerk+15% 1]

d
E[Z k41541 Xnr2 — Xpy1 [ Frl, (3.120)

j=1
are integrable.
To construct the optimal strategy according to the LRM-criterion under
illiquidity at time k we need to minimize
Var(Vis1(¢) — (Xe41) ASk41|Fk)

d
_ _ (3.121)
+ By et St (Xive — (K1) ?|Fl,

j=1

for an appropriate minimizer X kt1-
When o = 1 we get

Var()/(:k+25k+1 + i}k+1 - X];+1)*AS]C+1|]:]€)

d
+ E| €k+151f+1|)2k+2 - )?k+1‘2|]:k]
; (3.122)
~ =S d e
< Var(Xigs2Ske1 + Y1 |Fr) + E[Z €15k 41| X2 *[ Fi,
=1
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3.6. 1-dimensional Black-Scholes model

holds when we choose X311 = 0, since

d d
B er1Si | Xera—Xer1 P 7] < B[ Xar2Ski1+Yer1 PJHED  ens1 7411 Xpal?l,

x=1 x=1
(3.123)

where we used that Var(X) < FE[X]2. We have from earlier that
)?k+25k;+1 + i}k+1 € LQT’1 and S,f+1|)/fk+2|2 € L;«’l, then the illiquidity cost
Zizl ek+1S,f+1|)A(k+2 — Xk+1|2 is also in L;q’l.

So ek+1S;§+1|)/(\'k+2 — )?k+1|2 € LIT’1 . This holds for a deterministic process
€, and the marginal price process S are both non-negative by assumption.

The only thing which remains to show is that |Xx41|>S¥ € L%F’l. When this
is done we can by an induction argument show that the liquidity costs in the
next step are again integrable. From the equality

| K41 28 = —| X1 [PASE + [ Xipa 2Py, (3.124)

We need to show that |)A(k+1|2AS,f+1 and |)A(k+1|25,f+1 are both in
L%F’l. Since we already showed that the liquidity costs are integrable and
| Xp2|?SE, € LY then the inequality

0< ‘A)?k+1|251§+1 < 2|)A(k+2 - )A(k+1|2slf+1 + 2‘Xk+2|251§+17 (3.125)

follows. Because ¢, > 0 imply that |)A(k+1|25,f+1 is integrable. The term
|)?k+1\2AS,fH is integrable as well due to the fact that Xy AS{,, and X1

are both in L?,Jl.
Then we must have

E[| Xk [PASE ] < E[|Xk+1|21{\ASZ+1\S1}] + EHX’@HAS;CEH|21{|A5?+1|21}

< B[ Xk P+ Bl X1 ASE ),
(3.126)
and this finally proves and completes the induction step at time k. Finally,

define R R R
Yr_1 = E[H — X0 ASp|Fi| — X1 Sr_1, (3.127)

then Yy_, is F,_,—measurable and X7pSp_; + Y| = E[H — )?TASTU:;C]
belongs to L'

For the strategy @ to be LRM we need it also to have a cost process C(9)
has the martingale property. The martingale property of C(¢) follows from the
construction of Y since at each time k we have

E[Cr() — Cx(®)Fi] = 0. (3.128)

Then $ = (X,Y) is a LRM under illiquidity. See [Chr20].

3.6 1-dimensional Black-Scholes model

Consider the 1-dimensional Black-Scholes model of a geometric Brownian motion
W, that is
Sy = Spexp(ut + cWy), (3.129)
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3.7. 1-dimensional value process under illiquidity

which is lognormally distributed. This is a process of i.i.d. random variables and
with bounded mean-variance tradeoff satisfying the F-property. see [Chr20].

3.7 1-dimensional value process under illiquidity

Consider the 1-dimensional case.
We remember that

bi;1 = Cov(Viey1, ASky1|Fr) + Elerk1Sk11 Xnt2| Fl,

Fy, = (ASg41|Fk) + Elegk+1Sk+1|Frls

and o
X1 = Fy by

The representation of a LRM-strategy % = (X,Y) under illiquidity is thus
the following:

Cov(Vit1(9), ASky1|Fr) + Elens1Sk11 X py2| Fr)

Xpy1 = , 3.130
o Var(ASky1|Fr) + Elex+1+1]Fx] ( )
and .
Vi(@) = E[H - Y XnASu|Fil. (3.131)
m=k+1
See [Chr20].

40



CHAPTER 4

New Contributions

We are now ready to present some new results in connection with hedging in
illiquid markets obtained in this master thesis.

We have explicitly derived the value process with illiquidity for a geometric
Brownian motion and developed a numerical program which can calculate the
illiquidity cost for k& € [0,T] under various conditions. We have coupled the
numerical program to a unit linked insurance and investigated the impact of
illiquidity on the reserve. Finally, we have expanded Schweizer et al’s [LPS98]
framework to include a non-linear supply curve.

4.1 Value process of a geometric Brownian motion

We start by using the two expression (3.130) and (3.131) to deduce an explicit
general formula for the value process under illiquidity with the geometric
Brownian motion.

Expanding (3.131) yields

E[Vm@)ASmU:m—l] B E[Vm(¢)|}—‘m—l]E[ASm|fm—l} + E[EmSme ll}—‘m—l]
BlH- ), FIASIFy ] FASFoE + BlenSulF ]

(4.1)

AS,, | Fr).

We highlight several useful calculations below:
We have

E[Sm|]:m,1] = E[Soe(u7n+UWm)|]:m71]
= E[SpetmtoWm=WnatWa-1) 1] (4.2)

= Soe(um-FﬂWm—l)e(ﬂz/Q).
Where we used that W has independent increments and is normally distribt;ted
with N(0,1) such that E[g(W,, — W_1)|Fm_1] = Elelem—m+D] = ¢(e7/2),

and SpeH(m=1+eWn_1) ig F | measurable so it can be moved out of the
conditional expectation,
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4.1. Value process of a geometric Brownian motion

Secondly, we also have

E[Asm‘fmfl] = E[Sm - m71|fm71]
Sm
Sm—1
— E[Soe(u(m—l)wwmfl)(Soe(u(m—m+1)+o(Wm—Wmfl)) —1)|Fpni]

= E[Smfl( - 1)|}—m71}

— Sge(um+UW,yzf1+02/2) _ Soe(ﬂ(m_l)‘f‘gwmfl).
(4.3)
Thirdly, we have that
E[(Sm)Q‘]:m—l] = E[Sge(mm+20wm)|}—m—l]

= 536(2um)E[e(2an) | Frn_i]

— Sge(2p,m+20Wm,1)E[e(2a(Wm7Wm,1)) ‘Fm_l] (44)

- Sge(2um+2an—1)e(202),
and
E[(Sp)|Fme1]? = (SoermtoWm—1)g(0?/2))2 = g2 (Gum+20Wm1) (%) (4 5)
Finally, we have that

E[SmSm_1|Fm_1] = E[SoetmtoWm) Gpelum=—"1teWmn_1)| £ 1 — Sge(u(2m*1)+20Wm71)6(02/2)'
(4.6)
We use a backwards induction schema to find an explicit formula:
Take K =T then

Vr(p) = E[H — 0|Fr] = E[H|Fr]. (4.7)
Take K =T — 1 then
EVr(p)ASt|Fr_1] — E[Vr ()| Fr1]|E[AST|Fr_1] + Eler ST X141 Fr—1]

Vi = F|H- AST|Fr_1].
e = E[(AST)?|Fr1] — E[AST|Fr—]? + E[eTS€\}'§,1] T Fr]
4.8
Take K =T — 2 then
E[Vr(p)ASr|Fr_i1] = E[Vr(p)|Fr 1] E[AST|Fri] + Eler St Xr i1 | Fri]
Vi = FH — AS
T 2(90) [ E[(AST)Q‘IT—l] — E[AST|]:T—1]2 n E[ETST|~7:T—1] T
B E[VT—I(QO)AST—I‘FT—Q] - E[VT_1(¢)|}-T_2]E[AST_1|fT_2] + E[GT—IST—1XT|J:T_2] AS |]: ]
E[(AS7-1)?|Fr—2] — E[AST_1|Fr_2]* + Eler—1Sr—1]Fr_2] Tt/ =2/
(4.9)
Take K =T — 3 then
EWVr()ASr|Fr_1] — E[Vp ()| Fr1)E[ASy|Fr_1] + ElerSp X 1| Fr_i]
Vi =F|H — AS
7-ste) [ E[(AST)?|Fr_1] — E[ASy|Fr_1]? + Eler Sr|Fr-1] T
_ EVr_1(9)ASr—1|Fr—2] = E[Vr—1(9)|Fr—2] E[AST_1|Fr_2] + Eler—157-1X7|Fr_2] ASr,
E[(AS7-1)?|Fr—2) — E[AS7_1|Fr—2]? + Eler—1S7—1|Fr—2] -
_ E[Vr_a(p)ASr_o|Fr_3] — E[Vr_o(¢)|Fr_s|E[AST o|Fr_3] + Eler_2Sr— o Xr 1| Fr_3] ASpoalFrd

E[(AS7_2)?|Fr_3] — E[ASt_o|Fr_3)? + Eler—2Sr_2| Fr—s]
(4.10)
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4.1. Value process of a geometric Brownian motion

Note that X7 is not defined for time t up to T.
Take K = 0 then

T
E[Vm(@)ASm‘}-kfl] - E[Vm(QP”}—mfl}E[ASﬂJ-mel] + E[emSmeJrlLmel}
A = F[H— AS,, | Fol.
oly) = £l ; E(AS 21 Fm] — EASmlFmal? + ElemSm| Foni] 1ol
(4.11)
Writing out Vr_1(p) we get
EVr(p)ASr|Fr_i1] — E[Vr(p)|Fr-1]E[ASr|Fr_i1] + Eler St Xr+1|Fr-1]
Vi = F|H-— ASp| Fr_1].
T 1(90) [ E[(AST)2|]:T,1] — E[AST|.FT,1]2 I E[GT?T‘fj)jfl} T| T 1]
4.12
We define some shorthand notation:
E[ASy|Fr_i] = S2erTHoWra+0%/2) _ g o(u(T=1)+oWr1), (4.13)

as A.
Then using that the geometric Brownian motion is independent of the value
process we have

EVr(¢)ASt|Fr_1] = E[Vr(p)|Fr-1]E[AST|Fr_1], (4.14)
such that

Vr_i(p) =
AEWVr ()| Fr_1] — ABVi ()| Fr_i1] + SoeWT+oWr—)e(0"/2) Bler X1 | Fr_1]
E[S% - 25'TST—l + S%_1|}—T_1] - E[ST - ST—1|]:T—1]2 + E[GTST‘fT_l]

% (S7 — Sr—1)|Fr-1).

E[H —

(4.15)
Use linearity of expectation on

E[S2 28787 _1+82 || Fr_1] = E[S2|Fr_1]-2E[SrSr_1|Fr_1|+E[S2_ || Fr_1],
(4.16)
and € is assumed to be predicable with respect to Fj so

E[ETST|]:T,1] == ETSQG(HT+UWT71)6(02/2), (417)

which we will call B.
Then

SoerT+oWr—1) (o /2) Bler Xy 1| Fr_1]
[S%‘foﬂ — QE[STST71|]:T71] + E[S%71|.7‘—T71] — A2+ B
% (S — Sr—1)|Fr-1]

Vr_1(p) = E[H — E

Soe(yTJraWT—1)6(02/2)E[5TXT+1 “/.'.T—l}
T S2e@iTH20Wr—1)¢(20%) — 2G2e(n@T-1)+20Wr_1)¢(207) 4 S2eCu(T-D+20Wr2)¢(e?/2) — A2 1 B
* (ST — ST—1)|‘7:T—1]
= E[H|.FT—1]

= E[H

B Eler X1 |Fr—i]
Soe(#T+UWT—1)e(%02) — QSoe(ﬂ(Tflﬂ”UWT—l) + SOQ(H(T*2)+0'WT—2)€202 —Cr+ E[€T|fT—1]
(4.18)
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4.2. Pricing the value process

Where we used that
A® = E[ASr|Fr4)?
_ (Sge(uT+aWT,1+02/2) . Soe(M(T—l)JraWT,l))z
_ 5616(2/_LT+20WT_1+02) _ QSge(p(QTfl)qLQaWT_1+02/2) + Sge(2y(T71)+2chT_1,
(4.19)
And
gge(uT+aWT-1>6(02> 1 282W(T=DteWr_1) _ g o(W(T=2+eWr1) (4 .90)

which we called Cr for m =T.
The general closed formula for Vi (y) is thus,

Vi(p) = E[H|F]

N i Em—&—lE[Xm—Q—Q‘fm}

352
= Soep(m+1)+0Wm620 _ QSOe;Lm+JWm + Soeu(m71)+2JWm_1€2‘72 _ Cm + €ma1

% (Sge(um—i-awmfl—i-az/% o Soe(,u(nz—1)-‘,—<7V[/m,1))7
(4.21)

In the case where the illiquidity €1 tends to 0. We can define a trading
strategy @ = (X,Y") and observe that V(@) = E[H|Fy].
In the case where the illiquidity €;+; — oo we have

Sk+1...STXT+1

X E
kt1 7 [E[Sk+1|]-"k]...E[ST|}'T_1]

| Fk]- (4.22)

4.2 Pricing the value process

We can derive a risk-neutral measure to price derivative securities. The
derivation follows the standard method found in [Unk] and the references
therein. The important implication of this derivation is that for any risk neutral
measure the illiquidity cost becomes zero.
Stock price under risk-neutral measure
The stock price is given by

dS(t) = a(t)S(t)dt + o(t)S(t)dB(t), te€][0,T], (4.23)

were both «(t),o(t) are adapted. Its integral form is,

t t
S(t) = S(O)ewp[/ a(u)dB(u) +/ (a(u) — 0?(u)/2)du). (4.24)
0 0
Let R(t) be adapted interest rate, and the discounted process
D(t) = e Jo A (4.25)
satisfies .
dD(t) = —R(t)D()dt = —R(t)e” Jo (4.26)
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4.2. Pricing the value process

The discounted stock price is

D(t)S(t) = S(O)exp(/o o(u)dB(u) + /o (a(u) — R(u) — %U(u)2)du), (4.27)

and
d(D(t)S(t)) = (a(t) — R(t))D(t)S(t)dt + o(t)D(t)S(t)dB(t) (4.28)
= a(t)D(t)S(t)(u(t)dt + dB(t)), '
where () — R(1)
u(t) = O (4.29)

where we have used that (dD(t))(dS(t)) = 0. This can be viewed as the price
of risk in the market. -
Using this p, the Z from earlier and B(t) = B(t) + fg w(t)dt we have that

d(D(t)S(t)) = o(t)D(t)S(t)dB(t), (4.30)

which is defined on the measure P with the Radon-Nikodym density Z with
respect to P. Using the Girsanov’s theorem we have that B is a Brownian
motion. From

D(t)S(t) = S(0) + /O o (u)D(w)S(u)dB(u), (4.31)

we have that (D(¢)S(¢)) is a martingale under P.
The undiscounted stock price under P is

dS(t) = R(t)S(t)dt + o(t)S(t)dB(t). (4.32)

See [Unk].

Pricing through the risk neutral measure

Continuing with the stock model dS(t) = a(t)S(t)dt + o(t)S(t)dB(t) we can
construct a hedging strategy. Let X (¢) be the value of self-financing portfolio
with A(t) shares of stock and a differential equation

dX (1) = A)AS(£)+R(E) (X (£)—A()S(1))dt = R(t)X (t)dt+A(t)o(t)S(t)(u(t)dt+dB

Using equation (4.26) and (4.27) we get
d(DWHX (1) = Ao (B)DO)S(0)[u(t)dt + dB(#)] = AR)d(DHS(H). (4.34)
Using equation (4.30) we get
A(D(H)X (1)) = At)o(t)D(t)S(t)dB(t), (4.35)

such that under the discounted stock portfolio the value D(t)X(¢) is a
martingale.

Assume that we have a self-financing portfolio with value (X (¢),t € [0,T1]),
hedging the option V(t) such that X(7') = V(T'). In addition assume that
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4.3. Numerical analysis of illiquidity cost

V(T) is Fr-measurable and assuming the existence of this option. Then as
(D(t)X(t),t € [0,Y]) is a martingale under P we get

D()X(t) = E[D(T)X(T)|F] = E[D(T)V(T)|F]. (4.36)

If we assume an arbitrage free strategy then the value of the option at time t
should be taken as V() = X(t). V(¢) under the risk neutral measure is thus
equal to
D)V (t) = E[D(T)V(T)|F;] t€[0,T], (4.37)
and so
T
V(t) = Ble o FOMyyE) e 0,T). (4.38)

See [Unk].

Pricing a European call option

Assume that we have a European call option, which can be expressed as C' =
(S(T) — K)*. We let the contingent claim be the call option H = (S(T) — K)*
such that

T T
Vi@ =E[H- Y XnASulF]=E[(ST)-K)"— Y X,AS.|F,
m=k+1 m=k+1 (4 39)

" T
— Bl S B ()~ Kyt = S X wAS,)IF
m=T+1
— Fle By — k)|
S(t)N(dy) —e " T=OKN(d_).

(4.40)

Which is the regular Black-Scholes formula. This risk neutral measure makes
the illiquidity cost component of the value process zero. In fact any risk neutral
measure will create a similar situation.

To describe the value process subject to illiquidity costs in a meaningful
way we simply take the expectation under the physical probability measure P
of the European call option such that

Vi(@) = Bl O )R]

T T 4.41
— Ble Jo B0 g1y — Ky — ST XnASw)|Fil. )

m=T+1

4.3 Numerical analysis of illiquidity cost

We now want to compare the value process V;(¢) under the risk neutral measure
with the Black-Scholes formula as its solution against the value process subject
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to the regular expectation seen below.
Vi(®) =S(t)N(dy) —e " TTIKN(d-)

T
- Z €m11 B[ Xm 2| Fm)
5
= Soep(m+1)+JWme§UZ _ QSOe;Lm+GWm + Soe“(m*1)+20Wm—162"2 _ Om + €ma1

" (Sge(um+an71+02/2) _ Soe(,u(m—l)—i-awm,l)).

(4.42)
Where
da(T = #),2) = — () + (£ (T = 1))
—t),2) = ————=(In(— r+ —(T —1t)),
- o/ (T—t K 2
1 x 2 1 o0 2
N(z) — /2 :7/ ~*/2g, (4.43)
(x) 271'/_006 4 \/ﬂ _Ie Y
o
p=r—

The difference between the two value processes is the illiquidity cost

T
- . Emt1 B Xmro| Fm
Vi@ - Vi@ =-> 7 +150Xm 217 m] ;
Soeu(erl)JrUWmeQU _ 2SO€M7R+O'W.,” + Soeu,(m D)+20Wp—1 e20? _ Cm + Ema1

m=k

* (Sge(#m+awm,1+o'2/2) _ Soe(u(m71)+o’Wm,1))'
(4.44)

Since €, is assumed to be measurable with respect to J;_1 we can take it out
of the expectation. We further set E[Xp|F;_1] = 1 for simplicity. One could
compute the conditional expectation as

AXp|Y=Fr_1 = E[XT|Y = ‘Ft—l] = foXT\Y(xLFt—l)v

x

such that F[X7|Y = F;_1] is the mean value of X, when Y is fixed at F;_1.
However since we do not use any empirical data to estimate F[Xr|F;_1] we
just put it to 1 arbitrarily. Indicating that the expected obligated risky stock
to sell at time T is 1 unit. The R-code used to create the following tables and
graphs can be found in Appendices. We will display the illiquidity cost as a
positive value in the following tables.

We used the following parameters to obtain these data from each table
o=0.05K=1,r=0.055(0)=1,5(t) = 10.
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Time

Mliquidity cost

00 ~J O U= W N+~

Ne)

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50

Table 4.1: Illiquidity parameter € = 0.1.

1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041116
1.041115
1.041110
1.040968
1.040728
1.038900
1.034155
1.020368
1.000000
0.000000
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Time

Mliquidity cost

00 ~J O U= W N+~

Ne)

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50

Table 4.2: TIlliquidity parameter € = 0.6.

1.160306
1.160306
1.160306
1.160306
1.160306
1.160306
1.160306
1.160306
1.160306
1.160306
1.160306
1.160306
1.160306
1.160306
1.160306
1.160306
1.160306
1.160306
1.160306
1.160306
1.160306
1.160306
1.160306
1.160306
1.160306
1.160306
1.160306
1.160306
1.160306
1.160306
1.160306
1.160306
1.160306
1.160306
1.160306
1.160306
1.160306
1.160306
1.160304
1.160302
1.160297
1.160220
1.160122
1.158324
1.157111
1.146953
1.138065
1.109465
1.000000
0.000000
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Time

Mliquidity cost

00 ~J O U= W N+~

Ne)

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50

Table 4.3: Tlliquidity parameter € = 1.

3.547406
3.547406
3.547406
3.547406
3.547406
3.547406
3.547406
3.547406
3.547406
3.547406
3.547406
3.547406
3.547406
3.547406
3.547406
3.547406
3.547406
3.547406
3.547406
3.547406
3.547406
3.547406
3.547406
3.547406
3.547406
3.547406
3.547406
3.547406
3.547406
3.547406
3.547406
3.547406
3.547406
3.547406
3.547406
3.547403
3.547401
3.547401
3.547394
3.547392
3.547277
3.545802
3.526572
3.510709
3.477497
3.384790
3.353414
2.544754
1.000000
0.000000
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Discussion of Table 4.1, 4.2 and 4.3 From the formula and data we observe
that at the final time T = 50 there is no illiquidity cost since the X1 in the
illiquidity cost is not defined and taken to be 0. Additionally we assume that
X7 =1 corresponding to having one stock of the risky asset in the portfolio at
time 7.

We see that as the illiquidity parameter increases so does the illiquidity cost.
At € =0.1 and ¢t = 1 the illiquidity cost is 10.41% while at e =1 and ¢ = 1 the
cost increases to 35.47% of the underlying stock price.

It is also evident that time to terminal plays an important role. The
illiquidity cost remain almost constant between time 1 < t < 39 using all
illiquidity parameters, and the largest change occur in the final steps t > 46.
There seem to be an illiquidity saturation range in which only negligible changes
to the illiquidity cost occur. The illiquidity saturation range always starts at
the ¢ = 1 but ends at different times depending on the illiquidity parameter e
and the length of 7'

In our simulation an illiquidity desaturation point with ¢ = 0.1 occurs at
time ¢ = 39 before which the illiquidity saturation range is in effect. For e =1
the illiquidity desaturation point occurs at ¢ = 35. Pinning down the exact
desaturation point can be done by solving the following equation for t and
finding the maximum value for t:

EXL X AS,, | F]
EXF ) X AS | Fi]

m=t+1

Maz (At = ), (4.45)

where At is the rate of change in illiquidity cost, which we want to be
approximately zero.

In reserve calculations one often uses the equivalence principle which states
that the value of premiums must be equal to the value of the pay-outs at time
t = 0. If we applied a similar principle to the value of the portfolio, such that
the value of the illiquidity cost should be equal to an illiquidity premium we
would have a type of risk pricing in an illiquid market.

An economic interpretation A stochastic process that moves randomly in a
state space will given enough time visit all possible states. Some of these states
are scenarios where the market is illiquid to some extend. When you are at
the initial time ¢ = 1 there are the most risk associated with illiquidity in the
future, and at the final time ¢t = T there is no more possibility of entering any
further states. This tells us that the illiquidity cost at the final time should be
zero and largest at the initial time, which we see in our model. We see a rapid
decrease in illiquidity cost towards the end, which corresponds to the number
of state spaces decreases towards the final one.

The observed desaturation point can be viewed within the framework of
the Lindy effect. The Lindy effect proposes that the longer something survives
the more likely it is to have a longer remaining life expectancy. In regards to
illiquidity, an asset is Lindy if it has survived a long time without illiquidity,
then the best future prediction is that it is more unlikely that the stock will
experience illiquidity. The desaturation point is then when the stock becomes
"Lindy" and as more time passes it becomes more "Lindy".

One criticism to this proposed explanation is that the illiquidity regime is
constant in each period, so we are not talking about a risk but rather a certainty.

51



4.3. Numerical analysis of illiquidity cost

Following this logic we would expect that there would be a constant decrease
in illiquidity cost till the final time. If we instead see the illiquidity cost as the
cost of uncertainty for future market illiquidity, then we would expect that the
Lindy effect is present and our explanation fits the observed data.

Limitations of the model The model suffers from a number of limitations
that might shift our conclusions. We will list some limitations and the effect on
the model.

The illiquidity parameter is constant in all periods in this model which
is unrealistic since variation certainly exist, especially in the energy market
which is dependent on many factors such as geopolitical conflict, seasonal
variation, global supply chains etc. However, this model can be used to bound
the illiquidity cost associated with a given portfolio, since we can calculate a
maximum and minimum illiquidity cost for the whole period.

This model is in discrete-time and has quite large jumps towards the final
time. The size of the jumps are primarily due to the assumption of the size
of the final X7 value, which we arbitrarily choose to be 1 for this example.
However, a jump will still occur for X7 > 0 which will be large compared with
the earlier illiquidity costs. This is due to the discrete framework that the
formula is derived in. The most intuitive way to remedy this problem would be
to change from discrete-time to continuous-time. However this would in turn
change the underlying mathematical framework that the explicit formulas are
based on.

The formula is a stochastic formula and the illiquidity cost will change
based on the random walk of the Brownian motion such that for practical
implementation the program should be run thousands of times to establish a
mean and variance on the illiquidity cost in each period. Nevertheless, the
example above does provide a pattern of behavior which each illiquidity cost
run will exhibit.

The formula is time dependent in that illiquidity cost changes quite based
on the length of the time interval. T'= 50 was chosen arbitrarily, but higher
values of T would see the initial illiquidity cost increase substantially, even to
the point where it becomes more than the cost of the entire underlying stock.
It is unrealistic that illiquidity costs could be higher than the underlying stock
and so a illiquidity cost limit has to be imposed to prevent this outcome. A
possible solution could be that any illiquidity cost which is higher than the
underlying stock is simply equal to the value of the stock. Which would result
in the stock not being purchased before a certain point in time.

No method for estimating the illiquidity parameter € is given. The size of €
is of crucial importance when estimating the value of the portfolio and the lack
of a method for finding e limits the real world applications of this framework.
A possible solution to estimating € would be to compare a given portfolio in the
market of interest with itself over time to gauge at which times the illiquidity in
the market is high and at which times it is low based on the underlying stocks
prices fluctuation. This method would only provide a rough estimate of the
illiquidity parameter since changes in the price of the stock is not only due to
illiquidity costs, but also due to randomness and other factors.

Historical data is needed to estimate the conditional expectation E[X;|F;_1],
which could be done by looking at various stock portfolio on a given market and

52



4.3. Numerical analysis of illiquidity cost

examine how many units of stock on average is being held at various times given
some estimate of illiquidity level relative to the size of the portfolio. Obviously
our choice of E[Xp|F;_1] drives the illiquidity cost in that lower values would
cause the illiquidity cost to reduce substantially, and a higher value would
likewise increase the cost. However, we are more interested in the pattern of
behavior that the illiquidity cost takes under this model which is independent of
the size of E[Xr|F;—1]. Further research could be done to elucidate a realistic
estimate for E[X;|F;_1] using the approach outlined above.

Unit linked policy

We decided to use the unit linked policy formula for continuous-time since the
surface of the reserve using the discrete formula became very "blocky" to graph
due to the limited time interval.

The result is thus not strictly mathematically correct, but the graphs do
illustrate the same point in a more aesthetically pleasing way.

Lets assume that a; is almost everywhere differentiable with at most a
discontinuity at the end of the contract t = T" and that Aa;(T) = a;(T)—a;(T—)
is this jump. Assume also that the functions f;, g;,hi; : [0,7] x R — R are
defined as follows

Aal(T) = fl(T, ST), 6(t) = gl(t, St), aij (t) = hij (t, St), t e [O,T]
(4.46)
The mathematical reserve ‘/iJr(t,St) of the contract with the above policy

functions (f;, g; and h;;) linked to the fund S at time t, assuming that the
insured is in state i at time t, is:

ViE(t, Se) :%[Z o(T)psj(t, T)Eg[f; (T, Sr)|F]
JjeJ
+Z/ s)pij(t, ) Eqlg; (s, Ss)| Fi]ds (4.47)
JeJ
+ Z / $)pij(t, 8) ik (s) Eglhjx(s, Ss)| Fi]ds],
G kel k#]
where
o(T)

v(s) v(s)
BT SIIFL S Belay (s SR U Balhys(s 5.1
(4.48)

are the risk neutral prices of European options f;(7, S7) with terminal time
T,g;i(s,Ss) with terminal time s > ¢ and hjx(s, Ss) with s > ¢ respectively.

Let ¢ be the pay-off function and let H = (s, S5;) be the pay-off of an
option at terminal time s. Let price of H with terminal time T be

U (t,5) = 2 Belp(s, S)lo (S0l t € 0,51 (4.49)

where we used that S has the Markov property. See [Ban22].
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The stochastic reserve is then

*(t, Sy) Zp”tT ’(t, S)

Jel

Jjel
+ 0> /putsu]k S)UL™ (¢, Sy)ds].
FRASIN T

We have that the expected value of the contingent claim with illiquidity is
E[H|Fi-1] = Vr(p) and we know the value process at time ¢ = 0 from the
recursive algorithm developed in section (4.1). We let the price of a European
call option at time t be the price of the value process of the European call
option at that time. Such that

U (t.50) = " Bylo(s, So)lo(S)]

v(t)
= 2 EolHlo(sy)
. (4.51)
= g 3 X ASle(S)]
v(t) m=t+1
= @VM)

With this formulation we have included the illiquidity cost into the reserve
calculation.

We switched from the risk neutral measure to the measure used in section
(4.2) which is not a risk neutral measure, since that would eliminate the illiquidity
cost as explained earlier.

Pure endowment with and without illiquidity cost

We can describe a unit-linked endowment without illiquidity cost as follows:

Lets consider a contract of T years for a person who is x years old which
pays the maximum between G and the value of the fund St at terminal time T
upon survival. Such that the pay-off is

H = max(G, Sr) (4.52)

Where G is the guaranteed amount.
Assume that the fund S is modelled by the Black-Scholes model and has
the following policy function

o, te[0,7)
ax(t) = {max(G,ST), t>T. (4.53)

and

Aa.(T) = a.(T) — a.(T—) = f(T, S7) = max(G, St) = (Sr — G)+ + G.
(4.54)
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The price at time t of a European call option is given by

Ur(t,S,) = ij((f))EQ[maﬂc(G,ST)U(St)] = BS(t,T, S;,G)+Ge "I~V (4.55)

where BS is shorthand for the Black-scholes price of the option at time t with
terminal T and strike price G. Then the price of the endowment at time t is

Vi(t, Sy) = p%, (t, T)[BS(t,T,S;,G) + Ge " TV, te0,T]. (4.56)

See [Ban22]. The unit-linked endowment with illiquidity cost is described
similarly but with the U£(t, S;) as defined in (4.51). Such that we have

T
Ur(t, St) :@EQ[max(G,STﬂa(St)] - #E[ Z X AS|o(Sy))]

u(t) (t) m=t+1

T
= BS(t,T,5;,G) +Ge """V —E[ Y X ASulo(Sy)le Y,
m=t+1

(4.57)

Let T = 120 years, G = 1 and let the fund have the following dynamics
o =5%,r=5%.
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Value

Figure 1: Reserve surface of a unit-linked endowment.
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Discussion of Figure 1 The figure describes the reserve surface for the
unit-linked insurance. We see that the larger the value of the fund at the start
of the contract (¢ = 0), the higher the price of the policy. This is reasonable
since the fund outperforms the guarantee G = 1. When the stock price is low
at the beginning we see that it behaves as a regular endowment which increases
deterministic.
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Value

Figure 2: Reserve surface of a unit-linked endowment with illiquidity cost
included where € = 1 and the final expected stock amount was set at
E[Xp|Fr-1] =0.1.

Discussion of Figure 2 The overall behavior of the reserve surface moves
much like the reserve with no illiquidity cost. The significant difference is that
the price level is much lower due to the illiquidity cost. This is most keenly
seen at the beginning of the contract where the reserve becomes negative. A
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lower reserve means that the projected pay-out is lower. A negative price
would indicate the projected pay-out is negative as well, so no costumer would
want to buy such a policy. To compensate for this illiquidity cost an insurer
would have to pay the costumer with an equivalent money pay-out.

Multiple illiquidity parameters

As mentioned earlier the illiquidity parameter ¢ may undergo predictable
periodic changes during the time interval. A real world example of this could
be seasonal change in energy access. One could imagine that solar power
becomes too abundant during summer and is unable to be sold at a positive
price (in fact negative energy prices has been seen in Germany on certain
summer days). The stock of solar companies may experience a certain degree
of illiquidity due to this.

In this section we want to see the effect of 2 illiquidity parameters on the
illiquidity cost.

From time ¢ € [1, z] we have e, while from ¢ € [z + 1,T] we use €.

In general we have:

Cov(Vit1(9), ASks1|Fr) + Elers1Sk11X g2l Fr)

X = 4.58
o Var(ASyy1|Fr) + Elery1Sk+1]F] (4.58)
and .
Vi(@) = B[H— Y X, ASu|Fl (4.59)
m=k+1

specifically the illiquidity cost is

T T ~
- Cov(Vi+1(P), ASkt1|Fk) + Elent1Sk+1 X k12| Fi]
E X,AS,, =F AS,,
[m:zk:+1 - [mgk:ﬂ Var(ASk1|Fr) + Elégt1Skr1]Fi] 7

(4.60)
The recursive nature of X; makes it clear that recursion starts at X 5 which
depends on X9 and has e, associated with it. Then X7 depends on X3 and
X 19 with €5 and so on, until we reach X ;¢ which relies on €;, but the rest of
the recursion X1, ..., X 19 still depends on es.
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Time | Illiquidity cost
1 1.014692
2 1.014692
3 1.014692
4 1.014692
5 1.014692
6 1.014692
7 1.014692
8 1.014692
9 1.014692
10 1.014692
11 1.014692
12 1.014692
13 1.014692
14 1.014691
15 1.014687
16 1.014665
17 1.014311
18 1.013714
19 1.009810
20 1.000000
21 0.000000

Table 4.4: the following parameters were used e¢; = 0.5 for ¢ € [1,10], e = 0.1
for ¢t € [11,20], o = 0.05, S(0) = 1, X7 = 1,7 = 0.05.
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Time | Illiquidity cost
1 1.000072
2 1.000072
3 1.000072
4 1.000072
5 1.000072
6 1.000072
7 1.000072
8 1.000072
9 1.000072
10 1.000072
11 1.000072
12 1.000072
13 1.000072
14 1.000072
15 1.000072
16 1.000072
17 1.000072
18 1.000072
19 1.000071
20 1.000000
21 0.000000

Table 4.5: the following parameters were used €¢; = 0.5 for ¢ € [1,10], e = 0.1
for t € [11,20], 0 = 0.05, S(0) =1, Xy = 1,r = 0.05.

Discussion of table 4.4 and 4.5 From both table 4.4 and 4.5 we see that
each added recursive link to X; produce less and less of an effect on the
illiquidity cost. Such that e; impacts the cost much less than e;. Having the
second half of the time interval be governed by a smaller illiquidity parameter
makes the effect of later increases in the illiquidity parameter negligible.
Another effect that becomes evident is that reducing the length of the time
interval decreases the illiquidity cost substantially as compared with the
previous tables (4.1,4.2 and 4.3).

We observe the familiar desaturation point in both tables like we did in the
table 4.1, 4.2 and 4.3.

Linking a Brownian motion to the illiquidity parameter

In this section we want the illiquidity parameter to depend on a Brownian
motion € = f(B;) where

.5 wh 1(By) (-
fle) = {03 vhen B0 (4.61)
1 when l(Bt)[O,oo)

Where 1 is the indicator function.
The program used generated the following illiquidity parameter

e=[0511050.50510.50.50.50.50.50.50.50.50.50.51 1]
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which gave the following data:

Time | Illiquidity cost
1 1.047070
2 1.047070
3 1.047070
4 1.047070
5 1.047070
6 1.047070
7 1.047070
8 1.047070
9 1.047070
10 1.047070
11 1.047070
12 1.047070
13 1.047070
14 1.047069
15 1.047066
16 1.046982
17 1.045400
18 1.027774
19 1.000000
20 0.000000

Table 4.6: the following parameters were used € = 1 for 1(B;)(—sc,0, € = 0.5
for 1(By)j.0q], @ = 0.05, S(0) = 1, X7 = 1,7 = 0.05.

Discussion of Table 6 We see a familiar pattern of a desaturation point at
time t = 14, and a rapid decrease until time ¢ = 20. X carries the largest
impact on the illiquidity cost and subsequent terms are contribute much less.
According to this model illiquidity cost is almost independent of the illiquidity
risk at any other time than the last couple of time periods.

Economic interpretation Tying the illiquidity parameter to a Brownian
motion illustrates a market going through random economic shocks in which
the illiquidity shoots up. It also captures the idea that there is a certain
"stickiness" to economic shock, such that when the Brownian motion is highly
positive it becomes less likely that it will become negative and change the
illiquidity parameter in the next period. A real world could the housing crisis
in 2008, which made banks less willing to buy housing derivatives causing a
regime of higher illiquidity in the housing market. [GH20]

4.4 Non-linear supply curves
Let the supply curve Si(z) = (Si(x), ..., S¢(z?)) be non-linear. Then

Si(x7) = S|+ 27 xSy, (4.62)
is an example of a non linear supply curve.
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We once again assume that S is a non-negative semimartingale price process
and €, = (€x)k=0,1,...,7 is a positive deterministic R valued process, s.t. the
price process does not take on negative values. For the sake of simplicity and
easy of notation we shall consider one asset x at a time k, such that the
non-linear supply curve becomes:

SE(x) = Sk + x2erSk. (4.63)

The following lemmas, theorems and proofs can also be applied to the case of d
number of assets, but the notation become quite unwieldy.

Returning to Schwiezer et al. [LPS98] we will rework the bounds and check
whether their conclusions can be proven for the non linear supply curve.
Assume S has substantial risk, i.e. there is a constant ¢ < oo such that

2
Sk—l

—————— <c¢ P-as. for k=1,...,T. 4.64
E[AS2|Fy—1] (164

Lemma 3 Assume S has substantial risk. Then:
1. ©(5*) 2 O(S) for every z € T.

2. Vi¥(¢) € L*(P) for k =0,1,...,T, for every z € I and for every strategy
®.

3. X418, € L3(P) for k =0,1,...,T, for every X € O(9).
4. Cr(p) € L*(P) for k =0,1,...,T and for every strategy (.
Proof:

By definition of S*, we have

XkAS}f = X, S, + kaieksk — XpSep_1 — kai_leksk,1

4.65
= X ASy + Xper, A2 Sy 1 + Xpepxi ASy, (4.65)

X, Tx—1 and € are bounded by 1, and we remind ourselves that O(Y) is a
space of all predictable processes X = (Xj)r=1,... 7+1 such that

X, AYy € L?(P) for k=1,...,T. Then 1) follows from 3) since

XpeprAx2S,_q € L2(P) for k=0,1,...,T and so every X;ASy € L?(P) is also
in X;AS] so ©(5*) 2 O(S)

The definition of V*(¢) is

V() = X 1SE + Vi < Vi) + Xp12261.Sk < V(@) + Xp 1Sk,  (4.66)
since Vi(¢) = Xp 1Sk + Y3 € L2(P) for k =0,1,..,T and x, e, < 1 we have

that 2) follows from 3).
The cost process is defined as

k k
C(p) =Vi(p) = > _x;AS; + e > Sj|Azjpl, (4.67)

Jj=1 Jj=1

which implies that
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4.4. Non-linear supply curves

ACk(p) = AVi(p) — XpASk + €Sk |AX k1]
= Xk+1(sk + ekkak) +Y, — Xk(Sk; + éka‘kSk) - Y.
_ Tp(Xpq1(Sk + erwpSk) + Y — X3 (S + g2 Sk) — Y1)

Lk (4.68)
- Xk41Sk + Xk+1€k$i5k + Y, — XS + ekxib‘k —Y. 1

T

_ AVE(p) — XiAS

9

Lk

as x — 0 then ACk(¢) — oco. We have to impose the condition that x
cannot go to zero then the above (4.68) shows that 4) follows from 2) and 1).
3) is proven by the assumption of substantial risk i.e.

52
El(Xk1S0)%] = El(Xi1 ASki1)* prags”

m] S CE[(Xk+1ASk;+1)2] < 0Q.

(4.69)

Proposition 4 Assume that S has bounded mean-variance tradeoff and
substantial risk. Fix € I' and assume that there is a constant C' > 0 such that

Var[AS;|Fi—1] > cVar[ASg|Fi—1] P-as. for k=1,..,T. (4.70)

Then S® has bounded mean-variance tradeoff, and ©(S*) = ©(95).

Proof:

We first show that (4.70) implies that S® has bounded mean-variance trade off.
This will be the case if

(E[ASE|Fe-1])? < cVar[ASk|Fx—1] P-as. for k=1,..,T. (4.71)
We have that

ASY = Sy + x3e S — Sk_1 — 5 €exSk1

4.72
=AS; + EkA{E%Skfl + EMC%AS/C. ( )

Then

(ASE)? = (ASk + ex A2 Sk—1 + exzp ASE)?
= (AS)*wier + 2(ASK) wher + (ASK)? + 2ASp Augxjer + (A7) Si_ 63
= S}%Z‘ifi =+ QSixiek + S}% - ZSk—lskxixi_lﬁi — QSkSk_lxiEk

— QSkSkflxiilek —25,5k—1 + Sﬁ,lxﬁflei + 2S}%71$i6k + 5;371-
(4.73)
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4.4. Non-linear supply curves

and assuming linearity of expectation, xx, zr_1 < 1 and Sj is measurable w.r.t.
the filtration F we get that

E[(AS))|Fr-1]? < G E[Si|Fr—1] + 261 B[S} | Fi—1] + E[SE|Fr—1]
— 263 E[Sk|Fr-1]Sk—1 — 25 E[Sq| Fr—1]Sk—1 — 2€x E[SF| Fr—1]Sk—1
— 2B[SE|Fk-1]Sk—1 + €257 _1 +2€,S;_1 + Si_;
= (14 2¢x + €) E[ASH Fr—1] — 2(1 + 2¢x, + €2)Sk—1
< constant. E[AS?|Fr_1]]
< constant.(1 + cpryr(0))Var[AXy| Fr-1],
(4.74)

Where we used that € is bounded by 1, then (4.71) and (4.64).

We had from Lemma 3 that ©(5%) D 9(5), so we have to show that

O(S) 2 O(S*). We again let S* = S§ + M”* + A” be the Doobs decomposition
of §* such that

X}cAS,f = XkAM]f + X AAT = XkAM,f + XkE[AS£‘fk,1], (4.75)
and
Var[ASE|Fr_1] = E[(AMY)?| Fr_1]. (4.76)

In this case S* has bounded mean-variance tradeoff, (4.71) gives that

X € ©(5?) if and only if X,AMF € L*(P) for k =1,...,T which will be
written as X € L?(M?) The same is true for X = X°. When X is predictable
and (4.70) holds, then

E[(XkAMk)2|]:k_1)] = ngaT[AXkLFk—l]
1
< EX,fvar[AS,ﬂfk_d (4.77)

1
= EE[(XkAM,f)2\]-"k_1].

This implies that L?(M®) C L?(M), then ©(S*) C O(S) since both have
mean-variance tradeoffs which are bounded.
This completes the proof.

Proposition 5 If there is a constant 6 < 1 such that

E[S|Fr—1]

2 Lt Rkl -
N Var[ASe| Fr_i]

<¢§ P-as. for k=1,..,T. (4.78)

Then (4.70) holds simultaneously for all ¢, with
2 AzEVar[Sk_1|Fr-1] n ezt Var[ASy|Fr-1]

c=(1+
( Var[Sk,1|]-'k,1] VaT‘[ASkU:k,ﬂ
_9 \/VGT[AS/C,1|fk,1]VaT[€kA.%‘iSk,1|.7:k71]
VaT[ASkU:k_l] (4 79)
_ 2\/Va’I“[ASk,1|.7‘—}€,1]VCLT[6]C.”L'%AS;€‘]:]€,1] ’
Var[ASk|Fi—1]

_9 \/Var[ekAx%Sk,l|fk,1}Var[ekxiASk|}'k,1] )

VCLT[ASM.Fk_l] '
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4.4. Non-linear supply curves

Specifically, (4.78) has bounded mean-variance tradeoff and substantial risk
and if x satisfies

422 (1 + 2epv7(0) 4+ 2¢sr(1 + earyr(0)) < 1. (4.80)

Proof:
We know that S§ = Sy(1 + z7€x) and leaving aside the Fj_;-measurable terms
from the conditional variance yields

Var[ASE|Fr—1] = Var[ASy, + ex Az Si_1 + ex 27 ASk| Fr_1]
= Var[ASk|Fi_1] + Var[ex Azt Sk _1|Fe_1] + Var[exzs ASk|Fi_1]
+ 2C00[ASk, e, Ax3 Sy 1| Fr_1]
+ 2C0ov[ASy, €27 ASk| Fi_1]
+ 2Cov[ex Az} S—1, €427 ASk | Fr_1]
> Var[ASg|Fr_1] + Var[e,Axi Sy _1|Fr_1] + Var[exri ASy| Fr_1]

- 2\/VQT[ASk_1 |]:k_1}va7‘[€kAxiSk_1|fk_1]

— 2\/Var[ASk_l|]:k_1}Var[ek:17iASk|}"k_1]

— 2\/Var[ek.AziSk_1 | Fe—1]Var(exa? ASk|Fr_1],
(4.81)

where we used the formula Var(3_; A;) =3, Var(A;) + 232, Cov(4;, A;j)
and the Cauchy-Schwartz inequality.
Use now

VarlASE|Fr-1] < cVar[ASk| Fr-1] (4.82)
and (4.81) such that

cVar[ASk\}-k,l] > Var[ASkU:k,l] + Var[ekAm%Sk,ﬂ}'k,l] + Var[ekxiASk\}-k,l]

— 2\/VLL7”[AS]€_1 |]:k_1}Va7“[€kAl‘iSk_1 ‘.Fk;—l]

— 2\/VLM”[AS]€_1 |fk_1]Va7“[€kl‘%ASk|}—k_1]

— 2\/Var[ekAxiSk_l|fk_1]Var[ekxiASk\fk_1]
= E[AS?|Fi_1] — E[ASk|Fr_1]?

+ ER ATV ar[Sp_1|Fre_1] + €2tV ar[ASg|Fr_1]
- 2\/V&T[Ask_l|]:k-_1]VaT[€kA$iSk_1‘fk_l]

- 2\/V&T[Ask_l|fk_1}VaT[€kx%ASk|}—k_1]

— 2\/Var[ekAa:iSk_1 |}"k_1]Var[ekx%ASk | Fr—1],
(4.83)
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where we used the Cauchy-Schwarz inequality. Then let
ErATEVar[Sk_1|Fr-1] = e2x3Var[ASg|Fr_1]
Var[Sk,1|]-'k,1] VaT‘[ASkU:k,ﬂ

_9 \/VCLT[AS/C,1 |.7'—}€,1]VGT[€]€A.Z‘%S/€,1 |]:k71]
VaT[ASkU:k_l]

c=(1+

5 (4.84)
_9 \/VaT[ASk,1 |fk,1]VaT[6kkaSk‘fk,1]
Var[ASk|Fi—1]
_9 \/Var[ekAx%Sk,l|fk,1}Var[ekxiASk|}'k,1] )
VCLT[ASM.Fk_l] '
Then plugging (4.84) into (4.83) we get
E[AS|Fr—1]? > carvr(0)Var[ASk| Fr_1]. (4.85)
Finally, we have
E[S]%‘fk_l] < VaT’[ASH]:k_ﬂ + (Sk—l + E[A5k|fk_1])2
Var[ASk|Fr-1] — Var[ASy| Fr—1]
- VaT[ASkU:k_ﬂ + 25,%_1 + QE[ASk‘.Fk_lp
- Va’l“[ASkl.Fk_l]
< Var[ASg| Fr—1] + 2csrVar[ASk|Fr—1](1 + erprvr(0)) + QE[ASk|fk_1]2
- VaT[ASk|fk,1] ’
(4.86)

which completes the proof.

It should be noted that the conditions for ¢ and Lemma 3 are very restrictive,
such that the class of supply curves which satisfy them in a real market may be
very small indeed.

With these properties in place the rest of Schweizer et al. [LPS98] conclusions
follows. Namely Theorem 1 and Theorem 2 highlighted earlier.

Theorem 4 Let S have bounded mean-variance tradeoff, substantial risk,
satisfy (4.78) and

Var[AXg|Fro1] >0 P-as. for k=1,..T. (4.87)

Then for any contingent claim (X741,Y ) there exist a LRM strategy

©* = (X*,Y*) where X}, | = Xpyq and Y =Y.

Where X* can be characterized as follows: There exists a process 6* € I' such
that we can define v € ' by

vk = sign(Xi — X7) +0iIx;, —x; for k=1,..,T,31 (4.88)
and
Vi (") = V(o) + en(sign(Xiyy — Xi) + 0plxp, =x; ) Xit1 Sk (4.89)
then

_ Cov(AVY (¢*), ASY|Fr—1)

X*
k Var[ASY|Fi_1]

P-as. for k=1,...,T. (4.90)
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4.5. Conclusion

Proof:

The proof of Theorem 4 is the same as the proof Theorem 1 since the
construction of X' does not depend on the non-supply curve. The exact proof
can be found in section 3.4 on page 31.

Theorem 5 Assume the conditions of Theorem 4. The strategy ¢* is a LRM
for the price process S inclusive of illiquidity costs is then also the strategy
which is locally risk-minimizing for the price process SV without illiquidity
costs, where v is given by (4.88)

Proof:

The proof of Theorem 5 with a non-linear supply curve follows exact same
argument as in Theorem 2.

The proof starts by assuming that the illiquidity parameter ¢, is equal to zero
which makes the linear and non-linear supply curve coincide, and the rest
follows by virtue of making the non-linear supply curve obey the same bounds
as the linear supply curve does, namely (4.64), Lemma 3, (4.70), (4.71) and
(4.78). Then the exact same recursive argument can be used on the non-linear
supply curve to show that the LRM strategy ¢* with illiquidity costs is equal
to the same strategy for the price process SV without illiquidity costs.

The complete proof can be found in section 3.4 on page 33.

We could use similar arguments on a non linear supply curve of a higher order
polynomial and the theorems would still hold true, however the bounds would
become even more restrictive and you would in all likelihood not be describing
a set of price processes which exist in reality.

The neat thing about this approach is that you only assume that S is
square-integrable along with the bounds, so even though it seems rather
restrictive it might ultimately be less so than other approaches, which must
impose additional conditions on the supply curve such as convexity.

4.5 Conclusion

We found that the illiquidity cost associated with the value process followed a
similar pattern under the various illiquid scenarios. The illiquidity cost is
almost constant until a desaturation point occurs, then the illiquidity cost
decreases rapidly before it reaches zero at the terminal time. In regards to the
size of the illiquidity cost we found that increasing the time interval length and
the illiquidity parameter € both increases the illiquidity cost.

The largest cost components are always the first few expressions following

X T—1 in

Cov(Vir1 (D), ASk1|Fi) + Elers1Sk1 X y2| Fi)
Var(ASky1|Fr) + Elex+1Sk11]Fi]

X1 = (4.91)

Such that X7_o contributes much more to the cost than Xp_s, which
contributes much more to the cost than Xp_4 and so on. This is the reason for
the desaturation point, since illiquidity cost terms before a certain time adds
next to nothing to the cost.

The illiquidity cost causes the unit linked policy reserve surface to become
negative at the initial point, for low fond values. In comparison to the reserve
surface of the unit linked policy without illiquidity costs we saw that the whole
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reserve surface was suppressed by the illiquidity cost, in particular at the initial
time.

The model developed by Christodoulou captures many intuitive aspects of
illiquidity such as the time dependence, the illiquidity parameter dependence
and the dependence on the length of the time interval. It would be interesting
to compare the model to data from the energy market and see whether the
model can retrodict the illiquidity parameter of the market in various periods.
Additionally one could expand Christodoulou’s model into a non-linear supply
curve setting using non-linear stochastic calculus.

We found that the framework of Schweizer et al. could be extended to a
non-linear supply curve setting by imposing additional conditions on x in
Lemma 3 and c in Proposition 5.
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R codes
Code for Table 4.1,4.2,4.3

#parameters

T =50

SO <- 1

sigma <- 0.05

mu <- r- sigmaxx2/2

xi <- 0.6

x = 10

K=1
r=20.05

X <- rep(0,T)
X[T] <- 1

#I1liquidity formula

for (i in seq((T-1),0,-1)){
Bt = sqrt(t)*cumsum(rnorm(T-1,0,1))
St = SOxexp(muxi+sigmaxBt+sigma™2/2)
Stl = (SO*x2)xexp(2*xmuxi+2xsigmaxBt+2xsigma™2)
St2 = (SO*x2)xexp(mux(2xi-1)+2*xsigma*xBt+sigma”~2/2)
St3 = (SO*x*2)xexp(2xmux*(i-1)+2*xsigmaxBt)
St4 = (SO*x2)xexp(mux(i)+sigmaxBt+sigma”2/2)- SOxexp(mux(i-1)+sigmaxBt)
St5 = - (SO*x4)xexp(2xmuxi+2*xsigmaxBt+sigma”2)
-2+ (SO**3)xexp (mux (2*xi-1)+2xsigmaxBt+sigma™2/2)
+(S0*x2)xexp (2«mux(i-1)+2+xsigmaxBt)
X[i]<- (Stlilxxi[il*X[i+1]1/(St1[i]-2*St2[i]+St3[1i]+St5[1i]+xi*St[i]))*St4[i]
}

result <- rep(0,T)

result[]=X[T]

result[T] = 0

for (i in seq((T-2),1,-1)){
result[i]=result[i+1]+X[i]

}

#Black-Scholes function
BS <- function(t,T,x,K){
dl <- (log(x/K)+(r+0.5%sigmaxsigma)=*(T-t))/(sigmaxsqrt(T-t))
d2 <- (log(x/K)+(r-0.5«sigmaxsigma)*(T-t))/(sigmaxsqrt(T-t))

return(xxpnorm(dl) -Kxexp(-r*(T-t))*pnorm(d2))
)

BSE <- function(t,T,x,K){ return(BS(t,T,x,K)+Kxexp(-rx(T-t)))}
for (i in seq(0,T,1)){

print(BSE(i,T,x,K)-exp(-rx(T-1i))=*result[i])
}
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for (i in seq(0,T,1)){
print(BSE(i,T,x,K))
)

Code for Figure 1 and Figure 2

#transition rates
a <- -9.13275

b <- 0.0809438

Cc <- 0.000011018

#Gompertz-Makeham law
mort <- function(u){
return(exp(a+bxu-c*xu~2))

}

#Survival probability: s to t

surv_prob <- function(s,t){
mu <- b/ (2xc)
sigma <- sqrt(1l/(2xc))
#if(s>t){ return("s>t") }
val <- exp(-sigmaxexp(a+(bxb)/(4xc))*sqrt(2+3.14)x*
(pnorm((t-mu)/sigma,0,1)-pnorm((s-mu)/sigma,0,1)))
return(val)

}

#model parameters
T=21

SO <- 1

sigma <- 0.05

mu <- r- sigmaxx2/2
xi<-1

x =10

sig = 0.05

K=1

r=20.05

X <- rep(0,T)
X[T] <- 0.1

#surface for pure endowment

h <- 1/12

time <- seq(0,T,by=h)

n.t <- length(time)-1

fund <- seq(0,2,by=0.1)

surf <- matrix(rep(0, (length(time))x*(length(fund))), nrow=length(time))

for(i in 1:length(time)){
for(j in 1l:1length(fund)){
intl <- function(s){
result <- rep(0,length(fund))
}
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val <- surv_prob(x0+time[i],x0+s)*mort(x0+s)*
BSE(time[i],s,fund[j],G)
return(val)
}
surf[i,j] <- as.numeric(integrate(intl,time[i],T)[1])
}
h

#surface for pure endowment with illiquidity cost

h <- 1/12

time <- seq(0,T,by=h)

n.t <- length(time)-1

fund <- seq(0,2,by=0.1)

surf <- matrix(rep(0, (length(time))x*(length(fund))), nrow=length(time))

for(i in 1:length(time)){
for(j in 1l:1length(fund)){
intl <- function(s){
result <- rep(0,length(fund))
result[]=X[T]
result[length(fund)] = 0
for (h in seq((length(fund)-2),1,-1)){
result[h]=result[h+1]+X[h]

)

val <- surv_prob(x0+time[i],x0+s)*mort(x0+s)*
(BSE(time[i],s,fund[]j],G)-result[h])
return(val)
}
surf[i,j] <- as.numeric(integrate(intl,time[i],T)[1])
}
}

Code for Table 4.4 and Table 4.5

T =21

SO <- 1

sigma <- 0.05

mu <- r- sigma¥x2/2

.05

si 0
r .05

|| (e}
o |l

X <- rep(0,T)
X[T] <- 1

xi rep(0,T-1)

vl = ¢(1,2,3,4,5,6,7,8,9,10)

vll = c¢(11,12,13,14,15,16,17,18,19,20)

v2 = ¢(0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5)

73



4.5. Conclusion

1,1)
,0.1,0.1,0.1,0.1,0.1,0.1)

xi[v1ll] = v2

for (i in seq((T-1),0,-1)){
Bt = sqrt(t)*cumsum(rnorm(T-1,0,1))
St = SOxexp(muxi+sigmaxBt+sigma”2/2)

Stl = (SO*x2)*exp(2xmu*xi+2+xsigmaxBt+2xsigma”™2)

St2 = (SO*x2)xexp(mux(2+i-1)+2*xsigma*xBt+sigma”~2/2)

St3 = (SO**2)*exp(2*xmux(i-1)+2+sigmaxBt)

St4 = (SO*x2)xexp(mux(i)+sigmaxBt+sigma”2/2)- SOxexp(mux(i-1)+sigmaxBt)

St5 = - (SO*x4)xexp(2xmuxi+2*xsigma*xBt+sigma2)
-2%(SOx*3)xexp (mu* (2xi-1)+2+xsigmaxBt+sigma”2/2)
+(S0*x2)xexp (2«mux(i-1)+2+xsigmaxBt)

X[1i]<- (St[ilxxi[il*X[i+1]/(St1[i]-2+St2[i]+St3[1i]+St5[1i]+xi*St[i]))*St4[i]

}

result <- rep(0,T)

result[]=X[T]

result[T] = 0

for (i in seq((T-2),1,-1)){
result[i]=result[i+1]+X[i]

}

Code for Table 4.6

#parameters

T =20

SO <- 1

sigma <- 0.05

mu <- r- sigmaxx2/2
r =0.05

X <- rep(0,T)
X[T] <- 1

xil <- 1
xi2 <- 0.5

xi <- sqrt(T)*cumsum(rnorm((T-1),0, 1))
xi <- ifelse(xi < 0, xil,xi2)

#I1liquidity formula

for (i in seq((T-1),0,-1)){
Bt = sqrt(T)*cumsum(rnorm(T-1,0,1))
St = SOxexp(muxi+sigmaxBt+sigma”2/2)
Stl = (SO*x2)*exp(2xmu*xi+2+xsigmaxBt+2*xsigma”™2)
St2 = (SO*x2)*exp(mux*(2xi-1)+2+sigmaxBt+sigma”2/2)
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}

St3 = (SO*x2)xexp(2xmux(i-1)+2*xsigmaxBt)
St4 = (SO*x2)xexp(mux(i)+sigmaxBt+sigma”2/2)- SOxexp(mux(i-1)+sigmaxBt)
St5 = - (SOxx4)xexp(2*muxi+2*xsigma*Bt+sigma™2)

-2+ (SOx*x3)xexp (mux (2xi-1)+2xsigmaxBt+sigma”2/2)
+(SO*x2)*xexp(2«mux(i-1)+2+xsigmaxBt)
X[il<- (St[ilsxi[i]*X[i+11/(St1[i]1-2*%St2[i]+St3[1]+St5[1]+xi*St[i]))*St4[i]

result <- rep(0,T)
result[]=X[T]

result[T] = 0

for (i in seq((T-2),1,-1)){

}

result[i]=result[i+1]+X[i]
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