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Abstract. We introduce a first-order theory of finite full binary trees
and show that the analogue of Hilbert’s Tenth Problem is undecidable by
constructing a many-to-one reduction of Post’s Correspondence Problem.

1 Introduction

Hilbert’s Tenth Problem asks whether there exists an algorithm that given a
polynomial f € Z[z1,x2,...,2,] decides whether f has a zero in Z™. In 1970,
Yuri Matiyasevich proved that Hilbert’s Tenth Problem is undecidable by show-
ing that the exponential function is existentially definable in terms of addi-
tion and multiplication (see for example Davis [I]). After this, a standard tech-
nique for showing that a structure has undecidable existential theory has been
to show that it existentially interprets the first-order structure of arithmetic
(N,0,1,+, %) (see sections 5.3 and 5.4a of Hodges |2] for more details). In this
paper, we introduce a first-order structure 7 (LgT) of finite full binary trees (see
Section [2)) and prove that the analogue of Hilbert’s Tenth Problem for 7 (LgT) is
undecidable without interpreting arithmetic, that is, without relying on the solu-
tion to Hilbert’s Tenth Problem (such a proof can also be produced by modifying
slightly the coding in Section [5| to translate multiplication).

2 Preliminaries

We consider the first-order language Lg1 = {L,{-,-), [ + -]} where L is a
constant symbol, (-,-) is a binary function symbol and -[- — -] is a ternary
function symbol. The intended structure 7 (LgT) is a term model: The universe H
is the set of all variable-free terms in the language {.L, (-,-)} (equivalently, finite
full binary trees). The constant symbol L is interpreted as itself. The function
symbol (-, ) is interpreted as the function that maps the pair (s,t) to the term
(s,t). The function symbol -[- — -] is interpreted as a term substitution operator:
t[r — s] is the term we obtain by replacing each occurrence of r in ¢t with s. We
define t[r + s] by recursion as follows: If ¢ = r, then ¢[r — s] = s. If r #.L, then
Lres] =L Ifr#t=(t1,t2), then t[r — s] = (t1[r — s, ta[r — s]).

To improve readability, it will occasionally be more convenient to represent
finite binary trees using notation that is closer to their visual form: By recur-
sion, for n > 2, let (x1,...,&pn,Zn11) be shorthand for ((z1,...,z,), Tnt1). By
recursion, let 1 '=1 and 1""1= (1" 1).
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We let Th(7T(Lgt)) denote the set of all existential Lgr-sentences that are
true in 7(Lgr). We let Th"(T(Lgr)) denote the set of all Lgr-sentences of
the form 3% [ s = ¢ ] that are true in 7(Lgr). In Section [7, we prove that
Th?(T(LgT)) is undecidable by constructing a reduction of Post’s correspon-
dence problem. The coding techniques that form the basis of the encoding are
developed in sections [3] [ [l [} In Section [§] we show that undecidability of
Th(T(Lgr)) implies undecidability of Th"° (T (LgT)).

Definition 1. Let {0,1}% denote the set of all nonempty binary strings. The
Post Correspondence Problem (PCP) is given by

— Instance: a list of pairs {ay,b1), ..., (an,b,) where a;,b; € {0,1}
— Solution: a finite nonempty sequence i1, ...,4,, of indexes such that we have
the equality a;, a;, ... a;,, = by b, ... b, .
To analyze further what we can and cannot effectively decide over T (LgT),
we introduce bounded quantifiers. We let z C ¢ and = [Z ¢t be shorthand for
tflr — (r,z)] # t and t[z — (z,z)] = t, respectively. Observe that C is
the subtree relation on finite binary trees. In [5], Venkataraman shows that the
existential theory of the structure we obtain by taking 7 (Lgt) and replacing
the substitution operator with the subtree relation is decidable and the decision
problem is NP-complete. Let Vo C ¢ ¢ be shorthand for Vo [x Tt — ¢ ]. Let
EI éﬁBT) denote the set of all LgT-sentences that are true in 7 (LgT) and are of the

form dz Vy C x ¢ where ¢ is quantifier-free. In Section@ we show that EI éﬁBT)

is undecidable. We cannot prove this result by encoding Post’s correspondence
problem since this problem is about sequences of pairs and therefore necessitates
the use of two bounded universal quantifiers. Instead, we encode the Modulo
Problem of Kristiansen & Murwanashyaka [3].

Definition 2. Let f°(x) = 2 and f"*1(x) = f(f"(x)). The Modulo Problem is
given by

— Instance: a list of pairs (Ao, Bo), ..., (An—1,Bp—1) where M > 1 and
Ai,B; €N fori=0,...,M —1.

— Solution: a natural number N such that f(3) = 2 where f(z) = Ajz+ B,
if there exists j € {0,1,..., M — 1} such that x = Mz + j.

3 Numbers

To encode Post’s correspondence problem, we need to associate strings over a
finite alphabet with finite binary trees. As a step towards this, we show that
certain classes of number-like objects are existentially definable in 7 (LgT).

Definition 3. Let o € H. Let s1,...,s, € H be such that o is not a subtree of

s; for alli <n and s, # s; for all j <n. Let

1 m 4+ 1
- = (a,81,...,8,) and - -,
a,§ «,§ o, §

Let Ng ={-*~€H: meN A m>1}1.

]

[a— —
a, 5
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Lemma 1. Let « € H. Let sq,...,8, € H be such that a is not a subtree of s;
for alli <n and s, # s; for all j <n. Then, for all T € H

1 2 1 2 1
TeNg & T=— v (-—CTAT=—]anT[-=rn—]]).
Q, s Q, s Q, s Q, s Q, s
Proof. The left-right implication of the claim is straightforward. Let the size of
a binary tree T be the number of nodes in T'. We prove by induction on the size
of T that

=1 v ( 2 CT AT= 1_,[04#—>T[ 2 1q]}) (*)
a,§ a,§ a,§ a,§ «,§
implies T' € N¢.

Assume T satisfies (*). We need to show that T € N%. If T = L. then
certainly " € Ng. Otherwise, by the second disjunct in (*), we have %‘ E T. Let
S = T[ O% — C%g] Then, S is strictly smaller than T'. By the second disjunct
in (*), we have T' = o%gi a— S| By Deﬁnition o%g = (®, S1,-..,5p). Since

« is not a subtree of any s;

T =

[oz — S} :<a,81,...,sn)[a — S] =(S,51,--,8n) . (%)

o, s

We know that %‘ C T. By Deﬁnition %‘ = (@, 81y, 8n, 81, .., 8p). Since
sp # s; for all 1 < j < n, it follows from al; C T and (**) that we have one of
the following cases: (i) S = L, (ii) occurrences of 22 in T can only be found

in S. In case of (ii), we have

S=T[Z 2] = (S5, nysn)[ 2o 2] = (S[ Z > 2] vt vm)

a,s a,s Q,é «a,s

@yl

— (s, a o S[Ze L) | =lan s[ZHe &

a,§ a,§ a,§ ,5 a,§

We see that in case of either (i) or (ii), S satisfies (*). Thus, by the induction
hypothesis, S € Ng. It then follows from (**) that 7" € Ng. O

4 Strings

Given a finite alphabet A = {a1,...,an}, let € denote the empty string and let
A* denote the set of all finite strings over A. Let AT = A* \ {¢}. We will now
associate A* with an existentially definable class of finite binary trees.

Definition 4. Let A = {a1,...,am} be a finite alphabet. For each natural num-
beri > 1, let g; = (1374 13+, Let a € H be incomparable with g; with respect
to the subtree relation for all i. We define a one-to-one map 1, : A* — H by
recursion

Q@ ifw=¢

To(w) = < (o, ;) if w=a;

m(wo)[a — Ta(wl)} if w=wow; and wg € A .
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Given s € A*, we write = for 7,(s). Furthermore, we write a; for g;.

ajaijazal a
For example, %:<a,a2,al7a3aalaal>'

Lemma 2. Let A ={ay,...,an,} be a finite alphabet. Then, 7,(A*) is existen-
tially definable in T (LsT).

Proof. We need the following property to prove that 7,(A*) is existentially de-
finable

(*) g1, ..,8m are incomparable with respect to the subtree relation.

Lemma [1| tells us that the classes Ng, U {a} are existentially definable in
T(LgT). The idea is to show that s € 7,(A*) if and only if we can transform
s into an element of Ng, U {a}. We show that 7,(A*) is defined by the formula
¢(x) = x[g2 — g1]...[gm — 81] € N, U{a}.

Clearly, each element in 7,(A*) has the property ¢(x). To see that the con-
verse holds, assume ¢(s). We need to show that s € 7,(A4*). Since Ng, U {a} C
Ta(A*), it suffices to show that for each 1 <4 < n and each finite binary tree t,
ift[g; — g1] € Ta(A*), then t € 7,(A*). We prove this by induction on the size
of t.

Assume t[g; — g1] € Ta(A*). We need to show that t € 7,(A*). If g;
is not a subtree of ¢, then ¢t = t[g; — g1] € 7.(A*). Assume now g; is a
subtree of ¢. Let t = (tg,t1). We cannot have t = g; since g; & 7,(A*). Hence,
t{gi — g1] = (to[gi — &1],t1[g — g1]). By how the elements of 7,(A*)
are defined, to[g; +— g1] € To(A*) and t1[g; — g1] = g; for some 1 < j < n.
Since to[g; — g1] € To(A*), by the induction hypothesis, tg € 7,(A4*). If g; is
not a subtree of ¢, then t; = t1[g; — gi] = g;. Assume now g; is a subtree of
t1. Then, g; is a subtree of g; since t1[g; — g1] = g;. By (*), g1 = g;, which
implies t; = g;. Hence, ty € 7,(A*) and t; = g; for some 1 < | < n. Then,
t = (to,t1) € To(A*) by how the elements of 7,(A*) are defined.

Thus, by induction, if t[g; — g1] € To(A*), then ¢t € 7,(A*). O

5 Sequences of Strings I

Recall that the instance (a1, b1),..., (an,b,) of PCP has a solution if and only
if there exist a finite nonempty sequence i1, ..., %, of indexes such that we have

@iy Qiy - - . A5, = biybi, ... D;, . So, given a finite sequence C' = (c1,ca,...,cy) Of
nonempty binary strings, we need to express that a sequence wy, wo, . . ., wy of bi-
nary strings satisfies the following two properties: (A) there exists i € {1,...,n}

such that wy = ¢;, (B) for all j € {1,...,k — 1} there exists ¢ € {1,...,n} such
that w;1 = w;c;. In other words, we need to give an existential definition of the
class P(C) of all sequences wy,ws,...,wy that satisfy (A)-(B). In this section,
we give a formal definition of P(C'), as a class of finite binary trees, and show
that it is existentially definable.

Since we are interested in describing sequences that satisfy (A)-(B), it is
not the set {0,1}* we are interested in, but rather the subset generated by
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{c1,¢2,...,¢,} under concatenation. We also need to treat the ¢;‘s as distinct
objects since we intend to replace C' with one of the sequences (ai,...,a,),
(b1,...,b,) where {(a1,b1),...,{an,b,) is an instance of PCP. To capture this,
we associate elements of {ci,ca,...,c,}" with strings over a larger alphabet
{0,1, 1, a2, . - . , i } Where p; represents the last letter of ¢;. Assume for example
c1 = 110, ¢ = 011 and c3 = 1010. Then, we associate the binary string cscics
with the string 0191141101 p3.

Definition 5. Let C = {(cq,ca,. .., cyn) be a sequence of nonempty binary strings.
We associate ¢; with a finite binary tree in 74({0,1, p1, ..., un}*) as follows
e Wy
C,za = % where ¢; =w;d N w; € {0,1} A d e {0,1} .
We let = = «. We associate the string c;, c;, . ..c;,, with a finite binary tree

Coa
in 7o ({0, 1, 1, ..., pn}*) as follows

CirCip -+ - Cipy . Wiy Fiy Wiy fiy - - - Wiy, fiyy,

C,«a o e
We are finally ready to give a formal definition of the class of those finite
binary trees that encode sequences that satisfy (A)-(B).

Definition 6. Let C = (c1,¢a,...,cpn) be a sequence of nonempty binary strings.
Let o,y € H be incomparable with respect to the subtree relation. Assume a also
satisfies the condition in Definition . Let P(C, «r,y) be the smallest subset of H
that satisfies

- (v, 55) €P(Ca,y) forallie{1,...,n}
—if T € P(C,a,7) where T = <R, W% then <T7 w> €
P(C,a,7) for all j € {1,...,n}.

Lemma 3. Let C = {(c1,¢a,...,¢,) be a sequence of nonempty binary strings.
Let o,y € H be incomparable with respect to the subtree relation. Assume a also
satisfies the condition in Definition . Let § = (a, ). Let F§(L) =Ll a — ¢ ]
forall Le H. Let T € H. Then, T € P(C, a,~) if and only if

(1) 0ZT
(2) there exists m € {1,...,n} such that (v, &=)C T
(3) there exists S € 7,,({0,1, pi1, ..., in }*) such that
_ (o7 Cl 071 Cn
T—<F5(T)[<'y,c’5> oy, o oA, ., C.o Ha} , S>.

Before we prove the lemma, we illustrate why the left-right implication holds.
First, observe that (1) holds if T' € P(C, a,y). Now, assume for example T =

T > The tree F§(T) is just the tree we obtain by re-

K C,a’ Ca’ Ca
placing each one of the three occurrences of a in T' with §. Hence, F§'(T) =
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o) >inF§‘(T)
we have Ry := F(?(T)[ <’y, %> — ’y] = < v, Cc%cg’ , 2L > We replace the

one occurrence of (;15 in Ry and obtain R; := Ro[ 515 — oz] = < v, %‘fg , Cc%i.f >
Since Z% does not contain a subtree of the form C ¥
no occurrence of = rox % in Ry. Hence, Ry := Ry [ % — o ] Ry{. We replace the

€3 . €3 — C2cC3
occurrence of o5 in Re and obtain R3 := RQ[ X B a] = < v, Ca, G >

Now, observe that R3 is the left subtree of T'.

Proof (Proof of Lemmal3).
The left-right implication is obvious. We prove right-left implication by in-
duction on the size of T'. We need the following properties:

< v, C 2, ‘é‘g | wlao > Since there is only one occurrence of <’y, 5’25

(A) Since v and « are incomparable with respect to the subtree relation, the

binary tree (v, &) is not a subtree of elements of 7o({0, 1, pi1, ..., ftn }*).
(B) Since v and § are incomparable with respect to the subtree relation, the

binary tree <’y, é;";) is not a subtree of elements of 75({0, 1, g1, ..., tn}*)

Assume T satisfies (1)-(3). We need to show that T' € P(C, «, 7). By assump-
tion, we have a natural number m € {1,...,n} and astring s € {0, 1, pu1, ..., pn }*
such that the following three properties hold: (i) 6 Z T, (ii) (v, &) CT,
(i) T = (F(D) (v, &) = 7, & = a, o, & o a], 2 ) Let
TO:F(?(T)[<7, 8’3> =y, 5—115 I T é% — a].

Assume Ty = . By (ii), <’y, g]’&> C T. By (A), <'y, CCJ’;) [Z 2. Hence,

T=(To, 5)=(v. &) €P(C.a).

Assume now Ty # «. Since Ty C T, it follows from (i) that § IZ Tp. Since
<'y, ’:“> CT, T# <’y, g’:l> and <’y, é—’)’l'x> =, we have <’y, c:’(‘l> C Tp.
Finally, we have

TO:F(?(T)[<7,5—’:S> =y, c%s = oa, ..., 5—76 +—>a]
—Fp (T, 2N &) > v, & a, o, &5 o af
:<F(§X(TO)7§>[<77%>'_)7757}5H047ag‘%'—)o‘}
:<F(§X(T0)|:<Fy,g%>’_>’y’%’_>a> ’CC'%HO[}’SO>
where
So=5[(v. @) v, Eoa, ., &5 ol
=3[&sma. . & (by (B))

Il
w
SIEN
l—\|
Qlo
O«.k
Q
—_
\
o [,
m
g
—~
—
o
=
=
=
3
—
S~—
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"
where we have used that s = s's” and *%- = £& for some £ € {1,...,n} since
3 S| €1 Cn — S 3
we would otherwise have 6[076 =oa, ., G P a] = 5 while § Z T by

(1). Since T satisfies (1)-(3), To € P(C,+) by the induction hypothesis. It then
follows that T' € P(C, 7).
Thus, by induction, T' € P(C, «, ) if T satisfies (1)-(3). O

6 Sequences of Strings 11

Recall that the instance {(a1,b1), ..., (an,b,) of PCP has a solution if and only
if there exist a finite nonempty sequence i1, ..., i, of indexes such that we have

@iy Qi -« o5, = by by .. by Let C = (c1,¢a,...,¢,) be one of the sequences
(a1,...,an), (b1,...,b,). Each element T € P(C,q,~) represents a sequence
of the form wq,ws, ..., w, where wy = ¢ ¢, ... ¢y, and i; € {1,...,n} for

all j € {1,...,m}. We need the sequence iy, is, ..., i,, to verify the equality
GiyGiy - .- @, = b b, ... b; . We need an existential Lgr-formula that extracts
this information from T'. To achieve this, we need to encode sequences that are
more complex than those we encountered in Section [5}

The class P(C, a, ) consists of finite binary trees that encode sequences of the
form wy, we, ..., w, where w; € 74({0,1, p1, ..., pu,}*) for all i € {1,... k}. We
need to consider the class of those binary trees that encode sequences of the form
Wi, Wa, ..., Wi where W; € P(C,«,~) for all i € {1,...,k}. To illustrate how

C2 €2€3 €2€3C1
s Ca’ Ca’ Ca

where ¢; = 01, ¢ = 00, c3 = 10. We need to find an existential Lgr-formula
U(T,X) that is true in 7 (Lgt) if and only if X represents the string popusp.
Instead of working with T, we work with the binary tree Wi = I'%(T) in Fig-
ure [I] It contains the information pg, p3, g1 and has the advantage of having a
simpler structure. We give a formal definition of the operator I : H — H that
takes T' and gives us I'%(T). It is really the restriction of I¢ to P(C, «,7y) we are
interested in. It will follow from the definition that I)% is existentially definable.

this helps us identify the sequence i1, s, ..., im,let T =

Definition 7. Let «,0,1, p1,..., uy be as in Definition @ Let pipy1, ..., thon be
distinct fresh letters. Let I'Y : H — H be the function defined by I'*(T) = T»
where

T0:T|:ﬂ,_> M1 M,_) Hn :|

[0 Pnt1 7 7T« Hn4n
T1:T0[1|—>0, = 0, g = 0, L. Mneo}
T2:T1[un+1 U1, 2 P2 e s Hpdn PP /Ln:| .

Recall that we are interested in specifying an existential Lgr-formula ¥ (T, X)
that is true if and only if X encodes the string pspspi. As we have just seen,
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I'™*(T) contains also the information ug, ps, p1. So, we let (T, X) be a for-
mula of the form IW &(T, X, W) where W is a finite binary tree that en-
codes a sequence Wi, Wa, ... Wy where Wi = I'*(T) and W), = X. Before
we give a formal definition of the class Po(C, a,7y) of all W with this property,
we use the binary tree T = < Y 65 da, 228
W. Let Wy,..., Wy be the binary trees in Figure [I] Then, W can for example

be the binary tree < a, We, We, Wy, Wy, Wy, Wy, Wi > or the binary tree

< a, We, Wo, W, Wy, Wy, Wy, Wy, Wi > It is not a problem that there are

many choices for W. What is important is that I'%(T") is the unique right subtree
of W, and Wy encodes the information we need in a simple format and is the
unique subtree X of W which is such that («, X) C W.

to illustrate the form of

W1 W2

NN N

)

NN NS DAA
NNV VA
Yo e -
v -

p 0

Wi Ws W Wy

)
>
>

/\ /\0 /\M?, A0 /\Ms m/\O /\N3
VNV AN A NN N AN
v 2 pz O A 0 v w2 m 0 v pe v e

7 C,a’ C,aa? C,«x
W:<a, We, oo, W, W, Ws, Wa, Wi, Wa, Wy > are elements of P2 (C, «, 7).

Fig.1. Let T = < 2 %29 | f208 > Then, W1 = I7(T'). Binary trees of the form
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Definition 8. Let C' = (c1,¢a, ..., cpn) be a sequence of nonempty binary strings.
Let a,v € H be incomparable with respect to the subtree relation. Assume «
satisfies the condition in Definition [J} Assume v is not a subtree of p; for
all i € {1,...,n}. Let W € Py(C,,7) if and only if there exists a sequence
Wi, Wa,...,W € H such that there exists T € P(C,«,7) such that Wy =

re(T), W:<a,Wk,Wk_1, W >, Wi € 7({p1, - pn}™) and Wiy =
WZ[% =, % ol .. #% > un}forallie{l,?,...,k—l}.

We prove that Py(C, «,y) is existentially definable.

Lemma 4. Let C = {(c1,¢2,...,¢,) be a sequence of nonempty binary strings.
Let a,v € H be incomparable with respect to the subtree relation. Assume «
satisfies the condition in Definition [f} Assume v is not a subtree of p; for all
i€{l,...,n}. Let W € H. Then, W € Py(C, «,7) if and only if

(1) there exists X € 7({p1, ..., pin} ") such that (o, X) T W

(2) there exists T € P(C,a,y) such that W = (V| I'%(T)) where

V:W[<a,X>+—>a, Ei—),ul, gwug, e inn
H1 H2 n
Proof. The left-right implication is a straightforward consequence of Definition
Bl We focus on proving the right-left implication.
Assume W satisfies (1)-(2). We need to show that W € Py(C,«,7). By
Definition |8, we need to show that there exist Wy,..., W) € H such that: (A)

W:<aaWkaW/€—la"'aW27W1 >7(B) WKET’Y<{N17'-'aun}+)7 (C) Wi+1:
WZ[% =, % = e, .. % — un} for all s € {1,2,...,k — 1}, (D)

there exists T' € P(C, «,7y) such that Wy = I'(T) .
Let X and T be binary trees that satisfy clauses (1)-(2). First, we prove by
(backward) induction that if (o, X) CU C W and U = (Up, Uy), then

UO:U“a,X) - a, ME =L e v r—>,un} and alZ Uy .

1 n
We let (*) refer to the equality, and we let (**) refer to o Z Uy. The base case
U =W is Clause (2). So, assume U =(V , Uy), V= (Vp, V1), {(a, X) TV C
U C W and U satisfies (*) and (**). We need to show that V satisfies (*) and
(**). Since U satisfies (**), (o, X) Z Uy. Since « is incomparable with 0 and p;
with respect to C, the binary tree % cannot equal a binary tree that has «a as

subtree. Furthermore, if « C R, thenagR[% — u;|. Hence, by (*)
V:U[<a,X> — o, % oL, e H% Hun}
:<V7U1>|:<a?X>’_>a7%HM17"'7,BILHMH:|:<U/7UH>
where by (**)
_ 0 0
UII_U1|:E’_>M17"'7MT'_>Mni|ZO‘
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Thus, V satisfies (*) and (**). Thus, by induction, if (o, X) C U C W and
U = (Uy, Uy), then U satisfies (*) and (**).

Now, to prove that (A)-(D) hold, it suffices to prove by induction on the size of
finite binary trees that if U is a subtree of W which is such that (o, X) C U, then
there exists a sequence Uy, ..., Uy, such that: (i) U = < a,Up,Up_1,...,Uq >,
(i) Upn = X, (iil) Uiy = Ui[ E IR Rt un] for all i €
{1,2,...,m—1}.

So, assume (o, X) C U C W. If U = (a, X), then U satisfies (i)-(iii)
trivially. Otherwise, by (**), there exist V' and U; such that U = (V' , U;) and
(v, X) C V. By the induction hypothesis, there exists a sequence Vi,...,V;,
such that the following holds: (iv) V = < &, Vi, Vi1, ..., V1 >, (V) Vi = X,

(vi) Vig1 = V;-[ % A T % — ﬂn} for all ¢ € {1,2,...,m — 1}.
In particular, U = (V, Uy) = < o, Vi, Vip—1, ..., Vi, U1 > By (v)-(vi) and
(**), there can only be one occurrence of a in U. Hence U[ (a, X) — a | =

<oz, Vinet, -V, Uy > Then, by (*) and (vi)

<a’Vman717...,V1>:V:

0 0
U|:<OK,X>*—>OC,;l—)ul,...,i’—)’un]:
1 n
0 0
<04,Vm_1,...,V1,U1>[—»—>,u1,...,—l—)un}:
M1 Hn
<a7Vm7"'7‘/27U{>
WhereUizUl{% UL, e P% — ,un]Hence
0 0
U:<a,Vm,Vm,1,...,V1,U1>and V1:U1|:;}—>/L1,...,M7'—>,U/n:|.
1 n

Thus, U satisfies (i)-(iii).
Thus, by induction, if U is a subtree of W which is such that (o, X) C U,
then U satisfies (i)-(iii). O

7 Reduction of Post’s Correspondence Problem

We are ready to specify a many-to-one reduction of Post’s Correspondence Prob-
lem.

Theorem 1. The Post Correspondence Problem is many-to-one reducible to the
fragment Th? (T (LgT)).

Proof. Consider an instance (a1, b1),..., {(an,b,) of PCP. We need to construct
an existential Lgr-sentence ¢ that is true in 7 (LgT) if and only if (a1, b1), . . ., (an, by)
has a solution. The instance (a1, b1), ..., (an, b,) has a solution if and only if there

exist two sequences u1,Us, ..., ur and vy, va, ..., U, such that
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(I) there exists f; € {1,...,n} such that u;y = ay, and for all j € {1,...,k—1}

there exist f;11 € {1,...,n} such that u; 1 = ujay,

(IT) there exists g1 € {1,...,n} such that v; = by, and for all j € {1,...,m—1}
there exist gj1 € {1,...,n} such that vj 1 = v;by,

(IIT) k=m and f; = g; for all j € {1,...,k}

(IV) up = vy

Let « = (L, 12) and v = (L, 13). Then, a and ~ satisfy the condi-
tions in Definition |§| and Definition |8l Let A = (ay,as,...,a,) and let B =
(b1, b2, ...,by,). Definition |§| tells us that the sequence wuq,usg,...,u; is encoded
by a binary tree L € P(A, «, ) and the right subtree of L, denoted U, encodes uy.
Similarly, the sequence vy, v, ..., v, is encoded by a binary tree R € P(B, a,7)
and the right subtree of R, denoted V, encodes v,,. Lemma [3| tells us that
P(A, a,7) and P(B, a, ) are existentially definable.

Definition [§] gives us binary trees X, and W, € P2(4, a,~) such that I'¥(L)
is the right subtree of Wi, (a, Xp) C W and X encodes the sequence
fi, f2,. .., fi. The existentially definable operator I is defined in Definition
Similarly, there exist X and Wg € Po(B, ,y) such that I'*(R) is the right
subtree of Wg, (a, Xg) C Wg and Xg encodes the sequence g1, 9o, ..., gm.
Lemma [4] tells us that P5(A, o, y) and P2(B, a,) are existentially definable.

Now, encoding (III) corresponds to requiring that X; = X holds. To encode
(IV), we cannot simply require that U = V holds since U is the representation of
uy, when viewed as an element of {0,1, pt1, ..., un} ™ and V is the representation
of v,,, when viewed as an element of {0, 1, p1,...,u,}". So, let ©2(U) be the
binary tree we obtain by replacing u; with the last letter of a; and let ©Z (V)
be the binary tree we obtain by replacing p; with the last letter of b;. Then,
encoding (IV) corresponds to requiring that ©2(U) = 62 (V) holds.

Let ©4(U) = U[ 1 > dy oy ey iy dn} where d; is the last letter of a;.
Let ©B3(V) = V[ B > €1y oy by — en] where e; is the last letter of b;. Let

¢ = 3L € P(A,a,~) 3U,U" 3R € P(B, o, ) 3V, V'
WL, € Po(A, o, ) 3X1, S IWr € Po(B, a,~) IXg, Sk [
L=(U" Uy A R=(V',V) A {a, X,) EWL A Wp = (Sp,, (L)) A
(a, Xp) T Wr A Wr=(Sg, I2(R)) A OAU) =6E(V) A XL:XR} .

Then, ¢ is true in T (Lg7) if and only if (a1, b1),..., {(an,b,) has a solution. O

8 Analogue of Hilbert’s Tenth Problem

In this section, we show that the analogue of Hilbert’s Tenth Problem for 7 (LgT)
is undecidable.

Theorem 2. The fragment ThH(T(Lgr)) is undecidable.



12 Juvenal Murwanashyaka

Proof. Since Th?(T(Lgr)) is undecidable, it suffices to show that given an ex-
istential LgT-sentence ¢, we can compute a finite number of Lgr-sentences
$1,...,¢n of the form 37 [ s = t ] such that T(Lgr) = ¢ < Vi, ¢;. Since
T(LeT) E (81 =11 A sg =t2) ¢ (51, 82) = (t1,12), it suffices to show that given
a Lg7-formula of the form s # ¢, we can compute a finite number of atomic Lg7-
formulas s; = t1,..., sg = t such that we have T(LgT) E s #t < \/;?:1 sj =t;.
This is the case since s #t < t[s — (s,8)] =1t V s[t — (t,t)] =s. O

9 Bounded Quantifiers
We end this paper by showing that EI éﬁBT) is undecidable. We prove this by
encoding the Modulo Problem.

Theorem 3. The fragment ZZéﬁBT) is undecidable.

Proof. We encode natural numbers as follows: n = L™*2. The next step is to
associate linear polynomials in one variable with Lgr-terms. We let L(z) =
z[0 + z]. If z represents the natural number ¢, then L(z) represents the natural
number 2¢ since 0 has exactly one occurrence in z. Recall that L%(z) = z and
LF1(z) = L(L*(2)). Hence, if n > 0, then L™ '(2) represents the natural
number ng. If n > 0, then the term m[0 ~ L"!(z)] represents the natural
number ng+m. We complete our translation of linear polynomials in one variable
as follows: For any formula ¢(z) where z is a free variable, ¢(nz +m) = ¢(m) if
n =0 and ¢(nz +m) = ¢(m[0 — L""1(2)]) if n > 0.

Given an instance (Ao, Bo), . .., (Apm—1, Bym—1) , we need to compute a Xy ¢ 1-
sentence v that is true in 7 (Lgt) if and only if the instance has a solution.
Let € y be shorthand for (z,a) Ty A o Z z where o = (L, 12). The
sentence 1 needs to say that there exists a finite set 7" such that 3 € T, 2 € T
and if 2 # Mz+j5 €T A 0 < j < M, then Ajz+ B; € T. With this
in mind, we let ¢ be the sentence 3T Vz T T [3 € T A g | where v is

NG (M2 €T A Mz+j#2) > A2+ BT ). 0
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