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Abstract

This article is devoted to the extension of the theory of rough paths in the context of Volterra
equations with possibly singular kernels. We begin to describe a class of two parameter functions
defined on the simplex called Volterra paths. These paths are used to construct a so-called Volterra-
signature, analogously to the signature used in Lyon’s theory of rough paths. We provide a detailed
algebraic and analytic description of this object. Interestingly, the Volterra signature does not have a
multiplicative property similar to the classical signature, and we introduce an integral product behaving
like a convolution extending the classical tensor product. We show that this convolution product is well
defined for a large class of Volterra paths, and we provide an analogue of the extension theorem from the
theory of rough paths (which guarantees in particular the existence of a Volterra signature). Moreover
the concept of convolution product is essential in the construction of Volterra controlled paths, which
is the natural class of processes to be integrated with respect to the driving noise in our situation. This
leads to a rough integral given as a functional of the Volterra signature and the Volterra controlled paths,
combined through the convolution product. The rough integral is then used in the construction of unique
solutions to Volterra equations driven by Holder noises with singular kernels. An example concerning
Brownian noises and a singular kernel is treated.
© 2021 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction and main results

Consider a Volterra equation of the second kind written as
t

U =ﬁ+/ ki (t,r)b(u,)dr+/ ky(t,r)o (u,)dx,, (1.1)
0 0

where f is some initial condition, » and o are sufficiently smooth functions, k; and k, are
possibly singular kernels, and x is an irregular signal (typically a (fractional) Brownian motion).
Integral equations on this form have several applications to physics, biology or even finance.
For example in physics, such equations are used to model viscoelastic materials [12], or in
biology these equations may be used to model the spread of epidemics [6]. Volterra equations
also play a crucial role in renewal theory [11], and is frequently used in stochastic volatility
modelling where singular Volterra kernels in combination with Brownian noise, might be used
to generate rough behaviour of the volatility process [1,10].

From a mathematical point of view, Volterra equations have been studied for a long time. At
a heuristic level, in order to obtain existence and uniqueness of (1.1) one is typically confronted
with the regularity assumption of b and o, and the regularity of the initial data f as well as
the driving noise x. Additionally one needs some type of regularity on the kernels k; and k;.
Although the conditions on b, o and f ensuring existence and uniqueness in (1.1) are generally
similar to the case of classical ODEs, the assumption on the noise x and the kernels k; and k;
are more challenging objects to analyse in this context. Typically, one searches for the most
general conditions on kj, k; and x in order to still obtain existence and uniqueness for Eq. (1.1).

The introduction of irregular controls in terms of a random or irregular path x, as illustrated
in the second integral term in (1.1), has been investigated in stochastic analysis for decades.
Most of the early analysis in this field has been done under the assumption that x is a semi-
martingale (see e.g. [2,24]), and high regularity of k, (i.e. non-singular cases). During the
1990’s these equations received much attention from the perspective of white noise theory, see
for example [22] for the case of linear equations with non-singular kernels k,, and [5] for the
case of linear equations with singular k.

A new direction in stochastic differential equations, called rough path theory, has been
initiated in the late 1990’s by Terry Lyons (see in particular [20]). In contrast to white noise
analysis, the theory of rough paths gives a completely path-wise perspective on differential
equations driven by irregular signals. In fact Terry Lyons showed (see [3]) that given an
irregular Holder continuous path x, the construction of a differential calculus with respect to
x relied mostly on the ability to define iterated integrals of x. In particular the solution to an
ordinary differential equation of the form

Y = o (y)xe, Yo =&, (1.2)
is obtained as a continuous functional of the noise x, together with its iterated integrals and
the initial data &. That is, if we let x = (x', X%, ..., x") for some n > 1 with x! = x be the

collection of the path x together with its iterated integrals, then the solution y can be viewed
as y, = Z(x, &), where Z is a Lipschitz continuous functional in both arguments. Therefore
the theory of rough paths not only opens up the analysis of stochastic differential equations
to a vast new class of driving stochastic processes, but it also provides simple stability results
with respect to that noise. The cost of the improved analytical tractability of the solutions is
that non-linear functions in the diffusion term (corresponding to ¢ in (1.2)) need to be better
behaved than in Itd’s theory. Typically one requires coefficients which are at least C? and
bounded in order to get existence and uniqueness of solutions for rough differential equations
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driven by Brownian motion. This is in contrast to the Lipschitz and linear growth assumptions
well known from classical Itd stochastic analysis.

In order to test the robustness of rough path theory, a natural endeavour has been to explore
more general differential systems than the ordinary differential equation (1.2). One can think
for example of delay equations [21] and cases of stochastic PDEs [7,16], culminating in the
theory of regularity structures [17]. During the years 2009-2011, A. Deya and the second author
of this paper provided in [8] and [9] a rough path perspective on Volterra equations driven
by irregular signals x. In particular they proved that existence and uniqueness hold whenever
k, is sufficiently regular (i.e. non-singular) and the driving rough path is Holder continuous
with Holder exponent greater than 1/3. Notice that in these papers, the authors also discussed
the challenges of extending the theory of rough paths in order to include singular kernels
in Eq. (1.1). This remained an open question until late 2018, when Promel and Trabs [23] gave a
para-controlled perspective on Volterra equations driven by irregular signals. Highly influenced
by the theory of rough paths, the theory of para-controlled distributions developed by Gubinelli,
Imkeller and Perkowski [15] gives a pathwise perspective on SDEs and SPDEs through Paley—
Littlewood para-controlled calculus, and Bony’s para-product. Although the result of Promel
and Trabs is very interesting in itself, it seems to be currently limited in the same way as for the
theory of para-controlled calculus. Namely one has to assume that the regularity of the noise
x, minus the order of the singularity of the kernel k, must be greater than % Thus a full rough
path “picture” in terms of Lyons’ theory is not available at this time through the paracontrolled
methodology. It should also be mentioned that paracontrolled distributions are mostly expressed
through Fourier modes, which is usually not the natural way to handle nonlinear Volterra type
equations.

With the above preliminary considerations in mind, this article is devoted to a complete and
comprehensive picture of the theory of rough paths in a Volterra setting with singular kernels.
The main idea in order to achieve this goal is to extend the concept of a path t +— z, to a
two variable object (¢, T) — z; for (¢, T) € A, where A, is a simplex of two variables. This
extension of the notion of path is motivated from the generic form of a Volterra integral

t
o= / k(z, r)dx,, (1.3)
0

for some (possibly singular) kernel £ and a Holder continuous function x. Note that by
considering the mapping ¢ +— z! we recover the classical well known Volterra integral.
However, the main advantage with the splitting of the variables into one variable coming from
the kernel and the other coming from the integration limit is the following: the regularity
of the mapping t +— z; is then completely determined by the regularity/singularity of the
kernel k, while on the other hand the mapping ¢ +— z/ is completely determined by the
regularity/singularity of the driving noise. While it is the composition of these regularities
which yields the regularity of ¢ — z!, the separation of the two arguments allows us to give
a framework for Volterra rough paths, similar to the classical rough path framework. More
specifically, let E be a Banach space, and consider a two parameter E-valued path z as defined
in (1.3). Let A3 denote the three dimensional simplex in [0, T713. Our main assumption will be
the existence of a n-tuple of the form

z=(z1,z2,...,z"):A3—>®E®" (1.4)
i=1
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with z' = z, and satisfying a modified Chen type relation

T T .
Z,, =12, %Z,. (1.5)

Notice that in (1.4) the classical tensor product ® used in rough path theory is replaced by a
bilinear convolution operation x. We will go back to this convolution product (which is one of
our main ingredients) below. For the time being, let us just notice that it can be defined as a
component-wise operation similarly to the classical tensor algebra, i.e.

m

m,T __ m—i,T i

Zss _z :ztu * Ly (16)
i=0

With the Volterra structure for (¢, t) + z; and the proper definition of the convolution product
*, we will argue that the solution to a Banach valued Volterra equation

=&+ / Kt PoGndx,,  EeV, (17)
0

where V is a Banach space, can be viewed as a continuous functional of the noise z and
the initial data & € V. That is, the solution y is given by y = Z(z, £) where Z is Lipschitz
continuous in both arguments. It is worth noting that for k # 1, the element z € @, E®'
given as in (1.4) is fundamentally different from the classical iterated integrals in the theory
of rough paths, both algebraically and analytically.

Let us go back to our first goal, namely the path-wise construction of the Volterra paths in
(1.3) as well as the algebraic and analytical properties of the associated Volterra-signature (as
generalized from the concept of signatures in the theory of rough paths). We begin to show that
given an «-Holder continuous path x and a singular kernel k such that |k(z, s)| < |t — 5|77 and
a—y > 0, then the path (¢, T) — z] is well defined and is contained in a space of two-variable
Volterra—Holder paths which will be specified later. Starting from this object, we will prove
that the convolution product given in (1.5) is well defined for any two Volterra paths z and
built from Volterra kernels k and & and driving noise x and X respectively. In fact, intuitively
one can think of this operation between z and z as

t
T = T =r
o * Lys = / dzr ® Lys» (18)
u

where the increment z;, is defined by z;, = z; — z,. In (1.8), note that the integration is done
with respect to the upper parameter in z (corresponding to a regularity coming from the kernel
k) and the lower variable in z (representing the regularity coming from the driving noise x).
This operation will be extended to any two Volterra type objects in the n-tuple z, and leads
naturally to the algebraic relation in (1.5). Let us also mention at this stage that the Holder
type norm under consideration in this paper, taking into account both the regularity coming
from the kernel k and the noise x, will be given in the following way for the component z’ of
z (below we have «, y € (0, 1)),

1z S e — 177 | — s (1.9)

where we omit some of the other regularities to be considered for sake of clarity. As mentioned
above, expression (1.9) is thus separating a singularity of order y on the diagonal # = t from
the «w-Holder regularity in t — s. The object z satisfying (1.8) and (1.9) is called a Volterra
rough path. In order to provide a full picture of the construction of these objects, we include in
this article a generalization of the Sewing lemma [14, Proposition 1], as well as of the rough
path extension theorem (see e.g. [3, Theorem 3.7]) in the Volterra context.
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Once the construction of a Volterra rough path is secured, our second goal is concerned
with the construction of solutions to (1.7). To this end, we will extend the theory of controlled
rough paths, as described by Gubinelli in [14], to the Volterra rough path setting. Observe that
this extension also relies upon the convolution product * introduced in (1.5). In particular, a
Volterra path (¢, v) = y/ controlled by the Volterra noise (¢, ) — z; given as in (1.3) satisfies

VE =2k %y + RE, (1.10)

where we recall the notation y;, = y; — y¢, and where R/, is a sufficiently regular remainder
term. Processes of the form (1.10) are the ones which can be naturally integrated with respect to
x in the rough Volterra sense. Furthermore, once a rough integral is defined for a large enough
class of processes and one can prove the stability of the structure (1.10) under composition with
a nonlinear mapping, equations like (1.7) are solved thanks to a standard fixed point argument.

Let us now say a few words about the regularity of x and the singularity of k on the diagonal
in Eq. (1.7). We believe that, provided they can be pushed to arbitrary orders, expansions like
(1.10) yield a proper notion of Volterra rough type integral as long as k is a singular kernel
of order —y and x is a «-Holder continuous noise with « — y > 0. However, for sake of
conciseness, this article is restricted to the case @ — y > % In this situation one only needs
to assume the existence of the second step Volterra iterated integral z>, and the first order
controlled path structure (1.10) is enough for our purposes. In the forthcoming article [19] we
investigate this problem in more details, and extend the theory presented in the current article
to the case of @« — y > }‘. Rougher situations and more singular kernels are deferred to a
further publication. For the construction of a Volterra rough path, one should also be aware of
the fact that the concept of geometric rough paths is not directly transferable to the Volterra
setting. Simply put, if k is a singular kernel one cannot expect to have a satisfying integration
by parts formula (at least not in a classical sense) when integrating against k. Therefore the
Volterra rough path z defined by (1.3) and (1.4) is in general not a continuous function of
the classical rough path above x. We thus expect some of the algebraic considerations related
to the Volterra case to be different from the classical rough path theory, possibly requiring
the regularity structures techniques of [17]. The construction of Volterra rough paths above
standard stochastic processes is deferred to a subsequent publication.

Below we give a brief outline of the sections in the paper.

(i) Section 2 provides the elementary tools of rough path theory and fractional calculus
needed in order to develop our framework in the sequel.

(i1) Section 3 gives an introduction to the concept of Volterra iterated integrals and Volterra
signatures in the case of smooth driving noise x, possibly involving a singular kernel k.
In this section we will encounter the convolution product * for the first time and give a
detailed description of this product. We will also provide a working hypothesis on the
regularity of the kernel k which will be used throughout the rest of the text.

(iii) In Section 4 we move to the case when the driving noise x of a Volterra path is only o-
Holder continuous with o € (0, 1). We construct a generalized space of Volterra—Holder
paths, and give a pathwise construction of the Volterra process given by (1.3) sitting
in this Volterra—Holder space. Furthermore, we prove that the convolution product is
well defined for any Volterra path. This results in the definition of a convolutional path
(obtained as an extension of Lyon’s concept of multiplicative paths) and then the creation
of the Volterra signature from such paths. Both algebraic and analytic aspects of these
objects are discussed.
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(iv) Section 5.1 deals with the extension of the rough path theory to the Volterra equations
case, through the introduction of the Volterra signature and the convolution product
defined in Section 4. To this end we define a class of Volterra controlled paths, and
prove that the Volterra integral and the operation of composition with regular functions
are continuous operations on this class of functions. This is then used in Section 5.2 to
show existence and uniqueness of Volterra integral equations on the form of (1.7) with
singular kernel k£ and rough driving noise x.

2. Preliminary notions

This section is devoted to some preliminary notations and notions of classical rough paths,
which will help to understand our considerations in the Volterra case. We start with some
general notation in Section 2.1, and recall some notions of rough path analysis in Section 2.2.

2.1. General notation

We will frequently use Banach spaces E, V and H, and write | - | = || - | as long as this
does not leave any confusion. Throughout we will write a < b meaning that there exists a
constant C > 0 such that a < Ch. We will denote by A,([a, b]) the n-simplex over [a, b]
defined by

Ay(la,b]) ={(x1,....xy) €la,b]"|a <x; <--- < x, < b}, 2.1

and when the set [a, b] is clear from context we will just write A,.

The kernels involved in equations like (1.1) are closely related to fractional integral
operators. We will mostly use the operator I* : L' ([0, T]; E) — L' ([0, T]; E), which is
defined for a given « > 0 and (u, 1) € A, as follows:

1 t
Ly (f) @) = m/ (t=nr*" f(r)dr,

where I' denotes the Gamma function. Fractional integrals have been widely studied in the
literature, and we refer to [25] for a thorough account on the topic. However, we mention
here a few properties of the operators /* which will be frequently used. Most important is the
convolution property; for «, 8 > 0 and (u, t) € Ay:

i (1 )0 =1 (. 22)
We will also use the following action of /7, on elementary functions

, t—uw « p gy =W TP
OO = po— and I~ w0 = = fma

where o, f > 0. Throughout the article we will rely on partitions of intervals. A partition over
an interval [a, b] will be denoted by Pla, b]. If the interval [a, b] is clear from the context we
may write P. Throughout this article we will work with increments of functions, which for
(s,t) € A, will be denoted by

) (2.3)

fts = ft - fs- (24)
We ask the reader to note that the order of # and s in f;; is changed from the traditional notation
used in rough path theory. This is to accommodate the algebraic side of the Volterra specific
setting we will encounter in later sections. For o € (0, 1), we will denote by C* (I; E) the
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space of Holder continuous functions from an interval [ to a Banach space E. If I is reduced
to a singleton {¢} then

C*({t}; E) := f:V,— E| sup | fis]

seVy |t —s

) (2.5)

|O(

where V; stands for a neighbourhood of {z}. Furthermore, we will frequently use an operator
6 well known in the theory rough paths, given by

Suﬁ‘s = fts - fzu - fux~ (26)

2.2. Short introduction to rough path theory

In this section we recall some basic notions about signatures of paths and related geometric
structures appearing in rough path theory, which will make the generalization to Volterra type
objects more natural. For a more extensive introduction to rough path theory, see e.g. [3,13,18].

2.2.1. Signatures

One natural way to introduce signatures of paths is to see how they arise from expansions
of linear differential equations. Namely assume first the path x : [0, T] — E is smooth, where
E is a given Banach space. Let V be another Banach space and consider the V-valued ODE

Vi=AG@)y, y=§&¢€V, 2.7)

where A is a linear operator, namely A € £ (E, L (V)). Whenever x is smooth, a Picard type
iteration yields the following expansion:

o0
v =& 1+ZA°i</ dx,1®.-.®dx,,.> : (2.8)
i=1 A;([0,1])

where A° is the ith composition of the linear operator A which is given as a linear operator
on E® defined from the action

A ® - ®x;)=A(x))o---0A(x;).

The expansion (2.8) reveals that y can be seen as a continuous function of the collection
{fAi([OJ]) dx, ® -+ ®dx,; i > 1}, which is called the signature of x.

In order to describe the algebraic structures behind the expansion (2.8), let us first give some
definitions.

Definition 1. Let E be a real Banach space. For [ € N, the truncated algebra T® is
defined by 7O = @!_ E®", with the convention E®® = R. The set T’ is equipped with
a straightforward vector space structure, plus an operation ® defined by

1
g@h"=) ¢"*@h, g heT?, (2.9)
k=0

where g" designates the projection on the nth tensor level for n <.

Notice that T® should be denoted T”’(E). We have dropped the dependence on E for
notational sake. Also observe that with Definition | in hand, (T?, 4+, ®) is an associative
algebra with unit element 1 € E®°, The polynomial terms in the expansions which will be
considered later on are contained in a subspace of 7" that we proceed to define now.
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Definition 2. The free nilpotent Lie algebra g\ of order [ is defined to be the graded sum
N
2P Lo
k=1

Here L, is the space of homogeneous Lie polynomials of degree k given inductively by £, 2F

and Ly E [E, Li—1], where the Lie bracket is defined to be the commutator of the tensor
product.

We now define some groups related to the algebras given in Definitions 1 and 2. To this aim,
introduce the subspace To(l) C TU of tensors whose scalar component is zero and recall that
1 2 (1,0,...,0). Foru € T(l), one can define the inverse (1+u)~!, the exponential exp(u#) and
the logarithm log(1 + u) in T by using the standard Taylor expansion formula with respect
to the tensor product. For instance,

= 1
exp(u) 2 3 o u® e T, (2.10)
k=0
where the sum is indeed locally finite and hence well-defined. We can now introduce the
following group.

Definition 3. The free nilpotent Lie group G of order [ is defined by
GO 2 exp(g?) c T,

The exponential function is a diffeomorphism under which g in Definition 2 is the Lie algebra
of GV,

As mentioned above, the link between free groups and differential equations like (2.7) is
made through the notion of signature. Namely a continuous map x : Ay — T is called a
multiplicative functional if for s < u < ¢ one has x;;, = X;, ® X,;, Where ® is the operation
introduced in Definition 1. A particular occurrence of this kind of map is given when one
considers a smooth path w and sets for (s, ) € Ay,

W;‘s=/ dw,, ® --- @ dw,,. (2.11)
>rp>-->r1>s
Then the so-called signature of w is the following object:
1
Si(w) : Ay([0, 1]) — TP, (5.0 > Siw)ys =1+ Wy (2.12)
n=1

It is worth mentioning that S;(w) will be our typical example of a multiplicative functional.
In addition, signatures of paths belong to the group G introduced in Definition 3 and in fact
any element in G0 can be written as the signature of a smooth path.

Another important property in the theory of signatures, originally proved by Chen [4],
relates the multiplicative property to the signature of the concatenation of two paths. That
is, if x : [0,s] — E and y : [s,t] — E, we can define their concatenation x xy : [0,¢] — E
by the mapping

Xy r € [0, s]

xxyl, = . 2.13
e >3] Xs+ Y5 rEs, 1] @19
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Then if §; is the truncated signature of a path as described in (2.12), we get the following
relation, whose proof can be found e.g. in [3, Theorem 2.9]:

Si(xxy) =850 &S5 (x). (2.14)

One can now go back to the expansion (2.8), and realize that it can be expressed in terms
of the signature of the path x. Whenever x is smooth, the terms x" exhibit a factorial decay,
which kill the possibly exponential growth from A®". This fact is not obvious anymore in case
of an irregular path x, which motivates the notion of rough path introduced below.

2.2.2. Rough path lift of a Holder path

Let us now assume that the path x driving (2.7) is only a-Holder continuous with « € (0, 1).
Then the iterated integrals appearing in the expansion in Eq. (2.8) are possibly not well defined.
In particular when the continuity of the driving signal is of order o < % there is no canonical
way of constructing such integrals. The seminal idea put forward by T. Lyons is that one can
construct those iterated integrals by means of probabilistic tools, and then build a differential
calculus with respect to x starting from the iterated integrals. Those considerations motivate

the introduction of Holder continuous multiplicative functionals.

Definition 4. Consider @ € (0, 1) and let n = LLJ Let x € C* ([0, T]; E) be a Holder path

o

and assume there exists an object x : Ay — G™ (E) defined through the mapping

12
(s, 0) > x5 = (1, X}, X0y, ..., X))

where x)| := x, — x, and where we recall that G™ is introduced in Definition 3. In addition,

we suppose that x enjoys the following two properties:

X, ® X, = X,y (Multiplicative property) (2.15)

and

i i |t — |ia

IxE | < [xt ) ————
I'la+1)

Here I' is the Gamma function. Then we call x a rough path above x and we denote the space
of all @-Holder rough paths by € ([0, T]; E). Whenever the underlying domain and range of
this space is clear from context, we simply write 6.

foralli € {1,...,n}  (Analytic property).

Note that € is not a vector space. Indeed, €* is not a linear space due to the fact that G™
is not a linear space. However, we can equip ¥* with the following metric:

dy (x.3) = Y IX = ¥'llia- 2.16)
i=1
One can also consider a subspace of this space called the space of geometric rough paths and
denoted by ‘Kgfx , which is defined as the closure of all smooth rough paths with respect to the
metric d, given by (2.16). Otherwise stated, x € € is a geometric rough path if there exists
a sequence of smooth paths {x"} : A, — G™ (E) such that d,(x", x) converges to 0.

The next theorem will give us a canonical extension of the rough path from the truncated
space T™ (E) to all the space T (E). This extension is crucial in order to ensure the existence
and uniqueness of linear differential equations controlled by irregular noise. The theorem and
its proof can be found in [3, Theorem 3.7].
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Theorem 5. Let x € €% be a rough path of order o € (0, 1) and let n = |_$J Then there
exists a unique extension of X to the space T (E) which satisfies the multiplicative and analytic
property. That is, for all m > n + 1 there exists an object X" : Ay — E®™ such that

m
m __ m—i i
th - § :Xru ®Xux’

i—0

and for all (s, t) € A, we have

ot —s i

i 1= s - | i>1
“Tla+1)

Notice that Theorem 5 tells us that in order to construct the solution to a rough differential
equation in terms of its signature, we just need to give a probabilistic construction of the
first n = LH iterated integrals. Then we know that all higher order iterated integrals have
a canonical (and deterministic) construction only depending on the lower order integrals. We
will try to reproduce this mechanism in the Volterra context.

i 1
Ix;, | < 11Xl

3. Volterra signatures

3.1. Definition and first properties

In this section we will define precisely what we mean by a Volterra signature over a smooth
path. In this way the Volterra type integrals will be trivially defined and we can focus on their
algebraic and analytic properties. This gives some insight on what can be expected in more
irregular cases. First we need to present an elementary inequality we will use later (see e.g.
[8, Lemma 4.4] for more details).

Lemma 6. Let f € [0,1], ¥y > 0,and 0 <r < q <t < T. Then the following inequality
holds

(T=nT" === (q-n7"".
Our constructions will rely on specific assumptions about the power type singularity of the

kernel k appearing in (1.1). Inspired by Lemma 6, the main hypothesis we shall use can be
summarized as follows.

H: Let k be a kernel k : A, — R. We assume that there exists y € (0, 1) such that for all
(s,r,q,7) € A4 ([0, T]) and 7, B € [0, 1] we have

k(t.r) | Sle—r|77, 3.1)

k(t.r)—k(q.r)| Slg—r77 7"t —ql", 3.2)

k(t.r) —k(T.9)| Slr—r|777r — s, 3.3)

k(t.r) —k(qg.r) —k(t.9)+k(q.9)|Slg—rl77Plr —slf, (3.4)
k(t.r)—k(q.r) —k(t,s)+k(g. )| Slg—r77 "t —ql". 3.5)

Here all the inequalities < are independent of the parameters y, 8 and 7. In the sequel
a kernel fulfilling condition (H) will be called Volterra kernel of order —y .
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Remark 7. If a kernel k satisfies (H) then by the interpolation inequality a A b < a®b'~? for
any 6 € [0, 1] applied to the minimum of (3.4) and (3.5) it follows that for any 8, n € [0, 1]
we have

lk(t,r) —k(q,r) —k(t,s) +k(qg.9)| S|t —ql"lg—r|P7"r =51, (3.6)

With those assumptions in hand we can now introduce the notion of iterated Volterra integral
and Volterra signature, which parallel (2.11) and (2.12).

Definition 8. Let us consider a path x € C 1[0, T]; E) and a Volterra kernel k : Ay — R
satisfying (H). The iterated Volterra integral of order n is a mapping z" : A3 — E®" given
by
n—1
(s.1,T) > 27 = / k(z, r,,)®k (rjs1,ry) dx,. (3.7)
t>rp>-->r1>s j=1
We also consider the collection of iterated Volterra integrals as an element of the free algebra.
Specifically, we define the element z7, € 7)(E) as follows:

T o |4 n,t
g, = (Lz;",....2",..),

where we recall that the spaces T™)(E) is introduced in Definition 3.

Remark 9. As already highlighted in the introduction, notice that in the definition (3.7) the
variable 7 is considered as an additional parameter indexing z. While we might be mostly
interested in the case T = ¢, this extra freedom will play an essential role in our considerations.

Remark 10. Observe that the Volterra integrals are denoted by (s, ¢, T) — z;;" as opposed to
(s, 1) — zj, in the regular rough path setting. This small modification will ease our notation
when one has to deal with integrals of the form fol k(t,r)frdx,.

Remark 11. A particularly important note is that the collection of Volterra iterated integrals
z = (1,z',...) is not contained in the free nilpotent Lie group of G given in Definition 3.
We expect that one needs a different algebraic approach to these integrals due to the kernels k
involved in the integrals. Especially in the singular case it is quite intuitive that Volterra iterated
integrals do not lie in the free nilpotent lie group, as there is no concept of integration by parts.
That is, let x’ and x/ be two real valued smooth paths, and consider the second level z%. Then
observe that a simple integration by parts would yield

t t
/ k(t, r)k(r, u)dx.dx) = f k(t, rydx! / k(t, r)dx!
t>r>u>s s s

L d L
—/ k(t, rk(r, r)dx;)dx;, — / k(t, r)d—k(r, u)dx)dx;. 3.8)
I>r>u>s t>r>u>s r

However, since k is singular we have k(r,r) = oo, and the derivative j—rk(r, u) would no
longer be integrable. This additional singularity prevents us to exhibit a bracket defined as the
commutator of the tensor product in Definition 2 (here considered for the second level term).
Therefore a deeper investigation into the algebraic properties of the Volterra iterated integrals
given in (3.7) would be highly interesting, and we hope to tell more on this aspect in the future.

When x is a smooth function, iterated Volterra integrals enjoy a regularity property which
is similar to the analytic property in Definition 4. This is labelled in the following proposition.
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Proposition 12. Let k : A,([0, T]) — R be a Volterra kernel which satisfies (H) with y < 1,
and assume x is a continuously differentiable function. For n > 1, consider the path z** defined
by (3.7). Then for (s,t) € Ay([0, T]) we have that

) < (Ixller (1 = )"
T T'(n(l-y)
where the C' norm of x is defined by ||x|| o1 := sup,cjo.ry (%] + [%¢]).

(t — s)—}’ (t — S)(n—l)(l—yH-l ,

Proof. Starting from (3.7) and invoking the fact that x is a C' function, we directly get

n—1

2= [ k(e @k (ryen. 1) i,
[>rn>"'>r1 >5

j=1
n—1

=/ () LT K Gt ) 1y | @ - @ L, Idry < - i,
t>rp>->rp>s i=1
Therefore hypothesis (H) on the kernel k entails

n—1

71 < el | (e — 1) [] s — 1 drr - dr,
t>rp>-->r1>s

i=1
t
= || I (1= )" / =715 ) () dr,

where we have used the convolution property (2.2) of the Riemann—Liouville integral operator
I* described in Section 2.1. Furthermore, it follows from the identities in (2.3) that

t t
/ =71 () (rydr = c,wf (t =177 (=)D gy
N N

T—S

1 i
= Cpy (t — ) DI (¢ s)*yf (1 L S) pr-DU=n=lgg, 3.9)
0

where we have used the notation ¢,, = [I'((n — 1)1 — y) + D]7! and the substitution
r =546 (t —s). In addition, since t > ¢, it is clear that

1 t — -Y
/ (1 -0 S) gr=DU==lgg < B(1—y,(n— 1) (1 —y)), (3.10)
0 T—S

where B is the Beta function. Observe that classical identities for Gamma and Beta functions,
yields that

BAd—-—y.m-DA-y) _ Ira-y) G
I'n=1D 1 —=y)) F(n—DA—=y)+ 1D '
plugging relation (3.11) into (3.10) and then (3.9) we have then obtained
' A\ (n=D)(1-y) F(l - V) - = DA=y)+1
/S (t—r)V I (D) ()dr < T—Dd—p)+ 1)(1’ s)7V(t —s) e

which is our claim. [
3.2. Convolution product

We will now try to get an equivalent to the multiplicative property of the signature (2.15)
in a Volterra context. Unfortunately this property does not hold directly for a Volterra rough
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path, due to the interaction between variables in the kernel k. However, we will show that if we
modify the tensor product to be a type of convolution product, then we still get a concatenation
type property under this product.

Proposition 13. Let (s,u,t) € Aj. Consider two C' functions x : [s,u] — E and
y : [u,t] - E, and denote by q = x x y their concatenation. Let 7" be the nth Volterra
integral of q on (s, t) as defined in (3.7), namely for all (s, t, ) € Az set

1
P -
z ~—/ @k (rj+1.75) day;,
t>rp>->r1>s

. i=n

with the convention that v, = t. Then for (s, u,t, 1) € Ay we have

_Zz" g (3.12)

where the convolution product * is defined as follows for all 0 <i <n

n—i,t i,
Z, ' *Z, (3.13)
i+1
::f ®k(rj+1,rj)dyrj ®f k(rig1, 1) ® rH_],r] dxr
t>rp>->rip)>u j=n UST]>>r]>S j=i—1

Here we have used the convention ° = 1 and 7" x 1 = 1 x 2" = 7.

Proof. This proof is left to the patient reader. The result is easily checked by splitting the
domain

Ay, tD) ={Gr1,...,r) €ls,tl t > 1y > >71 > 5)
into sub-domains

Apj={0r1,...,r)els, tlt> - >rjp>u>r;>--->s}. 0O

Remark 14. 1In order to make formula (3.13) more concrete, let us explicitly compute the
integrals we obtain for n = 2. In this case relation (3.12) reads

z =n v kg 7 (3.14)
and we observe that
7 k7l = / k(t, r2)dx,, ®/ k(ra, ri)dx,,, (3.15)
t>ry>u u>ry>s

where we note the common integration variable r; in the above product. In relation (3.13), we
also notice that since the kernel k is smooth except on the diagonal, the function

b= ks,
u>ry>s

inherits the smoothness of k. Therefore the integral

/ k(":» r2)dxr2 ® lrz»
t>ry>u

which features in (3.15), can be interpreted as a Riemann-Stieltjes integral. One of our main
tasks will then be to control possible singularities arising from k when x is no longer assumed
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to be smooth, but rather a Holder path. We refer to Section 4 for a further analysis of this
point.

Next we will present a technical lemma which will become useful in later analysis of
the Volterra signature. It states that the convolution product * behaves similarly to the tensor
product ® on small scales.

Lemma 15. Let P be a partition of [s, t] such that |P| — 0, and consider z/ for j =1,...,p
as constructed in Eq. (3.7) with a continuously differentiable driving noise and a kernel k
satisfying (H) with singularity of order y < % Then for n, p > 1 with p —n > 1, we have

: p—n,T n,. _ op—n,T nau| __
|7131‘r20 Z 2 " xgy —2l "t @zt =0. (3.16)
[u,v]eP

Proof. In order to study the left hand side of (3.16), let us set for (u, v) € A,

Dw,v)y=z""xz;, —2 """ ®uz . (3.17)

Then according to Definition (3.13) it is readily checked that

n+1

v = [ Rk isr, ) dx,
VSIS > U

i=p
1
®/ [k (Fug1, 1n) — k (u, rn)]dxrn ® k(rigr,ri)dx,,,
U>Tp > >T]>8 i=n—1

where we have written 7,1 = t for the sake of readability. We now proceed along the same
lines as for Proposition 12. Namely if we assume that || x|, < M, we get

P
D= [ [T i |

U>I‘I;>"'>I‘n+1 >u i=11+1

n—1
X (f |k (rpg1s ) — k (u, ry) | 1_[ |k (rig1, 1) |dry, .. .dr1> dry...dr,q1.
USTp>->T]>S

i=1

Furthermore, from (H) we have |k (r;y1, i) | S rip1 — ri| ™7, and any 8 € [0, 1] we have
Ik (Fngrs ) =k rn) | S g — ul Pl — |77 7F

Thus restricting 8 € (0,1 — y), we get

p—1
ID (u,v)| < M”/ (t—rp)™” l_[ rigt — 1il Y [Pt — ulPdryyy -+ -dr),

VSTrp>ee>Ty g >U imn+1

n—1

x/ u—rn|*7”*/31_[|ri+1—ri|’Vdr1~--dr,l.
USTy>>F] >

i=1
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Hence, integrating the outside integral over the simplex u > r, > --- > r; > s, we end up
with

|D (u, )|

P
_ 1—y)—
< Coa [ T 1riet = 75177 Guss — )P s ... dry x (u — sy 1=1F
VST ST | U T

v
< Cﬂ.y,p,nf ('L’ _ r)*y (r _ u)(P*n72)(1*V)+(/3+1)dr x (Lt _ s)n(lfy)fﬂ’ (318)
u
n—1
where Cg ), == L (I_Il’(;ﬁ)f V(;:gjrl) M” and where we have used the convolution property (2.2)
of the Riemann—Liouville fractional integral. Now we can do a change of variables r =
u+ 6 (v—u) and find

v
/ (t = 1) (r— )PP gy (g )Y (p— )P
u

where ¢, ;. is a function bounded by the Beta function, i.e.

1 g
Cprun = / <1 1ol ” ”) g(P—n=D(-)+B+1 49
0

T—u
=Bl—-y,(p—n=2)d-y)+p+2) <00

Plugging this identity into (3.18) and writing C = Cg,, , , for constants which may change
from line to line, we get

D, v)| < C(x—u)™ (v —w) P DO @ — 517070
Therefore it is readily checked that
t
D ID@, v)| < C|P| PR / (x—uw) ™ (u— sy Pdu,

[u,v]eP

where |P| denotes the size of the mesh of P. Taking into account the definition of D(u, v) in
(3.17), this finishes the proof. [

4. Volterra rough paths

To begin the study of Volterra rough paths, we need to understand the structure and regularity
which may be extracted from a Volterra path. As we have already seen, a Volterra path is really
a two parameters function on a simplex A, taking values in some space E. A simple example
of a function of this form could be the singular kernel

==, 4.1)

defined for ¢ < 7 and y € (0, 1). Note that for a function f given as in (4.1) and (s, t, T) € A;
it follows from Lemma 6 that

IfEl< (@ =0 —y).

This tells us that as long as t < t then we have a Lipschitz bound on f7, i.e. for any € > 0
we have f* € Crjp ([0, T — €]). Similarly one can consider the function

g =@—n",
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for some o € (0, 1) and # < 7. Then it is easy to see that globally, g is a-Holder continuous in
both variables. However, for any small € > 0 we have that t = g/ is C* ([0, T — €]). Along
the same lines, one can see that T — g7 € C® ([t + ¢, T]). In the sequel we will generalize
the above considerations to processes of the form

t
m=/kmmm, @2)

where x is an «-Holder path and k a possibly singular kernel of order —y. This section is
devoted to a definition and analysis of generic Volterra type rough paths like in (4.2).

4.1. Definition and sewing lemma

Let us go back for a moment to the increment defined in (4.2). One way to define the term
fs " k(z, r)dx, is to split the integral in the right hand side of (4.2) along a partition P of [s, 1],

/ k(t,r)dx, = Z /Uk(t,r) dx,,

[u,v]eP[s, 1] H

Then for each [u, v] € P we have some regularity of f: k (t,r)dx, coming from the difference
v—u which is contributed by the driving noise, and some (possibly singular) regularity coming
from the difference r — v. Much of the difficulty in the analysis of Volterra rough paths will be
due to such considerations. In order to capture the different regularities discussed above, we
will make use of three different quantities, which will later be used in the definition of various
classes of Volterra Holder functions. For two parameters («, y) € (0, 12, we set p = o — Y,
and we will consider the semi-norms defined by

|z, |
1zl (@)1 == sup — 5 4.3)
e [T =Vt =5 AT —s|?
’
lzfy |
lzll@ )12 = sup T ey oy B e PRIy
(amyens [T = T1NT =774 (10 =177 e — 5% A J2/ = 5]°7F)
n€l0,1]1,£€[0,p)

4.4
with the convention z¥, = z7 — z7 and 77" = z¥ — z7. With these quantities at hand, let us
define a space of functions which we will call Volterra paths.

Definition 16. Let (¢, y) € (0, 1)2 and consider a function z : A, — E, such that (¢, 7) > z;.
We assume that for all T € [0, T] we have
t>z; €C*V ({tHh NCY ([0, 1)),

where we recall that the notation C*~” ({r}) has been introduced in (2.5). We also assume that
for all ¢ € [0, T] the following holds:

Tzl eCV () NCH((@, T)).
Then for such a function z, define

Izl ) = lzll@y).1 + 12l @y).1,25 4.5)
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where the norms are given as in (4.3) and (4.4). We define the space of Volterra paths
z: Ay — E as all paths such that z§ = zo € E for all T € (0, T'], and

”Z”(Ot,)/) < Q0.
We denote this space by V@7) (A,; E). In addition, under the mapping
2> |zol + llzll@.y)s

the space V@7) is a Banach space.

Remark 17. Conventionally, we will use the notation y; to signify both functions with
three arguments, and the increment of functions with two arguments, i.e. y; = y*(s, ) and
vi, = yf —y;. We hope the specific meaning will always be clear from the context. Moreover,
we will use the same norms as those defined in (4.5) for three variable functions y : A; — E
given by (s, 7, T) — y/,.

Remark 18. The space V@7 really captures three different regularities in different areas of
A5 ([0, T1). On the diagonal line, (¢, ) we clearly have that z € V) is of p-Holder regularity
in both variables, where p = y —«. However, at any point off the diagonal we have «-regularity
in the lower variable and 1-regularity in the upper variable. The space could have therefore be
defined more generally to capture three different regularities. However, for our purposes, under
the assumption (H) and the fact that a Volterra path is of the form z; = fot k(t,r)dx,, we
easily get the 1-regularity in the upper argument. This will play a central role throughout the
analysis of such paths.

Remark 19. The reader might wonder about the introduction of an extra parameter ¢ in the
definition (4.4) of ||zll(a,y),1,2- In order to justify this new parameter, consider z € V@) such
that zj = O for all . We wish to bound the diagonal difference z} — zJ. To this aim, we
decompose the difference as

- =+ =2, +2. (4.6)
Then the term z!_ in the right hand side of (4.6) is easily bounded by |t — s|? according to (4.3).

In order to bound the term zg‘f), we resort to (4.4) and write

250l < It = s|"ls — s 7" |s — 07 7F. 4.7)
We now tune the parameter ¢ in order to avoid the singularity in | - |77 in (4.7). Namely, pick
n < p, and ¢ = n. This yields
|zgol <1t — s
Plugging this information into (4.6) we end up with |z} — z}| < [t — 5|7 for any n < p, which
is the desired regularity on the diagonal.

Remark 20. The norms and spaces in Definition 16 can be easily generalized to increments of
two variables, which yields the definition of a space Véa’y)(Ag, E). The norm on V;a'y)(A_g, E)
is given by

lzll@y) = Nzl + 1zlley),1,2- (4.83)
Those spaces will be used for the definition of convolutional controlled paths in Section 5.1.
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Our construction of solutions to rough Volterra equations like (1.1) will hinge heavily on a
Volterra version of the Sewing Lemma. We start by defining the class ¥ of paths to which
this Sewing Lemma will apply.

Definition 21. Leta € (0,1),y € (0, 1) witha—y > 0,k € (0, 00) and 8 € (1, c0). Denote
by ¥ @89 (A5[0; T]; E), the space of all functions 5 : A3 ([0, T]) — E such that

151y @neo = 18l @y + 18E g < 00, 4.9)

where § is the operator defined for any s < u < ¢ and a two variables function g by

6ugtx = 8ts — 8tu — 8us- (410)

In (4.9), we also use the following convention: the norm ||Z ||,y is given by (4.8), while we
have

185 .y = I8 E Nyt + 185 @,y 1.25

where the quantities ||65|/(s,,),1 and [|§Z ||(s,,).1,2 are slight modifications of (4.3) respectively
defined by
18m &5

55l e 411
S P T N i

_ 18 E5" |
185 1(B.0),1,2 = sup p — s 7] [T
(e veas [T =TT — |7 (j =1 It — s AT — s )
n€l0,1], £ €[0,f—x)

(4.12)
In the sequel the space #*7)B%) will be our space of abstract Volterra integrands.

We are now ready to state our Sewing Lemma adapted to Volterra integrands.

Lemma 22 (Volterra Sewing Lemma). Consider four exponents B € (1,00), k € (0, 1),
o € (0,1)and y € (0,1) such that B —k > a —y > 0. Let Y@V qnd V@) be the
spaces defined in Definitions 16 and 21 respectively. Then there exists a linear continuous map
I: V@B (As; E) — V@) (As; E) such that the following holds true:

(i) The quantity T(E7);s := limjp—o Z[u,v]e’P B, exists for all (s,t,t) € Az, where P is
a generic partition of [s, t] and |'P| denotes the mesh size of the partition.

(ii) For all (s,t,t) € A3z we have that

IZ(EY) — &L SUSE g (It — 1751t —s1P Alr —s/P7), (4.13)
while for (s, t,1', 1) € Ay we get for any n € [0, 1] and ¢ € [0, B — k)
IZ(E™ s — B |

- —n+ —k— —k—
Sl [ T (L e PN L) | RECAT

Proof. This is an elaboration of [18, Lemma 4.2] and we give some details here for the
sake of completeness. Specifically, we will focus on the convergence of Riemann type sums
Z[M]ep E, along dyadic partitions. Referring to [18, Lemma 4.2], we leave to the patient
reader the task of checking the convergence of Z[M] p &, along a general partition whose
mesh converges to 0, as well as the relation 6Z (&) = 0.
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With those preliminaries in mind, let us consider the nth order dyadic partition P" of [s, t]
where each set [u, v] C P" is of length 27" |t — s|. We define the nth order Riemann sum of
ET, denoted Z" (&),,, as follows

n T — ot
z (& )ts - Z oue
[u,v]ePn

Our aim is to show that the sequence {Z" (%) ;n > 1} converges to an element Z(Z) which
fulfills relation (4.13). To this aim we will analyse differences IHY(ET) — T"(E7) and prove
the following bound
ey _ _
nt+le oty _ oty < l (B.x),1 =K1y oIB _ <IB—k
2" ET) - TI"(& )|N—2n(ﬁ_1) (|r N —sIP AT — 5| ) 4.15)

In order to prove (4.15), observe that

TN (E) =T (ED) = Y SnEl (4.16)
[u,v]eP”

where we recall that § is given by relation (4.10) and where we have set m = “—“2”’ Plugging
relation (4.11) into (4.16), it is thus readily checked that

| Y 8Bl S 1880 Y, It —vl v —ul’ (4.17)
[u,v]eP [u,v]ePn
We will now upper bound the right hand side above. Invoking the fact that 8 > 1 and
[lv —u| =27"|t — s| for u, v € P" we write

ot —v M —ulf 27— 5PN e — oo —ul. (4.18)
[u,v]eP" [u,v]eP"
Hence, some elementary considerations on the Riemann sums corresponding to the integral
f; |t —r|7*dr for a t < v and parameter « € (0, 1) yield

1
Yoolr—v M —uf 27— s|<ﬂ*1>f |t —r| ™ dr. (4.19)
[u,v]eP s
In addition, some elementary calculations similar to those in Remark 7 show that for ¥ € (0, 1)
we have

/ T —r| ™ dr <(t =070 —s) A (T — )17,

where we have used the fact that the integral L "|t — r|™*dr is converging for k < 1. Putting
this inequality into (4.19) we get

Z It — v ™ —ulf S27"F D (@t =)@ — ) AT —5)P7). (4.20)
[u,v]eP”

Inserting (4.20) into (4.18) and then into (4.17), our claim (4.15) is thus easily obtained. With
relation (4.15) in hand, one immediately gets that the sequence {Z" (&7),,},-, is a Cauchy
sequence. It thus converges to a quantity Z (£'7),, which satisfies (4.13). As mentioned above,
the remainder of the proof goes along the same lines as [18, Lemma 4.2]. We leave it to
the patient reader for the sake of conciseness. This proves that the element Z (&%) has finite
Il - I, 4,1 norm and that (4.13) holds. The next step will be to show that also the integral
Z(E7") of the increment in the upper variable & "'” is finite in the || - [|(g,c),1,2 norm. Following

the lines for the proof above, we can just change the integrand 5 with & "'”/ and the norms
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accordingly. Thus, using exactly the same arguments as before, inequality (4.14) holds as well.
This concludes the proof. [

In order to test the compatibility of our first definitions with the Sewing lemma, we will show
that one can construct a Volterra path of the form zf, = [ "k (z,r)dx, in terms of Lemma 22.

Theorem 23. Let x € C* and k be a Volterra kernel of order —y satisfying (H), such that
p =a —y > 0. We define an element 5, = k(t, s)x,5. Then the following holds true:

(i) There exists a B > 1 and k > O with 8 —k = a — y such that & € V' @VBO,
where V@V B9 s eiven in Definition 21. Therefore the element T (E7) obtained by
applying Lemma 22 is well defined as an element of V*") and we set 7', = T (87),, =
[! k(z, rydx,.

(ii) There exists a strictly positive ¢ such that for (s, t, t) € A; we have

lzf, — k(T 9)xis] < ¢ [(x =77t = 9)* AT = 5)"]. “21)

and in particular z verifies ||zll(a,y),1 < 0©.
(iii) For any n € [0, 1] and ¢ € [0, p) there exists a strictly positive constant ¢ such that for
any (s, t,q, p) € A4 we have

201 < clp —ql"lg — 117" [lg — 11775t = 51 A lg —s1P7¢], (4.22)

where 78 =zl — 7l — 28 + 71

Remark 24. According to the standard rules of algebraic integration we would be naturally
prone to set & = k(t, t)x;;. Here we have chosen to take & = k(t, s)x;,, which will ease
the treatment of the singularity of k£ on the diagonal. This small twist on the usual theory does
not affect the fact that we are generalizing Volterra equations from the smooth to the rough

case.

Proof. Recall that we have set = = k(t, s)x;;. We will show that Lemma 22 may be applied
to =, which amounts to check that & ”I/(a’y)(ﬂ ) with some parameters 8 > 1 and « > 0
to be chosen later on. Furthermore, in order to show that || & ”7/(01 N0 < 0o we will focus on
the norms [|§Z']|(g,c),1 and [[§5]|(g,c),1,2 defined by (4.11) and (4 12), and we leave the proof
of || Z'|(«,y) < 0o to the reader for the sake of conciseness.

In order to check that [[§&s.),1 < 00, we start by noting that the increment §,, &
can be written as 8,5 = [k(t,s)— k(r, m)]x;,, which stems from elementary algebraic
manipulations. Therefore, according to (3.3) in Hypothesis (H) we have for an additional
parameter v € [0, 1]

18, E51 S Mlxlle(t —m)™7 7Vt — m)*(m — 5)". (4.23)
Next we pick our parameter v such that the condition
B=v+a>1 (4.24)

is satisfied. As far as the singularity at 7 is concerned, relation (4.22) asserts that in order to
apply Lemma 22 item (ii) we get the restriction

k=y+v<l. (4.25)
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Note that if we put conditions (4.24) and (4.25) together, we get | —a < v < 1 — y which
can be fulfilled as long as @ > y. Furthermore, it is immediate that 8 — «k = o — y.
Then putting together (4.23) with (4.24) we get that |§Z]|(g),1 < oo. Next we need to
show that [|6&]|(g),1,2 < oo. To this aim, define g, (¢g,s) = k(p,s) — k(g,s). Then
combining (3.4) and (3.5) in assumption (H) there exist two parameters 1,60 € [0, 1] such
that for p > ¢ >t > m > s we have

gy (q.m) — 8, (q.5) | S (p—q)" (g —m)~ Y4 (m — 5)° (4.26)

With this estimate in mind, let us now define a new abstract Volterra integrand =77 =
8p(q, s)x;s. Repeating the computations of step (i) with (s, m, t, q, p) € As, and applying (3.6)
on g we end up with

82 GRS (p = @)"(g =g —m) YO m — 5) (¢ — m)?, (4.27)

where 7, 0 € [0, 1]. Observe that (m — s)?(t —m)® < (t —s)~+*. Thus for any ¢ € [0, 8 —«)
setk =y +60+¢ <1and B =6+« > 1 in the same way as in the previous step. Note that
this is always possible due to the fact that § — « > 0. It follows that

18 & Nl (g,),1,2 < 00.

~

It is therefore clear that & € @)% An application of Lemma 22 now yields that
Z(Z) € V@) and that the inequalities in (ii)—(iii) holds. [J

Remark 25. Owing to Theorem 23, we now know that a typical example of a Volterra path
in V@7 is given by processes of the form fA "k (t,r)dx,. Having this large class of objects in
hand, we will mostly focus on computations for general elements in V®?) whenever it is not
needed to explicitly state the kernel k or the driving noise x.

4.2. Convolution product in the rough case

As we have seen in Section 3.2, the equivalent of Chen’s relation in our Volterra context
involves convolution type integrals. In order to clarify this point, let us go back to Remark 14
concerning second order iterated integrals. One way to rephrase relation (3.14) with the operator
§ introduced in (4.10) is the following

8,25 = / k(t,ry)dx, ® / k (ra, r1) dx,,, (4.28)
t>ry>s

s>r;>0
In the right hand side of (4.28) we point out that the limits of the integration with respect to x,,
are fixed; the only thing that is connecting the two integrals is the dependence on r, through
the kernels. Thus the integral fos k (ra,r1)dx,, can really be thought of as a re-scaling of the
path x as r, moves from s to 7. Our next step is to show that this operation is indeed valid for
two generic Volterra paths y, z.

Theorem 26. We consider two Volterra paths 7 € V@7 and y € VY g given in
Definition 16, where we recall that a,y,a’,y" € (0,1), and define p = o« —y > 0 and
o' =d —y' > 0. Then the convolution product is a bilinear operation on V'*7) given by

2t * Vs = / dzf @y = lim ) 2, @i (4.29)
t>r>u [u’,v’]e'P
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The integral is understood as a Volterra—Young integral for all (s, u,t, 1) € Ay. Moreover, the
following inequality holds true,

. — / /
125 % Vsl S NIl gz [ @ =077 @ =977 A@ =] @30)

Proof. Define & =2z, ®y,,for0<s <u <r <m <r’" <t Inspirit of Lemma 22, we
will show that

IT(E = Eil S Wl ¥l [0 =07 @ =777 A @ =5+

Following the strategy outlined in the proof of Lemma 22, we know from (4.17) that we must
show that the sum ) rr PR u.g] |6 &, | is converging (here P" is the dyadic partition used in

r/
the proof of Lemma 22). Let us therefore consider the action of § on Z. By simple algebraic
manipulations we see that

SnET, = —20, ® Y. (4.31)

Let us now analyse the right hand side of (4.31). The term z, can be bounded thanks to
assumption (4.3). We get

125, < lzll@pile =717 1r —m|®. (4.32)
As for the term y]) we can use assumption (4.4) to write
| < Yl lm = r e = ul e = 5|7, (4.33)
for an arbitrary n € [0, 1]. Hence gathering (4.32) and (4.33) we bound (4.31) by
125, @ Y| Syl 2zl 1 (- —w) (@ = )7 = r)* N (r — )", (4.34)

where we have used the fact that |r' —m| < |r' —r| and |m —r| < ¥/ —r|.
Combining (4.34) with (4.31) and summing over the points of the dyadic partition P", we
end up with

> 1nEL,l
[r,r’]eP”[u,t]
Slwoniclzlems Y. =0 @ —r)TE = e -5y (435)
[r,r’]e?’”[u,t]

Note that we have two separate possible singular points above, both when r — u and
r’ — 1. However, taking limits in the Riemann sums on the right hand side of (4.35),
we know that we obtain a converging integral as long as n + « > 1 and n < 1. Indeed,
the right hand side of (4.35) is bounded (up to a multiplicative constant) by the integral
| |etn—t fut(t —a) Y (a—u)""(a—s)” da, and by doing a change of variables a = u+6(r —u)
as well as applying the inequality

sup (u — s+ 6(t — u))”, <@ - s)pl,
0¢el0,1]

we find that
/ (t—a)y7(@a—ua—s)da <cpy (T —u)" @ —uw) (-5, (4.36)
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where ¢, ,, = B(1 —y, 1 —n) and we recall that B stands for the Beta function as in the proof
of Proposition 12. It follows that

- -1 _ 1— ,
> 1B S IPITT I lwgna2lzlleyn (T = w) V@ —w) T =) (4.37)
[r,r’]e'P”[u,t]

Since we must choose n > 1 —«, let us choose n = 1 —« + € for some small € > 0 satisfying
p — € > 0. Then inequality (4.37) reads

S nEL SIP U @yl (T — w7 ¢ —w)* @ =) (4.38)
[r,r/]e'P"[u,t]

Note that for the dyadic partition P" we have |P"|¢ = 27"¢(t — u)¢, and observe that (4.38) is
the equivalent of (4.20) in our current setting. Therefore, one can follow the same steps as in
Lemma 22 in order to get the following relation, which is the analogue of (4.15):

IVl 12021 @)
2n€
where we recall that 2o — y = 2p + y. We also let the patient reader check from (4.39) that

Z"NED - T'(ET) S (=)™ (t — w)(t — )", (4.39)

. ~ 1 ll@,y 121121y, _ / /
"N (ET) - T(ET) S — (T—07( =) A (T =5,

2}16
(4.40)
where we have used that for s < u < < t the following two inequalities holds:

T—w) =)t —95)” < (=5 and (T —u) Tt — w2t — ) <(x—1)7(t —s)PTPTY.

Putting together (4.39) and (4.40) and reasoning exactly as in Lemma 22 after (4.20), we
obtain that Z"(&") converges to an element Z(E*) verifying

— / ’
TE D = Eil S Wl gmalzlan [ =077 @ =% A =] @an)

We therefore define zf, * y,, = Z (Z°%),,, and one can directly see from (4.41) that z;, * y,
satisfies the relation

. _ ’ ’
26 % Yisl S ¥t 2zl [ = D77 = P57 A = syt
This completes the proof. [

Our next step is to mimick Proposition 13 in a rough Volterra context. Specifically we would
like to extend Theorem 26 in order to get a proper definition of the nth order convolution
products for Volterra rough paths (where we recall that Volterra rough paths are introduced in
Definition 16). For those nth order convolution rough paths, we also wish to get a multiplicative
property similar to Proposition 13.

Observe that in order to properly define the aforementioned nth order convolution product,
we will need to extend the domain of the definition of our convolution product x. Namely, we
would like to define products of the form zj;" % £, for a generic function (s, 71, 72) > fy>™.
To motivate this construction, suppose x : [0, T] — R is a smooth path, and f : A, — R is
a smooth function. Furthermore, assume that there exists f': A3 — R and R : A3 — R such
that f7 = z7, % f"=" 4 R}, for some smooth z : A, — R. Consider the integral f; k(z,r)f dx,.
Inserting the relation on f inside the integral, we see that

t t t t
/ k(t,r)f; dx, =/ k(t,r)fdx, +/ k(t, )z, * £, dox, +/ k(t,r)R;dx,

S s S s

56



FA. Harang and S. Tindel Stochastic Processes and their Applications 142 (2021) 34-78

If we assume that z; = fot k(z,r)dx,, we recognize that f; k(z,r)fldx, =z * f,, which is
the first order convolution product. However, observe that for the second term we have (since
all functions considered are smooth)

t t r
/ k(. )zl % fo7 dx, = / / k(T r)k(r, u) f." dx,dx, . (4.42)
Now observe that

/ / k(t, k(r,u)dx,dx, = z,s ,

and so we are tempted to define

/ / k(z, r)k(r, u)f Thdx,dx, _z f 12,

However, in the current situation the convolution product is performed over two upper variables.
Hence we need to extend the construction from Theorem 26 to this context. In subsequent
sections we will give a proper definition of controlled rough Volterra paths, and will then see
that this is exactly the type of relations that is needed in order to define rough integrals.

Let us first explain how a product like (4.42) behaves in case of a smooth path x with
a Volterra kernel k. Namely in this situation, consider a smooth three variables function
f A3 — L(E, L(E)). Then a natural way to define z,zs’f * f; is the following (the reason we
assume [ has two upper arguments will be discussed in detail in Section 5.1).

Definition 27. Let x be a continuously differentiable function and consider a Volterra kernel
k which fulfills (H) with y < 1. Let also f : A3 — L (E, L (E)) be a smooth function. Then
for T > ¢ > 5 > v the convolution z"  f,"2 is defined by

Ta fl? = / k(z, rydx, ® / k(r, 1) £ doxy, (4.43)
t>r>s r>Il>s

1.2

where the notation f,'* is introduced to prevent ambiguities about the order of integration.

We now state an algebraic type lemma which will be useful in order to extend Definition 27

to rougher contexts.

Lemma 28. Under the same conditions as in Definition 27, let z7 % f;*'? be the increment
given by (4.43). Consider (s, t) € A, and a generic partition P of [s, t]. Then we have

% f12 = hm ] x 02+ (Suzy)) * 12 (4.44)
[u,v]eP

Proof. Starting from (4.43), we first write

pepee Y

[u,v]ep ¥ V>1>u

k(‘[, r)dxr ® / k(i", l)f:vr’ldxl.
r>I>s

Then for each [u, v] € P, divide the region {v > r > u} N {r > [ > s} into
fv>r>l>ulU{v>r>u>I1>s}

This yields a decomposition of z%;" % f;""2 of the form

T x fv2= Y A, + B, (4.45)
[u,v]leP
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where A and B are respectively given by

AT = / kG, P, ® / kGr D) 7 dxy

r>l>u

B, = / k(t, r)dx, ® / k(r, 1) f'dx;.
v>r>u

u>l>s

Now we immediately recognize the term A7, as the expression z" * f,'"2 given by (4.43).

Moreover, it is also readily checked that B, = z!.7 x (zll,;fl * ﬁlz) Hence thanks to
relation (3.12) for smooth paths we can also write

Bl, = (8.z27) * ;2.

Plugging this relation into (4.45) and gathering the information we have on the term Aj,, our
proof is complete. [

Remark 29. The identity (4.44) makes sense as long as one can define z2" * f;"2 and
if z* verifies (3.12). This opens the way to a generalization to rougher situations, having
Theorem 26 in mind for the equivalent of (3.12). These considerations motivate the definition
in Theorem 33.

We now take another step towards a proper definition of general convolution products. To
this aim, we will assume for a moment that our generic Volterra path z* gives raise to a stack
{z/'7; j < n} of iterated integrals. Specifically our standing assumption is the following:

H2: Let z € V@) be a Volterra path, as introduced in Definition 16. For n such that
(n+ 1Dp +y > 1, we assume that there exists a family {z/'*; j < n} with z' = 7 satisfying

j—1
J.T _ j—i,tT i
Suziy = E Z,,  *1Z,, (4.46)
i=1

where the convolution product is defined by the right hand side of (4.29). In addition, we
suppose that for j = 1,...,n we have z/ € VUPT71)(A;, E).

Remark 30. The definition of the convolution product in (4.29) is currently only valid for one
dimensional increments. Thus the true meaning of the convolution products between elements
7' and z/ for general 1 < i, j < 2 will become apparent with Theorem 33, and specified further
in Remarks 37 and 38.

Let us also specify the kind of norm we shall consider for processes with two upper variables

of the form y'1-2,

Definition 31. Let y be a function from Aj to V such that for any (7, 1) € A, we have
1,72
Yo ° =o€V, and such that

Y2 w2 = 10" @2 + 1 2 @12« <00 (447
where the two norms || - [l,),2,> and || - [l@,y).2,< are small variations of (4.4), respectively
defined by

L R = i
1y" 2 leyy12>=  sup = =

(s.0.r7 rp.rp)eAs |r2 — T |r]|rl - t|777+§ [|rl - tliyiglt - lel A |r1 - slaiyig]
n€l0,1], ¢€[0,a—y)

(4.48)
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ra,r’ ri,r’
Iy 2 Nyt < = sup lyis” = Y5 |
a,y),1,2,< = — —_ — 1’
(s.t.r1.rp.1")EAS [r2 —r1|ry — ¢ anl [lrl -7 clt_s|a/\|rl ] C]
1n€l0.1]. £€[0.a—y)

(4.49)

We denote the space of functions such that (4.47) is fulfilled by ((L}f)

Remark 32. In the sequel we will need to estimate differences of functions y1'2 : A; — V
the form |y;"Y — y>*| < |v — u|"lu — 5|77 uniformly over t and s. However, if y € V( it
is readily checked that

)

T,u

s s v
I N I N R
= Iy llpyrzs v —ul"u —s|7"s — 017

where we have used that fact that since y € V( ) the dlfference lyo" — ¥l = 0. Thus, we
can use the norm in (4.48) to control the 1ncrements yiv — yo*. The same can of course be
done for increments in the first variable, using the norm in (4.49).

Assuming Hypothesis (H2), and having Definition 31 in mind, we now state a general
convolution result for functions defined on As.

Theorem 33. Let z € V@) with a,y € (0, 1) satisfying p = o —y > 0, as given in
Definition 16. We assume that z fulfills hypothesis (H2). Consider a function'y : A3 — L(E, V)
such that y is in the space (é}f) given in Definition 31. Then we have for all fixed (s, t, t) € Aj
that
Z x y 2 = i Lt (8 12 4.50
Ry = lim szw(@ys + (BuzlT) * v, (4.50)
le
is a well defined Volterra—Young integml. It follows that x is a well defined bilinear operation
between the three parameters Volterra function z* and a three parameters path y. Moreover,
we have that

2 5,8 1, 2 1 1
lz;" v 2 — 25" @ ¥ S Iy 2 Mlwr2 (122l 2ptypnt + 12 L@y 1202 L@y

x(|r—s| V|t—s|2ﬂ+u|r—s|2p). 4.51)

Remark 34. Our definition (4.50) for ths’t * y51"% is obviously motivated by (4.44), which had
been obtained for smooth Volterra paths. We are now extending this identity to a generic path
in V@),

Remark 35. The term (5, z 1)y in (4.43) is defined in the following way: observe that
according to (4.46) we have

8,25F =217 w7l 4.52)

vs vu us

Therefore we get

1,7 1,- 1y
(5Z )*y3]2=z *zus*ysl 2’

which is well defined from a successive application of Theorem 26. Indeed, the convolution
z,s x yr for p > r can be constructed in the exact same way as we constructed z)\7 * z!.".
Namely, y;""? has to be considered as a constant in the lower variable. However, in hght of
Remark 32, the ||yll(«,),1,2 norm invoked in (4.30) will be changed to the regularity required
in (4.47).
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Proof of Theorem 33. Let us denote by Zp the approximation of the right hand side of (4.50),
that is
Ip = Z g, = Z 255 @y + (8, 25) x y2 L. (4.53)
[u,v]leP [u,v]eP
Our goal is to apply Lemma 22 to the increment &', and we must therefore check the regularity
of the integrand under the action of §. To this aim, two simple computations using that

2,1 _ 1,7 1,
8,2y =1z, *Z,, reveal
2,7 uuN 2,17 rr u,u 1,7 1, u,u
5r(zvu ®ys )__zur ®(ys — Vs )+zvr *Z,, ®ys s (454)
2,7 152) — LT L, s
8, ((Buzy) x y1'2) = —z,, xz,, * y'?2, (4.55)
where we notice that (since we are computing 4, 5,) we have
2,7\ __ 2,1 2,1 2,7 __ 1,7 1,
8 (Suzvx ) - Suzvs - 8rzvs - SquS =Ly, *1Z,

where we invoked (4.52) for the last identity. Let us now analyse the regularities of the terms in
(4.54)—(4.55), starting with the right hand side of (4.54). Namely we recall that we assume in
hypothesis (H2) that z> € V%77 and we also have ||y1°2 ll@,y).1,2 < oo according to (4.47).
Therefore recalling (4.48), (4.49) and Remark 32, and also recalling that u < r < v we have
for all n € [0, 1]

2, A R ' 2 _ _ b
Z50 @ (5" = ¥ S 2 l@ar12lZ l@ptypale = s17T = o] o — w77 (4.56)

We then choose 1 such that 2p + y + n > 1, at the same time as n < 1, which is always
possible, since p > 0.

In order to treat the remaining terms in (4.54) and (4.55), observe that formula (4.29) trivially
yields (recall again that y;* has to be considered as a constant in the lower variable)

1,t wu 1,7 u,u
zts *ys _zts ®ys .

Therefore we can gather our two remaining terms into

I,t I,t 1

1, uu L, 12 — gLt L, 12 il
Z,, *Zp, ® Vs Zyy *¥Zp * Y =L, *Z, * (ys Vs ) (457)

Now in the spirit of Theorem 26, Inequality (4.30) and using condition (4.47) as well as relation
(4.56), we have

], ]w 1, s
|Zvrr *Z,, % (ysl - y;t Il)|
R 1 1 - 2p+y+ -
S 2 w1202 Nt 12 Ty, 1.2lT = o177 o — w77y — 5|70, (4.58)

Notice that the regularity obtained in (4.58) is the same as for (4.56). Hence repeating the
same arguments as after (4.56) and recalling (4.54) and (4.55), we have obtained that

18- 5| S cyalt — vl fu = s[7"v — ul®,

where n < 1 and u =2p +y +n > 1, and where the constant c, ; is the same as in the right
hand side of (4.58).

We are now in a situation which is similar to the one we had encountered in the proof of
Theorem 26 (see inequality (4.35) in particular). Thus along the same lines as Theorem 26,
resorting to a slight modification of the Sewing Lemma 22 involving two possible singularities,
we get that the Riemann sums defined by (4.53) converge as |P| — 0, and we define

2T gy 2 = lim Zp. (4.59)

z
ts |Pl—0
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In order to check (4.51), let us apply inequality (4.13) to the increment E° deﬁned
in Eq. (4.53). To this aim, observe that taking v = ¢t and u = s in the definition of &
we get 851,2;’ = 0, and thus & = z,x ® y¥. In addition, we have just seen in (4.59) that
T(EY), = z,zs” x y1-2, and thus

I(EN) —Ef =27 %y =27 @ )y

ts

Our claim (4.51) is then a direct application of Lemma 22, together with the inequality
estimates (4.56) and (4.58). O

Remark 36. The general convolution z;" % y;""2 given in (4.50), for a path y defined on As,
will be invoked for our rough path constructions in the remainder of the article. If one wishes
to consider the convolution restricted to a path y, defined on A,, a natural way to proceed is
to define

2T xy =2hT x 902, with  §I2 =y

Namely the path y has no dependence in r;. We let the patient reader check the norm identity

1302 @12 = IYll@y)1.2, where [[312]qy).1.2 is given as in (4.47) and [[yll.y).1.2 i
introduced in (4.4).

Remark 37. As a special case of Remark 36, we can define the convolution z,zu * z) by
setting y! =z}’ Then y tr1V1a11y satisfies [|yll(w,y),12 < 00 if z' € V@), which ensures a
proper deﬁn1t10n of z,u x z!:". Moreover, a direct application of Theorem 33 yields

2, . — 3 3
25" x 2l | St — 7V —sPPTY AT — s

Remark 38. In our applications to rough Volterra equations we will consider the case
p =a—y € (1/3,1/2], and therefore it is sufficient to show that the convolution product
* can be performed on the first and second level of a Volterra rough path. Indeed, whenever
p > 1/3, the convolution product for third or higher order terms in the Volterra rough path are
of regularity 30 which is greater than 1. Therefore the higher order convolutions z"* introduced
in (H2) may be constructed as a classical Riemann integral. For a general p € (0, 1), it
is easily conceived that one could extend the construction of the convolution product given
in Theorem 33 to any order Volterra rough path z" satisfying (4.46). This can be done by
induction on n, and one first need to give a proper definition of the convolution product up
to order k = [1/p]. The convolution product between elements zX of order K > k + 1 is
then constructed canonically through Riemann integration, together with (4.46). We defer this
extension to a forthcoming paper [19].

4.3. Volterra convolutional functionals

With the preliminary notions of Section 4.2 in hand, we are now ready to generalize the
notion of multiplicative functional (as introduced by Lyons et al. in [3]) to a Volterra context.
The basic definition of Volterra convolutional functional is the following.

Definition 39. Let n > 1, and recall that 7 = T®™(E) has been introduced in Definition 1.
Consider a continuous map

z: A3 —>TW, (s, t,7) > 2/ = (1 o7, z”’r).

> Tts 0 > Tts
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We call this mapping a Volterra convolutional functional if for all (s, u, t, ) € Ay it satisfies
Z;[S = ztru * ZMS

The convolution product on elements in 7™ should here be interpreted component-wise, in
the sense that for all 1 < p < n the p’th element (z], * z,'”)p in the right hand side above is
defined by

(2}, *z,, szu T (4.60)
and where the convolution in the right hand s1de of (4.60) is understood as in (4.29) or (4.50).

Remark 40. The Chen relation for Volterra convolutional functionals should be understood
in terms of a convolution of an arbitrary Volterra path. That is, given any f : A,y — E, it
holds that

p,‘[ ..... p—i,T i Lreens p
Zs E [z, * 2] fu .

The double convolution on the right hand side needs some extra explanation; given three
functions f, g, h it should always be interpreted (after taking limits over a sequence of smooth
functions) as

t N
gt = [ ag [ agn
It is then clear (still taking limits over a sequence of smooth functions) that the double
convolution satisfies

[ffxglxh, = fF*[g, *=h].

Remark 41. In order to define (4.60), we need in fact an extension (4.50) to higher order
integrals of the form z/'*. As mentioned in Remark 38, we defer this extension to a future
article. Notice however that, thanks to our restriction to p > %, we mostly need p — i and i
< 2 in (4.60). This case is covered by (4.29) or (4.50).

Proceeding as in [3], we will now define some Holder type norms adapted to our Volterra
convolutional functionals.

Definition 42. For «,y € (0,1) with p := & — y > 0, consider a Volterra convolutional
functional z of degree n = [p~!] as given in Definition 39. Let us assume that for 1 < j <n
the component z/ of z satisfies z/ € V""" where the space V*? has been introduced in
Definition 16. In addition we suppose that
) M/ M/
”Z] ||(jp+y,y),1 ,S m ”Z ||(jp+y ), 1,2 N m (461)

for all 1 < j < n, where M is a constant such that |z ll@,y) < M. Then we say that z is a

Volterra rough path, and we denote the space of Volterra rough paths of regularity (o, y) by
V@V (A, (10, T 5 E).

Remark 43. All rough paths (in the classical framework recalled in Section 2.2) are also
Volterra rough paths with Volterra kernel k = 1, i.e. x! := fol 1dx,. Thus the definition of
Volterra rough paths is truly extending the definition of a rough path, and the convolutional
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product = is extending the usual truncated tensor product by coupling the product through the
integration of kernels.

By definition we can see that a Volterra rough path is a continuous mapping from A; ([0, T])
to T™'D (E). We will also find it useful to equip the space with a metric generalizing (2.16).
Let us therefore define a metric for two Volterra rough paths z and y in 7 ©") where p = a—y
by
Lo~
day) @.¥) =120 = Yol + D 12" = 3" lmpsy- (4.62)

m=1

Definition 44. We define the space of geometric Volterra paths as the closure of smooth
Volterra paths (i.e. paths in V(7)) in the rough path metric from Eq. (4.62). The space of
all geometric Volterra rough paths is denoted by &% 7).

Remark 45. Note that the geometric Volterra paths are not contained in a free-nilpotent Lie
group, as is the case for regular rough paths. Indeed, there exists no concept of integration
by parts in general for Volterra paths due to the possible singularities, and thus the notion of
geometric Volterra paths cannot be seen as an object in the space G’ given in Definition 3.

The following is an equivalent of the extension theorem for multiplicative functionals to
a Volterra context. It can also be seen as an extension of Propositions 12 and 13 to a rough
context.

Theorem 46. Letn = |p~'] for p = « — y > 0 and assume that z € V%V is an nth
order Volterra rough path with values in T (E) according to Definition 42. Then there exists
a unique extension of z to T (E). In particular, for all m > n+ 1 there exists a unique element
2" € E®" such that for any u € [s, t] the following algebraic property is satisfied

- sz g (4.63)

where we have used the convention 2° = 1 and 7/ x1 = 1xz/ = z/. In addition the bound (4.61)
can be extended to z. Namely for m > n + 1 we have for a constant M > 0 such that
|z ll@,y) < M the following properties

M™ M™

am S oo and |2 N — 4.64
12" onp+y. )1 S T 1) and |z [|np+y. )12 S Tonp+ 1) (4.64)

for any B € [0, 1]. It follows that there exists a unique Volterra signature with respect to the
nth order Volterra rough path.

Proof. We will divide the proof into several steps.

Step 1: Uniqueness. The uniqueness problem will be addressed by induction. Indeed, for
m = n + 1 relation (4.63) reads

Zz”“ R (4.65)

The right hand side of (4.65) only depends on the stack {z/|1 < j 5 n}, and is therefore
uniquely defined thanks to our assumptions. Now consider z” and 7" two candidates for 2"
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with m = n + 1, and define ¥, = z;;" — z/;". Then according to (4.65) and relation (4.64)
we have

SYT =0, and |YL| S|t —s| V|t — 5|y, (4.66)
In particular i is an additive functional with regularity greater than 1. It is thus readily seen
that ¢ = 0, which proves the uniqueness for m = n + 1. Once the uniqueness is shown for

the levels k =n + 1, ..., m, an induction procedure similar to what lead to (4.66) also shows
uniqueness for k = m + 1.

Step 2: Existence. The existence will be proved again based on induction. We will first show that
an (m = n+ 1)th order Volterra rough path can be constructed purely based on the information

of z!, ..., z". To this aim note that if there exists a lift z”, then it must satisfy for any partition
P of [s, t]
DD A A (4.67)
[u,v]eP

We will now take limits in (4.67) as |P| — O.
To this aim, notice that according to (4.64) we have

m,T -y mp+y
|2y, | S 1T —ul™ o —ul™77,
Hence, since mp > 1 we easily check that limp|_0 Y, ,jcp Zyy" = 0. In particular we obtain

Mva

[u vleP [u,v]eP
is required to satisfy (4.63). Thus recalling that m = n 4+ 1 we have

L;*;:fs Jim > (2 +8.2sT) = lim 8. 2", (4.68)

In addition z™*

T 3 —T —-T m— l T l
Lj = lim Ef,  where & = Zz (4.69)
[u,vleP

Our strategy is now to prove that L] exists by applying the Sewing Lemma 22 to the increment
. The main assumption to check in order to apply Lemma 22 concerns § =, and thus we obtain

r—wT — sz i,T i,- mZ'T_r| )/|U_r|(m l)p+)/|r u|l'/0’ (470)
I'(m—-i)p+1)I'({Ip+1)
where the first 1dent1ty is obtained thanks to an elementary computation of §,(z" """ x z").

Also note that the second inequality in (4.70) directly stems from the assumption (4.61), which
stipulates that

12/ | oty ppn < MIT(Gip+ D7 4.71)

One can improve (4.70) in the following way: applying the neo-classical inequality from
[3, Lemma 3.8], we know that there exists a C > 0 such that

1 s .
m |v—r|(’“ z)p+r|r_u|rp |v_u|mp+y

ZF((m—i)P+1)F(iP+1) T Imp+1)

i=1

Plugging this information into (4.70), we conclude that § & satisfies

6,57, < gLty Ul 4.72)
F~oul ~ F(mp—|—1) M M
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With (4.72) in hand, we can apply Lemma 22 to the increment Z. We get that the limit L]
defined by (4.68) exists, and we set Z (E7),, = L, = z;;" for m = n + 1. Moreover, a direct
application of (4.13) together with the fact that 5 = 0 yield

(It =177t = s|™) AT — 5™

lziy "] S M™
I (mp +1)

4.73)

It now follows that
12" Nomoty.pp1 S M™ T(mp + 1)~ 4.74)

We also let the patient reader check that a simple induction procedure allows to generalize all
our considerations until (4.74) for a generic m > n + 1.
We will now prove that

12" | ompsypr1.2 S M™ T(mp + 1) (4.75)

To this aim, we need to repeat the procedure of Steps 1-2 for z;} ' =z,"—z;;" . In particular,

the equivalent of the incremental Z7° defined in (4.69) will be

HTT E m l‘L’T

With this increment in hand, relation (4.75) is proved along the same lines as (4.74). Details
are omitted for the sake of conciseness. The norm ||z"||(np+y,,),2 Can also be estimated
with the same kind of argument. Hence gathering (4.74) and (4.75), we have obtained that
z" € V"F7Y) where V@) is given in Definition 16.

Step 3: Convolutional property. It remains to be proven that z” is a convolutional functional
in terms of Definition 39, i.e. that for m > n + 1 and (s, 7, ¢, T) € Ay it satisfies

= sz LTyl (4.76)

In order to prove identity (4.76), recall that (4.69) can be read as

~ i, Y S
IPI

[u v]leP i=l1
Let us now divide a typical partition P into P N [s, r] and P N [r, ¢]. This yields

z7" = lim Z sz LT xzh + lim Z sz 0Ty gz
; |P|—0 us |P|—0

[u,v]ePN[s,r] i=1 [u,v]ePN[r,t] i=1
— mr +LT

trs?

4.77)

where we have invoked (4.69) again for the second identity and where we have set
T 1 m—i,T l
Ltrs - \%lﬁllo Z Zzuu
[u,v]ePN[r,t] i=1
As in the preVious steps we now proceed by induction. Namely assume that (4.63) holds for
k=1,.. -1, and let us propagate the relation until k = m. Then applying the identity
zZ, = Z' i—0 zm’ * 2, which is valid for all [ < m, we get
L;:rv - Ltlrf + Ltzrz’
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where we define

rlt 71 § E m—i,t l
Llrs - l,’l)l‘r_r)lo Z ur

[u,v]ePN[r,t] i=1
2T . m—i,T i—j,. j .
=g, ¥ S| S
[u,v]ePN[r,t] i=1
Next, another application of (4.69) enables us to obtain directly
LT =gm7, (4.79)

In order to handle the term i,z;f, let us change the order of the sums with respect to i, j and
invoke the associativity of the convolution product %, as described in Remark 40. We get

m—1m—1

2T 1; m—i,T i—J,- g
Ltrs |7L1|I£0 § : z :2 Zy *Z,,7 XL

[u,vlePNlrt] j=1 i=j
m—1
Sl m X T | @30
j=1 [u,v]ePN[rt] i=j

Now an elementary change of variable and (4.63) yield

m—1—j

§ m—i,t z § : m—j—k,t k. _ m—jt _ m—jT _ m—jT m—j,t
Z Z Zur - Zur Zur - zvu + SMZur .

Pluggmg this information into (4.80) and invoking (4.67), we end up with

m—1
r2, Tt __ : m—j,t m—j,t m—j.t Js
L. = E I71’]|120 E ), It + 8,2 E Z,, *z/ (4.81)
j=1 [u,v]ePN[r,z] Jj=1

Let us summarize our considerations so far: gathering (4.81) and (4.79) into (4.78), and then
inserting (4.78) into (4.77) we have obtained that

m—1

+Z’rnyr+zzmlt l szlf l,'.
This concludes our induction procedure, and thus (4.63) holds for all m > 1. [

Remark 47. Theorem 46 tells us that the Volterra signature associated to a Volterra path is
uniquely determined from the Volterra rough path introduced in Definition 42. That is, once
we have constructed a truncated Volterra rough path (remember that this object is by no means
unique) then there exists a unique extension with respect to the full Volterra rough path.

5. Non-linear Volterra integral equations driven by rough noise

In this section we will see how we can substitute the conventional tensor product from rough
path theory with the convolution product defined in Section 4 in order to show existence and
uniqueness of Volterra equations with singular kernels. Similarly to the theory of controlled
rough path introduced by Gubinelli in [14], we define a class Volterra controlled paths. The
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composition of the Volterra controlled paths with the Volterra rough path from Definition 42
gives an abstract Riemann integrand such that we may construct a Volterra integral by
application of the Volterra Sewing Lemma 22. This abstract integration step is then the key
in order to define and solve Volterra type equations.

5.1. Volterra controlled processes and rough Volterra integration

As many of the results here are extensions of classical texts on rough path such as [18]
or [14], we will try to keep the proofs as concise as possible. The reader is sent to the
aforementioned references for further information on the results and properties of controlled
rough paths and solutions to non-linear differential equations driven by rough paths. We
will first give a definition of another modification of the Volterra—Holder spaces given in
Definition 16 in order to give a precise analysis of Volterra-controlled paths.

Definition 48. Let W.*" denote the space of functions u : Ay — V such that (p, g, s) —
ul” € vV and

a2 Ny = a2 @y + w2 lwy,12 < 00 G-

where we define the norm (recall the convention p = o — y below)

7,T
Uts

(5.2)

le' ' 2 |l(q,y),1 == sup —
wroed; [T =tV =5 AT — 5|’

and the norm |12 ||(,,),1,2 is given as in Definition 31.

Remark 49. Note in particular that the definition of the space Wz(a’y) does not involve a norm
similar to (4.4). Although the definition of |u'1"2||(,,) is a slight abuse of notation, we believe
that it will be clear from the superscripts of # what norm we apply.

We now turn to the definition of controlled Volterra paths, which is crucial for a proper
definition of rough Volterra equations.

Definition 50. Let z € V*?) (E) for some p = o — y > 0. We assume that there exists two
functions y : Ay — V and y’: A3 — L(E, V), such that yj = yo € E for any 7 € [0, T'] and

yo"? =y, € E for any (q, p) € Ay, and satisfying the relation

Yis =2 % ¥+ RE, (5.3)

where R € V&% (V) and y' € W.*". (Recall that the spaces Vi*?”) and Wi
are respectively introduced in Remark 20 and Definition 48). Whenever (y, y’) satisfies
relation (5.3) we say that (y, y/) is a Volterra path controlled by z (or controlled Volterra

path in general) and we write (y, y') € Z:*"" (Ay; V). We equip this space with a semi-norm
” : ”z,(ot,y) given by
1y, Y@y = 17" 2 @y + 1R 2a,2y)- 5.4

Under the mapping (y, ') — [yol + [¥§| + 1 ¥'llz.ca.y) the space 27 (Ay; V) is a Banach
space. The remainder term R in (5.3) with respect to a Volterra path (y,y’) € @éa,w will
typically be denoted by R”.
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Remark 51. We call the function y’ the Volterra—Gubinelli derivative, and emphasize that
this function is evaluated on Az, where it has two upper arguments. This is denoted by
A3 3 (s, p,q) — y; ¥ as opposed to the increment of a path y in the upper variable denoted
by A3 > (s, p.q) > "

Remark 52. For a controlled Volterra path the regularity of y in the upper argument
is inherited from the regularity of the upper argument of the driving noise z, Gubinelli
derivative and remainder term R”. That is, it is implied from relation (5.3) that for (y, y/) €
@Z(a’y) (4A,; V) we have

yis =2fy # P2 4zl w yp P + R (5.5)

Our next step is to show that we may construct the Volterra rough integral in a very similar
way to the classical rough path integral, but changing ® for % as well as applying the Volterra
Sewing Lemma 22. It follows that the Volterra integral of a controlled path with respect to a
driving Holder noise x € C% is again a controlled Volterra path.

Theorem 53. Let x € C* and k be a Volterra kernel satisfying (H) with a parameter y such
that p =a—y > % Thanks to Theorem 23, define z; = fot k (z,r)dx, and assume there exists
a second order Volterra rough path z € V@) (Ay; E) built from z according to Definition 42.
Additionally, suppose both components of z are uniformly bounded. Namely, we assume there
exists an M > 0 such that

. 1 2
1Zllw.y) = 12" ll@.p) + 12" 2pty.) = M, (5.6)

where the two norm quantities correspond to the norms given in Definition 16 and Remark 20.
We now consider a controlled Volterra path (y, y’) € @z(‘f”/)(Az; L(E,V)). Then the following
holds true:

(1) The following limit exists for all (s, t,t) € As,

t
w, = / k(t,r)y'dx, = lim D S TR A (5.7
s

|P|—0
[u,v]eP

(ii) Let w be defined by (5.7). There exists a constant C = Cy o, such that for all (s, t) € A,
we have

1,t

T S a2t /,~1,~2|
|wf, — 27y, — 2" *

< CIy, Y lzwpllzliay [IT — 11771 = sPP7 At —sP7]. (5.8)

—Z

(iii) For all (s, t, p,q) € Ag and n € [0, 1] and ¢ € [0, p) we have

qp L.gp . 2,9p 11,2
Wyg — Zyg * Vg T Zys * Yy

= ClIy. Yl 2@ lp = al'lg = 1177 [l = 1171 = P77 Alg =€) (5.9)

(iv) The couple (w, w') is a controlled Volterra path in .@z(?’y)(Az, V), where we recall that w
is defined by (5.7) and w; """ = y!.

Remark 54. According to our computations (see in particular (5.14)) we believe that
Theorem 53 should hold true under the condition 3p 4+ y > 1 (vs. 3p > 1). We have sticked
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to the more restrictive assumption 3p > 1 in order to be compatible with Definition 42 for
n=2.

Proof of Theorem 53. We define 7, = z!7 % y. + 227 % y, "2, where z27 % y, ">
understood according to Theorem 33. Namely, it is readily checked, whenever (y y) e .@(a”’)

that y’ € V((L)f) where (a V) is given in Definition 31. Therefore Theorem 33 enables to deﬁne

2t / ’ ol
T ylh2 = hm zvu®yv"“+52 Ky 2,

[Pl
[u,v]EP
Now that & is properly defined, our next step is to invoke Lemma 22 in order to define

t
Wy, —/ k(z,r)y dx, =T(&),.

To this aim, similarly to the proof of Theorem 46, we need to check that § = is sufficiently
regular. This is what we proceed to do below in order to obtain (5 7)

We first compute 857, where we recall that 7, = z!,7*y; +227 *y, 2. That is, combining
elementary algebraic properties of the operator § and relatlon (4.60) read for p = 1,2 we get
the following relation for (u, m, v, r) € Ay,

SWSJM = vm ymu 3}';*))”11} 2+Z llnu*y/,'..‘ (5]0)
Now we resort to the fact that y satisfies (5.3) in order to write
Zogn Vo = Ty * (B % V0172) + 250 5 R
Plugging this into (5.10) we obtain
SmEL, = =25k yii? —zh Tk R (5.11)

vu

Thanks to relation (5.11), we can now analyse the regularity of §&°. Indeed, invoking
Theorem 33 we get

257 s yid 2L < Y 2 w1 2122 [ ptyapy [ — mIP 1T = m| 77 [o — m |7 (5.12)

and similarly
|Zyr % Ryl < IRl oty 12 iy T — mI ™7 [0 — m|*|u — m|*. (5.13)
Gathering (5.12) and (5.13) into (5.11) and recalling that T > v > m > u, we thus obtain that
18m Zgl SNV Y gt ey 12l @y I T = 077 [0 — w77 (5.14)

Since 3p + ¥ > 1, we can apply the Volterra Sewing Lemma 22 and define w;, := Z(&7 ).
This achieves the proof of (5.7) and relation (5.8).

Next, we shall prove Inequality (5.9). Start to set B = z;;% %y, + 2% % yo"2, and
observe that by the exact same computations as above (remember that u +— §, acts on the
lower argument of a function f;") we obtain

§. 5P — 2qp*y/1z zqu*R

uts mu*

Thus, the regularity 8,2/ follows from the assumption (4.61) of regularity on the Volterra

rough path z and the controlled path (y, y’) together with equivalent bounds as in (5.12) and
(5.13), taking into account the increment in the upper parameters. We therefore obtain for
(s,u,t,p,q) € As and n € [0, 1] and ¢ € [0, p)

- L 2 1
18251 < (1" 2 Nl@pmr 212 oty + IR @) 12 1 @y))
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xlg = pI"lp — 1|7 p = |7V — s (5.15)
Applying again the Volterra Sewing Lemma 22, we now easily conclude that (5.9) holds. [J

Remark 55. The definition of a controlled Volterra rough path tells us that y' : A; — V,
i.e. it takes three ordered time variables as input. However, the computations of Theorem 53
reveal that when (y, ') € .@Z(f"y) (L (E, V)), the controlled derivative of w] = fot k(z,r)y dx,
only depends on two variables. Specifically we have w; "¢ = w;? = y/, which is seen from
item (iv) in Theorem 53. One can thus refine Theorem 53 and state that the Volterra rough
integration sends (y,y) € 2" to a controlled process (w, w') € Z'*") where the space

27 is defined by

DN (Ag; V) = {(w, w') € V) | wl™P = wlP). (5.16)

S

The space %‘”*” will be used in the composition step below.

Proposition 56. Let f € Ci (V) and assume (y, y/) € @éa’y) (V). Then the composition
(p,¢) = (f O,y f (y)) is a controlled Volterra path in Qz(a‘y) (V), where the derivative
¢ As — V is given by

A3 (t.p.q) = ¥/ 1 (7). (5.17)
Moreover, there exists a constant C = CM»%%HfHCS > 0 such that
b

2 ’ ’ 2
19, @'z = € (1 Izlla)” [ (061 + 13 3 ) v (061 + 13 ¥ )] 5118)

Proof. Let us first prove the algebraic part of the proposition, namely relation (5.17). We start
to decompose the increment f(y?),s into

FONs =y F'OD + [F0Ds =y F'GD]-
We then resort to relation (5.3) in order to write
FODis = 2l # 707 f 6D + RED,

where we have set R” to be the remainder of y in (5.3), and

REO = [0 = ¥ S OD] + RY £/ OO, (5.19)
In addition, recalling that (y, y') € 2@ the path y"? does not depend on ¢g. Hence we get
FODs = 2o x 37 1O + R (5.20)

We now set ;77 = o f/(yd). With relation (4.29) in mind it is readily checked that (5.20)
can be recast as

SO =2l @0 + R,
which corresponds to our claim in (5.17).

Let us now focus on Inequality (5.18). To this end, recall that the norm [|@, ¢’||;:(a.y) is
defined by (5.4). Thus we have

I, @'y = 1F )5 ¥ F O ey = 1325 O Nl + IR P lpy. (5221

We shall analyse the two terms in the right hand side of (5.21) separately. We start with the
derivative ¢’, for which we will bound the two norms given by (5.2) and (4.47). Specifically,
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observe first that the difference in the lower variable for the derivative ¢’ is given by

O F )P =y f () = viP f (7).

and thus by addition and subtraction of y;” f (y?) it is readily checked that the following bound
is satisfied

1525 ") Ny S U Ny ("2l + 1Yl ) - (5.22)

Let us now consider the quantity [|y"2f (¥'!) ll@,).1,2. To this end, we will in two stages
encounter first order Taylor expansions, and thus we recall that for a differentiable function f
on V we have fora,b eV

1
gla)—g)=L(a,b), where L(a,b)= / Df@a+ (1 —60)b)db(a — D). (5.23)
0

We now need to control the simultaneous increment in the upper and lower variables according
to (4.47). Let us first consider y,”” f (y,q ) with fixed p and increments in the variables ¢ and g.
By a simple addition and subtraction argument, we obtain the identity

OFPF () =y Lo, vy =y Ly, yDye", (5.24)

where L is given as above. Observe now that by adding and subtracting the quantity
yePL(y!, y))y{" to the right hand side in of (5.24), we obtain that

Y LGE vy = v LGy = vl B 4yt (B = FID, (5.25)

where F/" := L(y{, y")y{". Due to the boundedness assumption on f and its derivatives, it is
clear that |F"| < ||f||Cg I¥ll@.y).1.21g — r|"|r — ¢t|~". Furthermore, it is readily seen that

F" — FI" =Ly, v, vy, vy 4+ LG/ vyl (5.26)

Where L(a, b,a’, b’) is given as the remainder of a first order two-variable Taylor approxi-
mation of L, in the sense that L(a, b) — L(a’, ") = L(a, b, a’, b’), which is explicitly given
by

L(a, b,d’, b))
= /1 /1 D*g(0'(0a + (1 — 0)b) + (1 — ')(0a’ + (1 + 0)b))do' (B(a — d')
+0(1 i 0)(b — b'))do.
Again, due to the boundedness of f and its derivatives, for any n € [0, 1] we obtain that
|F" = F"| S £ 2 1y Ny 2lg — 71"l — 2177 [Ir = o171t =51 Alr =sI?]. (5.27)

Inserting relation (5.26) into (5.25), and invoking the bound in (5.27) as well as the regularity
of y" and y, we obtain that

12 f O l@piz< < 11l ("2 gy + 19 ll@y) - (5.28)

A similar argument can now be used to also show that [|y"2 f (y'!) ll(a,y),1,2,> < 00, and thus
it follows by (4.47) that

1525 ") lwyrz < 1f g2 (Y2 @y 4+ 19 ll@y)) - (5.29)

Let us now handle the term ||[R/®||5,4, ) in Eq. (5.21). More precisely recalling that the
norm || -[|2p+y.y) 18 given by (4.8), let us first bound the quantity ||Rf(Y)||(2p+y,y),1. Towards this
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aim, we go back to the definition (5.19) of R/0” and apply Taylor’s expansion in a standard
way. That is, define c; ((a) = ay; + (1 — a)y/, and observe that

- ! 1 1
RO = RYTF (00) + 5 (00)™ /0 " (e} (@) da. (5.30)

The regularity of R/® for the || - l2o+y.),1 norm now follows from the boundedness of the
second derivative of f, the squared regularity of the increment of y and the regularity of R”.

Next, we will compute the regularity in the upper argument for R/®”, which corresponds
to the semi-norm || - [|2p4y.y),1,2 in (4.4). In particular, we will consider the increment

RV = RS 0™ + R F (3)
1 p ! " 1 ! "
+5 O8) f fest@)®da+ Z((64) " = (64) ™) f f(el (@) (531)
0 0

Using that f € C} and a®> — b> = (a + b)(a — b), it follows from a combination of (5.31)
and (5.30) that
IR 2psyy = IR N2psyn + IR 2psy i
< 1Nz (IR Moy + 13 1E01y0)) -

We now use the fact that the regularity of the controlled Volterra path is inherited by the noise,
as discussed in Remark 52 and see that

”y”(ot,y) =< (|}’6| + ”y,’.2 ”(a,y)) (”Z”(a,y) + ||Ry||(2p+)/,y))' (532)

Combining the information from (5.32), (5.30), and (5.22) yields (5.18). Namely, it follows
that

I O)s )Yz
2 ’ / 2 ’ /
< CHfHC[g,ot,y (1 + ||Z||(a,y)) [(|y0| + 1y, y ||z,(a,y)) Vv (|y0| +ly,y ”z,(a,y))] .

Remark 57. We point out that we require f € C ;’ in order to compose f with a controlled
Volterra path (y, y') € 92;“’”. This requirement is one degree of differentiation more than what
is standard in classical rough path theory (see e.g. [18, Section 7]). The reason for this comes
from the fact that we also need regularity in the upper argument of the controlled Volterra
paths, and thus we see that in order to bound the term f”(c)?? in (5.31), we need f € Cg .

5.2. Rough Volterra equations

Based on the concept of controlled Volterra paths and Volterra integration introduced in
Section 5.1, we are now ready to prove existence and uniqueness of non-linear Volterra
equations. As we have seen so far, the results that we obtain are directly comparable to those
known from the classical setting under substitution of the tensor product with the convolution
product.

Theorem 58. Letz € ¥ @V (E) witha —y > % Assume that z satisfies the same hypothesis
as in Theorem 53 and suppose f € Cg (V, L(E,V)). Then there exists a unique Volterra
solution in @Z(f"y) (V) to the equation

yf=}’0+/ k(z,r) f(y)dx., (t,7)€ 2(0,T], y€E, (5.33)
0
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where the integral is understood as a rough Volterra integral given in Theorem 53.

Proof. The parameter (s, T) we consider in this proof sits in a small variation of the simplex
A, defined by (2.1). Namely we define the trapezoid

AZT ([a,b]) =1{(s,7t) €la,b] x[0,T]|la <s <t <T}, (5.34)

and note that the first component of (s,7) € Al([a,b]) is restricted to [a,b] and the
second component to [0, T]. For simplicity, assume that ||z||,,) < M <€ R,. Further-
more, throughout the proof we will consider a subset of 921({9 (AT ([0, T]); V) of paths
(y, y') starting in (yo, f(y9)). With a slight abuse of notation we still denote this subset by
97 (a1 ([0.7]): V).

We start by considering T, 8 such that 0 < 7 < T and 8 <« and B — y > % (note that
this is made possible thanks to the fact that « — y > %). With Definition 50 and our notation
(5.34) in mind, we introduce a mapping

Mz G977 (AT ([0, T]): V) — 297 (AT ([0.T]); V) (5.35)

such that for all (y,y’) € 921({3’7/) (V) we have

My () = {0+ [ ke 7 G0 a1 0) |00 e aF (0.7 )

Our aim is to prove that if 7 is chosen to be small enough, then M is a contraction. A first
step in this direction is obtained by a direct application of Theorem 53, where the norms are
restricted to AZT ([0, T). With the additional notation

(s.1,7) > (w, wy) =Mz (v.¥), . (5.36)
we easily get

lw, W'l < NF O f O F O gt gy 12N T

where we recall our notation (5.6) for ||z||(a,,). Furthermore, it follows from the fact that any
composition of a C; function with a controlled Volterra path in @Z(’f s again a Volterra path
(see Proposition 56) that

2 ’ = B—
lw, 0l = € (19614 15 3 lgnat)” Y (561 4+ 13 Y ) | 12 A7, (5.37)

where we recall that we assume ||z ,,) < M.

Next we will show that there exists a ball of radius 1 centred at a trivial element in
@;f’y)(AZT([O, T1); V), which is left invariant by M, provided that T is small enough. Namely
consider the trivial path (¢, T) > (c], ¢; ™) defined in the following way

(cfer™) = (v +25"f G0, FO0)

where we recall that y is the element in V such that yj = yo for all T € [0, T]. Note that
this element satisfies ||c, C/”z]’(ﬂ’y) = 0, due to invariance of Holder norms to translations by
constants, and that R;;" = 0 for all (s, 7, T) € A3([0, T]). Next consider the unit ball B; centred
at the element (c, ¢’) of @;f’y)(AzT([O, T1); V) defined by

Br = {(rv) € 247 (AL ([0.7]): V) ’yé = yo. and y;™" = f(yo),
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with [ly —¢, ¥ = ¢ll1 5.y < 1]. (5.38)

Again we observe that, thanks to the invariance of Holder norms by translations by constants
and according to the fact that R;;" = 0 for all (s, t, T) € A3([0, T]), we have

”yv y/”z],(ﬁ,y) = ”y —C, y/ - C/”z],(ﬂ,y)

for all (y, y') € By defined as in (5.38).
Consider now (y, y") € B; and define (w, w’) as in (5.36). Thanks to the fact that y(/)" =
f(0), together with the assumption that f is bounded (recall that f € C}}), relation (5.37) can

be read as
2 =y
lw, wll 1 5, < C (L4155 . 559)) 12l T A, (5.39)
% %
Moreover, since ||y — ¢, y' — C/”z]’(ﬁ’y) < 1, we easily get
1Mz (7 ¥') a1 qgpy: a7 ([0.77) < Clizlla T

We now choose T satisfying C |zl T # = 1, and we obtain that (w, w’) is an element of

B7. Summarizing our considerations so far, we end up with the relation
ro—f 1 . . .
Cllzlln T " = 3 = Bj is left invariant by M. (5.40)

Notice the condition on 7 in relation (5.40) does not gepend on the_initial condition yy.
Next, we will prove that M7 is a contraction on Qz(?’y)(AzT([O, T]); V), i.e. we will prove

that for two controlled Volterra paths (y, y’) and (¥, y') in @Z(f’y)(AzT([O, T1); V) there exists
a g € (0, 1) such that

M7 (y -5,y - i/) ”zl,(ﬂ,y);AzT([(]j]) <gqly-3y.y - y”zl,(ﬁ,y);Ag([o,T])- (5.41)
Without loss of generality, and with a slight abuse of notation, we will from now denote by
@Z(’,g ’V)(AZT ([0, T]); V) the space of controlled Volterra paths starting from the point y, € V.

Thus, the two paths (y, y’) and (3,)') € .@Z(f}’y)(Ag([O, T1); V) share the same initial value.
Since @z(‘f’y)(AzT([O, T1); V) is a linear space, we may define

(F.FY=(OM =@, o0 foMH=fGFHfG"), (5.42)
where (F, F') has to be seen as an element of QZZ(f}’V)(AZT([O, T1); V). Thus we have
Mp(y =3,y =3 = / k(t,r)F/dx,, (5.43)
0
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where we observe that the initial condition is now 0. In order to bound the right hand side of
(5.43) we now apply Theorem 53 (in particular Eq. (5.8)), which yields

IMz (v = 5. = ) lat 5.y < IF gy + IF ool 22l 2py iy TP
+CIF, Flly 5.y (12 @) + 122l 2py0) T2, (5.44)

where we have used that p = o — y. In (5.44) notice that the quantity || F||(s ) comes from
the term ||y ||,y in the definition (5.4) of the norm ||y, ¥'ll;1,(,,) together with the fact
that

M7y =5,y =302 = F~. (5.45)
Also observe that the other terms in the right hand side of (5.44) correspond to the evaluation
of the remainder for M37(y — 3, y' — J), which is obtained by invoking relation (5.8).

Let us now describe how to get the contraction term T # in front of the ||F (s, y) term
in (5.44). Indeed, even though we consider (y, y’) and (7, 3’) as elements of @’3 our
decomposition (5.3) reveals that their Holder regularity is dictated by z' (see also Remark 52
for a similar observation). Therefore using the expression (5.42) for F' and arguments similar
to Proposition 56, we get

IF 2y < Clly = llglz Ny T (5.46)
Combining (5.44) and (5.46) we can see that

Mz (v = 505 = ) It gy < Cotaopy 1 = Fllgyy + 12 Flllgp o] TP (5.47)

The dependence on T on the left hand side will later allow us to use this parameter to create a
constant g € (0, 1) such that (5.41) holds, similar to the argument for the invariance property
of the unit ball. Next we will prove that

I, Fllpt gy S MY = 5.5 = 5l @) (5.48)

We will mainly focus on the term ||F"1-2|(4 ), the remainder R” being treated similarly.
Now recall from (5.42) that F"'12(y,y) = f/(y2) f (') — f/ (32) f (31). To be able to
treat the fact that we have two upper variables to take care of, we do a simple addition and
subtraction to see that

Fa(y, ) = (£ = FGD) FOD+ FGHFOD = FG). (549

By invoking the fact that f € C}, let g and h denote the remainders from a first order Taylor
expansion of the differences f(y)— f(¥) and f'(y)— f'(¥). Note in particular that this implies
that g € C} and h € C7, and we have that | g|| 3 VIhlicz < [ flics- Then it follows from (5.49)

that for any ¢ € [0, T] we have
Frv2(y, ¥y = g, 30 (v = 372) fOM + F/GHRG! 3 (v = 51)

A (5.50)

1,7,t

Let us now consider the increment I
coming from g and f, we obtain that

1171 < Cipi s 1y = Sl (12 = 1710 = s1P AT —s1P77) (5.51)
b

. By elementary addition of subtraction of terms

from which it follows that || I' llg.y),1 < 00. A similar argument can be used to show that also
11 2||(5,y),1 < 00, however in this case we get dependence on the norm || f ||C2 in the bounding
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constant. Putting the two terms together, and invoking the relation in (5.50), we observe that

IE" 2l ga Sy =58 = 51 5 S 1Y =505 = Fllat o0 (5-52)

where we have invoked the fact that (y, y'), (¥, ¥') € Bj for the second inequality. The quantity
| F12||8.),1,2 can be bounded using a similar argument, and we leave this component for
the patient reader, for conciseness of the proof. It follows that

IE" 2 S 1y = 5.5 = Fllat oy (5.53)

and our claim (5.48) is now proved.
In conclusion of this step, we are ready to state the desired contraction property on a small
interval [0, T']. Indeed, plugging (5.48) into (5.47) we obtain

”Mf (y - y» y/ - y/) ”zl,(ﬂ,y) = C”y - y’ y/ - y/”zl,(ﬁ,y)’l_ﬂaiﬂ‘

By choosing T small enough, it is clear that there exists a ¢ € (0, 1) such that (5.41)
holds. It follows that M admits fixed point in @z(/ls ’y)(AzT ([0, T1); V), and thus existence and
uniqueness of Eq. (5.33) on AQT ([0, T]) is established. Next we want to extend the solution to
all of A,, which we do by constructing a solution on all intervals of length 7. That is, we
construct a solution to (5.33) on A2T ([7_", 27_"]) using the terminal value of the solution created
on AT([0, T]). Note that for any (¢, ) € AT([kT, (k+1)T]) C A, for some k > 1 we formally
have that

1
Y=yt / k(z,r)f(y))dx,.
kT

It follows, similarly as in the classical results on existence and uniqueness of SDEs, that there
exists a solution on all subintervals of length T, i.e. all intervals [a, a + T] C [0, T] for some
a > 0. All these solutions are connected on the boundaries, and thus we use that a function
which is Holder on any subinterval [a, aT] c [0, T] of length T is also Holder continuous on
[0, T] (see e.g. [18], exercise 4.24), which applies to the Holder continuity in both variables.
Here notice that the time step 7' can be made constant thanks to the fact that f is a bounded
function (see relation (5.39)).

We can conclude that there exists a unique global solution to Eq. (5.33) in the space
@i‘,ﬁ ’V)(Az; V) for B < «. Actually, by (5.5) it is clear that the solution inherits the regularity

of the controlling noise, and thus, the solution is in @;‘f'y)(Az; V). O

Remark 59. We would like to point out that the existence and uniqueness of Eq. (5.33)
requires one more degree of regularity on the diffusion coefficient f than what is standard for
regular Rough differential equations (see e.g. [18] section 8). This higher regularity requirement
comes from the fact that we need control of the Holder regularity of the upper argument when
composing a function with a controlled Volterra path, as seen in (5.31). This is in contrast
to [23] where the authors only need a C 2 diffusion coefficients. However, [23] is restricted to
the case of a coefficient f such that f(0) = 0 and to Volterra equations with kernels which
can be written as k(z, s) = k(t — s).

Remark 60. Although Eq. (5.33) is a two parameter object, we can study the solution on the
diagonal of A, to obtain the classical type of one parameter Volterra equations. The Holder
continuity on the diagonal is already guaranteed by the Holder topologies used on the space
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of controlled paths. In particular, there exists a unique solution to the equation

t
V=Y =Y +/ k@, r)f(y))dx,, yoeV.
0

One can easily check that t — y, € C” for p = o — y, where C” denotes the classical Holder
spaces of order p.

5.3. Discussion

Theorem 58 tells us that for any 7 > 0 there exists a solution to Eq. (5.33) on [0, T'] for any
singular Volterra kernel satisfying (H) (in particular, as mentioned in Remark 59, we do not
require a convolutional type of kernel like in [23]). Furthermore, since the extension developed
here is fully based on the framework of classical rough path, one can also construct solutions
to equations driven by lower regularity noise (i.e. with p = o — y positive but lower than 1/3).
In fact, let n be the whole number part of 1/p. One can extend Definition 50 to any regularity
o by considering a formal expansion of a path to degree n such that the jth Volterra—Gubinelli
derivative is convoluted with the (j + 1)th term in the Volterra rough path, namely

—1
T _z : j.T JiTojset T
yts - ztS *ys +R[s7
j=1

where R € V'VP77 "and each derivative y/ € V@) for j =1,...,n — 1. We will perform

this construction more explicitly in the forthcoming paper [19].
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