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Abstract

Elliptic curves are used in post-quantum cryptography, where two parties can
use compositions of low-degree isogenies to establish a shared secret. There
are several forms for representing elliptic curves, and different forms require
different isogeny formulas. This thesis is concerned with the Hessian form of
elliptic curves, and explicit formulas for isogenies between these. A formula for
n-isogenies between Hessian curves has recently been found for n % 0 mod 3
. We derive a new formula for 3-isogenies between Hessian curves. We
also derive new formulas for 2- and 4-isogenies that results in a simpler formula
for the latter case, compared to . We find that any representative for
2-isogenies must have indeterminacies. We give a globally defined formula for
morphisms that are 2-isogenies followed by translation with a 2-torsion point.
In addition we describe how such morphisms can be used to construct isogenies
of degree 2¢ for some positive integer e, similar to how 2-isogenies are used in
cryptography to construct isogenies of degree 2°.



Acknowledgements

I thank my supervisors, Kristian Ranestad and Martin Strand, for introducing
me to isogeny-based cryptography and Hessian curves. I also thank Simen
Westbye Moe for support while working with this thesis.



Contents

[Abstract]

|Acknowledgements|

Contents

[l Introductionl

I Background|

13 Elliptic curves and isogenies|
B.1 Ellipticcurves| . . . . . .. ... oo
3.2 'The group law on elliptic curves| . . . . . . .. ... ... ...

. SOZENIES| .« + v v v v e e e e e e e e e e e e e e e

4 Elliptic curves in post-quantum cryptography|

4.1 Public key encryption|. . . . ... ... ..o
A2 Elliptic curves over finite felds|. . . . . . . . o o v v v v o ..
4.3 Supersingular Isogeny Diffie-Hellman| . . . . . . . ... .. ..
4.4 Isogeny computations| . . . . .. ... ..o

[5 Group actions on the Hesse pencil|
b.1  Representation theory|. . . . . . .. ... ... ...
.2 The Heisenberg group|. . . . . . . . ... ... ... ... ..
9.3 Orbits of isomorphic Hessian curves| . . . . . . . ... ... ..
h.4  Representations of the Heisenberg group| . . . . . ... .. ..
5.5 e multiplication-by-n isogeny| . . . . . . . .. ... ... ..

ii

iii

20
20
21
21
23

25
25
26
27
30
34



Contents

I Isogenies and other morphisms|

|6 Isogenies between Hessian curves|
6.1 Isogenies of degree 3| . . . . .. .. ..
6.2 Isogenies of degreen| . . . . ... ...
6.3 Isogenies of degree 2 and 4| . . . . . . .

7 Morphisms between Hessian curves|
7.1 Morphisms of degree 2| . . . . .. ...
7.2 Isogeny computations using morphisms|
7.3 Morphisms of degree 3| . . . .. .. ..
[7.4  Morphisms of degreen| . . . .. .. ..

APP d

IA° The Heisenberg group|

[A.1 Conjugacy classes| . . . ... ... ...

Macaulay2 code|

[B.1 Find 3-isogenies| . . . . . .. ... ...
.2_Proof of Proposition 6.L.1 . . .. ...

IB.3 Proof ot Proposition 6.1.2[ . . . . . ..
IB.4 Example 6.2.8 . . ... ... ... ...
IB.5 Example 6.2.9 . . . . ... ...
[B.6__Proof of Proposition 6.3.1] . . . .. ..

. root of Proposition 6.3.3] . . . . . ..
IB.8  Proof of Proposition 7.1.1| . . . .. ..
B.9 Example 7.4.1) . . ... ... ... ...

39

40
............. 40
............. 42
............. 47

51
............. 51
............. 54
............. 58
............. 59

61

62
............. 62
............. 63

64



CHAPTER 1

Introduction

The research on quantum computers poses a threat to public key cryptosystems
currently in use. Factoring large numbers and solving the discrete log problem
is considered practically impossible for classical computers. Therefore these
problems are widely used as primitives for public key cryptography today. In
1994 Peter Shor showed that a quantum computer could solve these problems
efficiently. Since it is possible that a full scale quantum computer will exist in
a few decades, it is necessary to prepare the digital communication systems
worldwide to be secure against quantum computing. In 2016 the National
Institute of Standards and Technology (NIST) initiated a process to standardize
public key cryptography that is secure against attacks from both classical and
quantum computers.

The candidate schemes in the NIST standardization process are based on
different mathematical primitives. After three rounds in the ”competition”,
the finalist public key encryption schemes are lattice-based (Kyber, NTRU
and SABER) and code-based (Classic McEliece). An alternative finalist is the
1sogeny-based scheme SIKE. SIKE has small key and ciphertext sizes but is slower
than the other finalists. In a summer project at FFI (the Norwegian Defence
Research Establishment) we tested the performance of the NIST candidates on
microcontrollers, and registered key sizes and time consumption for different
levels of security . It was clear that SIKE stood out as slow compared
to the other candidate schemes.

The SIKE scheme uses elliptic curves on Montgomery form and computes
isogenies, which are special morphisms, between such curves. In particular, one
computes high-degree isogenies as a composition of isogenies of degree 2, 3 and
4. TIsogeny computations make up a large part of the SIKE algorithm. It is
therefore interesting to look at other alternatives for representing elliptic curves,
and possibly find more efficient isogeny formulas.

We will mainly focus on the Hessian form of elliptic curves in this thesis.
Hessian curves are closely related to the representation theory of a special group,
namely the Heisenberg group Hs. Explicit formulas for the multiplication-by-n
isogeny on elliptic curves on Hessian form was found in . When n # 0
mod 3 this isogeny can be viewed as a representation of H3. When n = 0
mod 3 the representations of H3 also play an important role. The kernel of the
isogeny is the group E[n] of n-torsion points on the curve E. For cryptographic
purposes, we are interested in isogenies that has a subgroup of E[n| as kernel.
Inspired by , we started our search for such isogenies by looking at Hessian
curves in the light of representation theory.



Our main contribution is new formulas for isogenies of degree 2, 3 and 4
between Hessian curves. More precicely, these are isogenies between Hessian
curves where the kernels are cyclic subgroups of 2-, 3-; and 4-torsion points. In
addition, we derive formulas for special morphisms of degree 2 and 3 between
Hessian curves that are isogenies followed by a translation with a 2-torsion
point or a 3-torsion point, respectively. We also give a description of how such
morphisms can be used to construct isogenies with a specified kernel of order
2¢ for some positive integer e.

In we give a brief introduction to algebraic geometry. We define
affine and projective varieties, and focus on varieties of dimension 1, namely
curves. We include some useful results about curves and maps between them.

In [Chapter 3] we introduce elliptic curves, and describe important properties
of these, including the group structure on an elliptic curve. Furthermore we
introduce isogenies, which are morphisms between elliptic curves preserving the
group structure. At the end we present the Hesse pencil, and the Hessian form
of elliptic curves.

In we give a brief overview of how elliptic curves and isogenies
are used in post-quantum cryptography. In cryptography we typically consider
elliptic curves defined over a finite field. Elliptic curves over finite fields are
either ordinary or supersingular. We describe some properties of supersingular
curves that are useful for cryptographic purposes. We describe the SIDH
(Supersingular Isogeny Diffie-Hellman) algorithm, and also how e isogenies of
degree [ can be used to construct an isogeny of degree (¢ having a specific
subgroup as kernel.

In we introduce representation theory, and focus on the group
action of the Heisenberg group Hs and a particular action of the alternating
group A4 on the Hesse pencil. Given a Hessian curve, we describe how A4 can be
used to find all the other isomorphic curves on Hessian form. Furthermore, we
find all the irreducible representations of H3. We show that the multiplication-by-
n isogeny from [Fri02] is a 3-dimensional representation of the Heisenberg group
when n # 0 mod 3. We will also see that the 1-dimensional representations of
Hj appear in the multiplication-by-3 isogeny.

In we derive new formulas for isogenies of degree 2, 3 and 4
between Hessian curves. First we give the new formula for isogenies of degree 3,
which we found using the 1-dimensional representations of H3. Then we present
a formula for isogenies of degree n # 0 mod 3 between twisted Hessian curves
found in [Bro+21]. This formula can be restricted to isogenies between Hessian
curves, but we find that there are simpler representatives of these isogenies.
In particular, we derive new formulas for isogenies of degree 2 and 4. These
formulas give many representatives of the same isogeny, and results in simpler
representatives when n = 4.

In [Chapter 7| we derive a formula for morphisms between Hessian curves that
are 2-isogenies followed by translation with a 2-torsion point. This morphism
can be viewed as a 3-dimensional representation of Hs. Furthermore we describe
how we think this formula can be generalized to all n # 0 mod 3. We also give
a formula for morphisms between Hessian curves that are 3-isogenies followed
by a translation with a 3-torsion point. In addition we describe an algorithm to
construct a 2°-isogeny having a certain cyclic subgroup of order 2¢ as kernel,
using e morphisms of degree 2 and a single translation.



Many of the computations are done in [Macaulay2|, which is a software
system developed for algebraic geometry and commutative algebra. We will use

[Macaulay?2| as a tool for doing computations that are not suitable to do by
hand. The [Macaulay?2| code can be found in |Appendix B



PART 1

Background




CHAPTER 2

Varieties

We begin with a brief overview of the theory that we need in order to study
elliptic curves and isogenies. We first introduce affine and projective varieties.
Then we focus on 1-dimensional varieties, namely curves, and we give some
general properties about curves and maps between them.

2.1 Affine varieties

Let K be a field, and K an algebraic closure of K. The affine n-space is
defined as A" = {(a1,...,a,) : a; € K}. Given an ideal a C K|z1,...,z,] we
define the zero set Z(a) C A" by

Z(a) ={(x1,...,x,) € A" | f(x1,...,2,) =0Vf €a}.

The zero sets satisfy the axioms for being the closed sets of a topology. This
topology is called the Zariski topology on A™.

Definition 2.1.1. A set V. C A" is called an affine variety if there is an ideal
a C K[z1,...,x,] such that V = Z(a).

On tﬁe other hand, if VV C A" is an affine variety, we can define an ideal
I(V) C Klxy,...,z,] by
fel(V) < f(p)=0V¥peV.

By the Nullstellensatz we have that the ideal 1(Z(a)) is equal to the radical
ideal v/a, hence we get a bijection

{Affine varieties V C A"} <+ {Radical ideals a C K|[z1,...,2,]}.

We say that V is irreducible if it cannot be written as V3 U V5 where Vi, Vo
are closed, proper, non-empty subsets of V.

Definition 2.1.2. An affine variety V C A" is defined over a field L C K,
denoted V/L, if there exists fi1,...,fn € L[x1,...,2,] such that I(V) =

(flv"'vfn)~

In other words, an affine variety V' is defined over L if we can describe the
points in V' as solutions to polynomial equations fi, ..., f, with coefficients in
L. If V C A™ is an affine variety, we define the coordinate ring as



2.1. Affine varieties

This is a finitely generated K-algebra without nilpotents. A polynomial
in K[x1,...,7,] induces a map A" — K, so the maps induced by fi, fo €
Kl[x1,...,x,] restrict to the same map V — K if and only if f; — fo € I(V).
Thus elements of A(V) correspond to polynomial maps V — K.

The function field K (V) of an irreducible affine variety V' is defined as
K(V) = Frac(A(V)). Elements in K (V) are called rational functions on V.
Given f € K(V) and a point p € V we say f is regular at p if we can write
f =% where g,h € A(V) and h(p) # 0. A rational map ¢: V --» W C A™
between affine varieties is defined as

¢: (fla-”afm)a

where f; are rational functions on V. The map is defined in the set of points
where all f; are regular, which is an open set. A dashed arrow is used to indicate
that a rational map is not necessarily defined everywhere. A rational map
regular at all points is called a morphism.

Definition 2.1.3. Let ¢: Vi — V5 be a morphism between affine varieties. The
pullback is defined as

0" A(Va) — A(Vh)

fr fog.
There is a 1 — 1 correspondence V' «» A(V) between affine varieties and
finitely generated K-algebras without nilpotents, in fact it is an equivalence of

categories. We will freely switch between the geometric and the algebraic side,
the latter being more convenient for computations.

Proposition 2.1.4. Let ¢: V. — A™ be a morphism between affine varieties.
Then im ¢ = Z(ker ¢*).

Proof. We consider the diagram

¢

TN

\%4 im ¢ A

where the map V' — im ¢ is dominant. Then we get the corresponding maps
between the coordinate rings.

o

/\

A(V) ¢ A@m) 45— A(A™)

It suffices to show that ker § = ker ¢*. Let f € ker 8. Because « is a ring
homomorphism we have a(8(f)) = a(0) =0, so f € ker ¢*. On the other hand,
let g € ker ¢*. Then 0 = ¢*(g) = a(5(g)). And since « is injective 3(g) must
be 0, thus g € ker 5. This shows that ker 5 = ker ¢*, and we have

A(Am)/ker oF = A(Am)/kerﬁ ~ A(im ¢),

which means that im ¢ = Z(ker ¢*). [ |

One can construct general varieties by gluing together affine ones. For us it
will suffice to consider projective varieties.



2.2. Projective varieties

2.2 Projective varieties

The projective n-space is defined as

where ~ is the equivalence relation defined by (zo,...,z,) ~ (Azg, ..., Axy,)
for A € K \ 0. Homogeneous coordinates are denoted by (zg : --- : z,). The
projective n-space P™ is given the quotient topology induced from the Zariski
topology on A"*1. Given a homogeneous ideal a C K[xg, ..., x,] we define the
zero set Z, (a) C P" by

Zi(a)={(xg: - :xn) €P"| fi(xo,...,zn) =0Vf; €a}.

Definition 2.2.1. A subset of P" of the type Z,(a) is called a projective
variety.

On the other hand, if V' C P" is a projective variety, we define the ideal
I(V) C K[zo, ..., z,] as the ideal generated by homogeneous f € K[z, ..., )
such that f(p) =0 forallpe V.

Definition 2.2.2. We say that a projective variety V' is defined over a field
L C K, denoted V/L, if I(V) can be generated by homogeneous polynomials
in Llzg,...,z,)].

If V is a projective variety defined over a field L C K, we say that the
L-rational points of V| denoted V (L), is the set

VL)={(po:---:pn) €V : pyeL fori=0,...,n}.

For a projective variety V' C P™ we define the homogeneous coordinate ring
Klxg,...,z,
S(v) = Klwore ool

Note that this depends on the choice of embedding V' C P™. Elements F' € S(V)
do not define maps F: V — K. This is because homogeneous coordinates are
only defined up to scaling, and the only polynomials F € S(V) that satisfy
F(po,---,0n) = F(Apo, - .., Apn) for all X are the constants. If F' is homogeneous
of degree n then

F(Apo,-.- s Apn) = A"F(po, ... ,Dn)-
If G € S(V) is another homogeneous polynomial of degree n, then

F(Ap077>\pn) o )‘nF(p07apn) o F(va"'apn)

G()‘p0a ey )\pn) B )‘nG(pfh e apn) G(pOa cee 7pn>7

SO g induces a well defined map where G # 0.

Definition 2.2.3. Let VV C P™ be a projective variety and let Frac(S(V')) be the
fraction field of S(V'). The function field of V' is defined as

K(V)= {g € Frac(S(V)) | F,G € S(V) homogeneous of the same degree} .

7



2.2. Projective varieties

Example 2.2.4. Let V = P!. Then

F _
K(PY = {ng’ z; : f,g € K[z, y] homogeneous of the same degree}

is isomorphic to K (z). Define a homomorphism K (P') — K () by

Flay) | f@) _ P

G(z,y)  glz) G(z,1)

Since the map is non-constant between fields, it must be injective. It remains

to show that it is surjective. Given an element % € K(z), we find that

e f(

Y £)
deg g—deg f Y K Pl
Y € ( )
ydeggg(i)

is mapped to gg;g Thus K(P') ~ K(z).

Let V43 € P™ and Vo C P" be projective varieties. A rational map
¢ : Vi --» V5 is defined by

o= C(for - fn)
where ¢ is defined on an open set in V. A rational map ¢ : V' --» P" is regular
in p € V if there exists a g € K (V') such that (gfo(p) : -+ : gfn(p)) is a well

defined point in P™. Furthermore, if ¢ is regular in all points, then it is called a
morphism.

We will consider projective varieties in P? in this thesis. It is sometimes
practical to go to an affine chart A2 C P? by assuming that one of the variables
is not equal to zero. Then we can do computations using affine coordinates, the
affine coordinate ring, and so on.

Example 2.2.5. Let p = (po : p1 : p2) be a point in P2. Assume that ps # 0, so
we can let
Po  P1 )
p= ::1>— PPyl
(B 21) = hirho)
and we can associate this point with the point (pj,p}) in A%. When we do this
with every point where the z-coordinate is not zero, we say that we go to the
affine chart where z # 0. Of course, we can do the same with z # 0 and y # 0.

This means that P? is covered by 3 affine charts A%, In general, P" is covered
in n + 1 affine charts A”.

Remark 2.2.6. In |Chapter 6| and [Chapter 7| we work in the projective space
P2, but the computations in [Macaulay2| are done in the affine space A3\ 0.

Recall that P? = A%\ O/N, so in computations we do operations equivariant
with respect to the equivalence relation. The following will be particularly
useful. Let ¢: V3 — V5 be a morphism between projective varieties, and
S(V1),S(V,) the homogeneous coordinate rings. From ¢ we obtain a pullback
map ¢*: S(Va) — S(V1) where Z, (ker ¢*) = im ¢. In fact, morphisms between
projective varieties are closed maps, so im ¢ = im ¢ \ Theorem 5.2.1.10].

8



2.3. Curves

2.3 Curves

Definition 2.3.1. A curve is a variety of dimension 1.

A plane curve C' C P? is the zero set of one homogeneous polynomial
f € K[z,y, 2], namely Z,(f). A point p € C is a singular point if

Of (py = 90 () = 9F

%(p) = ay(p) =3 (p) =0.

A curve C is singular if it has singular points, and non-singular otherwise.

Example 2.3.2. The curve Z, (y?z — 23) is singular (with a cusp), the curve
Z, (y?z — x® — 2%2) is singular (with a node), and the curve Z, (y?z — 2° +
322z — 222?) is non-singular. In fact, the latter is a Weierstrass curve, which
we will come back to later.

< =< o

) A cusp. ) A node. ) A non-singular curve.

In this thesis we will consider rational maps between non-singular, irreducible
and projective curves. The following proposition ensures us that such maps will
always be morphisms.

Proposition 2.3.3 (|Sil09, Proposition I1.2.1.]). Let C be a non-singular,
irreducible, projective curve, let V- C P™ be an irreducible projective variety, and
let ¢: C --+V be a rational map. Then ¢ is a morphism.

Furthermore, a non-constant morphism between irreducible, projective
curves will always be surjective.

Proposition 2.3.4 (|Har77, Proposition I1.6.8.]). Let ¢: C1 — Ca be a morphism
between irreducible projective curves. Then ¢ is either constant or surjective.

To any curve there is a fundamental invariant called the genus. For simplicity
we only include the definition for plane curves.

Definition 2.3.5. Let f € K|x(, 71,22 be a homogeneous polynomial of degree
d defining a non-singular curve C' in P2. The genus of C is

()= A==

In general, the genus of a curve C' is defined as the dimension of the room
of regular differentials. We omit the theory of divisors and differentials here.

Definition 2.3.6. Let ¢ : C; — C5 be a non-constant morphism of irreducible

non-singular curves, where ¢ = (go : --- : gn). Then the pullback
¢* : K(Cy) — K(C4) is defined by



2.3. Curves

A non-constant morphism ¢ between curves must necessarily have finite
fibers ¢~*(q). Most of these have the same size, which is the degree of the
corresponding field extension.

Definition 2.3.7. If ¢: C; — C5 is a morphism of curves, then the degree of ¢

is defined as

¢ constant

0
deg ¢ = {[K(C1) 1 ¢*(K(Cy))] otherwise.

In general, the size of the fibers may vary. The morphisms that we will
focus on (namely morphisms between non-singular irreducible curves of genus
1) will always have the same number of points in each fiber, and the degree will
be equal to the number of such points.

Example 2.3.8. For ¢ = (2" : 1): P! — P! we have
¢" (K (P')) (K(x))
(™).

¢*
K

Then
deg ¢ = [K(P') : ¢*(K(P'))]
= [K(z) : K(z")]

n.

Recall that P™ is given the quotient topology induced from the Zariski
topology on A"t In topology we say that a map ¢ between topological spaces
is continuous if the inverse image of open (resp. closed) sets are open (resp.
closed). We include a proposition that will be useful in [Chapter 6/and [Chapter 7

Proposition 2.3.9. Let ¢: X — Y be a surjective, continuous map between
topological spaces. If X is irreducble, then so is Y .

Proof. Assume for contradiction that Y is reducible, so Y can be written as
V1 UV, where Vi, Vs are closed, proper, non-empty subsets of Y. Since ¢ is
continuous, then

¢ (V)= ¢ (1 UVe)
=¢ (V) U (1a),
so X = ¢~ (V1) U ¢ (V2), where both ¢~ 1(V1) and ¢~ !(Vz) are closed.

Since X is irreducible, either ¢=1(V;) or ¢~1(V2) (or both) is equal to X,
a contradiction. u

Finally, we include the well known theorem of Bezout.

Theorem 2.3.10 (|Har77, Corollary 1.7.8.]). Let Cy,Cy C P? be plane curves of
degree di and do with no common components. Then Cy N Cy consists of dy - ds
points, counting multiplicities.

10



CHAPTER 3

Elliptic curves and isogenies

Curves are often classified according to their genus g. The case g = 1 forms a
special class of curves. The non-singular irreducible projective curves of genus
1 admit a group structure. In this chapter we introduce elliptic curves, and a
certain type of morphisms between them called isogenies. These are morphisms
that also preserve the group structure. At the end of this chapter we focus on
elliptic curves on Hessian form, which are central objects to this thesis.

3.1 Elliptic curves

Definition 3.1.1. An elliptic curve is a pair (E, Q) where E is a non-singular
irreducible projective curve with g(E) =1 and O is a specified point on E.

An elliptic curve can be embedded into P? as a Weierstrass curve, and
conversely a Weierstrass curve is always an elliptic curve.

Theorem 3.1.2 ([Sil09}, Proposition I11.3.1.] ). Let E be an elliptic curve defined
over a field K.

1) There exist functions x,y € K(E) such that the map
¢: E — P?
p (z(p) :y(p) : 1)
gives an isomorphism of E/K onto a curve given by a Weierstrass equation

C: yQZ +a1ryz + a3yz2 =23 + a2x22 + a4x22 + a623

with coefficients ay,...,as € K, and such that ¢(O) = (0:1:0).

2) Any two Weierstrass equations for E as in a) are related by a linear
change of variables.

3) Conversely, every smooth cubic curve C' given by a Weierstrass equation
as in a) is an elliptic curve defined over K with origin O = (0:1:0).

Remark 3.1.3. We will always assume that our elliptic curves are embedded in
P2. To simplify notation, we often use the dehomogenized Weierstrass equation

y2 +a1xy + azy = x>+ a2x2 + asx + ag

to describe an elliptic curve.

11



3.2. The group law on elliptic curves

If the characteristic of K is not equal to 2 or 3, we can make a change of
variables to get the short Weierstrass form

y? — (2* + Az + B) = 0.

There are several ways of representing elliptic curves, for instance using the
Weierstrass, Hessian, Legendre, Huff or Montgomery form. They are useful in
different contexts. Since there is a correspondence between elliptic curves and
Weierstrass curves, we describe some important properties of elliptic curves
using the short Weierstrass form, assuming that char(K) # 2, 3. Later we will
mainly focus on the Hessian form.

To any elliptic curve F we can associate its j-invariant, denoted j(E). It
can be defined using the short Weierstrass form.

Definition 3.1.4. Given a Weierstrass curve E: y? = 23 + Az + B, define the
j-invariant as

(44)°
—16(4A3 + 27B2)’

j(E) = —1728

The j-invariant has the following remarkable property.

Proposition 3.1.5 ([Sil09, Proposition I11.1.4.(b).]). Let E and E' be two elliptic
curves defined over a field K. Then E and E' are isomorphic over K if and

only if j(E) = j(E).
Example 3.1.6. Let

E| = Z(y2 — 23 —Ax—By) = Z(y2 — 8 —x),
Ey = Z(y* —2® — Az — By) = Z(y* — 2° — 2x)

be two Weierstrass curves. These curves are isomorphic over F5 because
J(Ey) = j(Ey) = 1728.

Furthermore, by [Sil09] p. 50] F; and Es are isomorphic over F5 if and only if
there exists u € F5 such that

AQ = ’U,4A1, Bg = U6Bl.

Since Ay = 241, then v* =2 mod 5, which is impossible since u* =1 mod 5
for all non-zero u € F5. Thus E; and Es are not isomorphic over Fj5.

3.2 The group law on elliptic curves

An elliptic curve forms a group under point addition. There are several ways
to define this group law, for example via the theory of divisors. We will give
the geometric definition of the group operation on elliptic curves. From this
definition one can derive explicit formulas for point addition.

Let (E, O) be an elliptic curve on Weierstrass form, where O = (0: 1: 0). If
[ € P? is a line, then by Bezout’s theorem [N E consists of three points (counted
with multiplicities). Given two distinct points pi, p2 € E we write [(py, p2) € P?
for the unique line through p; and po. If py = po we let {(p1, p2) be the tangent

12



3.2. The group law on elliptic curves

line through p;. As discussed, there is a third point ps in the intersection
l(p1,p2) N E. We call this point ps = T'(p1,p2). We define an addition law +
on E by the following rule.

Definition 3.2.1. Let p1,ps € E, and p3 = T(p1, p2). Let I’ be the line through
p3 and O. Then define p; + po to be the third point of intersection of I’ with E.

This addition law defines a group operation on E:

Proposition 3.2.2 (|Sil09, Proposition 111.2.2.] ). The addition law + has the
following properties.

a) If a line | intersects E at the (not necessarily distinct) points pi,pa, ps
then p1 + p2 +ps = O.

b) p+O=p forallp e E.

c) p+q=q+p forallpqekE.

d) Let p € E. There is a point of E, denoted —p, so that p+ (—p) = 0.
e) Letp,q,r € E. Then (p+q)+r=p+(q+7).

In other words, the composition law makes E into an abelian group with identity
element O. We further have that if K is a field, the K-rational points E(K) is
a subgroup of E.

One can easily check that a)-d) holds directly by using the geometric
definition. It is more complicated to verify that the operation is associative.

Example 3.2.3. Let E = Z(y? — z(z — 1)(x — 2)) be a Weierstrass curve, and
let p=(1,0) and ¢ = (2,0) be two points on E. We compute p + ¢ using the
definition. To do so, we find the line {(p, ¢) through these two points. The line
is parameterized by

r(t)=tp+ (1 —t)g = (t+2(1 —1),0),

which is the horisontal line y = 0. This line intersects F in the third point
(0,0). Then

(1,0) + (2,0) = —(0,0) = (0,0).

Theorem 3.2.4 (|Sil09, Theorem I11.3.6.] ). Let E be an elliptic curve defined
over K. Then the group law on E define morphisms

+:ExE— E
(P1,p2) > p1+ P2

and

—F—> F
p= —p

13



3.3. Isogenies

Example 3.2.5. Let F be an elliptic curve defined over K, and let ¢ be a point
on E. We define the translation-by-¢g map

- E — FE
p —=p+gq.
This is a morphism by in fact it is an isomorphism, with the

inverse morphism being 7_,.

Example 3.2.6. Let C be a curve with a singular point p* € C, and let ¢ be a
non-singular point on C. Suppose that C has a group structure, in particular
the translation map

Tpe—q: C = C
p=p+ (@ —q
is an isomorphism. The non-singular point ¢ is mapped to the singular point
p* through this isomorphism, a contradiction. This shows that singular curves
cannot have a group structure.

3.3 Isogenies

Definition 3.3.1. Let F; and Es be elliptic curves. An isogeny between £
and FE5 is a morphism

¢S E1 4)E2

satisfying ¢(O) = O.

By [Proposition 2.3.4] we note that im ¢ is either O or F5. We define the
zero isogeny by [0](p) = O for all p € E;. By the following proposition we have
that isogenies are group homomorphisms.

Proposition 3.3.2 (|Sil09, Theorem I11.4.8.] ). Let ¢: E1 — E5 be an isogeny.
Then ¢(p1 + p2) = ¢(p1) + ¢(p2) for all p1,p2 € E.

Since isogenies are group homomorphisms the kernel of an isogeny is well
defined.

Corollary 3.3.3 (|Sil09, Corollary 111.4.9.] ). Let ¢ : Ey — E5 be a non-constant
isogeny. Then ker ¢ is a finite subgroup of E.

In fact, every fiber ¢~1(q) of an isogeny is finite and contains the same
number of points.

Proposition 3.3.4 (|Sil09, Theorem 111.4.10.] ). The degree of a non-constant
isogeny ¢ : E1 — Eq is the number of elements in the kernel, and |¢~1(q)| =
|ker ¢| for all g € Es.

Example 3.3.5. For each n € Z we can define the multiplication-by-n isogeny
[n]: E— FE
in the following way. If n > 0 then

[n](p) =p+p+---+p (n terms).

14



3.3. Isogenies

If n < 0 then [n](p) = [-n](—p), and if n = 0 then [0](p) = O. Using
it follows by induction that this map is an isogeny. For

convenience we use the notation np instead of [n](p).

Definition 3.3.6. Let E be an elliptic curve and n € Z, n # 0. The n-torsion
subgroup of F, denoted E[n], is the set of points of order n in F;

En]={pe€ E: np=0}.

The elements of E[n] are called n-torsion points. The elements in E[n]
that is not an m-torsion point for any m < n dividing n are called primitive
n-torsion points. The number of primitive n-torsion points is denoted a,,.

Proposition 3.3.7. Any finite subgroup G C E consists only of torsion points.

Proof. Let G be a finite subgroup of an elliptic curve F, and let p € G. Then
mp € G for all m € Z. Since G is finite, we have m’p = O for some m’, so p is
a torsion point. [ ]

The following proposition is important in isogeny-based cryptography, and
will play a key role in this thesis.

Proposition 3.3.8 (|Sil09, Proposition I11.4.12.] ). Let E be an elliptic curve,
and let G be a finite subgroup of E. Then there exists a unique elliptic curve
E’ and an isogeny ¢: E — E' such that ker ¢ = G.

Note that the curve E’ is unique up to isomorphism. There is a useful
correspondence between morphisms and isogenies in the following way.

Proposition 3.3.9 (|Sil09, Example I11.4.7.]). Any morphism ¢: E; — FEs
between elliptic curves is the composition of an isogeny and a translation.

On the other hand, it follows from this that any isogeny between elliptic
curves is a composition of a morphism ¢ followed by the translation 7_40)-
Furthermore, since each fiber of a translation contains exactly one element, and
the fibers of an isogeny are finite and contains the same number of points, then
the fibers of a morphism are finite and contains the same number of points.

Proposition 3.3.10 (|Sil09, Corollary 111.6.4.] ). Let E be an elliptic curve and
n € Z\ {0}. We have the following.

o deg[n] = n?.

o If char(K) =0 or if char(K) =p >0 and ptn then
Eln) =% %o

o If char(K) = p > 0 then one of the following is true:

- Ep]={0},

— Elp] =2/ g,
In the first case, E is called supersingular. In the other case, E is called
ordinary.

The term supersingular is unrelated to the notion of singularities on the
curve. Elliptic curves are by definition non-singular. We will come back to
supersingular curves in
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3.4. The Hessian form

3.4 The Hessian form

In this section we will focus on a particular form of representing an elliptic
curve called the Hessian form. Curves on Hessian form have global addition
formulas, meaning that the addition formulas do not depend on the curve. The
Hessian form is closely related to the representation theory of certain groups

that we will explore in more detail in

Definition 3.4.1. The family of curves in P? defined over K, generated by the
two cubics zyz = 0 and 2% + 3 + 23 = 0, is called the Hesse pencil H. It
consists of curves E, p) defined by polynomials

f=a@®+y*+23) +bryz =0

for [a : b] € P1(K). We say that an elliptic curve in P? is on Hessian form if
it is a non-singular curve in #H, and we specify the point O = (0:1: —1) as the
additive identity.

Remark 3.4.2. Over K any elliptic curve is isomorphic to a curve on Hessian
form Lemma 1.]. Over general fields K it is more subtle. It is a necessary
condition to have a 3-torsion point defined over K, but in general not sufficient.
If K =F, with ¢ =2 mod 3 then any elliptic curve with a F,-rational 3-torsion
point is isomorphic (over ;) to a Hessian curve Theorem 3.2.].

Definition 3.4.3. The Hessian of a projective curve C' = Z(f (o, x1,z2)) is

defined by
oy oif  _8f
0x? Ozor1  OxoTa
_ | 9*f 2 f 2°f
H(C) - 8$0$1 67:% 3%1%2
9% f 9*f %f
OxoTa Ox1T2 0x3

When C is irreducible of degree d, then each entry is (homogeneous) of
degree d — 2, so H(C') is of degree 3(d — 2). We have that C' N H(C') is exactly
the inflection points of C p. 59]. Inflection points are the points in C
which tangents meet the curve with multiplicity at least three. By Bezout’s
theorem, inflection points on an elliptic curve are points which tangents meet
the curve with multiplicity exactly three. The Hessian of a curve in H is itself
a curve in H:

6axr bz by
H(Eqy) = | bz 6ay bx
by bxr Gaz

= 6ax(6%a’yz — b*x?) — bz(6abz® — bxy) + by(b*xz — 6aby?)
= (6%a® 4 20%)zyz — 6ab® (2 + 3> + 2%).
Furthermore, the curves in H have nine points in common (over C);

B(H) = Z(zyz) N Z(2® +y° + 2%)
={(0:1:-1), (0:1:—¢), (0:1:—¢),
(1:=1:0), (1:—€:0), (1:—€*:0),
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3.4. The Hessian form

(=1:0:1), (—e:0:1), (—€*:0:1)}.
By Bezout’s theorem, these are the only common points.

Proposition 3.4.4. The common points of the curves in H are exactly the
3-torsion points.

Proof. Since the Hessian of a curve in H is itself a curve in H, the nine common
intersection points are inflection points. Moreover, inflection points p on elliptic
curves are 3-torsion points, because the tangent through p meets the curve with
multiplicity 3, so by the addition law on elliptic curves we have p+p+p = O.
Since there are nine 3-torsion points, then the inflection points are exactly the
3-torsion points. Hence the common points are exactly the 3-torsion points. MW

Figure 3.1: Some Hessian curves in an affine chart of P2

Proposition 3.4.5. Through any point in P2\ B(H), there is exactly one curve
in H.

Proof. Two distinct Hessian curves generates the Hesse pencil. So if two Hessian
curves has a common point p, then p must be a common point of all curves in
H. This means that through any point in P? \ B(H) there is at most one curve
in H. On the other hand, let p = (p; : p2 : p3) € P2. Then it is clear that the
linear equation a(p$ + p3 + p3) + b(p1p2ps) = 0 has at least one solution (a, b),
so through any point in P2 \ B(H) there is at least one curve in #, and the
result follows. |

A curve in H is singular if and only if
3az? + byz = 3ay® + bxrz = 3az® + bxy = 0.

This is precisely when a = 0 or 27a® + b = 0. These two equations give four
singular curves in H, namely

Ew,1), E1,-3), Ea1,-30: E1,-3¢e2);
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3.5. The addition formulas

where € is a primitive third root of unity. For an elliptic curve E,): a(z® +
y3 + 2%) + bryz we must have a # 0, because otherwise it would be singular.
So for an elliptic curve F(,p) on Hessian form we can use the notation

E\ =23 + 9> + 2% + \zyz where \ = 3.
Theorem 3.4.6 ([Fri02, Proposition 2.16]). The j-invariant of an elliptic curve
on Hesse form, Ey : x° +y3 + 2> + \xyz over K is given by

A3(A3 —216)3
(N + 33\ + 36)3(A + 3e2)3

J(EX) == (3.1)

Notice that for a fixed j-invariant there is at most 12 solutions to
This means that there are at most 12 isomorphic curves
for each j-invariant.

3.5 The addition formulas

The following formulas describe the group law on elliptic curves in H. Note
that these formulas do not depend on the curve F).

Theorem 3.5.1 ([Ber+15, Theorem 3.1, 3.2, 4.2]). The following formulas
describe the group law on Hessian curves. Let p1 = (x1 :y1: 21), p2 = (T2 : Y2 :
z9) be points on an elliptic curve Ex € H. Let

o) (2 2 ) 2 L2 2
(517 ‘Y Z) = (nylzl — TY222 t Z2oX1Y1 — ZL2Y2 Yo X121 — 911’222),

and
Y N 2 L2 2 L2 2
(' 1y 2)) = (253121 — yTwaye  Y5y121 — TIX222 L THT1Y — 21Y222).

When (x :y : z) # (0 : 0 :0) then p1 + pa is equal to (z : y : 2), and if
(@' :y :2") #(0:0:0) then py + pa s equal to (¢’ :y' : 2"). Furthermore, we
have

—(x1:y1:21) = (x1: 21 1)

Let Ey be an elliptic curve in H. Since the formulas for addition on FE)
does not depend on A, we can extend the multiplication-by-n isogeny [n] to
a rational map (even better, a morphism, because every point in P? lies on a
Hessian curve)

(FFFy)

[n] : P2 ———— P?

such that the restriction to E is the map [n] : E)\ — E). Note that we denote
the polynomials /" with n in superscript (not as exponent). The following

claim is proven in [Fri02] for n < 10.
Claim 3.5.2 ([Fri02], pp. 16-17]). If n # 3 then for all m such that m | n and

3t m we have the following:

o Fg" and F{" + F3" have a common irreducible factor Py, of degree “&,
where a,, is the number of primitive m-torsion points.

o Z(Py,) intersects every Ex € H in exactly the primitive m-torsion points.
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3.5. The addition formulas

The polynomials P, can be found in [Fri02] for m = 1,...,10. In|Chapter 6
and [Chapter 7] we will use P, and P to find 2- and 4-torsion points on Hessian

curves, so we give these polynomials here.

P=z—y

32— 2.

Py=2y+adz—y
Note that 2-torsion points p on an elliptic curve E) € H are of the form
p=(s:1:1), where s3+13+13+ As = 0. On the other hand, given a 2-torsion
point (s:1:1) € P2, we can find which curve E) € H this point belongs to by

solving A = —s? — 2.
S
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CHAPTER 4

Elliptic curves In post-quantum
cryptography

We will now describe how elliptic curves and isogenies are used in post-quantum
cryptography. First we describe public key encryption and how quantum
computers poses a threat to such cryptosystems. Then we include some
properties of supersingular elliptic curves that are useful for cryptographic
purposes. Furthermore we give a brief overview of the SIDH (Supersingular
Isogeny Diffie-Hellman) algorithm, and we give a description of how to compute
an isogeny v as a composition of low-degree isogenies, where the kernel of v is
a specified subgroup. The presentation of SIDH is inspired by , and the
algorithm for computing isogeny compositions was first described in .

4.1 Public key encryption

A public key encryption (PKE) scheme is a scheme using both private and
public keys. We encrypt a message using a public key, and decrypt using a
private key. The opposite of PKE is symmetric key encryption (SKE) where
both parties use the same secret key. Public key encryption can be used for
secure communication, but symmetric key encryption is more suitable for this.
We typically use PKE to establish a shared secret key, and then use this secret
key in secure communication using symmetric methods.

Most of the public key cryptosystems used today rely on the complexity
of factoring large numbers and solving the discrete logarithm problem. In
1994 Peter Shor found an algorithm that can easily solve these problems, but
only on a full-scale quantum computer. It is possible that such computers
will exist in a few decades, so it is necessary to develop alternative public key
encryption methods. At the time of writing this thesis there is an ongoing
process initiated by NIST (National Institute of Standards and Technology) to
standardize one or more quantum resistant public key cryptographic algorithms.
One of the candidates in this process is the suite SIKE (Supersingular Isogeny
Key Encapsulation). SIKE is a special instance of the SIDH algorithm, which
we will describe in this chapter.
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4.2 Elliptic curves over finite fields

In cryptography we typically work with supersingular elliptic curves defined
over finite fields K = [Fj2, where p a is prime, and consider only the IFj2-rational
points on E, denoted E(F2). In this section we will let p be a prime, and g be
a prime power. Supersingular elliptic curves has some useful properties that we
include here.

Proposition 4.2.1 ([Tat66, Theorem 1.c.| ). Two elliptic curves E and E’
defined over a finite field Fy, are isogeneous if and only if |E(F,)| = |E'(Fy)|.
Here |E(F,)| denotes the number of Fy-rational points on E. When E/F is
P

supersingular, then we are assured that the j-invariant can be found in a small
field extension of IF,, namely F..

Proposition 4.2.2 (|Sil09, Theorem V.3.1.(iii).] ). Let E/F be a supersingular
P
curve, where p is prime. Then j(E) € Fpe.

When working with elliptic curves on computers we need to fix a base
field, so it is useful that we can compute j-invariants in a field extension of
IF), that is as small as possible. Furthermore, by Hasse’s theorem we have that

|E(Fy)| = ¢+ 1 —t where [t] <2,/q [Sil09, Theorem V.1.1.].

Proposition 4.2.3 ([MOV93, Lemma 2.]). Let E be a supersingular curve defined
over Fy, and |E(F,)| = q+ 1 —t. If t* = 4q, then either

E®) =" -1z Y ya- 1)z

or

~ L Z
B = va+ vz i+ e
depending on whether t = 2,/q or t = —2,/q, respectively.
In cryptography we typically choose a prime p = [7'15? —1 and a supersingular
curve E/Fz such that ¢ = —2p. Then we have |E(F,2)| = p* +1+42p = (p+1)?,
P

and
E(Fy) ~ Z/(p+ nz > Z/(p+ INVA

so the [F2-rational points on the curve are exactly the torsion points E[l7'157],
and we will see below that these are the only points that we need.

4.3 Supersingular Isogeny Diffie-Hellman

We now describe how elliptic curves and isogenies can be used to establish a
shared secret between two parties, Alice and Bob. This presentation of SIDH is
based on [Cos19).

Fix a prime p = 517’ — 1, and a supersingular curve E defined over F:.
Alice’s private key is a subgroup of E/F 2 of order [*, which gives rise to a
unique isogeny by [Proposition 3.3.8] Alice finds two generators for the group of

21



4.3. Supersingular Isogeny Diffie-Hellman

1*-torsion points (recall [Proposition 3.3.10), namely

(Pa,Qa) = B3] = Zjeag, x Ljeay,

Then she finds a generator S4 for her secret subgroup of [%*-torsion points by
choosing k4 € [0,15") and letting

S4 = Pa+[ka]Qa.

Then Alice’s private subgroup is (Sa) C E[l%*]. Bob finds his private subgroup
(Sp) C E[l%] analogously.
Now, Alice computes the secret isogeny v 4: E — E4 having (S4) as kernel.

Alice finds this isogeny by composing e4 isogenies of degree [ 4 (in [Section 4.4
we describe exactly how she chooses the right [ 4-isogenies). Alices public key is
now

PKa = (Ea,¥a(PB),va(@B)).

Bob finds his public key analogously, and has the public key

PKp = (Ep,¢¥5(Pa),v5(Q4)).

Now, Alice and Bob switch curves and computes their isogenies again, starting
from the other’s curve. Given Bob’s public key, Alice finds a point S, on Bob’s
curve Ep, given by

S’ = Yp(Pa) + [kalvp(Qa) = ¥p(Pa + [ka]Qa) = ¢¥B(Sa).

The group (S’) is a subgroup of Fp. Alice computes the isogeny ¢'y: Ep —
E 4p having (S;) as kernel. By construction, the kernel of ¢/, ot is (Sa)U(Sg).

E-Y2, gy Y4, B
Phovp

In a similar fashion, Bob computes an isogeny v¢%: E4 — Epa having

(S%) = (Wa(Pg) + [kB]a(@B)) as kernel. Again, the kernel of 3 o ¥4
is (Sa) U (SB).

E pa EL Yp Epa

PpoYa

Since ker (¢, o p) = ker(1))z 0 14) then Alice and Bob land on the same curve
(up to isomorphism). They can calculate the j-invariant of this curve, which is
their shared secret.

The security of SIDH relies on the supersingular isogeny walk problem: Given
two isogenous elliptic curves E, E’, find a path made of isogenies of small degree
between F and E’. This problem is believed to be hard for both classical and
quantum computers.
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4.4. lIsogeny computations

nym

Figure 4.1: Some Montgomery curves in the affine chart of P? where z = 1.

SIKE

Supersingular Isogeny Key Encapsulation (SIKE) is a special instance of SIDH,
with fixed parameter sets. SIKE uses the Montgomery form of elliptic curves,
and lets p = 2°43°8 — 1 where e4 and ep are fixed public parameters. For
a,b € Fp2 such that b(a? — 4) # 0, we have that a Montgomery curve E,
defined over F,2 is the set of points (z : y : z) € P? satisfying

b’z — a2 —ax’z — x2® =0,
with a point O at infinity. In SIKE we only consider the [Fj2-rational points of
Eq 4, namely E, ,(F,2). The public starting curve in SIKE is the fixed (affine)
supersingular Montgomery curve

y? = a3 4 622 + z.

In SIKE the isogenies of degree [%* = 2°4 and [} = 3°# described above are
computed as compositions of isogenies of degree 2, 3 and 4. One weakness of
the SIKE is its time performance, and the isogeny computations account for
much of the time consumption. Alternative isogeny formulas, using other forms
of representing elliptic curves, could possibly improve the performance of SIKE.

4.4 Isogeny computations

In we said that Alice, for instance, computes her private isogeny
Ya: E — E where kertp4 = (S4), by composing e isogenies of degree [. How
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does she find the right l-isogenies 1; so that ker(¢, o -+ 19 01h1) = (S4)7

E Y1 B, P2 B, Y3 Ea

Pa

The initial idea, given by , was as follows. Let S4 be Alice’s secret
[¢-torsion point, which generates her secret subgroup. She computes the point
p1 = 1°71S 4, which is a I-torsion point. This points p; generates a subgroup of
order [, and Alice finds the unique I-isogeny 7 : E — E; having (p;) as kernel.
Since

O =1(p1) = 1(1°71Sa) = 1°"1(Sa),

¥1(S4) is a (7! torsion point. Now, Alice computes a new point p, =
1°729)1(S4) € E1. We see that Ipy = O, so py is a I-torsion point on Ej.
Alice now finds the unique l-isogeny 2: E; — FE3 having (p2) as kernel. By
construction, (2 011)(S4) € Fy is now a (¢~ 2-torsion point. Alice continues
like this until (¢pe 0«01 01h1)(Sa) € E4 is a [ ¢-torsion point, namely O.
Then we will have

Ya(nSa) =nYa(Sa) =nO0=0

for all n. € {1,...,1°}, so ker¢4 = (Sa) as wanted.

Computing the multiplication-by-1°"% map on each step is cumbersome. In
[DJP14] we can find an improved version of this isogeny computation algorithm,
but we will not go further into this here. In[Section 7.2 we present an alternative
to this algorithm, where we use special morphisms (that are not isogenies) of
degree 2 to compute an isogeny of degree 2°.
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CHAPTER 5

Group actions on the Hesse pencil

Let V be a vector space over C. To give a representation V' of a group G is
equivalent to giving a group action of G on V. In this chapter we will study
the representation theory of a group closely related to the Hesse pencil, namely
the Heisenberg group Hs. We will also describe how the alternating group Ay
can be used to find isomorphic Hessian curves. Finally, we will find all the
irreducible representations of Hjz, and explain how these representations are
related to isogenies between Hessian curves.

5.1 Representation theory

Let V be a vector space over C of dimension n, and GL(V') be the group of
isomorphisms of V' onto itself. Given a basis for V' we can identify GL(V') with
the group of invertible square matries of size n.

Definition 5.1.1. Let G be a finite group. A linear representation of GG is a
vector space V' together with a homomorphism p: G — GL(V).

When it is clear from context we often omit p in the notation and say that
V' is a representation of G. A linear subspace W C V is called G-invariant if
p(g)w € W for all g € G and all w € W. The restriction of p to GL(W') where
W is G-invariant, is called a sub-representation. A representation is called
irreducible if it has only trivial sub-representations.

Theorem 5.1.2 ([Ser77, Theorem 1.4.2.] ). Every representation is a direct sum
of irreducible representations.

Let V be a vector space with a basis {e1,...,e,}, and let a be a linear map
of V into itself with matrix (a;;). By the trace of a we mean the scalar

TI‘((I) = Z Q-

The trace is equal to the sum of eigenvalues of a (counted with multiplicity),
and does not depend on the choice of basis.

Definition 5.1.3. Let p : G — GL(V) be a representation of a finite group G.
For g € G let x,(g) = Tr(p(g)). The complex valued function x, on G is called
the character of p.
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5.2. The Heisenberg group

Two elements a,b in a group G is called conjugate if there is an element
g € G such that b = gag~'. This is an equivalence relation, and the equivalence
classes are called conjugacy classes. To find the character of a representation,
we only need to calculate the trace of one element in each conjugacy class.

Proposition 5.1.4 ([Ser77, Proposition 2.1.1.(iii).] ). Elements in the same
conjugacy class of a group has the same trace.

To a group we can give the character table, a two-dimensional table where
the rows corresponds to irreducible representations and the columns correspond
to the conjugacy classes, and where the entries are the traces.

Theorem 5.1.5 ([Ser77, Theorem 2.5.7.] ). The number of irreducible represent-
ations of G is equal to the number of conjugacy classes of G.

It follows that the character table is square. Given the characters of two
representations of a group G, we also know the character of the direct sum
representation.

Proposition 5.1.6 ([Ser77, Proposition 2.1.2.] ). Let p1: G — GL(V1) and
p2 : G = GL(V3) be two representations of G, and x1 and X2 be their characters.
Then the character x of the direct sum representation Vi & Vs is equal to x1+ X2-

The character is important because it characterizes the representation,
thereby the name.

Proposition 5.1.7 ([Ser77, Corollary 2.3.2.] ). Two representations with the
same character are isomorphic.

In the rest of the chapter we will consider two groups that acts on the Hesse
pencil H, namely the Heisenberg group Hs and the alternating group Ay.

5.2 The Heisenberg group

The Heisenberg group is the finite subgroup Hs = (o, 7) of SL(3,C) where

0
01,

2

0 0 1 1 0
c=\|1 0 0}, 7=10 e
0 1 0 0 0 €

and € is a primitive third root of unity. Here SL(3, C) denotes the multiplicative
group of 3 x 3 matrices defined over C with determinant equal to 1. Let xg, 1, 22
correspond to the standard basis vectors in Span(xg,r1,22) ~ C3. Then we see

that

o(x;) = a1, 7(x;) = €z;, i mod 3.

Example 5.2.1. Elements in Hs acts on points in P2, If p = (z: y : 2) € P2,
then
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5.3. Orbits of isomorphic Hessian curves

and
7(p) = (r(x) : 7(y) : 7(2))
= (z:ey:€%2).
Elements in Hj also acts on polynomials. If f(x,y, z) is a polynomial then

o(f(w,y.2)) = f(y.z,2), T(f(z,y,2)) = f(z,ey,€*2).
Furthermore, Hj fixes the curves in the Hesse pencil H:

ola(z® + > + 2%) + b(zy2)) = aly® + 2 + 2%) + b(yzz)
= a(gc?’ +3 + 23) + b(zyz),

and
7(a(zyz) +b(z® +y* + 2%)) = azeye’z) + b(a® + (ey)® + (€°2)°
= a(zyz) + bz + > + 2%).

Proposition 5.2.2. Hj acts on points on an elliptic curve Ex € H by translation
by 3-torsion points.

Proof. Let p= (po : p1 : p2) € Ex. On one hand we have that o(p) = (p1 : p2 :
po), and on the other hand we have

(po:p1:p2) + (1:=1:0) = (p1p2 : 5 : pop2)
= (p1:p2: po),
as long as py # 0. If po = 0 then (py : p1 : p2) is a 3-torsion point, and
o(po : p1: p2) is also a 3-torsion point, so also for this case the action of o must

be a translation by a 3-torsion point.
Furthermore, we have 7(p) = (po, €p1, €2p2), and on the other hand

(Po:p1:p2) +(0:1:—€) = (epf : €*pop1 : pop2)
= (po :ep1 : 621?1),
as long as pg # 0. If po = 0 then (pp : p1 : p2) is a 3-torsion point, and
T(po : p1 : p2) is also a 3-torsion point, so also for this case the action of 7 must
be a translation by a 3-torsion point.

Since the 3-torsion points form a subgroup, and ¢ and 7 generate Hs, we
are done. ]

5.3 Orbits of isomorphic Hessian curves

Definition 5.3.1. The normalizer of a subset S in a group G is the set of
elements Ng(S) of G that leaves the set S fixed under conjugation.

The normalizer of Hg in SL(3,C) is N3 = (o, T, d,v), where

1 1 1 2 0 0
S=ks|1 € €|, v=10 €3 0
1 € ¢ 0 0 e3
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5.3. Orbits of isomorphic Hessian curves

Here ks is the constant that gives det(d) = 1. We have that
S(a(z® +y* + 2%) + b(zyz)) = k3 (b+ 3a) (2 + y° + 2°) + k3 (=3b + 18a)zyz,
and

v(a(z® +y* + 2°) + b(xyz)) = a(x® + 3 + 2°) + eb(2yz2),

50 0(E(ap)) = E(b+3a,—3b+18q) and V(E,p)) = E(q.). Because elements of
N3 acts on ‘H by linear transformations, the orbits of 4 under N3 consists of
isomorphic curves.
Proposition 5.3.2 ( p. 14]). The group G = N3/H3 is isomorphic to
SL(2,Z3).

-1 0 0

For the element : = | 0 0 —1] € N3\ Hs, we see that
0o -1 o0

v(a(z® + 132 + 2%) + blxyz)) = —a(x® +3° + 2°) — b(ayz),

50 L(E(ap)) = E(—a,—b) = E(a,p)- Thus ¢ acts trivially on the Hesse pencil. In
fact, ¢ fixes the line Z;(P2) = Z4(z — y) of 2-torsion points:

1(P) = —P = P <= P is a 2-torsion point.

Proposition 5.3.3 (|Fri02, p. 14]). The group G/<L> is isomorphic to Ay.

We know that there are at most 12 curves for each j-invariant, and also

that |A4| = 12. Then each orbit of G/<L> of length 12 consists of exactly the
isomorphic Hessian curves.
Example 5.3.4. We will now demonstrate how we can use the group action of
G/<L> ~ Ay to find isomorphic Hessian curves. Let Ey = Z, (23 +y3 + 23+ \zyz)
he a Hessian curve, denoted by (1 : A). Then the eleven non-trivial elements in
G/<L> acts on (1 : A) in the following way.

v(l:A)=(1:eN)
VA1) = (1:€2))
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5.3. Orbits of isomorphic Hessian curves

vorA(1:\) = <1:€—3(6;A+);18>

(2
V2o (1: ) = <1 : eQW) .

For a given A, these expressions give precisely the other Hessian curves that
are isomorphic to E).

There are some curves that have orbit length less then 12, so they must
be fixed by at least one element of A4. We find these curves using the eleven
expressions above. We must consider the singular curve E(g 1) as a special case,
because this curve is not on the form F. We find that there are three orbits
with orbit length less than 12.

The first orbit consists of exactly the four singular Hessian curves. This
means that all the singular Hessian curves are isomorphic.

The next orbit consists of the Fermat cubic and the three other isomorphic
curves.

(
ov E(1,6e2) /

The last orbit of length less than 12 consists of 6 isomorphic curves.

vov? Ea,-3+3v3) \
E(l e2(

—3+3V/3))
l,,

—343v/3))

E(1,—3—3¢§)

gl

E(l,e(73 3v3))

,\ _E(1 2(—3-3v/3)) (/
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5.4 Representations of the Heisenberg group

Now we will find all the irreducible representations of the Heisenberg group.
We will see that there are exactly 9 irreducible representations of dimension 1
and exactly 2 irreducible representations of dimension 3.

1-dimensional representations
Let V be the vector space
V= Span(xyz7m3,y37z3,x2y, 22z, 2y, y3z, 22, zQy) ~ C0,

We let the basis elements correspond to the standard basis vectors e;, having a
1 in the ¢-th entry and 0 elsewhere. For example, the first basis element xyz
corresponds to the vector e; = (1,0,...,0), and so on. Then

p: Hy — GL(V)
o (e1 e3 eq €3 €5 €7 €10 €9 €5 €6)

T (e1 ey e3 ey €es €2eg €2ey €eg €eg €2€10)

is a representation of dimension 10. We will find the irreducible sub-
representations of this representation. Their characters x; are given in the

character table in

o We easily see that the basis element xyz is invariant under Hs. So we let
V1 = Span(f1) = Span(xyz), and then

pP1: Hsy — GL(Vl)
o—1
T 1

is a 1-dimensional, hence irreducible, representation of Hj.

Now we look at the 3-dimensional subspace Span(z3, 32, 2%) ~ Span(ey, e2, e3) =
C3, where e; are the standard basis vectors of C3. We see that these three basis
elements are invariant under Hs, so we have the sub-representation

Hs — GL(Span(z?, 33, 2%))
0 0 1

o 1 0 0
1 0 0

T— [0 1 0
0 0 1

The two matrices have common eigenvectors, which are

1 1
1], (], | €
1 € €2

These vectors give us the three following sub-representations, which are
irreducible because they are 1-dimensional.
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5.4. Representations of the Heisenberg group

o Let V/ = Span(f]) = Span(z® + y3 + 23). Then we have the irreducible
representation
py: Hy — GL(VY)
o1
T 1.

We note that this representation is isomorphic to V7, because the character
is clearly the same.

o Let Vo = Span(fa) = Span(z3 + €2y® + €23). Then we have the irreducible
representation
P2 H3 — GL(‘/Q)
o€
T 1.

e Let V3 = Span(f3) = Span(a® +ey® + €223). Then we have the irreducible
representation

pP3: H3 — GL(V%)
o€
T 1.

Now we look at the 3-dimensional subspace Span(z?y,y?z,2%r) =~
Span(ey, ez, e3) = C3. Again, we see that the three basis elements are in-
variant under Hs. Then we have the sub-representation

Hz — GL(Span(z?y, y?z, 2°x))

The two matrices have common eigenvectors, which are

1 1
1], (€], | e
1 € €2

These vectors give us the three following sub-representations.

e Let V4 = Span(fy) = Span(2?y+y?z+22?). Then we have the irreducible
representation

P4 H3 — GL(V4)
o—1
T — €.
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5.4. Representations of the Heisenberg group

o Let V5 = Span(fs) = Span(2?y + €2y*2 + exrz?). Then we have the
irreducible representation
o€
T > €.

o Let Vg = Span(fs) = Span(z?y + ey?z + ¢2x2?). Then we have the
irreducible representation
pe: Hz — GL(Vs)
o €

T €.

Now we look at the 3-dimensional subspace Span(z?z,y?z,z2%y) =~
Span(ey, ez, e3) = C3. Then we have a representation

Hs — GL(Span(z?z, 3z, 2%y))

Q
O = O
= o O
O O =

e 0 0
T 0 € 0
0 0 €

The two matrices have common eigenvectors, which are

1 1
1], €2 ,
1 € €2

These vectors give us the three following sub-representations.

o Let V7 = Span(f7) = Span(z?z+xy?+yz?). Then we have the irreducible
representation

pP7: H3 — GL(V7)
o—1
T €2

e Let Vg = Span(fs) = Span(z?z + 2xy? + eyz?). Then we have the
irreducible representation

P8 H3 — GL(‘/g)
o€
T €%

e Let Vo = Span(fy) = Span(2?z + exy? + €?yz?). Then we have the
irreducible representation

P9 H3 — GL(‘/Q)
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5.4. Representations of the Heisenberg group

o €
T €2
We have found 9 irreducible representations of Hj3 of dimension 1. Their
characters y; can be found in the character table in We get that
V=VieoheoVieVioVeoVioV:od Ve l.

We summarize the polynomials f; from each representation V; here, because
they will come to use later.

fi=wyz

fo=a% 4+ + e
fo = 2% + e + €223
fa= 2%y + 9%z + x2°
5
fo = 22y + e’z + 2x2?

fr =22+ zy® +y2°

x2y + 62y2,z + exz?

fs = 222 + E€xy? + eyz?

fo = x2z + exy?® + 2yz2.

3-dimensional representations
We will now find the irreducible representations of dimension 3. Let
Vio = Span(z,y, z) ~ C?,

Again, we let the basis elements correspond to the standard basis vectors in C3.
Then

P10 H3 — GL(Vlo)

0 0 1
c— |1 0 O
0 1 0
1 0 0
7T— |0 € 0
0 0 €

is a representation of dimension 3. The matrices of ¢ and 7 have no common
eigenvectors, hence the 3-dimensional representation Vjq is irreducible. Its

character 1o is given in Now we consider the vector space
Span(x?,y?, 2%, xy, 2, yz) ~ CO.
We have that
Hs — GL(Span(2?,y?, 2%, zy, 22, y2))
o (ez e3 e eg ey €5)
T (e e2eq ey cey ey es)

is a representation of dimension 6, with the following sub-representations.
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5.5. The multiplication-by-n isogeny

o Let Vi1 = Span(2?, 22,9?). Then

p11: Hs — GL(V11)

1
o —r

oo SO+ O

T

OO R R OO
o O OO
)

o

is a sub-representation. The matrices for ¢ and 7 have no common
eigenvectors, hence the representation is irreducible. Its character x1; is

given in (PP A
e Let V| = Span(yz, zy,xz). Then

o —

oo O = O

T

™
[\~]

is a sub-representation. We notice that this representation has the same
character as Vi1, so they are isomorphic representations.

We have found nine 1-dimensional and two 3-dimensional representations of
Hj. Since there are exactly 11 conjugacy classes of Hs, and we have found 11
irreducible sub-representations of Hs, we can conclude that we have found all
the irreducible representations of Hs. The conjugacy classes and the character

table can be found in

5.5 The multiplication-by-n isogeny

Let f; be the polynomials found in the 1-dimensional representations of Hg.
From [Fri02] we have the following formula for the multiplication-by-3 isogeny
on Hessian curves.

Proposition 5.5.1 ([Fri02] p. 22]). Let Ey be an elliptic curve on Hessian form.
The isogeny [3]: Ex — E\ is given by

B](wo : w1 - x2) = (fifofs: fafsfe : frfsfo).

Furthermore, recall from that P, denotes the polynomial such
that Z(P,,) intersects each elliptic curve E) € H in exactly the m-torsion
points. From we have a formula for the multiplication-by-n isogeny on
Hessian curves when n # 0 mod 3. The claim is proven in for n < 10.
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5.5. The multiplication-by-n isogeny

Claim 5.5.2 (|Fri02, p. 17]). Let Ey be an elliptic curve on Hessian form, and
let n 20 mod 3. The isogeny [n]: Ex — E\ is given by

[n)(zg : 21 : w2) = (Fp : Fy @ Fh)
= (o H(Pm)(TPm)(7—2PM) :

mln

o™ (zo) H (0" Pp) (1™ Pp)(1T20™ Pyy)

m|n
o " (zo) [[(e7" Pm) (70" Pr) (770" Pyy)).
mln

We recall that P, is of degree %, where a,, is the number of primitive
m-torsion points. Then each Fj is of degree 1 + Zm|n (3 . “é"), which is equal

to the number of n-torsion points. Thus the polynomials are of lowest possible
degree.

Example 5.5.3. For n = 2 we have [2] = (F, : F : F»), where

Fo = 2o(x1 — 29) (€1 — €220) (%21 — €xo)
Fy = xo(xg — 21) (20 — €x1) (20 — €21)
Fy = 21 (w9 — 20) (229 — 0)(€x2 — T0).
Example 5.5.4. We will show that the vector spaces spanned by Fy, Fi, Fy for

each n # 0 mod 3 are representations of Hs of dimension 3. First we consider
the case n =1 mod 3. Then

o(Fp) =0 | zg H(Pm)(TPm)(T2Pm)

m|n

= o(z0) [[(0Pm)(07Pn) (07 Py)
m|n

= o(zg) H(O'Pm)(€2T0'P7,L)(6T2O'Pm)

m|n

= o (x0) H (0Py) (1o Py) (120 Py)

m|n

:Flv

o(Fy) = o | o(xo) [[(0Pm)(r0Pm) (770 Pyy)

= o%(x0) H(O'QPm)(O'TO'Pm)(O'TQO'Pm)
m|n
= 0'_1(.%‘0) H(a_le)(627'02Pm)(67'202Pm)
m|n
= 3o (x0) H(U_lpm)(TG‘_lpm)(T2O‘_1Pm)
m|n
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5.5. The multiplication-by-n isogeny

:F27

o(F2) = o | o (@o) [J (07" Ba)(ro™ P (%0~ Pr)

m|n

= H (oro™*P,) (07?0 Py)

m|n

:xOH )T Py,) (e Pry)

m|n

= 20 [[(Pn) (7 P) (72 Pry)

m|n

= .

Furthermore, we have that

T(FO) =T\ %o H(Pm)(TPm)(T2Pm)

7(Fy) =7 | o(z0) [ [(0Pm) (70 Pn) (7?0 Prn)

m|n

= co(xo) H(TUPm)(T20Pm)(oPm)

m|n

:EFl,

T(F) =1 [0 (zo) [[(67' Pn)(ro ™" Py) (207 ' P)

mln

o (zo) H (ro™'Py) (%07 P,) (07 Py

m|n

= 62F2.

This shows that in the case n =1 mod 3 the vector space Span(Fp, Fy, Fy) is
a representation of Hs, more precisely the representation with character xiq.
We can show, in a similar fashion, that for n = 2 mod 3 we get that
Span(Fy, Fy, F») is the other representation of dimension 3, namely the
representation with character x11. So let n = —1 mod 3. Then

o(Fy) = o | 2o [ [ (Pm)(7P)(7° Pn)

m|n

= o(xg) H(O‘Pm)(O’TPm)(UTQPm)

m|n
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5.5. The multiplication-by-n isogeny

= o(xp) H((Tpm)(GzTO'Pm)(GTzUPm)

m|n

= &o(xo) H (0Py)(toPy)(t%0 Py,)

mln

:F27

o(F)=o0 (0_1(:50) H(U_le)(Ta_le)(T20_1Pm))

m|n

= x9 H (oro'Py) (o701 P,y,)

mln

2
= Xo H m 6 Tpm Pm)

mln

= 3xp H (P)(TPy) (T2 P)

m|n

= E)a

o(Fy) =0 (U(mo) H(apm)(TaPm)(T%Pm)>

m|n

= o%(x0) H (0?Py)(oToPy,) (om0 Py,)

mln

= o (o) H(a_le)(€27'02P Y(et?0%Py,)

mln

= 3o (xo) H (0 'P) (o Py (%0 Py)

m|n

=I.

Furthermore, we have that

FO =T (IO H TPﬂ’L Pnz))

mln

T(F) =7 <al(x0) [[(e ' Pn) (o™ 1Pm)(72alpm)>

= eo (o) H (ro *Py) (%0 Py,) (0P,
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T(Fy) =7 | o(z0) H(UPm)(TUPm)(T20Pm)

m|n

= %o (z0) H(TUPm)(TQUPm)(UPm)

m|n

= €2F2.

This shows that for n = 2 mod 3, Span(Fy, F1, F») is isomorphic to the
representation of Hz with character xii.

For cryptographic purposes, we are interested in isogenies ¢: E\ — E)
between Hessian curves where the kernel is a subgroup of Ey[n]. Inspired
by we started our search for such isogeny formulas by looking at the
representations of H3. In the next chapter we will derive new formulas for
isogenies of degree 2, 3 and 4 between Hessian curves, and the Heisenberg group
will play an important role in these formulas. The reprensentations of Hsz will
also appear in the formulas for some special morphisms in
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PART 11

Isogenies and other morphisms
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CHAPTER 6

Isogenies between Hessian
curves

In this chapter we derive formulas for isogenies of degree 3 between Hessian
curves. Furthermore, we look at the existing formula for isogenies between
Hessian curves of degree n # 0 mod 3, found in . We derive formulas
that give many other representatives for the isogenies of degree 2 and 4. This
results in simpler representatives for the latter case, compared to .

6.1 Isogenies of degree 3

In [Bro+21] there are formulas for 3-isogenies between twisted Hessian curves,
but these cannot be restricted to Hessian curves. We derive such formulas for
Hessian curves, with help from representation theory.

Recall the nine polynomials fi, ..., f9 found in the 1-dimensional represent-
ations of the Heisenberg group Hj. Since we wanted to find isogenies

(Go:Glng)
¢: Ex —— By

with ker ¢ = (p) for a primitive 3-torsion point p, and suspected that the G;-s
would be representations of the Hg, we presumed that the isogenies were on
the form

(kofi kifj: kafi).
We used [Macaulay?2] (see [Appendix B.1)) to find solutions (ko, k1, k2, \) to
F(a,y,2) = (kofi)® + (ki f;)® + (ko f7) + N (ko fi) (k1 f5) (k2. fi) = 0

for different combinations of polynomials f;, f;, fi. The results are given in
|[Proposition 6.1.1] and [Proposition 6.1.2}

Proposition 6.1.1. Let E\ be an elliptic curve on Hessian form. The map
¢: Ex — Ey given by

Px:y:2)=(kfr:f2: f3)
= (kxyz: 2% + 2y + 2% 2% + ey + 223
is an isogeny with kernel

G={0:1:-1),(0:1:—€),(0:1:—€*)}
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6.1. Isogenies of degree 3

where k3 = —\3 — 27 and \ = %

Proof. Since ¢ is given by polynomials, it is a rational map. By|Proposition 2.3.3|
we get that ¢ is a morphism. Furthermore we show that im ¢ = E)/,. We use

[Macaulay?2| to check that
Fa,y,2) = (kf1)* + f3 + 3 + Nkfifaf3 =0,

so im ¢ C E)/. Recall that elliptic curves are irreducible by definition, and that
a morphism is a continuous map (with respect to the Zariski topology). By
[Proposition 2:3.9] the image of ¢ is irreducible, and by [Remark 2.2.6] it is also
closed. This means that im ¢ = E).

We use to check that Z1 (f1) N Z+(f2 + f3) = G. We also check
that Zy (kf1) N Z4(f2) N Z4(f3) = 0. This shows that there are no points where
(this representation of) ¢ is not defined. We conclude that ker ¢ = G. The

[Macaulay?2| code can be found in |Appendix B.2 [ |

Proposition 6.1.2. Let E be an elliptic curve on Hessian form, and let ¢ be a
third root of 1. The map ¢: Ex — Ey given by

bz :y:2) = (keyz : 2%y + cy’z + 2% 2%2 + AyPx + c2Py)
is an isogeny with kernel
G={0:1:-1),(1:0:—=¢),(1:—=c:0)}

where k3 = A2 — 3c2A+ 9 and N = %.

Proof. This proof is similar to the proof of [Proposition 6.1.1} We consider the
three cases ¢ = 1, ¢, €2.

o Let c=1. Then ¢ = (kfy : fu: fr). Since ¢ is given by polynomials, it is
a rational map. By [Proposition 2.3.3| we get that ¢ is a morphism. Now

we show that im ¢ = Ey.. We use [Macaulay?2] to check that
F(z,y,2) = (kf1)° + fi + 2 + Nkfifafr =0,

so im ¢ C FE). Recall that elliptic curves are irreducible by definition,
and that a morphism is a continuous map (with respect to the Zariski
topology). By [Proposition 2.3.9| the image of ¢ is irreducible, and by
it is also closed. This means that im ¢ = FE)y.

We check using Macaulay that Zy(kf1) N Z.(fs + f7) = G. We also
check that Z (kf1) N Zy(fs) N Z1(f7) = (. This shows that there are no
points where (this representation of) ¢ is not defined. We conclude that
ker¢p = G.

e Let c=¢€. Then ¢ = (kf1: f6: fs). The proof follows analogously.

e Let c=¢2 Then ¢ = (kf1: f5: fo). The proof follows analogously.

The [Macaulay2] code can be found in [ ]

Remark 6.1.3. In total, we have used all the nine 1-dimensional representations
of Hj to find 3-isogenies between Hessian curves.
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6.2 Isogenies of degree n

In this section we give the formula found in for isogenies of degree
n # 0 mod 3 between twisted Hessian curves, which can be restricted to
isogenies between Hessian curves. Furthermore we give examples using this
formula for isogenies of degree 2 and 4 on Hessian curves, where we also find
many, possibly all, other representatives of these isogenies.

Definition 6.2.1. A twisted Hessian curve over a field K is a projective curve
H(a,d) defined by ax® + y® + 2% = dayz with the specified point (0:1: —1) as
additive identity in P2, with a,d € K and a(27a — d®) # 0.

Note that when a = 1 we have an ordinary Hessian curve. The addition
formulas for twisted Hessian curves are generalizations of the formulas for
Hessian curves. We give the formulas for addition on twisted Hessian curves

here, because they are a part the formula for isogenies between twisted Hessian
curves below.

Theorem 6.2.2 ([Ber+15, Theorem 3.1, 3.2, 4.2]). Let p1 = (x1 : y1 : 21), p2 =
(z2:y2: 22) € P? on an twisted Hessian curve H(a,d). Let
(z:y:2) = (¥3y121 — T3Y222 : 25T1Y1 — 21T2Ys © Y3T121 — YiToZ2),
and
(2 1y 1 2)) = (252121 — Yiways  Yoy121 — aximozs : axiziyr — 22Y220).
When (x :y : 2z) # (0 : 0 :0) then p1 + p2 is equal to (x : y : 2), and if
(@' 2y ') #(0:0:0) then py + p2 is equal to (z' 1y’ : 2').

Theorem 6.2.3 ([Bro+21, Theorem 4.]). Let F = {(0 : =1 : 1)} U{(s; : t; :

DY be a finite, cyclic subgroup of H(a,d) of order n, where n is not divisible
by 3. Then F is the kernel of an isogeny from H(a,d) to H(A, D) defined by

(b(P) = (GoiGliGg)

(H XP+R): [[Y(P+R): [] Z(P+R)>,

ReF ReF ReF

'U,}here A — an and
(1-2(n—1))d+6 Z?:_f siltl
H?;f Si

By X (P + R) we mean the X-coordinate of the point P+ R, and so on. We
note that the polynomials G; have degree 142(n—1), because P+0O = (z:y : 2)
and for any other R € F then P + R is given by polynomials of degree 2. We
also note that if the starting curve is an ordinary Hessian curve, then the image
curve is always an ordinary Hessian curve. Thus the formula can be restricted
to ordinary Hessian curves.

D=

Example 6.2.4. Let H(1,—\) be an ordinary Hessian curve Ey, with subgroup

F={O,(s:1:1)}={(0:—-1:1),(s:1:1)}.
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6.2. Isogenies of degree n

Using the addition formula we get
P+0:-1:1)=(z:y:2)+(0:-1:1)
=(z:y:2),
and

Pt+(s:1:1)=(z:y:2)+(s:1:1)

= (s%yz — 2? : wy — 52° : 2z — sy?).

Then F' is the kernel of an isogeny from H(1,—\) to the Hessian curve
H(1,2 4+ %), defined by

¢(P) = (x(syz — 2°) 1 y(ay — s2°) : 2(zz — sy?)) .

We notice that this representative of ¢ is not defined at the primitive 2-
torsion point. We resolve the indeterminacies of this map to show that this
point is mapped to O. For simplicity consider the specific example where s = —1
and A = 1. Since the computation is local we assume z = 1, and we have to
show that p = (—1,1) maps to (0: —1:1). The blowup of the affine plane A?
in p is defined as

Bl, A% = {(z,y) x [u:v]: (x+ 1)v — (y — 1)u = 0}.

We can explicitly compute Bl, E4 by computing the strict transform of Ej; in
Bl, A%
Bl, Eq = Z(yu—xv—u—v,x2u—|—y2v—xu+xv+yv+2u+v7
2+ P +ay+1).
We check that the point p corresponds to the point ((—1,1),[—4 : 1]), so we

assume v = 1. Then we can substitute © = u(y — 1) — 1, and the blowup
becomes

U=Zw@W? —2y+1)+u>(B=3y) +ulB+y)+3> +7v)
=Z(u’(y® — 1) =3’ (y — 1) +u(y + 3) + y(y + 1))

We have the following diagram, which is commutative. Here, 7w is the
projection given by 7w ((u,y)) = (u(y — 1) — 1, y).

U
AN
E -2 p2

We compute the map ¢ = ¢ o, and get

Go(u(y —1) —1,y) = (y — ) (yu —u — 1) (yu* — u® — 2u — 1)
Gi(u(y —1) = Ly) = (y — Dy(1 — yu)
Go(u(y—1)—Ly) = (y — Dy(~y —u—1).
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6.2. Isogenies of degree n

We may cancel the (y — 1) term, so

Y (u,y) = (Go: Gy :Ga)

J— GO . Gl . G2
S \y-1'y-1"y-1)"

(9= 047)

=(0:-1:1),

Then we get

so ¢(p) = O. Finally, we remark that when calculating point addition p; + po
on Hessian curves, we distinguish between the two cases p; # ps and p; = ps.
So when evaluating ¢ in the 2-torsion point (s :1: 1) in the kernel we actually
have

Hs:1:1)=(s(s-13=5-13):1-(13-1-5%-1):1-(s%-1-1-1%)
=(0:1-5%:53-1)

Example 6.2.5. Let E be an elliptic curve on Hessian form, and G = {(0: 1 :
—1),(s1:t1:1),(s2:t2:1),(s3: t3: 1)} the subgroup generated by a primitive
4-torsion point (s1 : ¢1 : 1). Then ¢: E) — E) given by

b = (x(s3yz — 2t (shyz — 2%ty (s2yz — x2t3) :
y(xy — 2%s1t)) (zy — 22soty) (wy — 2%s3t3) :

2Bz — 1) (e — yss) (Hioz — yss)

is an isogeny with kernel G. We see that this map is given by polynomials of
degree 7.

Ideally, we would want n-isogenies to be represented by polynomials of
degree n, instead of 1+ 2(n —1). We use the following proposition to find many,
possibly all, the representatives of the isogenies given in in the

cases where n = 2 and n = 4.

Proposition 6.2.6 (|Bot+19| Proposition 2.1.]). Let X be a projective variety
and let R = S(X) be the homogeneous coordinate ring of X. Let F: X --» P™
be a rational map and let £ = {fo,..., fm} be a representative of F with f; € R
(homogeneous of degree d for all i). Set I = (fo,..., fm). Then the set of such
representatives of F corresponds bijectively to the homogeneous vectors in the
rank 1 graded R-module Homg(I, R) ~ (R :x I).

Remark 6.2.7 ([Bot+19, p. 2]). The bijection comes from multiplying our fixed
representative f of F' by h € (R :x I). Now, in the setting of [Proposition 6.2.6|
let

D R(d.) 5 R(—aym+t Loy 1 g
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6.2. Isogenies of degree n

be a free resolution of I. Then we get
v
T
0 — Hompg (I, R) — (R(—d)™+1)V £ (@ R(ds)>

where p is the transpose of u and MY = Hompg(M, R) for any R-module
M. Thus we get that Homg(I, R) ~ ker u”, and each representative of F
corresponds to a vector in ker 7. The correspondence takes a representative
(hfo, ..., hfm) to the map that multiplies vectors in R™t by [hfo, ..., hfm]
on the left.

Example 6.2.8. Let E\ be a Hessian curve with A = %, where € is a primitive

third root of unity. Recall from that the intersection between FE'\

and the line Z, (y — z) is exactly the three primitive 2-torsion points on E).
For instance, we find that p = (_262 :1:1) is a 2-torsion point on Ey. We use
Theorem 6.2.3| to find the isogeny ¢: Ex — E) such that ker ¢ = {O, p}. We
get that

¢ = (z(s’yz — 2°) 1 y(ay — s22) : 2(z2 — sy?)),

where s = *262, and \ = —%. Then we use |Propositi0n 6.2.6| to find all the

representatives of this map. In particular, we calculate ker ;7 where p” is given

as in [Remark 6.2.71 We find using [Macaulay2] that ker u”" is generated by the

three vectors

y3 + 46xyz + Z3 ny + 261‘22 ny + %./I;ZQ
2
u= | @+ 5yz2 |, v=|2y+2a’2 |, w= | -y’ + fayz
P 2
§y2z+a¢22 Sayz — 2ez* %xzz—l—yzQ

We use the relation z + 3 + 23 + %xyz = 0 and rewrite these vectors to

C)2pyz — 23
( P) Y g
x2? 4+ %sz
2e(za? + é;vyz)
v= | 2e(zy® + Sa?y)
2
2¢((5)2wyz — 2°)
yx2 + %zzx
2
w= | (5)%ayz -y’
2, & _.2
yz© + o

The vectors u, v, w generate all the representatives of the original map ¢. In
particular, a representative of ¢ is on the form ¢’ = (G : Gy : G3) such that

Go
Gi | = fu+gv+hw,
Ga

where f,g,h € S(E)) are homogeneous of the same degree. When f, g, h are
constants we get the lowest possible degree of the polynomials G;, which is
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6.2. Isogenies of degree n

3. Now let v/ = iv, and let ug,u1,us denote the entries in u. We have the

following relation between the vectors.

i o%(uy) o(uz)
u= |u |, vV=10c%u) |, w=|o(ug)
Uo 02(U0) o(uy)

The [Macaulay2| code can be found in [Appendix B.4

Example 6.2.9. Let E) be a Hessian curve with A = 1. Recall from [Section 3.5
that the intersection between E\ and the line Z (23y + 232 — y32z — 23y) is
exactly the twelve primitive 4-torsion points on F). For instance, we find
that p; = (352 22=2=0=1 : 1) is a 4-torsion point on E), where a = v/2 and

b =/5+4y/2. Now, we use [Theorem 6.2.3[to find the isogeny ¢: E\ — E\y

such that ker ¢ = (p1) = {O, p1,p2,p3}. We get that

¢ = (v(styz — 2t1)(s5yz — 2t) (sdyz — x2t3) :
y(xy — 2%s1t)) (zy — 22soty) (wy — 2%s3t3) :
2(tfez — y?s1)(thez — yPs2) (522 — y?s3))

where p; = (s; : t; : 1). Then we use |Proposition 6.2.6| to find all the
representatives of this map. In particular, we calculate ker 4’ where p” is given

as in [Remark 6.2.71 We find using [Macaulay?2| that ker u” is generated by the

three vectors

vyt — ax®y?z + (—a + 1)wyz3 + 2°
u= y° + axyz® + (—a — 1)a%yz?
(a+ Dytz — 2222 + ayz?*
229% + (a — Dy*z + 2awy?2? + 2223 + (a — 1)yz*
v = 2yt + (a+ Da?y?z + 322 + (a + 1)ay2?
(a+ Day3z + (a+ 1)2?y2? + 3223 + 22t
—° + (a — Day3z + ax?yz? — 3?23 — x2*
w = 22y? —aytz + (—a — 1)yz*
(a+ 1)2?y?z — awyz® — 2°

We use the relation 22 + y® + 23 + 2yz = 0 and rewrite these vectors to

—(zty + 2322 + (a + Vayz® + (a + 1)2%y?2)
u= | —(z3? + 9?22 + (1 — a)zy3z + (a + 1)2?y2?)
—(2223 + yz* + (a + Dadyz + (a + 1)zy?2?)
2223 + 2%y + (1 — a)z3yz + (a + 1)wy?2?
v= | ¥ +ay+ (a+ Dayz® + (a + 1)2%y?2
vzt + 9223 + (a+ DayPz + (a + 1)2%y2?
23y? + 2tz + (a+ Daydz + (a + 1)22y2?
w= | y*z+ 2% + (a + 1)23yz + (a + 1)xy?2?
Y322 + 2322 + (1 — a)wyz® + (a + 1)2%y?2

o~~~ —
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6.3. Isogenies of degree 2 and 4

The vectors u, v, w generates all the representatives of the original map ¢. In
particular, a representative of ¢ is on the form ¢ = (G : G; : G3) such that

Go
Gi | = fu+gv+hw,
Ga

where f,g,h € S(E)) are homogeneous of the same degree. When f, g, h are
constants we get the lowest possible degree of the polynomials G;, which is 5.
Now let u’ = —u, and let ug,u1,us denote the entries in u’. We notice the
following relation between the vectors.

Ug o (uy) o(ug)
u=|u|,v=[0%(w)]|, w=|o(u)
u2 g (Uo) J(’Lbl)

The [Macaulay2| code can be found in

6.3 Isogenies of degree 2 and 4

By looking at patterns in several examples similar to we found a

general formula that gives many, possibly all, representatives of the 2-isogenies
between Hessian curves.

Proposition 6.3.1. Let Ey be an elliptic curve on Hessian form, with a subgroup
G={(0:-1:1),(s:1:1)}.
Let
ug = z(s%yz — 2?)

up = y(xy — 522)

ug = z(xz — 52y%),
let f,g,h € S(E)) be homogeneous of the same degree, and let

Go = fug + go°(u1) + ho(uz)
Gi = fuy + go°(uz) + ho(ug)
Gy = fug + goQ(uo) + ho(uq).

Then ¢: Ex — Ey is an isogeny given by
d(x:y:z)=(Go:Gy:Gq)

where X' = s — %, and ker ¢ = G.

Proof. Since ¢ is given by polynomials, it is a rational map. By [Proposition 2.3.3|
¢ is also a morphism. Now we show that im ¢ = E),. We use [Macaulay?2| to
check that

F(z,y,2) = Gi + G5 + G + NGoG1Ga = 0,
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6.3. Isogenies of degree 2 and 4

so im ¢ C E)s. Recall that elliptic curves are irreducible by definition, and that
a morphism is a continuous map (with respect to the Zariski topology). By
[Proposition 2:3.9] the image of ¢ is irreducible, and by [Remark 2.2.6] it is also
closed. This means that im ¢ = E)/.

We check using that the subgroup G is mapped to O. It
remains to show that the map is 2-to-1, because then ker¢ = G. Assume
for contradiction that the map is 3-to-1. We find using that
L=27,(Gy)NZ:(G1) N Z1(G3) # 0, so ¢ has base points (points where the
map is not defined). By Bezout’s theorem we have |E\ N L| <9, so there are at
most 9 base points. We can find a line | = Z, (ax + by + cz) C P? such that
¢~ 1IN Ey) consists of 9 points, where none of these are base points. But

¢ H(INE\) = Z(aGo + bG1 + cGo) N Ey,

which must necessarily contain all the base points, a contradiction.

This shows that the map is 2-to-1, so ker ¢ = G. The |[Macaulay2| code can
be found in 0

Note that the isogeny ¢ and the image curve E)/ only depends on the
2-torsion point (s : 1 : 1). Furthermore, when f, g, h are constants then the
G;’s are of degree 3, and otherwise the G;’s are of higher degree. When f =1,
g = h =0 we have the representative given in Also note that

T(up) = ug, T(u1) = €u1, T(u2) = eus.
and if f = g = h is a constant, we have

U(Go) - Gl, U(Gl) = Gg, U(GQ) = Go.

Remark 6.3.2. We give an alternative proof of [Proposition 6.3.1] using
[Proposition 6.2.6, We can simply show that the map ¢ = (Go : G1 : G2)
is a representative of the isogeny given in[Theorem 6.2.3] So let F be a Hessian
curve with a 2-torsion point (s:1:1), and let ¢¥: E\x — E)/ defined by

Y= (Fo: Iy Fy)
= (z(s?yz — 2?) : y(zy — s22) : 2(xz2 — sy?))

be the isogeny given in [Theorem 6.2.3] having {O,(s : 1 : 1)} as kernel.
By [Remark 6.2.7] must show that ( Go,Gl,GQ) (kFo,kFl,kFQ) for some

k € (R :x I). We find using [Macaulay?] (see the end of [Appendix B.6) that

Go Gi Gy

F R B

so we can take k = %‘)’ This shows that the maps given in |Proposition 6.3.1|
are representatives of the 2-isogeny given in [Iheorem 6.2.3]

Again, by looking at patterns in several examples similar to
we found a general formula that gives many, possibly all, representatives of the 4-
isogenies on Hessian curves. Note that this formula gives simpler representatives

of the 4-isogenies compared to
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6.3. Isogenies of degree 2 and 4

Proposition 6.3.3. Let E) be an elliptic curve on Hessian form, with a cyclic
subgroup

G={0:-1:D)}U{(si:t;: D},
generated by a primitive 4-torsion point (s1 : t1 : 1). Let
uy = x(x?’y + K12%2% + K1 Koyz® + Kgxy2z)
u = y(a’y + K Koa®2% + y2° + (l — Ks)xy®2)

K,
uy = 2(K1 Koxdy + K222 4+ y2° + Koxy?2),

where
81t1 +$1
K= —s5g= ——
1
2
-5
K2: — 8183 = 71.
ty

Let f,g,h € S(E\) be homogeneous of the same degree, and let

Go = fuo + go*(u1) + ho(us)
G1 = fur + go?(ug) + ho(ug)
Gy = fus + go*(ug) + ho(uy).
Then ¢: Eyx — Ex is an isogeny given by
dx:y:z)=(Go:G1:Ga)
where

=88+ 4t] — 12t — 1281 + 4
o 45125% +451

)\/

)

and ker p = G.

Proof. Since ¢ is given by polynomials, it is a rational map. By [Proposition 2.3.3|
we get that ¢ is a morphism. Now we show that im ¢ = Fy/,. We use [Macaulay?2
to check that

F(z,y,2) = G+ G3 + G + NGoG1G2 = 0,

so im ¢ C E)/. Recall that elliptic curves are irreducible by definition, and that
a morphism is a continuous map (with respect to the Zariski topology). By
[Proposition 2:3.9] the image of ¢ is irreducible, and by [Remark 2.2.6] it is also
closed. Then F) must be the entire image, so im ¢ = E)/.

We check using that the subgroup G is mapped to O. It remains
to show that the map is 4-to-1, because then ker ¢ = G. We want to show that
L=7,(Gy)NZ:(G1)NZ1(G2) # 0, because then ¢ would have base points
(points where the map is not defined), and the map cannot be 5-to-1, so it must
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6.3. Isogenies of degree 2 and 4

be 4-to-1. We could not find a way for to decompose the ideal
(Go, G1,G2), so we give an alternative proof.

The alternative proof is similar to and goes as follows using
[Proposition 6.2.6f We can simply show that the map ¢ = (G : Gy : Ga) is

a representative of the isogeny given in So let ¢: Ex — Ey
defined by

= (Fy: Fy:F)
= (x(s?yz — 2%t1)(s5yz — 22t (syz — 2°t3) :
y(xy — 2%s1t1) (zy — 22sots) (wy — 22s3t3) :
2(t2xz — yPs1)(taxz — y?so) (thwz — y°s3))

be the isogeny given in having G as kernel. By we

must show that (Go, G1,Ga) = (kFy, kFy, kFy) for some k € (R :x I). We find

using |[Macaulay2| that

Go G Gy

R B

so we can take k = %2. This shows that the maps given in |Prop051t10n 6.3. 3|

are representatives of the 4- 1sogeny given in [Theorem 6.2.3] The [Macaulay?2
code can be found in [ ]

Note that the isogeny ¢ and the image curve E)/ only depends on the
generator (sp : t1 : 1). Also notice that

T(ug) = eug, T(u1) = uy, 7(ug) = us,
and if f = g = h is a constant, we have
U(Go) = Gl, O'(Gl) = GQ, O(GQ) = Go.

Example 6.3.4. Let E) be the Hessian curve with A\ = 12 and let {(s; : #; :
1) CE 1 be the cyclic subgroup generated by the prlmltlve 4-torsion point
(s1 :t1 : 1), where s; = %(1 + /33 +24V/2) and t; = 135218 . Then we have

the isogeny ¢: Ey — FEy having G as kernel, where \' = 189‘[ — 138 and
¢ = (Go : G1 : G2) is given by, for instance

Go = ug = z(23y + K122 + K1 Koyz® + Koxy?2)

2
Gl = Uy = y(l’gy -+ K%K21'222 + yZS + (? - K2)$y22)
1
Gy = ug = 2(K 1 Kpxy + K 2%2% + y2® + Koxy?z),

where K; = 3 and K> = 31/2 + 2. Here we chose the representative where

f=1land g=h=0.
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CHAPTER 7

Morphisms between Hessian
curves

In [Chapter 6] we derived new isogeny formulas for 2-, 3- and 4-isogenies between
ordinary Hessian curves. The 3-isogenies are given by the 1-dimensional
representations of Hs = (o,7), and the 2- and 4-isogenies can be either
o- and 7-invariant, but not both. Curious about where the 3-dimensional
representations of Hs where hiding, we loosened the requirements and allowed
the map ¢: Eyx — Ey to be a morphism (not necessarily an isogeny).

Let E) be a Hessian curve with a subgroup (p) generated by a primitive
n-torsion point p. For n = 2 and n = 3 we will derive a formula for a morphism
¢: Ex — E) where the subgroup (p) is mapped to a primitive n-torsion point,
and X is as given in [Proposition 6.1.1] [Proposition 6.1.2] or [Proposition 6.3.1}
respectively. We also describe how we think such morphisms can be constructed
for a general n # 0 mod 3. Furthermore, given an elliptic curve Ey (not
necessarily on Hessian form) and a subgroup G C Ej of order 2¢, we present
an algorithm to compute an isogeny having G as kernel. This isogeny is a
composition of e morphisms (instead of isogenies) of degree 2 and a single
translation morphism.

7.1 Morphisms of degree 2

Proposition 7.1.1. Let E) be an elliptic curve on Hessian form, and let

(s:1:1) be a 2-torsion point on Ex. Then ¢: E) M) E\ where

Go = az® 4+ yz
Gy = az’ + xy
Gy = ay2 +xz

is a morphism with image Ey where N = s — ;%, and a is a solution to

s*a® +2a+s=0. (7.1)
The subgroup H = {0, (s:1:1)} is mapped to the 2-torsion point (—1:a: a)
on E.

Conversely, let (=1 : a: a) be a 2-torsion point on a curve Ey . Let s be
a solution to and Ey the Hessian curve containing s. Then
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7.1. Morphisms of degree 2

(Go : G1 : G2) induces a morphism
¢: Ex — Ex

such that the subgroup H = {O, (s : 1: 1)} is mapped to the 2-torsion point
(-1:a:a).

Proof. Since ¢ is given by polynomials, it is clear that it is a morphism. We
check using that G§ + G3 + G3 + NGoG1G2 = 0, so im(¢) C Ey.
Recall that elliptic curves are irreducible by definition, and that a morphism is a
continuous map (with respect to the Zariski topology). By [Proposition 2.3.9|the
image of ¢ is irreducible, and by [Remark 2.2.6]it is also closed. This means that
im¢ = Ey . We check using [Macaulay2] that ¢(O) =¢(s:1:1)=(-1:a:a).

On the other hand, fix a point (—1 : a : a) on a curve Ey. Then ) is a
given by

142> - Na?2=0
1 —2a3
a2

N =

Furthermore, let s be a solution to The point (s:1:1)isa

2-torsion point on the curve Ey where \ is a solution to s +2 4+ As = 0. By
the first part of the proof, (Gy : G1 : G2) induces a map ¢: Eyx — Ey» where
N =5 — ;%. It suffices to show that A = ), which is equivalent to showing
that

—s% 4+ 2a%s% — a?s® + 4a® = (2a — 5)(a®s* +2a + 5) = 0.
This follows by the assumption on s. The code can be found in
ppendix B .
Remark 7.1.2. We have that
o0(Go) = G, 0(G1) = Gy, o(Ga) = Gy,
and
7(Go) = Go, 7(G1) = €G1, T(G2) = €Ga.

This shows that Span(Gy, G1,G2) can be viewed as a representation of Hj,
namely the 3-dimensional representation corresponding to the character xii
found in [Section 5.4

Corollary 7.1.3. Let ¢: E — E’ be a morphism between elliptic curves mapping
a subgroup {O,p} to a point ¢ € E'. Then the difference between the points in
each fiber of ¢ is p.

Proof. Let ¢ be the isogeny which is the composition
Jo Ay ARy o
P
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7.1. Morphisms of degree 2

where ¢(p) = ¢(O) = q. Let {p1,p2} = ¢~ 1(¢') for any ¢’ € Ey/ . Since v is a
homomorphism, we get

Y(p1 —p2) = (g 0 ¢)(p1 — p2)
= (1-g09)(p1) — (T—g © })(p2)
= (¢(p1) — q) — (¢(p2) — q)

¢(p1) — (p2)
0.

On the other hand,

Y(p1 —p2) = (g0 ¢)(p1 — p2)
= ¢(p1 —p2) — q.

This means that ¢(p; — p2) = ¢. Since the two points that are mapped to ¢ is
p and O, we must have either p; — ps = O or p; — p2 = p. By [Proposition 3.3.4]
and the fact that a translation is an isomorphism (see |[Example 3.2.5|) each fiber
must contain two points. Then p; — ps # O, so we must have p; —ps =p. B

We can also describe the two points that are mapped to O.

Corollary 7.1.4. Let ¢: E — E’ be a morphism between elliptic curves mapping
a subgroup {O,p} C E to a primitive 2-torsion point q € E’. The points
{po,po +p} = ¢~1(O) are two points such that 2po is either p or O.

Proof. Notice that 2(po + p) = 2po + 2p = 2po. We consider the composition

E—*,sp T, pm

¥

where ¢ = ¢(O). Firstly we have

Y(2po) = Y (po + po)
= (T—q 0 9)(po) + (T—¢ 0 ¢)(po)
(¢(po) — ) + (¢(po) — q)
- 9
= Q.

Furthermore, we have
¥(2po) = (T—q © ¢)(2p0)
= ¢(2po) — ¢.

This means that ¢(2po) = q. We know that the two points that are sent to ¢
are exactly O and p. Then 2p» must be equal to either O or p. |

Corollary 7.1.5. In the setting of |Proposition 7.1.1], the points {po,po + p} =
¢~ HO) are two primitive 4-torsion points such that 2po = p.
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Proof. Assume for contradiction that po is a primitive 2-torsion point. Then
po is on the form po = (¢t : 1:1). Since 2(po +p) =2po +2p =0+ O = O,
then pp + p is also a primitive 2-torsion point. We see that

dpo)=o(t:1:1)=(at> +1:a+t:a+t),

which cannot be equal to (0 : 1 : —1), a contradiction. Hence ¢=1(0) =
{po,po + p} are two primitive 4-torsion points such that 2po = p. [ |

In the setting of [Proposition 7.1.1] fix a 2-torsion point p = (s:1:1) € Ej.
The 2-torsion points on Ey/ are on the form (—1: a : a) where a is a solution to

(-3 +a®*+a®*+N(~-1)a®> =0
4
—1+2a° —a? (s—2> =0
s
—52 +2a%s% — a%s3 + 4a* = 0
(2a — 5)(a®s* +2a + s) = 0.
We see that ¢ = (=1 : 5 : 3) = (-2 :5: s) is a 2-torsion point on Ey.. We
cannot use [Proposition 7.1.1] to construct a morphism p: Eyx — E) where
w(O) = q. Anyway, such morphism g exists, and we can find it by using a
2-isogeny 1 from [Proposition 6.3.1| together with the translation 7.,.

Moreover, there are 6 cyclic subgroups of E) of order 4. Two of them
contains the 2-torsion points p, and they are on the form

{0710(9,1?7100 +p} and {Ovp/Ovpvp/O +p}'

For one solution a of [Equation (7.1)] the fiber ¢~1(0) is equal to, say,
{po,po + p}. For the other solution a’ of [Equation (7.1)| the fiber ¢~*(O)
is equal to {py,pin + p}. Then for the morphism p that maps (s :1:1) to
(—2:s:s), we must have that ©~!(O) consists of two primitive 2-torsion points.

Now let Fy be an elliptic curve, not necessarily on Hessian form. We will
see in the next section that when we use morphisms ¢ of degree 2 to compute
an isogeny 1: Ey — FE. of degree 2¢ for some e, then we will only need the
morphisms where ¢~1(0O) are primitive 4-torsion points. If we let the elliptic
curves be on Hessian form, then the morphisms from [Proposition 7.1.1| are
sufficient.

7.2 Isogeny computations using morphisms

We will present an algorithm to construct an isogeny of degree 2¢, for some
positive integer e, using morphisms of degree 2 instead of isogenies of degree
2, similar to the algorithm in [Section 4.4} For simplicity we describe the idea
for the case when e = 4. We begin with an elliptic curve Ey (not necessarily
on Hessian form), and a cyclic subgroup (p) C Ey[2%] generated by a primitive
24_torsion point p. We want to construct the unique isogeny v¢: Ey — E, having

(p) as kernel. In [Section 4.4]such isogeny was constructed as a composition

1 =1pg01h3 0 09
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7.2. Isogeny computations using morphisms

of isogenies ;. We will construct the same isogeny as a composition

Y =To@s0¢30¢pz0¢P

of morphisms ¢; and a translation 7, where ¢; = 7; o ¢; and 7; are translations
by 2-torsion points.

Firstly, we find the morphism ¢,: Ey — FE; of degree 2 that maps the
4-torsion point 22p to @. As illustrated in the diagram below, we will then get
#1(23p) = 2241 (p), which is a 2-torsion point on Ej. So ¢; is the morphism
mapping the 2-torsion point 23p € Ey to the 2-torsion point 221 (p) € Ej.

b1
Eo P1 o8 T+2241 (p) B,
{0,2°p} + O 2%y (p)

{7p, Tp + 2%p} ——— Th1(p) — 3¢Y1(p)

{6p,6p + 23p} ——— 6U1(p) — 2¢1(p)

{5p,5p + 2°p} ——— 5¢p1(p) — Y1(p)

{2%p,2°p + 2°p} —— 22Uy (p) ——— O

{3p,3p+ 2°p} ——— 3U1(p) —— T1(p)

{2p,2p + 2°p} ——— 201 (p) — 6¢1(p)

{p,p+2%p} Y1(p) ¢ 5¢1(p)

Then we find the unique morphism ¢s: E; — E5 of degree 2 that maps the
4-torsion point ¢1(2p) = 6¢1(p) to O. As illustrated in the diagram below, we
will then get ¢o(d1(23p)) = 2102(11(p)), which is a 2-torsion point on E,. So
¢ is the morphism mapping the 2-torsion point ¢;(2%p) € E; to the 2-torsion
point 2¢2(¢1(p)) € Es.
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7.2. Isogeny computations using morphisms

$2

P2 E, T+242 (1 (p))

Ky

Ky

2% (p) + O 292 (P1(p))
3Y1(p) —— 32 (Y1 (p)) —— 2(¢1(p))
2¢1(p) ——— 2¢2(Y1(p)) ——— O

Y1(p) ——— Y2(1(p)) ——— 3¢2(¥1(p))

O+ O+ 292 (¥1(p))
T1(p) —— 3a(P1(p)) —— 2(1(p))
691 (p) — 292 (Y1(p)) ——— O

591(p) ——— Y2 (¥1(p)) ——— 3Y2(Y1(p))

Next we find the morphism ¢3: Fo — E3 of degree 2 that maps the 4-torsion
point ¢2(p1(p)) = 3v2(¥1(p)) to O. As illustrated in the diagram below, we
will then get ¢3(p2(h1(2%p))) = ¥3(2(¢1(p))), which is a 2-torsion point on
E3. So ¢3 is the morphism mapping the 2-torsion point ¢q(¢1(23p)) € Es to
the 2-torsion point ¢3(¢2(¢1(p))) € Es.

3
295 (1(p)) + O+ Y3 (Y2(11(p)))

Yo (¥1(p)) —— ¥3(¥2(i1(p)) ——— O

O O ¥3(¥2(¥1(p)))

32 (Y1(p)) —— Y3(Y2(1(p))) ——— O
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7.2. Isogeny computations using morphisms

Then we choose any morphism ¢4: E3 — FE4 of degree 2 that maps the
subgroup {0, ¥3(12(11(p)))} to a 2-torsion point ¢4 € Ey, and finally we
translate the point ¢4 to the origin using the translation 7_q4: Fy — Ey.

/ﬁ\
E3 Py E, Ttaqy E, T—ay E,
Y3 (Y2(1(p))) + O qa O
O O+ Q4+ O

Then we get the (unique) isogeny ©: Fy — E4 having (p) as kernel, where
Y =T_q, ©Ps0¢P30¢20 1.

Remark 7.2.1. We mention that even though the morphism ¢; in each step ¢
must necessarily be a unique isogeny 1; followed by a specific translation, it
is not required that we must compute ¢; as this composition. For instance,
between Hessian curves the formulas for 2-isogenies v in |Proposition 6.3.1| are
given by polynomials of degree 3, and translations 7 are given by polynomials
of degree 2. Then compositions 7 o ¢y are given by polynomials of degree 2 - 3.
The point is that there might be simpler representatives of the morphisms ¢,
like the morphisms of degree 2 between Hessian curves from [Proposition 7.1.1]
that are given by polynomials of degree 2 (instead of 6).

In general, the algorithm goes as follows. Let Ey be an elliptic curve, and
(p) be a cyclic subgroup of Ey[2¢]. We construct the isogeny 1 as a composition
of morphisms ¢; of degree 2

E, b1 b E Pit1 Eini b1, Pe— E. . be E, T—ge E,
where for each step i =0,...,e—2 we find ¢;11: F; — F;11 as the morphism of

degree 2 mapping the 4-torsion point ¢;(- - - (¢1(2°~(t2)p))) € E; to O € E;y ;.
Then the 2-torsion point

Gi(-- (61(2°71))) = 257D (- (Y1 (p))) € E;
will be mapped to

Gip1 (- (61(2°7'p))) = 2T Dap 1 (- (W1(p))) € Bisr.

When i = e — 1 we can choose any morphism ¢.: F._1 — E. of degree 2
mapping the subgroup

{0, 0—1(-+ (61(2°7'p)))} = {0, 2 W1 (-~ (¥1(p)))} C B
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7.3. Morphisms of degree 3

to a 2-torsion point ¢, € F.. Then ¢: Ey — E. is the unique isogeny having
(p) as kernel, where

Y ="T_q.0¢e0Pe10-0P300¢y.

In particular,

Y=1peo---0po---0y,

where 9; are the 2-isogenies from the similar algorithm described in
(from [JF11]).

Remark 7.2.2. If the curves E; are on Hessian form, then the morphisms ¢;
can be found in [Proposition 7.1.1} In particular, for this algorithm we need

morphisms of degree 2 that maps 4-torsion points to O, and by

these are exactly the morphisms given in |Proposition 7.1.1{

7.3 Morphisms of degree 3
We recall that the group Ey[3] of 3-torsion points is

B(H) = Z(zyz) N Z(2® + 3 + %)
={(0:1:-1), (0:1:—¢), (0:1:—¢?),
(1:=1:0), (1:—€:0), (1:—€2:0),
(=1:0:1), (—e:0:1), (=€*:0:1)},

and see that this is actually equal to

U={0, 71(0), m%(0),
o(0), o7(0), o73(0),
?(0), o*1(0), o*7%(0)}.

We also recall that a Hessian curve E) is o- and 7-invariant. We exploit this to
construct morphisms on Hessian curves that maps a given subgroup of 3-torsion
points to a primitive 3-torsion point (instead of @), using the 3-isogenies from
|[Proposition 6.1.1] and [Proposition 6.1.2}

Proposition 7.3.1. Let ¢: E\ — Ey be an isogeny ¢ = (Go : G1 : G3) from

[Proposition 6.1.1] or[Proposition 6.1.2, and H the subgroup of 3-torsion points

mapped to O by ¢. Furthermore, let 0 € {1,72,0,0%, 07,072, 0%7,027%}. Then

¢92 E)\ — E)\/

given by ¢g = (0Gy : 0G4 : 0G5) is a morphism mapping the subgroup H to the
primitive 3-torsion point 0(O) € Ex.

By the notation we mean oG; = G;,; and 7G; = €'G; for i mod 3.

Proof. This is an immediate consequence of the fact that the polynomial defining
a Hessian curve is invariant under o and 7. |
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7.4. Morphisms of degree n

Example 7.3.2. Let ¢: E\ — E) be the isogeny given by

¢: (GolGlng)
= (kayz : 2® + 2y + €2 1 2% + ey + 227)

from [Proposition 6.1.1 with kernel H = {O,(0:1: —¢),(0: 1: —€%)}, and let
0 = 0?7, Then

o?7%(Go : Gy : Gy)

= 0?7(Go : €Gy : €2Gy)

= 02(G0 Ce2G eGa)

= 0(G1 : Gy : Gy)

= (eG2 : Gy : 62G1)

= ((ex® + y> + 23) : kayz : €22 + ey® + 2%)).

¢o‘272

We see that

Il
—
™

[\v]
I
—_
o
[
I
—_
~—

¢0'272 (O)

| |
Qq —
oo
M
[N~} N
..
S o
~ ..
—_

~—

7.4 Morphisms of degree n

Let E) be a Hessian curve, and H C FE) a cyclic subgroup of order n, where
n # 0 mod 3. We presume that it is possible to find morphism ¢: E) — Ey/
where )\ is as given in such that H is mapped to a primitive
n-torsion point and ¢ = (Gy : G1 : G2) can be viewed as a 3-dimensional
representation of Hz. In particular, the representation with character x19 when
n =1 mod 3 and the representation with character xy;; when n =2 mod 3,
similar to the multiplication-by-n-isogeny in

In [Proposition 7.1.1f we found such morphism for n = 2. We have not found
a general formula for the case when n = 4, but we give an example that supports
the presumption for this case.

Example 7.4.1. Let A =1, and let H = {(s; : t; : 1)}}_; C E\ be a subgroup
of order 4 generated by a primitive 4-torsion point p; = (s1 : t1 : 1) where

1—V54+4V2 s1

2 R

S1 =

In particular, we have

H={(s1:t1:1), (sg:ta:1), (s3:t3:1), (s4:t4:1)}
={(s1:t1:1), (=1:1:1), (sp:t3:1)+(=1:1:1), (0:1:—-1)}.
Here (sq4 : t4 : 1) = (0 : 1 : —=1) = O. We will construct a morphism

¢: Ex — Ey where N = 7\/2 — 13 is as given in [Proposition 6.3.3] and such
that ¢ = (Gp : Gy : G2) can be viewed as a 3-dimensional representation of
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7.4. Morphisms of degree n

the Heisenberg group Hs, more precisely the representation with character x1q.
Therefore we let

Go(z :y: 2) = ax + bxyz + cay® + dxz® + ey®2?
Gi(z:y:2) = ay* + bay’z + cy2® + day + ex?2?
Go(z:y:2) = azt 4+ bayz? + caz + dyz + ex®y?,

because then we have

T(G()) = G07 T(Gl) = EGl, TZ(GQ) = €2G2,
U(Go) = Gl, O'(Gl) = GQ, O'(GQ) = Go.
We must determine the coefficients so that im¢ = FE)/. Since a morphism

between elliptic curves must be an isogeny together with a translation, we also
require that H is mapped to the same point. We evaluate ¢ in each point in H,

stz 1) = (qf - ¢ - 4f).

and denote ¢(O) = (¢& : ¢ : ¢5). We require that the points (¢7 : ¢! : ¢7) for
i =1,2,3 are equal to ¢(O), and we get six equations

464 — 47 ap =0 and ¢4q; — q/qp = 0.

These equations give relations between the coefficients a,b,c,d,e. We use
[Macaulay?2| to find solutions to this system, and get for instance the solution

1 _
62 ,b:%, -2 +4v2+1=0.

d=e=1, a=

With this solution we get that ¢ is a morphism ¢: Ey — Ey where X = 71/2—13,
and the subgroup H of 4-torsion points is mapped to the primitive 4-torsion
point

q=2:—c—1:¢—3) € Ey.

The [Macaulay2| code can be found in [Appendix B.9
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APPENDIX A

The Heisenberg group

A.1 Conjugacy classes

We have the following conjugacy classes of Hs.

Cy=1id

Cy = €id = To720?

C3 = ¢%id = t?070?

Cy={0,e0,%0} = {0,701}, 72077 %}

2,07’071}

2

Cs = {r,er,é®1} = {1,0%10~
Co = {o7,e07, %07} = {o7,0%*(07)0 %, 0(0T)0 ™}

2, 620'27'} = {027', 02(027)072, 0(027)071}

Cr = {o?1,e0
Cs = {r%, e, 7%} = {12, 0(H) o, 0% (7} o %}

Co = {o7% eo1?, 07} = {072, 0(07)0 0% (07?)0 %}
Cro = {0272, e0?12, 0% 12} = {072, 0 (0?10 L, 0% (0?72

Cy1 = {0%,e0? 0%} = {0%, T20%77 2, 10?171}

Jo~?}
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A.2. The character table

A.2 The character table

Let x; denote the characters of the representations V; found in [Chapter 5] The
character table of Hj is given below.

I [ ] [G[C]C[C]|Cr]C[C]Co]Cu]|
X1 1 1 1 1 1 1 1 1 1 1 1
X2 1 1 1 € 1 € €2 1 € €2 €2
X3 1 1 1 €2 1 €2 € 1 €2 € €
X4 1 1 1 1 € € € e | e €2 1
X5 1 1 1 € € €2 1 €2 1 € €
X6 1 1 1 || e | 1 ||| e 1 €
X7 1 1 1 1 || & | & e € € 1
X8 1 1 1 € €2 1 € € €2 1 €2
X9 1 1 1 e | e € 1 € 1 € €
X10 3 3¢ | 32| 0 0 0 0 0 0 0 0
xit |l 31323 | 0] 0]O0]O0]O0]O0 0 0
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APPENDIX B

Macaulay2 code

B.1

Find 3-isogenies

-- The

K = QQ[
R K[x

fl = xx
f2 = x»
f3 = x»
f4 = x»
f5 = x©
f6 = x°
7 = x»
f8 = x©
f9 = x©

GO = k1
Gl = k2
G2 = f3

F = GO~

-- Find
mons =
Ilist =

coordinate ring
k1l,k2,e,L,Lprime]/ideal(e”3-1,e"2+e+1)
Y, z]1/ideal (X" 3+y"3+2"3+L*x*y*Zz)

y*z

3+e”2xy"3+exz"3
3+exy”3+e”2xz"3
2xy+y 2% 7427 2%X
2xy+e" 2%y 2% z+ex 72" 2% X
2xy+exy 2% z+e" 2% 27 2% X
2% 24y 2xX+27 2%y
2%x724+€72xy "2k X+ex 27 2%y
2xZ+exy"2xX+e"2% 2" 2xy

*fl
*f2

K1f1
K2+ f4
7

K1xf1
k2%f6
f8

k1xfl
k2xf5
f9

3+G1"3+G2"3+Lprime*xGO*G1xG2
solutions to F=0

flatten entries monomials (F)
for m in mons list (coefficient(m,F))

I = ideal(Ilist)
M = decompose I
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B.2. Proof of Proposition 6.1.1

B.2 Proof of Proposition 6.1.1

-- The coordinate ring.
K = QQ[k,e,L,Lprime]/ideal(e”3-1,e"2+e+1,k*Lprime-3x*L,k"3-(-L"3-27))
R = K[x,y,z]/ideal (x"3+y"3+z"3+L*x*y*Zz)

fl = xxy*z
f2 = x"3+e"2xy"3+exz"3
3 = x"3+exy"3+e"2xz"3

-- Create the map phi=(G0:G1:G2)

GO = kxfl
Gl = f2
G2 = f3

-- Check that F =0
F = GO"3+G1"3+G2"3+Lprime*xGO*G1+G2

-- Check that the kernel is the 3-torsion points
-- (0:1:-1), (0:1:-e), (0:1:-e"2)
decompose ideal(GO,G1l+G2)

-- Check that the map is defined everywhere
decompose ideal(GO,G1l,G2)

-- We also demonstrate that ker(phix) defines the right curve
S = K[X,Y,Z]

phistar = map(R,S,{G0O,G1,G2})

trim ker phistar

B.3 Proof of Proposition 6.1.2

Part 1

-- The coordinate ring
K = QQ[k,L,Lprime]/ideal (kxLprime- (L-6),k"3-(L"2-3%L+9))
R KIxX,y,z]/ideal(x"3+y"3+z"3+Lxx*y*Zz)

fl = xxy*z
f4 XN2%Y+Y 2% Z2+27°2%X
7 = X"2%z+y"2%X+272*y

-- Create the map phi=(G0:G1:G2)

GO = kxfl
Gl = f4
G2 = f7

-- Check that F = 0, which means that F is in ker(phix)
F = GO"3+G1"3+G2"3+Lprime*xGO*G1+G2

-- Check that the kernel is the 3-torsion points
-- (0:1:-1), (1:0:-1), (1:-1:0)
decompose ideal(GO,G1+G2)

-- Check that the map is defined everywhere
decompose ideal(GO,Gl,G2)

-- We also demonstrate that ker(phix) defines the right curve
S = KI[X,Y,Z]
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B.3. Proof of Proposition 6.1.2

phistar = map(R,S,{G0,G1,G2})
trim ker phistar

Part 2

-- Here e is a third root of unity

K = QQ[k,e,L,Lprime]/ideal(e”3-1,e"2+e+1,kxLprime- (exL-6*xe"2),
k"3- (exL"2-3%xe”2xL+9))

R = K[x,y,z]/ideal (X 3+y"3+z"3+L*x*y*Zz)

fl = xxy*z
6 = X 2xy+exy"2xz+e" 242" 2*X
8 = X"2xz+e"2xy"2%x+ex*xz" 2%y

-- Create the map phi=(G0:G1:G2)

GO = kxfl
Gl = f6
G2 = f8

-- Check that F = 0, which means that F is in ker(phix)
F = GO0"3+G1"3+G2"3+Lprime*xGO*G1+G2

-- Check that the kernel is the 3-torsion points
-- (0:1:-1), (1:0:-e), (1l:-e:0)
decompose ideal(GO,G1l+G2)

-- Check that the map is defined everywhere
decompose ideal(GO,G1l,G2)

-- We also demonstrate that ker(phix) defines the right curve
S = KI[X,Y,Z]

phistar = map(R,S,{G0O,G1,G2})

trim ker phistar

Part 3

-- Here e is a third root of unity

K = QQ[k,e,L,Lprime]/ideal(e”3-1,e"2+e+1,kxLprime- (e"2xL-6x*e),
k"3- (e”2%L"2-3xexL+9))

R = KI[x,y,z]/ideal (x"3+y"3+z"3+Lkx*y*z)

fl = x*y*xz

5 = X 2*xy+e"2xy " 2xz+e*xz"2*X

O = X"2%xz+exy " 2+X+e" 242" 2*y

-- Create the map phi=(G0:G1:G2)
GO = kxfl

Gl = f5

G2 = f9

-- Check that F = 0, which means that F is in ker(phix)
F = G0"3+G1"3+G2"3+Lprimex*xGO*G1l*xG2

-- Check that the kernel is the 3-torsion points
-- (0:1:-1), (1:0:-e72), (1:-e72:0)
decompose ideal(GO,G1+G2)

-- Check that the map is defined everywhere
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B.4. Example 6.2.8

decompose ideal(G0,G1,G2)

-- We also demonstrate that ker(phix) defines the right curve
S = KI[X,Y,Z]

phistar = map(R,S,{G0O,G1,G2})

trim ker phistar

B.4 Example 6.2.8

-- The coordinate ring

K = toField(QQ[e,f,g,h]/ideal(e”3-1,e"2+e+1l))
R = KI[x,y,z]/ideal (x"3+y"3+z"3+(15%e/4) *xx*y*Z)
-- The 2-torsion point (s:1:1)

s = -e™2/2

-- Create the map phi=(HO:H1:H2)
HO = x*(s™2*y*xz-x"2)

H1 y* (X*y-2"2%S)

H2 Zx (X*Z-y"2%s)

-- Find the matrix where the columns are generators of mu”~T
M = gens ker transpose presentation image matrix {{HO,H1,H2}}

-- Extract the entries of the matrix
ud = 1x(M~{0}_{0}_0_0)
ul = 1x (M~ {1}_{0}_0_0)
u2 = 1x(M"{2}_{0}_0_0)

vl = 1+ (M~{0}_{1}_0_0)
vl = 1x(M~{1}_{1}_0_0)
v2 = 1x(M~{2}_{1}_0_0)

wO = 1x(M~{0}_{2}_0_0)
wl = 1x(M~{1}_{2}_0_0)
w2 = 1x(M~{2}_{2}_0_0)

GO = f*xud+g*xvO+h*xw0d
Gl = fxul+gxvi+h*wl
G2 = f*xu2+g*xv2+h*xw2

-- Check that F=0
Lprime = -((15%e/4) + 6%(1/(s)))/s
F = G0"3+G1"3+G2"3+Lprimex*xGO*G1*G2

B.5 Example 6.2.9

-- The coordinate ring
K = toField(QQ[e,a,b,i,f,g,h]/ideal(e”3-1,e"2+e+1,i"2+1,a"2-2,b"2-(5+4%a)))
R = K[x,y,z]/ideal(x"3+y"3+z"3+1xx*y*Zz)

-- The primitive 4-torsion (sl:tl:1)
sl = (1/2)*(1-b)
tl = s1/(1-s1)

doubleX s1x173-s1%t1"3
doubleY = t17"3%1-s51"3%1
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B.6. Proof of Proposition 6.3.1

doubleZ = s173xt1-t1x1"3

-- The 2-torsion point (s2:t2:1)
s2 = doubleX/doubleZ

t2 = doubleY/doublez
tripleX = tlx1lxdoubleX"2-s1”2xdoubleY*doubleZ
tripleY = slxtlxdoubleZ”2-1"2xdoubleXxdoubleY

tripleZ = slxlxdoubleY”2-t1"2*xdoubleX*doubleZ

-- The primitive 4-torsion point (s3:t3:1)
s3 = tripleX/tripleZ
t3 = tripleY/triplez

-- Create the map phi=(HO:H1:H2)

HO = X (S172%y*z-X"2%t1)*(S272%y*Z-X"2%t2)* (S372*y*z-x"2*t3)
H1 = y*(xxy-z"2xS1+tl)* (Xxy-z"2xS2%t2)* (X*y-z"2xS53*t3)

H2 2k (L1 2%kX*Z-y"2%S1) % (127 2%kX*Z -y~ 2%S2) * (137 2%X*Z-y"2%S3)

-- Find the matrix where the columns are generators of mu~T
gens ker transpose presentation image matrix {{HO,H1,H2}}

=
1]

-- Extract the entries of the matrix
ud = 1x(M~{0}_{0}_0_0)
ul = 1x(M"{1}_{0}_0_0)
u2 = 1x(M~{2}_{0}_0_0)

vO = 1x(M"{0}_{1}-0_0)
vl = 1x(M"{1}_{1}_0_0)
v2 = 1x(M™{2}_{1}-0_0)

wO = 1x(M*{0}_{2}_0_0)
wl = 1x(M~{1}_{2}_0_0)
w2 = 1x(M~{2}_{2}_0_0)

GO = f*xud+g*xvO+hxw0
Gl = f*xul+gxvi+h*xwl
G2 = f*xu2+g*xv2+h*xw2

-- Check that F=0
Lprime = -((1-2%3)*(-1) + 6%(1/(slxtl)+1/(s2xt2)+1/(s3*t3)))/(s1*s2%s3)
F = GO0"3+G1"3+G2"3+Lprime*xGO*G1+G2

B.6 Proof of Proposition 6.3.1

-- Given s, then lambda = -s"2-2/s
K = QQ[s,f,g,hl]
R = KI[x,y,z]/ideal (s (x"3+y"3+z"3)+(-5"3-2)*xXx*xy*Zz)

-- Create the map phi=(G0:G1:G2)
uo

ul
u2

- X3+ 2% XKy *Z
X*ky"2-Sky*xz"2
X*Z"2-5xy"2%Z

sigma_u0 sub(u0, {x=>y, y=>z,z=>x})
sigma_ul = sub(ul,{x=>y, y=>z,z=>x})
sigma_u2 = sub(u2,{x=>y, y=>z,z=>x})

sigma2_u® = sub(sigma_u0, {x=>y, y=>z,z=>x})
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B.7.

Proof of Proposition 6.3.3

sigma2_ul
sigma2_u2

f*ud
fxul
fxu2

+
+
+

sub(sigma_ul, {x=>y, y=>z,z=>x})
sub(sigma_u2, {x=>y, y=>z,z=>x})

gxsigma2_ul + hxsigma_u2
g*sigma2_u2 + hxsigma_u0
g*sigma2_u@® + hxsigma_ul

Check that F=0
F = s72%(G0"3+G1"3+G2"3) +(5"3-4) *GO*G1*G2

-- Check that the subgroup is mapped to (0:1:-1)
decompose ideal(GO,G1l+G2)

-- Check that phi has base point
decompose ideal(GO,G1l,G2)

-- We also demonstrate that ker(phix) = F
S = K[X,Y,Z]

phistar =
ker phistar

FoO
F1
F2

m

ap(R,S,{G0,G1,G2})

Remark 6.3.2
Check that (G0:G1:G2) are other representatives
of the map (FO:F1l:F2)
- X347 2k XKy *Z
XKy 2-Sky*xz"2
X*Z"2-5xy"2%Z

FOxG1-F1xGO
F1xG2-F2*G1

B.7 Proof of Proposition 6.3.3

-- The coordinate ring
K = toField(QQ[sl,tl,f,g,h,L]/ideal(s1"3*t1+s1"3%1-t1"3%1-1"3*t1,
S173+t173+173+L*s1+t1x1))

R = K[x,y,z]/ideal (x"3+y"3+z"3+L*x*y*Zz)

s2
t2

s3

The generator 4-torsion point is (sl:tl:1), and the other group elements
are (s2:t2:1), (s3:t3:1) and (0:1:-1)
-sl-s1/t1

t3 =

K1
K2

1

sl/tl
1/t1

Find the coefficients

K3 =

uo
ul
u2

-s2
-s1lx*s
2/K1

3

Create the map phi=(G0:G1:G2)
X* (XN 3ky+K1kX 2% 2" 2+K1xK2xy* 2 3+K2x Xk y 2% Z)

y# (XN 3ky+K1M2%K2k X 2% 2" 2+y* 2" 3+ (K3 -K2 ) *x*xy" 2% Z)

2% (K1#K2# X" 3xy+K 1+ X" 2% 2" 24y *x 2" 3+K2kX*ky 2% Z)

sigma_u0 =

sigma_ul

sigma_u2 =

sub(u0, {x=>y, y=>z,z=>x})
sub(ul, {x=>y, y=>z,z=>x})
sub(u2, {x=>y, y=>z,z=>x})
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B.8. Proof of Proposition 7.1.1

sigma2_u@ = sub(sigma_u0,{x=>y, y=>z,z=>x})
sigma2_ul = sub(sigma_ul, {x=>y, y=>z,z=>X})
sigma2_u2 = sub(sigma_u2, {x=>y, y=>z,z=>x})

GO = f*xu® + gxsigma2_ul + hxsigma_u2
Gl = f*ul + gxsigma2_u2 + hxsigma_u0@
G2 = f*u2 + gxsigma2_u0® + hxsigma_ul

-- Check that the subgroup is sent to (0:1:-1)
sub (GO, {x=>0,y=>1,z=>-1})
sub(Gl, {x=>0,y=>1,z=>-1})
sub (G2, {x=>0,y=>1,z=>-1})

sub (GO, {x=>s1,y=>t1,z=>1})
sub(Gl, {x=>s1,y=>t1,z=>1})
sub (G2, {x=>s1,y=>t1,z=>1})

sub (GO, {x=>s2,y=>12,z=>1})
sub(Gl, {x=>s2,y=>12,z=>1})
sub (G2, {x=>s2,y=>12,z=>1})

sub (GO, {x=>s3,y=>13,z=>1})
sub(Gl, {x=>s3,y=>13,z=>1})
sub (G2, {x=>s3,y=>t3,z=>1})

-- Check that F=0
Lprime = (-8%s173+4xt173-12%t172-12xt1+4)/(4+s1lxt1"2+4x*sl)
F = GO"3+G1"3+G2"3+Lprime*xGO*G1+G2

-- Check that the map(s) (GO:G1:G2) are other representatives
-- of the map (FO:F1l:F2)

FO = X*(S172ky*xz-X"2%t1)*(S272%y*zZ-X"2x12) * (S37"2*y*z-X"2*t3)
F1 = yx(x*y-z"2%S1ktl)* (x*y-2"2%52%t2)* (x*xy-2"2%53%t3)
F2 = zx(t172%x*z-y"2%S1)* (1272%X*Z-y"2%S2) * (137" 2%X*Z-y"2*53)

FOxG1-GO*xF1
FO*G2-F2*GO

B.8 Proof of Proposition 7.1.1

-- The coordinate ring
K = QQ[a,s]/ideal(a"2*s"2+s+2x*a)
R = KI[x,y,z]/ideal(s* (X 3+y"3+z"3)+(-5"3-2)*xx*y*Zz)

-- Create the map phi=(G0:G1:G2)
GO = a*xx"2+y*z
Gl = a*xz"2+x*y
G2 = axy"2+x*z

-- Check where (0:1:-1) and (s:1:1) are mapped
qox = sub (GO, {x=>0,y=>1,z=>-1})
qoy = sub(Gl,{x=>0,y=>1,z=>-1})
q0z = sub (G2, {x=>0,y=>1,z=>-1})

glx = sub(GO, {x=>s,y=>1,z=>1})
qly = sub(Gl,{x=>s,y=>1,z=>1})
qlz = sub(G2, {x=>s,y=>1,z=>1})

-- Check that (0:1:-1) and (s:1:1) are mapped to the same point
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qox

F =

S =
phi
tri

*qly-qlx*qOy

Check that F=0
$72% (GON3+G1"3+G273) +(573-4) *GO*+G1*G2

We also demonstrate ker(phix) defines the right curve
K[X,Y,Z]

star = map(R,S, {G0,G1,G2})

m ker phistar

B.9 Example 7.4.1

K =
R =

s =
t =

GO
Gl
G2

sl
tl

s2
t2

s3
t3

qox
qoy
q0z

qlx =

aly
qlz

q2x
a2y

q2z =

q3x
a3y
q3z

F1
F2
F3

F5
F6

The coordinate ring
toField(QQ[a..d,e,A,B]/ideal(e”3-1,e"2+e+1,A"2-2,B"2- (5+4%A)))
KIX,y,z]/ (X"3+y"3+2"3+1xx*y*Z)

The 4-torsion point
(1/2)*(1-B)
s/(1-s)

= kX M+b* X2k Y *Z+Ck XKk Y 3+A*kX k2 3+ 1ky N 2% 272
= d*X"3ky+1kX 2527 2+bxXky 2x Z+a*xy N 4+Cxy*Z2 "3
= CkX 3k Z+LkX 2%y 2+bxXky*x 2" 2+d*y 3k z+axz"4

=S
=t

= skt "3+5™ 2tk (1)+2%S*xt"24572% (1) +s
=1

= -s*t"3-5"2xt* (1) -245*t"2-5"2% (1) -2%s
= -t"3-sxt*x(1)-2%t"2-5%(1)-2

= sub (GO, {x=>0, y=>1, z=>-1})
= sub(G1,{x=>0, y=>1, z=>-1})
= sub(G2, {x=>0, y=>1, z=>-1})

sub (GO, {x=>s1, y=>tl, z=>1})
= sub(Gl, {x=>s1, y=>tl, z=>1})
= sub(G2, {x=>s1, y=>tl, z=>1})

= sub (GO, {x=>s2, y=>t2, z=>1})
= sub(G1, {x=>s2, y=>t2, z=>1})
sub (G2, {x=>s2, y=>t2, z=>1})

= sub (GO, {x=>s3, y=>t3, z=>1})
= sub(Gl, {x=>s3, y=>t3, z=>1})
= sub(G2, {x=>s3, y=>t3, z=>1})

Require that the points in H are mapped to
the same point

= g0x*qlz-qlx*xq0z

q0y*qlz-qly*q0z

q0x*q2z-q2x*q0z

qOy*Q2z-q2y*q0z

q0x*q3z-q3x*q0z

qOy*q3z-q3y*q0z

We find one solution using equation F3 and F4, and
also require that (l:a-c:a-d) is a primitive
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B.9.

Example 7.4.1

-- 4-torsion point
decompose ideal(F3,F4)

-- Now we verify the solution

restart

K = toField(QQ[c,A,B]/ideal(A"2-2,B"2- (5+4xA), Cc"2-2xc+4xA+1))
R = K[x,y,z]/(X"3+y"3+z"3+1*kx*xy*2)

a=(c-1)/2

b = (c-3)/2

d=1

s = (1/2)%(1-B)

t =s/(1-s)

GO = akX™4+b*X 2%y Z+CkXkY N 3+d*kX*Z 3+ 1xy 25272
Gl = dkX"3ky+1xX 242" 2+b*X*xy 2% Z+a*xy 4+Cxy*xz"3
G2 = CkX™3*Z+1kX"2xy 2+bxxxy*xz"2+d*y"3*xz+axz"4
sl =5

tl =t

S2 = s*kt"3+57 2%tk (1) +2%xS*xt"2+5"2%(1)+s

t2 =1

S3 = -s*xt"3-5"2ktx (1) -2%xs*t"2-5"2% (1) -2%s

t3 = -t"3-s*t*(1)-2%t"2-5%(1)-2

qox = sub (GO, {x=>0, y=>1, z=>-1})

q0y = sub(Gl,{x=>0, y=>1, z=>-1})

q0z = sub(G2,{x=>0, y=>1, z=>-1})

glx = sub(GO, {x=>s1, y=>tl, z=>1})

qly = sub(Gl,{x=>s1, y=>tl, z=>1})

qlz = sub(G2,{x=>s1, y=>tl, z=>1})

g2x = sub(GO, {x=>s2, y=>t2, z=>1})

g2y = sub(Gl,{x=>s2, y=>t2, z=>1})

g2z = sub (G2, {x=>s2, y=>t2, z=>1})

g3x = sub(GO, {x=>s3, y=>t3, z=>1})

q3y = sub(Gl, {x=>s3, y=>t3, z=>1})

93z = sub(G2,{x=>s3, y=>t3, z=>1})

F1 = qOx*xqlz-qlx*xqOz

F2 = qOyx*qlz-qly*q0z

F3 = qOx*q2z-q2x*q0z

F4 = qOy*q2z-q2y*q0z

F5 = qOx*q3z-q3x*q0z

F6 = qOy*q3z-q3y*q0z

Lprime = (-8%s17"3+4%t173-12%t172-12xt1+4)/(4+s1lxt1"2+4x*sl)
F = G0"3+G1"3+G2"3+Lprime*xGO*G1+G2
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