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Abstract. In this work we investigate the long-time behavior for Markov
processes obtained as the unique mild solution to stochastic partial dif-
ferential equations in a Hilbert space. We analyze the existence and char-
acterization of invariant measures as well as convergence of transition
probabilities. While in the existing literature typically uniqueness of in-
variant measures is studied, we focus on the case where the uniqueness of
invariant measures fails to hold. Namely, introducing a generalized dissi-
pativity condition combined with a decomposition of the Hilbert space, we
prove the existence of multiple limiting distributions in dependence of the
initial state of the process and study the convergence of transition prob-
abilities in the Wasserstein 2-distance. Finally, we apply our results to
Lévy driven Ornstein—Uhlenbeck processes, the Heath—Jarrow—Morton—
Musiela equation as well as to stochastic partial differential equations
with delay.
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1. Introduction

Stochastic partial differential equations arise in the modelling of applications
in mathematical physics (e.g. Navier—Stokes equations [9,18,22,37] or stochas-
tic non-linear Schrodinger equations [4,13]), biology (e.g. catalytic branching
processes [12,30]), and finance (e.g. forward prices [16,24,38]). While the con-
struction of solutions to the underlying stochastic equations is an important
mathematical issue, having applications in mind it is indispensable to also
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study their specific properties. Among them, an investigation of the long-time
behavior of solutions, that is existence and uniqueness of invariant measures
and convergence of transition probabilities, are often important and at the
same time also challenging mathematical topics. In this work we investigate
the long-time behavior of mild solutions to the stochastic partial differential
equation of the form

dX, = (AXt—i—F(Xt))dt—i—a(Xt)th—F/ Y( X, v)N(dt, dv), t>0 (1.1)
E

on a separable Hilbert space H, where (A4, D(A)) is the generator of a strongly
continuous semigroup (S(t))i>0 on H, (W;)i>0 is a Q-Wiener process and
N (dt,dv) denotes a compensated Poisson random measure with compensator
dtp(dv) on Ry x E with E a Polish space. The precise conditions need to be
imposed on these objects will be formulated in the subsequent sections. We
focus in particular on SPDEs with multiple limiting distributions.

In the literature the study on the existence and uniqueness of invariant
measures often relies on different variants of a dissipativity condition. The
simplest form of such a dissipativity condition is: There exists a > 0 such that

(Az — Ay,x —y)u + (F(z) = F(y),z —y)n < —allz —yllz,  zye D((A)j
1.2

Indeed, if (1.2) is satisfied, o and v are globally Lipschitz-continuous, and «
is large enough, then there exists a unique invariant measure for the Markov
process obtained from (1.1), see, e.g., [32, Section 16], [10, Chapter 11, Section
5], and [36] where such a condition was formulated for the Yosida approxima-
tions of the operator (A, D(A)). Note that (1.2) is satisfied, if F' is globally
Lipschitz continuous and (A, D(A)) satisfies for some 3 > 0 large enough the
inequality (Az,z)y < —B||z||%, x € D(A), i.e. (A, D(A)) is the generator of a
strongly continuous semigroup satisfying ||S(¢)|| 1) < e™#*. Here and below
we denote by L(H) the space of bounded linear operators from H to H and by
| - [z its operator norm. For weaker variants of the dissipativity condition
(e.g. cases where (1.2) only holds for ||z| g, |lyllz > R for some R > 0), in
general one can neither guarantee the existence nor uniqueness of an invariant
measure. Hence, to treat such cases, additional arguments, e.g. coupling meth-
ods, are required. Such arguments have been applied to different stochastic
partial differential equations on Hilbert spaces in [33-35] where existence and,
in particular, uniqueness of invariant measures was studied. We also mention
[7,23] for an extension of Harris-type theorems for Wasserstein distances, and
[21,25] for extensions of coupling methods.

In contrast to the aforementioned methods and applications, several sto-
chastic models exhibit phase transition phenomena where uniqueness of invari-
ant measures fails to hold. For instance, the generator (A4, D(A)) and drift F
appearing in the Heath—Jarrow—Morton—Musiela equation do not satisfy (1.2),
but instead F' is globally Lipschitz continuous and the semigroup generated
by (A, D(A)) satisfies

IS®)x — Pzl < e[z — Pzl|lu
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for some projection operator P. Based on this property it was shown in [36, 38]
that the Heath—Jarrow—Morton—Musiela equation has infinitely many invariant
measures parametrized by the initial state of the process, see also Sect. 6.
Another example is related to stochastic Volterra equations as studied, e.g., in
[6]. There, using a representation of stochastic Volterra equations via SPDEs
and combined with some arguments originated from the study of the Heath—
Jarrow—Morton—Musiela equation, the authors studied existence of limiting
distributions allowing, in particular, that these distributions depend on the
initial state of the process.

In this work we provide a general and unified approach for the study of
multiple invariant measures and, moreover, we show that with dependence on
the initial distribution the law of the mild solution of (1.1) is governed in the
limit ¢ — oo by one of the invariant measures. In particular, we show that the
methods developed in [6,36,38] can be embedded as a special case of a general
framework where one replaces (1.2) by a weaker dissipativity condition, which
we call hereinafter generalized dissipativity condition:

(GDC) There exists a projection operator P; on the Hilbert space H and
there exist constants « > 0,3 > 0 such that, for z,y € D(A), one
has:

(A — Ay, x —y)u + (F(x) = F(y), 2 —y)u
< —alz —yl + (a+ B) [ Pz — Pyl

Note that for the special case P; = 0 condition (GDC) contains the classical
dissipativity condition. However, when P; # 0, the additional term ||Pjz —
Pyyl|3; describes the influence of the non-dissipative part of the drift. Sufficient
conditions and additional remarks on this condition are collected in the end
of Sect. 2 while particular examples are discussed in Sects. 5—6.

We will show that under condition (GDC) and additional restrictions on
the projected coefficients P, F', Pyo, and P;7y, the Markov process obtained
from (1.1) has for each initial data Xy = x a limiting distribution 7, depend-
ing only on Pyx. on This will often imply that there are multiple limiting
distributions for (1.1). Moreover, the transition probabilities converge expo-
nentially fast in the Wasserstein 2-distance to this limiting distribution. In
order to prove this result, we first decompose the Hilbert space H according
to

Iv{:lq'oG?I'Il7 I:P0$+P1’l}, P()I:I*Ph

where I denotes the identity operator on H, and then investigate the compo-
nents Py X; and P X; separately. Based on an technique from [39], we con-
struct, for each 7 > 0, a coupling of X; and X .. This coupling will be then
used to efficiently estimate the Wasserstein 2-distance for the solution started
at two different points.

This work is organized as follows. In Sect. 2 we first discuss the special
case where F, 0,7 are independent of X. In such a case X is an Ornstein—
Uhlenbeck type process and the collection of invariant measures can be easily
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characterized by its characteristic function. This section can be seen as a moti-
vation for our more general results discussed in the subsequent sections. More
precisely, we could also have studied the Ornstein—Uhlenbeck process by our
general results from Sect. 4, however, in such a case we need to impose un-
necessary strong conditions on the Lévy measure and would not obtain the
characterization of invariant measures in terms of their Fourier transforms.
Afterward, we investigate in Sects. 3—5 the general case for which the methods
from Sect. 2, that is convergence of the Fourier transform, can not be applied.
More precisely, after having introduced and discussed in Sect. 3 the generalized
dissipativity condition (GDC), we state the precise conditions imposed on the
coefficients of the SPDE (1.1), discuss some properties of the solution and then
provide sufficient conditions for the generalized dissipativity condition (GDC).
Based on condition (GDC) we also derive an estimate on the trajectories of
the process when started at two different initial points, i.e. we estimate the
L?-norm of X7 — X} when x # y. Based on this estimate, we then state and
prove our main results in Sect. 4. Examples are then discussed in the subse-
quent Sects. 5 and 6. Namely, the Heath—Jarrow—Morton-Musiela equation is
considered in Sect. 5 for which we first show that the main results of Sect. 4
contain [36,38], and then extend these results by characterizing its multiple
limiting distributions more explicitly. Finally, we apply our results in Sect. 6
to an SPDE with delay.

2. Ornstein—Uhlenbeck process in a Hilbert space

Let H be a separable Hilbert space and let (Z;);>0 be an H-valued Lévy process
with Lévy triplet (b, Q), i) defined on a stochastic basis (2, F, (Fi)t>0, P) with
the usual conditions. This has characteristic exponent ¥ of Lévy-Khinchine
form, i.e.

E [ei<u,Zt>H] _ et\I/(u)7 u€eH, t>0,

with U given by

U(u) = i, u)m — %<QU7U>H +/ (ei<“’z>H -1 -y, Z>H1{Hz\|H§1}) u(dz),

H

where b € H denotes the drift, @) denotes the covariance operator being a
positive, symmetric, trace-class operator on H, and p is a Lévy measure on
H (see e.g. [3,27,28,32]). Let (S(t))i>0 be a strongly continuous semigroup
on H. The Ornstein-Uhlenbeck process driven by (Z;);>¢ is the unique mild
solution to

AXP = AXPdt +dZ,, Xf=xz€H, t>0, (2.1)

where (A, D(A)) denotes the generator of (S(t))i>0, i.e. (X[ )i>0 satisfies

t
szS(t)x—F/ S(t —s)dZs, t>0.
0
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The characteristic function of (X[)¢>o is given by

t
E [ei<u’Xf>H} = exp (i(S(t)x,u)H +/ \I/(S(r)*u)dr) . weH, t>0.
0

See e.g. the review article [3] where also sufficient conditions for the existence
and for the uniqueness as well as properties of invariant measures are discussed.
It is well-known that the Ornstein—Uhlenbeck process has a unique invariant
measure provided that (S(¢))¢>o is uniformly exponentially stable, that is

Ja >0, M >1: 1S ey < Me™, t >0,

and the Lévy measure u satisfies a log-integrability condition for its big jumps

/ log(1 + ||z s)u(dz) < oc. (22)
{llzllz>1}

Below we show that for a uniformly convergent semigroup (S(t)):>o the corre-
sponding Ornstein—Uhlenbeck process may admit multiple invariant measures
parameterized by the range of the limiting projection operator of the semi-

group.

Theorem 2.1. Suppose that (S(t))i>0 is uniformly exponentially convergent,
i.e. there exists a projection operator P on H and constants M > 1, a > 0
such that

|S(t)r — Px||g < M|jx||ge™*, t>0,x€H. (2.3)

Suppose that the Lévy process satisfies the following conditions:

(i) The drift b satisfies Pb = 0.
(ii) The covariance operator @ satisfies PQu = 0 for all u € H.
(iii) The Lévy measure p is supported on ker(P) and satisfies (2.2).

Then for each x € H it holds
XP — Pz + X2, t— oo

in law, where X2, is an H-valued random variable determined by

E [ei<U»X3c>H} = exp </Ooo \I’(S(r)*u)dr) .

In particular, the set of all limiting distributions for the Ornstein—Uhlenbeck
process (X7 )i>o is given by {0y * pioo | y € ran(P)}, where jioe denotes the law
of X9

Proof. We first prove the existence of a constant C' > 0 such that

/OOO (@(S(r) w)ldr < C(|ullg + lullf), — we H, (2.4)
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where S(r)* denotes the adjoint operator to S(r) on L(H). To do so we esti-
mate

(W (S(r) u)] < [(b, S(r) w)u| + (QS(r) w, S(r) ) u|

)

{llzlla <1}

o,
{llzlla>1}

=L +1L+ 13+ 1,
We find by (2.3) that ||S(r)z|lg < Me™*"||z| g for all z € ker(P) and hence
L= [(S(r)b,w)u| < llullal|S(r)blla < llulla Me™*"||b]| -
For the second term Iy we use ran(Q) C ker(P) so that
1S(r)Qulla < Me™*"[|Qulla < ™" Ql L) llullz-
This yields [1QS()* m) = 5@z < Me~"|Qllz(rr) and hence
I = (QS(r)*u, S(r)"u) u
<QS(r) ullalS(r) ulla
< Mjullz|QS(r) ullu
< M|ull3 1@ £ary Me ™"
For the third term I3 we obtain

S Wz 1 i(S(r) u, 2) g | p(dz)

SN w2y m u(dz)

I3<C [(S(r)"u, 2) ] u(d2)
flzlm <1}

- 0/ [(u, S(r)2) i *n(d2)
{llzll z <1}Nker(P)

< Cllul3er / 212 (d2),

{llzlla <1}

where C' > 0 is a generic constant. Proceeding similarly for the last term, we
obtain

Is;<C min {1, [{(S(r)*u, z) x|} p(dz)
{llzlla>1}

<C min {1, [|ull pe™"||z]|x } n(dz)
{l12ll1>1}nker(P)

< Clluffre™" (u({IZH >1}) +/{ log(1 + IIzIIH)M(dz)> ;

2l n>1}
where we have used, for a = ||[u||ge™*", b = ||z]|x, the elementary inequalities
min{1,ab} < C'log(1 + abd)
< C'min{log(1 + a),log(1 +b)} + C'log(1 + a)log(1 +b)
< Ca(1+log(l+0)),
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see [19, appendix]. Combining the estimates for I, I, I3, Iy we conclude that
(4.2) is satisfied. Hence, using

lim (S(t)x,u)y = (Pz,u)g

t—o0
we find that
Jim B [eX7n] — exp <i<Px,U>H + / \I/(S(r)*u)dr>. (2.5)
— 00 0

Since, in view of (4.2), u — [;~ W(S(r)*u)dr is continuous at u = 0, the
assertion follows from Lévy’s continuity theorem combined with the particular
form of (2.6). O

The next remark shows that the Lévy driven OU-process is a particular
case of (1.1) where F,o,~ independent of z.

Remark 2.2. Let F, 0,7 be independent of the state space variables =z € H.
Then (1.1) takes the form

dXy = (AXy + F)dt + cdW; + / v(v)N(dt,dz). (2.6)
E

Setting

t
Zt:Ft+UWt+/ /V(V)N(ds,dz),
0o JE

we observe that (Z;):>0 is a Lévy process with characteristic triplet (F, o, o
4~1), up to a possible change of drift related to the compensation of jumps.
This shows that (2.6) is equivalent to

dXt = AXtdt + dZt

and hence the Lévy driven OU-process covers the case where F,o,~ in (1.1)
are independent of the state variables.

Below we briefly discuss an application of this result to a stochastic per-
turbation of the Kolmogorov equation associated with a symmetric Markov
semigroup. Let E be a Polish space and n a Borel probability measure on F.
Let (A, D(A)) be the generator of a symmetric Markov semigroup (S(¢)):>o0
on H := L?(E,n). Then there exists, for each f € D(A), a unique solution to
the Kolmogorov equation (see, e.g., [31])

do(t) B
T Av(t), v(0) = f.

Below we consider an additive stochastic perturbation of this equation in the
sense of It0, i.e. the stochastic partial differential equation

dv(t) = Av(t)dt + dZ;, v(0) = f, (2.7)

where (Z;);>0 is an L?(E, n)-valued Lévy process with characteristic function
. Let (v(t); f))i>0 be the unique mild solution to this equation.
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Corollary 2.3. Suppose that the semigroup generated by (A, D(A)) on L? =
L3(E,n) satisfies (2.3) with the projection operator

Po= [ v@pn(do).

and H = L*(E,n). Assume that the Lévy process (Z;)i>o satisfies the condi-
tions (i) — (iit) of Theorem 2.1. Then

tf—>/f n(dx) + v(o0), t — o0

in law, where v(00) is a random variable whose characteristic function is given
by

E [eiwav(wmz} = exp (/OOO \I/(S(r)*u)dr> .

We close this section with an example of a semigroup (S(t));>o for which
this corollary can be applied.

Ezxample 2.4. Let (X;);>0 be a Feller process on a separable Hilbert space
E and let (p¢)i>0 be its transition semigroup acting on Cy(E). Suppose that
(Xt)¢>0 has a unique invariant measure 7. Then, by Jensen’s inequality, (pt):>0
can be uniquely extended to a strongly continuous semigroup on L?(E,n)
which is for simplicity again denoted by (p;);>0. Suppose that this semigroup
is L2-exponentially convergent in the sense that

Jim <ptf /f dm)dn:O, Vf e L*(E,n).

Then (p¢)s>0 satisfies (2.3) with projection operator Pv = [, v(z)n(dz).

3. Preliminaries

3.1. Framework and notation

Here and throughout this work, (Q,F,(F;)ier.,P) is a filtered probability
space satisfying the usual conditions. Let U be a separable Hilbert space and
W = (Wi)i>o0 be a Q-Wiener process with respect to (F)icr, on (9, F,
(Ft)ter,,P), where Q : U — U is a non-negative, symmetric, trace class
operator. Let E be a Polish space, £ the Borel-o-field on F, and p a o-finite
measure on (E, ). Let N(dt,dv) be a (F;);>o-Poisson random measure with
compensator dtu(dv) and denote by N(dt,dv) = N(dt,dv) — dtu(dv) the cor-
responding compensated Poisson random measure. Suppose that the random
objects (W;)¢>0 and N(dt,dv) are mutually independent.

In this work we investigate the long-time behavior of mild solutions to
the stochastic partial differential equation (1.1) with initial condition X, €
L?(Q, Fo,P; H), that is

X, = (AXt+F(Xt))dt+a(Xt)th+/ V(XEN(dE dv),  £>0, (3.1)
E
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where (A, D(A)) is the generator of a strongly continuous semigroup (S(t)):>o0

on H  H>xw— F(r) € Hand H 3 x — o(x) € LY are Borel measurable

mappings, and (x,v) — 7(z,v) is measurable from (H x E,B(H) ® &) to

(H,B(H)). Here B(H) denotes the Borel-c-algebra on H, and LY := LY(H)

is the Hilbert space of all Hilbert—Schmidt operators from Uy to H, where
o := Q'2U is a separable Hilbert space endowed with the scalar product

<l’,y>U0 = <Q71/2I7Q71/2y>U = Z e <17 6k>U<6k7y>U7 vxay S UOa
keN

and Q~1/2 denotes the pseudoinverse of Q'/2. Here (ej)jen denotes an orthog-
onal basis of eigenvectors of @ in U with corresponding eigenvalues (\;);en.
For comprehensive introductions to integration concepts in infinite dimensional
settings we refer e.g. to [10] for the case of @Q-Wiener processes and e.g. to
[3,28,32] for compensated Poisson random measures as integrators. Through-
out this work we suppose that the coeflicients F’, o,y are Lipschitz continuous.
More precisely:

(A1) There exist constants L, Ly, L, > 0 such that for all z,y € H

IF() — FW)I% < Lellz -yl
Jo () - a(y)\\ig<H> < Lol — yll3,

/ [y (2, v) W) Hu(dv) < Lylle =yl (3.2)

Moreover we suppose that

/ (0, ) 2 (dv) < . (3.3)
E

Note that condition (3.3) implies that the jumps satisfy the usual growth
conditions, i.e.

[ I ntan) <2 [ ) =100 Fantan) +2 [ 1900 Fan(ar)
< 2max{L,, [E (0.0 ) (1 -+ o)
Moreover, it follows from (GDC) and (3.2) it follows
(Av,a)y < (8+VIr) 2|}, =€ D(A).

Hence A — (8 + +/LF) is dissipative and thus by the Lumer-Phillips theorem
the semigroup (S(¢)):>0 generated by (A4, D(A)) is quasi-contractive, i.e.

IS@®alg < PV o)y, € H. (34)

Then, under conditions (GDC) and (Al), for each initial condition X, €
L3(Q, Fo,P; H) there exists a unique cadldg, (F;):>o-adapted, mean square
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continuous, mild solution (X;);>o to (3.1) such that, for each T" > 0, there
exists a constant C'(T") > 0 satisfying

E

am 11| < 0 (121003 9

This means that (X;);>¢ satisfies P-a.s.

¢
X =S(t)Xo + / S(t—s)F(Xs)ds + / S(t—s)o(Xs)dWs
0

+/O /ES(t — s)y(Xs,v)N(ds,dv), t>0, (3.6)

where all (stochastic) integrals are well-defined, see, e.g., [1,28], and [17]. More-
over, for each Xo,Yy € L2(Q,Fo,P; H), the corresponding unique solutions
(Xt)i>0 and (Y3)i>0 satisfy

E[IX - ¥il}] < COE[IXo-Yolly].  tef0.T).  (37)

If Xo = x € H, then we denote by (X7 );>0 the corresponding solution to
(3.1). Such solution constitutes a Markov process whose transition probabilities
pi(x,dy) = P[XF € dy] are measurable with respect to x. By slight abuse of
notation we denote by (p;);>¢ its transition semigroup, i.e., for each bounded
measurable function f: H — R, p, f is given by

pof (2) = E[f(X7)] = /H F@peledy),  t20, zeH.

Using the continuous dependence on the initial condition, see (3.7), it can be
shown that p,f € Cy(H) for each f € Cp(H), i.e. the transition semigroup is
Cy-Feller.

In this work we investigate the the existence of invariant measures and
convergence of the transition probabilities towards these measures for the
Markov process (X7);>o with particular focus on the cases where uniqueness
of invariant measures fails to hold. We denote by p; the adjoint operator to p;
defined by

pip(dz) = /Hpt(y,dac)p(dy), t>0.

Recall that a probability measure 7w on (H, B(H)) is called invariant measure
for the semigroup (p;);>o if and only if pjm = 7 holds for each ¢ > 0. Let
P2(H) be the space of Borel probability measures p on (H,B(H)) with finite
second moments. Recall that Py(H) is separable and complete when equipped
with the Wasserstein-2-distance

N

Wiy(p,p) = inf (/ x—y@lG(dx,dy)) , p,p € Pa(H). (3.8)
GeH(p,p) HxH

Here H(p, p) denotes the set of all couplings of (p,p), i.e. Borel probability
measures on H X H whose marginals are given by p and p, respectively, see [40,
Section 6] for a general introduction to couplings and Wasserstein distances.
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3.2. Discussion of generalized dissipativity condition

In this section we briefly discuss the condition
(Az,z)g < —=Xollz|F + (Ao + M) |Przl|F,  ze€D(A),  (3.9)

where Ao > 0 and A; > 0. Note that, if (3.9) and condition (3.1) are satisfied,
then

(Az — Ay,z —y)u + (F(z) = Fy),z —y)n
< (Az—Ay,x —y)uw + VLrlz - yll;
<~ (do=VIr) 2=yl + Co+ M) [P = Piglllr, (310)

i.e. the generalized dissipativity condition (GDC) is satisfied for « = A\g—+/Lp
and # = A1 ++/Lp, provided that A\g > /Lp.

Proposition 3.1. Suppose that there exists an orthogonal decomposition H =
Hy @ Hyi of H into closed linear subspaces Ho, Hi C H such that (S(t))i>0
leaves Hy and Hy invariant and there exist constants \g > 0 and Ay > 0
satisfying

IS@zollr < e zoll, SOzl < e aillm,  VE20.

for all xy € Hy and x1 € Hy. Then (3.9) holds for Py being the orthogonal
projection operator onto Hi.

Proof. Let Py be the orthogonal projection operator onto Hy. Since (S(¢))¢>0
leaves the closed subspace Hy invariant, its restriction (S(¢)|m, )i>0 onto Hyp is a
strongly continuous semigroup of contractions on Hy with generator (Ag, D(Ay))
being the Hy part of A, that is

Agr = Ax, x e D(Ao) = {y S D(A) N Hy | Ay S H()}

Since Hj is closed and S(t) leaves Hy invariant, it follows that Ay = lim; g
SWy=v ¢ Hy for y € D(A) N H, ie. D(Ag) = D(A) N Hy and Py : D(A) —
D(Ayp).

Arguing exactly in the same way shows that the restriction (S(¢)|a, )i>0 is
a strongly continuous semigroup of contractions on H; with generator
(A1,D(Ay)) given by Ajx = Az and & € D(A;) = D(A) N Hy so that
P, : D(A) — D(A;). Since S(t) leaves Hy and H; invariant, we obtain
PyS(t) = S(t) Py, P1S(t) = S(t) Py from which we conclude that AP,z = P Az
and APyx = PyAx for x € D(A).

Since (e*?S(t)|,)e>0 is a strongly continuous semigroup of contractions
on Hy with generator Ag+ Ao/, and (e*’\ltS(t)|Hl)t20 is a strongly continuous
semigroup of contractions on H; with generator A; — A1, we have by the
Lumer-Phillips theorem (see [31, Theorem 4.3])

(Aozo, xo) i < —Aollwoll3; and (Arz1,21)m < M|21|%, o0 € Ho, 1 € Hi.
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Hence we find that

(Az,xyy = (Ax, Pox)y + (Azx, Pia)y
= (PyAz, Pyx)g + (P Az, Pia) g
= (AoPox, Pox)g + (A1 Prx, Pia) g
—XollPox|l7 + Al Pre %
= —XollzllF + (Ao + )| Przllf,

IN

where the last equality follows from Hy 1 H;. This proves the assertion. [

At this point it is worthwhile to mention that Onno van Gaans has inves-
tigated in [39] ergodicity for a class of Lévy driven stochastic partial differen-
tial equations where the semigroup (S(¢));>0 was supposed to be hyperbolic.
Proposition 3.1 can be also applied for hyperbolic semigroups provided that
the hyperbolic decomposition is orthogonal. The conditions of previous propo-
sition are satisfied whenever (S(t));>o is a symmetric, uniformly convergent
semigroup.

Remark 3.2. Suppose that (S(¢));>0 is a strongly continuous semigroup on H
and there exists an orthogonal projection operator P on H and Ag > 0 such
that

|S(t)x — Px||g < e 2|z — Pz, t>0, z€H. (3.11)

Then the conditions of Proposition 3.1 are satisfied for Hy = ker(P) and
H; =ran(P) with Ao > 0 and A\; = 0. In particular, (S(¢));>0 is a semigroup
of contractions.

The following example shows that (3.9) can also be satisfied for non-
symmetric and non-convergent semigroups.

Example 3.3. Let H = R?, Hy = R x {0}, H; = {0} x R, and denote by
Py, P; the projection operators onto Hy and Hy, respectively. Let A be given
—-11

byA:(O 1).Then

(()4(0)) - -asr

1
—5(1‘2 +97) + 27

IN

1
—5 1@ w)lE + 2P, )iz

—t ef—e?
i.e. (3.9) holds for Ag = 1 and A\; = 2. Since e = (eo K >, it is clear

that neither the conditions of Proposition 3.1 nor of Remark 3.2 are satisfied.
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3.3. Key stability estimate
Define, for x,y € D(A), the function

L1 13w, y) = 2A(e — y) + F(2) - Fg) — g + lo(@) — o0)l2gea,
/ () = () ().

Remark that if (1.1) has a strong solution, then the function
L( - 17)(2) = 2(A(2) + F(2), 2 + llo () 29y + /E Iy (2, ) | ().

is simply the generator £ applied to the unbounded function ||z||%, see, e.g,. [2,
equation (3.4)]). Since we work with mild solutions instead, all computations
given below require to use additionally Yosida approximations for the mild
solution of (1.1).

Below we first prove a Lyapunov-type estimate for £(|| - ||%) and then
deduce from that by an application of the generalized Ito-formula A.2 to (3.1)
an estimate for the L?>-norm of X7¥ — X/.

Lemma 3.4. Assume that condition (GDC) and (A1) are satisfied. Then
L(|-F) (@, y) < = 20— Lo — Ly) |z =yl +2(a+ )| Pre = Pyl (3.12)

holds for x,y € D(A).

Proof. Using first (A1) and then (GDC) we find that

L(I- ) (@, y) < (Lo + L)z =yl
+2(Az — Ay, x —y)y + 2(F(z) — F(y),z —y)u
—(2a— L, — L) lz — ylf + 2 (a + B) | Pre — Pryl[F.
This proves the asserted inequality. O

The following is our key stability estimate.

Proposition 3.5. Suppose that (GDC) and (A1) are satisfied, that

e:=20—L,— Ly, >0, (3.13)
and suppose that
sup [ (e n(ar) < . (3.14)
x€H JE
Then, for each Xo,Yy € L*(Q, Fo,P; H) and all t > 0,

E [|X: — Y2|1%]

t
< e 'R [|| X0 — Yoll3] +2(a + B) / IR [|PX, = PYi[1F] ds,
0
(3.15)

where (X¢)i>0 and (Yi)i>o denote the unique solutions to (3.1), respectively.
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Proof. Let (X[")i>0 and (Y");>0 be the strong solutions to the corresponding
Yosida-approximation systems

{dXt” — AX] + R, F(X)dt + R0 (X)W, + [ Ruy (X', v)N(dt, dv),
X2 =RpXo, t>0
and
{dYt” — AY] + R, F(Y)dt + Roo (V) AW, + [ Ruy (Y, v)N(dt, dv),
Yo =R,Yy, t>0

where R, = n(n — A)~! forn € Nwithn > a+ 8+ +Lr =: \. By (3.4) we
find for each n > 1 + X the inequality

Sl < (14 Azl

n
[Bnz|m <
n—

By classical properties of the resolvent (see [31, Lemma 3.2]), one clearly has
R,z — zasn — oo in H . Moreover, by properties of the Yosida approximation
of mild solutions of SPDEs (compare e.g. with Appendix A2 in [28] or Section
2 in [2]) we have

lim E l sup | X7 — Xyl + sup [Vi" = Yilf| =0, VT >0
n—oo te[0,T te[0,T]

and hence there exists a subsequence (which is again denoted by n) such that
X — X; and V)" — Y, hold a.s. for each ¢ > 0. Following a method
proposed in [2] we verify that sufficient conditions are satisfied to apply the
generalized Ito-formula from Theorem A.2 to the function F(t,2) := €|
where € = 2a — L, — L., is given by (3.13):

2%
Xy =Y =Rn(Xo—Yo)+/t {AXS =Y + R (F(XY) = F(YS))} ds

/R (X)) — o (Y1) dW, +/ /R — (Y, v))N(ds,dv).

Observe that, by condition (A1) and (3.14), one has

/0 /E | Rn /(X2 0) — 7Y, ) |2 (o) ds
t oY) — ANIE v)ds
+ / /E IR (/X0 0) =AY, )| d)d
< (142 / / (X2 0) = A, 0) |2 o) ds

8(1+ ) / / V(X ) + Y D)) wldv)ds
L [ = v
0

+16(1+ A)*t sup / (2, ) | dv) < 0o
z€eH JE
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Thus we can apply the generalized Ito-formula from Theorem A.2 and obtain
(similar to (3.5) in [2])

!XT =Y IE — |1 Ra(Xo — Yo)lI

t
- / (26 (X2 — V"), Ru(o(XT) — o(Y)dWa) i
0
t
+ / o [ X7 — Y2 + La(] - [2) (X7, Y] ds

+f t [ T =Y 4 R0 (X20) = 20y
— X3 = Y3 N(ds, dv), (3.16)
where we used, for z,w € D(A), the notation
Lo(ll - 7)) (2 w) = 2(2 = w, A(z = w) + Rn(F(2) = F(w)))u
+[[R(0(2) = o(w))l| 70

" /E | R (22 7) — (a0, 0) 3y a(d).

Taking expectations in (3.16) yields
B [|X7 =Y 7] —E [1Ra(Xo = Yo) 7]

t

Lemma 3.4 yields
E [| X7 = V"] —E [ Ba(@ - v)lI%]

t
e+t 5)/ SE[|[PXT — Y] ds
0

SE[/ (=Ll )XY + La(ll - 17 (X2, YS))ds | -
0

Below we prove that the right-hand-side tends to zero as n — oo, which would
imply the assertion of this theorem. To prove the desired convergence to zero
we apply the generalized Lebesgue Theorem (see [28, Theorem 7.1.8]). For this
reason we have to prove that

LA IE) XY = La(ll - 1) (XT, Y7 — 0 (3.18)

holds a.s. for each s > 0 as n — oo and, moreover, there exists a constant
C > 0 such that

LA 1) (XY = Lol - )XY < CIXE =Yg (3.19)
We start with the proof of (3.18). Denote I} := F(X7?) — F(Y]), o =

S

o(X?) — oY) and 4 (v) = y(XI,v) — v(Y*,v) and analogously Fs :=
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F(Xs) = F(Yy), 05 := 0(Xs) — o(Ys) and v5(v) := y(Xs,v) — v(Ys, v) for each
n €N, s>0and v € E. Then

(- 17X Y = Ladll - 1F) (X, Y)

< 2(XD = VP, P — RaFP) | + 0212 — | Rao? 2,
+ /E I E @2 — | R ()| ldo)
=L+1+ 13

For the first term I; we estimate

L <2(X7 =Y ulFS — RoFY |
< 2||X;L - stHH(Han - FSHH + HFS - RnFSHH + ”RnFs - RnanHH)
<2 X =Y u (|1FS = Folla + [|1Fs — RuFsllm + (L+M|[Fs — F'|la) -

Using that X7 — X, and Y* — Y as a.s. for some subsequence (also denoted

by n), we easily find that the right-hand side tends to zero. The convergence
of the second term follows from

L = [0y = 1Bno?llzg| (o 1lzg + 1 Bno lzg)
<@+ MNVIollog = Ruogllgl X =Y a
< N VLN XT =Y 1 (lof =0sllog + los = Ruoslleg + llos — ol llzg) -

It remains to show the convergence of the third term. First, observe

h§J2+AXLH%W0—Rwﬁ@mHWﬁWWHMMW
<2+ /E (||’Y:(V) =1l + [17s(v) = Ravs ()|

+ [[Rnys (v) = anf(l/)llH) [lvs () ()

1

<2+ (/ Iz @) s du) [(/ o >||Hu<dy))§
(/ l|vs (v Rn%(u)\léu(du)) : n (/ 1 Roys(v) — R”’Y?(V)”?{,u(dy))é]

< V2(2+ ALy |XT = Y (1XE — Xl + (1Y = Vi)

@ NV IXT Y ( e Rws(l/)l\?m(dV))

= +13

1
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where the last inequality follows from condition (A1) combined with the in-
equality

[ Ryys(v) — Rn'Y?(V)”%{
< (T + )2 (v) = v H
21+ 0 (IV(Xs,v) = (Y, ) F + [IV(XT,v) = (Y ) |lr) -

The first expression I clearly tends to zero as n — oo. For the second ex-
pression I3 we use the inequality ||vs(v) — Rovs(V)[1% < 2(2+ A)?||vs(v)[|% so
that dominated convergence theorem is applicable, which shows that I3 — 0
as n — oo a.s.. This proves (3.18). Concerning (3.19), we find that

Q- 1B (X V) — Lol - [20)(X0, Y]
< AKX — ¥ FD — RaF2) ]+ 0 i) — 1R o)
" ] [ PO = R ) ()

<22+ NXE =Y alF e + (L + 1+ X)?)

102 By + [ I3 0)lta)|
<92+ NEpIXT = Y2 + (1 (14 0?) (Lo + L) X2 = V2B,

Hence the generalized Lebesgue Theorem is applicable, and thus the assertion
of this theorem is proved. O

Note that condition (3.14) is used to guarantee that the Itd-formula A.2
for Hilbert space valued jump diffusions can be applied for (z,t) — e'¢||z||%.
The assertion of Proposition 3.5 is also true when ¢ < 0, but will be only
applied for the case when € > 0.

4. Convergence to limiting distribution

4.1. The strongly dissipative case

As a consequence of our key stability estimate we can provide a simple proof
for the existence and uniqueness of a unique limiting distribution in the spirit
of classical results such as [32, Section 16], [10, Chapter 11, Section 5], and
[36].

Theorem 4.1. Assume that condition (GDC) is satisfied for Py = 0 (and hence
B=0), (A1) holds, and (3.14) is satisfied. If (3.13) is satisfied, then

Wa (9} p,pip) < Wal(p, p)e /2, >0, (4.1)

holds for any p,p € P2(H). In particular, the Markov process determined by
(3.1) has a unique invariant measure w. This measure has finite second mo-
ments and it holds that

Walpip,m) < Walpme=2, 120, (42)
for each p € Py(H).
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Proof. Using (GDC) with P; = 0 combined with Proposition 3.5 we find that
E[IX7 - XV|H] <e e —ylf,  zyeH
Using the definition of the Wasserstein distance, we conclude that
* * x 1/2 —
W (pi 80, pi8,) < (EIIXT = XYI31) " < Il = yllwe=t/2.

The latter one readily yields (4.12). Finally, the existence and uniqueness of an
invariant measure as well as (4.2) can be derived from (4.12) combined with a
standard Cauchy argument. O

This result can be seen as an analogue of the conditions introduced in [32,
Section 16], [10, Chapter 11, Section 5], and [36], where a similar statement
was given. Opposite to this case, in this work we focus on the study of multiple
invariant measures. For this purpose we will assume that € > 0 and that (GDC)
holds for some P; # 0.

4.2. The case of vanishing coefficients

While Proposition 3.5 provides an estimate on the L2-norm of the difference
X7 — X/, such an estimate alone does neither imply the existence nor unique-
ness of an invariant distribution. However, if the coefficients F), o,y vanish at
Hjy, then we may characterize the limiting distributions in L2

Theorem 4.2. Suppose that (GDC) holds with a projection operator Py, (A1),
(3.14), (3.13) are satisfied, that (S(t))i>o0 leaves Hy := ran(I — Py) invariant,
and that ran(Py) C ker(A). Moreover, assume that

P,F=0, P.o=0, P,y =0. (4.3)
Given any Xo € L?(Q, Fo,P; H) which satisfies
F(PiXo) =0, o(P,Xo) =0, 7v(PiXo,-) =0,  a.s., (4.4)
then the inequality
E [|X: — P Xol%] < e *E[||(I = P1)Xoll]

holds. In particular, let p be the law of Xo € L?(Q, Fo,P; H) and py be the law
of P Xy, respectively. Then py is an invariant measure.

Proof. Fix Xo € L*(Q, Fo,P; H) with property (4.4) and set Py = I — P;. Since
ran(Py) C ker(A) we find that S(t)P; = P, for t > 0 and hence PyS(t)P; = 0.
Moreover, since (S(t)):>0 leaves Hy invariant, we obtain PyS(t) = PyS(t) Py +
PyS(t)Py = PyS(t)Py = S(t)Py. Hence, using (4.3) we find that

P X: =P S{t)Xg=P1S(t)PoXo+ PiS(t)P1Xo = P Xp.
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From this we conclude that (PyX;):>o satisfies

t t
Py X, = PoS(t)Xo + / Pos(t — S)F(Xé)ds + / P()S(t — S)O'(Xs)dWS
0 0

+/0 /EPOS(t_s)'V(XS)N(dSvdV)

t
= S(t)PQXQ + / S(t - S)PoF(PlX() + P()Xt)ds
0
t
+ / S(t - S)P()O’(PlXO + PoXs)dWS

/ / S t— S)Po’y(PlXo + P X ) (dS dV)

S(t)POX0+/tS(tS)ﬁ(PoXt)d8+/tS(tS) (P()X )dW

//St—s (PoX.) N (ds, dv), 0

where we have set F(y) := PyF(PyXo + y), o(y) := Pyo(PXo + y) and
F(y,v) := Pyy(P1 Xo + y,v) for all y € Hy and v € E. Since these coefficients
share the same Lipschitz estimates as F, o and v, are Fp-measurable and the
noise terms are independent of Fy, we can apply Proposition 3.5 (conditionally
on Fy) to the process (PyX¢):>0 obtained from the above auxiliary SPDE and
obtain

E[||X; — PiXol %] = B[ PoX: ]3] = Bl PoX: — PoY, 3] < e “"E[[| Po Xol|%],
where we have used that PyY; = 0 for the unique solution with Yy = 0 due to
(4.4). O

This theorem can be applied, for instance, to the Heath—Jarrow—Morton—
Musiela equation, see Sect. 5.

4.3. Main result: the general case

In Theorem 4.2 we have assumed (4.3), (4.4), and that (S())i>0 leaves Hy
invariant. Below we continue with the more general case. Namely, for the
projection operator P; given by condition (GDC) we set Py = I — P; and
suppose that:

(A2) The semigroup (S(t))¢>0 leaves Hy :=ran(I — P) invariant, one has
Pioc=Py=0 and P F(x) =P F(Pz), r € H.

Let us briefly comment on this condition. Let (X;);>o be the unique solution

0 (3.6) and decompose the process X; according to X; = PyX; + P X;.
Then condition (A2) simply implies that Py X; is Fp-measurable and satisfies
w-wisely the deterministic equation

flt;z) = PLS(t)x —l—/o P S(t—s)P F(Pif(s;x))ds, f(0,z)=x¢€ H, (4.5)
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ie. X, = f(t;x) with f(0,2) = * = X holds a.s. Our next condition
imposes a control on this component:

(A3) For each x € Hy; = ran(P;) there exists f(z) € Hy and constants C(x) >
0, (z) > 0 such that

If(t:2) = F(@)|3 < Clx)e™, e>0.

Without loss of generality we will always suppose that d(z) € (0,|e]). Such
assumption will simplify our arguments later on. Note that, if PyF(P;-) =0
then condition (A3) reduces to a condition on the limiting behavior of the
semigroup (S(t))s>0 when restricted to H; = ran(P;). In such a case condition
(A3) is, for instance, satisfied if ran(P;) C ker(A). Recall that condition (GDC)
was formulated in the introduction and that (A1), (3.14) and (3.13) were
formulated in Sect. 3. The following is our main result in this section.

Theorem 4.3. Suppose that condition (GDC) holds for some projection opera-
tor Py, that conditions (A1) — (A3), (3.14) and (3.13) are satisfied. Then the
following assertions hold:

(a) For each x € H there exists an invariant measure w5, € Po(H) for the
Markov semigroup (pi)i>o0 and a constant K (o, 8,¢,h) > 0 such that

WZ(pt(% ')77(-51) S K(aaﬂagux)e_@a t Z 0.

(b) Suppose, in addition to the conditions of (A3), that there are constants 0
and C, such that

§() >8>0 and C(x) <CQA+ ||z|m)* x € H. (4.6)

Then, for each p € Po(H), there exists an invariant measure m, € Po(H)
for the Markov semigroup (p¢)i>0 and a constant K(«,3,e) > 0 such
that

Wa(pip,m,) SK(a,ﬁ,e)/ (1 + |lzllm)2p(d)e=t, >0,
H

The proof of this theorem relies on the key stability estimate formulated
in Proposition 3.5 and is given at the end of this section. So far we have stated
the existence of invariant measures parametrized by the initial state of the
process. However, under the given conditions it can also be shown that 75, as
well as 7, depend only on the H; part of = or p, respectively.

Corollary 4.4. Suppose that condition (GDC) holds for some projection oper-
ator Py, that conditions (A1) — (A3), (3.14) and (3.13) are satisfied. Then the
following assertions hold:
(a) Let x,y € H be such that Pix = Pyy. Then s, = 75,
(b) Suppose, in addition, that (4.6) holds. Let p,p € P2(H) be such that
poP; ' =poP!. Thenm,=mj.

Let us briefly compare the conditions imposed in Theorem 4.2 with those
imposed in Theorem 4.3. In Theorem 4.3 we have weakened (4.3) with respect
to F' by replacing PiF' = 0 by P, F(x) = P,F(Pyz). Moreover, we have re-
placed ran(P;) C ker(A) by condition (A3). Finally note that condition (4.4)
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is not assumed in Theorem 4.3. Below we provide a counter example showing
that, in general, condition (A3) cannot be omitted.

Ezample 4.5. Let H = R? and (W1)i>0 be a 2-dimensional standard Brownian
motion. Let V; = (Y}, Y;?) € H = R? be the solution of

-1 1 1 0
dYt:(O 1>Ytdt+(0 O>th.

Then condition (A1) holds for FF = 0, v = 0 and clearly o(x) = ((1) 8)

Example 3.3 shows that (GDC) holds with P; being the projection onto the
second coordinate. Moreover, (4.3) and hence (A2) holds. However, since

t
Y2 =eYZ + / et=sdW?
0

it is clear that condition (A3) is not satisfied. Moreover, Y;? does not have a
limiting distribution and hence also Y; cannot have a limiting distribution.

The next remark shows that, under a stronger condition on the Lévy
measure, the results obtained in Theorem 2.1 could partially also be deduced
from the general statements of this section.

Remark 4.6. The results obtained in Sect. 2 for the Lévy driven Ornstein—
Uhlenbeck process could partially be also obtained from the above results.
Indeed, (2.1) can be cast into the form

dX? = AXPdt + dZ,
= (AX? 4 b)dt + QdW; + /
Szl <13\ {0}

= (AX] + b+ c)dt + QdW, + / zN(dt, dz),
H\{0}

ZN(dt,dz) + / zN(dt,dz)
{IIzllz>1}

where ¢ = f{HZHH>1} zu(dz) and we have used the Lévy-Ito decomposition for
the Lévy process (Z;)¢>o, i.e.,

Zy = bt + QWy + / ZzN(dt,dz) + / zN(dt,dz),
{llzllz<13\{0} {llzllm>1}

where N (dt, dz) is a Poisson random measure with compensator dtu(dz). Sup-
pose that the conditions of Theorem 2.1 are satisfied. If the semigroup gener-
ated by (A, D(A)) is also symmetric, then using Proposition 3.1 one can show
that also (GDC) holds. Condition (Al) is clearly satisfied for L, = L, = 0
and o(z) = Q, v(x, z) = z. Thus (3.13) is satisfied. To prove condition (A2)
we let Hy = ker(P), H; = ran(P) and observe that PX;, compare with (4.5),
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simplifies to
t

PX, =PS(t)x+ /t PS(t—s)(b+c)ds + / PS(t— s)QdWs
0 0

t
—|—// PS(t — s)zN(ds, dz)
0 JH\{0}

¢
= Pz + / / PzN(ds,dz),
0 JH\{0}

where we have used PS(t — s) = PS(t — s)P = P and the conditions imposed
in Theorem 2.1 on the Levy triplet, i.e., P(b+¢) = 0 and PQ = 0. Noting that
supp(p) C ker(P) we find that N is supported on R, x ker(P) and hence

/ / PzN(ds,dz) = 0.
H\{0}

This shows that condition (A3) is satisfied for any choice of C(z),d(z) and
f ( ) = Pz. Finally, (3.14) requires that u satisfies the stronger moment con-

dition
/ alla(dz) < oo
{llzlla>1}

Thus under the above assumptions the existence of multiple invariant mea-
sures for the Ornstein—Uhlenbeck process also follows from Theorem 4.3 and
Corollary 4.4. However, in contrast to Theorem 2.1, the general results from
this section, do not provide an explicit characterization of the limiting distri-
butions in terms of the Fourier transform and also require to assume stronger
conditions.

Next we turn to a proof of Theorem 4.3 and Corollary 4.4.

4.4. Construction of a coupling

Let x € H and let (X7);>0 be the unique mild solution to (3.6). Below we
construct for given 7 > 0 a coupling for the law of (X7, X7, ). Let (Y;"")¢>0
be the unique mild solution to the SPDE

YT = x—f—/ S(t—s)F (Ydes—i—/ St —s8)o(YET)dWT

//SFS}W'WWMM 1> 0, @7)

where WT = W, — W, is a Q-Wiener process, and N T(ds,dv) defined by
NT((0,8] x A) == N((r,7 +t] x A)

for t > 0 and A € £ is a Poisson random measure with respect to the filtration
(f;—)SZO defined by F7 = Foir.

Lemma 4.7. Suppose that (GDC), (A1), (3.14) and (3.13) are satisfied. Then
for each x € H and t,7 > 0 the following assertions hold:

(a) Y;"" has the same law as X¥.
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(b) It holds that
E [V, = X7 5] < e B [llo - X713

t
+2(a+9) [ e CIR[PYET - PXE ] ds
0

Proof. (a) Since (3.6) has a unique solution it follows from the Yamada-
Watanabe Theorem (see [26]) that also uniqueness in law holds for this equa-
tion. Since the driving noises N7 and W7 in (4.7) have the same law as N and
W from (3.6), it follows that the unique solution to (4.7) has the same law as
the solution to (3.6). This proves the assertion.

(b) Set X" := X[ __, then by direct computation we find that

t+7 t+7
X" =8(t)S(1)x + / S(t+71—s)F(X7)ds + / S(t+7 = s)a(X;)dW,
0

0
t+71 .
—|—/0 /ES(t—i—T—s)v(Xs,u)N(ds,dy)
— S(H)S(7)z + S(t) /0 S(r — $)F(X)ds + S(t) /O S(r — s)o(X2)dW,

+S(t) /OT/ES(T—S)V(X;C,V)N(ds,dV)

t t4+7
+/ S(t+T—s)F(X§)ds+/ St+4+ 71— s)o(XZ)dW,

+/H</S@+T—@%X$WNW&W)

= S X" + /St—s) (Xg”ds—i—/St—s) (XTT)AWT

//St—s (X57 )N (ds, dv),

where in the last equality we have used, for appropriate integrands ®(s, v) and
U(s), that
/ s)dW, = / (s+7)dW],

/ / s,v)N(ds, dv) // (s +7,v)N7 (ds, dv).

Hence (X;"7)¢>0 also solves (4.7) with 7§ = F, and initial condition X" =
XZ. Consequently, the assertion follows from Proposition 3.5 applied to X;""
and Y,"7. O

4.5. Proof of Theorem 4.3

Proof of Theorem 4.3. Fix x € H and recall that p;(x,-) denotes the transition
probabilities of the Markov process obtained from (3.6). Below we prove that
(pe(z,-))e>0 C P2(H) is a Cauchy sequence with respect to the Wasserstein
distance Wy. Fix t,7 > 0. We treat the cases 7 € (0,1] and 7 > 1 separately.
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Case 0 < 7 < 1: Then using the coupling lemma 4.7.(b) yields

W (pris (2, ), pi(w, ) < (B [V = X7 [13%])

<o 3 (B [IXT - 2l|%])"

t
VB ([ e IR AT Pz T ds)

=: Il + Ig.

1/2

The first term I; can be estimated by

L<e  sup (E[IXT—2]3])".

To estimate the second term I we first observe that by condition (A2) we
have P,Y®7™ = P X = f(s;x) being deterministic and hence by condition
(A3) one has for each s > 0 that

E[|PYST = PIXTH] < 20PYST — fo)llf +201PXEy, — XS
< 40(z)e0@s, (4.8)

This readily yields
t
/ e~ c(t=9) [HPlYSa:,T . Png_._.,-”%{] s
0
t
< 40(z) / TR
0

= 4C(m)e*5t76(€_5(w))t -1

e—o(x)
efé(:c)t
< 40($)E—75((IJ). (4.9)

Inserting this into the definition of I gives

Case 7 > 1: Fix some N € N with 7 < N < 27 and define a sequence of
numbers (an)n=0,...N by

ap =
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Then ap = 0, ay = 7 and a, —a,—1 = § =: » € (%,1) forn=1,...,N.
Hence we obtain from the coupling Lemma 4.7.(b)

W2(pt+7—(.’13, '),pt($7 ))

< Z WQ(pt+an ($7 ')7pt+an—1 (mv ))

n=1

N 1/2
< Z ( |: }/tﬁ-:n 1 th+an71+%||2H})

N, 1/2

N L))

N t+an,_1 ) 1/2
2(a+ ) Z </ o e TIR [leysx’% - P1X§+%||H] dé‘)
0

=:J1 + Jo.

For the first term J; we use s > l so that

Ze 5(n—1) <Ze = (1-e" fl)_1,

from which we obtaln

N

€ 1 €

Ji=e 2! sup (E[||X§—m||H 2 E e~ z#(n—1)
s€[0,1] ne1

€

< sup (E[|X7 —2|3))? (1—e %) e 5t
1

To estimate the second term Jo we first observe that by condition (A2) we
have P,Y?™ = P X? = f(s;x) being deterministic and hence by condition
(A3), one has for s > 0

E[|PY2" — PLXE 3] < 21PYE” — fa) |3 + 20 PuXE L — F@)lh
< 40( ) —4( a;)s
Hence we find that
t+an—1
/ e~sttan 1= [| P YS* — PLXT, %] ds
0

t+an—1
< 4C() / o e(than1=8) g—3(2)s g
0

o(e=0(@) (t+an—1) _ 1

— 7€(t+an,1)
4C(z)e P o

e—é(r)t s
< 40(z) ——e d@an
<400 e
<10 e—ts(z)t B
< 4C0E@) —5¢

S(z
5 (1)
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(n —1). From this

where the last inequality follows from a,,—1 = s(n — 1) > %

we readily derive the estimate

D\ "1 b=
Ty <2 (o + B)C(z) ( ¢ >) o2
Hence, using also (3.5) we obtain

(),

W2(pt+‘r(x, '),Pt(% )) é K(a,ﬂ,e,x)ef 20 taT 2 O, (410)

where the constant K(«, 3,e,x) > 0 is given by

_ (a+0)C@) () x\!
K (e B,2) = K1+ |zl ) + 2y [ (1 —e )

—4(z)

with another constant K (g) > 0. This implies that, for each x € H, (pi(x,))i>0
has a limit in Py(H). Denote this limit by 75, . Assertion (a) now follows by
taking the limit 7 — oo in (4.10) and using the fact that K(a,(,¢,x) is
independent of 7.

It remains to prove assertion (b). First observe that, using é(x) > ¢ > 0
and C(x) < C(1+ ||z| g)*, we have

K(a,f,e,2) < (14 |l )’ K (@ 3,¢)

for some constant I?(oz, B,¢). Note that

prp(dy) = /H pi(z,dy)p(dz) and p;, p(dy) = /H Prir(2,dy)p(dz).

Hence using first the convexity of the Wasserstein distance and then (4.10) we
find that

WM&M%M§LWMWWJ%@%WM

~ _s
< K(,0.0) [ (4 el o) -
H
Since p € Pa(H), the assertion is proved. O

4.6. Proof of Corollary 4.4
Proof of Corollary 4.4. Recall that, by condition (A2) the process P; X7 solves

t
Ple = Pls(t)Plx + / PlS(t - S)F(Png:)dS
0

Since F' is globally Lipschitz continuous by condition (A1), it follows that this
equation has for each x € H a unique solution and is deterministic. From this
we readily conclude that P X} = P; X} holds for all ¢ > 0, provided that
Pyx = Pyy. Hence Proposition 3.5 yields for such x,y

E[|X7 - XY|5] <ellz -yl vEx0. (4.11)
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Then for each x,y € H with Pyx = Pyy and each t > 0 we obtain
W2<7T5xaﬂ-5y> S W2(7T§w,pt(.'1/', )) + Wg(pt($7 ')7pt(y7 )) + W2(pt(y7 ')7 7T5y)
< W2(7T5m’pt(x7 )) + e_%t”x - y”H + WQ(pt(y7 ')7 7T5y)'
Letting ¢ — oo yields 75, = 75, and hence assertion (a) is proved.
To prove assertion (b), let p,p € P2(H) be such that po Pfl =po Pfl.
Then
Wo(my, m5) < Walmy, pip) + Walp; p, pi p) + Walpi p, mp)
Again, by letting t — oo, it suffices to prove that

lim sup Wa(p; p, pip) = 0. (4.12)

Let G be a coupling of (p, p). Using the convexity of the Wasserstein distance
and Proposition 3.5 gives

Wa(p;ip, i p)

S W2(pt(£7 ')7pt(y7 ))G(dﬂ'}, dy)
HxH

< [ (@l - X)) Glardy)
HxH

< / e~z — yl|nG(dx, dy)
HxH

t 1/2
wvEarm [ ([ e orlinx - pxt) ) Gy
0

HxH
= .[1 + 12.

The first term I; satisfies

< (2+ /H lelZp(dz) + /H IIyII%ﬁ(dy)>

For the second term we first use (A2) so that P, X? = P X% P XY =
Py X1 and hence we find for each 7' > 0 a constant C(T) > 0 such that for
te0,1]

t 1/2
Iy = /2(a+p) (/ e s=9)|| P X7 — P1Xg|fqu) G(dz, dy)
0

H1><H1

1/2
<o) (/H lexplyn%c:(dx,dy)) .
X

Let us choose a particular coupling G as follows: By disintegration we
write p(dz) = p(r1, do)(p o Py V)(dir), p(dz) = pe1, do) (7 o Py 1)(dir) =
oy, dxg)(po Py b)(dey) where p(21, dxg), p(x1, dzo) are conditional probabil-
ities defined on B(Hp) and we have used that (po Py ) (dzy) = (po Py ) (day).
Then G is, for A, B € B(H), given by

G(Ax B):= / L (0, 1)L (o, 91 )p (1, dro) (s, dyo)Gi(da, di ),
HxH
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where G is a probability measure on H? given, for Ay, By € B(H;), by
G(A1 x B)) = (po PP (A NB) =p({z € H | Pz € AiNB1}).
For this particular choice of G we find that

[ IPa = Pl Glas,dy)

Hx

- / / les — 1 |, daro)(un, dyo)G(dey, dyn)
H1><H1 H02

- / o1 — 1% G(day, dy) = 0
H1 ><H1

and hence I> = 0, since G is supported on the diagonal of Hy x H;. This proves
(4.12) and completes the proof. O

5. The Heath—Jarrow—Mortion—Musiela equation

The Heath—Jarrow—Morton-Musiela equation (HJMM-equation) describes the
term structure of interest rates in terms of its forward rate dynamics modelled,
for B > 0 fixed, on the separable Hilbert space of forward curves

Hg ={h:R; — R: his absolutely continuous and ||h|/g < oo},
(hyg)s = / W (2)g () da (5.1)

with norm ||h[|3 % = (h,h)g. Such space was first motivated and introduced by
Filipovic [15]. Note that h(00) 1= limg .o h(x) exists, whenever [;*(h'(z))?
ePrdr < oo. It is called the long rate of the forward curve h. The HIMM-
equation on Hpg is given by

dX, = (AXt + FHJMM((T, ’y)(Xt)) dt + O’(Xt)th + fE ’Y(Xt, I/)N(dt, dl/)7
X() € L2(Q7ﬁ), ]P); Hg)

(5.2)

where (W3)>0 is a Q-Wiener process, N (dt,dv) is a compensated Poisson

random measure on F with compensator dtu(dv) as defined in Sect. 3.1 for

H := Hg, and
(i) Ais the infinitesimal generator of the shift semigroup (S(t))¢cr, on Hg,
that is S(¢t)h(x) := h(z +t) for all t,x > 0.
(ii) h — o(h) is a B(Hg)/B(LY)-measurable mapping from Hg into L3(Hp)
and (h,v) — v(h,v) is B(Hg)®& /B(Hg)-measurable mapping from Hpg x

E into Hpg.
(iii) The drift is of the form
Frymn(o,)(h) =Y o (h) / v(h,v) (er(h’”) - 1) u(dv),
E

jEN
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with o7 (h) = \/Ajo(h)e;,
Ej(h)(t):/O o?(h)(s)ds and T'(h, V)(t):—/o v(h,v)(s)ds.

The special form of the drift stems from mathematical finance and is sufficient
for the absence of arbitrage opportunities. We denote the space of all forward
rates with long rate equal to zero by

Hj = {h € Hg : h(c0) = 0}.

For the construction of a unique mild solution to (5.2) the following conditions
have been introduced in [11]:

(B1) o : Hy — L3(HY), v : Hg x E — Hy, are Borel measurable for some
g > p.

(B2) There exists a function ® : E — R, such that ®(v) > [['(h,v)(t)| for all
he€ Hg,ve Fandt>0.

(B3) There is an M > 0 such that, for all h € Hg, and some ' >

o)Ly < M, / Y max{ |y (h, )15, 1y (o) |5 b u(dv) < M.

B4) The function Fy : Hz — HY defined by
B B

Fufh) = = [ 2(hw) (") = 1) i)

has the weak derivative given by

) = [ A ) - [ (j;w(h,u)) () 1) (a)

ere are constants L, > 0 such that, for all hy, he € , we have
B5) Th Ls,L, >0 h that, for all hy, h Hpg h
lo(h) = o(h2) |29,y < Lallha — hall3,

/E ey (hr, 1) — (s ) 3o sa(dw) < Lol — hall?.

The following is the basic existence and uniqueness result for the Heath—
Jarrow—Morton-Musiela equation (5.2).

Theorem 5.1. [11] Suppose that conditions (B1)-(B5) are satisfied. Then
Fajum + Hg — Hg and there exists a constant Ly > 0 such that, for
each hy,hy € H@,

| Frrgnena (h1) — Franeae (ha)||3 < Lpllhy — hall3. (5.3)

This constant can be chosen as

LmL 16(1 + 2448
Ly = 2 \/6M\f+,/ﬁ+ \/ f

(5.4)
Moreover, for each initial condition h € L*(Q,Fo,P; Hg) there is a unique
adapted, cddldg mild solution (X)i>o0 to (5.2).
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Proof. This result can be found essentially in [11], where the bound on Lp is
an immediate result from its derivation. (]

Using the space of all functions with zero long rate we obtain the decom-
position

Hs=H3oR,  h=(h—h(0))+h(),
where h(oo) € R is identified with a constant function. Denote by
Pyh = h — h(oo) and Pih = h(oc0)

the corresponding projections onto Hg and R, respectively. Such a decom-
position of Hg was first used in [38] to study invariant measures for the
HJMM-equation driven by a @-Wiener process. An extension to the Lévy
driven HIMM-equation was then obtained in [36]. The proof of the next the-
orem shows that the results of Sect. 4 imply the stability properties of the
HJMM-equation as a particular case.

Theorem 5.2. Suppose that conditions (B1)-(B5) are satisfied. If

3> 2L+ Ly + L, (5.5)

then for each initial distribution p on Hg with finite second moments there
exists an invariant measure w, and it holds that

B 572,/LF7LC,7L,Yt
2

Walpip,m,) < K (1 |/ ||h||%p<dh>> e (5.6)

for some constant K = K(8,0,7) > 0. Moreover, given p, p such that pOPf1 =
po P, then m, = 5.

Proof. Observe that the assertion is an immediate consequence of Theorem
4.3 and Corollary 4.4. Below we briefly verify the assumptions given in these
statements. Condition (A1) follows from (B1), (B5), and (5.3). The growth
condition (3.14) is satisfied by (B3) and the fact that || [|5 < |- |4 for 5 < 3.
It is not difficult to see that

IS(t)h — Pihl|s < e 2'|h — Pih|ls, ¢ >0

and that (S(t));>0 leaves Hj as well as R C Hy invariant. Hence Remark 3.2
yields that

B,
(Ah,h)s < ~DIIRIE + SIPRIE, e D(A).

Tt follows from the considerations in Sect. 2 (see (3.10)) that (GDC) is satisfied
for a = g —+/Lp. Consequently, e = § —2y/Lyp — L, — Ly and (3.13) holds
due to (5.5). Since the coefficients map into Hj and S(t)Pih = h(co) = Pyh,
conditions (A2), (A3) and (4.6) are trivially satisfied. The particular form of
the estimate (5.6) follows from the proof of Theorem 4.3. O
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Comparing our result with [36,38], we allow for a more general jump noise
and prove convergence in the stronger Wasserstein distance with an exponen-
tial rate. Moreover, assuming that the volatilities map constant functions onto
zero, i.e.

U(C) = O’ 7(07 V) = 07 VC S R C Hﬁ, Ve E (57)

shows that F'(¢) = 0 and hence also (4.4) is satisfied. Hence we may apply
Theorem 4.2 to characterize these invariant measures more explicitly. In fact,
since P1h = h(o0) holds for all h € Hg we get the following corollary.

Corollary 5.3. Suppose that conditions (B1) — (B5) are satisfied, that (5.5)
and (5.7) hold. Then

E [|1X: — Xo(c0)|3] < E[[[Xo — Xo(o0)|[3] e~ (P=2VEr—La=La)t
for each Xy € L?(Q, Fo,P; Hg).

This Corollary describes a case where the set of multiple invariant mea-
sures is explicitly given by the laws of square integrable random variables over
the continuum of long rates, including the case of invariant measures dj, ()
for all Xg = hg € Hﬁ.

We close this section by applying our results for the particular example
discussed before also in [36].

Ezample 5.4. Take
ol (1) () = / min (=%, |1 (y)]) dy
and 07 =0 for j > 2. Then
lo(h) 20, = o (W3 < / (e720)e  dy = = = M
and since min(a, by) — min(a, by) < |by — ba| for a, by, be € Ry, we also have
lo(h) = o (ha)llZg(a,y = llo* (h1) — o (ha)|[
o0
_ / (min(e=# |, (2)]) — min(e=%, |k, (2)])) 2™ do
0
< [ @) - my(o)eda
0

< ||h1 — hal[3

Consequently, by taking v = 0, the conditions (B1) — (B5) are satisfied with
L =1and L, =0 and M = % for the Lipschitz and growth constants. By

(5.4) we get
/6\[ \/7 \/16 1+f +48
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for # > . Choosing 8 > 3 and 3’ > 3 large enough such that Lp < 1, we
find that

2/ Lp+ Lo+ L, <3=4,

i.e. (5.5) is satisfied. It is clear that o(c) = 0 for each constant function c.
Hence Corollary 5.3 is applicable.

6. Stochastic partial differential equations with delay

6.1. Description of the model
Let H be a separable Hilbert space and (W});>0 a @Q-Wiener process on a sto-
chastic basis (Q, F, (F;)¢>0, P) with the usual conditions. Below we investigate
invariant measures for the stochastic delay equation

dXt = (AXt+G(Xt+.))dt+O'(Xt7Xt+.)th, t>0

XO = ¢0; X0+- = ¢a
where ¢g € L?(Q, Fo,P; H), ¢ € L*(Q, Fo,P; L?([-1,0]; H)) and for ¢ > 1 the
term X, ;. denotes the past segment of the trajectory, i.e.

Xt+~ : [—1,0] — H

S Xt+s7

(6.1)

and for t € [0,1)
Xyt 1,00 — H
s Ot +8)L_1, _1)(8) + Xigsl{_s,0(5),
and

(i) (A,D(A)) is the infinitesimal generator of a strongly continuous semi-
group (S(t))i=0 on H.
(ii) (20o,v) +— o (vpo, 1)) is measurable from H x L*([~1,0]; H) to LY(H).
(iii) G : W2([-1,0]; H) — H is a continuous linear operator given by the
Riemann-Stieltjes integral

0
Go = / 1(ds)os)

where 7 : [=1,0] — L(H) is of bounded variation.

Such an equation is usually studied in an extended Hilbert space which also
takes the evolution of the past segment (X;4.);>0 into account, see [8]. Below
we follow this approach. Namely, introduce the new Hilbert space

1/2
H=Hx L([=1,05H), (60,0l = (160l + 16032 _r00m) -
(6.2)

Define the operator

Ay = (61 ;) D(A) = {(¢0,9)" € D(A) x W2([0,1]; H) : $(0) = ¢o},
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which generates a strongly continuous semigroup (So(t)):>0 on H, given by

Solt) = (Séf) TOO( t)) (6.3)

due to [5, Theorem 3.25]. Here (Ty(t))¢>0 is the nilpotent left shift semigroup
on L?([-1,0]; H) and

S(t+ 7)o, —t<7<0,
0, —1<7r<—t.

Si¢o(T) = {

It then follows from [5, Theorem 3.29] that the operator A with domain
D(A) = D(Ap) given by

A= <‘§ f) — Ao+ (8 %’) (6.4)

ds

is the generator of a strongly continuous semigroup (S(t)):>0 on H. Thus, we
can formally identify (6.1) with the H-valued SPDE

dXt - AXtdt + E(Xt)th L O'((b(), ¢) 0)
{Xo = (¢0,9)" >0, 00 0)= < o o) @9

6.2. Main results for (6.5)

Next we proceed to apply the results of this work to the SPDE (6.5). For this
purpose we make the following assumption:

(C1) There exists an L, > 0 such that
lo(¢o, P) — U(%ﬂ/’)“%g(ﬂ) < Ls (H¢0 - ¢0||%1 + o — ¢||%2([71,0];H)>

holds for all (¢7 ¢0)7 (T/Joﬂll) €H.
(C2) The operator (A, D(A)) satisfies (GDC) with projection operators Py, P
and constants a > 0, 3 > 0.

We will see that condition (C1) implies (A1), condition (C2) will be used to
prove that A also satisfies (GDC) with respect to a (possibly equivalent) scalar
product on H.

Proposition 6.1. Suppose that conditions (C1), (C2) are satisfied, that n has
a jump at —1 and that one of the following conditions hold:

(i) G is bounded on L*([—1,0]; H),z or
(ii) (S(t))e>0 leaves Hy = ran(Py) and Hy = ran(Py) invariant, Hy, Hy are
orthogonal, ran(G) C Hy and GPy extends to a bounded linear operator
on L*([-1,0]; H).
Then for each initial condition (¢o, ) € L*(Q, Fo,P;H) there exists a unique
mild solution (X;)i>0 C L?(2, F,P;H) to (6.5).
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Proof. Under condition (i) we work on the Hilbert space H while under con-
dition (ii) we work on the Hilbert space H”, which is algebraically H but
equipped with the equivalent norm given by

0 0
160, &) 2 = I oll% + / | Poc(s)|2ydls + / |Pis(s) |57 (s)ds,  (6.6)
1 1

where
= [ : @)y, 7€ [-1,0 (6.7)

denotes the variation of 1. Note that due to a result of Webb (see [41] and
Remark 6.4 below) this norm is, indeed, equivalent to the original norm on H.
For condition (A1) we first observe that Lp = L, =0 (as F =0, v = 0) and
if assumption (i) holds, then

1260, ) = 20, ¥)I 7230 < o (0, ®) — 0 (0, V)72 sy
<L, (||¢0 —ollf + o — z/J\\%z([—l,o];H))
= Loll(¢0, )" = (¢0,9)" |13

If condition (ii) holds, then analogously we obtain
||E(¢Oa ¢) - Z(’l/}()v’l/))”%g(?-ﬁ) < LU”(d)Oa ¢)T - (QZJOaQZJ)TH’%(
< max{1,7(0)}Loll(¢0, 8)" = (20, )" [3--

This shows that condition (A1) is satisfied. Finally, it follows from Proposition
6.5 below that the operator (A, D(A)) satisfies condition (GDC). O

We proceed to formulate our main results on invariant measures for (6.5).

For this purpose we introduce the following additional condition:
(C3) For each (¢o,¢) € H there exist M(¢po,¢) > 1, 6(do,¢) > 0 and an

element f(¢o, @) € H such that

IS(®) (P10, ) = f (0, @) < M(do, @)e @, ¢ >0.
Observe that (C3) corresponds to condition (A3), and is trivially satisfied, if
(S(t))¢>0 is exponentially stable which is for example the case in the setting
of [5, Corollary 5.9].
Introduce the subspaces
Ho := Ho x {0} and H;:= Hy x L*([~1,0]; H),

which yield an orthogonal decomposition of H with projection operators

7DO : H — H07 (¢Oa¢) | — (P0¢070)7

7Dl tH— H17 (¢0)¢) — (P1¢05¢)'
The following is our main result for this section, and uses that A satisfies

(GDC), whenever A does, and some additional conditions are satisfied (this
technical result is proved below in Proposition 6.5).

Theorem 6.2. Suppose that conditions (C1) — (C3) hold, that Pio(¢o,¢) =0
for all (¢o,d) € H, and that one of the following conditions are satisfied:
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(i) G is bounded on L*([-1,0);H), GP, = PG, (S(t))t>0 commutes with
Py, and
a>1/2+L,/2;

(ii) (S(t))i>0 leaves Hy = ran(Py) and Hy = ran(Py) invariant, Hy, Hy are
orthogonal, ran(G) C Hy, GPy extends to a bounded linear operator on
L*([-1,0]; H), and

a>1/2 +max{1,7(0)}L,/2.

Then the assertions of Theorem 4.3 and Corollary 4.4 are applicable. In par-
ticular, for each h = (¢o,¢) € L*(Q,Fo,P;H) there ewists an invariant
measure Trqy(n) for the Markov process (Xi)i>o0, and this measure satisfies

TLaw(h) = TLaw(P1h)-
Proof. Let us first show that condition (A2) is satisfied, i.e. that S(t) leaves H;

invariant and P;X = 0. It follows from Lemma 6.6 below that P; commutes
with the semigroup (S(t)):>0. Moreover, one has

Pis(on) = (17009 1) o

due to Pyo = 0. This shows that condition (A2) is satisfied. Condition (A3)
is immediate by assumption (C3) while, by virtue of Proposition 6.5, (3.13)
reduces under condition (i) to

1

and under condition (ii) to

c—2 (a - ;) — max{1,7(0)} Ly > 0.

Altogether we conclude that Theorems 4.3 and 4.4 apply, which proves the
assertion. g

Remark 6.3. Condition (ii) is slightly more restrictive on the semigroup and
the projection operators than condition (i). In contrast to the latter, condition
(ii) contains delay operators like point evaluations in Hy, that is G = §_1 P,
for 6_1¢ = ¢(—1) for ¢ € WH2([—1,0]; Hy).

6.3. Some technical results

Let us first provide a sufficient and easy to check condition for the operator
A to satisfy the generalized dissipativity condition (GDC). As a first step we
recall a result from [41].

Remark 6.4. (An equivalent scalar product). Let 7 be defined as in (6.7) and
suppose that 1 has a jump at —1. Suppose that there exists ¢ € R such that
A — c is dissipative. Then the Hilbert space norm defined by

0
10, &3+ = liollz +[1 l¢(s)II37(s)ds
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is equivalent to the original one on H. Moreover, A —~I is dissipative for every
v > max{0, ¢+ 7(0)} with respect to this norm, i.e.

(A(¢o,0)", (d0, )y < V||(do, )" ln=,  for all (¢o, ) € D(A).

Based on this observation we can now provide sufficient conditions for
(A, D(A)) to satisty (GDC).
Proposition 6.5. Suppose that A satisfies (GDC) with constants «, 3 > 0.
(i) If G extends to a continuous linear operator on L*([—1,0]; H) and o >
1/2, then A satisfies (GDC), i.e.,

(A0, &) (90, 9) ) < =ll(d0, )3, + (@+ 5) IP1(90,0) 13,

where

~ 1+¢e?
a=a-—

52
50

2

~ 1
and [:=p+a+ @||G||%(L2([_1,01;H)) +

and € > 0 is such that ¢ < v/2a — 1.

(i1) Assume that Ho, Hy provide an orthogonal decomposition of H such the
semigroup (S(t))i>0 generated by (A, D(A)) leaves Hy and Hy invariant.
Moreover, suppose that ran(G) C Hy, and that W12 ([-1,0]; H) > ¢
GPo¢ € Hy extends to a continuous linear operator GPy : L*([—1,0]; H) —
Hy with operator norm denoted by |GPy||. Define an equivalent Hilbert
space norm by (6.6). If a > 1/2, then A satisfies (GDC) with respect to
this norm, i.e., it holds that

(A6 0 (00,6) e < = (@ = 3 ) 60n, &)

#((a-3) 0+ L) gy e

Proof. (i) For (¢o, )T € D(Ap) we have

0
(Aa(60.6)" (60,0) o = (Ao on)as + [ (S0(5)005)) s

H

°14d
= (Ao, po)r + /_1 §£H¢(s)\|§{ds
= (Ao, dobur + 5 (1900) 3 ~ (- DII%)

1
< (Ao, bo)m + §||¢0||%1,

where we used the fact that ¢o = ¢(0). Making further use of the fact that A
satisfies (GDC) we find

(Aa(60: ) (90,0) T < = (@ = 3 ) lnlE + (5 + )| il

<~ (a=5) 160 o+ (9+ 20— 3 ) 1P T I
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To estimate the operator A we will use that
(Go, o) < GOl mlldolla
! , &2 9
< @HGéf’”H + 5\|¢0||H
1 2 2 e 2
= @HGHL(LZ([—LO];H))||¢HL2([—1,0];H) + 5||¢0HH
1 g2
< @HG”%(LZ(FLO];H))”Pl((i)Ov¢)T”%—t + 5||(¢0,¢)T||31

where € > 0. Thus we obtain

(A0, )", (¢0,9)" )m

= (Ao(¢0, )", (¢0, ®) ) + (G, do) 1

1

<~ (a=3) 160,008+ (5+20 - 1) IPaton, )T

1 g2
+ @HG||%(L2([71,O];H))”Pl(¢0,¢)T||’2H + 5||(¢0,¢)T||’2H

1+ &2 1.1
- (a - = ) (o, B)||3, + (5 +20— 5+ 262||G||%(L2([1,0};H))>

1P1 (0, &) 112,

Assuming ¢ is so small that € < v/2a — 1, we obtain o — # > 0 and

1 1
0+ 20 — 5 + ?HGH%(LQ([—LO];H))

142 1 g
= (a— ) + 8+ a+ 5 G w101 + 5 >0

2

which proves the assertion.

(ii) As Py, P are complementary self-adjoint projections, they induce
an orthogonal decomposition H = Hy @& Hy. Thus, for (¢g,¢) € H we have
(¢0, ¢) = (Podo, Pog) + (Pr¢po, P1dp) which gives also an orthogonal decompo-
sition

H = (Ho x L*([-1,0]; Hy)) & (Hy x L*([-1,0]; H1)) .

Applying Remark 6.4 to the Hilbert space H; x L?([—1,0]; H;) we find that

0

| Pudoll s + / 1Pr(s) [ (s)ds

gives rise to a norm on H; x L?([—1,0]; H;) which is equivalent to the one
given by (6.2) when applied to (Py¢g, P1¢). Thus, the norm defined in (6.6)
is, indeed, equivalent to the original norm on H. Let (¢g, ¢) € D(A), so that
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#(0) = ¢p and we can write:

(A(¢o, )", (d0, &) )

d T
= <<A¢o +Go, d8¢>> (%o, ¢>>T>

= (A¢o, do)u + (GP, Po)u
+ /01 <§9Po¢(5)7po¢(5)>H ds + /01 <ng1¢(s),P1¢(s)>H 7(s)ds

:I1+12+I3+I4.

HT

For the first term I we use ¢g = Popo + P10, then the fact that Py, P, are
self-adjoint projection operators and finally PyA = APy, PLA = AP, on D(A)
(similarly to the proof of Proposition 3.1) to find that

Iy = (PoAdo, Podo) i + (PiAgo, Pido)
= (APyo, Poco) 1 + (AP1do, Proo)r < —al|Pocol|7; + (AP1oo, Prdo)

where the last inequality follows from (GDC) combined with Py Pygg = 0.
Likewise, for the second term we use that ran(G) C H; so that PG = 0 to
obtain

I, = (G, Pro)
= (GPop, Prdo)u + (GP1g, Prgo)
< NGR[Podllz2((—1,01:m) |1 Prédollar + (GP1¢, Prdo)

GP GP
< b2y + AP P, + (@ Pu6, P
For the third term I3 we obtain
I = 1/0 L Po(s) 3 ds < L1 Pagol2
375 ) ds" 0PWNHeS = G llTogolla

To summarize, we obtain
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(A(d0, )", (b0, 8) )2

GP
< - (a* *) | Pocpol|r + IGhI

(IProllEr + 11 Podll 32 (-1.00:1))

0
+ <AP1¢)0, P1¢)0>H + <GP1¢57 P1¢0>H + / <diP1¢(S), P1¢(8)> T(S)ds
1 H

T2 1 0 2
(o= 5) Wono) "+ (a= 3 ) 1Pl + (a3 ) [ Imoto)s
1
GP GPR [°
+(a3) [ 1eoo e + L pg + LR pooas

+ (APig0, Pio)", (Prdo, o))
<~ (a- 1) 16067 e+ (= 5 42+ LE20) gol
G 0
(= 5+ 1G20) [ 1moas + (o - 5 +9) | PG () ds
<~ (a= 1) 16007 B + (a= 37+ L2y, 07

where we have used the fact that A — 1 is dissipative so that by Remark 6.4
with v = 84 7(0)

(A(Prgo, Pro)", (Prgo, Pro) "), < All(Probo, Prop)" I3

= Pigol + [ IR (o)

This proves the assertion. O
The next result has been used in the previous proof.

Lemma 6.6. Consider the setting of stochastic delay equation, i.e., let (So(t))t>0,
(8(t))t=0, (Ao, D(Ap)), (A, D(A)), G, Py as in Sects. 6.1, 6.2 and Theorem
6.2. In particular suppose that P1S(t) = P1S(t), where S(t) is given in (6.3).
Then

PiS(t) =SH)P1,  t>0.

Proof. Let us first consider the case where G satisfies assumption (i) from
Proposition 6.5, i.e. G is bounded from L?([—1,0]; H) to H. Since G is bounded
we obtain from the bounded perturbation theorem (the Dyson-Phillips series)
the representation

o0
=2 s
n=0
where the series converges in L(H), and S (n)( t) is inductively defined by

n n G
=0, 0= [0 () ) s
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Thus it suffices to prove that
PSS () =SSPy, n>1, t>0. (6.8)
For n = 0 we use the particular form of P; and Sy(¢) to find that

P1So(t)(¢0, 0)" =1 (Stqéf $)%(t)¢>

_( PS¢ [ S@t)Pio B
- <St¢0 +T0((2)gb> - (St% +T0(?5)¢) = So(t)P1(¢0, )7,

where we have used the assumption that S(¢) commutes with P;. Now suppose
that (6.8) holds for some n > 0. Then

t
n (0 @
PSS (1) :PlSo(t)+/ PSS (s) (0 0>30(t3)d5
0

t
—sopt [ 800 () ) s opias = s wm,
0

where we have used that
0 G
Pio §) o =Pico.o

~ (60,0 = (P, = (§ ) Prlono)”

This completes the proof for the case where G : L?([-1,0; H) — H is
bounded.

Let us now consider the case where condition (ii) from Proposition 6.5
holds. Following [5, Theorem 3.29] we know that the semigroup (S(t));>0 is
constructed as a Miyadera-Voigt perturbation and hence has due to [14, Chap-
ter III, Corollary 3.15] a series representation of the form

S(t) =Y _ V"So(t),
n=0

where V denotes the closure of the operator

P VE(t) = /0 "F(s) (8 g) Solt — 5)ds,

where F' € C([0,t]; Ls(H)) (for some small but fixed o > 0) and Ls(H)
denotes the space of bounded linear operators over H equipped with the strong
operator topology. Following the same computations as in the first case, we
can prove that 7?1V"80(t) = VnSO(t)Pl and hence 'PanSO(t) = VnSO(t)Pl.
This proves the assertion also in this case. O
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Appendix A: Ito formula

Below we recall an It6 formula for Hilbert space valued semimartingales of the
form

X(t) = X(0)+ /Ota(s)ds + /Oto(s)dWS + /Ot[E'y(s,u)ZV(ds,du),

where a and o are as before and (y(¢,v));>0 is a predictable, H-valued sto-
chastic process for each v € E such that

e[ [ [ el < oo

B[ [ Ioigas] <o

For this purpose we first introduce the class of quasi-sublinear functions.

and

Definition A.1. (Sublinear Functions) A continuous, non-decreasing function
h: Ry — Ry is called quasi-sublinear, if there exists a constant C' > 0 such
that

(h(z) + h(y))

h(z+y) <C
C(h(x)h(y))

h(zy)

IN A

for all z,y > 0.
The following It6-Formula is a combination of [20,29] (see also [28]).

Theorem A.2. (Generalized It6-Formula). Let F' € C?(R, x H,R) and suppose
there exist quasi-sublinear functions hi,ho : Ry — Ry such that for allt >0
and x € H

1Fe(t o)l < hallellm), (1 Fea(t @) |imnry) < holllzlla)


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

28 Page 42 of 46 B. Farkas et al. NoDEA

and

/0 /E Iy, ) g pa(dlr) s + / /E By (s, )21y, ) g () s
+ / /E Bl (s, )| )l (s, ) g a(dr)ds < oo

Then P-almost surely for each t > 0:
[ 1B XD ds + [ [ 17X 06) +2(5.0) = Fls. X(5) Plav)ds
0 0 E
+ / /E [F (s, X(3) + (5, )) — F(5, X(5))

— (Fu(5, X(5)),7(5.0)) 1)l a(dv)ds < oo,

Moreover, the generalized Ito-formula holds P-almost surely for each t > 0 and
t
F(t,X(t)) = F(0,X(0 / LF(s,X(s ))ds+/ (Fr(s,X(8)),0(s)dWs)m
0

t+ ~
/ /{FsX )+ (s, 0)) — F(s, X(5—))} N(ds, dv)

where LF(x, X (8)) is given by

LF(s,X(s)) = /0 {Fi(s, X(s)) + (Fu(s, X(s)),a(s))u } ds
w5 [ alFals X(0)o(s)@0(s) s
_|_/ / {F(s,X(s) +7(s,v)) — F(s,X(s))
—(Fy(s, X (), 7(s,v)) } p(dv)ds
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