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ABSTRACT

In this paper we study the linear mean-field backward stochastic differential equations (mean-field
BSDE) of the form

dy(t) = —[en(O)Y(6) + Br(OZ(E) + [ m(t, OK(E, EI(dE) + ea(OE[Y(D)]
FBAEIZ(O] + [, ma(t, OEIK(E, O)Iv(de) + y(0)lde
+Z(6)dB(t) + [, K¢, ON(dt, d¢), t € [0, T],

Y(T) =¢&.

(0.1)

where (Y, Z, K) is the unknown solution triplet, B is a Brownian motion, Nisa compensated Poisson
random measure, independent of B. We prove the existence and uniqueness of the solution triplet
(Y,Z,K) of such systems. Then we give an explicit formula for the first component Y(t) by using
partial Malliavin derivatives. To illustrate our result we apply them to study a mean-field recursive
utility optimization problem in finance.

© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

In this paper, we are interested in the following linear mean-
field BSDE in the unknown triplet (Y,Z,K) € S? x [* x H2:

dy(t) = —lor(O)Y(6) + Bi(OZ(t) + [o m(t. ©IK(E, )v(dE)
+aa(OE[Y ()]
+ Bt)E[Z(E)] + fRonz(t, CEIK(t, &)Iv(de) + y(t)]dt
Z(6)dB(t) + [, K(t, ON(dt, d¢), t € [0, T],
Y(T) =¢&.
(1.1)
Here B(t) = B(t,») and N(dt,d¢) = N(dt,d¢) — v(dg)dt are
Brownian motion and compensated Poisson random measure,

respectively, on a filtered probability space (§2, F, F = {F;}t>0, P)
and v is the Lévy measure of N. We assume that B(t) and N(dt, d¢)
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are independent and that fRO ¢%v(d¢) < oo. The spaces S%, [2, H2,
the random variable & and the coefficients (e, Bi, ni)i=12 and y
will be specified later. We obtain the explicit representation for
the solution triplet (Y, Z, K). To this end, we introduce the con-
cept of partial Malliavin derivatives with respect to the Brownian
motion B and with respect to the Poisson random measure N.

This explicit solution representation is then applied to solve an
optimal consumption rate problem for the following mean-field
additive recursive utility described by the following mean-field
linear BSDE

dy(t) = —[ea(O)Y () + B1(DZ(6) + [, m(E, OK(E, £Iv(dE)
+a(0)E[Y (1))
+ B2OEIZ(E)] + [y, ma(t, OEIK(E, £)Iv(dg) — c(t)]dt
Z(6)dB(t) + [, K(t, ON(dt, d¢),
Y(T) =&.

An important idea to solve the optimization problem is to rewrite
the above equation as

Y(t) = ]E}-[ [Sr(tv T) + ftTr(t! S){(az(s)! 132(5)3 772(5, ;))V(S, {)
—c(s)}ds], t €10, T], P-as.,

where I" and V will be specified later.

0167-6911/© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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Here are some motivation and background for our study. The
system (1.1) can be considered as the limit of the following
systems of interacting particles

dy " (t) = —[aq(t)Y () + Ba(t)Z""(t)
+fR0n1(t, OKE(E, ¢ )v(dg)
+aa(O)I 3L V() + Bo() L YL, () +
Jeg 2t )5 20 KN (E, $v(dg) + y(6)]de
+ZM(t)dBi(t) + fROK'?"(t, ONi(dt, d¢), t € [0, T],
1<i<n,

YTy =g,

as the number of particles n goes to infinity assuming that all B
and Ni,i= 1,2, ..., are independent.

Let us mention that the general well-posedness of mean-field
BSDE in the triple (Y, Z, K) € S? x [? x H? of the form

T
Y(t)=§& + / E'[f(s, Y'(s), Z'(s), K'(s, -), Y(s), Z(s), K(s, -))]ds

T T
- [ Z(5)dB(s) — [ / K(s, ON(dt, de),
t t JRrg

where

]E,[f(ss Y/(s)’ Z/(S)v K/(Sv ')7 Y(S), Z(S)’ I<(S’ ))](U))
=E'[f(s, Y/(s), Z'(s), K'(s, -), Y(s, w), Z(s, w), K(S, w, -))]

= / f(s, ', 0, Y(s, ), Z(s, @), K(s, &, -), Y(s, w), Z(s, w),
o)

K(s, w, ))P(dw),

was studied by Li and Min [1]. We refer also to Buckdahn et al. [2]
for mean-field BSDE without jumps.

Mean-field BSDE'’s also represent interesting models in fi-
nance, for example models of risk measures and recursive util-
ities. For example let us consider a class of recursive utilities by
means of mean-field BSDE with jumps, for a concave driver f, as
follows

dy(t) = —f(¢, Y(¢), Z(t), K(¢, -), E[Y(£)], E[Z(0)], E[K(t, -)], c(t))dt
+Z(6)dB(t) + [ K¢, OIN(dt, dg),
Y(T)=¢.

(1.2)

The process c(t) > 0 is the consumption rate. Then the
corresponding recursive utility Us(c) of the consumption c is the
value Y(0)att =0

Y(0) =& + [, (s, Y(s), Z(s), K(s, -), E[Y(s)], E[Z(s)],
E[K(S, )]a C(S))ds

— [y Z(s)dB(s) — [} Jo (s, ©ON(ds, d).

It is interesting to find the consumption rate ¢ which maximizes
the mean-field recursive utility Us(c) = Y(0), which will be done
in this work.

This problem of finding the optimal consumption rate in the
above context can be viewed as a generalization to mean-field
(and jumps) of the classical recursive utility of Duffie and Ep-
stein [3]. See also Duffie and Zin [4] and Kreps and Parteus [5].
Standard BSDE's (without mean-field terms) were first introduced
in their linear form by Bismut [6] in connection with a stochastic
version of the Pontryagin maximum principle. Subsequently, this
theory was extended by Pardoux and Peng [7] to the nonlinear
case. The first work applying BSDE to finance was the paper by
El Karoui et al. [8] where they studied several applications to
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option pricing and recursive utilities. All the above mentioned
works are in the Brownian motion framework (continuous case).
The discontinuous case is more involved, especially concerning
the comparison principle which requires additional assumptions.
Tang and Li [9] proved an existence and uniqueness result in the
case of a natural filtration associated with a Brownian motion and
a Poisson random measure.

Here is the organization of the paper. In Section 2, we intro-
duce the partial Malliavin derivatives with respect to the Brow-
nian motion B and with respect to Poisson random measure N.
Section 3 establishes existence and uniqueness of a solution to a
mean-field BSDE with jumps. Moreover, we give a closed formula
for linear mean-field BSDE with jumps. Finally, in Section 4 we
solve a mean-field recursive utility optimization problem.

2. Partial malliavin derivatives

In this section we give a brief account of the partial Malli-
avin derivatives with respect to the Brownian motion B and
with respect to compensated Poisson random measures N. These
derivatives will be used when we obtain the explicit solution
formula in the linear case.

Let (£2, F, P) be a probability space equipped with a filtration
{Ft}o<t<r- The expectation on this probability space is denoted by
E and the conditional expectation E(-|F;) is denoted by E*t(.) =
E(-|F). Let (B(t),0 < t < T) be a Brownian motion. Let
(N([0,t]),B),0 <t <T,BC Ry =R — {0} € B(R) be a Poisson
random measure. Denote by v(B) its associated Lévy measure so
that E[N([0, t]), B] = v(B)t. Let N(-) denote the compensated
Poisson measure of N defined by N(dt, d¢) := N(dt, d¢)—v(d¢ )dt.
We assume that 7 = o(B(s), N([0, s]), B),0 <s < t, B € B(Ry).
Any square integrable functional F € [%(£2, F, P) = L*(P) can be
written as

F= Zlm,n(fm,n)v (2-1)

m,n=0

where fin(s,t,¢) = fnn(S1, .-+, Sms t1, &1, -+, ta s &n) is a func-
tion of m+n variables which is symmetric in the first m variables
s = (s1,...,Sy) and the last n-variables (t,¢) = ((t1,¢1), ...,
(ta, ¢n)) satisfying

-/iO‘T]m+"XR" |fm,n(3» t, {)lzdsl e dsmdtl e dtnl)(dfl) e U(d{n) < o0

(2.2)
and
I n(fm.n) = flo’TJm+n><Rnfm,n(5s t, £)dB(s1)
- dB(smN(dty, déy) - - - N(dty, diy) (23)
is the mixed multiple integral. It is easy to see that
(o]
E(F?) = Y min! [ rmen enlfnn(s, €, 0)Pds1 - - dspdty
m,n=1
o dtav(dr) - - v(dEa). (24)
We define the Malliavin derivative as D = (Dy, D;,,) (where

D; denotes the partial Malliavin derivative with respect to the
Brownian motion and D; ; denotes the partial Malliavin derivative
with respect to the compensated Poisson process) as follows

Definition 2.1. We say that F is in Dy, if

oo

Z (m+ n)m!n![

— [O,T]m+”XR"

e dtyv(dey) - - (dey) < 00 (2.5)

|f(5, t, §)|2d51 e dsmdtl
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We define

Dilinn(fimn) = M1 n(fnn(r, -, -, 2))

= flo.TJm+n—1XRnfm,n(51a s Sm—1, T t, ;)
dB(s1) - - - dB(sm-)N(dty, dg1) - - - N(dty, dga);  (2.6)

and

Dt,glm,n(fm’n) = nIm,nfl(fm,n('s - (t,2)))

= nf[O’T]m+n—1><]Rn—1fm,n(slv o Smet, 81y e Bty S €, ;)
dB(s1)- - - dB(sm)N(dt1, dg1) - - - N(dtn—1, dEn—1). (2.7)

For more details we refer to Di Nunno et al. [10], Section 3.1,
Section 12.1 and Section 12.5.

The (classical) Malliavin derivative D, was originally intro-
duced by Malliavin as a stochastic calculus of variation used
to prove results about smoothness of densities of solutions of
stochastic differential equations in R" driven by Brownian mo-
tion. The domain of definition of the Malliavin derivative is
the subspace D;, of L*(P). We refer to Nualart [11], Di Nunno
et al. [10], and to Hu [12] for information about the Malliavin
derivative D, for Brownian motion and, more generally, for Lévy
processes.

We give some properties of the Malliavin derivative, referring
to Di Nunno et al. [10] Chapters 3, 12, for proofs and more details:

(i) (Chain rule 1) If F € [>(Fr, P) and ¢ € C!(R), then

Di(p(F)) = ¢’
(i) (Chain rule I) If G € L*(Fr, P) and ¢ € C'(R), then

(F)DF, tel0,TI. (2.8)

Dy;(¢(G)) = ¢(G + D,;G) — ¢(G), (t,¢) €[0,T] x Ro.

(2.9)
In particular, note the product rule for jumps:
th((FG) = FDL{G "F GDt,CF + (Dt’{F)(Dt’Q-G). (2.10)

(iii) Suppose that F € [*(%, P). Then D,F = D, .F = 0 for all
r<t,¢eRo.

(iv) Suppose ¢ € L?(A x P) is adapted and that i € L*(A x v xP)
is predictable. Then

T T
Dy / p(t)dt) = f Dyg(t)dt
0 r

T T
Dr(/ @(t)dB(t)) =/ Dy o(t)dB(t) + ()
0 r

T T
Dr,z(/ / W(I,C)V(dé)df):/ / Dy (t, £)v(dg)de
0 Ro r Ro

T T
Dy o /0 / Yt Nt de)) = / f Dy (¢, ON(de. d2) + y(r. 2).
Ro r Ro

(v) Representation of BSDE solution:
Suppose that (p(t), q(t), r(t, ¢)) solves a BSDE of the form

dp(t) = —g(t, p(t), q(t), r(t, -))dt + q(t)dB(t)
+ Jo, T ON(dE, d), 0 < ¢ < T,
p(T) =F el*(F,P).
Then

a(t) = De-p(t) (= limDe_cp(t)

and

r(t, ¢) = Dﬁ_’{p(t).
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3. Mean-field BSDE’s
3.1. Existence and uniqueness of the solution

We define the following spaces for the solution triplet:

e S? consists of the F-adapted cadlag processes Y : £2 x

[0, T] — R, equipped with the norm

Iy I

2=E[ sup |Y(1)]’] < oo.
te[0,T]

e [? consists of the F-predictable processes Z : £2 x [0, T] —
R, with
T
I Z I1%:= ELf; 12(t)
° Lf consists of Borel functions K : Ry — R, such that

fR IK(¢

° Hf consists of F-predictable processes K : £2 x [0, T]| xRg —
R, such that for any fixed t € [0, T], K(t, ¢) is any element
in I2 and

1K 125=ELfy [y, K(t, £ VPu(dg)de] < oo,

|2dt] < oo.

||K|| 2u(de) < oo

e [%(£2, Fr) is the set of square integrable random variables
which are Fr-measurable.

Let d be a natural number and let
f:.QX[O,T]XRZXL]z)XRdﬁR,

be a F;-progressively measurable function. We consider the fol-
lowing mean-field BSDE

dy(t) = —f(t, Y(t), Z(t), K(¢, -), Elp(Y(t), Z(¢t), K(t, -)])dt
+Z(t)dB(t)
+fR K(t, 2)N(dt, d?),
Y(T) =E&.

Definition 3.1. A process
(Y,Z,K)eS* x I x H?

is said to be a solution triplet to the mean-field BSDE (3.1) with
terminal condition Y(T) = & if

fOT If(s, Y(s), Z(s), K(s, -), El@(Y(s), Z(s), K(s, -))])| ds < 400 P-as.,
and
éj—i—fr s, Y(s),
f s)dB(s) —

Z(s), K(s, -), E[w( (t), Z(t), K(t, -)])ds
Ji e K(s, ©N(ds, dg), t € [0,T].
(3.2)

where & € [2(£2, Fr) is called the terminal condition and f is the
generator.

To obtain the existence and uniqueness of a solution we make
the following set of assumptions.

Assumption 3.2. For the driver f we assume

(a) f is square integrable with respect to t:

ELJ, f(¢,0,0,0,0)2dt] < co.
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(b) There exists a constant C > 0, such that for all t € [0, T]
and for all y1, y2, 21,22 € R, k1, ky € [*(v) and 1, 2 € RY,

[f(t, y1, 21, k1, 1) — f(t, ¥2, 22, ka2, p2)
< C(ly1 — yal + |z1 — 22| + k1 — kallj2¢) + 21 — 12,
P-a.s.

For the mean functional, we assume

(c) For each t € [0, T], the (vector valued) function ¢ : £ x
[0,T] x R? x [2 — RY is assumed to be continuously
differentiable with bounded partial derivatives, such that

|15 oz, k)l + 1% 2, k) + | Vi (y, 2, Dl =,

0z

for a given constant C’ > 0 and Vi¢(y, z, k) is the Fréchet
derivative of ¢ with respect to k.

The following result is slightly different from what is known
in the literature:

Theorem 3.3. Under Assumption 3.2, the mean-field BSDE (3.2)
has a unique solution.

The proof is given in Appendix.

Remark 3.4. In the above theorem if we take d = 3, g;(x1, X2,
x3) = x; fori = 1,2,3, we see that the following mean-field
BSDE has a unique solution

dy(t) = —f(t, Y(t), Z(t), K(¢,
+Z(6)dB(t) + [ K(

-), E[Y(0)], E[Z(t)], E[K(t, -)])dt
(t, ON(dt, dg), t € [0, T],
Y(T) =&,
where f : 2 x [0, T] x R? x [2 x R* — R satisfies Assumption 3.2.

3.2. Linear mean-field BSDE

In this section, we shall find the closed formula corresponding
to the linear mean-field BSDE of the form

dy(t) = —lor(O)Y(6) + Bi(OZ(t) + [o m(t. OK(E, £)v(dE)
+aa(O)E[Y(6)]
+ B2OEIZ(] + [, ma(t, EIK(E, £)1v(dE) + y(6)]de
+Z(t)dB +fRKt§ N(dt, d¢), t € [0,T],
Y(T) =g§,

(3.3)

where the coefficients «(t), aa(t), B1(t), B2(t), ma(t, ) > —1,
no(t, -) are given deterministic functions; y(t) is a given F-adapted
process and £ € [?(£2, Fr) is a given Fr-measurable random
variable. By the solution formula for standard linear BSDE, the
solution of the above linear mean-field BSDE (3.3) can be written
as follows.

Y(t) = ER[ED(E, T) + [ T(¢, s)aa(SELY(S)] + Ba(S)ELZ(s)]
+fRonz s, O)E[K(s, £)v(de) + y(s)}ds], te€[0,T],
(3.4)

where I'(t, s) is the solution of the following linear SDE

dr(t,s) = I'(t, )ea(t)dt + Bi(6)dB(E) + [y mi(t, ON(dE, dE)),
seltT],
ri,t)y =1.

(3.5)
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Since we are in one dimension, Eq. (3.5) can be solved explicitly
and the solution is given by

r(t,s) = exp{ [ Bi(r)dB(r) + [ (as(r) — 1(B1(r)?)dr
+ /7 Jog (L ma(r, £)) = mi(r, £)v(de )dr
+ [} foy (14 ma(r, £)N(dr, d2)).
Notice that

EI(t,s) = exp{ [ o1 (r)dr}. (3.6)

To solve (3.4) we take the expectation on both sides of (3.4). De-
noting Y(t) := E[Y(t)], Z(t) := E[Z(t)], and K(t, ¢) := E[K(t, )],
we obtain
Y(t) = E[ET(t, T)+f[T (. s){aa(5)Y(s) + Bas)Z(s)
+ f]ROUZ(Ss ;)K(S? g)l)(d{) + V(S)}ds]s te [05 T] .
(3.7)

To find equations for Z(t) and K(t,¢) we write the original
Eq. (3.3) as a forward one:

Y(t) = Y(0) + [ [oa($)Y(S) + ea($)Y(S) + B1(S)Z(s) + Ba(s)Z(s)
+ oo (s, K5, £) + ma(s, OK(s, £))v(de) + y(s)lds
+ [y Z(s)dB(s) + [y [y K(s, ©N(ds, dg), ¢ €[0,T],

for some deterministic initial value Y(0). We compute the Malli-
avin derivative of Y(t) for all r < t as follows:

£) = [{ Drlar(s)Y(s) + ca(s)Y(s) + Bi(5)Z(s) + Ba(s)Z(s)
+ Joy (s, OK(s. &)+ ma(s. OK(s, £)(dE) + y (s)lds
+ ['D:Z(s)dB(s) + Z(r).

Letting r — t—, we get that Z(t) = D,-Y(t), which we will
denote by D,Y(t) for simplicity. Thus, to find Z(t) we only need
to compute D, Y(t). We shall use the expression (3.4) for Y(t) and

the identity
D.E”t[F] = E”t[D,F].

We also note by the chain rule that D,
Then

re,T) = I'(t, T)B(t).

2(t) = B D&, T) + E0(E TIB(E) + [ T(t, )Bi(0)eea(s)Y ()
+ BaSIZ(S) + [o, ma(s, ©IK(s, £)v(dS) + y(s))ds].
Taking the expectation, we have
Z(t) = BIDE (6, T) + BI(OBET(E, T)) + [ E(I(E, $)Bi(E ()Y ()
+ BaSIZ(S) + [z, ma(s, CIK(s, £)v(dE) + y(s))ds]. (3.8)
Similarly, we have K(t, ¢) = D, . Y(t) and (again by the chain rule)
Dy I'(t,s) = ni(t, s)I'(t, s), and this yields (keeping in mind the
product rule for jumps (2.10))
K(t, &) =E"[D (ET(t. T)+E0(t, T)n(t, ¢)
+De (8, TImi(t, ¢)
+ [T Im(E, Ofaa(s)YV () + Ba(s)Z(s)
+ [z, m2(s, ©K(s, £)v(dE) + y(s))ds] .

Taking the expectation yields

K(t, £) =E[Dy (6, T) + EL(t, TIna(t, ) + D (L, Tna(t, ¢)
+ [T st ©fea(s)Y(s)
+ Jo, 1205, ©K(s, £)0(dE) + y(s))ds] . (3.9)
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Eqgs. (3.7), (3.8) and (3.9) can be used to obtain Y, Z, K. In fact, we
let
Vi(t) Y(t)
V= Vy(t) = Z(t) € [* x [* x H?,
Vs(t, ¢) K(t, ¢)

and (denoting A(t, s) = exp { ;" ay(u)du})
A%t,s.¢) = (A(t.s. [9)

A(t, S)aa(s)
= AL, s)Bi(t)aa(s) A(t, 5)B1(t)Ba(s) A(t, s)B1(E)na(s, ¢)
AL, )m(t, $aa(s) AL, SIni(t, )Ba(s) AL, $In(t, £Inals, )

Define a mapping A from V = (Vy, V3, V3)T € [2 x [2 x H? to itself
by

@t o) =70, )

(3.10)

A(tvs)ﬁ2(s) A(tvs)nz(s5 ;) )

At s)Vi(s)ds + [ oA, s, C)Vs(s, £)v(d) ds.

(3.11)
Then (3.7), (3.8) and (3.9) can be written as
V=F+AV, (3.12)
where
F=F(t,¢)

E(EI(6, T) + J v(s)ds
= EID&D(t, T)+ B(OET(E, T + J; y(s)ds
E[De £ (t, T) + § (6, TIn(t, £) + De E1(E, TIa(e, O] + [T y(s)ds

(3.13)

Note that the operator norm of A, ||A||, is less than 1 if t is close

enough to T. Therefore there exists § > 0 such that ||A|| < 1 if

we restrict the operator to the interval [T — §, T] for some § > 0

small enough. In this case the linear equation (3.12) can now be

solved easily as follows:

(I—AV =F,
or
V=(-A""F=Y"AF; te[l—35T] (3.14)

Next, using V(T — §) as the terminal value of the corresponding
BSDE in the interval [T — 28, T — 8] and repeating the argument
above, we find that there exists a solution V of the BSDE in this
interval, given by the equation

V(o) =V(T =8, 0)+AT°(t, -, e)V(); T—28<t<T-6.

(3.15)

Proceeding by induction we end up with a solution on the whole
interval [0, T]. We summarize this as follows:

Theorem 3.5 (Closed Formula). Assume that a(t), ay(t), B1(t),
Ba(t), ni(t, -), mo(t, -) are given bounded deterministic functions and
that y(t) is F-adapted and & € 12 (2, Fr).

e Then the first component Y(t) of the solution triplet (Y,Z, K)
of the linear mean-field BSDE (3.3) can be written on its closed
formula as follows

Y(O)=EZ [ (¢, T)+ [ (¢, 9)f(e
y(s)ds], t € [0, T],

(5), Ba(s), mals, Vs, ¢)
P-a.s., (3.16)
where
T(t,5) = exp ([ 1(r)dB(r) + [ (e (r) = 3(B1(r))*)dr
7 Joy (14 m1(r, £)) = mi(r, £))v(d¢ )dr

+ J7 Joy (1 + mi(r, )N(r, dg)}.
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and, inductively,

V(t, &)= V(T — ks, &)+ AT, -, V()

T—(k+18<t<T—k§, k=0,1,2,...
(3.17)
Or, equivalently,
V(E, §) = D2 o(ATOE, -, )'V(T — kS, ),
T—(k+18<t<T—k§, k=0,1,2,...
(3.18)

where A%, S > 0 is given by (3.10) and V(T, ¢) = F(T, ¢).
e The second component Z(t) = D,Y(t) is given by

Z(t) =BT D& (L, T)+ (s (L.TIEN(L, T)

+ Balt ft (t, sH(aa(s), Ba(s), ma(s, ENV(s, ¢)+y(s)hds],
te€[0,T], P-as, (3.19)
e The third component K(t, ¢)

K(t, £) =B [I(t, O){m(t, £)E + De.c& + mi(t)De &)
+ nl(t)f[TF(f,S){(az(S), Ba(s), ma(s, £V (s, ¢) + y(s)}ds],
t €[0,T], P-as., (3.20)

= D ./ Y(t) is given by

4. Optimization of mean-field recursive utility

We consider in this section a mean-field recursive utility pro-
cess Y(t), defined as a part of the solution of the following
mean-field BSDE

dy(t) = —g(t, Y(t), ( ) K( ), E[Y( )]

+Z(t +/R

E[Z(t)], E[K(t, )], c(t))dt
N(dt, d), t € [0, T],

Y(T) =¢&.

We denote by U, the set of all consumption processes. For
each C(t) € U, the driver g : £ x [0,T] x R? x [2 x R? x
[} x4 — R and the terminal value & € [*(£2, J-‘T) Suppose

that (v.z,k,y,Z, k,C)— g(t,y,z,k,¥,Z, k, C) is concave for each
t € [0, T]. The driver

represents the instantaneous utility at time t of the consumption
rate C(t) > 0, such that

ELJ, lg(t, 0,0,0,0,0,0,c(t))dt] < oo, for all t € [0, T].

We call a process C(t) a consumption rate process if C(t) is
predictable and C(t) > 0 for each t P-a.s. Then Y(t) = Yg(0) is
called a mean-field recursive utility process of the consumption
C(-), and the number U(C) = Yg(0) is called the total mean-
field recursive utility of C(-). This is an extension to mean-field
(and jumps) of the classical recursive utility concept of Duffie and
Epstein [3]. See also Duffie and Zin [4], Kreps and Parteus [5], El
Karoui et al. [8]. Finding the consumption rate ¢ which maximizes
its total mean-field recursive utility is an interesting application
to finance of mean-field stochastic control theory.

4.1. Optimization problem

We discuss now the optimization problem related to the re-
cursive utility. The wealth process X(t) = X¢(t) is given by the
following linear SDE

dX(t) = [bo(t)— C(t)]X(tZdt + oo(t)X(t)dB(t)
+ [y, vo(t, OX(ON(dt, d¢), t € [0, T],
X(0) =X,

(4.1)
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where the initial value X, > 0, and the functions by, o9, Yo are
assumed to be deterministic functions, C is our relative consump-
tion rate at time t, assumed to be a cadlag F-adapted process. We
assume that fOTC(t)dt < 00 P-as. This implies that our wealth
process X(t) > 0 for all t P-a.s. Define the recursive utility process
Y(t) = YC(t) by the linear mean-field BSDE in the unknown
triplet (Y, Z, K) = (Y, Z€,K¢) € S? x [* x H2, by

dy(t) = —[ao(t)Y(t) + aa(E[Y(£)] + Bo(t)Z(t)
+B1(0ELZ(1)]
+ [y I10(E, OK(E, ) + mi(t, EIK(E, O)1}u(dg)
+1In(c (r)X( ))ldt (4.2)
+Z(t)dB +fR1<r; (dt,dc), t €[0,T],
Y(T) =06X(T),

where 0 = 6(w) > 0 is in L*(£2, Fr) and «g, a1, Bo, B1, 1o, 11 are
given deterministic functions with no(t, ¢), n1(t, ¢) > —1.

From the closed formula (3.20), the first component Y(t) of the
solution triplet of Eq. (4.2) can be written as

Y(t) = ET[OX(T)I(¢, T)
T
+ / I(t, s){(e1(s), Ba(s), mi(s, EHV(s, ¢)
+ In(C(s)X(s))}ds], t € [0, T],

where

I(t,s —EXP{ft,Bo
+ 7 J, (ICT 1o (r, ;))—no(r o)w(de)dr

r)dB(r) + [; (ao(r) — 3(Bo(r))y*)dr
+ i Joy (14101, ¢)N(dr, dg)).

and

o0
V= ZA”F.
n=0

We want to maximize the recursive utility of the consumption,
which is given by

Y(0) = E[Y(0)]
T
= E[0X(T)I(0,T)+ /O (0, s){(er1(s), Ba(s), m(s, £V (s, ¢)
+ In(c(s)X(s))}ds]. (4.3)

Note that we can write

T
— F(t.¢) = Fo + ( / y(s)ds)Fy,
t

where
E[EI(t, T)]
Fo= E[DE(t, T) + B1()E (L, T)] ,
E[D (L, T)+&(t, T)ni(t, &) + Dy (EL(E, TIna(t, §)]
and
1
- (1) |
1
This gives
0 T
V=Y AF=Vor ([ NSl
n=0 t
where

o0 o0
= ZA"FO and G= ZA”Fl.
n=0 n=0
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Hence

T
(a1, B1, m)V = (a1, B1, m Vo + (/ y(s)ds) a1, B1, m1)G,

and

T
/ 1°(0, s)(a1(s), Ba(s), m(s, £V (s, ¢)ds
0

T
— / 10, s)en
0

T T
+ / 10, $)er(s), Br(S). mi(s, ) / (P )dr)Gis)ds.
0 s

By change of variables, we get

(s), Ba(s), m(s, £))Vo(s)ds

T
f 10, s)e1(s), B1(s), mi(s, £V (s, {)ds
0
T r
=Vo+/ (/ (0, s)(ax(s), Ba(s), m(s, £))G(s)ds)y (r)dr
0 0

:V0+/TF(0, t)y(t)dt,

where O

Vo= /T 1°(0, s)(ea(s), Ba(s), m(s, £))Vo(s)ds
and 0

ro,t)= /Ot (0, s)e(s), Ba(s), m(s, ¢))Gds.

does not depend on y.

We conclude that Y(0) = E[Y(0)] can be written, with y(s) =

In(C(s)X(s)),

Y(0) =J(C) + E[Vo,

where
T

J(€) =E[BX(T)I'(0,T) + / T°(0, s)In(c(s)X(s))ds]. (4.4)
0

Since E[V,] does not depend on C on X, it suffices to maximize
J).

Since this performance functional does not involve Y, but
only X and C and otherwise known coefficients, we see that the
problem is reduced to a standard optimal control problem for
the system described by (4.1) and the performance functional
J(C). Hence, we can approach the problem by applying a standard
version of the stochastic maximum principle for optimal control
of jump diffusion, as presented in e.g. Framstad et al. [13], as
follows:

The Hamiltonian to this optimization problem,

H:[0,T] xR x ’(v) x R®> x U x R? x *(v) x R — R, is
defined by

H(t,x,c,p,q.7())
= (bo(t) — Cp + 0o(t)xq + [5 vo(t, £xr(¢)v(dE) + T(0, t)In(cx),
and the adjoint processes p, q, r, are defined by the BSDE
dp(t) =-— [(bo(t)— c(t))p(t) + oo(t)q(t)
[y volt (e, EI0(d) + T | e
+q()dB(t) + [, (¢, ON(dt, d¢), t €0, T],
p(T) =6r(,T).

Differentiating H with respect to C, we obtain

il _ (00
LH(E) = T80 — X(e)p(e).

(4.5)
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The first order necessary condition of optimality of H yields:
_ T(t)
a0 = sepe (46)

where Y(t) and p(t) are the solutions of Egs. (4.1) and (4.5)
respectively, corresponding to the optimal control ¢(t).
Substituting this into the BSDE (4.5), we get

aBle) = —[BoltTB) + oo (E)E) + i, polt CIFLE, € Do(d)] e
+q(t)dB(t) + [, 1(t, ON(dt, dg), t € [0, T],
PTY =6I(0,T).
(4.7)

This equation for p is a standard linear BSDE, with the following

solution
() =EF[6I(0, T)A(t, T)], tel0,T], (4.8)

where A(t, s) is the solution of the following linear SDE

dA(t,s) = A(t, s)[bo(t)dt + oo(t)dB(t)
+[govolt, N, d2)], s €[t, T], (49)
Alt.t) =1,

We summarize what we have proved as follows:

Theorem 4.1. The optimal control C (t) of the optimal recursive
consumption problem (4.4) is given in feedback form by

_ TI(.n)
a0 = g

where Y(t) and p(t) are given by (4.1) and (4.8)-(4.9), respectively.

(4.10)
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Appendix. Proof of Theorem 3.3

For t € [0, T] and all 8 > 0, we introduce the norm
1Y, Z, K, = ELfy e (YO +IZ0P+ [y, IK(E, )Pv(dg ],

The space Hy equipped with this norm is an Hilbert space. Define
the mapping @ : Hy — Hﬁg by ®(y,z,k) = (Y,Z,K) where
(Y,Z,K) € S? x 2 x H? (C I* x I* x H?) is defined by

Systems & Control Letters 162 (2022) 105196

av(t) = —f(t, y(¢t), z(t), k(t, -), Elo(y(t), z(¢), k(t, -))]dt
Z(t)dB(t) + [ K(t, ON(dt, d¢), t € [0, T],
Y(T) =¢&.

To prove the theorem it suffices to prove that & is contraction
mapping in Hg under the norm | - ||z for sufficiently small 8.
For two arbitrary triplet (y', z!, k1), (2, z%, k*) and (Y1, Z!,K"),
(Y2,Z2?,K?), we denote their difference by y = y' — y* and
Y = Y'—Y? and similarly for z, k, Z and K. Applying It&’s formula
to eﬁtl?(t)l2

ELfy P (BIV(O)” + [Z(0) + [, [R(t. O v(d))d]
= 2E[ [ Y (O)(f (L, y'(6). 2'(0), k'(¢. -). E[g(y'(£). 2'(£). K'(t, -)])
- f(tﬁyz(t)v Zz(t)’ kz(t7 ')7 E[w(yz(tL Zz(t)7 kz(t’ ))])}dt] .

By the Lipschitz property of the map f, the mean value theorem,

standard majorization and by choosing 8 = 1+ 1252 (C depends
only on C and C’), it follows that

ELfy e V(01" + [Z(0) + [y [R(e, ) v(de))de]

< JELfy e (FOR + BOP + fi Kt O v(d))de,
Consequently, we get

Y. Z, K% < 3.2, 013

and @ is then a contraction mapping. The theorem now follows
by a standard fixed point theorem.
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