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Abstract

The theory of multi-view geometry concerns the reconstruction of a landscape
from multiple images.

We will analyze the reconstruction of P? from n images, for n = 2,3,4. A
reconstruction of P? consists of finding a surface S C (P')" and a birational
map « from S back to P2, when S is embedded into P?"~! using the Segre
embedding. When n = 2, then S = (P!)? and « is a projection from a specific
point ¢ on S in P2. When n = 3 and n = 4, then S C (P1)", and « is a
projection from the span (C), restricted to S, where C' is a curve in S in P2" 1.

As we will see, when the number of images used to reconstruct P? increases,
there is less ambiguity in the reconstruction. We will analyze the ambiguity for
n = 2,3,4 images.
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CHAPTER 1

Introduction

Multi-view geometry is the geometry of multiple images. The theory concerns
how to reconstruct a 3-dimensional (3D) landscape from 2D images of the
landscape. When taking an image, we obtain a projection from a 3D space to a
2D plane. Thus, from multiple images, we obtain multiple projections.

In this thesis, we will study 1D images of the 2D plane. The images are
obtained by projections from points in the plane. The question is whether we
can reconstruct the plane from these images. We will consider the reconstruction
of the projective plane and get:

Problem. Can we reconstruct the projective plane P? based on 1D images
from camera centers in P??

We are interested in finding a unique reconstruction of P2. The reconstruction
is based on 1D images from different camera centers ¢; € P2, i.e. projections
mg @ P2 — P'. We will consider n camera centers, for n = 2,3,4. By
composing an image from each camera center, we can identify points in (P!)"
that corresponds to points in P2.

Definition 1.0.1. A reconstruction of P? is obtained, if we can find:

i) a surface S C (P')" birationally equivalent to P?, where S consists of
identified points in (P!)" from each 1D image, and

ii) an inverse birational map o : S --» P2,

It may be tedious to determine S based on identified points in (P)", thus we
can embed identified points into P2"~! using the Segre embedding, and search
for S and a in P?"~!. When embedded into P?"~! § = (S) N (P)", where (S)
is the span of S, i.e. the intersection of all projective subspaces containing S.

When n = 2, then S = (P!)?, as P? and P! x P! are birationally equivalent.
To find a we embed S into P?, where the image of S is the quadric Q in P3.
Then, « is the projection from the point ¢ € @, where ¢ is the image of the line
between the two camera centers qo,q1 € P?, i.e. ¢ = p(gogr). The projection
from any point on the quadric is birational to P?, thus to find o we need to find
the specific ¢ = p(qoq1)-

When n = 3, then S C (P*)3. To find S we want to identify enough points
in (P')3, such that they span a PS when embedded into P7, as the image of
S spans a P% in P7. To find « in P7, we search for a curve C of degree 3 that
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spans P2. However, there are two different classes of curves of degree 3 that
spans P3. Thus to find o we need to find the right class. The map a will be
the projection from (C) = P3, restricted to S.

When n = 4, then S C (P*)%. To find S we want to identify enough points
in (P')*, such that they span a P!° when embedded into P'%, as the image of S
spans a P, To find a in P!, we search for a curve C of degree 8 that spans
P7. Then, a will be the projection from P7 O C, restricted to S.

For n =3 and n =4, as S C (P!)" is strictly contained, we need to identify
enough linearly independent points to determine S in P?"~!. If we cannot
identify sufficiently many linearly independent points, we cannot uniquely
reconstruct P2. However, we might identify some points or a curve in P21,
that corresponds to points or curves in P2. We call these critical configurations of
points. We will classify different critical configurations and study the information
we obtain regarding P? in these cases.

We find that the reconstruction of P2 might be ambiguous for both n = 2 and
n = 3, even after S is identified in P2"~!. For n = 2, there exists a birational
map to P? from every point on the quadric in P2, & may be any of these maps.
Hence, it is crucial to find the exact point ¢ = p(qoqi) to reconstruct the P?
we started out with. For n = 3, a is the projection from the span of a curve
of degree 3 in PS. But such a curve may belong to either of two classes. Thus,
to uniquely reconstruct the P? we started out with, it will be crucial to find
a curve of the right class. For n = 4, if we can find S, there is no ambiguity.
Thus, n = 4 is the least amount of images required to uniquely reconstruct P2,

1.1 Outline

In [Chapter 2] we consider some useful results regarding the Segre embedding,
divisors, the Picard group and the Chow ring.

In we consider the reconstruction of P? from two projections,
where each projection is an image from a camera center g; € P2. As S = P! x P!,
the problem of reconstruction is reduced to finding ae. We describe the birational
map between the projective plane P? and the image of S when embedded into
P3. Thereafter, we study the correspondence between curves in P? and curves
in the image of S in P3.

In we consider the reconstruction of P? from three projections,
where each projection is an image from a camera center ¢; € P2. In this chapter,
we are looking for the surface S C P! x P! x P! birationally equivalent to P2,
and the inverse birational map « from S to P?. To determine S in P we need
to identify enough points so that they span a hyperplane of P7. If they do not,
the reconstruction will be ambiguous. Lastly, we end the chapter by classifying
different critical configurations of points and study the information we obtain
about P? in these cases.

In we consider the reconstruction of P? from four projections,
where each projection is an image from a camera center ¢; € P, In this chapter,
we are looking for the surface S C P! x P! x P! x P! birationally equivalent to
P2, and the inverse birational map « from S to P2. To determine S in P'®, we
want to identify enough points so that they span P!°. The chapter ends with a
classification of different critical configurations, cases where the points do not
span P'0, and study the information we obtain about P? in these cases.

2
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1.2 Prerequisites

We will assume familiarity with algebraic geometry at the level of [Har77]. The
thesis is self-contained, presenting the definitions and results we need.

1.3 Further questions

We have yet to describe how to find the curve C' that is necessary for finding «
in P2"~1. Although relevant, this will not be discussed in this thesis.

Further, we have studied a reconstruction of the projective plane P? based
on 1D images. An interesting generalization would be to study a reconstruction
of the projective space P? based on 2D images. However, such a generalization
is not included.



CHAPTER 2

Preliminaries

In this chapter we first recall some useful results regarding the Segre embedding,
then we move on to describing divisors, the Picard group and the Chow ring.

2.1 The Segre embedding

The Segre map oy, ,,, is a map from the product of two projective spaces P" x P™
into the projective space P("m+n+m) i o

Onm 2 P X P — Pvm)Fntm (2.1)

Given the homogeneous coordinates [z] = (zg: -+ xy,) and [y] = (Yo : -+ : Ym)
in each projective space P" and P respectively, the Segre map becomes

Tnm([2], [Y]) = (woyo -+ s wayy = -+ Tnym) (2.2)

where x;y; represents any coordinate such that 0 <7 <nand 0 < j < m.

The double indexing in makes it possible to represent the coordinates
of all points in the image of oy, ,, as entries in a (n + 1) x (m + 1)-matrix. This
is shown in , where we denote the matrix as M.

ToYo ToYr ... ToYm
M= (xg::2:)Wo: " Ym) = . : :
TnYo TnYi - TnYm
too tor .- tom
= (2.3)
tho tni oo tom

All entries ¢; ; in (2.3)) are homogeneous coordinates in the projective space
PrmAntm) “indexed by pairs (4,7) with 0 <i <nand 0 < j < m.

Definition 2.1.1 (Closed embedding). A morphism ¢ : X — Y is a closed
embedding if X is isomorphic to the image ¢(X) which is closed in Y.

4



2.2. Divisors

Proposition 2.1.2 (, Proposition 5.20). The Segre map oy, ., is a closed
embedding of the product P x P™ into PV T7Tm  The image, usually denoted
Sn,m;s Of Onm 15 the locus where the 2 x 2-minors of the matriz M vanish. Sy, .,
will therefore be a projective variety called a Segre variety.

In more generality, the Segre map extends to an embedding of multiple
projective spaces, by repeated application of [Proposition 2.1.2f above.

Pnl X e X IF)’nk N ]P;((’I’L1+1)(’nk+1))71

2.2 Divisors

Let C be a non-singular curve in P2. For each line L; € P2, the intersection
C' N L; is equal to a finite number of points on C'. We can obtain the number
of intersection points by the following theorem.

Theorem 2.2.1 ([Har77], Theorem 7.7-Corollary 7.8 (Bézout’s theorem)). Let
Y, Z be two distinct curves in P? of degree u, v respectively. If Y N Z contains
finitely many points, then Y N Z = { Py, ... P.} will be the intersection points
of Y and Z and consists of u - v points, counting with multiplicities.

Let d be the degree of C'. Then from [Theorem 2.2.1] we know that C'N L;

will contain exactly d points, when counting with multiplicities. Thus,
cn Ll = Z Clej (24)

where P; € C represents the intersection points and a; € Z is the number of

multiplicities of each point. In fact, is called a divisor on C.

Definition 2.2.2 (Divisor). A divisor D of a variety X is a finite formal sum of
irreducible subvarieties Y; C X of codimension 1, i.e.

D =) aY; (2.5)

where a; € Z. The divisor D is an effective divisor if all a; € D are non-negative
in [Equation (2.5)

We define Div (X)) as the group of divisors D; of X.

Div(X) =P Di = {>_aYi|a; €Z,Y; C X}
i€l

Then in for each L; in P2, we obtain a new divisor on C.
Such that Div(C') contains the group of all divisors of C.

The group Div(X) is extensive and quite unmanageable. Therefore, we
often consider the quotient group Div (X)/ ~, i.e. the group of divisors of X
modulo linear equivalences. See pp. 129-149] for more details.

In fact,

Proposition 2.2.3 ([EOa], Proposition 15.14). When X is a non-singular
variety, the map p : (Div(X)/ ~) — PicX is an isomorphism.



2. Preliminaries

2.3 Picard group

In this section we describe the Picard group of (P!)", by considering the Picard
group for n = 4. This will be of particular relevance to the content in
The theory and approach however is entirely equivalent for n = 2 and n = 3,
that will be of relevance in [Chapter 3and [Chapter 4| repectively.

We use a similar definition as p. 222]

Definition 2.3.1 (Picard group). The Picard group of non-singular varieties X,
denoted as Pic (X), is the group of isomorphism classes of invertible sheaves
(or line bundles) on X. It has tensor product as the group operation and the
structure sheaf as the identity.

Consider the projections m; from P! x P! x P! x P! to each P*

P! x P! x P! x P!

o 3
T 2

]P>1 Pl Pl H])l
Figure 2.1: Projections 7; from P! x P* x P! x P! to each of the P!’s
We let

ho =mo([pt]),  he=mi([pt]),  he =m3(pt]), hs=m3(pt])  (2.6)

where 7} is the inverse image of m;, such that 7} sends the class of a point in
P! to the class of a threefold in P! x P* x P! x P*. We have

ho = mg([pt]) = [{pt} x P! x P! x P']
hi =77 ([pt]) = [P' x {pt} x P* x P'] (2.7)
hy = m3([pt]) = [P' x P! x {pt} x P']
hs = 75 ([pt]) = [P' x P* x P! x {pt}]

where each h; is of codimension 1, as it is isomorphic to P* x P! x P!. Thus,
ho, b1, ha, hg are divisors of P! x P! x P! x P!, The class of the hyperplane
section in the Segre embedding is given by

ho + h1+ ho + hs

We are interested in the Picard group of the domain and codomain of 7*,
i.e. Pic(P!) and Pic (P! x P! x P! x P!) respectively. That is

7 : Pic (P') = Pic (P' x P' x P! x P')
[D] = =i [D]

The Picard group of P! x P! x P! x P! is given by
Pic(IP’1 x P! x P! ><IP’1) =Z®LOLDZ = (ho,h1,ha,hs3)

such that (hg, h1, ha, hs) forms a basis, where each h; represents a family of
lines in P! x P! x P! x P'. The Picard group includes any multiple of the free

6



2.4. The Chow ring

module generated by (hg, hi, ho, hg). That is, any linear combination of this
free module with integer coefficients, i.e.

aphg + a1h1 + ashs + aghs (28)

for a; € 7.

As the elements of the Picard group are divisors and spanned by
(ho, h1, ha, h3), each element represents a class of a threefold.

A threefold in P! x P! x P! x P! has a multi degree of the form (ag, a1, az, as),

where each a; represents the corresponding a; in To determine

the multi degree of a threefold in P* x P! x P! x P!, we intersect the class of
the threefold with h;h;hy for i,5,k = 0,1,2,3 and @ # j # k. Here h;h;hy
represents the class of a curve isomorphic to P!. By intersecting the class of a
threefold with hihohs, hohohs, hohihs and hohiho separately, we obtain each
component of the multi degree, i.e. ag, a1, as and a3 respectively.

The Picard group of the blow-up of P2 in four points
The Picard group of the blow-up of P? in four points, i.e. I',, is generated by
Pic (Fp) = (L7 €p, €1, €2, €3>

Such that any element of the Picard group will be a linear combination of these
generators with integer coefficients, i.e.

BL 4 apep + arer + anea + azes

for a;, 5 € Z.
We have a map from I"TD APl P! x P! x P! such that

¢* : Pic (P! x P' x P' x P') — Pic(T,)

where (L — e;) represents a line in the blow-up of P? that intersects the
exceptional divisor e;. The blow-down of (L — ¢;) will be a line in P? going
through the point g;.

The class of a hyperplane section in Pic (FT)) is given by

Z(L—ei):(L—eo)+(L—el)+(L—eg)+(L—63)

:4L—€0—€1—62—63

2.4 The Chow ring

In chapter we consider the Segre embedding of P! x P! x P! in P7,
where the image V = ¢(S) in P7 is a divisor of the image of U = (P! x P! x P!)
in P7, as V is of codimension 1 in U. Therefore, to find the class of V' we study
the Picard group of U.

However, in[Chapter 5 we consider the Segre embedding of P! x P! x P! x P!
in P1° where the image V = ¥(S) C P no longer is a divisor of the image

7



2. Preliminaries

U=YP xP! x P xPl) C P as V is of codimension 2 in U. Thus, we turn
to the Chow ring of U, that includes the Picard group of U.

The Chow ring of U considers all codimensions of U, such that CH'(U)
represents the elements in the Chow ring of codimension 1, modulo linear
equivalences, and thereby corresponds to the Picard group of U. Further,
CH2(U ) represents the elements in the Chow ring of codimension 2, modulo
linear equivalences. CH3(U ) represents the elements of the Chow ring of
codimension 3, modulo linear equivalences. And lastly CH4(U ) represents the
elements in the chow ring of codimension 4, modulo linear equivalences.

As stated above CH(U) = Pic(U), thus the elements are classes generated
by

<h03 hla hQa h3>
where we regard each element h; as in
It can be shown that the elements of CH*(U) are classes generated by
(hohi, hoha, hohs, hiha, hihs, haohs)

i.e. the classes are spanned by products of two classes in CH'(U). Each element

h;h; is given by
hohi = [{pt} x {pt} x P! x P']
hohs = [{pt} x P* x {pt} x P!
hohs = [{pt} x P* x P! x {pt}]
hihy = [P' x {pt} x {pt} x P!
hihs = [P* x {pt} x P! x {pt}]
hahs = [P' x P! x {pt} x {pt}]

In CH?(U), the elements are classes generated by
(hoh1hz, hohihs, hohahs, hihahs)

i.e. the classes are spanned by products of three classes in CHl(U). Each
element h;h;hy is given by

hohihe = [{pt} x {pt} x {pt} x P!]
hohihs = [{pt} x {pt} x P' x {pt}]
hohahs = [{pt} x P' x {pt} x {pt}]
hihahs = [P x {pt} x {pt} x {pt}]

Lastly, there is only one element in CH*(U), that is
(hoh1hohs)

which is the class of a single point in P' x P! x P! x P!, thus hohihohs = 1.
Thus, the Chow ring of U is the polynomial ring in the four variables

ho, h1, ha, hs modulo the ideal representing the relations h2 = h = h3 = h3 = 0,

i.e.

Z[hOa hla h2) h3]

)= g )



2.5. Intersection products

All subsets CH'(U) € CH(U) are closed under addition, that is h;+h; € CH'(U)
for hi, h; € CHl(U). Further, the intersection h;h; of two elements h;, h; in the
Chow ring of codimension a and codimension b respectively, will be an element
of Chow ring of codimension a + b.

The Chow ring of the blow-up of P2 in four points

In the Chow ring of T, the relations are LL = 1, Le; = Lej = 0, ejej =
0, e;e; = —1, such that

Z[Lv €0, €1, €2, 63]

CH(T,) =
( p) (LL — ]., Lei, Lej, €i€j, €,€; + 1)

2.5 Intersection products

A curve in P! x P! x P! x P! is a variety of dimension 1. We are not able to
determine the degree of the curve as easily. P! for instance, is isomorphic to
various curves of different degrees, in different projective spaces, e.g. a conic
in P? is isomorphic to P'. Thus, both the embedding of the curve and the
projective space the curve is embedded into, are crucial to determine the degree
of the curve.

Consider the Segre embedding

U Pt x P x P! x P! — P15

Let P! x {pt} x {pt} x {pt} be a curve embedded into P*® with the Segre
embedding. We can calculate the degree of such a curve by using the theory
above.

The class of a curve in P! x P* x P! x P! will be a linear combination of
the generators in CH?(U), i.e.

3
> aijrhibjhi = agishohihs + agishohihs + aozshohahs + a12shihahs
i,j, k=0
(2.9)

Thus, a curve in P! x P x P! x P! has a multi degree (ag12, ao13, do23, @123 ), where
each a;;;, represents the corresponding a;j; in By intersecting
the class of the curve with hg, hs, h1 and hg separately, we obtain agi2, ag13,
ap23 and aq123 respectively.

To obtain the degree of a curve C' in the Segre embedding, we intersect the
class of the curve [C] with the class of the hyperplane section hg + hy + ha + hs.

[C] - (ho + h1 + ha + h3) =(aoi2hoh1ha + agizhohihs + agashohahs + a123hihahs)

- (ho + h1 + ha + h3)
=(ao12 + @013 + @o23 + a123) - hohihahs
=(ao12 + ao13 + ag2s + a123)

since h? =0 for i = 0,1,2,3 and hohihaohs = 1. Thus the degree of the curve
C' in the Segre embedding is (ap12 + @13 + Go2s + a123).



2. Preliminaries

Further, we can study the class of a surface S C P! x P! x P! x P! when
embedded into P'°. A surface will be of codimension 2 in U, so we consider
CH?(U). The generators of CH*(U)

(hoh1, hoha, hohs, hiha, hihs, hohs)

Then, the class of S will be a linear combination of these generators with integer
coefficients, i.e.

3
> aijhihj = aothohy + agzhohs + ashohs + arahihy + ashyhs + agshahs
i,j=0

(2.10)

Thus, a surface in U will have a multi degree of six components
(w01, (2, 3, 12, 113, (a3 ), Where each a;; represents the corresponding a;; in

By intersecting the class of a surface with hohg, hihs, hiho,
hohs, hohs and hohy separately, we obtain each component of the multi degree,
that is ag1, o2, o3z, 12, a1z and g respectively.

To determine the degree of a surface S in U, we intersect the class of S with
the intersection of two hyperplane sections.

[V]- (ho 4+ h1 + ha + h3)? =2 (a1 + ap2 + o3 + 12 + a1 + aa3) - hohihohy
—9.

(o1 + o2 + a3 + @12 + a3 + @23)

since h? = 0 for i = 0,1,2,3 and hoh1hahs = 1. Thus, the degree of a surface
S in the Segre embedding is 2 - (a1 + o2 + aps + @12 + a1z + @23).
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CHAPTER 3

Reconstruction from two camera
centers

We will reconstruct P? from two projections my, : P2 — P!, where each projection
is an image from a camera center ¢; € P? for i = 0,1. We will refer to the two
camera centers as the points qo, ¢1 in P? from now on.

In this case, S = P! x P! as P? and P! x P! are birationally equivalent. Thus,
the problem related to finding a reconstruction of P? is reduced to finding a. We
will, in addition to finding «, describe the birational map between the projective
plane P? and the image of S, when S is embedded into P3. As we will see, the
map « is the projection from a point ¢ = p(goqr) on S in P3. However, finding
q will be difficult, as any point on S in P? will have a birational correspondence
to a P2.

Then, we will study the correspondence between curves in P? and curves
in the image of S in P3. In particular, the correspondence between degrees of
curves in P? and bidegrees of curves in the image of S in P3.

3.1 A rational map from P2 to P! x P!

In this section we want to find a rational map from P? to P! x P!. First, we
construct the map p from P2 to P! x P'. Then, we show that p is a rational
map, and find that it is in fact birational. Lastly, we consider the closure of
the graph of p, and recognize the correspondence to the blow-up of P? in two
points.

Construction

In P2, the equation apxg + ai121 + asxs = 0 represents a line, which we denote
by the coordinates (ag : a1 : az).

Given two points qo, ¢1 € P2, where go = (1:0:0) and ¢; = (0:1:0). The
variety of lines in P? through g; is isomorphic to P!, for a fixed i = 0, 1. To see
this, consider the lines mo = (1:0:0) and m; = (0: 1:0). Since m; is a line
in P? it will be isomorphic to P!, and in particular the maps

po:(0:ay:xa) = (—xg: 1)
p1 (20 :0:x2) = (—x2: )

are isomorphisms between m; and P*.

11



3. Reconstruction from two camera centers

Now, for any line [ # m; in P? passing through ¢;, consider the mapping

= 1Nm;
which is well-defined as any two lines in P? intersect in a single point.
It also has an inverse map, given by
q— qiq
for any point ¢ € m; and ¢; € {qo,q1}. Hence, the variety of lines through a
fixed point ¢; in P? is isomorphic to P!.

For any point r € P2, where r # qo, q1, consider the lines o7 and g17. By
the previous discussion, this defines a map

p:P*\{q,n} = P' x P!
as depicted in below.

qo q1

Figure 3.1: Lines to r through ¢¢ and ¢;

Given a point r = (z¢ : 21 : 22) we want to compute where r is mapped.
p((wo : 21 1 22)) = (uo : vo) X (uy : v1)

Firstly, we need to find the equation for the line [; = g;7, for i = 0, 1.
Counsider the line Iy with coordinates (ag : a1 : ag). By definition, both go
and r are points on ly. Thus, we obtain the two equations

a0~1+a1~0+a200:0

aoro + a1z1 + asre =0

= 11 = —a2T9y
ai €2
a2 Zq

which yields the solution (ag: aj : as) = (0: —x9 : x7).
Similarly, we can find the coordinates of the line I; = (bg : by : b2), by solving
the two equations
bo-0+b1-14+by-0=0
boxg + bix1 + baxo =0

12



3.1. Arational map from P2 to P! x P!

= bo.’ﬁo = 7b2£L'2

Again, which yields the solution (b : by : ba) = (=22 : 0 : x1).
Hence, by our identifications

lzoﬁllﬂmz»ﬂﬂpl

we have found the map

pi(xo:xy:me) = (—xo 1) X (—x2: x0)

Birational equivalence
First, we define a rational map, and use the same definition as in [EOa), p. 130].

Definition 3.1.1 (Rational map). A rational map between two varieties X and
Y, consists of an open subset U C X and a morphism f: U — Y. A rational
map is usually indicated by a broken arrow, i.e. f: X --» Y.

As p is defined on the open subset U = P? \ {qo,q1}, the map is only a

morphism from U. However, by [Definition 3.1.1] p is a rational map between P2

and P' x P!, Thus, we write p as
p:P? -5 P! x P!

The line defined by o = 0 in P? is in fact the fiber of the point (0 : 1) x (0 : 1)
in P! x P'. Thus, p is not injective at any point on the line z5 = 0 in P2.

On the other hand, when x5 # 0, then p is injective. Furthermore, p
is an isomorphism between the two subsets U’ = P2\ {ggr} C P? and
V' =p(U’") C P x P!, where U’ ensures x5 # 0.

To see that p : U’ — V' is an isomorphism, we need to exhibit a map
q:V’' — U’ such that gop =idys and po ¢ = idy~. That is, we want to show
that the inverse map p~—! is well-defined on V.

Let us consider the point (ug : vg) X (uy : v1) € V', i.e. where ug,u; # 0.
We have that

P ((uo s vo) X (ug s v1)) = p~ " ((uour : vour) X (uguy : ugvy))
= (uovy : vour * —uguy) (3.1)

since ug,u; # 0. As uguy # 0, the fibre (ugvy : vous : —upuq) is a well-defined
point in U’ C P2.

Similarly, given a point (2o : 21 : 22) € U’ i.e. any point such that a9 # 0.
We obtain

p((zo 21 1 22)) = (—m2 : 21) X (—22 1 20)

As z9 # 0, the image (—x9 : x1) X (—x9 : xp) is contained in V’. Hence,
p(U") = V', p~t is well-defined on V' and p: U — V' is an isomorphism.
]

Definition 3.1.2 (Birational Map). A rational map that has a rational inverse
is called a birational map. Two varieties X and Y are said to be birationally
equivalent if there exists open sets U C X, V C Y and an isomorphism
¢ : U — V between them.
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3. Reconstruction from two camera centers

We want to prove that P? and P' x P! are birationally equivalent using the
map p, previously shown to be rational.
We choose the open subsets U’ = P2\ {gog1 } C P? and V' = p(U’) C P! x P!,
To see that p is an isomorphism between U’ and V', we refer to our previous
discussion.
|
Now, the inverse birational map ¢, where ¢ : V/ — U’ is an isomorphism,
is in fact the map o In [Section 3.2 we will embed P! x P! into P3, where the
image of P! x P! becomes the quadric @ in P3. Then, o becomes the projection
from the point ¢ = (0:1) x (0: 1) € Q in P? back to P?, where ¢ is the image

of the line x5 = 0 in P?. This is illustrated in

Figure 3.2: The birational correspondence between P2 and P! x P'.

However, given only the quadric @), we cannot uniquely determine «, since
for every point on Q there is a corresponding birational map to a P2.

The graph of the rational map

We now want to study W, the complement of p(U) in P* x P!, i.e. the points
in P! x P! which are not in the image of p. As previously shown, p is an
isomorphism between U’ and V'. i.e.

p:U = V' ={(up:vp) X (ug :v1) | ug #0Auy #0}

Thus, we only need to consider points on the form (0 : vg) X (ug : v1) and
(ug : vo) X (0 : vy1). Howevever, if (0 : vg) X (u1 : v1) € p(U), then uy = 0 as
well. As the point where ug = u; = 0 is in the image of p, we exclude the point
where both ug and u; are equal to zero.

Thus, the points in the compliment of p(U) are (ug : vo) X (uy : v1) satisfying
exactly ug = 0 or u3 = 0. Then, if ug = 0, then u; can be anything except 0.
Similarly, if u; = 0, then ug can be anything except 0. So we have

W:((0:1)><]P’1UIP’1x(O:l))\{(O:l)x(O:l)}

which are two lines, i.e. two copies of P! with the exception of the point
(0:1) x (0:1), representing the intersection of the two lines.

Definition 3.1.3 (Graph). If ¢ : X — Y is a morphism between varieties, the
graph is the subset I'y = {(z, ¢(x)) | x € X} of the product X x Y.

We have the rational map,
p:P? -5 Pl x P!
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3.1. Arational map from P2 to P! x P!

such that p is a morphism between the open subsets U of P? and V of P! x P!

Consider the graph I', of the morphism p : U — V. As the subsets U and
V are open, the graph will be an open subset of P2 x P! x P! and we therefore
look at the closure I‘T;.

By considering the closure of the graph T'), we have an object that maps
surjectively onto both P? and P! x P! through the canonical projections mp2
and 7p1p1 of the product P? x P! x P!

We denote a general point in P? x P! x P! by (2o : @1 : 22) X (ug : vg) X (uq :
’Ul).

Moreover, the polynomials in the product topology must be polyhomogen-
eous i.e. that the polynomials are homogeneous with respect to each factor.

T,
P2 x P! x P!
Tp2 ‘“'n»m
P? R > P! x P!

Thus, we want to know which points in T',, are sent to P2\U, i.e gqo = (1:0: 0)
and g; = (0 : 1:0), and which points are sent to P* x P!\ V, i.e. the lines
(0:1) x P and P! x (0: 1). We denote by apz and apixp1 the canonical map
from T, to P2 and P! x P! respectively.

Consider the two equations uixg +vize = 0 and ugz; + voxe = 0, which are
well-defined in the product as they are homogeneous in the three factors, with
tridegrees (1,0,1) and (1,1, 0) respectively. Now, for any (xg : x1 : x2) € U, we
have

p((xo Txy mg)) = (—zg:x1) X (—x2 : T))

and hence

Fp - Z+(U1l‘0 + ’Ull‘g) = Fp - Z+(u1x0 + ’01332)

Fp - Z+(U01‘1 + ’Uol‘g) = IT,, - Z+(’U,Q$1 + Uol‘g)

Hence, I‘ip C Zi(urzo + vi22, g1 + voT2).

By definition of closure, the variety I',, is irreducible. Further, we see from
the defining equations that Z (ujxg + vix2, upx1 + voxs) is irreducible.

Then, we can utilize Krulls Hauptidealsatz, to compute the dimension of
Z 1 (urmo + v1x2, upxy + voxs). Firstly, we see that the variety Z, (ujxo +vi22)
is of dimension dimP? x P' x P! — 1 = 4 —1 = 3. Secondly, since
Z(u1xo + v129, ugxy + vox2) 2 1"7, is non-empty, it must be of dimension:

dim Z 1 (urxo + v122, upx1 + voxa) = dim Z4 (urxg + v19) —1=3—-1=2
Next, we compute the dimension of T',. As I', is a dense open subset of its

closure T, we have dim T, = dimT',. Moreover, dimI', = dim P2\ {qo, q1} = 2.
Then as,

15



3. Reconstruction from two camera centers

i) both FT, and Z (u1xo + v129, upx1 + voxa) are irreducible and closed
ii) T C Zy (u1zo + v122, uoZ1 + vox2)
iii) dim T, =2 = dim Z; (w120 + v172, uox1 + voT2)

they must be equal, by definition of dimension.

Fibres of the projection from the closure of the graph

If we look at points (1 : 0 : 0) x (ug : vo) X (ug : v1) € [}y = Zy(wazo +
V12, UpT1 + VoTz).
As 11 = z9 = 0, we obtain

OZU1$0+U1$2 = U1
0 = uoxr1 +vox2 =0
Thus,
aps ((1:0:0)) =(1:0:0) xP' x (0:1) € P* x P! x P!

as ug and vy can be anything.
Similarly,

ap ((0:1:0)) =(0:1:0)x (0:1) x P! € P2 x P! x P!

Then, we want to look at the fibres of the morphism ap1 yp1.
First, consider

apipr ((0:1) x (0: 1))

which corresponds to (zg : 1 : 22) x (0 : 1) x (0 : 1) € T, = Z; (urzo +
V122, UgZ1 + voxe). These equations imply xo = 0, which yields that the fibre
equals

Oé]};lxﬂm((()Il)X(Oll)):(Ioixl:O)X(O:I)X(O;I)G]P’zxﬂplxpl

which is a line in P? x P! x P!. When projecting this line down to P? using ap:
we obtain the line (0:0: 1) i.e. the line through the points ¢o and ¢;.

Further, if we look at the inverse mapping of (ug : vo) X (0: 1), for ug # 0,
we get

(xo: @y :x2) X (ug :vg) X (0:1) € Zy (urmo + v122, ULy + vVoT2)
which, corresponds to
apip1 (o 1 v9) x (0:1)) = (1:0:0) x (ug :v9) x (0:1) € P> x P* x P!
Hence, the fibre of the missing line (ug : vg) X (0 : 1) is a line in P? x Pt x P!,

which is in fact the same line as the fibre of (1:0: 0) under the projection apz.
A similar statement is true for the fibre of the line (0 : 1) x (uy : v1) for

u17é0
gt ((0:1) X (ug :01)) =(0:1:0) x (0:1) x (ug : 1) € P2 x P! x P!
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3.1. Arational map from P2 to P! x P!

The first line Cp = (1:0:0) X (ug : vo) x (0: 1) is mapped from the closure
of the graph I'), to go and the second line C; = (0:1:0) x (0: 1) x (ug : v1) is
mapped from the T'), to ¢i.

Since the two lines (1:0:0) x (ug : vo) x (0:1)and (0:1:0)x (0:1) X (uy :
v1) differ in the first coordinates (1 : 0 :0) # (0 : 1 :0), Cp and C; have no
common points in the closure of the graph FT,. Thus, they will not intersect.

In fact, what we just studied, corresponds to the mathematical concept
called blowing up, where Cy and C in this case corresponds to the exceptional
divisors of gy and ¢ respectively.

Definition 3.1.4 (Blowing up). Blowing up or blow-up is a type of geometric
transformation which replaces a subspace of a given space with all the directions
pointing out of that subspace.

By blowing up of P? in the two points ¢y and ¢1, we can extend the rational
map p : P? --» P! x P! into a morphism between the blow-up of P? and P' x P*.

The theory related to blowing up does in fact originate from examples similar
to this, where the points outside the domain and codomain of a rational map
as well as the associated fibers, are the topic of interest.
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3. Reconstruction from two camera centers

3.2 Anembedding of P! x P! into P?
We have a map from P! x P! to P3 given by
o1 Pt x Pt — P?
(ug : vg) X (ug 1 v1) = (o : gLy : Vouy : V1) (3.2)
= (Yot Y1 Y2t y3)

The map 01,1 is a closed embedding called the Segre embedding, see
for more details. According to [Proposition 2.1.2, the image
S11 = 01.1(P! x P1) is equal to the hypersurface Z, (yoys — y1y2), obtained by

YoYs = UpU1VoV1 = Y1Y2

This hypersurface is known as the quadric in P3. As 01,1 is a closed embedding,
the quadric Z, (yoys — y1y2) C P? is isomorphic to P x P*.

3.3 The image of P2 in P3

First, we have the rational map p from P? to P! x P!, such that P? and P! x P!
are birationally equivalent. Then, we have the Segre embedding o,; from
P! x P! into P3, where the image Z, (yoys — y192) = 01,1 (P! x P!) is isomorphic
to P! x PL.

We compose these two maps, to consider the image of P? in P2. The
coordinates in P3, when mapped from P? are given by

Yo = uouy = (—z2)(—22) = 73
y1 = ugv1 = (—z2)(7o

Y2 = VU1 = (531)( T2
Y3 = vov1 = (21)(x0) = ToT1

where every monomial y; is of degree 2.
Hence, the composition of the two maps is given by

p> - plxpt M pB
(g : @1 :x2) > (=g : 1) X (=g 1 20) — (23 : —2oTy : —T120 : ToT1)
Then, to reconstruct P2, the surface S = P! x P! we want to find is isomorphic
to the quadric, i.e. S = Z, (yoys — y1y2)-

3.4 Lines in the quadric

We are now interested in the lines on the quadric in P3. We denote coordinates
in P2 by (yo :y1:y2:y3)-
Recall that the image of the Segre embedding o1,; will be the quadric

Z1 (yoys — y1y2) C P2,
Consider the matrix representation of the point (yo : y1 : y2 : y3)

]\41 — (yO yl)
Y2 Y3
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3.4. Lines in the quadric

Whenever the determinant of M; det(M;p) is equal to zero the point
(Yo : y1 @ y2 : y3) will be on the quadric Zy (yoys — y1y2). This is for example
the case when either a column or a row in M is equal to zero.

For instance, by a linear transformation of the first row of M; by adding a
multiple of the second row, we obtain the matrix Mj

M = (yo +2y2 1+ 2y3)
Y2 Y3

We can easily see that the determinant of M; and M are equal.

In general, adjusting a matrix by using linear combination of the rows, will
make the determinant of the modified matrix unchanged.

Using this matrix representation, we will show that fixing one of the
coordinates of a point in P' x P! under the Segre embedding, yields lines
in the quadric.

Consider the closed embedding P' x P! — P3 in The point
(up : vo) X (uy : v1) is sent to (uguy : wovy : vouy : vovy). Which can be
represented as the matrix

(uoul u0v1> 53

VoUr VU1

Notice that ug and vy are mutual factors in the first and second row respectively.
Thus, if we fix ug and vg, then these can be extracted from the matrix, such

that
UoUy UQVL | uy U1 0 0
(Uoul UO’U1> o (0 0) T <u1 v1>
proving that the image of the line (ug : vg) X (ug : v1), for a fixed ug, vy in
P! x P! is in fact a line in the quadric. In fact, we get P! versions of this line,
by varying the fixed point ug, vg in P! x P!.
Consider [Equation (3.3) once again. Notice that u; and v; are mutual

factors in the first and second column respectively. If we now fix u; and vy,
then this time u; and v; can be extracted from the matrix, such that

Uou1 UU1 Uug 0 0 ()
(v0u1 ’U()’Ul) — (1}0 O) tu (0 Uo)
proving that similarly, the image of the line (ug : vo) X (ug : v1), for a fixed
uy,v; in P! x P! is a line in the quadric. Again, we get P! versions of this line,
by varying the fixed point uy,v; in P! x P!

Hence, we see that lines contained in the quadric in P3, are exactly those
going through pair of points on the form A = (uy : v1 : 0:0), B=(0:0:uy : v1)
aHdA:(U()ZOZ’U()20),B:(OZ’LL()ZOI’U0).

Thus, there are two families of lines in the quadric, generated by either of
the factors in P! x P!, by fixing one of the coordinates and varying the other.
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3. Reconstruction from two camera centers

3.5 The pullback from P! x P!

Consider our rational map P? --» P! x P

Previously, we looked at points in P? and P! x P!, and studied the fibers of
these points in the closure of the graph T',. Now we want to consider curves,
and in particular lines, in P! x P!, and are interested in the inverse mapping of
such a curve in P2, factoring through T',.

Lines in P! x P!

Since P! x P! has dimension 2, a line in P* x P! is a subvariety of dimension 1,
which in this case corresponds to codimension 1 = 2 — 1 i.e. a hyperplane.
Hence, a line can be described by

Z (f(uo, vo;ur,v1))
where f(ug, vo; u1,v1) is a bihomogeneous polynomial of degree 1.
Since 1 = deg f (uo, vo; ur, v1) = bideg f (ug, vo) + bideg f(u1, v1)
we must have that

{bideg f(uo,vo), bideg f(u1,v1)} = {0,1}

Hence, a line looks like something on the form

uug + vvg + wuy + zvy =0

for constants a, b, ¢, d where either a =b =0 or ¢ = d = 0. We will denote
these cases by (0:0) x (¢:d) and (a : b) x (0: 0) respectively.

The pullback of lines

Consider a line in P! x P!, for instance (a : b) x (0 : 0), i.e. the locus of points
on the form (—b:a) X (uy : v1), where uy, vy are arbitrary.

To find the inverse mapping of this line we factor through the closure of the
graph.

Then, independent of the choice of ¢ and d, the points in the preimage of
this line in P? x P! x P! becomes (x¢ : 21 : w2) X (—b:a) x (uy : v1).

This is a hyperplane represented by the equation (0:0:0) x (a: b) x (0:0).
For each choice of u; and v; we get a point in P2 x P! x P!,

To intersect the hyperplane with the closure of the graph, we consider the
system of equations.

urxy + vires =0

—bx1 +axe =0

Further, we want to find values for xg, 1 and x5 such that the equations
are equal to zero. We let 9 = buy, then

w1z + v1(buy) = 0 = xg = —bvy
—bx1 +albu;) =0= z1 = auy
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3.5. The pullback from P! x P!

so we get (zg : 1 : x2) = (—buy : auy : buy).

Thus, the inverse mapping of the line (a : b) x (0 : 0) becomes the locus of
the points (—bvy : auy : bup) in P2

Consider the equation of a line agxg + a1x1 + asxs. We are interested in
the choice of ag, a1, and vy that will satisfy the equation

ag(—bvy) + a1 (auy) + az(buy) =0

So the inverse of the line (a : b) x (0: 0) in P! x P! is the line in P? with
coordinates (0:b: —a).

Similarly, we can find the inverse mapping in P2 of the line (0: 0) x (c: d)
in P! x P1. This turns out to be the line with coordinates (d : 0 : —c).

The pullback of general polynomials

Now, consider a bihomogenous polynomial equation f(ug,vo;u1,v1) = 0 in
P! x P!. E.g.

ugud +vgv? =0 (3.4)

To find the preimage of this equation under the rational map p : P? --»
P! x P! we will again factor through the closure of graph of p.

To do this we consider the preimage of f(ug,vo;u1,v1) = 0 under the
projection apiypr i.e. the hypersurface Z, (f) in P? x P! x P!, intersected with
the closure of the graph T',.

Hence, consider the equation system

f (g, vos ur,v1) = ugui +vgoi =0
w1 + v122 =0
upx1 + voxr2 =0
We will solve the equations in the the open affine chart D (vouq).

Thus, we may assume vy = 1 and u; = 1, and thereby solve the equations
above for v; and ug and obtain

Zo
V] = ——
€2
€2
Uy = ——
T

Then, we can substitute the above results into [Equation (3.4)

?(xo,’l}l,l’g) = l'g —+ 117(2)33111 = 0

to obtain one homogeneous polynomial in the variables of P2. Hence by
projecting down to P? using apz we obtain a homogeneous polynomial in
P? which equals the closure of the preimage p~* (f(uo, Vo; UL, V1) = 0).
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3. Reconstruction from two camera centers

In addition we can prove that when the original equation f is irreducible,
then the same holds for f.

Now, we will prove that equation f has singularities in the points go and g.
To do this we introduce the Jacobian criterion in the projective case.

Theorem 3.5.1 ([EOa], Proposition 8.15). Let X = Z,(Fy,...,F.) CP" be a

closed algebraic set, and let
OF;
J pr—
<3f zj (p)>

Then the the rank of J does not depend on the choice of representative for p.
Moreover X is non-singular at p if and only if rank J = n — dim X.

To see this, we consult our example. Hence, we consider the Jacobian Matrix

o) ) )
J = [anO = 2zo7} 87’1 = dadx? anQ = 6333} =0

Solving these equations yields

$2:0/\(1'0:0\/"E1:0)

ie go=(1:0:0)o0r¢q = (0:1:0). Since both of the points are on the
curve f(xg,x1,x2) = 0, they are singular.

Lemma 3.5.2. The equation f will always be singular in the points qo and q;.

Next, we compare the degree of the curves f(ug,vo; u1,v1) and f(zg, 21, o).
Denote by m,n the bidegrees of the equation f(ug,vo;u1,v1). E.g. in the
example
f(u07 Vo; U1, Ul) = uéu% + U(A)LU%

the bidegrees equal
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3.5. The pullback from P! x P!

The multiplicities

Now, we are interested in the multiplicities and the associated connection to
the bidegree.
Recall our homogeneous polynomial in the variables of P2

fxo,21,22) = 25 + af2] =0

Generally we have

7930:1 = f(]-vmla‘TZ)
= ?0(1'17-752) + ?1(1‘1, 332) +?2(.’131,l'2) + f3($1,$2) .

where the f,’s represents homogeneous polynomials of degree i in f € P2
Here fo(21,x2) represents the constant polynomial, fi(z1,x2) represents the
polynomial of degree 1, fa(z1,22) represents the polynomial of degree 2, and
so on. In such a representation, the degree of the first non-zero polynomial
represents the multiplicity of the root in a given point.

As xg, z1 and zo are the homogeneous coordinates of P2, one of the
coordinates must be different from zero. In the above case, x(y represents
this coordinate. We let o = 1. Thus

xS+t =0 (3.5)

The only integer solution is such that x1 = zo = 0. In this case we are on the
point gy = (1:0:0).

In the f;’s # 0 when ¢ = 4,6. Which means that the
multiplicity of the point go = (1:0:0) € P? is 4.

Similarly, if we instead let 1 = 1, then

xS+ a8 =0

The only integer solution of this equation is 2y = o = 0. Which means we are
on q;. Now, the f;’s # 0 is when ¢ = 2,6 #£ 0, all other f;’s are equal to zero.
Thus, the multiplicity of the point ¢; = (0: 1:0) € P2 is 2.

Thus, the curve f(zg,x1,22) € P? have multiplicity equal to 4 and 2 when
on the two points ¢o and g; respectively. These multiplicities are in fact identical
to the bidregree of the curve we started out with f(ug,vo;u1,v1) € Pt x P!, ie.
bidegree (4,2).

As it turns out, this will (almost) always be the case. First we will consider
the case where this is true. Then, we will come back to when we need to be more
careful with the correspondence between the bidregree of a curve in P! x P! and
the multiplicity of points on the curve in the preimage. illustrates a
curve f(ug,vo;ur,vi) € P! x P! with bidegree (4,2).

If we fix (up : vo) = (a : b), then f(a,b;ui,vy) has two zeros. This can
be illustrated in by studying the line (a : b) X (u1 : v1) and count
the number of intersections between this line and the curve. Similarly, if we
instead fix (uj : v1) = (c: d), the degree of the curve will be 4. And in a similar
manner, we can observe this by studying the line (ug : v9) X (¢ : d) and count
the number of intersections between this line and the curve.

Generally, as we know, the preimage of lines in P! x P! are lines in P?.
But as we saw, the preimage of some of the lines are in fact contracted
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3. Reconstruction from two camera centers

™
1=

HH

Figure 3.3: Curve with bidegree (4,2) in P! x P!

to points in P2. For instance, the preimage of the line (ug : vg) x (0 : 1)
is (up : 0:0) = (1:0:0) = qo, and similarly the preimage of the line
(0:1)x (ug:v1)is (0:ug :0)=(0:1:0) =q.

Thus, the two lines (ug : vo) x (0 : 1) and (0 : 1) x (uy : v1) in P! x PL,
with degree 4 and 2 respectively, corresponds to the points gy and ¢; in P2,
with multiplicity 4 and 2 respectively. This is illustrated in where
the curve f(z : o1 : o) passes though the points gy and ¢;, 4 and 2 times
respectively.

Figure 3.4: Curve with passing through ¢y and ¢; in P2.

Once again, we can consult the curve f(ug,vo;u1,v1) € Pt x P!, but this
time rather study where the two lines (ug : vg) x (0:1) and (0:1) x (uy : vq)
intersect, namely (0 : 1) x (0 : 1). As we have seen earlier, the fiber of this
point corresponds to a line in the closure of the graph. When projected down
to P? we obtained the line (0: 0 : 1) i.e. the line through the points go and ¢,
denoted Gpgr. Hence, the number of intersections between f(zq,x1,22) and the
line goqp in P?, with the exception of gy and ¢, is determined by the number
of times f(ug,vo;u1,v1) intersects the point (0:1) x (0: 1) in P! x PL.
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3.5. The pullback from P! x P!

We started out by considering a curve in P! x P! and its associated bidegree,
and used the bidegree to find the multiplicities of certain points in the preimage
in P2. Instead, it is possible to do this reversed, by considering the multiplicities
of certain points in P2, and using these to determine the associated bidegree of
curve in the image in P* x P

Now, let us consider the case when the correspondence between the bidregree
of a curve and the multiplicity of points in the preimage, may not be straight
forward.

Consider a curve f/(xg,z1,72) in P? of degree 4, that passes through the
point ¢o twice, the point ¢; once, and in addition intersects the line gpqy in one
more point. Since gGoq; is intersected once outside go and ¢1, f(ug,vo;u1,v1)
passes through (0: 1) x (0: 1) one time. Further, when fixing (ug : vg) for any
a and b, f(ug,vo;u1,v1) will intersect (a : b) x (ug : v1) once. Similarly, when
fixing (uq : v1) for any ¢ and d, f(ug,vo;u1,v1) will intersect (ug : vg) X (c: d)
two times. Thus, the bidegree of f(ug,vo;ur,v1) in P! x P! is (3,2). As we
know, f'(xq, 1, 2) only intersects gy twice and ¢; once. Thus, we need to be
aware when a curve in P! x P! intersects with (0: 1) x (0: 1) and when a curve
in P? intersects with gogr at any other point than g and ¢.
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3. Reconstruction from two camera centers

Bidregrees in P! x P!

Let f(xg,z1,72) be a curve of degree d in P2, with multiplicity a in point go
and b in point ¢;. Then, the number of intersection points between f(zo, 71, z2)
and the line gogr will be f(xo, 1, 22) NGoqr = a + b+ ¢, where c is the number
of intersection points not in ¢y and q;.

Theorem 3.5.3 (|[EOa|, Theorem 11.5 (Bezout’s theorem)). Let Z1,...,Z, be
hypersurfaces in P™ with only finitely many points in common. Then

degZy - - -degZ,, = Z,up(Zl, s Zn).

p

According to Bézout, the number of points in f(xq,x1,22) N Gogr, counted
with multiplicities, is equal to the product of the degrees of f(xg,z1,72) and
Goq1- As Goqr is a line, it is of degree 1. Thus, the number of intersection points
is equal to d. If d > a + b, then f(xq, 1, 2) intersects gog; at more points
than gg and ¢;. Thus, if d = a + b, then the curve will only intersect gpqr
in gy and ¢;. As mentioned, the multiplicities of f(xg,21,22) in qo and ¢ in
P? is denoted a and b. We denote the corresponding bidregree of the curve

f(uo,vo;u1,v1) € P! x P! as (a, B).

C() Cl

Co Ch

q0 q1

Figure 3.5: Blow up of qo,q1 € P? and two lines in P! x P!

Consider in P2 the multiplicity of gy and ¢, is @ and b respectively.
Since f(xg,1,22) is of degree d, the curve intersects each line in P? d times.
By subtracting the multiplicities of ¢o and ¢; we get the number of times
f(x0, 71, 22) intersects the line outside gy and ¢;.

When d > a + b we have two possible cases of different bidegrees of
fuo,vo;ur,v1) € Pt x PL.

Let o denote the first bidegree, § the second and § the number of times the
curve intersects C' = (0:1) x (0:1).

To see the relationship between a, b, d and «, 3,5 we have that

a=a+(d—(a+b)=d—>b
B=b+(d—(a+b)=d—a
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3.5. The pullback from P! x P!

§=d—(a+b=d—a—b

To prove this, consider two lines Ay and A;, each going through ¢¢ and ¢
respectively, as depicted below in

C() C41

q0 q1

Figure 3.6: Blow up of o, ¢; and lines in P? and lines in P! x P!

As before, f(zq,r1,22) is a curve of degree d. In the figure, we see that Ag
intersects Gogr in qo. As a result, f(zo, 1, z2) intersects the line Ay everywhere
but qo, (d—a) times. Similarly, A; intersects goq; in q;. Therefore, f(xg,z1,22)
will intersect A; everywhere but ¢, (d — b) times. Further, f(zg,z1,22) will
intersect qoq everywhere but ¢g and ¢, (d — (a+ b)) times.

Now, let us consider the bidegrees in P* x P'. Ay will be mapped to a line
in P! x P! parallel with C;, where C; is the image of ¢;. Since, Ay intersects
the curve (d — a) times in P2, outside qo, this is also the case in P! x P!. Hence,
the second bidegree of the curve in P! x P! is (d —a). A similar argument yields
that the first bidegree must equal (d — b).

Additionally, we can calculate that the curve must pass through the point
(0:1) x (0:1) exactly (d — a — b) times, as the line Cy, with bidegree (d — b),
has exactly a intersections outside of the point (0 : 1) x (0 : 1), which stems
from the multiplicity of the curve in the point gq.

|

Hence, knowing either a,b,d or «, 3,5 we can compute the other three

unknowns, using that the equations

a=a+(d-(a+b)=d->
B=b+(d—(a+b)=d—a
§=d—(a+b)=d—a—b
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3. Reconstruction from two camera centers

imply

28



CHAPTER 4

Reconstruction from three camera
centers

We will reconstruct P? from three projections Mg ° P2 — P!, where each
projection is an image from a camera center ¢; € P2 for i = 0,1,2. We will refer
to the camera centers as the points qg, ¢1, g2 in P? from now on.

To reconstruct P2, we want to find the surface S C P x P! x P! birationally
equivalent to P2, and the inverse birational map « from S to P?. We consider
P! x P! x P! in its Segre embedding in P”. In this chapter, we will first show
that the image of S in P7 is S = (P})> NPS. Then, we will show that the map «
is a projection from P? restricted to S, such that P3 N S is a curve C of degree
3 where (C) = P3.

To determine S in P7 we need to identify enough points so that they span a
hyperplane of P7, i.e. PS. As we will see, even though we find enough points to
span P9, the reconstruction of P? is ambiguous.

Further, there are cases where we do not find enough points to determine S
in P7. We call these critical configurations. We will classify different critical
configurations and study the information we obtain of P? in such cases.

4.1 A rational map from P? to P! x P* x P!

Consider the points qo, g1, g2 € P?, where go = (1:0:0), g1 = (0:1:0) and
q2 = (0 20 ].)

The variety of lines in P? through ¢; is isomorphic to P!, for a fixed i = 0, 1, 2.
Hence, by choosing a point r € P2, and considering the lines 7g; we obtain a
map from p : P? — P! x P! x P! defined similarly as the case for two points.

The map p can be described explicitly by

p:P? 5P x Pt x P!
(xo:my:x9) = (—x2: 1) X (—mg s o) X (—21 : )

so that p fits into the diagram in

From discussion in we see that p is a morphism between the
open subset U = P2\ {qo,q1,¢2} and P! x P* x PL. Then by
we recognize p as a rational map from P? to P! x P! x P!, i.e.

p:P? ——5 P x P! x P!
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4. Reconstruction from three camera centers

P! x P! x P!

//>’
p//’ J{WOXTH

-
-

P? Z--—5--3 P! x P

Figure 4.1: Correspondence between rational maps from P? into P! x P! x P!
and P! x P!,

4.2 An embedding of P! x P! x P! into P”
We have a map from P! x P! x P! to P7 given by
¥ P x P! x Pt — P7
(up : vg) X (ug :v1) X (ug : v2) — (UguiUg : UUIVY : - -+ : VoUIV2) (4.1)
(Yo Y1 Y21 Y3 YA Ys Y6t YT)

The map ¥ is a closed embedding called the Segre embedding, see
where the image U = ¢)(P! x P! x P1) is closed and isomorphic to P! x P! x P,
Moreover, the image U as a variety in P7 satisfies the following relations

Yoyr = (uouiuz)(vov1ve) = UoU1U2VeV1 V2
Y1Y6 = (uou1v2)(Vov1u2) = UpU1UVEV1V2
Yoys = (uov1u2)(Vou1v2) = UpU1UVEV1V2
YslYs = (U001U2)(U0U1U2) UoUL U2V V1 V2

in addition to

YoYs = uguluwwz = Y1Y2
YaYr = U1u205v1v2 = Y5Ys
YolYs = uoufuzvovz = Y1Y4
Ya2yr = Uouzvovfw = YsYe
YoYe = uoulugvom = Y2Y4

_ 2 __
Y1Y7 = UpU1VV1Vy = Y3Y5

Thus, the image U of ¢ is contained in the twelve hypersurfaces

Z 1 (Yoyr — Y1Ys

+ Yoy — Y2Ys
+YoY7 — Y3Ya
+W1Ye — Y2Ys

( )
( )
( )
( )
Z1(y1y6 — Y3Ya)
Z 1 (Y2y5 — Y3Ya)
Z 1 (Yoys — y192)
Z 4 (Yay7 — ysYs)
Z 1 (Yoys — Y1Ya)
Z (Y297 — Y3Ys)
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4.2. An embedding of P! x P! x P! into P*

Z+(Yoys — Y2va)
Z+(y1y7 - Z/3y5)

Hence, also in their intersection.

Lemma 4.2.1. The image U of @ equals the intersection of the twelve
hypersurfaces U* = () Z4(ai).

Proof. We will begin with the observation U C U*, since U is contained in
each of the twelve separate hypersurfaces. Thus, together with U* C U, it is
sufficient to conclude U* = U.

Hence, we move on to prove U* C U, which is equivalent to U* N D4 (y;) C
U N Dy (y;) Vi, since { D (y;)} make up an open cover of P7.

The twelve hypersurfaces are symmetric in terms of the y;, and we may
therefore without loss of generality prove U* N D (yo) € U N D4 (yo).

We will prove that for y = (yo : y1 : -+ : y7) € U* N D4 (yo), we have
Y o1hy t(y) =y and hence have

U* N Dy (yo) € ¢ (¥ (D+(w0))) = ¢ (D (uovowo)) = UNDy(yo)  (4:2)
To see 1 o wal(y) =y note that
¢0¢51((y0 Yo y7)) =¢((y0 cya) X (Yot y2) X (Yo y1))
= (U5 YOV Y02 : Yoy ¢ YoUa : YoY1Ya : YoY2la : Y1Y2Ya)
Now, the crucial observation is that since y € U*, we have
Y12 = Yoys = YoY1¥2 = YoUs3
Y1Y4 = YoYs = YoY14 = Yo Us

YaYa = Yols = YoY2Y1 = Yo Yo
Y1Y6 = YoY7 = Y1Y2Y4 = YoY1Ys = y§y7

Yo %_1(}’) = (yg : y%yl : ySyg *Yoy1ry2 - y8y4 S YoY1Ya * YoYala : Y1Y2Ya)
= (Yo Y3y1 : Y3y Vo3t Yaya t YoYs T YoYs : YoyT)
:(yoiyllyz5y31y41y55y61y7):y

since yo # 0 for y € U* N D4 (y0) C D (yo).

Hence, U* N D1 (yo) € U N D4 (yop), from [Equation (4.2)] and by symmetry

we obtain U* N Dy (y;) € U N Dy (y;) which is sufficient to prove U =U*. R

Notice that

(Yoy7 — 11Ys) + (V1Ys — Y2us) = (Yoyr — Y2ys)
(196 — y2us) + (Y2ys — Y3ya) = (Y16 — Y3va)
(Yoy7 — y1Y6) + (Y1Ye — Y2Ys) + (Y2ys — y3y4) = (Yoy7 — Y3y4)

Therefore, the following three hypersurfaces

Z(Yoyr — y2us), Z+(W1Ye — y3ya), Z4+(Yoyr — Ysya) (4.3)
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4. Reconstruction from three camera centers

are redundant. Thus, when disregarding the three hypersurfaces in

the nine remaining hypersurfaces are linearly independent.

In fact, by using Hilbert’s Nullstellensatz, we show that there is a redundancy
in the nine hypersurfaces as well, as U can be expressed as the intersection of
only 8 hypersurfaces.

Theorem 4.2.2 (|[EOa|, Theorem 1.12 (Hilbert’s Nullstellensatz)). For ideals
a, b we have the equivalence

Zi(b)C Zi(a) = VaC Vb

We will prove that the hypersurface Z (y1y6 —y2ys5) contains the intersection
of the eight remaining hypersurfaces. We will prove this explicitly by showing
(y196 — y2y5)? € u, where u is the ideal generated by the eight remaining
polynomials.

Proof. This can be done in the quotient ring modulo u, by considering

YiYe + Y3V = YoyrYeYr + Y2ysyays, bY y1¥s = yoyr and yoys = Ysys
= Y19Y2YaY7 + YoY3YsYs, by y2y4 = yoye used in both directions
= YoY2YsY7 + Y1Y3YaYe, by yoys = y1ya used in both directions
= 2y192Y5Y6, DY Y1¥6 = Yoy7 and yays = Y3y4

Hence we have

YV2ye + y3ys = 2y192usve = (Y1Y6 — Y2ys)> =0

in the quotient ring, and we may conclude

(1196 — ¥2y5)> € U= (y1Ys — Y2¥s5) € VU = (y1¥6 — y2¥5) C Vu

Thus, the hypersurface Z (y1ys — y2ys5) is redundant. |

Now, it is rather simple to see that the remaining hypersurfaces are all
necessary i.e. that none contain the entire intersection of the remaining seven,
due to the observation that each monomial appear only once in the eight
different ideals.

That is, we may consider the points z;; € P7 on the form (0:---:1:---:
1:---:0), where the i-th and j-th index are 1. Now, for the ideal (y;y; — yry1),
we may consider the points z;; and xy;, and finish by noting that

vij & Zy(yiys — ykyt) » Tij € Z4(ax)

since the monomial y;y; does not appear in any of the other ideals, and for
any other monomial y,ys(z;;) = 0.
We summarize this discussion in the result below

Lemma 4.2.3. U can be written as the intersection of exactly eight of the twelve
hypersurfaces, but no fewer than eight.
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4.3. The image of P? in P”

4.3 The image of P2 in P”
Then, we have the image rational map p from P? into P' x P! x P!, i.e.
p:P? 5P x Pt x P!
(xo:my:a9) = (—x2: 1) X (—mg s xg) X (—x1 : )
and the Segre embedding v from P! x P! x P! into P7, i.e.
Pl x P! x P — P7
('LLO : ’Uo) X (u1 : ’Ul) X (’U,Q : ’UQ) — (u0u1u2 TUQULVY L el ’Uo’UlUQ)
= (Yo iYL Y2 Y3 YA Y5t Y6t YT)

The coordinates in P7, when mapped from P? is given by

Yo = upurtiy = (—a2)(—w2)(—21) = —z123
Y1 = uourvy = (—x2)(—22)(z0) = 370333

Y2 = ugviug = (—x2)(w0)(—21) = ToT 172
ys = uovivy = (—2)(x0)(x) = —ajw2

ya = vourug = (1)(—22)(—11) = 2iT2

Ys = vou1vz = (1)(—r2)(z0) = —T0T172

Y6 = VoU1U2 =

where every monomial y; is of degree 3.
Hence, the composition of the two maps is a map from P? — P7 given by

pop:P? 5P’

e 2, 2. 22 ) 2.2
(ot w1 2 x2) = (—2125 © TXS : TeT1T2 T —TET2 T TIT2 T —ToT1Ta @ —ToxT : THT1)

Now, it becomes natural to wonder what the image V' = v o p(P?) looks like.
This V will in fact be the surface S we are looking for, when S C P! x P! x P!
is embedded into P7.

Clearly it is contained in U, as the mapping factors through P' x P! x P!,
but we expect it to have dimension dimP? = 2, unlike U, which have dimension
dimU = 3.

By observation, we also have V' C Z (y2 4 ys5), and we will prove that this
is sufficient to determine V.

Lemma 4.3.1. V, that is the image of P? in P7, fulfils V =U N Zy(y2 + ys).

Proof. We have already shown V' C U N Z;(y2 + y5), and what remains is
therefore demonstrating U N Z (y2 +ys5) C V.

To prove this, we only consider the case yo # 0, i.e. within D4 (yg) as the
others are analogous.

Hence, consider the point y = (yo : -+ : y7) € UN Z1(y2 + ys5) N Dy (yo),
we will prove that y € (1 o p)(P?) = V.

We already know that the preimage of y in P! x P! x P! equals

VT (o ryr) = (Yot ya) X (Yo y2) X (Yo 1 y1) = z

33



4. Reconstruction from three camera centers

However, to take into account that 1(z) € Z (y2+ys), we have the equation

Yoy2 + Yoyayr = 0= yoy2 + y1ya =0
which is equivalent to saying (yo : y1) = (—ya : y2).
Hence,
z=(yo:ys) X (yo:y2) X (—ya:y2) =p " ((y2 192 : —%0))
which proves that

y=op)(y2:ys:—yo) € (Yop)(P?) =V
and finally V =U N Z, (y2 + ys). [

Thus, the surface S we are looking for, to reconstruct P?, is S = V =
UNZi(y2+ys).
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4.4. The class of the image of P2

4.4 The class of the image of P?

In this section we want to determine the class of the image of P2 in P! x P! x P,
The notation and theory in this section is based on results in See
this chapter for more details.

Let the image of P2 in P! x P! x P! be

S =p(P2) C P! x P! x P!
=9~H(V)

As S is of codimension 1 in P' x P! x P, S is a divisor. The class of S, can
be represented as [S] = aphg + a1hy + ashs, where (hg, hq, ha) is the basis for
the Picard group Pic (P* x P! x P}) = Z ® Z @ Z and ag, a1, as € Z.

To determine the class [S], we consider the intersection of [S] and classes
hihj for i # j, where each h;h; represents the class of a curve going through
¢; and gj. Recall that hohy = [{pt} x {pt} x P1], hohe = [{pt} x P! x {pt}]
and hihy = [P x {pt} x {pt}]. First, we intersect [S] with the class of curves
represented by hgh1, to obtain

[S] - hoh1 = (aoho +arhy + azhg) - hoh1
= ag - hohlhg

As hf = 0 and hohi1hs = 1. Here as corresponds to the number of intersection
points between S and a curve of class hoh;.

To determine ao, we consider this intersection in S. Each class hq, hy, ho
have restrictions to S, where h; restricted to S is (L — e;). Thus, we get

[S]- hoh1 = hols - hils = (L —eg) - (L —e1)
=L%?— Ley — Leg + epey
=1

Hence, the number of intersection points between S and curves of class hohy
in P? is ay = 1. In a similar manner, we find that ag = 1 and a; = 1. Thus, the
class of S is given by [S] = hg + hy + ha.

To obtain the degree of a surface of class [S] = hg + h1 + hg in the Segre
embedding, we intersect [S] with the class of the intersection of two hyperplane
sections, i.e.

[S] - (ho + h1 + ha)® =(ho + h1 + ha) - (hohy + hoha + hihg + hihy + hohg + hahy)
=6 - hohihe
=6

Thus, the degree of the surface V = 9(5) in the Segre embedding is 6.

Intersection of two surfaces

Now, if we are to look at two separate blow-ups of P? of three different points,
we obtain two different images, Sy and S;, when mapped into P! x P! x P!,
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4. Reconstruction from three camera centers

However, the class of both surfaces will still be (hg + h1 + ha). Thus, their
intersection, a subvariety of dimension 1, will have class

[Slo - [T = (ho + h1 + h2) - (ho + h1 + ha)
= hohi + hoha + hihg + hihg + hohg + hahy
=2 (hohy + hihs + hohg)

Thus, we have calculated the class of the intersection of two different blow-
ups of P2, S; and Sy, in P! x P! x P'. Now, we want to study the intersection
of two such blow-ups when embedded into P7. Recall that

Sy =y~ (W), Sy =y H(Va)
In P” we assume V; to be equal to the image V we found in [Lemma 4.3.1]

ie Vi =UNZy(ya +ys). Then, we let Vo be a blow-up of three other points in
P? given by

Vo =U NZ4(aoyo + a1y + asys + asys + asys + asys + acys + aryr)

for some a; € k. To explain that the expression is linear, the class of =1 (V5)
equals the class of »~1(V7), namely (hg + h1 + hs), such that the degree of V5
in P7 equals 6 as well. Implying that the hypersurface U is intersected with
to obtain Vb, is of the same degree as Z, (y2 + y5), i.e. degree 1. Thus, it is a
hyperplane as well.

As above, we want to consider the intersection of the two separate blow-ups
of P2 in P! x P! x P!, when embedded into P7. Thus,

VinVa=UNZi(y2+ ys5) N Zy(aoyo + ar1y1 + - - - + aryr) (4.4)

An intersection of two blow-ups when embedded into P” will in general be
of codimension 4 + 1+ 1 = 6 and thus be a curve in P”.

We can calculate the degree of the curve in P” by intersecting the class of the
intersection of the two blow-ups in P! x P! x P! with the class of a hyperplane
section (hg + hy + hg). Thus,

(hohi + hiha + hahg) - (ho + h1 + ho)

[So] - [S1] - (ho + h1+ he) =2-
— 2 (hohiha + hohiha + hohihs)
6

Thus, V3 N V; will in general be a curve in P7 of degree 6.

The pullback of the class of V'

As V is a hyperplane section of U and the class of a hyperplane section is given
by (ho + hi1 + hz), then the corresponding class in the blow-up of P? in three
points is given by

(L—€0)+(L—61)+(L—62)=3L—60—€1—62

As hg, h1,hg corresponds to (L — eg), (L — e1), (L — e2). A curve of class
3L — ey — e; — ey will in P2 represent a cubic curve through the points qq, ¢1, ¢o.
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4.4. The class of the image of P2

L is both the class of a line in P? and the class of the image of a line in
V. Thus, we can find «, first by identifying curves of class A = H — L in P7,
and then project from the span of a curve of this class. Given the class of a
hyperplane section 3L — eg — e; — ea, we obtain the class A by subtracting L,
ie.
A:(3L7€0761762)7L:2L760761762

Further, the degree of the curve of class A in P7 will be
(3L —eg—e1 —e3) (2L —eg —e1 —ez) =6L* +e2 +e? +e2=3

As it turns out, the curve of class 3L — eg — e; — e will span P3. Thus, a will
be the projection from (A) = P?3 restricted to V.

For similar discussion, see [Chapter 5
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4.5 Critical configurations as hyperplane sections

In this section, we want to study curves in the blow-up of P? in qo, q1, ¢2.

We are interested in identifying curves that can be mapped to cubic curves

in P? going through qo, q1, ¢, i.e. curves in the blow-up satisfying the class
3

Zi:l(L — ei) = 3L — €p — €1 — €.

Every curve is associated to a class. If a curve is reducible, i.e. a union of
different components, then the class of the curve is equal to the sum of the
classes of all components. As we want to study curves of class 3L — ey — e — ea,
we will consider both irreducible and reducible curves. To be a reducible curve
of this class, the sum of all component classes must add up to 3L —eg — e1 — es.
We call each unique composition of 3L — eqg — e; — ea a partition.

Definition 4.5.1. A partition of a class C' is a unique decomposition of C', such
that each component itself is a class of a curve.

Before we begin to study partitions of 3L — ey — e1 — e, we will comment on
the possibilities of singularities of curves of different degrees. This is important,
as it restricts the number of possible partitions.

An application of Bézout’s theorem lets us determine the maximal number
of singular points that an irreducible plane curve can have. We can determine
the number by using the following proposition.

Proposition 4.5.2 (|[EOa|, Proposition 12.7). An irreducible curve C of degree
d cannot have more than (dgl) singular points.

As a result, neither lines nor conics can contain singular points. However a
cubic curve on the other hand may have one singularity, and the multiplicity of
this point cannot exceed 2. Thus, an irreducible curve of class 3L — ey — e — eg
can at most have one singularity. Reducible curves of this class will have no
singularities.

Partitions of class 3L — eg — e1 — €2

In this section, we start by describing some of the partitions of class
3L — ey — e; — es. In the end of the section we list all partitions of this
class in a summarizing table, i.e.

In total, when including symmetric classes, there are 55 unique partitions of
class 3L — ey — e1 — e in the blow-up of P? in three points. By symmetric classes,
we refer to obtaining different types of a specific partition, by rearranging eq, e;
and ey in the expression for the given partition.

We describe the partitions in the order determined by the number of
components in each partition. We start with the partition consisting of one
single component, the irreducible curve.

Partition consisting of one component

The only partition consisting of one component is the irreducible curve of class
3L —eg — e; — ea. The class represents cubic curves going through the points

40, q1, g2 exactly one time, see
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4.5. Critical configurations as hyperplane sections

Figure 4.2: Cubic curve going through o, ¢1, ¢2 in P? exactly once.

Partition consisting of two components

By rearranging the elements of class 3L — ey — 1 — e, we can find one of the
partitions consisting of two components, each being its own class, i.e.

3L7€07€1762:(3L7260761762)+60

The curve is still of degree three, but is now a combination of two components,
i.e. a cubic curve and the exceptional divisor eg, that is a blow-up of the point
qo. From the expression, we see that the curve goes through gy twice and further

q1 and ¢o once, see |Figure 4.3

Figure 4.3: Nodal curve in P?

By symmetry, we can find two other types of this class, that is by rearranging
eg, €1 and ey in the expression above.

Partition consisting of three components

We continue to combine a quadratic curve with other elements to obtain a curve
of class 3L — ey — e1 — €.
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3L760761762:(2L7€0761)+(L760762)+60

which is a quadratic curve going through qq, ¢1, a line going through ¢¢ and g»
and the exceptional divisor eg, see

q0 q1

Figure 4.4: Curve in P? of partition containing three components

By symmetry, there will be 6 partitions of this combination, given that we
change the position of the points qq, g1, ¢2.

Partition consisting of four components

3L7607€1762:(L760761)+60+L+(L760762)

This curve is a combination of a line going through qg, g1, a line going through
o, q2, an arbitrary line L € P? and the exceptional divisor eg, that is a blow-up

of qo, see

Figure 4.5: Curve in P2 of partition containing four components

By symmetry, there will exist in total 3 different partitions of this
combination.

Partition consisting of five components
3L—60—€1—62:(L—€1)+(L—60—62)+€1+(L—60—€1)+60

40



4.5. Critical configurations as hyperplane sections

This curve is a combination of a line going through ¢;, a line going through
qo, q1, a line going through qo, g2 and the two exceptional divisors eq, e;. The
two exceptional divisors are blow-ups of qg, g1 respectively. See

q2

Figure 4.6: Curve in P? of partition containing five components

By symmetry, we can obtain in total 6 different partitions of this combination.

Partition consisting of six components

If we consider a curve that contain all three lines, and that each line goes
through two of the three points qg, q1,q2. That is

3L—ey—e1—ea=(L—ey—e1)+er+(L—ey—ea)+ea+ (L—e; —es)+eg

Here, the curve in the blow-up is a combination of six components, i.e. the lines

G041, 9ogz and G1qz, and the exceptional divisors eg, e; and e, that are blow-ups

of qo, q1, g2 respectively. There is no symmetric variation of this partition.
Given the combination of the lines Gyq1, Gogz and GGz, the curve will now

have a multiplicity of 2 in each point qo, q1, g2, see

q0 g1

/N

Figure 4.7: Curve in P2 of partition containing six components

Summary

In we summarize the partitions of class (3L — eg — e; — e3). We only
consider the 18 different partitions, where the symmetric variations of each
partition is disregarded. The order of the partitions in the table are based on
the number of components in each partition.
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Table 4.1: All partitions

Number of Partition
components
1 (3L—€0—61—€2)
2 (3L—2€0—61—62)+60
2 (2L —eg—e1 —ea)+ L
2 (2L—60—€1)+(L—€2)
2 (2L—€0)+(L—€1—62)
3 (2L —eg—e1 —ea) + (L —eg) + eo
3 (2L—€0—€1)+(L—60—€2)+60
3 (L—ey—e1)+ (L—e)+ L
3 (L760)+(L761)+(L762)
4 (L—€0—61)+60+L+(L—€0—62>
4 (L—eo—61)+(L—62)+€0+(L—60)
4 (L*SO761)+(L762)+(L762)+62
4 (2L7€0761762)+€1+€0+(L760761)
5 (L—e)+(L—ey—ea)+ter+(L—ey—er)+eo
5 (L—epg—e1)+(L—eg—e1)+(L—e2)+eg+er
5 (L7€0761)+(L760762)+(L760)+60+60
6 (L—eo—61)+(L—60—62)+(L—61—62)+€0+61+62
6 (L—ep—e1)+(L—eg—ea)+ (L —ey—ezx)+eg+eo+ e

Degree of partitions of class 3L — eg — e; — e2 when mapped into
P5

In we found that two different blow-ups when embedded into P7
intersect in a curve of degree 6. When two hyperplane sections are intersected,
i.e. (ho + h1 + h2)?, we end up in P°. Thus, the curve of degree 6 is an
intersection of two blow-ups is in P°.

In we found 18 unique partitions of the class 3L — ey — e — eo
in the blow-up of P2, when the symmetric variations are disregarded. Here, we
are interested in the degree of curves of these partitions in P°. We will focus on
the same 6 partitions as we did in but summarize the results for all
partitions in upcoming tables.

To determine the degree of each component of a partition in P°, we intersect
each component of a partition with the class 3L — ey — e; — e5. The degree of a
curve in a partition is equal to the sum of the degree of each component. Here,
curves of each partition must necessarily be of degree 6, as 6 is the degree of
the curve we started out with in P°.

We start by calculating the degree of the partition consisting of only one
component.

The degree of the partition containing one component
We intersect the partition with the class of the curve, that is
(BL—eg—e1 —ea) - ((SL—eo—e1 —62)) = (912 + €% + €2 +¢€3)
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4.5. Critical configurations as hyperplane sections

=09-1-1-1)
=6
as L? = 1, e = —1 and the product of two non-identical element are equal

to zero. Thus, this partition, consisting of only one element, corresponds to a
curve of degree 6 in P5.

In [Table 4.2 below, we list the only partition that consists of one component
and the degree of this component.

Table 4.2: Partition with 1 component and degree of the component (c¢)

Partition Deg(c)
(3[/—60—61—62) 6

The degree of a partition with two components

We continue to intersect each partition with the class 3L — eg — e; — es, that is

(3L—€0—€1—€2)- ((3L—260—61—62)+€0) =5+1
=6
This partition corresponds to a curve in P° of degree 6, where each component
has degree 5, 1 respectively.

In below, we summarize the degrees of each component in the
partitions that consists of two components.

Table 4.3: Partitions with 2 components and the degree of each component (¢;)

Partition Deg(c1) Deg(ca)
(3L—260—€1—82)+€0 5 1
(2L—80—€1—62)+L 3 3
(2L7€07€1)+(L762) 4 2
(2L—€0)+(L—61—62) 5 1

The degree of a partition with three components

(3L—€0—61—€2)~ ((2L—60—€1)+(L—60—62)+€0) =44+1+1
=6
The partition corresponds to a curve in P° of degree 6, where each component
has degree 4,1, 1 respectively.

In below, we summarize the degrees of each component in the
partitions that consists of three components.
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Table 4.4: Partitions with 3 components and degree of each component (c;)

Partition Deg(c1) Deg(ca) Deg(cs)
(2L—€0—€1—€2)+(L—60)+€0 3 2 1
(2L760761)+(L760762)+60 4 1 1

(L—€0—61)+(L—62)+L 1 2 3
(L—ep)+ (L—e1)+ (L—ea) 2 2 2

The degree of a partition with four components

(3L760761—62)-((L—eofel)+60+L+(L760—62)):1+1+3+1
~6

The partition corresponds to a curve in P° of degree 6, where each component
has degree 1, 1, 3, 1 respectively.

In below, we summarize the degrees of each component in the
partitions that consists of four components.

Table 4.5: Partitions with 4 components and degree of each component (c¢;)

Partition Deg(c1) Deg(c2) Deg(es) Deg(ey)
(L—ey—e1)+eo+ L+ (L—ey—e2) 1 1 3 1
(L—E()—61)+(L—62)+60+(L—60) 1 2 1 2
(L—e()—61)+(L—62)+(L—62)+62 1 2 2 1

(2[/—60—61—82)—|—€1+60+(L—€0—81) 3 1 1 1

The degree of a partition with five components

(3L—€0—€1—62) .
((L—61)+(L—60—62)+61+(L—60—61)+60) =2+4+14+1+1+1
=6

The partition corresponds to a curve in P® of degree 6 with five components,
where each component has degree 2,1, 1,1, 1 respectively.

In below, we summarize the degrees of each component in the
partitions that consists of five components.

Table 4.6: Partitions with 5 components and the degree of each component (¢;)

Degree of
C1 Co C3 Cy Cs
(L—el)+(L—€0—€2)+61+(L—60—€1)+60 2 1 ]. ]. 1
(L—ey—e1)+(L—eg—e1)+(L—e2)+epg+er 1 1 2 1 1
(L—60—€1)+(L—60—62)+(L—€0)+60+60 1 1 2 1 1

Partition
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The degree of a partition with six components

(3L—€0—61—62)'((L—60—61)+61+(L—60—62)+62+(L—61—62)+60) =6

The partition corresponds to a curve in P® of degree 6 with six components,
where each component is of degree 1.

In below, we list the partitions that consist of six components,
and the belonging degree of each of the components.

Table 4.7: Partitions with 6 components and the degree of each component (¢;)

Partition Degree of

Ci C2 C3 C4 Cj

(L—€0—€1)+€1+(L—€0—62)—|—€2—|—(L—€1—62)+€0 1 1 1 1 1
(L*BO761)+(L760762)+(L760762)+€0+60+62 1 1 1 1 1

Can two different blow-ups be mapped to the same curve in P5?

In this section we want to study the preimage of the intersection of two surfaces
in P7. In[Section 4.4] we found that the intersection of two such surfaces is a
curve of degree 6 in P°.

We will examine whether two different partitions of the class 3L —eg—e; —eq,
i.e. two blow-ups of P2, can be mapped to the same curve of degree 6 in P°.

Figure 4.8: Two blow-ups of P? in three points

When we consider the preimage of such a curve in P?, the map will pull
back to two different blow-ups of P2, each blow-up corresponding to a curve of
degree 3 in P? going through three points, qo,q1,q2 and g}, ¢}, g5 respectively.
Thus, the preimage will correspond to curves in the blow-up of P? of class
(BL —eg — €1 —e3) and (3L — ef, — €} — €b) respectively. These classes behave
similarly, as both correspond to curves going through three points in P2. Thus,
there are 18 partitions of each such class, if we omit the symmetric partitions.

We are interested in studying different partitions of (3L — e — €1 — e2) that
becomes the same intersection curve in P° when embedded into P7. Thus, we
study the 18 partitions corresponding to the classes of the two blow-ups, to
examine whether we can obtain the intersection curve in P°, by intersecting
different partitions.

We want to find partitions that can be matched, and the necessary conditions
for two partitions to be matched are defined below.
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Definition 4.5.3 (Matching partitions).
i) The partitions have the same number of components
ii) The partitions consists of components of the same degrees

iii) The intersection between the components in each partition must be
equal in both partitions that are matched.

When we search for possible matches, as both classes of the two blow-ups are
identical up to variable change, we only consider the partitions corresponding
to the class 3L — eg — €1 — ez that we found in [Section 4.5

By studying each table in we can find possible candidates of
matching that satisfies both condition 1 and 2. Then subsequently, we can
check whether the last condition is met. We start by studying the tables in
succeeding order based on the number of components in a partition. As there

is only one partition in [Table 4.2 we skip this table.

Possible matches in partitions with two components

In we can observe that partition number 2 and partition number 4
are possible candidates to be matched, i.e.

partition #1: (3L — 2ep — e1 — e3) + €g
partition #4: (2L —eg) + (L — e; — e3)

They are possible candidates as both partitions consist of two components, and
in each partition there is one component of degree 1 and the other is of degree
5.

We can study the intersection points between the components in each of the
partitions. We start with partition number 1.

(3L—2€0—61—€2)'60 = —260 = 2

As we can see, there are two intersection points. Thus, the cubic curve with a
singularity in qo intersects the exceptional divisor ey twice in partition number
1. This is visualized in the dual graph in below. In a dual graph,
each node represents a curve of some class, corresponding to a component
c; of a partition. Inside each node, in addition to ¢;, there is a number
representing the degree of the related curve. The lines between the nodes
represents the intersections between the curves, and the number associated to
each line represents the number of times the curves intersect. Two separate
lines between the same two nodes, represents two different intersection points
between the curves.

Further, we can consider the intersection points of the components of
partition number four, that is (2L — eg) + (L — e; — e2).

<2L - 60) . (L — €1 — 62) == 2L2 = 2

Also here, the two components intersect exactly twice. The quadratic curve
intersect with the line going through g¢g,q; in two different points. This is

visualized in the dual graph in below.
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1

Figure 4.9: Dual graph of (3L — 2ep — e; — e3) + €

1

Figure 4.10: Dual graph of (2L —eg) + (L — e1 — €2)

Thus, both partitions have the same number of intersection points, and the
intersection between the components in each partition seems to be identical, as
is visualized in the dual graphs |Figure 4.9/ and |[Figure 4.10, Thus, they meet all
three necessary conditions for matching.

Possible matches in partitions with three components

In partition number 1 and 3 are two partitions that may be matched,
ie.

partition #1: (2L —eg —e1 —ea) + (L —ep) + €g

partition #3: (L —ep —e1) + (L —e2) + L
Both partitions have three components, and each partition has one component
of degree 1, a second component of degree 2 and a third component of degree 3.

We can study the intersection points between the components in each of the
partitions. We start with partition 1.

(2L—60 — €1 —62) . (L—eo) = 2L2+€(2) = 1
(2L —ep —e1 —e3) - €o = —e? = 1
(L —eo) - €0 = —e? =1

As we can see, each of the components intersects each of the other components

exactly once. This is visualized in the dual graph in below.
Further, we can consider the intersection points of the components of

partition 3

(L—eo—el)-(L—eg) = L2 =1
(L*G()*el)'L = L2 = 1
(L—ey)-L = 1?2 =1
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1 @

1
Figure 4.11: Dual graph of (2L —eg — e —e2) + (L —eg) + €

Also here, each of the components intersects each of the other components
exactly once. Thus, the two partitions satisfies the three necessary conditions.

1
Figure 4.12: Dual graph of (L —ey —e1) + (L —e2) + L

From the study of intersection points above, and also visualized in the dual
graphs|[Figure 4.11}and [Figure 4.12] the two partitions have identical intersection
points. Thus, they meet all three necessary conditions for matching.

Possible matches in partitions with four components

In [Table 4.5 partition number 1 and 4 are two possible matches. Both partitions
have four components, and three of the components is of degree 1 and one
component is of degree 3.

partition #1: (L —eg—e1)+eg+ L+ (L —ep—e3)
partition #4: (2L —eg — ey —ea) +e1+eg+ (L —ep—e1)

We can study the intersection points between the components in each of the
partitions. We start with partition 1, that is (L —eg—e1)+eg+ L+ (L—ep—e2)

cl-cy = (L—eg—e1)- e = —ed = 1
C1-C3 = (L—€0—61)~L = L2 = 1
circa = (L—eg—e1)-(L—eg—e) = L*+e = 0
Cy+C3 = GQ'L = - = 0
Cy-Cqg = € - (L—eo —62) = —eg = 1
C3-Cq4 = L-(L—eo—eg) = L2 = 1
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As we can see, the four components intersect with two of the other components
exactly once. The line gog7 and the line gygz do not intersect in P®. Further, the
arbitrary line L does not intersect the exceptional divisor ey. This is visualized

in the dual graph in below.

Figure 4.13: Dual graph of (L —eg —e1) +eg+ L+ (L —ep — e2)

Then, we study the intersection points between the components in partition
number 4, i.e. (2L —eg—e1 —ea)+e1 +eg+ (L —eg—e1).

clp-cyg = (2L —eg—e1 —e2) €1 = —e? = 1
cl-c3 = (2L —eg—e1 —e2) - €9 = —ed = 1
circa = (2L—eg—e1—e3)-(L—eg—e1) = 2L2+e2+e? = 0
Cy-C3 = €1+ € = - = 0
Cy-Cs = e1-(L—ey—eq) = —e? = 1
c3-Cas = eo- (L —ep—eq) = —e? = 1

Also here, all components intersect with two of the other components, exactly
once. The quadratic curve going through all three points qqg, q1, g2 and the line
going through ¢o and ¢; do not intersect in P°. In addition, the two exceptional
divisors eg, e; do not intersect either. This is visualized in the dual graph in

[Figire 1] below.

Figure 4.14: Dual graph of (2L —eg —e1 —ea) +e1 + e+ (L —eg —e1)

From the study of intersection points above, and also visualized in the dual
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graphs|Figure 4.13|and [Figure 4.14] the two partitions have identical intersection
points. Thus, they meet all three necessary conditions for matching.

Further, we have another possible match in that is partition
number 2 and 3. Both of the partitions have four components, and both have
two components of degree 1 and two components of degree 2.

partition #2: (L —ep—e1) + (L —e2) +eo+ (L — ep)
partition #3: (L —eg —e1) + (L — e2) + (L — e2) + €2

We look at the intersection points between the components in each of the
partitions. We start with partition 2, i.e. (L—eg—e1)+(L—ea)+eg+ (L —ep).

C1-Co = (L—eo—el)-(L—eg) = L2 = 1
cl-c3 = (L—eg—e1)- e = —ed =1
circa = (L—eg—e1)-(L—ey) = L*+e = 0
Cy-C3 = (L*@Q)'eo = - = 0
Co-cqy = (L —e2) - (L—ep) = L? =1
Cc3-cqy = eo - (L —eq) = —e2 = 1

Again, all components intersect two of the other components exactly once. Here,
as we can see, the line gogr and the line going through ¢o do not intersect in P°.
Further, the line going through ¢» do not intersect the exceptional divisor eg.

This is visualized in the dual graph in below.

Figure 4.15: Dual graph of (L —eg —e1) + (L —ea) + eo + (L — ep)

Then, we study the intersection points between the components in partition
3,ie. (L—eg—e1)+(L—e2)+ (L—e2)+ea.

C1-Cy = (L—@o—el)'(L—eg) = L2 = 1
C1-C3 = (L—60—€1)'(L—€2) = L2 = 1
CLCp = (L*So*@l)'EQ == - =0
co-c3 = (L—e2)-(L—e2) = L?+e3 = 0
Cy-Cqs = (L —e2) e = —e3 = 1
c3-cy = (L—e3)- e = —e3 =1

Also here, all components intersect with two of the other components, again
exactly once. This time, the line gpgr and the exceptional divisor ey do not
intersect in P°. Further, the two lines both going through ¢ do not intersect.

This is visualized in the dual graph in below.
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Figure 4.16: Dual graph of (L —eg —e1) + (L —e2) + (L —e2) + €2

From the calculation of intersection points, and also visualized in the dual
graphs |[Figure 4.15| and [Figure 4.16| partition number two and three have the
same intersection points. Thus, they meet all three necessary conditions for
matching.

Possible matches in partitions with five components

In [Table 4.0} all three partitions that consist of five components are in fact all
possible matches. That is, all three partitions have five components and each
partition have four components of degree 1 and one component of degree 2.

partition #1: (L —e1) + (L —eg—e2)+e1 + (L —ep —e1) + eg
partition #2: (L — e — 61) + (L —eg — 61) + (L — 62) +eg+ e
partition #3: (L —eg—e1) + (L —eg —e2) + (L —eg) + eo + €9

We consider the intersection points between the components in each of the

partitions. We start with the first partition, i.e. (L —e1)+ (L —eg—ea)+e1 +
(L — e — 61) + eg.

cL-cy = (L—e1) (L —ep—e3) = L? =1
c1-c3 = (L—e1)-e1 = e =1
1y = (L—e1)-(L—eo—eq) = L?+¢e2 = 0
cl-c5 = (L—e1)-eq = — = 0
Cy-C3 — (L—@o—eg)-el = — = 0
carcq = (L—eg—e) - (L—eg—e1) = L*+ek = 0
Cy-Cc5 = (L —eg—e2)- e = —ed =1
cg-cq = e1-(L—ey—e1) = e =1
c3-C5 = el - eg = — = 0
Cc4-C5 = (L—eg—e1)-ep = —e? =1

As we can see, in P°, each component intersects two other components exactly
once. The line through ¢; intersects both the line gyq2 and the exceptional
divisor e;. In addition, the line gpgz intersects the exceptional divisor eg.
Further, the exceptional divisor e; also intersects the line gpqr. Lastly, the line
Joq1 intersects the exceptional divisor ey. This is visualized in the dual graph

in [Figurc 2.1 below,
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4. Reconstruction from three camera centers

Figure 4.17: Dual graph of (L —e1)+ (L —eg—e2) +e1 + (L —eg —e1) + €o

Then we study the intersection points between the components in partition
number 2, i.e. (L—ep—e1)+ (L —eg—e1)+ (L —e2)+ep+e.

circa = (L—ey—e1) (L—eg—e1) = L*+e3+ef = -1
C1-C3 = (L — €9 — 61) . (L — 62) = L2 = 1
c1-¢4 = (L—eg—e1)-eg = —ed = 1
c1-C5 = (L—ep—e1)- €1 = —e? = 1
Cy-C3 = (L—eo—el)-(L—eg) = L2 = 1
Coy-Cq4 = (L—eofel)wao = 76% = 1
co-cy = (L—eg—e1)- e = —e? = 1
C3-Cq4 = (L—eg)-eo = — = 0
C3 - C, = (L—eg)-el = - = 0
Cq-Cs, = €p €1 = — = 0

In P%, as component number one and two are equal, the intersection between
them is equal to -1. Further, both of these components intersect each of the
three other components exactly once. Thus, the line gpq intersects the line
going through ¢o, the exceptional divisor ey and the exceptional divisor e;. This
is visualized in the dual graph in below.

Figure 4.18: Dual graph of (L —eg—ej)+ (L —eg—e1)+ (L —ea)+ep+e1
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4.5. Critical configurations as hyperplane sections

Then we study the intersection points between the components in partition
number 2, i.e. (L —eg—e1)+ (L —ep—e2)+ (L —ep)+ eg+ eo.

circa = (L—eg—e1) - (L—eg—e3) = L>+ek = 0
c1-c3 = (L—eg—e1) (L —ep) = L*+e2 = 0
clL-c4 = (L—eg—e1)- e = —e? = 1
clL-c5 = (L—ep—e1)- e = —e? = 1
Cy-cy = (L—eg—e3) (L —ep) = L*’+e2 = 0
Co-Cy = (L—eg—e3) e = —e3 = 1
Cy-C5 = (L —eg—e3)- e = —ed = 1
c3-c4 = (L —ep) e = —e? = 1
c3-c5 = (L —ep)-ep = —e? = 1
Cy-C5 = ey - €p = e% = -1

Now, component number four and five are equal, thus the intersection
between them is equal to -1. Also here, both component four and five intersect
each of the other three components exactly once. Hence, the exceptional divisor
eo intersects the line gpqy, the line gogz and the line going through gg. This is
visualized in the dual graph in below.

Figure 4.19: Dual graph of (L —eg —e1) + (L —eg —e2) + (L —eg) + eo + €

By the calculation of intersection points between the components in each
partition, and thus as visualized in [Figure 4.17] [Figure 4.18| and [Figure 4.19]
we can conclude that the first partition does not match the two remaining
partitions, as they differ in some of the intersection points. However, partition
number two and three have similar intersection points. Thus, they meet all
three necessary conditions for matching.

Possible matches in partitions with six components

Lastly, in[Table 4.7 both partitions are possible matches. That is, both partitions
have six components and all components in each partition is of degree 1.

partition #1: (L —ey—e1) +e1+ (L —eg—e2)+ea+ (L —e1 —ea) +ep
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4. Reconstruction from three camera centers

partition #2: (L —eg—e1) + (L —ep—ea)+ (L —eg—e2)+eg+ep+ e

We consider the intersection points between the components in each of the
partitions. We start with the first partition, i.e. (L —eg—e1)+e; + (L —ey—

62>+62+(L—61—€2)+60.

C1
C1
C1
C1
C1
C2
C2
C2
C2
C3
C3
C3
C4
Cq
Cs

In this partition, all components are lines and all lines intersect exactly once
with two of the other lines. In regard to three of the lines, each line goes through
two of the points qg, ¢1, ¢g2. These three lines do not intersect with each other,
they only intersect with the exceptional divisors associated with the points they
go through.

Thus, the line goq7 intersects the exceptional divisors ey and e;. Further,
Goqz2 intersects the exceptional divisors ey and es. Lastly, g1q2 intersects the
exceptional divisors e; and ep. This is visualized in the dual graph in[Figure 4.20]

below.

We continue to study the intersection points between the components in
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4.5. Critical configurations as hyperplane sections

partition number 2, i.e. (L—eg—eq)+(L—eg—e2)+(L—eg—e2)+ep+eo+es.

cL-cy = (L—ep—e1)- e = —e? = 1
C1-C3 = (L—eo—el)-eg = - = 0
circa = (L—eg—e1) - (L—ej—ey) = L>+e2 = 0
cires = (L—eg—e1) - (L—eg—e) = L*+ek = 0
c1-cg = (L—eg—e1)-eq = —ed = 1
Cy-C3 = €1+ €9 = - = 0
Cy-Cqs = e1-(L—e1 —ea) = —e? = 1
Cy-Cy, = 61-(L—60—62) = — = 0
Cy - Cqg — €1 € = - = 0
c3-cp = e (L —e1 —eg) = —e2 = 1
35 = es (L —ep—e3) = e =1
C3 - Cqg = €9 €p = - = 0
carcs = (L—ej—e) - (L—eg—e3) = L>+e3 = 0
Cq-Cg — (L—el—eg)-eo = - = 0
c5-cg = (L —eg—e2) e = —ed =1

In this partition there are two double components, i.e. component number
two and three are equal, and component number four and five are equal. The
intersection between the equal components are -1. In total, there are four
components that are different from each other. Each of these components
intersects each of the other three components exactly once. This is visualized

in the dual graph in below.

Figure 4.21: Dual graph of(L—eg—e1)+(L—eo—e2)+(L—eg—e2)+eg+eg+eo

By the calculation of intersection points between the components in both
partition, and as visualized in|Figure 4.20|and [Figure 4.21] we can conclude that
the partitions do not match, as they differ in most of the intersection points.
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4. Reconstruction from three camera centers

4.6 Reconstruction of P?

In this section we want to investigate if we can reconstruct P?. First, we consider
the image of the blow up of P? in the three points qg, ¢, g2 when embedded
into P7, and consider the preimage of this surface. As before, the blow up of P?
is denoted by fp. Then we consider the preimage of fp in P2. As we will see,
there are two possible reconstructions of I', in P?. Consequently, we might end
up with a different image than we started with. This means that there exists a
Cremona transformation.

Definition 4.6.1 (|[Har77|, p. 30). A Cremona transformation is a birational
map of P? into itself, i.e. 7:P? —-» P2,

We have a map

T PQ \ {QOv(IlaQQ} — P2 \ {quQMqQ}
(3;‘0 T .’)32) — (.1‘15(}2 P XoTo ,To.%‘l)

where the transformation becomes an isomorphism of coordinate axis that
is undefined on the three fundamental points go = (1,0,0), ¢1 = (0,1,0) and
g2 = (0,0,1), and maps each coordinate axis onto the unique point not contained
in that axis.

Recall the map

Yop:P? =P’
2 2 2 2

. . . 2. . 2 . . . .
(xo: @1 x2) = (—T125 : Tx3 : TT1T2 : —XT{T2 © TIT2 1 —ToT1Ta @ —ToLT @ THT1)

where p is the rational map from P? to (P!)? and v is the Segre embedding
from (P')? to P7, such that V = ¢ o p(P?) in P".

In [Section 4.3| by [Lemma 4.3.1} we found that V = U N Z, (y2 +ys), i.e. the
image of P! x P! x P! intersected with a hyperplane of P7. Thus, V is a surface
of dimension two in P7.

The rational map p from P? to P! x P! x P!, factors through w o a]P_,21. Here

apz represents the blow down from fﬂ to P? and w represents the morphism
from T, to P! x P! x P!, thus S = w([',) C P! x P! x P!. This is visualised in
below.

R y PL x P! x P! — 2 P7

Figure 4.22: Composition of the maps from P? to P7

As w and ¢ are morphisms, the image of T, in P7 is isomorphic to V. Thus,
we can reconstruct I'y from V.
The pull back from P7 to I'y, is given by

(Yow)™t: P’ —
(Y ow)~H(V)

T,
Ly
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4.6. Reconstruction of P2

Then, it remains to map fp back to P2, we have the morphism
apz2 © fp — ]P)Z
ap2 (fp) = PQ

where each exceptional divisor eg, €1, € in fp are contracted to the corresponding
point in P2, qo, ¢1, g2 respectively.

Identification of 7 points in P”

Recall that the surface in P7 birationally equivalent to P2 is V = UNZ, (y2+ys)-
Here Z(y2 + ys) is one specific hyperplane of P7. However, most hyperplane
sections will be isomorphic to Z4 (y2 + ys).

In general, 7 points is enough to span a hyperplane in P7, i.e. P, as long
as they are linearly independent. Assume we are able to identify 7 linearly
independent points in U in P7, and thereby obtain the hyperplane Z, (yo + y5)
of P7. By intersecting the hyperplane with U, we find the surface V in P7.

Given the divisor (3L — eg — €1 — e2), there exists 6 different classes that
alone represents a line in P%, i.e. (L —eq—ey), (L —eg —e2), (L —e1 — e2), eo,
e1, es. FEach of these classes will only intersect with two of the other classes in
P6 that is (L —e; —ej)-e; =1 and (L —e; —e;) - e; = 1 for every i # j and
1,7 =0,1,2.

Thus,

(L—ei—ej) - (L—ej—e,)=0 fori,j,k=0,1,2
ei-e; =0 fori,j=0,1,2

This is important as neither of the exceptional divisors e; intersect in fp.

As every other line L — e; — e; and every other exceptional divisor intersect,
we obtain a hexagon in P7. Such a hexagon is one of the possible partitions of
3L — eg — e1 — eo with six components, that we considered in

The hexagon consists of two sets of triple lines, see figure [Figure 4.23] where
the two set of triple lines are separated by red and blue colors respectively. As
the curve is visualized by a dual graph the lines are depicted as nodes, and the
intersection points as lines between the nodes.

However, without the distinction of name and color on each line, it will be
impossible to distinguish between the two sets of triple lines.

Given the surface V' C P7, there are two ways to map the surface back to
P2, i.e. we can blow down either set of three lines. Thus, the reconstruction of
P? is ambiguous.

To see how this is possible, consider the six lines in V' C P7 as mentioned
above, and consider the two maps from V' C P7 to P? as in [Figure 4.24] where
we either multiply with the class L or the class (2L — eg — €1 — e3).

Only three of the lines in P7 are mapped to lines in P2. To see how the two
maps affects each line, we calculate the degree of the image in P? by intersecting
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4. Reconstruction from three camera centers

ap2 o (Ypom)” ap2 0 (Pom)”

> <

Figure 4.23: Dual graph of (L—eg—eq)+e1+(L—eg—ea)+ea+(L—e1—eg)+ep in
P” mapped back to P2, Where c1=(L—eg—ey), ca=e1,c3 = (L—eg—ea), ¢4 =
g, c5 = (L — ey — eg)7 C6 = €.

Figure 4.24: Two blow-downs from V' C P7 that are isomorphic to T'.

it with both L and C' = 2L — eg — e; — ea respectively, i.e.

C-e =1 fori=20,1,2
C-(L—ei—ej)=0 fori,j =0,1,2

L-oei=0 for i = 0,1,2
L-(L—e;—ej)=1 fori,7=0,1,2

Thus, by mapping all six lines with the left map in only
(L—eo—e1), (L —ep—ez)and (L —e; — e2) become lines in P2, as they obtain
degree 1 in P2. The exceptional divisors e; on the other hand, becomes points
as they obtain degree 0 in P2. This is visualized in below.
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4.6. Reconstruction of P2

Figure 4.25: The curve consisting of the three lines Iy = qoq1, 11 = Goqz, l2 =
712 combined with nodes in qo, 1, g2 in P?

On the other hand, by mapping the lines to P? with the right map, now
the exceptional divisors e; becomes the lines in P2, and the lines L — e; — €;
becomes points.

Thus, there is a possibility that we start out with the blow-up of P? in three
points, then embed it into P” where the image is a surface V, and when we
blow it back down we obtain a different P? than the one we started out with.

This is indeed a Cremona transformation as discussed above, i.e.

7:P% -5 P?

where 7 = (Y ow) o a];;. Thus, even though we have identified 7 linearly
independent points, we might not be able to uniquely reconstruct P2.

Identification of 6 points in P”

There is however no guarantee that we can find 7 linearly independent points.
Assume that of the points we identify, only 6 of them are linearly independent
points. These points will then span a P°.

We have that a P° is the intersection of two hyperplanes in P7. When P® is
intersected with U we obtain, as previously found, a curve of degree 6 in P”.

As we have seen, this curve may consist of anywhere from 1 to 6 components.
In we saw that if the curve consists of either 2, 3, 4 or 5 components
there may be two possible partitions of the class 3L —ep — €1 — ez in T'. In
addition, the curve with 6 components that we discussed above, can be its own
match, by varying the lines and the exceptional divisors. Thus, the preimage
of the curves may not be unique, as we may obtain a different curve than the
curve we started out with.

In addition, for each of these possibilities, as we saw in the previous section
there will be two ways to map it back down to P? from fp. This is depicted in

[Figire .28 below.

Consider the possible matches of partitions containing two components, i.e.

(3L—2€0 —eq —62) +eg
(2L—€0) -+ (L—61 —62)
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4. Reconstruction from three camera centers

VonVvy CP°
Vo |4
(y J/'(QL—‘?O—@I—@2) '(L)l \(‘ijeofmfez)
P2 P2 P2 P2

Figure 4.26: Two blow-downs from each Vg, V; into P2,

Both partitions are classes of curves, where one component is of degree 1
and the other is of degree 5 in P°. As mentioned, they are mapped back to
different curves in P2. The first is mapped to the nodal cubic that goes through
all three points, with a multiplicity of two in gy, combined with a node in .
The second partition is mapped to the conic going through point g, combined
with a line going through the two remaining points.

Then, in addition, each of these curves in P7 will be mapped back to P? in
two different ways, by the two maps described in the previous section. To see
how these maps affect the curves in IP? we calculate the degree of each component
in P? by intersection each component with both L and C = 2L — ey — e — e
respectively, i.e.

(2L760761762)'((2L*€0)+(L*€1762)> =34+0=3

L-((QL—@O)—I—(L—el—eg)) —2+4+1=3

(2L760761762)'((3L72€0761762)+60 =24+1=3

L-<(3L—260—61—62)—|—eo):3+O:3
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CHAPTER 5

Reconstruction from four camera
centers

We will reconstruct P? from four projections Mg - P2 — P!, where each
projection is an image from a camera center ¢; € P? for i = 0,1,2, 3.

To reconstruct P2, we want to find the surface S C P! x P! x P! x P!,
birationally equivalent to P2, and the inverse birational map o from S to P2.
We consider (P)?* in its Segre embedding in P!°. In this chapter, we will show
that the image of S in P1% is § = (P!)* N P°. Thus, to determine S we need to
identify enough points in (P*)? so that they span P1? in P15, As we will show,
the map « is the projection from P7 restricted to S, such that P” N S is a curve
C of degree 8, where (C) = P7 in P10,

However, there are cases where we do not find enough points to determine
S in P'®. Consequently, we can not unambiguously reconstruct P2. We call
these critical configurations. So in addition to finding S and «, we will classify
different critical configurations and study the information we obtain of P? in
such cases.

5.1 A rational map from P2 to P! x P! x P! x P!

Now we want to construct a map given the four points qg, q1, ¢2, g3 € P2, where
qG0=(1:0:0),¢1=(0:1:0),¢g2=(0:0:1)and gs =(1:1:1).
Recall the map from P? into P! x P! x P!, given by

p:P? 5 P! x Pt x P!
(SEO T ZZQ) — (71’2 : 1’1) X (7%2 : ZQ) X (71’1 IZL’())
It remains to find the coordinates of the last P! satisfying o = 21 = x5 = 1.

As a line in P? is given by ugzo + w11 + usxs = 0, we get ug = —u; — up. By
rewriting the equation of the line we get

(—up — u2)xp + U171 + Uugwe =0
Ul(iL’l — ZL'()) +UQ(£L’2 — ZL'()) = 0

Ul(l"l - l”o) = U2($0 - $2)

Such that u; = (xg — x2) and ug = (z1 — xp).
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5. Reconstruction from four camera centers

Thus, a map from P2 into P! x P! x P! x P! can be described explicitly by
p:P? = P! x P! x P! x P!
(xo:x1:x2) = (—x2 1 @1) X (=22 : o) X (—x1 1 o) X (9 — X2 : X1 — T0)

where (z¢g — x2 : 1 — ) is undefined when 2y = x; = x5, as is the case at
point g3 = (1:1:1).

By discussion in we see that p is a morphism between the open
subset P2\ {qo, q1, 2, q3} and P! x P! x P! x P!. Then by we

recognize p as a rational map from P? to P! x P! x P! x P!, i.e.

p:P? -5 P! x P! x P! x P!

5.2 An embedding of P! x P! x P! x P! into P'®

We have a map from P! x P! x P! x P! to P1® given by

TP x P x P x Pt —» PP

UpUTUU3 ©  UgUIU2V3 ¢ UQUIV2U3 :© UQUIVRV3
UpgV1uU2U3 © UQV1U2V3 © UQUV1V2U3 © UQV1V2V3 -
(UO : UQ) X (u1 Z’Ul) X (UQ : UQ) X (U3 : ’Ug) — . . . .
VoUiUuU3 @ VoU1ULV3 ¢ VoU1V2U3 : VoU1V2V3
VoU1U2Us3 VoU1UlVs VoU1vV2U3 VoUV1V2V3
= (oY1t Y2 Y3t YaiYs tYe YTt i Yis)

The map ¥ is a closed embedding called the Segre embedding, see [Section 2.1}
where the image U = ¥(P! x P! x P! x P!) is closed and isomorphic to
P! x P! x P! x P,

5.3 The image of P2 in P!
Then, we have the rational map p from P2 into P' x P! x P! x P!, i.e.

p:P? 5 P x P x P! x P!

(xo:x1:x2) = (—x2:x1) X (=22 : x0) X (—x1 1 o) X (9 — X2 : X1 — T0)
and the Segre embedding 1 from P! x P! x P! x P! into P'?, i.e.

TP x P! x P! x P! — PP

(ug : vp) X (ug :v1) X (ug : v2) X (ug : v3) —(UgUiUgUs : UGUI UV : UUIV2US © UL VU3 :

UpV1U2U3 * UgV1ULV3 I UQV1V2UZ * UV VUV

VoU1UU3 * VopU1ULV3 © VoU1V2UZ - VoU1VV]3

VoV1U2U3  VoUV1ULV3 : VoU1V2U3 - ’1)01)11)21}3)

Thus, when mapped from P? the coordinates in P'® become

Yo = UQUUaU3 = (—x2)(—x2)(—x1)(xg — 22) = fxoxlzg + xlxg’
Y1 = uouruovy = (—x2)(—x2)(—21)(z1 — T0) = —2FT5 + V07123
Yo = UQU VU3 = (—x2)(—z2)(zo)(xg — x2) = x%x% — xox%
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5.3. The image of P? in P'®

Y3 = UQULV2V3 = (—29)(—22)(20) (21 — o) = ToT 103 — T2
Y4 = UgU1UU3 = (—x2)(w0)(—21)(x0 — T2) = T2T1209 — TOT1 73
Y5 = UQU1ULV3 = (—22)(20)(—21) (1 — o) = ToTIT2 — TET1 T2
Y6 = UQU1V2U3 = (—x2)(w0)(20)(x0 — T2) = —w320 + 2303
Y7 = UgU1V2V3 = (—x2)(w0)(w0) (x1 — T0) = —T{T1T2 + TT2
Ys = VUL UU3 = (z1)(—z2)(—21)(x0 — T2) = —wox2 20 + 2222

(1)
Yo = VoU1U2V3 = ($1) —xlxg + xoxlxg

(
(
(
(
(
(
(z1 — 20)
(
(
(
(
(
(

Y10 = VoU1U2U3 = (z1)(—z2)(x0)(xg — x2) = —£E0x11'2 + moxlxg
Y11 = VoU1V2V3 = (z1)(—z2)(w0) (x1 — T0) = —woT T2 + THT1 T2
Y12 = UoU1U2u3 = (z1)(z0)(—z1) (w0 — w2) = —a3x] + Tow T2
Y13 = VoU1UU3 = (z1)(z0)(—21) (21 — 20) = —w02> + 2222

Y14 = VoU1V2U3 = (1) (z0) (o) (w0 — @2) = Thw1 — 2FT1T2

Y15 = VoU1U203 = (21)(z0) (o) (x1 — 20) = 2223 — 2314

where every monomial y; is of degree 4.
Hence, the composition of the two maps is a map from P? — P'® given by
Vop:P? PP
(zo : 1 1 w2) = ((—zow123 + 2123) : (—2i2] + zow123) 1 -+ 1 (wq2] — 221))
=Wo Y1t 1 y15)

Now, we want to know what V = W o p(P?) of P! looks like. Clearly V is
contained in U, as the map factors through P! x P! x P! x P!, but we expect
it to have dimension dimV = dimP? = 2, unlike U, which is of dimension
dimU = 4.

From the expression of each coordinate y; above, we obtain the following
relations

Ya+y10 =0

ys +y11 =0
ys+ys+ys+yr =0
y1i+ys+ys—ys=0
—Ys +y12 +y1a +y15 =0

that give the hyperplanes of P'°,

Z 4 (ya + Y10)

Zy(ys +v11)

Z4 (Y3 + ya +ye +y7) (5.1)
Zi(y1 +ya+ys — ys)

Z4(=ys5 + y12 + Y1a + Y15)

By observation, V' is a subset of each hyperplane listed above. We claim
that these five hyperplanes are sufficient to determine V.
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5. Reconstruction from four camera centers

Lemma 5.3.1. V, i.c. the image of P? in P'°, fulfils

V =UNZi(ys+y10) N Z4(ys +y11) N Z4(y3 + ya + Y6 + yr)
NZy (Y1 +ya+ys —ys) N Zy (—ys + Y12 + Y14 + y15)

For easier notation we write V.= U NP10.

If this is true, V spans a space of dimension
dim(P¥®) -1 -1-1-1-1=10

where we subtract five dimensions, one for each hyperplane. Thus, V' would
span a PO,

Proof. Clearly, V is a subset of U and of each of the five hyperplanes in
Thus, we only need to show that

UnP°Ccv

The coordinates of the inverse image ¥~! from P! to P* x P! x P! x P! are
given by

(yo = ys) x (yo = ya) x (Yo : y2) X (Yo : 1) (5:2)
And when mapped from P2 the coordinates of P! x P! x P! x P! is given by
(=29 :x1) X (—xe : o) X (—x1 : x0) X (g — T2 : 1 — Tp) (5.3)

where these all are written in terms of the three coordinates of P2.
To show that U NP}° C V, we want the coordinates of the inverse image
U—1(V) in P! x P! x P! x P! to be written in terms of three coordinates only,

such that the surface can be mapped back to P2. From [Equation (5.2)| and
we observe that

Yo = —T2, Ys =1, Y4 = To

To be able to map V C P! back to P? we want to obtain the following
coordinates of the inverse image ¥~1(V)

(Yo 1 ys) X (Yo : ya) X (—ys 1 ya) X (Yo + ya : Ys — Ya)
For this to be true, the following relations must be satisfied
(Wo:y2) = (—ys:va) = YoYs+y2ys =0 (5.4)

and

(o :y1) = ((yo +va) : (Ys —wa))) = y1vo +y1ya — Yoys + Yoya =0 (5.5)

To prove [Equation (5.4)| and [Equation (5.5)] we consider the case yg # 0,
i.e. the open D, (yp). We consider a point of the variety U intersected with
these five hyperplanes, i.e. x = (yo : ---: y15) € U NP0,

We already know that the preimage of x equals

U (o y1s5)) = (Yo : ys) X (Yo 1 9a) X (Yo 1 y2) X (yo:91) =z
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However, we must take into account that ¥(z) € Z4 (ys + y10), Z+(ys +
Y11)s Z+ (s +ys+ve +y7), Zy (W +ya +ys — ys), Z4(—ys + Y12 + y1a + yi5).

Thus, we need to consider these relations when looking at the preimage. First,
we consider 34 +110 = 0. With a change of coordinates into ¥ ! ((yo Do y15))
we obtain

Yoys + yoy2ys =0
Yoya + y2ys = 0

which is equivalent to (yo : y2) = (—ys : y4). Thus is satisfied.

Further, we consider the relation y; + y4 + y5 — ys = 0. By change of
coordinates, we obtain

Yoyr + Yoya + Yoyrya — Yoys = 0
Yoy1 + Yoya + Yy1Ya — Yoys =0

which is equivalent to (yo : 41) = ((yo + y4) : (Ys — y4))). Thus [Equation (5.5)

is satisfied.
Thus, we obtained exactly what we wanted. Now, z can be written as

z=(y0:ys) X (Yo :ya) X (—ys : ya) X (Yo + ya : Ys — ya)

which proves that

x = W(z) = (Vo p)((ys: ys - —y0)) € (Wop)(P2) =V

By symmetry, we need only to consider the case D (y;) for i = 0. For which
we exhibit the inverse morphism.

When considering the remaining D (y;) for i # 0, we might need to replace
the hyperplanes used above with some of the other hyperplanes in Pi° to
determine the coordinates of the last two P!’s, but in the case of D (yo), we
are done. Thus, we can argue that V = U NP}°. |

Hence, the surface S that we need to reconstruct P? is S =V = U N Pi°.

5.4 The class of the image of P?

In this section, we want to determine class of the surface V. In addition we will
also determine the degree of U and V in P'5. The notation and theory in this
section is based on results in See this chapter for more details.

First, we want to determine the degree of U in P!, where U is the Segre
embedding of P! x P! x P! x P! into P'®. To calculate the degree of a space,
we intersect the class of the space with the class of a hyperplane section, until
the dimension is reduced to zero. In general, when the dimension is reduced to
zero, the number of intersection points will represent the degree of the space.
Thus, to find the degree of U, we intersect U with four hyperplane sections.

The class of a hyperplane section is given by (hg + hy + ho + hs). Thus,
to calculate the degree of U, we calculate the class of the intersection of four
hyperplane sections, given by (hg + hy + hy + h3)*. That is

(ho + h1 4 ho + h3)* =a - hohihohs

=
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where a, in addition to being the coefficient of hohyhohs in (ho + hy + ho + h3)?,
represents the number of intersection points, and thereby the degree of U C P1°.
Thus, the degree of U is a = 4! = 24.

Then, we want to determine the class of V and the degree of V in P!5. In

we showed that the class of a surface S is given by

[S] = Z a;jhih; (5.6)

4,5=0

for i # j. Further, we showed that to find the degree of a surface in the Segre
embedding, we intersect the class of the surface with the intersection of two
hyperplane sections, i.e.

[S] - (ho + h1 + ho + hg)? (a1 + o2 + o3 + a1z + a13 + aag) - hohihahs

—92.

=2 (a1 + o2 + o3 + @12 + @13 + @23)

Thus, the degree of the surface is given by 2 (a1 + a2 + o3 + @12, 13 + 23).
In we described that each class hg, h1, ho, ho have restrictions to

V, such that h;|s= (L — e;). Thus,

ass = [V]-hohi = hols-hi|ls= (L —ep) - (L—e1) =1

In fact, we find that each a;; = 1 for all ¢ # j. Then, as every oy; = 1 in

we can determine the class of the surface V, i.e.

3
[V] = Z hih; = hoh1 + hoha 4+ hohs + hiha + hihs + hohs
1,7=0

And the degree of the surface Vis2- (1+1+14+14+1+1)=12.

We can verify that deg V' = 12 in a different way. Recall that the class of
a hyperplane section in Pic (1"7,) is given by (4L — eg — e1 — e3 — e3). Thus,
when we restrict the intersection of two hyperplane sections to V', we find that
the degree of V is 12, i.e.

V] (ho+h1+ha+h3)* = (4L —eg — e1 — ea — €3)?
=12
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5.5 Intersection of (V') and (V’)

In this section we want to study the intersection of two surfaces V and V'
in U and the span of this intersection in the span of U, i.e. P!, where
(V NV’ =(V)n(V'). The notation and theory in this section is based on
results in

Recall the result in where we found that

V=UNZi(ys+y10) N Z4-(ys + y11)NZ4-(y3 + ya + Y6 + y7)
NZ(y1 +ya+ys —ys) N Zyo(—ys + y12 + yia +y15)  (5.7)

As in the lemma, we use V = U NP}° for easier notation. The span of V is the
span of U intersected with five linearly independent hyperplanes, and

dim (V) = dim P —5=10

As V =U NP, then (V) = P10,

Then, consider another surface V', that is isomorphic to the blow up of P?
in four different points. Thus, V’ will be equal to U intersected with 5 other
hyperplanes, i.e.

V' =UNZ(aogyo + -+ + a1sy1s) N Zy(aoyo + - - - + a15y15)
N Zy(aoyo + -+ + aisy15) N Zy(aoyo + - - + aisy15) N Zy(aoyo + - - - + a15Y15)

where each Z (agyo + -+ + a15y15) represents a hyperplane of P!% that is
linearly independent of the other four hyperplanes. For easier notation we write
V' = U NP where PL° represents the intersection of these five hyperplanes.

Now, the span of V"’ is the span of U intersected with five linearly independent
hyperplanes. Thus, (V') = P1°. If the hyperplanes that determines V’ are equal
to the hyperplanes that determines V, then V = V.

Classification by dimension of the intersection

V and V' are both of codimension 2 with respect to U. Thus, V intersected
with V'’ will at most be of codimension 2 + 2 = 4. However, if the intersection
is of codimension 2, then V = V",

As both (V) and (V') is a P19 then both is of codimension 5 in P*®. Thus,
the span of V intersected with the span of ¥V’ is at most of codimension 5+5 = 10,
ie. (V)N (V') = PS5 Thus, the intersection may of (V) and (V') may range
from a P® to a PV,

Now, consider the class of each surface V and V'. Both surfaces is of class

3
V1= )" hihj = hohy + hoha + hohs + hihy + hahs + hohs

i,7=0

By considering the sum of the class of V and V', we get

VI+[VI= Y hihj+ Y hih;

i,7=0 i,5=0

=2 (hohy + hoha + hohs + hihs + hihs + hohs)  (5.8)
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Then, consider the class of a hyperplane section in P1° i.e. (ho+hi+ha+hs).
If we intersect the class of two hyperplane sections, we obtain

(ho + hy + ha + h3)? =2hohy + 2hoha + 2hohs + 2hihe + 2hyhs + 2hohs
=2 (hohl + hohg + hohg + h1h2 + hlhg + h2h3)

which is the exact same result as in [Equation (5.8)l Thus, 2-[V], the sum of the

class of V and V’, is precisely the class of the intersection of two hyperplane
sections.

This means that the span of V and the span of ¥V’ must be contained in
the intersection of two hyperplanes in P'>. The intersection of two linearly
independent hyperplanes is a P'3.

Let us consider P15 where V, V/ C P'®. As the span of V and the span of V'
are both equal to a P9, there are five hyperplanes that contains each surface
V, V'. We pick two hyperplanes such that each hyperplane contains both V
and V’. Then, the intersection of these hyperplanes will contain the span of
both V and V.

We can now reconsider the intersection of the span of V and V’. As the
span of both V' and V' being contained in the intersection of two hyperplanes,
the codimension of the intersection can at most be of codimension 3 4+ 3 = 6.
Thus, span of V and V' will intersect in no less than a space of dimension
dimP'® — 6 = 7, i.e. P”. Thus, we can disregard the possibility of intersecting
in P> or PS. We will examine each of the possibilities from P'° to P below.

Intersection of (V) and (V') is a P1°

If the span of V intersected with the span of V' is a P'°, then V = V.
As both (V) and (V') are equal to a P'? and

VYN (V") =PI°NPL° = P10
Thus, P} = P1% and thereby V' = V’. Then, the intersection of V and V' is
given by VNV =Pi°NU.
Intersection of (V) and (V') is a P?

If the intersection of (V) and (V') is a PY, then the span of V and the span
of V' will both contain this P?. The intersection of V' and V' is given by
VNV =P'nU.

In this case, (V N V') is a hyperplane of P!°. The class of a hyperplane
section, denoted by H, is given by

4L760761762763
i.e. a class of quartic curves going through qg, ¢1, g2, ¢3 in P2.

Intersection of (V) and (V') is a P®

If the intersection of (V) and (V') is a P8, then the span of V and the span
of V' will both contain this P8. The intersection of V and V' is given by
VNV =PENU.
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5.5. Intersection of (V) and (V/)

In this case, (V NV’) equal the intersection of two hyperplanes. The class
of the intersection of two hyperplane sections is given by

(4L—60 — €1 — €y —63)2

By Bezout, the intersection will either contain a component or consists of some
finite number of points equal to the degree of V.

If the intersection contain a component, we can write the class of each
hyperplane section as

H=A+B

where A represents the class of the common component that the two classes
share and B represents the class of the residual part after A is subtracted. Then,
each hyperplane section can be written as

Hy=(A+ By), Hy=(A+ By)

where Hq, Hy are curves of class H, A is a curve of class A representing the
common component in each hyperplane section, and By, Bs are curves of class
B. As B; represents different curves of the class B, we call each B; the variable
component. Further, for A’ to be a common component of two hyperplane
sections in P®, there needs to be at least two different curves of class B, such
that dim |B| = dim |H — A’| > 2.

Then, V NV’ either contains a component of class A or it is equal to 12
points, as deg V = 12.

Intersection of (V) and (V') is a P”

If the intersection of (V) and (V') is a P7, then the span of V and the span
of V' will both contain this P”. The intersection of V and V' is given by
Vv =P NU.

In this case, (V N V') is equal to the intersection of three hyperplanes. The
class of the intersection of three hyperplane sections is given by

(4L7€0 — €1 — €39 763)3

The intersection will either contain a component or consists of some finite
number of points, strictly less than the degree of V. If the intersection contains
a component, each hyperplane section can be written as

Hy=(A+By), Hy=(A+B;), H3;=(A+ Bs)

where A is a curve of class A, representing the common component in each
hyperplane section, and B; representing three different curves of class B,
being the residual part of the hyperplane section H; after A is subtracted.
Further, for each A’, there needs to be at least three different curves of class
B, for A’ to be a common component of three hyperplane sections. Thus,
dim|B’| = dim|H — 4’| > 3.

Then, V NV’ either contains a component A or consist of strictly less than
12 points.
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The span of A

For each possible common component A, we are interested in finding the
projective span of this component.

We use the dimension of the vector space of B to determine the span of A.
The dimension of the vector space is equal to the number of linearly independent
hyperplane sections H; that contains the common component A. That is, the
number of linearly independent curves B; of class B such that A+ B; = H; for
each hyperplane section H; containing A.

As we need n 4+ 1 vectors to span a projective space of dimension n, the
dimension of the projective space of B, denoted dim |B| is one less than the
dimension of the vector space of B.

We obtain the dimension of the vector space by the following formula

O N e e A I

where n represent the dimension of space P™, d represent the degree of the curve
and ag, a1, ...,a; represents the multiplicity of the curve in points qo, ¢1, ..., ¢;,
respectively.

We subtract (”‘H;i_l) for each point ¢; we impose conditions on. For a; =1
we subtract 1 linear condition for restricting the curve to the associated point.
For a; > 2, the curve is singular in the associated point, such that ("+‘”_1)
represents the number of partial derivatives of order a; — 1 that vanish in the
point.

For a; = 2, there are three first order partial derivatives in three variables,
ie. fu,, fz, and fz,. By Clairaut’s theorem we know that fy z, = fo,2,. Thus,
for a; = 3, there are six second order partial derivatives in three variables, i.e.
Sfrozos Jromrs foomes Jorays forme a0d fr,a,. For a; =4 there are ten third order
partial derivatives, and so on.

Example 5.5.1. Let H represents the class of quartic curves in P? with no linear
conditions, i.e. H = 4L. We get A = 0, as there is no restrictions on these
curves, such that B; = H;. Then, the number of linearly independent quartic

curves is given by
442
=15
()

i.e. the dimension of the vector space is 15, while the dimension of the projective
space is 14.

In the example above, there are no linear conditions imposed. However
in this chapter, we are studying quartic curves in P? that are required to go
through the four points qo, ¢1, g2, g3. If a curve is reducible, as in the case of
H = A+ B, then every component of the curve may not go through all four
points, or some of the components may go through some of points more than
once. We take a closer look at the latter, in the next example.

Example 5.5.2. Now H = 4L — e¢g — e; — e5 — e3 and represents the class of
quartic curves in P? going through the points qg, q1,q2,q3. Let A = e, then
B =4L — 2eg — e; — es — e3, where a curve of class B goes through the point
qo twice. Thus, the number of linearly independent quartic curves in this class
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is given by

4+2 241 2
T2 (2L (2 H0) 20N (20N s s g
2 2 2 2 2
Such that the dimension of the vector space is 9, and the projective dimension
is 8.

Now we can use the number of hyperplane sections that contains A to
determine the projective span of A = H; — B;. As the span of V' is equal to a
P19, we intersect the span of V with all hyperplanes that contains A. This will
result in the projective span of A.

Example 5.5.3. Returning to the example of A = ey, where we found that there
were nine hyperplane sections containing A. Then the projective span of A
equals P! as we reduce the dimension of P'° by nine hyperplanes.

By using similar computations, the projective span of all possible candidates
for the common component A can be found in column 3 in below.

Table 5.1: Hyperplane section of class H = A + B, span of A, degree of curves
in class A and intersection points of curves B; and B; of class B

Common
component A

Variable
component B

Span of A Degree of A B;N B; = B?

€o 4L—2€0—61—€2—63 Pl 1 9
e + e1 4L — 2eq — 2e1 — ey — €3 p3 2 6
ep + €g 4L73€0761762763 HD4 2 4
ey + e1 + es 4L—2€0—2€1—262—63 PS 3 3
eg + e1 + ea + e3 4L — 2eq — 2e1 — 2e9 — 2e3 P7 4 0
L—eo—el 3L—€2—€3 IPQ 2 7
L—eo 3L—€1—62—€3 PB 3 6
L 3L760761762763 P4 4 5
L+€0 3L72€0761762763 IPG 5 2
2L—60—€1—€2—63 2L IP)4 4 4
2L—€0—61—€2 2L—€3 ]P)I:) 5 3
2L—€0—€1 2L—€2—63 ]P)6 6 2
2L—€0 2L—61—€2—€3 P7 7 1
2L 2L760761762763 IPS 8 0
3L—60—€1—€2—63 L IP)? 8 1
3L—€0—€1—€2 L—€3 PS 9 0

Returning to the classification of intersection

Recall, when the intersection of the span of V and V' is either a P® or a P7, the
intersection is equal to either two or three hyperplanes respectively. In both
cases, each hyperplane section can be written as

H,=A+ B,
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where A represents the common component in the hyperplane section and B;
represents the variable component in each hyperplane section.

Common components in P8

When the intersection of the span of V and V' is a P®, the class B needs to
contain at least two independent curves. Thus, there are at least two linearly
independent hyperplane sections of class H that contain a common component.
If it is spanned by at least two hyperplanes, the dimension of |B| must be
greater than or equal to 1.

As the span of A in[Table 5.1]is at most P® for each A, then |B| must be
at least 1 for all A. Thus, the intersection of two quartic curves in P? going
through qo, g1, ¢2, g3 may share any of the common components of class A in

Common components in P?

When the intersection of the span of V and V' is a P7, there are at least
three independent curves of class B. Thus, there are at least three linearly
independent hyperplane sections of class H that contain a common component.
If it is spanned by at least three linearly independent hyperplanes, the dimension
of |B| must be greater than or equal to 2.

As the span of A in is at most P® for each A, then |B| must be
at least 2 for all A. Thus, the intersection of two quartic curves in P? going
through qo, g1, ¢2, g3 may share any of the common components of class A in

In[Table 5.1] we see that there are two decompositions of hyperplane sections,
where the span of A is a P®. In these cases, the residual part of class B cannot be
a variable components in P7, as we need at least three different hyperplanes in
P7. If these two decompositions are disregarded, the remaining decompositions
of hyperplane sections contain at least three linearly independent curves of class
B.

Thus, the intersection of three quartic curves in P2 going through qo, q1, g2, g3
may share one of the common components A in provided that the
span of A is at most P.
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Intersections of hyperplanes with common components

In this section we want to study the cases where the intersection of the span of
V and the span of V'’ consist of a common component. That is, they intersect
in either P® or P7.

If the span of V and V intersect in P8 ( P7), the intersection consists of two
(three) hyperplane sections that share a common component A, and where the
residual components B; of each hyperplane section varies. However, B; and By
(B1, B2 and Bs) may share some common points. Thus, the intersection of the
span of V and V' may consist of a common component A and some intersection
pOthS in B1 n BQ (Bl N B2 N Bg)

First we study the possible common components A. For each A in [Table 5.1]
we choose a curve of this class and determine the degree of the curve in the
intersection, i.e. either P® or P.

Consider the example of the common component of class A = ey and the
variable component of class B = 4L — 2ey — e; — e3 — e3. Below, we describe
how we obtain the degree of A and the number of intersection points in B in
both P® and P7.

Similar computations are used on the remaining decompositions in [Table 5.1]
and can be found in column 4 and 5 in [Table 5.11

Example 5.5.4. We let A = eg. If the intersection equals either P® or P7, then
a curve of such a class is a line. In general, to obtain the degree of the curve,
we intersect the class A with the class of a hyperplane section. Thus,

eo- (4L —eg— e —ey —e3) = —ed =1

i.e. the degree of a curve in class A = ¢g is 1. When we map the curve back to
P2 we obtain one single point qq.

Above we studied the common component A of the hyperplane section, now
we want to study the residual part of the hyperplane section, i.e curves of class
B, such that B = H — A.

In P® (P7), we need at least two (three) curves of class B, i.e. the dimension
of the vector space of B must be at least 2 (3).

First consider P®. The number of intersection points of two arbitrary curves
of class B is B2. We return to our previous example to calculate the intersection
in P8.

Example 5.5.5. In P®, the number of intersection points of two arbitrary curves
of class B is given by B? such that

(4L — 2eg — €1 — e3 — e3)* = 1612 + 4e2 + €3 4¢3 + €2
=106-4—-1-1-1
=9
Thus, the number of intersection points of two curves of class B = 4L — 2eq —
e; —eg —egis 9.

Then consider P7, the number of intersection points of three arbitrary curves
of class B is strictly less than B2 and they do not need to intersect at all. Thus,
in P7 we do not obtain the actual number of intersection points, only that the
range of intersection points is between 0 and B? — 1.
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Again, we return to our previous example, now to calculate the intersection
T
in P*.

Example 5.5.6. In P7, the number of intersection points of three arbitrary
curves of class B is strictly less than B?. Thus, the number of intersection
points of three curves of class B = 4L — 2eqg — e; — e3 — e3 is less than 9.
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5.6 Reconstruction

In this section we want to study the reconstruction of P2. The reconstruction
is based on image points captured by 1D images from four camera centers in
P2. By composing an image from each camera center, we can identify points
in P! x P! x P! x P! that corresponds to points in P2. If these points span a
P'% when embedded into P®, i.e. the span of V, it will be possible to uniquely
reconstruct P2. If we cannot identify enough linearly independent points, such
that they span a P!, the reconstruction will be ambiguous. However, we might
identify some points or a curve in P!, that corresponds to points or curves
in P2, we call these critical configurations of points. We will classify different

critical configurations in [Section 5.7]

A birational map from P?

The four points qo, q1, ¢2, g3 € P? represents the positions of the camera centers
in P2. Each camera captures 1D images of P? from different angles, such that
an image is represented by a P!.

We distinguish between scene points, that represents points in P2, and image
points, that represents points on each image P! of scene points in P2. When
composing these images we obtain

P! x P! x P! x P!

All points in P! x P! x P! x P! are denoted quadruple points, as each
quadruple point can be projected down to four image points, one image point
in each P'.

If one image point in each P' represents the same scene point in P2, the
point in P! x P! x P! x P! is denoted a quadruple image point. We denote the
set of all quadruple image points as S. Thus, S represents the blow-up of P? in
90, q1, q2, g3 embedded into Pt x P! x P! x P!,

Let x = (29 : 21 : =2) be any scene point in P? apart from the four
camera centers. Then each image will contain the image point (a; : b;) for all
1=0,1,2,3.

By composing the images, the scene point x can be identify as a quadruple
image point in P! x P! x P! x P!, and will be of the form

(CLO : bo) X ((11 : bl) X ((12 : bg) X (a3 : bg)

In fact, there exists a biratonal map from P? to S sending each scene
point, except the points representing the camera centers, unambiguously to one
quadruple image point, i.e.

p:P?--5 8

where U = P2\ {qo,q1,¢2,q3} and V = S\ {eg, e1, €2, e3} such that ¢ : U — V
is an isomorphism.

As p is a biratonal map, there exists an inverse map. Then, the inverse map
from S to P? will be a birational map as well. We denote the inverse map «a.

Definition 5.6.1. « is the birational map from S to P?, taking quadruple image
points in V' C S to unique scene points in U C P2,
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Thus, once we have S and a we are able to reconstruct the P2, as stated in

We rephrase the definition slightly, and get

Definition 5.6.2. The reconstruction of P? from these four images consist of
finding the surface S, that contain all quadruple image points, and finding the
rational map «, that takes quadruple image points in S to unique scene points
in P2.

The hard part of the reconstruction is finding S. If we cannot find S based
on the quadruple image points in P! x P! x P! x P!, we embed these points
into P'°. When embedding P! x P! x P! x P! into P'®, then S = V. Recall the
previous definition of V = U NP{% where P! x P! x P! x P! = U C P and
P10 is the span of V.

Assume we identify n quadruple image points in P! x P! x P! x P!, If these
quadruple image points span a P'°, when embedded into P'°, we can easily
find V by intersecting the P with U. Once we have found the surface V = S,
then there exists a unique reconstruction of P2. However, to reconstruct P2, it
remains to find the inverse rational map «.

As it turns out, a can be realized as the restriction of a projection. The
rational map from P1° to P2 is a projection from P7 c P10,

mpr : P10 ——» P?

We project from P7, as the family of hyperplanes of P!? containing P is
given by
{H|HCP"} ~P?

By restricting the rational map 7pr to V, we obtain a birational map
isomorphic to «, i.e.

mpr|y : PO -5 P2
11
a:V --sP?

Consider the line L € P2. Then, assuming that P2 NP7 = (), the span
(P7,L) = P, that is a hyperplane. Thus, each hyperplane that contains P7 will
intersect P2 in a line.

Consider the point p € P?. Again assuming P? NP7 = (), such that the span
is (P7,p) = P8. Thus, each intersection of two hyperplanes, i.e. a P%, that
contains P7 will intersect P2 in a point.

By intersecting P® with V, the intersection will either be 12 points or contain
a component. Assuming the latter case, we choose P7 C P® such that P7 is
the span of the curve C = (V NP?) \ {p} where p is a single point. Then, we
disregard C, such that each point p € (V NP#)\ C is sent to a unique scene
points in P2. Thus, by projecting from P” and restricting the projection to V,
we obtain a one-to-one correspondence between points in (V NP®)\ C and scene
points in P2. In a similar manner, we obtain the same result if P® NV equals
12 points, where we subtract 11 points instead of C'.

The reconstruction of P2 is illustrated in the diagram in where
the inverse birational map o back to P2 is given by the projection from P7 c P9
restricted to V', denoted 7pr|y .
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5.6. Reconstruction

Figure 5.1: Reconstruction of P?

We want to find a P7 C P®, such that P® NV is equal to C plus one single
point. Then, C will act as the common component of the two hyperplane sections
that represent P® when intersected. Further, we know that each hyperplane
containing P7 will intersect P? in a line.

Thus, we are looking for hyperplane sections of class H = A + L, where L
is the class of a line. Then, the curve C will be of the following class

(4L —ep—e1 —ex —e3) — L =(3L—¢ey—e1 —ea —e3)
In there is exactly one composition that satisfies
H:(3L760761762763)+L

In we see that B2 = 1 for this given class, representing that two
lines of class L intersect in exactly one point in P2, This coincides with the
result that each P® containing P” will intersect V' in one single point outside C.

We can determine the degree of the curve C' in P'® by intersection the class
of the curve with the class of a hyperplane section, i.e.

(BL—eg—e; —ex—e3)- (AL —ep—e; —eg —e3) =8

Thus, the curve is of degree 8 in P'°. This information can also be attained in
Mable 5.11

Hence, to find the projection from P'® to P? we need to identify a curve C
of degree 8 that spans P7, such that the intersection of V' and P® in addition to
C is one single point. It is not necessarily easy to find such a curve. A closer
study on how to find a curve that will satisfy the conditions above, is left for
another time.

The curve C' when projected down to P? will be a curve of class 3L — eg —
e1 — eg — eg, i.e. a cubic curve going through all four camera centers.

Identification of camera centers in P! x P! x P! x P!

If we identify a quadruple image point that corresponds to a camera center in
P2, it is possible to detect the position of the scene point solely based on the
information from the points in P! x P* x P! x P!,
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5. Reconstruction from four camera centers

Assume we identify n quadruple image points in P! x P! x P! x P! that
all represent one camera center. Then for each quadruple image point, the
coordinates from three image points will be fixed, while the coordinates from
the fourth image point will likely vary.

The quadruple image points representing the camera center located in gg

will be given by
(ag : b) x (a1 : b1) x (ag : by) x (a3 : bs)

(ag : bg) X (a1 : bl) X (ag : bg) X (a3 : b3)
(ag :by) x (ay :b1) x (az : ba) X (asz : by)

When mapped into P'®, these quadruple image points will be points on a line
of class eyg. The preimage of ey in P? is the point go.

In a similar matter, by evaluating fixed coordinates of quadruple points in
P! x P! x P! x P!, we are able to detect the other camera centers as well.
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5.7. Critical configurations

5.7 Critical configurations

We need to identify at least 11 points in P'® to span P'. However, if the
identified quadruple image points span something less than P'°, the surface V
containing these points is not unique. We can still study the intersection of the
span of these points and V. In such cases, we say there is a critical configuration
of points. In this section, we will classify different critical configuration.

Assume now that we have identified n quadruple image points in P* x P! x
P! x P!, where n > 12. We embed the quadruple image points into P!> and
determine the span of the points.

Let us first consider the case where the span of these n points is isomorphic
to P10, In this case, these n points must all be on a surface V, as the span of a
surface is isomorphic to P'°. If all points lie on two surfaces V and V', then
V=Vv.

Then by intersecting the span of these n points with U, we obtain the surface
V. Thus, we have uniquely reconstructed the surface P2 that contain these n
points, as V is isomorphic to P?.

Then, consider the case where the span of n points is isomorphic to P?,
i.e. the points are all in the same hyperplane. In this case there might be two
reconstructions, as it is possible that the span ¥V NV intersect in P?. To be able
to reconstruct P? unambiguously, we need to identify more quadruple image
points such that the span of all identified points when embedded into P*® is
P9, and thereby obtain a unique reconstruction.

Then, consider the case where the span of n points is isomorphic to either
P? or P7, i.e. an intersection of either two or three hyperplanes. As we know,
there is a possibility that the span of V NV’ is isomorphic to P® or P7. Thus, if
we identify n points that is either isomorphic to P® or P7, there might be two
possible reconstruction of P2.

Further, as we have identified more than 12 points, some of these points
must lie on a curve, where such a curve will be a common component in the
two or three hyperplane sections.

In there are in total 16 options of classes of hyperplane sections
that contains a common component. Out of these 16 alternatives, we can
disregard the common component of the following classes (eg), (ep+e1), (eg+e€o),
(eg + €1+ e2) and (eg + e1 + e2 + e3), as we are able to recognize these as the
camera centers in P? from P! x P! x P! x P!, and thereby reconstruct these
points without embedding them into P'°.

We are left with 11 possible common components. For each common
component in P'® we are able to determine the degree of the curve. If the
degree in P'® is unique, then based on this degree, we can identify the class of
the curve in the preimage P2, as we can see in

However, as there are three cases where curves of two different classes in
P'5 is of the same degree, as seen in [Table 5.1

This will lead to even greater problems, as there are two options for
reconstruction for each of the two surfaces V and V’. Thus, again the
reconstruction of P? is ambiguous. We will go through these three cases
below.
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5. Reconstruction from four camera centers

Classes in P? of quartic curves in P'°

Curves of classes L and 2L — eg — e; — ea — e3 are all of degree 4 in P'5. Thus,
the preimage of a quartic curve in P!> may either be an arbitrary line in P? or
a conic that goes through all four camera centers in P2.

In column 3 in we find the span of each common component. As
the span of both A = L and A = 2L — ey — e1 — es — e3 are P4, there exist
6 linearly independent hyperplane sections that contain each class A. Here
we are considering the cases where the span of n points either equals P® and
P7, thus we need at most 3 linearly independent hyperplanes. As we cannot
uniquely reconstruct the preimage of a quartic curve in P'®, there is a critical
configuration in both P® and P7.

If the span of V and V' intersect in P8, then for each surface V and V' there
are two possibilities, the reconstruction is either

e L + 5 points
o 2L —eg— ey —eg —e3 + 4 points

The number of additional points is attained in column 5 in [Table 5.1} i.e. B2
If the span of V and V' intersect in P7, then for each surface V, V' there
are two possibilities, the reconstruction is either

e L + k points, where 0 > k < 5
e 2L —eg—e1 — ey —e3 + k points, where 0 > k < 4

As there are three hyperplanes that intersect in P7, the number of additional
intersection points must be strictly less than when there are two hyperplanes
that intersect. Thus, in P7 the number of additional intersection points is

strictly less than B2, found in column five in [Table 5.1

Classes in P2 of curves of degree 5 in P15

The degree of class L +¢eg and 2L —eg — e1 — e are both 5 in P!, The preimage
of a curve of degree 5 in P'® may either be an arbitrary line and the point g
that represents one of the camera centers in P2, or a conic that goes through
three of the camera centers in P2,

In column 3 in we find the span of each common component A.
The span of A = L + e is P® and the span of A = 2L — eg — e; — ey is P?,
i.e. there exist 4 and 5 respectively, linearly independent hyperplane sections
that contains each associated class. As need at most 3 linearly independent
hyperplanes, both common components are possible in each P® and P7. As we
cannot uniquely reconstruct the preimage of a curve of degree 5 in in P!, there
is a critical configuration in both P® and P7.

If the span of V and V' intersect in P8, then for each surface V, V' there
are two possibilities, the reconstruction is either

o L+ ey + 2 points
e 2L —eg—e1 — ey + 3 points
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5.7. Critical configurations

The number of additional points is attained in column 5 in [Table 5.1} i.e. B2.
If the span of V and V' intersect in P”, then for each surface V, V' there
are again two possibilities, the reconstruction is either

o L+ e9 + k points, where 0 > k < 2
o 2I.—eg—e1 —ea + k points, where 0 > k < 3

As before, in P7 the number of additional intersection points that is derived
from the variable components, are strictly less than B? attained in column five

in [Table 5.11

Classes in P2 of curves of degree 8 in P15

The degree of class 2L and 3L — eg — e; — eg — e3 are both 8 in P'®. Thus, the
preimage of a curve of degree 8 in P'® may either be an arbitrary conic in P?,
or a cubic curve that goes through all camera centers in P2.

In column 3 in we find the span of each common component A.
The span of A = 2L is P® and the span of A = 2L — ey — e — e5 is P7, i.e. the
number of linearly independent hyperplane section that contains each associated
class is 2 and 3 respectively. As need 3 linearly independent hyperplanes in P7,
then A = 2L is not a possible common component in P?. However, in P® both
common components are a possibility. Thus, there is a critical configuration in
P8.

If the span of V and V' intersect in P®, then for each surface V, V' there
are two possibilities, the reconstruction is either

o 2L 4+ 0 points
o 3L —eg—ey1 —ey —eg + 1 points

The number of additional points is attained in column 5 in ie. B2

If the span of V and V'’ intersect in P7, then for each surface V, V' we
can uniquely reconstruct the preimage of a curve of degree 5 in P'5. The
reconstruction is

e 3L —eg—e; —ey—e3 + 0 points

As before, in P7 the number of additional intersection points that is derived
from the variable components are strictly less than B2?. We find this number in

column five in [Table 5.1| here B2 = 1.
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