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Environmental contours are widely used as a basis for e.g., ship design, especially in early design phases. The
traditional approach to such contours is based on the well-known Rosenblatt transformation. Here we focus on
convex contours estimated using Monte Carlo methods and establish a rigorous mathematical foundation for
such contours. In the present paper we also present an improved simulation procedure based on importance
sampling. In particular, we show how this procedure can be extended to cases with omission factors and
where the joint distribution of the environmental variables is a discrete mixture. It is well-known that contours
constructed using Monte Carlo simulation typically have certain irregularities. In particular, the sets bounded
by the estimated contours appear to be convex. However, when the curves are investigated more closely, they
include a large number of small loops. In the present paper we provide a precise condition for convexity,
and propose a smoothing method which can be used to eliminate the loops. The methods are illustrated by a

numerical example.

1. Introduction

Environmental contours are widely used as a basis for e.g., ship
design. Such contours are typically used in early design when the
strength and failure properties of the object under consideration are
not known. An environmental contour describes the tail properties of
some relevant environmental variables, and is used as input to the
design process. See Haver (1987), Baarholm et al. (2010), Ditlevsen
(2002), Moan (2009) and Jonathan et al. (2011). The methodology for
constructing environmental contours were introduced by Winterstein
et al. (1993) and Haver and Winterstein (2009). The process starts
out by constructing a contour for two independent standard normally
distributed variables. This contour is then transformed to the environ-
mental space using the inverse Rosenblatt transformation introduced
in Rosenblatt (1952). As pointed out in Huseby et al. (2013) the prob-
abilistic properties of the contour is typically not preserved under this
transformation. Hence, the resulting contour may need to be adjusted
in order to get the desired exceedance probability. Huseby et al. (2013)
also presented an alternative approach where environmental contours
are constructed using Monte Carlo simulation. For a similar approach to
a related problem see Ottesen and Aarstein (2006). Improved methods
are found in Huseby et al. (2015a,b).

Contour methods are often used in situations where the environ-
mental variables are the significant wave height and the wave period. By
focussing on the significant wave height the uncertainty in the short-
term response is essentially ignored. In Winterstein et al. (1993) it is

* Corresponding author.
E-mail address: Erik.Vanem@dnv.com (E. Vanem).

https://doi.org/10.1016/j.oceaneng.2021.109366

pointed out that largest response can sometimes be produced in a seast-
ate with less-than-maximum significant wave height. Thus, assuming
that the worst case responses are proportional to the significant wave
height may result in underestimation of the risk. Winterstein et al.
(1993) suggest that the uncertainty in the short-term response can be
included by adding a random error term, often referred to as an omission
factor. Still, modelling such a factor in normal space can be challenging.
To avoid explicit inclusion of this factor, Winterstein et al. (1993) argue
that the uncertainty alternatively can be accounted for by using an
inflated contour.

For Monte Carlo contours it is in principle much easier to take into
account the uncertainty in the short-term response by adding a random
error term since this can be done directly in the environmental space.
When running a full-scale Monte Carlo simulation, adding an extra
random variable is straightforward. It should be noted, however, that if
more advanced Monte Carlo methods, like e.g., importance sampling, is
used, it becomes more difficult to include omission factors. A solution
to this issue is presented in Section 4.1.

A challenge with Monte Carlo based methods is that in order to
obtain stable results it may be necessary to run a large number of
simulations. In Huseby et al. (2015b) this issue was addressed by
using rejection sampling. In the present paper we show how this can
be improved even further using importance sampling. Even though
the resulting contours are fairly precise, a closer examination of the
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Fig. 2.1. An environmental contour and a failure region.

curves reveals certain irregularities. In the present paper we study this
problem in detail, and show why these irregularities occur. Based on
the theoretical results we also propose a simple smoothing method for
removing these irregularities.

2. Basic concepts

Let (T, H) € R? be a vector of environmental variables where e.g.,:

T = Wave period
H = Significant wave height

The distribution of (T, H) is assumed to be absolutely continuous with
respect to the Lebesgues measure in R2.

An environmental contour is defined as the boundary of a compact!
set B C R? and denoted 9. To avoid pathological cases we always
assume that these sets have a non-empty interior. In particular, sets
containing just a single point will not be considered.

During the design phase of some structure of interest the environ-
mental contour can be used to identify conditions which the structure
should be able to withstand. That is, if (T, H) € B, the structure
should function normally. Consequently, the environmental contour d/3
represents the most severe or extreme conditions that the structure
should be able to handle, and the points on this contour represent
possible design requirements for the structure.

The failure region F C R? of a structure is the set of states where the
structure fails. See Fig. 2.1. For a given environmental contour 53 we
say that the design requirements are satisfied if and only if the failure
region 7 does not overlap with the interior of the set 3. Formally, we
state this as> FnB C dB. That is, the failure region F is only allowed to
intersect with the set 3 at its boundary. If the set 3 is large, an allowed
failure region, 7 will be located in the outer regions of the outcome
space. This implies that the structure will be subject to strict design
requirements. As a result, the probability of failure, i.e., the probability
that (T, H) € F is small.

In the design phase the exact shape of the failure region of a
structure is typically unknown. It may still be possible to argue that
the failure region belongs to a certain family denoted by £. We then
say that the design requirements are satisfied if and only if F n B C 9B
forall ¥ € €.

1 A set is compact if it is closed and bounded.

2 Although this condition includes the possibility that 7 n B = 0B, the
failure regions considered in the present paper will typically overlap only with
a proper subset of d/3.
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Fig. 3.1. Supporting hyperplane and halfspaces.

The exceedance probability of B with respect to £ is defined as:

P,(B,&E)=sup{P[(T,H) € F]}.

Fe&
The exceedance probability is an upper bound on the failure probability
of the structure assuming that the true failure region is a member of the
family €. For a given target exceedance probability® p, our goal is to
find a minimal set /B such that:

P,(B.€) < p,. @1

If the set B satisfies (2.1), then 033 is said to be a valid environmental
contour.

A failure region F € € is said to be maximal if there does not exist
a region 7/ € £ such that ¥ c F’. The family of maximal regions in &€
is denoted by &*. If F|,F, € € and F, C F,, we obviously have:

P(T,H) e F|] < P[(T,H) € F»].
From this it follows that:
P,(B,E) =sup{P[(T,H) € Fl}

Fe&

= sup {P[(T, H) € F}.
Fee*

3. Convex environmental contours

It is often natural to assume that a failure region is convex. This
means that if the structure fails at two distinct points (¢, #;) and (¢,, h,),
then it also fails for all states on the straight line between these points.
If the contour is convex as well, this implies that the maximal failure
regions are halfspaces. See Fig. 3.1 where IT is a supporting hyperplane
of the convex set B, while IT* is a supporting halfspace of B. The set
11~ is the halfspace separated from I7* by the hyperplane I7. We say
that IT- as the halfspace opposite to the supporting halfspace IT*, and
observe that BC IT~.

In the remaining parts of this paper we only consider contour sets 3
which are compact and convex. Furthermore, we assume that all the sets
in &€ are convex. For a given compact and convex set B we introduce
the following families of sets:

P(B) = The family of supporting hyperplanes of 13,
P+(B) = The family of supporting halfspaces of 5,

3 The target probability is usually determined based on the relevant data
sampling rate and the desired return period of a failure event. See Huseby et al.
(2013) for further details. A target probability is typically a small number,
e.g., of magnitude 10~* or 1075. In order to avoid degenerate cases, the target
probability must at least be smaller 0.5.
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P~(B) = The family of halfspaces opposite to supporting halfspaces
of B

By using well-known results from convexity theory, it is easy to show
the following result:

Proposition 3.1. Let B C R? be a compact and convex set, and let £
be the family of convex sets such that F n B C dB for all F € &€. Then
£* = P*(B), and hence:

P,(B,E)= sup
T+eP+(B)

{P(T,H) e IT*]}. (3.1

Moreover, the set B can be expressed as:
B= (| 0. (3.2)
-eP=(B)
The families P(B), P*(B) and P~(B) can be expressed in a more

explicit form. In order to explain how this can be done, we start out by
letting 6 € [0, 2x), and define:

B(B,0) = sup [tcos(9)+ hsin(0)] (3.3)
(t.h)EB

We also introduce :
I1(3,0) = {(t, h) : tcos(0) + hsin(0) = B(3,0)}
T (B,0) = {(t, h) : tcos(9) + hsin() > B(B,6)},
I~ (3,0) = {(t,h) : tcos(0) + hsin(d) < B(3,0)}.
Since B is assumed to be compact, it follows that B is bounded, and

thus, B(B,6) must be finite. Moreover, by the definition of B(1,0) it
follows that:

tcos(f) + hsin(@) < B(3,0), for all (1,h) € B.

Finally, since B is compact, B is closed as well. Thus, there must exist
at least one point (¢, hy) € B such that:

to cos(0) + hy sin(0) = B(13,0)

From this it follows that I1(B,0) € P(B), I*(B,0) € PT(B) and
I1-(B,0) € P~(B).

Assume conversely that IT € P(B), and let II* and I~ be the
corresponding supporting and opposite halfspaces separated by II.
Then I, IT* and 1~ can be expressed as follows:

II1 = {(t,h) : ta; + ha, = b},
o+ ={@h) : ta; + ha, > b},
I~ = {(t,h) : ta; + hay < b}
for suitable real numbers a,, a, and b. Without loss of generality we

may assume that a; and a, are normalized such that a? + o = 1. Then

it follows that there exists a & € [0,2z) such that a; = cos() and
a, = sin(f).

Since IT™* is a supporting halfspace of B, we must have:
tcos(@) + hsin(d) < b, for all (¢, h) € B,
and
1o cos(f) + hy sin(@) = b, for some (¢, hy) € B,
From this it follows that:

b= sup [tcos(f)+ hsin(F)] = B(3,0),
(,h)eB

implying that IT = I1(B,6), [T+ = [I*(B,0) and 11~ = I1-(B,6). The
following proposition summarizes these findings:

Proposition 3.2. Let B ¢ R? be a compact and convex set. Then we

have:

P(B) = (I1(13,0) : 0 € [0,27)},
PH(B) = (IT*(13,6) : 0 € [0,27)},
P=(B) = {IT"(B,0) : 6 €[0,27)}.
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Furthermore, by combining Propositions 3.1 and 3.2 we also obtain
the following result:

Proposition 3.3. Let B ¢ R? be a compact and convex set, and let &
be the family of convex sets such that F n B C 03 for all F € €. Then we
have:

P(B,E)= sup {P[(T,H)e II*(B,0)]}. 3.4

0€[0,27)

Moreover, the set B can be expressed as:

B= (] HI7(B,0) 3.5)
0€l0,27)

An immediate consequence of this result is that the function B
induces an ordering of compact and convex sets. More formally, we
have the following result:

Proposition 3.4.
assume that:

Let B| and B, be two compact and convex sets, and

B(B,,0) < B(B,,0) for dll 6 € [0, 2x).
Then B, C B,.

Proof. If B(3,0) < B(13,,0) for all 6 € [0, 2x), this implies that:
II~(B,,0) C I~ (J3,,0) for all 6 € [0,27).
Hence, by the second part of Proposition 3.3 we get that:

Bi= (] I"B.o)c (| T B,,O)=B, M
0€[0,27) 0€[0,27)

Another consequence of Proposition 3.3 is that a compact and
convex set B C R? is uniquely determined by the function B(j,6).
Hence, the boundary d5 can be reconstructed from this function as
well. In order to study the relation between B(J3,0) and 0B further,
the following result, first proved by Minkowski in 1896, is relevant:

Proposition 3.5 (Minkowski). Let 13 be a closed convex set. Then for every
point x € 073 there exists a hyperplane II € P(B) such that x € II.

By using Proposition 3.2 this result can be restated for compact
convex sets in R? as follows:

Proposition 3.6. Let 3 C R? be a compact convex set. Then for every
point (¢, hy) € 0B there exists a 6 € [0, 2x) such that (¢, hy) € II1(13,6).

This proposition indicates that it may be possible to construct a
mapping from angles § € [0,2x) to the points in /3. In the general
case, however, the relation between angles and boundary points is not
straightforward. By the definition of B(J3, ) it follows that for a given
0 € [0,2x) there exists at least one point (¢, ) € BB such that:

to cos(0) + hy sin(6) = B(J3,6), (3.6)

and this point must also be on the boundary of B. However, (t, hy) may
not be the only boundary point which satisfies (3.6). As an example
consider a case where 3 is a convex polygon. If, for a given 6, the vector
(cos(0), sin(9)) is orthogonal to, and pointing away from one of sides of
B, then the hyperplane I1(53,6) intersects with all the points on this
side. On the other hand, for any 6’ # 0, the corresponding supporting
hyperplane IT(53,0’) does not intersect with any of the points on this
side (except possibly the endpoints). Hence, it is not possible to define
a mapping where each angle 6 € [0,27) is mapped to a unique point
(o, ho) € 0B.

In order to avoid such problems we assume that 33 is strictly convex.
That is, for any pair of distinct points (7, &), (t,, h,) € B, all the points
on the line segment between (¢,, h;) and (5, h,) (except possibly the
endpoints (¢,, #,) and (¢,, h,)) belong to the interior of 3. The following
proposition essentially states that for strictly convex sets there exists a
well-defined mapping from angles to boundary points.
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Proposition 3.7. Let B C R? be a compact and strictly convex set. Then
for every angle 6 € [0,2r) there exists a unique point (¢(0), h(9)) € 013 such
that (1(0), h(9)) € I1(1,0).

Proof. By the definition of I7(53,0) we know that there exists at least
one point (f;,h;) € 0B such that (t;,h) € II(53,0). Assume, for a
contradiction that there exists another boundary point (z,, 4,), different
from (t;,h;), which also belongs to the hyperplane I7(j,6). Since
I1(B,0) is convex, all the points on the line segment between (¢, A;)
and (1, h,) also belong to II(B,0). However, since B is assumed to
be strictly convex, the points on the line segment between (¢, #;) and
(t,, h,) are elements of the interior of B, which contradicts that IT(}3,0)
is a supporting hyperplane of /3. Hence, we conclude that (1;, h,) € 0B
is the only boundary point which intersects with I7(13, 8), and we define
(t(0), h(0)) to be this point [ ]

If the function B(J,-) is differentiable, the mapping from angles to

boundary points is given by the following explicit formula:

Proposition 3.8. Let B C R? be a compact and strictly convex set, and
assume that B(J3,-) defined by (3.3) is differentiable. Then the boundary of
BB can be expressed as:

0B = {(t(6),h9)) : 0 €10,27)}

where:
10)\ _ [B(B.6) —B'(B.O)] (cos®) @.7)
ho))  |B'(B,0) B(B,6) sin(9) ) ’

Proof. See Huseby et al. (2015a) [

The function B(J3,-) introduced in (3.3) can be extended to a func-
tion defined for all # € R. Since the trigonometric functions cos(-) and
sin(-) are periodic, the extended version of B(J3, -) is periodic as well and
have the property that B(3,0) = B(3,0 + 2vx) for all v € N. Since the
set 73 is convex, the function B(J3,-) must satisfy a certain condition. In
order to investigate this further we assume that the B(5, -) is two times
differentiable, and consider the derivative of (#(9), h(0)) with respect to
0. By (3.7) we get that:

'(0) = B'(13, 0) cos(8) — B(J3, 0) sin(0)
— B'(B,6)sin(6) — B'(13,0) cos(0)
= —[B(B,0) + B" (B, 6)] sin()

h'(0) = B"(B,0)cos(0) — B' (B, 0)sin(0)
+ B'(B,0)sin(0) + B(B, 6) cos(6)
=[B(B,0) + B"(13,0)] cos(9).

That is, we have:

1'(6) _ 1" —sin(9)
<h'(9)> =[B(B,0)+ B"(B,0)] - < cos(®) ) . (3.8)

In order to prove the convexity condition for B(A,-), we need the
following lemmas:

Lemma 3.9. Let B C R? be a compact and strictly convex set, and let:
B={{h)={t-1ty,h—hy) : (t,h) € B} 3.9
for some point (¢, hy) € R%. Then B(}3,0) is given by:

B(B,0) = B(B,6) — t; cos(8) — hy sin(8),

for all & € R. Moreover, assuming that B(J3,-) is two times differentiable,
we have:

B'(B,6) = B'(1,6) + ty sin(d) — hy cos(6),
B"(B,0) = B"(B,0) + t, cos(0) + hy sin(0).
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B

Fig. 3.2. Derivatives.

Proof. By (3.3) we have:

B(B,0) = sup {fcos(6)+ hsin(6)}

(i,h)eB

= sup {(t —1y)cos(f)+ (h— hy)sin(6)}
(t,heB

= sup {tcos(0)+ hsin(0)} —t,cos(0) — h sin(6)
(t,nEB

= B(3,0) — t; cos(f) — h sin(0)

The remaining parts of the lemma follow by taking derivatives [l

Lemma 3.10. Let B c R? be a compact and strictly convex set, and
assume that B(J3,-) is two times differentiable. Then there exists a 6, €
(0, 2x) such that:

B(B.0y) + B"(B,6,) > 0.

Proof. Let (¢, hy) be an interior point of B and let B be defined as in
(3.9). Then we have:

1o cos(0) + hy sin(0) < B(B,0) for all 0 € [0,2x)

Hence, by Lemma 3.9 we have:

B(13,6) = B(3,6) — t; cos(8) — hysin(@) > 0 for all 9 € [0,2x)

Moreover, since B(/3, 0) extended to a function defined for all 9 € R,
is periodic, it follows that the extended version of B’(}, 9) is periodic as
well. In particular that B’(/3,0) = B'()3,2x). Hence, by the mean value
theorem, there exists a 6, € (0,2x) such that B”(}3,6,) = 0. From this it
follows that:

B(B.6y) + B"(B,6,) > 0
By Lemma 3.9 we also that:

B(B,0y) + B"(B.6,) = B(B.6,) — 1, cos(8) — hy sin(6)
+ B"(B,0) + t; cos(0) + hy sin()
= B(B.0y) + B"(B.6,).

and thus, the result follows ]

As 0 runs through [0, 2x), the point (#(6), A(9)) runs counterclockwise
through the boundary 073. The derivative (#'(6), h'(9)) is the tangent
vector to 0B at (¢(0), h(0)).

Since the set B is assumed to be strictly convex, the angle between
#'(0), ' (0)) and (' (0 + A), K'(0 + 4)) is positive for any § € [0,2z) and
small 4 > 0 (see Fig. 3.2). We then define:

v(6) = ('(0),h'(0),0), 0 €[0,2x),
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and calculate the cross-product:

i j k
v@) xv@+4)=| 1) e o
Y@+4) HW@O+4) O

=(0,0,1©0)-h@O+4)-H(O) 1O+ 4)

By the right-hand rule of the cross-product the angle between the vectors
(#'(0), ' (0),0) and (' (0 + 4), ' (0 + 4),0) is positive if and only if:
7@ -hO+4)-h©)- 1O +4) >0.
Inserting the expressions for the derivatives given in (3.8) we get:
HONACEY BV XCOBACEY))

=[B(3,0)+ B"(B,0)] - [B(BB,6 + A) + B" (3,0 + 4)]

- (—sin(f) cos(@ + A) + sin(8 + A) cos(0))
=[B(B,0)+ B"(B,0)] - [B(B,0 + 4) + B"(B,0 + A)] - sin(4).

Since 4 > 0 is small, we have sin(4) > 0. Hence, the angle between
@'(0), ' (9)) and (' (8 + 4), ' (8 + 4)) is positive if and only if:

[B(B,0) + B"(13,0)] - [B(3,0 + A) + B"(B,6 + 4)] > 0

for all # € [0,27) and small 4 > 0. This condition holds if and only if
the sign of B(B,0)+ B"(B,0) is the same for all § € [0, 2x).

By Lemma 3.10 there exists at least one 6, € (0,2z) such that
B(B,6,)+B"(5,6,) > 0. Hence, we have shown the following important
result:

Theorem 3.11. Let B C R? be a compact and strictly convex set, and
assume that B(B,-) is two times differentiable. Then we have:

B(B,0)+ B"(B,0) > 0 for dll § € [0,27). (3.10)

Given a periodic function which does not satisfy (3.10), it is very
easy to modify this function so that the condition is satisfied. The
following result shows how this can be done.

Proposition 3.12. Let C(-) be a periodic function with period 2= which is
two times differentiable. Assuming that both C and C" are bounded, there
exists a constant C, such that the function ()= Cy+ C(-) satisfies (3.10).

Proof. We let:

— . f "
c 961[8’2”)[C(9)+C ()]

Since both C and C” are bounded, ¢ must be finite. If ¢ > 0, C(-) satisfies
(3.10). We may then let Cy = 0. Hence, C(-) = C(-), and thus, ¢
obviously satisfies (3.10) as well. On the other hand, if ¢ < 0, we let C,
be some number greater than —c. Since ¢’ = C”, it follows that for all
0 € [0,2x) we have:

CO)+C"(0) = Cy+C(O) +C"(6)
>—c+C@O)+C"0)
>—c+c=0.

Hence, we conclude that C(-) satisfies (3.10) [ ]
3.1. Valid convex environmental contours

We now turn to the problem of finding a convex contour 93 which
is valid, i.e., a contour that has an exceedance probability which is less
than or equal to a given target probability p, € (0,0.5).

Following Huseby et al. (2015a) we let C(6) be defined for all angles

6 €10,2x) as:
C(0) =inf{y : P[Y(0) >yl <p.}, (3.11)

where Y (0) = T cos(9) + H sin(@). The function C is referred to as the
p.-level percentile function of the joint distribution of (T, H).
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For 0 € [0,2x) we also introduce :

I1(0) = {(t,h) : tcos(B) + hsin(f) = C(0)}
ITH(0) = {(t, h) : tcos() + hsin() > C(6)},
IT7(6) = {(t, h) : 1cos(§) + hsin(@) < C(6)}.

By the definition of C(0) and the assumption that the distribution of
(T, H) is absolutely continuous with respect to the Lebesgues measure
in R? it follows that for all 6 € [0,2x) we have:

P[(T,H) € T (0)]
= P[T cos(0) + H sin(f) > C(0)]
= P[T cos(9) + H sin(0) > C(0)] = p,

If we can find a convex set B such that B(3,0) > C(9), it follows by
Proposition 3.3 that:

P,(B,E)= sup {P(T,H)e€ II*(B,0)]}

0€[0,27)
= sup {P[T cos(0)+ H sin(0) > B(13,0)]}
0€[0,27)
< sup {P[T cos(0)+ H sin(0) > C(0)]} = p,
0€[0,27)
Hence, this implies that 0/ is a valid environmental contour. As stated
Section 2 our goal is to find a minimal set B such that dB is valid.
By Proposition 3.4 this means that we want B(J3,6) to be as small as
possible. Thus, if there exists a compact and convex set B such that
B(3,0) = C(0) for all 6 € [0,2x), this set will be the minimal compact
and convex set with the property that 0B is a valid environmental
contour. The following result summarizes the consequences of all these
findings:

Theorem 3.13. Let C(-) be defined by (3.11), and assume that there exists
a compact and convex set 3 such that B(53,0) = C(0) for all 0 € [0,2x).
Then B is the minimal compact and convex set with the property that 013 is
a valid environmental contour, and the set 13 is given by:

B= ﬂ 7 (6) (3.12)

0€[0,27)
If B is strictly convex, and C(-) is differentiable, the environmental contour,
0B, can be expressed as:
0B = {(#(0), h©)) : 6 €10,27)},

where:

(0)\ _[C®) —C'®)] (cos®)

h@®)) ~ |C'®) C(0) sin(9) /’
If C(-) is two times differentiable, a necessary condition for the existence of
a strictly convex set B such that B(13,6) = C(0) for all 6 € [0,2x) is that:

(3.13)

C(0)+C"(0) > 0 for all 6 € [0,2x). (3.19)

Note that the function C(-) is determined by the joint distribution
of T and H. It is possible to construct distributions where C(-) does not
satisfy (3.14). In such cases the contour defined by the formula (3.13),
will not be the boundary of a convex set. When this happens, C(-) must
be adjusted. We will return to this issue in Section 5.

In this section we have studied environmental contours defined
through the p,-level percentile function (3.11). Theorem 3.13 shows
that if a minimal valid environmental contour exists (for some given
joint distribution of (T, H)), then it is necessarily given by the repre-
sentation (3.13), and that the differential inequality (3.14) has to hold.
In Section 5 we will see that the condition (3.14) is useful for analysing
and improving numerical methods for constructing environmental con-
tours. This is also true in higher dimensions, i.e. when instead of
(T, H) € R? one considers a random variable in R”. By studying the
connection between environmental contours and Voronoi cells, Hafver
et al. (2020) proved the n-dimensional analog of (3.13) and a slightly
weaker alternative of the necessary condition (3.14) (corresponding to
> in (3.14)). This method is also discussed further in Sections 4 and 5.
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Fig. 4.1. N = 1000 simulations, n = 90 angles.

4. Estimating environmental contours

In a given practical situation the C-function is typically estimated
pointwise using Monte Carlo simulations. Following Huseby et al.
(2015a) we assume that we have a sample from the joint distribution
of (T', H) generated using Monte Carlo simulation:

(T, Hy),...,(Ty, Hy)

For a given angle 6 € [0,27) we calculate the projections of these points
onto the unit vector (cos(), sin(d)), i.e.:

Y;(0) =T;cos(0) + H;sin(@), j=1,....N
These projections are then sorted in ascending order:
Y1)(0) < Y(5)(0) < -+ < Y5y (0).

Assuming that k < N is an integer such that:
k

—~1-p,,

N
it follows that C(6) can be estimated by:

C(0) = Y,(0) 4.1

Proceeding in this fashion the C-function can be estimated for a
suitable set of angles 6,,...,0, € [0,z). We let C(8,),...,C(d,) denote
the resulting estimates. The set /3 given in (3.12) of Theorem 3.13 can
then be approximated by a polygon of the following form:

B=()10), (4.2)
i=1

where:
1176,) = {1, h) : 1cos(8) + hsin(8) < C(6,)}

There are several methods for constructing an estimate of the
boundary of the set B. One method is based directly on the polygon
given in (4.2), where the corners are determined by computing the
intersection between the hyperplanes I1(6;) and I1(6,, ), fori=1,...,n,
and where we define I7(6,,,) to be equal to I7(6;). This method is also
similar to the method suggested by Ottesen and Aarstein (2006), and
is the method used in the remaining part of the present paper. Another
method is based on (3.13) given in Theorem 3.13. This method uses
the estimate of the p,-level percentile function given in (4.1). Other
methods include the use of Fourier series and splines. For more details
on this see Huseby et al. (2015a).

In Fig. 4.1 the set B is estimated using only a few simulations
and halfspaces. We observe that the resulting contour has significant
irregularities especially in the areas where the direction of the contour
changes a lot.
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Hs (m
17.50 1)
14.00
10.50
7.00
3.50
Tz (s)
0.00
250 6.50 10.50 14.50 18.50 22,50
Fig. 4.2. N = 1000000 simulations, n = 360 angles.
Hs (m
15.60 1)
15.48
15.36
15.24
15.12
Tz (s)
15.00
16.00 16.30 16.60 16.90 17.20 17.50

Fig. 4.3. N = 1000000 simulations, n = 360 angles.

;)

Fig. 4.4. Ideal case: All hyperplanes support 3.

By increasing the number of simulations and halfspaces, a smoother
contour is obtained. This is illustrated in Fig. 4.2. If we zoom in on
the border of B, we still find substantial “irregularities” as is seen in
Fig. 4.3. This issue is illustrated in a simplified way in Fig. 4.4 and
Fig. 4.5. Fig. 4.4 represents an ideal case where all the hyperplanes sup-
port B. In such cases B is well approximated by the polygon obtained
as the intersection of the corresponding halfspaces. The corners of the
polygon are obtained as the intersection points between successive
hyperplanes, and the boundary of the polygon is obtained by drawing
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Fig. 4.5. Irregular case: The hyperplane /71(6;) does not support 5.

straight lines between the corners. Since all the hyperplanes support
B, no loops occur. Fig. 4.5 on the other hand represents a case where
at least one of the hyperplanes does not support 3. Attempting to
obtain the boundary of the polygon by drawing straight lines between
the intersection points will result in a loop. Moreover, if we use the
intersection of the halfspaces as our set 53, this set will typically have
a slightly higher exceedance probability than the desired value p,. In
Section 5 we will show how to avoid these problems and obtain a
smooth contour.

4.1. Importance sampling, omission factors and mixtures

Generating a sample from the joint distribution of (7', H) can of
course be done easily using standard Monte Carlo methods. In the
following we focus on one specific method for doing this based on the
Rosenblatt transformation introduced in Rosenblatt (1952). This trans-
formation, which we here denote by ¥, has the property that if (X,Y) =
Y(T, H), then (X,Y) is a vector of two independent standard normally
distributed variables. This implies that we can generate a sample
(T}, Hy), ...,(Ty, Hy) by generating a sample of N vectors of indepen-
dent standard normally distributed variables, (X|,Y;),...,(Xy,Yy), and
then let (T}, H;) = E(”l(Xj, Y,), j = 1,..., N. More specifically, the
inverse Rosenblatt transformation, ¥~' takes the following form for
j=1,...,N:

H; = F (@(X))),
T; = Fyly (@),

where @ denotes the cumulative distribution function of the standard
normal distribution, while F};' and FT_|1H are respectively the inverse
cumulative distribution function of H and the inverse conditional
cumulative distribution function of T.

We then recall that the C-function corresponds to the (1 — p,)-
percentiles of the projections Y;(6), ..., Yy (0). Thus, in order to estimate
this function, only the tail area of the joint distribution of (T, H) is
of interest. Huseby et al. (2015b) proposed a method for sampling
from the tail based on rejection. We now show how this method can
be improved significantly by using importance sampling. The idea is
to generate the sample (X,,Y;),...,(Xy,Yy) from the distribution of
(X,Y) conditioned on the event that the length of the vector, v/ X2 + Y2
is greater than some suitable number r, i.e., the event that the point
(X, Y) falls outside of a circle O centred at the origin and with radius r.
In order to generate (X;,Y)),...,(Xy,Yy) from this conditional distri-
bution we use a modified Box-Muller transform. That is, we start out by
generating a set of N independent vectors (U}, V), ...,(Uy,Vy) where
U; and V; are independent and uniformly distributed on the interval
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0,11, j = 1,...,N. Then the desired variables are obtained by using
the following transformation for j = 1,..., N:

X; = 4/r? =2In(U)) - cos(2zV)),
Yj =4/r2 - 21n(Uj) . sin(27th).

Having generated (X,,Y;),...,(Xy,Yy) we proceed by using the
inverse Rosenblatt transformation, and obtain (7, H,), ..., Ty, Hy), as
well as the projections Y;(0), ..., Yy (0).

We note that since X7 + Y7 is y*-distributed with 2 degrees of
freedom, it follows that:

P(X;.Y) ¢ 0)= P(X2+ Y2 > ) =¢/2,

Assuming that the radius r is not too large, the event {Y;(0) > C(6)}
is contained in the event that {(X 1Y) g0, and thus, it follows that:
P(Y;(0) > C(0)

P(X;. Y)£0)

P(Y;(0) > CO)I(X,,Y)) & O) = poe”?

Hence, we can estimate C(6) by Y,(6) where k' is chosen so that:

K 2
N ~1—p,e/?

To find a suitable value for the radius r, we express this quantity as:

r=ay/—2In(p,)
for some suitable constant a« > 0. This implies that:

2 —a2 —a2
peer /2 =p,e - In(p,) =pé a

Since pi“’z is a probability, it follows that we must have « < 1.
Moreover, we observe that the radius r grows proportionally to a. A
high value of a implies an aggressive importance sampling where a
large portion of the data set is sampled from the tail area. In order
to maximize the effect of the importance sampling we want a to be
as close to 1 as possible. However, at the same time we must ensure
that the event {Y;(0) > C(0)} is contained in the event that {(X;,Y)) ¢
O}. Experience has shown that « = 0.95 is a good choice for most
applications.

The use of importance sampling indeed has a very significant effect
on the precision of the Monte Carlo method. Thus, using this method
whenever possible is definitely desirable. Since the Rosenblatt transfor-
mation plays an important part in this method, we need to implement
this transformation for the given joint distribution of the environmental
variables. As a part of this, we need to determine the inverse cumulative
distribution of (T', H). For most commonly used distributions, this is
very easy. In some cases, however, it may be necessary to implement
this using numerical methods. We will illustrate this by considering two
examples.

The first example is motivated by the notion of omission factors. Such
factors may be necessary in order to account for short-term uncertainty
which is not covered by the significant wave height H. This can be done
by letting H' = H + ¢, where ¢ is a suitable error term. The Rosenblatt
transformation can then be expressed as:

H' = F(@(X))

T = Fp)y (@)

Hence, to calculate H’ we need to find the cumulative distribution
function of the sum of H and ¢, and then also the inverse of this
function. Finding analytical expressions for these function is often not
possible. Thus, a numerical solution is needed. Fortunately, this is
usually fairly easy. In particular, if the distribution of the error term can
be approximated by a discrete distribution, the resulting cumulative
distribution function of H’ can be represented as a discrete mixture of
distribution functions. More specifically, assume that the error term has
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values in the set {e,,...,e,}, and that P(e = ¢;) = a;, j = 1,...,£. The
cumulative distribution function of H' is then given by:
¢
Fyi(h) =) a;Fy(h—e;)
j=1
Below we describe a general method for determining the inverse of such
mixtures.

In the second example we consider a case where the joint distri-
bution of (T, H) is a discrete mixture of distributions. In addition to
cases with omission factors, such mixtures occur in situations where
the joint distribution depends on some background variable such as the
season or the wind direction. An example of this can be found in Vanem
and Huseby (2018). See also Winterstein (2016). In such cases it may

not be possible to find explicit formulas for F;l and FTTH. Instead one

has to find the inverse by solving an equation numerically. Here we
explain how to do this for F;,'. The corresponding procedure for FT’IIH
is completely similar. More specifically, we assume that Fp ;,..., Fy ,
are ¢ cumulative distribution functions which are all continuous and
strictly increasing. Moreover, we assume that the inverse functions
F;I}I, ,F;}f are known and easy to calculate. We have started out
by generating a bivariate normal vector, (X,Y), where X = x, and we
want to compute the corresponding value for H, i.e., h = FI;I(x), and
we introduce:

h; = F;,}j(x), j=1,...¢
We also define:

h = max h;

= min hj, and h -
1<j<t 1sj<t

min max

We then introduce the cumulative distribution function for H as the
mixture of Fy ;, ..., Fy ¢

¢
F(h) =Y a;Fy ;(h),
j=1
. ¢
where @;>0,j=1,....7, and Zj:] a; =1
In order to determine 4 we must to solve the following equation:

¢
Fp(h) =Y a;Fy ;(h) = x. (4.3)
j=1
Under these assumptions there exists a unique solution to (4.3), and we
have:

hmin S h S hmax' (44)

To prove (4.4) we note that since the cumulative distribution functions
are non-decreasing and Zf:l a; =1, we have:

14 3 13
Fr(hyi) = 2 @ Fpg j(hyy) < D Fpp j(h)) = Y ayx = x
Jj=1 Jj=1 Jj=1

Similarly, we have:

¢ ¢ ¢
FH(hmax) = Z ajFH,j(hmax) = Z ajFHﬁj(hj) = z ajx =X

Jj=1 J=1 Jj=1
Since Fy ..., Fy , are continuous and strictly increasing, it follows
that Fy is continuous and strictly increasing as well. Thus, since we
have established that:

Fy(hy,,) <x < Fy(h

min max)

there must exist some A € [h,,,, h,,,,] such that Fy(h) = x.
Having identified the interval [A,,;,, h,,,,] containing the solution

to (4.3), the value h can easily and efficiently be found numerically,
e.g., by using the bisection method.
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Table 5.1
Fitted parameter for the three-parameter Weibull distribution.
a B 14
2.259 1.285 0.701
Table 5.2
Fitted parameter for the conditional log-normal distribution.
i=1 i=2 i=3
a; 1.069 0.898 0.243
b 0.025 0.263 —0.148

5. Constructing a smooth environmental contour

In this section we will show how the loops illustrated in the previous
sections can be removed. We demonstrate the method by considering
a specific example. In this example we let p, = 1.37 - 107>, which
corresponds to a return period of 25 years and a data collection rate of
8 observations per day. The contour is estimated using the importance
sampling method presented in Section 4.1.

The joint long-term models for significant wave height, denoted by
H, and wave period denoted by T is given by:

froa.h) = fy(h) fripEh

where a three-parameter Weibull distribution is used for the significant
wave height, H, and a lognormal conditional distribution is used for the
wave period, T.

The Weibull distribution is parameterized by a location parameter,
vy, a scale parameter «, and a shape parameter f:

L\
Fun= (1)

The lognormal distribution has two parameters, the log-mean y and
the log-standard deviation ¢ and is expressed as:

Frin(alh) = —Lltm-0?/@d] 5

t\2x
The dependence between H and T is modelled by letting the parame-
ters u and ¢ be expressed in terms of H as follows:

i = En(T)|H = h] = a, + a,h",

6 = SDIIn(T)|H = h] = b; + bye®3".
The parameters are estimated using available data from the relevant
geographical location and are listed in Tables 5.1 and 5.2.

The resulting environmental contour, based on 1 million simula-
tions, importance sampling and n = 360 hyperplanes, is illustrated in
Fig. 5.1. While this contour may appear to be very smooth, it turns out
that is not at all the case.

In order to show this we measure the angle between successive sides
of the polygon. For a convex polygon, these angles should all be non-
negative. In the simple polygon with just six corners shown in Fig. 5.2
we observe that all angles are positive except the angle at corner e. As
a result the polygon is clearly not convex.

In Fig. 5.3 we have plotted the angles found at the 360 corners of the
contour shown in Fig. 4.2. Due to a high number of loops in some areas
we see that a substantial number of the angles are indeed negative.

Since the estimated environmental contours shown here are poly-
gons, these sets are clearly not strictly convex. Still it turns out the
loop issue is strongly connected to the necessary condition for strict
convexity given in (3.14) in Theorem 3.13. In order to study this further
we have estimated values of C(8)+C" () using interpolation and plotted
the resulting curve in Fig. 5.4. We observe that the curve values are
mostly positive except for some clusters of small negative values. It is
these negative values that cause the loops.
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Fig. 5.1. Environmental contour before smoothing.

Fig. 5.2. Measuring polygon angles.

1.00

0.00

o
3

Polygon angles (radians)

0 2/5

4n/5 6n/5 8n/5 2n
0

Fig. 5.3. Polygon angles (radians) of the environmental contour before smoothing.

By Proposition 3.12 it follows that if C is a known function, a convex
set can always be constructed by increasing this function by a suitable
positive constant. It is possible to prove that a similar effect occurs for
the estimated C-function. If we add a sufficiently large positive constant
to this function, the intersection points between the hyperplanes will
be more spread out. As a result all the loops disappear. However, this
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Fig. 5.4. C(0) + C" () before smoothing.
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Fig. 5.5. Unsmoothed C(0) (red curve) versus smoothed C(0) (green curve).

(For
interpretation of the references to colour in this figure legend, the reader is referred

to the web version of this article.)

change also inflates the contour considerably, which is usually not
desirable. In the following we have chosen a different approach. By
considering the plot it is evident that the issue with loops appears to
be caused mostly by estimation errors. Fortunately, this problem can be
remedied by applying a modest amount of smoothing. Thus, to get rid
of the loops along the contour, we simply use a smoothed version of the
estimated C-curve. A simple smoothing formula utilizing information
from nearby points could e.g. be the following:

Z,Jr:uiw ©;C(0;4;)

Zj—:uiw @;

where w > 0 is a suitable integer determining the number of utilized
nearby points. Moreover, w_,, ...,w,,, are suitable weights determin-

ing the influence of the nearby points. In the above formula the indices
are “looped”, so that 0,,;, = 0,, i

@) = j=1...n

= 1,2,...,w, while 6,_; = 6,,,_;,
i=1,2,...,w. In our calculations we have used w =5 and:

o =w,=6-0), i=01,..5

In Fig. 5.5 we have plotted both the unsmoothed and smoothed
versions of C() in the same plot. With the level of smoothing applied,
the two curves are almost identical except for some areas around the
local minima.

However, even this very minor adjustment has a dramatics effect on
the measured angles along the contour. In Fig. 5.6 we have plotted the

angles after the smoothing. These angles are indeed very different from
the angles shown in Fig. 5.3.
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Fig. 5.6. Polygon angles (radians) of the environmental contour after smoothing.
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Fig. 5.7. C(0) + C"(0) after smoothing.
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Fig. 5.8. Unsmoothed contour (red curve) versus smoothed contour (green curve). (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

In Fig. 5.7 we have plotted C(9) + C”(9) after smoothing has been
applied. Now all points are non-negative which by Theorem 3.11
implies that the resulting contour is convex.

Finally, in Fig. 5.8 we have plotted both the unsmoothed and
smoothed contours. The two contours are apparently not very different
except that the smoothed curve is somewhat more rounded. In order to
avoid too strict design requirements, one wants the set /3 to be as small
as possible. We observe that the set bounded by the smoothed contour

10
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is slightly larger than set bounded by the unsmoothed contour. On the
other hand, by using the smoothed curve, we get a contour with a more
precise exceedance probability, which after all is the most important
goal.

5.1. Environmental contours and Voronoi cells
Hafver et al. (2020) has shown that the polygon given by (4.2)

corresponds to the Voronoi cell of a point 0 = (o,,0,) € B with respect
to the function

20 = <0> +2C°0) ("f’sw)) , (5.1)
0y, sin(0)
where
C°0) = C() - (") : (Cf’5(0)> . (5.2)
0, sin(0)
This means that
B=Vor(e,S) = {X€R2 [lIx—ol < 12£ ||X—S||}, (5.3)

where S = {s°(9) | 0 € [0,2x)}.This suggest an alternative approach to
construct environmental contours, by computing the above Voronoi
cell based on estimated values of C(f). The Voronoi approach can
also be used to detect hyperplanes that do not support B, as the
corresponding points in S will not be connected to o in the dual
Delaunay triangulation. For further details see Hafver et al. (2020).

An alternative method to obtain smooth environmental contour is
described in Hafver et al. (2020), where a Voronoi contour is computed
based on the un-smoothed/raw C(6) and this contour is then projected
outwards on the hyperplanes I1(9,) included in (4.2).

6. Conclusions

In the present paper we have focused on convex environmental
contours, and studied various properties of such contours. By estab-
lishing a mapping between angles ¢ € [0,2x) and the points along the
contour, we have shown that such contours can be parameterized. The
mapping is valid whenever the contour set is strictly convex. A neces-
sary condition for strict convexity is also proved. Using Monte Carlo
simulations we can estimate convex environmental contours which in
principle have a constant exceedance probability in all tail directions.
We have shown how this procedure can be improved significantly by
using importance sampling. Moreover, we have extended this method-
ology to cases with omission factors and mixtures. Due to numerical
instabilities the contours still contain small irregularities or loops. The
presence of such loops is closely related to the necessary conditions for
strict convexity. By examining how this condition is violated in areas
with loops, it becomes clear that the problem can be eliminated by a
simple smoothing scheme. This method is demonstrated on a specific
numerical example.
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