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Chapter 1
Introduction

This thesis is concerned with the topic of equivariant instanton Floer homology;
especially in relation with a family of 3-manifolds known as the binary polyhedral
spaces. It is the product of research conducted during my time as a PhD fellow
supervised by Kim Frgyshov at the Department of Mathematics at the University
of Oslo. It consists of the following two papers:

Paper I) G.O. Helle. ‘{Equivariant Instanton Floer Homology and Calcula{
[tions for the Binary Polyhedral Spaces|’. 2021.

Paper II) G.O. Helle. “Singular Quiver Varieties over Extended Dynkin|
[Quivers”. 2021.

The first paper develops and modifies a part of the algebraic component of the
construction of the equivariant instanton Floer homology (EIFH) groups of Miller
Eismeier and provides explicit calculations for the binary polyhedral
spaces. The second paper gives a classification of the singularities in a family
of quiver varieties intimately linked with the binary polyhedral spaces. As an
application, a number of hyper-Kéhler bordisms between various members of
the latter family of 3-manifolds are constructed.

This introductory chapter has two main goals. The first is to present and
provide context for the key concepts involved in the two papers, while the second
is to explain how they are related. The exposition is fairly informal with a focus
on the main ideas involved. Nevertheless, some amount of detail is needed for
the purpose of discussing the relevant mathematical objects.

The first section is devoted to introducing instanton Floer homology. I start
on a basic level introducing the instanton equation and discuss some of the
analytical tools needed to make sense of the solution space as a topological space
and under ideal circumstances a smooth finite-dimensional manifold. While this
topic is not visibly present in the actual papers, it is included here to at least
give a taste of this important aspect of the theory. After presenting the basic
idea of instanton Floer homology, the equivariant generalization of is
introduced. Here I include a simplified version of the package of geometric data
involved and explain in which form the corresponding algebraic invariants are
delivered. In the final part of the section I introduce the algebraic procedure
used to transform the geometric data into algebraic invariants. An integral part
of the first paper is concerned with precisely this subject.

The second section is devoted to explaining the general context in which the
second paper is written and how this relates to the content of the first paper.
I start by introducing the binary polyhedral groups and spaces and discuss
some of the key ideas needed to perform the EIFH calculations contained in




1. Introduction

the first paper. The two initial parts of the section are spent introducing the
McKay correspondence and the process of hyper-Kéhler reduction. These are
the two basic concepts needed to form the bridge between instantons, binary
polyhedral spaces and quiver varieties. The final part of the section is devoted
to elaborating further on these relations, which form the key connection between
the two papers. This also includes a brief discussion of some ideas for future
work.

1.1 Background on Instanton Floer Theory

In this section we introduce and discuss some of the key ideas underlying instanton
Floer homology and, more importantly, its equivariant generalization. In the
final part we give a brief exposition of the algebra relevant in the first paper of
this thesis.

1.1.1 The Instanton Equation

Let M be a smooth 4-manifold equipped with a Riemannian metric and an
orientation. The Riemannian metric induces an inner product in APT*M for
each 0 < p < 4. The Hodge star operator *: APT*M — A*~PT*M is for each
p defined pointwise by the formula o A %5 = (a, ) vol, for a, 5 € (APT*M),,
where vol € Q*(M) is the Riemannian volume element and (-, ) is the induced
inner product. It satisfies x o x = (=1)Pid: APT*M — APT*M, so for p =2 it
holds true that %2 = id. This relation gives rise to a splitting

N*T*M = ATT*M @ A~T*M (1.1)

into the +1-eigenbundles of *. This natural bundle decomposition of the second
exterior power of the cotangent bundle is special to dimension four and gives
rise to the instanton equation, which we will introduce shortlyEl

Let G be a compact Lie group with Lie algebra g and let w: P — M be a
principal G-bundle. Given a connection A € Q!(P,g), its curvature

1
Fai=dA+ 5A Nad A € Q(P, g)

descends to a bundle valued 2-form Fy € Q2(M, gp), where Aqq combines the
wedge product with the Lie bracket ad = [-,-] and gp = P X g is the bundle
associated with the adjoint action on g. The bundle splitting in (1.1 induces a
splitting

0*(M,gp) = (M, gp) ®Q (M, gp)

and we may accordingly write F)y = FX + F,. The instanton or anti-self-dual
(ASD) equation is then simply FX =0, or equivalently xFq = —F4.

IThere is an analogous splitting of A2”T*M when dim M = 4n.
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Example 1.1.1. Let M = R* with the constant metric and standard orientation.
Let P = R* x G be the trivial bundle. Then a connection can be represented
by a 1-form a = 2?21 a;drt € QY(R%, g), where the a;: R* — g are smooth
functions. From the formula F = da + %a Aad @ one finds that the curvature
F =3, Fijdz'dx’ has components

_ Oa; _ Oai
U dxt Qad

+ [ai, a]‘].
In this case the bundles ATT*R* have global frames given by
(da'da® + dada?, datda® + datda?, do'da? + da?dax®),

respectively, so the equation F'T = 0 takes the form Fio + F3y = Fi3 + Fyo =
Fig+ Fo3 = 0.

The instanton equation, or rather the splitting in (|1.1)), is intimately linked
with the quaternion algebra H. This is the real 4-dimensional algebra with
standard basis 1,4, j, k and multiplication rules specified by the equations

i? =4 =k =ijk=—1

We define a real inner product in H by declaring (1,14, 7, k) to be an orthonormal
basis. There is also an involution ¢ — ¢* defined on the standard basis by
1,i,5,k + 1,—i,—j, —k. The group of unit quaternions Sp(1) := S* C H is then
a simply connected compact Lie group whose Lie algebra is naturally identified
with

sp(1) = ImH := Spang{3, j, k}.

Let Sp(1) x Sp(1) act on H by the rule (a,b) - * = azb~!. This action
preserves the inner product on H and therefore defines a homomorphism
Sp(1) x Sp(1) — SO(4). This map turns out to be surjective with kernel
{#£(1,1)} and therefore induces an isomorphism of Lie algebras

sp(1) D sp(l) Zso(4). (1.2)

The adjoint action of Sp(1l) x Sp(1) factors through SO(4), so this is an
isomorphism of SO(4)-representations. In view of the fact that A%(R*)* 2 s0(4)
as SO(4)-representations, the isomorphism in is the structure group
incarnation of the bundle splitting in (L.I)).

One of the most basic, yet non-trivial, examples of a solution to the instanton
equation is most easily expressed using quaternions. A detailed exposition of
the following example may be found in .

Example 1.1.2. Regard R* = H and consider the trivial Sp(1)-bundle over H.
Let x: H — H denote the identity map. Then

o x*dx 1
a = Im<1+|x2> € O (H,ImH) (1.3)
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defines a connection form, where Im: H — ImH denotes the orthogonal
projection. The curvature is given by the formula

dr* N dx
F=—" """ cQO*HImH

where the wedge product is combined with multiplication in H in the numerator.
One may check by explicit calculation that this curvature form is anti-self-dual.

On a more conceptual level, if we regard H C HP' as a standard coordinate
patch in the quaternionic projective line, the connection form in corresponds
to the canonical connection of the quaternionic line bundle v+ — HP'. This is
the orthogonal complement of the tautological line bundle v — HP' regarded
as a subbundle of the trivial bundle with fiber H?.

The basic idea in instanton gauge theory is to study the space of all solutions
of the instanton equation modulo a natural notion of symmetry, namely, gauge
equivalence. We first give a naive outline and then elaborate on some of the
technicalities involved in the next section. Let M be a compact, oriented,
Riemannian 4-manifold and let 7: P — M be a principal G-bundle. Let Ap
denote the space of all connections in P. This is an affine space over Q*(M, gp),
i.e., if we fix a base connection Ay € Ap then Ap = {Ag +a:a € QY (M,gp)},
where a is regarded as an element of Q!(P, g)ﬂf he gauge group Gp of P is the
group of bundle automorphisms f: P — P covering the identity map in M.
There is a group action

Ap xGp = Ap

given by pullback; (A4, f) — f*A. The orbit space Bp := Ap/Gp is called the
configuration space. The gauge group also acts linearly on the vector space
OP(M, gp) for each p. The rule that assigns the curvature F4 to a connection
A then takes the form of a Gp-equivariant map F: Ap — Q?(M,gp). The
projection pT: Q2(M, gp) — QF (M, gp) is also equivariant, so the same holds
true for the composite

Ft=ptoF: Ap — Q" (M,gp). (1.4)
The moduli space of instantons or ASD connections is then
Muasp(P) = (F*)"1(0)/Gp ={A € Ap : Ff =0}/Gp C Bp.

These moduli spaces are the basic objects of study in instanton gauge theory.
In the next section we will outline how these spaces are topologized and under
which conditions one can expect them to carry the structure of a smooth
finite-dimensional manifold in the simplest case of a compact base manifold.
Further important aspects of the theory are the compactness properties of the
moduli spaces and whether they are orientable. Establishing orientability and
appropriate compactness properties of certain instanton moduli spaces over a

4
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cylinder R x Y for a closed 3-manifold Y are of vital importance in order to
construct instanton Floer homology.

1.1.2 Some Analytical Aspects

Let M be a closed Riemannian 4-manifold and let 7: P — M be a principal
G bundle for some compact Lie group G. For our later purposes we may take
G = S0(3) or G = SU(2). The first step needed to make sense of M 45p(P) as a
topological space is to provide every space in sight with the structure of a smooth
infinite-dimensional manifold. The standard and most convenient way of doing
this is to use Sobolev completions. Let E — M be a vector bundle equipped with
a fiber metric and a connection. The metrics and connections in TM and FE induce
a metric and connection in each bundle TH(T*M)® E =T*M @ --- @ T*M ® E.
For an integer k& > 0, the L? norm on the space I'(E) of smooth sections is

defined by
1/2

k
lsllez = |3 [ 905l |
j=0’M

where V) denotes the iterated covariant derivative and vol is the Riemannian
volume form. The completion of I'(E) with respect to the norm || - |[z2 is a
Hilbert space denoted by Li(E) and is called the Sobolev space of L%—Sections.
We should note that the norm || - |[12 depends on our choices of connections and
metric, but the resulting completion is as a topological vector space independent
of all of these choices since the base manifold M is compact. The spaces L% (E)
for various k > 0 satisfy a number of useful properties (see for instance
p. 92]). Here we will just note that there is a sequence of compact, continuous
inclusions

L*(E)=L§(E) D LY(E) > -+ D LYE) D L1 (B) D -,

whose inverse limit recovers I'(E) in the C'*°-topology. This is a consequence of
the Sobolev embedding theorem, which in this 4-dimensional situation states
that there is a compact inclusion L%(E) < C'(E) provided k —4/2 > I, where
CY(E) is the space of | times differentiable sections in the C'-topology.

In our situation of interest we may fix a smooth base connection Ag € Ap
and define A}, = Ao + Li(T*M @ gp) for each 0 < k < oo. Similarly,
QO (M,gp)2 = L(ATT*M ® gp). Provided there is a Sobolev embedding
L? — C% ie., k> 3, we may also define a Sobolev completion G% , of the gauge
group. For any fixed integer k > 2, it then holds true that 7

(i) g}%’k 41 is a Hilbert Lie group, A?D,k is an affine Hilbert space and
QF(M,gp)i_, is a Hilbert space,

2There is a natural bijection between QP(M, gp) and the basic forms in QP(P, g), that is,
the G-invariant forms o for which a(vi,---,vp) = 0 whenever v; is tangent to the fiber for
some 1 <1< p.
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(ii) there is an extended gauge action A%k X gf,,k = Afp’k which is smooth
and proper, and

(iii) the map F* of (1.4) extends to a smooth map

F*oAp ), — Q7 (M, gp)iy-

Therefore, for each integer k > 2 we get a moduli space Masp(P, k) equipped
with a well-defined topology. Due to the elliptic nature of the ASD equation it
turns out that this topological space is independent of the integer k (see
Prop. 4.2.16]).

What the above Sobolev completions achieve is to express the problem in the
category of Banach (or Hilbert) manifoldsﬂ[n fact, a number of results familiar
from finite-dimensional manifold theory extend to this infinite-dimensional setting
(see ) In particular, the inverse and implicit function theorems apply with
minor modifications. To understand the local structure around [A] € M asp (P, k)
for A € Afp,k consider the sequence g%’kﬂ — AZP’,G — QT (M, gp);_, where the
first map is the orbit map g — ¢* A4 and the second is F'". Since A is ASD the
composite is constant and the derivatives at 1 € 912)7,6 L and A€ A%’,k form a
three term complex

d dh
Q%(M,gp)i,, —— U (M,gp); —— QT (M,gp)?_4, (1.5)

where d4 is the exterior derivative twisted by A and df; = pT od4. Here we have
used that the Lie algebra of Gp is Q°(M, gp) and that Ty A%, = Q' (M, gp)%,.
The above sequence is an elliptic complex, that is, the compbsition is zero and
the sequence is exact on the level of symbols. This implies that the cohomology
groups, written H% for i = 0, 1,2, are finite-dimensional and independent of
the integer k. The group HY = Ker(da) is precisely the Lie algebra of the
stabilizer of A in the gauge group. Hence, H§ = 0 implies that the stabilizer
is zero-dimensional. While, if H3 = 0, then d(F*)4 = d is surjective, which
implies that (F+)71(0) carries the structure of a manifold in a neighborhood
of A. At least for the structure group G = SU(n), one can conclude that if
HY = H% = 0 then M4sp(P) carries the structure of a smooth manifold of
dimension H} < oo in a neighborhood of [A][]

Using the formal adjoint construction, the two key conditions for local
smoothness can be neatly expressed in terms of the single elliptic operator

Dy = (d%,d}): Q' (M, gp) — Q°(M,gp) & QT (M, gp).

3A (smooth) Banach manifold is simply a Hausdorff topological space X equipped with
a maximal atlas {¢;: U; — X : 4 € I} of local charts, where U; is an open subset of some
Banach space E; for each ¢ € I and the transition functions are smooth.

4The center Z(G) can be realized naturally as a subgroup of Gp. The action of the gauge
group on Ap factors through Gp/Z(G). For G = SU(n) it holds true that the stabilizer of a
connection A in G is discrete, i.e. Hg =0, if and only if it coincides with Z(G).

6
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Explicitly, Coker(D4) = HS @ H? and Ker D4 = HY. This operator therefore
plays an important part in the theory. Its index Ind(D,) = dimKer(D,) —
dim Coker(D4) can be expressed using the Atiyah-Singer index theorem.

Example 1.1.3. An SU(2) = Sp(1)-bundle E over a closed oriented 4-manifold
M is classified up to isomorphism by the second Chern number ¢y (E)[M] € Z.
In general, if M is connected, the stabilizer Gp 4 of a connection A € Ap can be
identified with the centralizer of the holonomy group Hola(z¢) C Aut(E,,) =
SU(2) over a base point zp € M. By direct calculation one may show that
the possible stabilizers are SU(2), U(1) or {£1}. In particular, the only 0-
dimensional stabilizer is the center {+1}. Consequently, if D4 is surjective for
each ASD connection A € Ap, the moduli space M asp(E) carries the structure
of a smooth manifold of dimension

Ind(D.) = 8es (E)[M] — 5 (x(M) + 0(M))

where x (M) is the Euler characteristic of M and (M) is the signature ([DK90
p. 137]).

We end this brief analytical tour with a few remarks concerning what happens
in the case D4 fails to be surjective. As we have seen, there are two obstructions
involved, one concerning the failure of the group action of Gp to be free (more
precisely Gp/Z(G)) and one concerning the failure of 0 to be a regular value
for the function F'™. The second issue can typically be solved by introducing a
perturbation of the function, or changing the Riemannian metric on the base
manifold M. The first issue cannot be removed in this fashion though. Either
one can just be fine with the fact that M asp(P) is a singular space or, as we
will see later, one can work with framed connections yielding a smooth moduli
space M asp(P) with a residual action of G/Z(G) and try to analyze this space
using equivariant techniques.

For a more complete account of the material presented here we refer to

[DK90), (FU91) and (PalGs).

1.1.3 Instanton Floer Theory

The basic idea of instanton Floer homology is to do Morse theory in an infinite-
dimensional setting, where the Chern-Simons functional plays the role of a Morse
function. To introduce this functional and see where the instanton equation
enters into the picture, let us for simplicity consider a trivial SU(2)-bundle
P =Y x SU(2) = Y over a closed oriented Riemannian 3-manifold Y. In this
setting there is a canonical identification Ap = Q(Y, su(2), where su(2) C M»(C)
denotes the Lie algebra of skew-adjoint matrices. In terms of this identification
the Chern-Simons functional cs: Ap — R is given by the explicit formula

1 2
cs(A) —/ trace(A/\dA—l—gA/\A/\A) for A€ QY(Y,su(2))
%

= 82

where the wedge product is defined using matrix multiplication in su(2) C My(C)
(see [Don02, p. 18]). This function is gauge invariant up to an integer and

7
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therefore descends to a function cs: Bp — R/Z = S'. Tt is this function one
seeks to do Morse theory with in instanton Floer homology. Briefly, this means
that one tries to construct a chain complex generated by the critical points of cs
and whose differential counts negative gradient flow lines between critical points.

The derivative of ¢s is up to a constant given by d(cs)a(a) = [ trace(FaAa).
By using the L? inner product in T4 Ap = Q*(Y,su(2)), (a,b)r2 = [} (a,b) vol =
Jy trace(a A *3b), Ekhe corresponding gradient vector field is given by

V:Ac Ap = *3Fq € QY(Y,5u(2)).
In particular, the critical set of cs is precisely the set
C::{[A]EBPSFAZO}

of gauge equivalence classes of flat connections. The negative gradient flow
equation for cs is therefore given by

a,

e F 1.6
p *3 Fa, (1.6)

for a path of connections ¢t € R — A; € Ap. Such a path also defines a connection
A in the trivial bundle over the cylinder R x Y. In terms of this relation the
equation takes precisely the form FZ = 0. Therefore, at least heuristically,
the spaces of negative gradient flow lines correspond to (translation reduced)
instanton moduli spaces over the cylinder R x Y.

In Andreas Floer introduced the above idea and succeeded in
constructing a Z/8 graded abelian group I.(Y), later coined instanton Floer
homology, associated with a homology 3-sphere Y, that is, H,(Y;Z) = H,(S%;7Z).
The reason for the Z/8 grading is that one can only make sense of an index
function i: C — Z/8. Setting this theory up in detail requires quite a lot
of delicate analysis (see [Don02]), and there are obstructions to making the
construction go through for a general closed, oriented 3-manifold. Nevertheless,
the construction can be generalized to apply for a class of manifolds including
all rational homology 3-spheres using equivariant techniques.

1.1.4 Equivariant Instanton Floer Homology

Let m: P — Y be a principal G = SU(2)-bundle over a closed oriented 3-manifold.
The action of the gauge group Gp on the space of connections Ap is typically
not free, so the configuration space Bp will generally be a singular space. One
way of circumventing this issue is to choose a base point b € Y and define the
space of framed connections Ap = Ap x Py, where P, = 7w~ 1(b) is the fiber
over b. Each gauge transformation f: P — P restricts to an automorphism
fvo: Py — Py. The gauge group therefore also acts (say from the left) on Ap by

5This L2-inner product is negative definite. If we replace it with the positive definite inner
product by introducing a sign, the instanton equation becomes the gradient flow equation
rather than the negative gradient flow equation.

8



Background on Instanton Floer Theory

f-(Ayu) = ((F7H*A, fp(u)). In this case the action is free, and we obtain a
framed configuration space

Bp = vZP/gP-

The right SU(2)-action on the fiber P, descends to an SO(3) = SU(2)/{+1}
action on B, p. In appropriate Sobolev completions B, p becomes a smooth Hilbert
manifold equipped with a smooth SO(3)-action.

The equivariant instanton Floer homology of considered in this thesis
is obtained by applying techniques from equivariant Morse theory or Morse-Bott
theory (see or for the finite-dimensional perspective) to the natural
SO(3)-invariant extension of the Chern-Simons functional to cs: Bp — R/Z = S*.
Elln this introductory text we will only give a brief outline of what one should
expect in this situation and refer to the original resource mentioned above and
the outline given in the first paper of this thesis for further details.

For simplicity we consider a situation where Y is a rational homology 3-
sphere, i.e., H,(Y;Q) & H,(S%/Q), and 7: P — Y is the trivial SU(2)-bundle.
Since cs: Bp — R/Z is SO(3)-equivariant, the critical set admits a partition into
SO(3)-orbits. The set C of critical orbits is in natural correspondence with the
set of gauge equivalence classes of flat connections in P. An orbit a € C is of

the form
SO(3), SO(3)/S0(2) = S? or SO(3)/SO(3) = *

and we say that « is irreducible, reducible or fully reducible, respectively. To
ensure that C consists of finitely many orbits and that the moduli spaces, we
will soon introduce, are cut out transversely, one generally has to introduce a
perturbation of cs. In this outline we will for simplicity just assume that the
above two conditions are satisfied.

Let «, 8 € C be a pair of distinct critical orbits. For each relative homotopy
class z € m (Bp, a, 8) there is then a moduli space M, (v, 3) of framed instantons
approaching « as t — —oo and 5 as t — oo whose corresponding path in gp
belongs to the homotopy class z. This is a (possibly empty) finite-dimensional
smooth SO(3)-manifold equipped with SO(3)-equivariant end-point maps as in
the diagram

o Mvz(a,ﬁ) = 8.

There is a number gr, (o, 8) € Z such that if gr, («, 8) < 0 the moduli space is
empty and otherwise

grz(aaﬂ) = Mz(ayﬁ) — dim av.

This number is independent of the homotopy class z modulo 8, and it therefore
descends to a function gr: C x C — Z/8 called the relative grading. It satisfies
the property gr(a, 8) + gr(8,7v) = gr(a,~) for all o, 8,7 € C. In our case of a

6The equivariant instanton Floer homology of is defined more generally for a weakly
admissible SO(3)-bundle over a closed oriented 3-manifold. An SO(3)-bundle E — Y is weakly
admissible if either Y is a rational homology sphere or if the second Stiefel Whitney class
wa(E) € H?(Y;7Z/2) does not admit a torsion lift in H2(Y;Z).
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trivial SU(2)-bundle we obtain an absolute grading j: C — Z/8 by taking the
trivial connection 6 as a reference point, that is, j(«) = gr(a, 0).

The moduli spaces Mvz (a, B) carry an action of R by translations. Provided
a # [ and gr,(a,8) < 10 the resulting quotient admits a compactification
M. (a, 8)/R C M (e, 8) into a topological manifold with corners and smooth
structure on each stratum. The SO(3)-action and the equivariant end-point
maps are defined on this compactification as well. We now have all the pieces
needed to define the framed Floer complex (CI(Y, P),d). There is a choice of
coefficient ring involved, but we will omit this from the notation. We set

CI(Y,P)sy= P C9™(a) and CI(Y,P), = P CI(Y,P).,. (1.7)

jla)=s s+t=n

where C{™ is a geometric homology functor defined on smooth manifolds. For the
moment, we will just say that C¢™(«) is a chain complex supported in degrees
0 < i < dim(a) + 1, whose homology recovers the usual singular homology
of a.. For the specifics concerning this type of geometric homology see
Section 6.1]. The differential 9: CI(Y, P),, — CI(Y, P),_1 has components

0" CT(Y, P)sy = CI(Y, P)s_r i1 for 0<r<5.

The component 9° is defined to be the sum over the internal differentials
Ci"™(a) = C"| () for @ € C with j(a) = s. The other components, 9" for
1 <r <5, are defined via fiber products using the diagrams

a +— M. (a, B) — B, (1.8)

where z is the unique homotopy class for which —2 < gr, (o, 8) < 5. To make
this precise one has to delve into the inner workings of the geometric homology
functor CY™, so instead we will give a motivational analogy.

Suppose we are given a diagram of closed, oriented smooth manifolds

X2 M-ty

Then there is a map p1: H.(X) — H,; (M), where | = dim M — dim X. It is
defined to be the composite PD,; op™ o F’D)_(l7 where PD,;, PDx are Poincaré
duality isomorphisms and p* is the pullback map in cohomology. The above
diagram therefore gives rise to the map f = g, opi: H.(X) — H. (V). In
geometric terms, suppose that o € H;(X) can be represented by a closed oriented
submanifold ¢: Z < X, i.e., tx([Z]) = a where [Z] is the fundamental class of Z.
Then, if p is transverse to Z, pi(«) € H; (M) is represented by p=1(Z) < M,
so that f(«) is represented by p~1(Z) < M — Y. Now p~*(Z) is nothing but
the fiber product Z x x M < M, so alternatively f(«) is represented by the
composite Z xx M — M — Y. What the geometric homology functor C{™
achieves is to represent maps such as f on the chain level. The diagram
gives rise to a fiber product map fgo: CY" (o) — C7" (8) and these

t+gr, (o,8)—1
maps are the components of 9" for 1 < r < 5.

10



Background on Instanton Floer Theory

The complex CI(Y, P) carries the structure of a right C¢™(SO(3)) module
and a filtration by index {FpCN'I(Y, P)}pez. In terms of the bigrading given in
(1.7) it is given by

F,CI(Y,P), = P CI(Y.P).,
s+t=n
s<p

for p,n € Z. This is an increasing filtration by CY"(SO(3)) submodules and is
called the index filtration. Moreover, since the index function j takes values in
Z/8 there is a periodicity isomorphism CI(Y, P),, = CI(Y, P),s for alln € Z
compatible with all the additional structure mentioned above. The equivariant
Floer groups are extracted from the framed Floer complex CI(Y, P), the action
of C¢™(SO(3)) and the index filtration by purely algebraic means, and come in
the form of three groups I (Y, P), I~ (Y, P) and I°°(Y, P). They are called the
positive, negative and Tate equivariant instanton Floer homology of the pair
(Y, P). These groups carry module structure over H*(B SO(3)) and fit into an
exact triangle

(+3]

It(Y,P) I-(Y,P)

';74]\ o] (19)

I*=(Y, P) ;

where the numbers indicates the degree of the respective maps.

An integral part of the first paper contained in this thesis is concerned with
the homological algebra needed for the construction of the above groups from
the framed Floer complex CI(Y, P). We therefore give a short introduction into
the ideas needed for this next.

1.1.5 The Algebra of EIFH

Fix a principal ideal domain R, which serve as the ground ring for all modules,
algebras and their graded and differential graded (DG) analogues. Let A be a
differential graded algebra and M a right A-module. The situation to have in
mind is of course A = C¢™(SO(3); R) and M = CI(Y, P). In this case M also
carries the index filtration and we will discuss the effect of this later.

In Appendix A] the author constructs a triple of functors CX, o
and CY from the category of right A-modules to the category DG R-modules.
In fact, Cy (R) carries the structure of a differential graded algebra and the
three functors take values in the category of left C') (R)-modules. Before we
consider the construction of these let us look at a more basic example of a similar
construction.

Example 1.1.4. Let G be a finite group and let A be a G-module, i.e., a module
over the integral group ring Z[G]. Then the homology and cohomology of G
with coefficients in A are defined by

H.(G; A) == Torl9(z, A) and H*(G;A) = Extl(Z, A)

11



1. Introduction

where Z is regarded as a trivial G-module. These groups can, at least in theory,
be calculated using the (normalized) bar resolution B, (G), a functorial free
resolution of Z. By definition B, (G) is the free Z[G]-module on the set of
symbols [g1]g2] - - - |gn] for g; € G — {1}, 1 <i < n. In particular, By(G) is the
free module on the empty symbol []. The differential 0 is defined by sending a
generator [g1] -+ |gn] to

n—1

91lg2] -+ -1gn] + Z(—l)i[gl\ o lgigial - - gn] + (=1)"[g1] - - |gn—1]

where a term with g;g;+1 = 1 is interpreted to be 0. Thus for a G-module A one
has H.(G; A) = H(B.(G) ®¢ A) and H*(G; A) = H(Homg (B« (G), A)).

In addition, to the homology and cohomology one has the Tate (co)homology
of G with coefficients in A. Define N = >° g € Z[G] to be the norm
element. Write CJ(A) = A ® B.(G) and Cg(A) = Homg(B.(G), A) for the
chain complexes calculating the group (co)homology of G with coefficients in A.
Then Cf, (A) is concentrated in non-negative degrees while C; (4) is concentrated
in non-positive degrees, that is, we omit raising indices and also regard the latter
as a homological chain complex. Moreover, since By(G) = Z[G] we may identify
CE(A)o = A and C5(A)p = A. Then multiplication by the norm element
N € Z|G]

N-:CEL(A)y 2 A— A2 C,(A)

can be shown to define a chain map. Let C2’(A) be the mapping cone complex
of the above norm map. The homology of this complex can be called the Tate
homology of G with coefficients in A. In this situation it is more usual to raise
indices and write H*(G; A) = H(C&(A))_.. In this basic situation it is not
necessary to introduce a mapping cone. Indeed, one can define H *(G; A) directly
in terms of H,(G;A), H*(G;A) and the induced norm map N: Ag — A%
between coinvariants and invariants. See for instance Chapter 6] for
background and additional information concerning this example.

Let as earlier A be a DG algebra and assume that A is equipped with an
augmentation e: A — R. Given a right A-module M and a left A-module N
there is a complex B(M, A, N) called the bar construction on the triple (M, A, N)
(see Appendix A]). It is a derived version of the tensor product M ®4 N
in an appropriate sense (see ) The functors Cf are then defined for a
right A-module M by

Ci(M)=B(M,A R) and C;(M):=Homu(B(R,A,A),M),

where we note that B(R, A, A) inherits a right A-module structure from the
right hand factor. The construction of C{° is more involved, and we will not
give the definition here. However, we will mention that it is constructed as the
cone of an appropriate norm map as in the above example. This eventually gives
rise to the exact triangle of .

12



Binary Polyhedral Groups and Quivers

Let o denote any element of {+, —, c0}. Provided the algebra A is degreewise
free over R, the functor C'9 is exact. Therefore, if M is equipped with an
increasing filtration

-CcFh,_ McFMCF,y MC---CM

there is an induced filtration F,C% (M) = C%(F,M). This filtration gives rise
to a spectral sequence {E",d"},>1 with

E;L,t = H3(FsM/Fs—1M)si.

However, this spectral sequence may fail to converge to H%(M) in any
sensible way. To ensure that the above spectral sequence satisfy a structural
property called conditional convergence (see ), a completion procedure is
introducedﬂ[n the first paper of this thesis we have taken a different approach
to this completion procedure than the one initially given in . In any case,
there is a completed version C’A of C%. The equivariant instanton Floer group
I*(Y, P) is then defined to be the homology of C% (M) for A = CZ™(SO(3); R)
and M = CI(Y, P).

1.2 Binary Polyhedral Groups and Quivers

A central theme in this thesis are the binary polyhedral groups, that is, the
finite subgroups of SU(2). The classification of these up to conjugacy is classical
and is presented nicely in . They consist of the cyclic groups Cy, 1 > 1,
the binary dihedral groups D}, n > 2, the binary tetrahedral group 7™, the
binary octahedral group O* and the binary icosahedral group I*. The binary
polyehdral spaces are the orbit spaces Yr := S3/T", where I' C SU(2) acts in the
standard way on S% C C2. These are closed, orientable smooth 3-manifolds.

One of the main purposes of the first paper is to calculate the equivariant
instanton Floer homology associated with the trivial SU(2)-bundle over Yr. The
key input needed for the calculations is complete control over the set C of gauge
equivalence classes of flat SU(2)-connections, and some geometric information
concerning the low-dimensional moduli spaces of instantons M. (a,3) over
R x Yt approaching «, 8 € C along the ends. The gauge equivalence classes of
flat SU(2)-connections over Y1 can be identified with the isomorphism classes of
SU(2)-representations of 71 (Yr) 2 I'. The complex representation theory of the
binary polyhedral groups is well-known and from this it is mostly a matter of
bookkeeping to determine the set C in all cases.

The necessary information concerning the instanton moduli space M(a, 3) is
essentially contained in . In this paper Austin also considers calculations
of EIFH groups (restricted to real coefficients). One of the key ideas is that
instantons over the cylinder R x Yp can in a natural way be identified with
equivariant instantons over the four sphere S*. Moreover, the latter problem

7Conditional convergence is actually not a property of the spectral sequence, but rather
the underlying exact couple.
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1. Introduction

can be tackled using an equivariant version of the ADHM correspondence. The
classical ADHM correspondence gives a description of various instanton moduli
spaces over S* in terms of (finite-dimensional) linear algebraic data for a number
of structure groups (see |Ati79] and [DK90, Section 3.3]). In both cases the linear
algebraic descriptions can be placed within the general framework of quiver
varieties in the sense of , at least for the structure groups SU(n).

The purpose of this section is give some background on quivers and quiver
varieties and their relation to the binary polyhdedral groups and spaces. This
will serve to place the second paper of this thesis in a more general context as
well as explaining the relations to the first paper.

1.2.1 The McKay Correspondence

In [McKS80] it was observed that the finite subgroups of SU(2) could be put in a
natural correspondence with the simply laced Dynkin diagrams of type ADFE, that
is, An, Dy, Egs, E7 or Eg, or more precisely their extended analogues A,,, Dy, Eg,
E; or Eg. The construction can be explained swiftly as follows. Let I C SU(2)
be a finite subgroup and let @ be the canonical 2-dimensional representation
associated with the inclusion I' C SU(2). Furthermore, let Ry, Ry, -+, Ry, be a
complete set of representatives for the isomorphism classes of irreducible complex
representations of I', where we take Ry to be the trivial representation. We
may then define an unoriented graph Ar by taking {0,1,2,--- ,n} as the set of
vertices and a single edge connecting i and j if and only if

dim¢(Homp(R; ® Q, R;)) = 1.

This graph will then be an extended Dynkin diagram and McKay’s observation
was that the rule sending (the conjugacy class of) I' C SU(2) to Ar sets up
a bijection between the binary polyehdral groups and the extended Dynkin

diagrams of type ZBE‘ The graph Ar obtained from Ar by deleting the vertex
0 recovers the corresponding Dynkin diagram of type ADE.

There are also many other incarnations of the McKay correspondence (see
for instance ) From an algebro geometric perspective one may consider
the quotient singularities C?/T" for finite I' C SU(2). These are known as the
Klei/ni\a/n singularities. There is then an essentially unique minimal resolution
7: C2/T — C2%/T'. The exceptional set 7=1(0) is a union of 2-spheres (CP?!)
whose intersection matrix is precisely the Cartan matrix associated with the
Dynkin diagram Ar.

1.2.2 Hyper-Kahler Reduction

Both the ADHM description of (equivariant) instantons over S* and quiver
varieties are expressed in terms of a hyper-Kéhler quotients. We therefore
give a brief introduction to this concept before we proceed. A hyper-Kéahler
manifold is a Riemannian manifold (M, g) equipped with a quaternionic
structure on its tangent bundle such that multiplication ¢-: TM — T'M by unit

14
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quaternions g € H is orthogonal and covariantly constant with respect to the Levi-
Civita connection. If we specify a unit quaternion s € ImH, the corresponding
multiplication endomorphism S: TM — TM defines a complex structure on
M. In fact, the triple (M, g, S) is a Kéhler manifold (see for instance [Voi07])
with Kéhler form wg € Q%(M,R) given by wg(v,w) = g(Sv,w) for v,w € T,M
and p € M. In particular, we have the three standard complex structures
I,J,K: TM — TM given by multiplication by i,j,k € H, respectively. A
hyper-Kéahler manifold is typically specified by the tuple (M, g, I, J, K).

Let (M,g,I,J,K) be a hyper-Kéhler manifold and suppose that G is a
compact Lie group acting on M preserving all structure in sight, i.e., for each
a € G and p € M the linear map da,,: T, M — T,, M is orthogonal and commutes
with 7, J and K. A hyper-Kdhler moment map for the action is defined to be a
smooth function p = (uz, ps, ) — R3® g*, where g* is the dual of g = Lie(G),
such that

(a) u(g-p) = Adyu(p) for all g € G, p € M, and

(b) for each S € {I,J, K} one has dus(v)(¢) = wg(v,V¥) for all v € TM and
¢ € g, where V¢ is the vector field on M induced by &.

In other words, the three components uy, py and px are moment maps in the
symplectic sense for the symplectic forms wy, wy and wg, respectively.
Let Z = {a € g : Adja = a V g € G}. Then for each ( € R3 ® Z the fiber
pu~1(¢) is preserved by G and one may consider the quotient p=1(¢)/G. The
passage from (M,G,u) to p=1(¢)/G for ¢ € R® ® Z is called hyper-Kéhler
reduction and the spaces = 1(£)/G are called hyper-Kéhler quotients. Generally
these spaces will be singular, but if if G acts freely on p=1(€), then this is a
smooth submanifold and the quotient ;=1 (£)/G is a smooth manifold equipped
with a natural hyper-Kéhler structure (see [Hit+87] or [GN92|).

The most basic instance of this procedure occurs when M is a quaternionic
representation of a compact Lie group G. In that case we may equip M with an
inner product g compatible with the quaternionic structure and the action of
G, and thereby regard M as a flat hyper-Kahler manifold. In this situation the
unique hyper-Kéhler moment map vanishing at 0 € M has the simple form

w()(§) = (g9(i€x, ), g(j€r, x), g(kx,x)) for z € M, { € g.

The resulting hyper-Kéaher quotients may be very interesting. Indeed, as we will
see in the next section, this procedure produces the ALE spaces. Moreover, as
mentioned earlier, the ADHM correspondence and its equivariant modification
describe various instanton moduli spaces in this way. The fact that this procedure
enters in the description of instantons is partially justified by the following

example (see a. L emar . an or a non-compact example).
ple (see [Sall3] Remark 6.5] and [GN92) f p ple)

Example 1.2.1. Let (M,g,1I,J, K) be a closed 4-dimensional hyper-Kéhler 4-
manifold oriented such that (v, v, Jv, Kv) € T,M is a positive basis for any
nonzero v € T, M. Then the three Ké&hler forms wy,w s, wx form a global frame
for the bundle ATT*M. Let m: P — M be a principal G-bundle. Then the space

15



1. Introduction

of connections Ap inherits a hyper-Kéhler structure. The Riemannian metric is
the L2-metric and the three hyper-Kéhler endomorphisms I, .J’, K’ are defined
on TaAp = QY (M,gp) by I'a = —ao I and similarly for J and K’. The action
of the gauge group Gp preserve all of this structure and F*: Ap — QF (M, gp)
can be regarded as the corresponding moment map. To elaborate, given A € Ap
we may write F{ = frwr + Eywy + Exwie for unique &7,&7, &k € QO(M, gp).
The assignment A +— (£7,£7,£k) are then the three components of the moment
map when Lie(Gp) = Q°(M, gp) is identified with its dual using an L?-inner
product. Consequently, the instanton moduli space Masp(P) = (FT)~(0)/Gp
is an example of a hyper-Kéahler quotient in this setting.

1.2.3 ALE Spaces and Kronheimer’s Construction

In Kronheimer used the technique of hyper-Kéhler reduction to
construct the so-called ALE (asymptotically locally Euclidean) spaces. Basically,
given a finite subgroup I' € SU(2) he considered the complex vector space
M = Homr(Q ® R, R), where R = CI[I'] is the regular representation and Q
is the canonical representation as defined earlier. We assume that Q and R
are equipped with I'-invariant Hermitian inner products. The complex vector
space M admits a quaternionic structure preserved by the natural action of
the Lie group F = U(R)'/U(1), that is, the group of unitary I'-equivariant
transformations of R divided out by the scalar subgroup. There is an associated
hyper-Kéhler moment map
p: M —R*@f

where § = Lie(F') and he studied the hyper-Kéhler quotients
Xe = p~H(€)/F for £ €R3® Z(f). (1.10)

Here, Z(f) denotes the center of the Lie algebra.

Using the McKay correspondence Kronheimer showed that Z(f) could be
identified with a Cartan subalgebra b of the simple Lie algebra associated with
the Dynkin graph Apr. The corresponding root system ® can therefore be
regarded as a finite subset of the dual space, i.e., ® C h*. For each 6 € ® there
is a root wall

Dg:={Ceh:0(() =0}

One of the main results of is then that if £ = (£1,&9,&3) € R3®@ b, then
X¢ is a non-singular 4-dimensional hyper-Kéahler manifold provided &;, i = 1,2, 3,
avoids all the root walls Dy for § € ®. Moreover, in that case X¢ is diffeomorphic
to the minimal resolution of C2?/T" and the metric is ALE. The latter condition
can be explained as follows. There is a resolution map m: X¢ — C?/T" and the
restriction m: (X¢ — n=1(0)) — (C* — {0})/T is a diffeomorphism. This can be
regarded as a coordinate system at infinity. The ALE condition then asserts
that if we push the hyper-Kéhler metric forward along the above restriction and
pull back to C2 — {0}, then it approximates the Euclidean metric up to order 4
as the parameter tends to infinity.
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In the second paper of this thesis we study the singular members of the
family {X¢ : £ € R®* ® h} for the various finite subgroups I' C SU(2). For the
purpose of this introduction let us call them singular ALE spaces. As stated in
Kronheimer’s paper mentioned aboveElthe singularities in X¢ are discrete and
locally modeled on C2?/T” for other finite subgroups I'' C SU(2). Therefore, by
deleting the singularities we expected to obtain various hyper-Kéahler 4-manifolds
with a number of ends modeled on

(C? — {0})/T" = (0,00) x S3/T".

The basic motivation for this was the most degenerate case.

Example 1.2.2. By |Kro89, Corollary 3.2] it holds true that X, = C?/T', so by
deleting the singularity one recovers the cylinder

(0,00) x S3/T =R x S3/T.

Alternatively, we can regard these spaces as hyper-Kéahler bordisms between
various binary polyhedral spaces. The results of our second paper show that
there is a fairly simple classification of the singularities in the spaces X¢ in terms
of the parameter ¢ € R ® b provided we require ¢; = 0. Furthermore, given
a pair of finite subgroups I'1, 'y C SU(2) we show that this procedure can be
used to construct a hyper-Kihler bordism between S®/T'; and S®/T' if and only
if the Dynkin graph Arp, can be realized as a subgraph of the Dynkin graph
Ar,, or conversely. While we find the question of classifying the singularities in
these spaces interesting by itself, we also regard it as an opportunity for future
investigations. We will elaborate further on this in the following section.

1.2.4 Quiver Varieties and Instantons on ALE spaces

In this final part we explain our initial motivation for studying the singular ALE
spaces, the basic relations between the two papers in this thesis and discuss
some ideas for future work that provide additional context.

In the paper the authors develop a generalized ADHM correspondence
describing moduli spaces of instantons on unitary bundles over the ALE spaces
described in the previous section. Later in Nakajima introduced a family
of spaces he called quiver varieties and reformulated the above correspondence
in the language of quivers. A quiver (Q, I, s,t) is a finite directed graph, where I
is the set of vertices, @) is set of edges and s,t: () — I are the source and target
maps. Usually we let I and s,t be implicit and denote the quiver simply by Q.
A (extended) Dynkin quiver is a quiver whose underlying unoriented graph is a
(extended) Dynkin diagram.

For a fixed quiver (Q, I, s,t) Nakajima defined for each pair of dimension
vectors v,w € ZI>0 a family of quiver varieties M¢ (v, w) depending on a

8This is [Kro89, Lemma 3.3]. As noted in the introduction of the second paper, I am not
convinced that the proof given of this lemma is valid. Nevertheless, the result remains true,
but we have reached the same conclusion using different tools.
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parameter ¢ € R3 @ R! ElVVe will not give the construction here, but note that
it is another instance of (linear) hyper-Kéhler reduction. In general this space
may be singular, but there is an open subset /\/lz.eg (v, w) carrying the structure
of a smooth hyper-Kéahler manifold. Its dimension can be determined from the
underlying graph ) and the two dimension vectors v, w. If @ is an extended
Dynkin quiver whose underlying graph is associated with I' C SU(2) under the
McKay correspondence, then there is a distinguished dimension vector § € Z!,
the so-called minimal positive imaginary root. The quiver variety M¢(4,0) is
precisely the space X¢ in associated with I'. In other words, the ALE
spaces can also be described as quiver varieties over extended Dynkin graphs.

A brief and rather imprecise statement of the generalized ADHM correspon-
dence of can then be stated as follows. If X = M¢(6,0) is non-singular,
then the quiver varieties M"Y (v,w) for various v, w € ZL, describe instanton
moduli spaces on unitary bundles over XgHT he equivariant ADHM corre-
spondence as laid out in [Aus95| can be regarded as a degenerate case of this.
Indeed, the quiver varieties M (v, w) describe instanton moduli spaces over
M (5,0) = R x S3/T where I' C SU(2) is the finite subgroup associated with
the underlying graph of @ under the McKay correspondence (see example .
This is precisely the relation used to determine the geometric data needed for
the calculations of the equivariant instanton Floer groups.

In this final paragraph we describe our initial motivation for pursuing the
research contained in the second paper in relation to the first paper of this thesis.
First, a bordism equipped with an appropriate bundle between a pair of rational
homology spheres should induce a map between the corresponding equivariant
instanton Floer groups (see Section 6] for the current state of affairs).
These maps depend on various instanton moduli spaces on the bundle over the
bordism. Our motivation for studying the singular ALE spaces was precisely for
the purpose of constructing bordisms between distinct binary polyhedral spaces,
in order to possibly study such induced maps in equivariant instanton Floer
homology. We find the bordisms constructed in this way to be ideal candidates
for this purpose due to the generalized ADHM correspondence mentioned above.
We therefore ask: Can the generalized ADHM correspondence of be
extended to also apply for the singular ALE spaces? The equivariant ADHM
correspondence gives a positive answer to this question in the most degenerate
case, and this is precisely the input needed for the EIFH calculations of the first
paper. Now, if the answer to the above question is true, it might be possible to
also study induced maps in equivariant instanton Floer homology. The EIFH
calculations for binary polyhedral spaces are contained in the first paper of
this thesis and the construction of the appropriate bordisms is contained in the
second. The above conjectural leap would therefore provide an absolute bridge
between the two papers contained in this thesis.

91In our second paper we are only concerned with quiver varieties of the form Me(v,0) and
write this as M¢(Q,v) instead, incorporating the quiver into the notation.

10The ALE spaces M¢(6,0) = X¢ are non-compact, so the moduli spaces depend in addition
on a choice of flat structure at infinity. The two dimension vectors v, w determine this flat
structure in addition to the topological type of the bundle.
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Chapter 2
Summary of Papers

In the following we give summaries of the two papers contained in this thesis.
Most of the background material may be found in the previous chapter.

2.1 Equivariant Instanton Floer Homology and Calculations
for the Binary Polyhedral Spaces

This paper is concerned with the equivariant instanton Floer homology introduced
in |Eis19] and it has two basic goals. The first is to rework some of the homological
algebra needed to extract the equivariant Floer groups

IY(Y,E:R), I"(Y,E;R) and I°(Y,E;R) (2.1)

from the framed Floer complex CI (Y, E; R) associated with an (weakly
admissible) SO(3)-bundle £ — Y over a closed oriented 3-manifold and a
PID of coefficients R. The second goal is to give explicit calculations of the
groups in for the binary polyhedral spaces equipped with the trivial bundle.
Our calculations are restricted to the case where 2 € R is invertible in the ring
of coefficients. The universal case to have in mind is R = Z[1], the integers
localized at 2.

Before we proceed to the results proved in this paper we need to explain
the implications of the condition % € R. In this situation it is shown in [Eis19,
Section 7.2] that one may replace the pair (CY™(SO(3); R),CI(Y, E;R)) by a
much simpler pair (H,(SO(3),R), DCI(Y,E;R)). As 2 € R is invertible, it
follows that H.(SO(3); R) = Ag[u] is an exterior algebra on a single generator
u in degree 3. Furthermore, the complex DCI(Y, E; R), called the Donaldson

model, is essentially obtained from CI (Y, E) by passing to homology along the

columns in , that is,
DCI(Y,E;R)sy = @ Hila;R) and DCLY, E;R),, = @ DCI(Y,E;R).,

jle)=s st+t=n
where the direct sum runs over the set C of critical orbits and j: C — Z/8 is the

index function. If we write C = C*"" U C™*¢ U Cf "¢ for the decomposition of the
critical orbits into irreducibles, reducibles and fully reducibles we have

R® R[3] ifaeCi
H.(a,R)={ R®R[(2] ifaecCr
R if a € cfred,
where the shift operation is for a graded module D defined by D[p|p4n = Dp.

This shows that DCI(Y, F; R) is degreewise free and finitely generated over R.
Moreover, the differential has a concrete description.
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With these preliminaries in mind the main body of the paper is divided into
three main parts:

(i) We determine the complexes DCI(S3/T', E; R) for each finite subgroup
I' ¢ SU(2), where the orientation is the opposite of the standard one
induced from the covering S3 — S3/T.

(ii) We review some of the homological algebra of [Eis19, Appendix A] and
then work out a modified completion procedure that we use to define the

equivariant Floer groups in (2.1]).

(iii) We calculate the groups I, I~ and I*° for each binary polyhedral space
3 /T and also give the calculations for the standard orientation S/T" in
slightly less detail.

We will go through the main results contained in each of these starting with the
second part (ii).

Let R be a fixed ground ring, which is required to be a PID. We will omit the
reference to R in the notation throughout. The framed Floer complex CI(Y, E) is
a module over the DG algebra C{™(SO(3)) and carries the index filtration. The
DG algebra CY"(SO(3)) carries an augmentation and is in addition degreewise
free over R. To extract equivariant groups in such a situation we consider
a slightly more general algebraic context. Let A be DG algebra equipped
with an augmentation e: A — R. In Appendix A] the author defines
four functors C’X, cy, C’X’tw and C¥ from the category of right A-modules
to the category of left C', (R)-modules using the bar construction. We let
e ¢ {+,—, (+,tw), 00} denote a generic element. The homology of C% (M) is
denoted by H%(M). According to Appendix A.5], if A satisfies a Poincaré
duality hypothesis of degree d, valid for C{"(SO(3)) with d = 3, there is an
isomorphism H (M) = H " (M) of degree d for each right A-module M. We
give a different proof of this assertion in the special case A = Ag[u]. This case
is sufficient for the applications to equivariant instanton Floer homology when
3 €R

The functor C% is exact and preserve quasi-isomorphisms provided A is
degreewise free. Moreover, if f: A — B is a quasi-isomorphisms of degreewise
R-free DG-algebras and M is a right B-module, there is a natural isomorphism
HS(f'M) = H$(M), where f~'M denotes the A-module obtained by
restriction along f. In the author also defines what he calls a completed
version C'% of C. These completed functors are used to define the equivariant
Floer groups with A = C9™(SO(3)) and M = CI(Y, E). Due to the exactness
of C'% it preserves filtrations of the argument, i.e., if M is filtered by {F,M},
then C% (M) is filtered by {F,C% (M) = C4(F,M)},. The basic motivation
for introducing the completed functors is to force the resulting index spectral
sequences {E",d"},>1 with

Esl,t = H:&(FSM/stlM)sﬁLt
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to converge conditionally, in the sense of Def. 5.10], to its natural target.
The fact that the completions of achieve this purpose is not justified. I
believe that his type of completion works in the cases @ € {+, —}, but seems to
fail for e € {(+,tw), c0}. The purpose of the algebraic part of this paper is to
give a different, and arguably more natural, completion procedure that fixes this
possible issue. The basic idea is to first promote C' to a functor between the
corresponding filtered categories and then compose with a full completion functor.
Explicitly, given a right A-module M equipped with a filtration {F,M },cz we
define

C% (M) =1lim, colim, C%(F,M/F,M) filtered by
F,C% (M) :=lim, C%(F,M/F,M).

The homology of C'%(M) is denoted by H(M). This functor take values in the
category of filtered left C’y (R)-modules. This approach has the advantage that
the existence of a conditional convergent spectral sequence {E",d" },>1 with

El, = HY\(F,M/F,_1M) = H%(M) (2.2)

is essentially an immediate consequence of the definition. Our main results
concerning this construction are summarized in the following theorem. By a
filtered quasi-isomorphism of filtered A-modules we mean an A-linear chain map
f: M — N such that the induced map f,: F,M/F, 1M — F,N/F, 1N is a
quasi-isomorphism for each p € Z.

Theorem 2.1.1. Let o € {+, —, (+, tw), 00 }.

(a) If ft A= B isa quasi-isomorphism of degreewise R-free DG algebras,
then there is a natural isomorphism H%(f M) = H% (M) for each filtered
B-module M.

(b) If g: M — N is a filtered quasi-isomorphism of filtered A-modules and A is
degreewise free over R, then there is an induced filtered quasi-isomorphism
§°: CY(M) — C%4(N). In particular, H(g®): Hy(M) = H(M).

(¢) If A= Agr[u] with [u| = 3, then for each filtered A-module M there is a
natural degree 3 isomorphism H (M) = HT"™ (M) of Hy (R) = R[U]-
modules, where |U| = —4. Moreover, there is a natural long exact sequence

of R[U]-modules

A A

HX(M)n — HZ(M)n-i-?» — ﬁZO(M)n+3 E— ﬁ:—l(M)

We define I*(Y, E) := HY(M) for A= C9"(SO(3)) and M = CI(Y, E) and
we verify that this definition coincides with that of for @ € {+,—}. The
two parts (a) and (b) of the above theorem are precisely the input needed to
show that the equivariant groups I°(Y, E) can be calculated using A = Ag[u]
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and M = DCI(Y, E)). The final part (c¢) establishes the exact triangle relating
IT(Y,E), I=(Y,E) and I*°(Y, E) when % € R.

In addition to this we treat the case A = Ag[u] in some detail. The main
novel result is the construction of a simplified version of the Tate complex
CY(M). In the case M = DCI(Y,E) we also extend this model to the
completed version (M) and this leads to a new proof of the fact that
the action of U € R[U] = H,(R) is an isomorphism in Tate homology;
U: I*°(Y,E) = I*(Y,E). This concludes the summary of the main algebraic
results proved in this paper.

We now turn to the calculational part of the paper. For each finite subgroup
I' € SU(2) let Yr = S3/T equipped with the orientation making the covering
map S3 — S3/T" orientation preserving and write Y for the same manifold
equipped with the opposite orientation. The main body of the paper focuses on
the calculations for Y, while the necessary modifications in the case of Y1 are
laid out in the final section of the paper.

The first step is to determine the Donaldson models DCI(Yr). The bundle in
question will always be the trivial one, so we omit it from the notation. The key
tools needed for this is mainly contained in . The result can be described
as follows. For each finite subgroup I' C SU(2) there is a graph Sr, whose vertices
correspond to the set C of critical orbits, or equivalently the set of isomorphism
classes of SU(2) = Sp(1) representations of 71 (Y1) = I'. This graph is a tree in all
cases. The indexing function j: C — Z/8 is then given by j(«) = 4p(«a) (mod 8),
where p(«) is the number of edges in the minimal path connecting « to the trivial
representation 6 (this is the main reason for having a preference for Y over
Yr). The grading determines DCI(YT) as a graded Ag[u]-module. In particular,
it implies that DCI(Yr)s.. = 0 unless 4]s. The only non-trivial component
of the differential is therefore 0*: DCI(Y1)4s,0 — DCI(Y1)4(s—1),3 for s € Z,
which in turn has components Bga: Ho(a) = R — R = Hs(p) for 8 irreducible.
The latter map is given by multiplication by an integer ng,, which can only
be nonzero if @ and § are adjacent in Sp and in that case there is a simple
procedure to find it (up to a sign ambiguity). We attach the integers n,p to the
edges of the graphs Sr, so that the resulting labeled graph Sr contains all the
information needed to construct DCI(Y). Our main result lay out the labeled
graph Sr.

In the final part of the paper we calculate I7(Yr), I~ (Y1) and I°°(YT) for
each finite subgroup I' C SU(2). One of the main tools in the calculations are
the index spectral sequences. This is simply the spectral sequences of . For
A= Ag[u], M =DCI(Yr) and e € {+, —, o0} it takes the form

El,= P Hile) = I"(Vr)srs,
ila)=s

where HS (o) = H4(H.()) is explicitly available for all types of orbits
a € C. These are spectral sequences of H, (R) = R[U]-modules and they
carry a periodicity isomorphism EY, = E{, ¢, for all s,¢,r compatible with the
differentials, the R[U]-module structure and the target I*(Yr). We will not give
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the complete formulas for all the calculations here, but rather give two sample
calculations to indicate what kind of results one should expect. We note that all
the equivariant groups repeats with period 8 just as the underlying complexes
CI(Y,E) and DCI(Y, E).

Example 2.1.2. (Positive EIFH) For I' = T* the set of critical orbits takes the
form C = {0, a, A}, where 0 is the trivial representation, « is irreducible and X is
reducible. The grading is given by j(6) = j(\) = 0 and j(«) = 4. We introduce a
variable Vjy of degree 4, a generator g, of degree 0 and a generator W), of degree
2. Set

M = R[Vy] & RIWx| & R{ga}[-4]

regarded as a graded R[U]-module, where the action is determined by U - Vg =
Vittfori >1,U-Zy =Zi 2 fori >2,U-g, =U-Z} =0,U-Z) = 3g,
and U - V) = g,. The polynomial algebra notation is only used to effectively
express the graded modules, it should not be interpreted to mean that there is
any algebra structure on M or the summands.

To express the equivariant Floer group we use the following construction.
Given an R[U]-module X we define X™# =[] __, X[8s] with the induced R[U]-
module structure. In particular note that, X8 = [Iscz Xnyss for each n € Z.
Then our result is that I+ (Y ) = M8, Tt is not difficult to determine the
individual groups I (Y 7+ ), from this. For instance

(Yo = | [[ RV | @ | ] RIZEY

i>0 i>0

This is typical for the positive Floer groups; the fully reducible contributes a pair
of towers ], -, R in degree 0 and 4, while the reducibles contribute 4 towers in
degree 0, 2, 4 and 6.

Example 2.1.3. (Negative EIFH) For I' = O* the set of critical orbits takes the
form C = {0, o, 8,n}, where 6 and 7 are fully reducible and « and § are irreducible.
The grading is given by j(0) = j(8) = 0 and j(«) = j(n) = 4. Introduce variables
Up and U,, of degree —4 and let N = R[Uy] & R[U,][4] with R[U]-module structure
determined by U - U} = Uit for p = 6,7. Let M be the free R[U]-submodule of

N generated by U and U,. Then I~ (Y1) = N®® = @,_, N[8s]. Explicitly,

I"(Yo)o= | PR{UF} | © | P R{U;T

i>1 i>0

and similarly, I~ (Y o+ )4 is generated by {U;"" :i > 0} U {U2" ;i > 1}, while
I=(Y o+ ), vanishes for n not divisible by 4.

Let us briefly explain why the irreducibles a and 3 are not present in the
above formula. The irreducibles give rise to a pair of generators h, and hg in
the relevant index spectral sequence. The above calculation is the result of the
fact that there are differentials mapping Ug and Ug to he and hg, so these four
generators are killed off and does not contribute to the homology.
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2.2 Singular Quiver Varieties over Extended Dynkin
Quivers

In this paper we study the singular members of a family of quiver varieties
associated with extended Dynkin quivers (the singular ALE spaces). Given a
quiver () with vertex set I there is a quiver variety M¢(Q,v) for each choice
of dimension vector v € Z! and parameter ¢ € R? ® R/. Let us briefly recall
the construction. Form the doubled quiver @ obtained from @Q by adjoining a
reverse arrow h: j — i for each arrow h: i — j in Q. For each dimension vector
v = (v;)ier € ZL, the complex vector space

Rep(@, ’U) = @ Hom((cvi7 (Cvj )

(h:i—j)eQ
carries a quaternionic structure preserved by the natural action of the compact
Lie group G, = [[;c; U(v;) and there is an associated hyper-Kéhler moment
map B
w: Rep(Q,v) — R®® g,,

where g, = Lie(G,). There is a natural map from R’ onto the center Z(g,)
used to regard an element ¢ € R? @ R as an element of R* ® Z(g,) C R® ® g,
With this in mind, for each ¢ € R? @ R’ the quiver variety associated with @, v
and £ is defined to be the hyper-Kéhler quotient

Me(Q,v) = p~ 1 () /Gl (2.3)

There is a decomposition M¢(Q,v) = M(Q,v)U M?ng(Q, v). The regular set
M?g(Q, v) is open and carries the structure of a smooth hyper-Kéhler manifold

and the singular set M?ng(Q, v) is its closed complement. If the regular set is

non-empty, its dimension is given by 4 — 2(v,v)q where (-,-)g: R x R! is the
symmetric bilinear form given by

(@B =2 afi— > ap;

iel (h:i—j)eQ

It only depends on the unoriented graph underlying (). The spaces defined in
(2.3]) are a special case of the quiver varieties defined in .

An extended Dynkin quiver is a quiver Q whose underlying unoriented graph
is an extended Dynkin diagram of type A,, D,, Eg, E; or Eg. If QQ is an
extended Dynkin quiver with vertex set I, there is a distinguished dimension
vector § € ZI>O called the minimal positive imaginary root. In this paper we are
concerned with the singular members of the family of quiver varieties M¢(Q), 9)
for @ an extended Dynkin quiver. These spaces were first introduced and studied
in [Kro89| in a slightly different form. In fact, the non-singular members are
precisely the ALE spaces.

There are two main results of this paper. The first results gives a complete
classification of the singularities in M¢(Q,0) for parameters § = (£1,62,&3) €
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R3 @ R! satisfying £&; = 0. The basic reason for this restriction is that in this
case this hyper-Kéahler quotient can also be described as a complex symplectic
quotient in the category of complex analytic spaces, and this allows us to
employ representation theoretic techniques to determine the singularities. The
classification is described in terms of a root space decomposition. Briefly, by
deleting a suitable vertex from @) one recovers the underlying non-extended
Dynkin diagram. This diagram determines a root system ® C Z7 C R’ where
J is I with the one vertex deleted. If M¢(Q,0) is non-empty, the parameter
¢ can be identified with a parameter 7 = (0,72, 73) € R7. Then our first main
result sets up a bijection between Mzmg(Q, ) and the components in the root
space decomposition

PNt =D, UPU---UD,,

where 7+ = {( € R/ : (- 7y = (-7 = 0}. Furthermore, we show that a
neighborhood of the singularity corresponding to ®; is homeomorphic to a
neighborhood of 0 in C2/I'j, where I'; C SU(2) is the finite subgroup associated
with the ADE root system ®; under the McKay correspondence.

Our second main result uses this to construct a number of hyper-Kéahler
4-manifolds with ends modeled on (0,00) x S3/T" for various finite subgroups
I' € SU(2). Without stating the full result we can mention the following
corollary. Let T';, Ty € SU(2) be a pair of finite subgroups with corresponding
(non-extended) Dynkin graphs Ap, and Ar,. Then, if Ap, can be realized as
a subgraph of Ar, or conversely, there is an extended Dynkin quiver @ with
vertex set I, a parameter ¢ € R® ® R! such that X = M2(Q, 0) satisfies the
following properties.

(i) X is a smooth, connected hyper-Kéhler 4-manifold.

(ii) There are disjoint open subsets Uy, Us C X and diffeomorphisms

¢i : Ui =2 (0,00) x S3/T; for i=1,2.

(iii) The complement Y = X — (U; U Uz) is a compact 4-manifold with two
boundary components S3/T'; and S3/T's.
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.1 Introduction

Instanton Floer homology has appeared in many forms in the literature. In this
paper we will be concerned with a fairly recent version: the equivariant instanton
Floer homology in the sense of Miller Eismeier . A pair (Y, E) consisting of
a closed oriented 3-manifold Y and an SO(3)-bundle £ — Y is said to be weakly
admissible if either Y is a rational homology sphere, H,(Y;Q) = H,(S%;Q),
or the second Stiefel-Whitney class ws(E) admits no torsion lift in H2(Y;Z).
Associated with such a pair and a commutative ring of coefficients R (required
to be a principal ideal domain), there are four (relatively) Z/8 graded groups

I*(Y,E;R), I"(Y,E;R), I**(Y,E;R) and I(Y,E;R), (L.1)
that together constitute the equivariant instanton Floer homology of the pair

(Y, E). The first three groups carry module structure over H*(BSO(3); R) and
fit into an exact triangle

(Y. E; R) 4 (Y. E; R)

m 0 (1.2)

I*(Y,E; R) ;

where the numbers denote the degrees of the maps, while the final group is a
module over H,(SO(3); R). The construction of the equivariant instanton Floer
groups is naturally divided in two steps. The first step consists of applying
Morse-theoretic techniques to the Chern-Simons functional, defined on a framed
configuration space of connections in the bundle, to construct a type of Morse-
Bott complex CI(Y, E; R) equipped with an action of C,(SO(3); R). The second
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step, purely algebraic in nature, extracts the equivariant groups from this complex
using the bar construction from algebraic topology.

There are two main purposes of this paper. The first is to rework some of the
algebra needed to set up the equivariant Floer groups. Below we will elaborate
further on why we have found this to be necessary. The second is to calculate the
equivariant Floer groups associated with the trivial SO(3)-bundle over the binary
polyhedral spaces, that is, the orbit spaces Yy := S3/T" for finite subgroups
I' € SU(2). For reasons that will become apparent later, our calculations will be
restricted to the case where 2 is invertible in the ring of coefficients R. In fact,
we will focus primarily on the calculations for Y, the manifold Yr equipped
with the opposite orientation, and only briefly treat the calculations for Yr.

To be able to explain our results we will first elaborate further on the brief
explanation of the equivariant instanton Floer groups given above. To simplify
the exposition we will assume that Y is a rational homology sphere and that
E — Y is the trivial SO(3)-bundle, both of which are satisfied in our situation
of binary polyhedral spaces. In this case one may just as well replace E by the
trivial SU(2)-bundle, so we will make this assumption as well. Let Ag denote
the space of connections in E and let G be the group of gauge transformations,
that is, the group of bundle automorphisms u: £ — E. The gauge group acts
by pullback on the space of connections, but this action is not free. Indeed, the
stabilizer of a connection A € A may be identified, through evaluation at a point
b €Y, with the centralizer of the holonomy group Hol4(b) C Aut(Ep) = SU(2).
To remedy this one may fix a base point b € Y and define the space of framed
connections by _

AE = AE X Eb.

Here the gauge group acts diagonally, through evaluation in the second
component. This action is free and in suitable Sobolev completions (see [Eis19;
Section 2.2]) the configuration space

Bg = Ap/GE
is a smooth Hilbert manifold. The right SU(2)-action on the fiber descends to a
right SO(3) = SU(2)/{+1}-action on the configuration space.
The ghern—Simons functional cs: Br - R/Z = S! may be defined for
[A,u] € Bg represented by (A,u) € Ag by

cs([A,u]) = 8%/}/Tr(a/\da—|— %a/\a/\a) eER/Z (1.3)

where a € Q'(Y,su(2)) is a connection form representing A in a global
trivialization of the bundle (see p. 18]). The fact that this is independent
of the gauge equivalence class of A, or equivalently the choice of global
trivialization of the bundle, is shown in Proposition 1.27]. Clearly,
cs is independent of the framing coordinate and is therefore SO(3)-invariant.
The equivariant framed Floer complex I (Y, E) is constructed as a type of
Morse-Bott complex for the functional cs: Br — S'. This means that the
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complex is, in a certain sense, generated by the set of critical orbits of cs and the
differentials are defined via fiber products with the spaces of negative gradient
flow lines between the various critical orbits. First, the set of critical points of
cs regarded as a map Ag — R/7Z is precisely the set of flat connections in E, so
that C, the set of critical orbits in B, £, consists precisely of the SO(3)-orbits of
the gauge equivalence classes of the flat connections. Furthermore, the negative
gradient flow equation for cs is, for a path of connections A; € Ag, given by,
disregarding the normalizing constant,

dA
d—tt = —x Iy,

where F4, is the curvature of the connection A; and * : Q*(Y,su(E)) —
QY(Y,su(E)) is the Hodge star operator. Now, a path of connections A; may in
a natural way be identified with a connection A in the bundle R x £ — R x Y
over the cylinder. In terms of this relation the negative gradient flow equation
takes the form of the familiar anti-self-dual or instanton equation

Fi=o.

In general, as in finite dimensional Morse theory, one is typically forced to
introduce a perturbation of the functional to ensure that the critical points are
non-degenerate and that the spaces of flow lines are cut out transversally. A flat
connection «, regarded as a critical point of cs, is non-degenerate if the twisted
cohomology group H(Y;su(E)) vanishes. Given a pair of non-degenerate flat
connections a and 8 and a relative homotopy class z € m (Bg, o, 8) one may
form a configuration space gZRX g(a, B) of connections framed at (0,b) € R x Y
approaching a at —oo and 8 at 400, whose corresponding path in B, £ belongs to
the homotopy class z, modulo gauge transformations that approach a-harmonic
and B-harmonic gauge transformations at +o0o0. This space also carries a residual
action of SO(3) and there are equivariant end-point maps

e_

o+~ B.pup(o,f) — 8 (1.4)

defined by parallel transport of the framing to +o0o along R x {b}. The moduli
space of framed instantons M, («, 8) = {[A,u] € Brxy,.(a,8) : F5 = 0} is then
cut out transversally provided the framed analogue of the anti-self-dual operator

Da = (dy,d}): Q'R x Y,s5u(E)) = Q°(R x Y,su(E)) @ QT (R x Y, su(F))

is (in appropriate Sobolev completions) surjective for all [A, u] € Mvz(a, B).
For the trivial SU(2)-bundle over the binary polyhedral spaces all of the flat
connections are non-degenerate and the moduli spaces are cut out transversally,
so there is no need to introduce a perturbation (see Section 4.5]).

In it is shown, more generally, that there exist generic perturbations
that achieve the above (equivariant) transversality conditions. We will assume
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that such a perturbation has been chosen, leaving it out from the notation.
There is then a finite set C of critical orbits. Given a € C the possible stabilizers
in SO(3) are {1}, SO(2) or SO(3), so that

a=280(3), a=80(3)/S0(2) = 5? or a=x. (L5)

We say that « is irreducible, reducible or fully reducible respectively. Given a pair
of critical orbits a, 8 € C there is then for each homotopy class z € m (Bg, a, )

a finite-dimensional moduli space M. («, 8) equipped with an SO(3)-action and
equivariant end-point maps. There is a natural R-action by translations on the
moduli space. Provided a # 3 this action is free and the quotient is denoted by
MY(a, B). The situation is summarized in the following diagram,

M:(a, B)
o i
a o Mo, B) —— B,

where the upper part is obtained by restriction from diagram ([.4). A relative
grading, depending on the relative homotopy class z, may then be defined by

gr. (o, 8) = dim M, (e, 8) — dim o € Z.
This function satisfies a few key properties.

(i) For «, 8,v € C and relative homotopy classes z, w connecting « to 8 and
B to v respectively one has

ng*UI (a7 PY) = grz(a7 /8) + grw(ﬂ’ 7)'
(ii) For «, 8 € C and relative homotopy classes z, 2’ connecting them one has

grz(avﬁ) — 8y (avﬁ) € 8Z.

Moreover, for any integer n = gr, («, 8) (mod 8) there exists a homotopy
class w such that gr, (o, 8) = n.

The relative grading gr: C x C — Z/8 is then defined by gr(a,f) =
gr,(a, ) (mod 8) for any choice of z. In our case of a trivial bundle, we
may lift this to an absolute grading j: C — Z/8 by taking the trivial product
connection 6 as a reference point, that is, j(«a) == gr(«, ).

As a graded module, the framed Floer complex CI (Y, E; R) may now be
defined to be the totalization of the bigraded module,

CI(Y,E:R).y = P C{"(a:R)
jla)=s
for all s,t € Z, where the direct sum is taken over all & € C with j(a) = s

mod 8. Here, for a smooth manifold X, CY™(X; R) is a chain complex of free
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R-modules generated by (equivalence classes of) maps o: P — X from a certain
set of stratified topological spaces with quite a lot of additional structure (see
Section 6]). Importantly, this version of geometric homology supports
a notion of fiber products on the chain level, and the homology H?™(X;R)
coincides with the usual singular homology of X. The differential in CI (Y,E) is
then defined on a generator ¢ = [o: P — a] € C¥™(a) C CI(Y, E)s 4 by taking
the sum of the internal differential 99"c € CY" () and various fiber products
with (compactified) moduli spaces

[P X mz(avﬁ) - /6} € Cf.:;rz(a”@)_l(ﬁ)'

We will state the key results that make all of this precise in section 2.

From this point we omit the reference to the ring of coefficients in the notation.
The framed Floer complex CI(Y, E) carries two important pieces of additional
structure. First, A := C?™(SO(3)) is a differential graded algebra and the action
on CY" () for a € C gives CI (Y, E) the structure of a right differential graded
A-module. Second, CI (Y, E) is filtered by index:

FPCNT(Ya E)n = @ (@)

Jj(a)=s, s<p

for p € Z. This is a filtration by differential graded A-submodules and is naturally
referred to as the index filtration.

When 2 is invertible in the ground ring, Miller Eismeier shows in
Section 7] that it is possible to replace the pair (CI(Y,E),C¢™(SO(3)) with
a simpler pair (DCI(Y,E), H.(SO(3)). The complex DCI(Y, E), called the
Donaldson model, is defined as a graded module to be the totalization of the
bigraded module

DCIY, B = €D Hila)
jla)=s
and the differential has a concrete description. Furthermore, as 1/2 € R,
H,(SO(3)) = Ag[u] is an exterior algebra on a single generator u in degree 3.
Using the results of , we are able to describe these complexes explicitly for
all the binary polyhedral spaces. This is the key input needed for our calculations.

The fourth group, I(Y, E), in is simply defined to be the homology
of CT (Y, E). To explain the other three groups, we have to delve into some
differential graded algebra. Let A be an augmented differential graded (DG)
algebra. In Appendix A] four functors C’X,CX’W,C;,CS‘O from the
category of right DG A-modules (degree 0 maps assumed) to the category of left
DG C (R)-modules are constructed. The basic tool employed is the two sided
bar construction B(M, A, N) associated with the algebra A, a right A-module
M and a left A-module N (see Definition [L.5.1)). Then

CH(M):=B(M,A,R) and Cy (M) :=Homa(B(R,A,A),M). (1.6)

Furthermore, O (M) = B(M,A,D4) where D4 is a dualizing object
associated with A (see Definition [[.5.11)). There is a natural transformation
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CJr ey C, called the norm map, and the Tate functor C'Y is defined
to be the mapping cone of N. It is this that eventually gives rise to the exact
triangle connecting the three Floer groups in . For a right A-module M the
homology of C§ (M) is denoted by H i (M) and similarly for the other functors.

Provided the ground ring R is a principal ideal domain and A is degreewise
free over R, these functors are all exact and preserve quasi-isomorphisms
(isomorphisms upon passage to homology). Aside from the role played in the
construction of C3° the functor C’X’tw is mostly inessential. Indeed, provided A
satisfies a Poincaré duality hypothesis of degree d € Z, valid in the situations of
interest with d = 3, there is a degree d isomorphism H{ (M) = H " (M) for
all right A-modules M.

To define the equivariant Floer groups in , Miller Eismeier also constructs
what he calls completed versions, CA':‘ for @ € {+, —, (+, tw), 00}, of the above
functors. The equivariant Floer groups I°(Y, E) are then defined by applying
C’A to CI(Y E), with A = C?™(SO(3)), and then passing to homology.
To explain these completed versions it is important to note that the bar
construction B(M, A, N) is obtained as the totalization of a double complex
(Bis(M,A;N),0,0"). Tt therefore carries two ﬁltrations one by the first
simplicial degree, and one by the second internal degree. In |Eis19, Definition A.6]
the completed bar construction B(M, A, N) is defined to be the completion of

B(M, A, N) with respect to the ﬁltratlon by internal degree, and the finitely
supported cobar construction ¢B(N, A, M) € Hom(B(N, A, A), M) is defined
to be the submodule of functionals B(N AA) - M vamshmg on By, (N, A A)
for all sufficiently large p. The completed versions C¥ L and Cs ", are then
defined by replacing B(M, A, R) with B(M, A, R) and Hom 4(B(R, A, A), M)
with cB(R, A, M) in (L6), while C7" (M) == B(M,A,Dy4) where D is a
completed version of the dualizing object. Finally, the norm map extends to
amap N : CL"™ (M) — C; (M) and CF (M) is defined to be the cone of this
extended map.

Let M = CI(Y,E) be equipped with the index filtration and let A =
C?™(SO(3). The intention of the above completions is to make sure that for
e € {+,—,(+,tw),c0} the induced filtration F,C% (M) := C%(F,M) is well-
behaved; by which we mean exhaustive and complete Hausdorff (see
Definition 2.1]). This is to ensure that the associated spectral sequence converges
conditionally, in the sense of , to the correct target. However, the fact
that this induced filtration is well-behaved in the above sense is not justified in
. In fact, we find this difficult to believe in the case of C’X’tw and C¢. To
remedy this potential issue we suggest a different approach to the completed
functors. Rather than defining completed functors on the whole category of
A-modules, we simply promote the existing functors C'§ to functors between
the corresponding filtered categories and then compose with a full completion
functor to ensure that the resulting filtrations are well-behaved. To be precise,
given a right DG A-module M equipped with an increasing filtration by DG
A-submodules {F, M}, we define

C% (M) = lim, colim, C%(F,M/F,M) filtered by
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F,,CA':‘(M) = limge, CY(F,M/F,M) for peZ

for each ® € {4, —, (+, tw), oo}. This approach has the advantage that essentially
all the relevant properties of the functors C% extend in a straightforward way to
the functors C'%.

For A = C9™(SO(3)) and M = CI(Y,E) we define filtered complexes of
C (R)-modules

CI*(Y,E) = C4(M) for e {+,—,(+, tw),o0}

and define I°(Y, E) to be its homology. When 3 € R we also define DCI*(Y, E)
as above with A = Ag[u] and M = DCI(Y, E). Our main results concerning this
construction are simply that all of the desired formal properties of the groups
mentioned at the beginning of the section are valid. This is established in section
5. Furthermore, by the nature of our definitions we are with certainty able to
establish the existence of the index spectral sequences

Esl,t: @ Higs) (o) = I3,(Y,E)

j(a)=s

of H*(BSO(3))-modules converging conditionally to the desired target. Here,
H§O(3)(a) = H%(C?™ (). All of these spectral sequences carry a periodicity
isomorphism £, = E{ ¢, for all s,¢ € Z, compatible with the module structure,
the differentials and the target.

We should note that this modification of the completion procedure has no
essential consequences for any of the results in the main body of as far
as we can see. Moreover, we explain, see Remark [.5.46] that our construction
coincides with the original one for I*(Y, E).

For A = Ag[u] with |u| = 3 it holds true that C; (R) = H, (R) = R[U], a
polynomial algebra on a single generator U of degree —4. In this situation we
give concrete models for C} (M), C{ (M) and C(M). In the first two cases
these are easy to extract and are also essentially (up to signs) contained in
, but the chain level model for C'° seems to be new. For M = CI (Y, E)
or M = DCI(Y, E) equipped with the index filtration we are able extend these
models to the completed functors C3 (M) and C5(M). In all cases these models
express the relevant complex as a suitable totalization of a double complex
(Dy«,0',0") concentrated in the right half plane in the + case, the left half-
plane in the — case and the whole plane in the co case. Each nonzero column
(Ds,«,0") is a shifted copy of M and the horizontal differential 9’ is given by
the action of u € Ag[u] up to a sign. Moreover, the action of U € R[U] is
easy to express in these models. This leads to a new proof of the fact that
U: I*(Y,E) — I*(Y,E) is an isomorphism (3 € R assumed) established in
. We find these models very convenient to use at various places in our
calculations.

We now move over to the calculational content of this paper. The finite
subgroups of SU(2) are naturally divided into two infinite families consisting
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*

of cyclic groups C,, and binary dihedral groups D}, n > 2, as well as three
exceptional ones: the binary tetrahedral group 7%, the binary octahedral group
O* and the binary icosahedral group I*. The quotients S®/C,, are lens spaces
and S3/I* is the famous Poincaré homology sphere. Calculations in these cases
are contained in Section 7] for one of the two possible orientations.

Calculations of equivariant instanton Floer groups for binary polyhedral
spaces have been considered before. Austin and Braam introduced a type of
equivariant instanton Floer groups in . Their theory, although similar
to the one considered here, relies on using differential forms to express the
equivariant complexes and is therefore restricted to using real coefficients.
Austin calculated these groups for binary polyhedral spaces in . Most
of the necessary background material needed to set up the Donaldson model
DCI(Y,E) is therefore contained in this paper. The key idea is to exploit a
natural bijection between instantons over the cylinder R x $3/I" and I'-invariant
instantons on [-equivariant SU(2)-bundles over $* = (R x S%) U {40} with
the suspended I'-action, and then use an equivariant version of the well-known
ADHM correspondence to determine the relevant moduli spaces. We review and
expand on several of the necessary results in section 4. In particular, to state
the equivariant ADHM-correspondence clearly we have included a classification
of T-equivariant SU(2)-bundles over S*, whose proof is given in Appendix B.

The conclusion of the above is that we are able to describe the complex
DCI(Yr) for all finite subgroups I' € SU(2) explicitly. The description can
be summarized as follows. Given a finite subgroup I' C SU(2), we construct
a graph Sr whose vertices correspond to the flat connections in the trivial
SU(2)-bundle over Yr = S3/I". In all cases this graph is a tree. Attached to
an edge connecting two vertices o and [ there is a symbol encoding the action
of the differential between these. If o and [ are both irreducible the symbol is
(nag|nge) and if only, say «, is irreducible the symbol is nqg, where the n,g are
certain integers. Then the labeled graph Sr contains all the information needed
to set up DCI(Yr). The grading is determined by j(a) = 4p(a) where p(a) is
the length of a minimal path connecting « to the trivial connection 6 in Sp. In
particular, DCI(Yr)s; = 0 unless 4|s. This has the implication that the only
possibly nontrivial part of the differential is 0 : DCI4s 9 — DClIy(5_1) 3. This
differential has components dnp : Ho() — Hs(cr), which is nonzero precisely
when « and § are adjacent in Sr and « is irreducible. In that case, the differential
is specified by dn5(bg) = naste where bg € Ho(5) and ¢, € Hs(o) are generators.
The labeled graphs Sr for all the finite subgroups I' C SU(2) are contained in
Proposition [.4.25 and examples of the resulting Donaldson complexes are given
in Example [.4:26]

In the final section of the paper we explicitly calculate I (Yt), I~ (Y1) and
I°(Yr) for each finite subgroup I' C SU(2) and observe that the exact triangle
relating them splits into a short exact sequence. The calculations are contained
in Theorem [[.6.7] Theorem [[.6.13] Theorem [[.6.14] and Theorem [.6.16] The
main tools in the calculations are the explicit complexes DCI(Y ), the index
spectral sequences of Theorem and the explicit models for DCI*, DCI~
mentioned earlier. Interestingly, we obtain essentially the same results as in
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[Aus95|. Indeed, the fact that % € R ensures that exactly the same type of
degeneration pattern seen in Austin’s calculations occur for us as well.

In the final part of Appendix B we also include a discussion of the Chern-
Simons invariant of the flat connections in the trivial SU(2)-bundle over the
various binary polyhedral spaces. The main result we wish to bring out is
that this numerical invariant can easily be calculated with the help of a few
results established in section 4. Methods for these calculations are certainly
known, see for instance [KK90| or |[Auc94]. However, we also show, possibly
more interestingly, that this invariant can in a natural way be identified with
the second Chern class of the holonomy representation associated with the flat
connection.

I.1.1  Organization of Paper

We start in section 2 by stating the key theorem of and some additional
details on the geometric homology functor C{™ needed to rigorously define the
framed Floer complex CI(Y, E). Moreover, we also introduce the Donaldson
model DCI(Y, E) under a simplifying assumption valid in the case of binary
polyhedral spaces. Finally, we state the precise result that ensures that
DCI(Y, E) also may be used to calculate the various flavours of equivariant
instanton Floer homology.

In section 3 we recall the classification of finite subgroups of SU(2) and specify
our conventions concerning the binary polyhedral spaces. We also recall some
simple representation theory and the McKay correspondence. This is needed to
efficiently arrange the set of flat connections in the trivial SU(2)-bundle over the
binary polyhedral spaces. At the end of the section we define the graphs Sr.

In section 4 we review the key results from that explicitly determine
the low-dimensional instanton moduli spaces needed to set up the Donaldson
model for the binary polyhedral spaces. Here we have, for the purpose of clarity
and precision, expanded on Austin’s rather terse exposition in a number of places.
In the final part of the section we give an explicit description of DCI(Yr) for
each finite subgroup I' C SU(2).

In section 5 we move into the world of differential graded algebra. First,
we review the construction of the functors C'%; their invariance and functorial
properties for ® € {+, —, (4, tw), co} mainly following Appendix A.2, A.3,
A.5]. Detailed calculations are included in the case A = Ag[u] for |u| = 3, but
we note that all of these calculations easily extend to the case of |u| of arbitrary
odd degree. After this we explain how to extend the functors to the category of
filtered modules and establish all the necessary functoriality and invariance results
in detail. We then define the complexes CI°(Y, E) for ¢ € {+, —, (+,tw), 00}
calculating the various flavors of equivariant Floer homology, and similarly for
DCI*(Y,E). In the final part of the section we recall some theory on spectral
sequences and their convergence properties needed for our later calculations, and
then go on to set up the index spectral sequences.

In the final section we calculate the various flavors of equivariant instanton
Floer homology for the trivial SU(2)-bundle over the binary polyhedral spaces
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Yr. In the last part of the section we explain how DCI(Yr) can be recovered
from DCI(Yr) and then give the calculations for Y, omitting some details.

In Appendix A we have included various facts concerning the finite subgroups
I' ¢ SU(2). This include explicit realizations within Sp(1), information
on their complex representation theory, character tables for 7%, O* and I*,
extended Dynkin diagrams and complete lists over the 1-dimensional quaternionic
representations. This is needed to determine all the flat connections in the trivial
SU(2)-bundle over Y and for the indexing and differentials in the complexes
DCI(Yr).

In Appendix B we have included proofs of two results used in section 4: the
classification of I'-equivariant SU(2)-bundles over S* and an index calculation.
As a byproduct, we obtain a simple procedure for the computation of the Chern-
Simons invariants for the various flat connections over the binary polyhedral
spaces. We also discuss a relation between these invariants and the group
cohomology of the binary polyhedral groups.

.2 Equivariant Instanton Floer Homology

In this section we will expand on, and make more rigorous, the definition
of the framed instanton Floer complex CI(Y,E). We will assume, as in the
introduction, that Y is a rational homology sphere and that £ — Y is the
trivial SU(2)-bundle as this is sufficient for our purpose. For the more general
case of weakly admissible bundles we refer to . We will assume as in
the introduction that a perturbation of the Chern-Simons functional has been
fixed such that every critical orbit is non-degenerate and all the relevant moduli
spaces are cut out transversally. As already noted, there is no need to introduce
a perturbation in the case of binary polyhedral spaces (see Section 4.5]).
The set of critical orbits will always be denoted by C.

.2.1 The Framed Instanton Floer Complex

Recall that we have fixed a basepoint b € Y and that B £ is a configuration
space of framed connections in £ modulo gauge equivalence. Moreover, for
each pair a, f € C and a relative homotopy class z € 7 (Bg, «, 3) there is a
configuration space gz’RX g(a, ) of connections in R x E — R x Y framed
at (0,b) that approaches o and 3 respectively as t tends to +oo, modulo
gauge. There is a residual SO(3)-action and equivariant end-point maps
(e_,eq): EZ7RxE(a,ﬂ) — «a x . In reality, these spaces are completed with
respect to certain weighted Sobolev norms (see Section 2.2] for the
specifics). We may now state the main theorem required to set up the framed
instanton Floer complex. Here we have extracted the relevant part of
Theorem 6.8].

Theorem 1.2.1. Let E — Y be the trivial SU(2)-bundle over Y and let C be the
finite set of critical orbits of the (perturbed) Chern-Simons functional.
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(a). For each pair o, 8 € C and relative homotopy class z between them in
Bg there is a number gr, (o, 8) € Z. If v € C, w is a relative homotopy class
from B to v and z x w denotes the concatenation of paths then

8w (@, 7) = g1, (o, B) + gr,, (8,7)-

Moreover, if 2’ is a different homotopy class from « to [3 it holds true that
gr (o, B) —gr, (o, B) € 8Z. Hence, gr(a, B) € Z/8 is well defined.

(b). For each pair o, B € C and relative homotopy class z € Wl(gE,oz,ﬁ)

there is a moduli space of framed instantons Mz (o, B) approaching « ast — —oo
and 8 as t — oo. This is a smooth right SO(3)-manifold of dimension

gr.(a, f) + dim(«).

(c). There is a smooth R-action by translations and parallel transport of the
raming on M. (a, B) with smooth quotient denoted by MO (a, ).
z

(d). There are smooth SO(3)-equivariant end-point maps as in the diagram

M.(a.B)
AN
o+ Md(a,p) == 8
obtained by parallel transport of the framing towards +oo. Here we identify

a = Ey /Ty and = Ey /T, where T, Tz C Aut(Ey) correspond to the stabilizers
of a and 3.

(e). For each € C there is a two-element set A(a) corresponding to a choice
of orientation. For a pair «, [ any choice of orientations in A(a) and A(S)

induces an orientation in the fiber of e_ : Mvg(a, B) — «. If either of the choices
are changed the resulting fiber orientation is reversed.

(f). If gr (e, B) — dim(«) < 10 there is a compactification
Mvg(a,ﬂ) C M. (a,B)

into a topological SO(3)-manifold with corners and smooth structure on each
stratum. The endpoint maps extend over the compactification. Furthermore, the
SO(3) action is free.

(g). Given any choice of elements from T'(«), T'() and T'(y) there is a
decomposition respecting fiber orientations

(_1)dimaamz(a’5) = H Mﬂh (OZ?’Y) X“/ mwz(’}/?ﬂ)'

W1, Wt W kWa=2
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The function gr: C x C — Z/8 is the relative grading on the set of critical
orbits. Since the bundle £ — Y is trivial we may define an absolute grading
j: C — Z/8 by setting j(«) = gr(a,d), where 6 denotes the trivial product
connection. The relative grading may be recovered from j:

Jla) =3 (B) = gr(a,0) — gr(B8,0) = gr(a, B) + gr(B,0) — gr(B,0) = gr(a, B).

To construct the framed Floer complex Miller Eismeier uses a type of
geometric homology. For each smooth manifold X he constructs a functorial
chain complex CY" (X)) whose generators are equivalences classes of maps from a
set of spaces called strong d-chains. For the precise definition see Def.:6.1].
This class of spaces contains all topological manifolds with corners and smooth
structure on each stratum, so in particular contains the compactified instanton
moduli spaces in part (f) of the above theorem.

Proposition 1.2.2. Given a commutative ring of coefficients R there is a functor
C{™(—; R) from the category of smooth manifolds to the category of homological
chain complexes of R-modules. For a smooth manifold X of dimension d the
following holds true.

(i) There is a natural isomorphism H{"™(X; R) = H!™(X; R).
(ii) C9™(X;R) is a free R-module for each n € Z.
(iii) CI™(X;R) =0 foralln <0 andn >d—+ 1.

There is one additional property of C{™ that is needed for the definition of
the framed instanton Floer complex. First, for a pair of smooth manifolds X
and Y there is a cross product C{™ (X; R) x C{"™(Y; R) — C}\",(X x Y). This
ensures that C{™(SO(3); R) obtains the structure of a differential graded algebra
and for any right SO(3)-manifold X, C{™(X; R) obtains the structure of a right
differential graded CY™(SO(3); R)-module.

The framed Floer complex CI(Y, E) will be defined to be the chain complex
associated with a multicomplex, whose definition we first recall.

Definition 1.2.3. A (homological) multicomplex is a pair (M, ., {0"},>0) con-
sisting of a bigraded module M, . and differentials 0": M — M of bidegree
(=r,r — 1) for r > 0 such that

(1) ik 000 =0: Mgt — My_jt—p42 for all k >0, s,t € Z, and
(i) for each a € My, there exists 79 > 0 such that 0"(a) = 0 for all r > r.

The associated chain complex (M., d) is defined by M,, =
ne€Zandd=73 .,0"

sti=n M for all

__ For a commutative ring of coefficients R define the bigraded R-module
OI(K E; R)*,* by
CI(Y,E;R).. = € C{™(o;R)
i(a)=s
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for all s,t € Z. Observe that since the grading function j takes values in Z/8
there is a periodicity isomorphism CA’/I(Y, E;R)s: = CA’/I(Y, E;R)s4s, for all
s,t € Z. We make a preliminary definition before we define the differentials
{0"}+>0. For each pair «, 8 € C fix the unique relative homotopy class z from
a to (8 satisfying —2 < gr, (a, ) < 5. Then according to part (f) of the above
theorem the moduli space /\72 (o, B) admits a compactification M. (a, 3) and
we have a diagram

o M.(a,8) — 5 .
By [Eis19, Lemma 6.6] there is an induced fiber product map

fozB : Cfm(a; R) — Cffgrz(a75)_1(ﬁ; R)
defined as follows. Given a basic chain o: P — o with dim P = ¢ representing
an element [o0: P — o] € CY"(a; R) we form the fiber product P X, M. (a, )
as in the commutative diagram

N

—— P xo M. (a,B)

€e_ —_ e
E—

M (a, B)

%
q

B,

|

and define

fap([o: P —a])=le;or: P xo M,(a,B) = B] € Cfgrz(a’ﬁ)fl(ﬂ;R).

In case gr, (o, 3) < 0 the compactified moduli space M (c, 3) is empty and the
map f,p3 vanishes. Otherwise, we note that the dimension formula

dim M, (a, 8) = gr,(a, B) + dima — 1 (1.7)

ensures that the chain ey o 7: P x, M,(a,3) — 3 has dimension dim P +
gr.(a, 8) — 1 as asserted. Finally, we note that the maps f,3 commute with the
action of C¢™(SO(3); R).

Definition 1.2.4. The framed instanton Floer complex CA/(I(Y, E; R) with coeffi-
cients in R is defined to be the chain complex associated with the multicomplex
(CI(Y,E; R)4.,{0" }+>0) where

CIV,E;R).u= P C"(xR)

aelC : jla)=s

and the differentials 0" : CA‘}(Y,E;R)M — &(K E;R)s—rttr—1 for r > 0 are
defined as follows:

(i) 9" is the sum of the internal differentials 99™: C{™ (a; R) — C™ (o; R).
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(ii) For 1 <r <5 the differential 9" is the sum of the maps fo5 : CY"(a; R) —

Clly (a,5)_1 (B R) for pairs a, B with gr_(a, 8) = 7.

(iii) 0" =0 for r > 5.

The homology of CI (Y, E; R) is denoted by I(Y, E) and is called the framed
instanton Floer homology of the pair (Y, FE). The C{™(SO(3); R)-module
structure of CY™(a; R) for a € C gives C/'VI(Y7 E; R) the structure of a right
differential graded CY™(SO(3); R)-module.

The filtration by CY™(SO(3))-modules given degreewise by

F,CI(Y,E; R)yy = @ CI(Y, E; R)s s

s<p
is called the index filtration.

Remark 1.2.5. In the above we have omitted discussing orientations. To get the
complex CI(Y, E) in the above form one has to fix an orientation o, € A(«) for
each critical orbit o € C. The verification that 9% = 0 and that this complex has
the structure of a right differential graded C{™(SO(3))-module are contained in

[Eis19, Lemma 6.11].

From this point we will omit the ring of coefficients from the notation. The
complex given in the above definition is the unrolled framed instanton Floer
complex. Instead of having a Z/8-graded complex, we have a Z-graded complex
equipped with an evident periodicity isomorphism

CI(Y,E), = CI(Y, E)pys

for all n € Z, compatible with the C{™(SO(3))-action and the differential. This
is more convenient when we apply the algebraic machinery of section 5 to extract
the equivariant Floer groups. It should be noted that the above periodicity
isomorphisms interact with the index filtration in the following way

Fpa\j(x E)n = p+867}(ya E)n+8

for all p,n € Z.

.2.2 The Donaldson Model

In the previous definition we introduced the framed Floer complex CI (Y,E) as a
differential graded module over the differential graded algebra CY™(SO(3)).
Since we are still working on the chain level, the complex and action are
difficult to handle. It is shown in Section 7.2] that provided 2 € R

is invertible, one may replace the pair (CY™(SO(3)), CI(Y, E)) with a simpler
pair (H.(SO(3)), DCI(Y, E)). The complex DCI, (Y, E) is called the Donaldson

model and is associated with a multicomplex whose bigraded module is given by

DCI(YY,E)er= @  Hio).

a€el : j(a)=s
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Note that H,(SO(3); R) = Ag[u] is an exterior algebra on a single generator u
of degree 3 as % € R. For a € C we have by

R® R[3] « irreducible
H.(a) =< R®R[2] «reducible (1.8)
R « fully reducible

Here our convention regarding the shift operation is that if C' is a graded
module then C[n],+; = C; for all i,n € Z. The above isomorphisms are made
into identifications by fixing a base point and an orientation for each orbit
a € C. The Arlu] = H,(SO(3))-action is uniquely determined by the map
«w: DCI, , — DCI, .43, which has components id: R = Hy(a) - Hz(a) = R
for «a irreducible and vanishes otherwise.

The complete description of the differentials in this complex is given in
p.:175-176]. In the following we will only concern ourselves with the components
relevant in the situation for binary polyhedral spaces. We therefore make the

following assumption (see Lemma [[.4.17)
(i) For each pair «, 5 € C we have gr(«, 8) =0 (mod 4).

This implies that DCI(Y, E)s can only be nontrivial if 4|s and 0 <t < 3. The
only possibly nontrivial differential is therefore 9* of bidegree (—4,3), whose
components are R = Hy(o) = H3(5) = R for o, § € C with j(a) — j(8) =4 and
[ irreducible.

Recall that for o, € C we defined z to be the unique homotopy class
between « and f for which —2 < gr, («, ) < 5. Combining this with the
above assumption and the boundary formula in part (¢) of Theorem we
may conclude that M%(a, 8) = M._(a,B) is compact without boundary. If
gr.(a, f) = 0 the moduli space is empty and if gr,(«, ) = 4 the dimension
is dim« + 3 (provided it is nonempty). For simplicity of notation we write
M5 = M, (e, B) with this choice of homotopy class z implicit.

To define the differential 9* we have to make a little technical detour. For
each orbit a € C let & — « denote its universal cover. For irreducible orbits «
we have @ = SU(2), while for reducible or fully reducible orbits & = . These
coverings carry SU(2)-actions such that the projections & — « are equivariant
along SU(2) — SO(3). For each pair «, 8 € C define MZ“Z to be the pullback as
in the diagram

——cov (e—,eq) _

Ma764>06></é

(6_,€+) J/

Mo ——5 axp.

Thus ﬂ;og is a 1, 2 or 4-sheeted covering of M, s depending on whether
a and/or 3 are irreducible. The free SO(3)-action on M, g lifts to a free
SU(2)-action on MZOZ such that (€_, €y ) is equivariant. Define

Mas =My 5/SU2) and X,z :=(ax fB)/SU(2)
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and let e: M, 3 — X, 3 be the map induced by (e_, e, ).
The component 9* : R = Hy(a) — H3(B) = R, for 8 irreducible, is then
defined to be multiplication by the degree of the map

e: Mapg— Xopg.

From the dimension formula we have dim M, g = dim a = dim X, g, so as these
spaces are compact oriented manifolds this makes sense. Note that X, s = o as
B is irreducible.

For later purposes it will be important to relate the degree of the map
e: My 3 — Xq,p to the degree of a different map determined by Austin in
[Aus95|. Recall that if X and Y are closed, oriented manifolds of dimension
n and Y is connected then the degree of a map f: X — Y is defined by the
relation f.([X]) = deg(f)[Y] where f.: H,(X) — H,(Y) is the induced map
and [X], [Y] denote the fundamental classes. If X and Y in addition carry
smooth structures and f is a smooth map one may also calculate the degree as

deg(f)= Y sgn(dfy : TuX = T,Y),
zef~(y)

for a regular value y, where sgn(df,: T, X — T,Y) is £1 depending on whether
this map preserves or reverses orientation, respectively. The proof of the following
proposition is a simple exercise in differential topology, so we leave it out.

Proposition 1.2.6. In the statements below assume that X, Y and Z are smooth,
closed, oriented manifolds and that'Y and Z are connected.

(a) Let G be a compact Lie group acting freely on the manifolds X andY of
the same dimension. Then if f: X =Y is a smooth G-equivariant map it
holds true that

deg(f: X = Y)=deg(f/G: X/G = Y/G).
(b) Let f: X — Y be a smooth map between manifolds of equal dimension
and let p: Y —'Y be a finite, connected covering space with the induced

orientation. Let ¢ : X = f*Y — X be the pull-back covering and let
f: X =Y be the induced map. Then

deg(f: X - V) =deg(f: X = Y).

(¢) Let (f,g9): X = Y X Z be a smooth map and assume that dim X =
dimY +dim Z. Ify € Y is a regular value for f, so that f~1(y) C X is a
closed, oriented submanifold of dimension dim f~1(y) = dim Z, then

deg((f,9): X =Y x Z) =deg(gls-1): [ () = 2).

47



I. Equivariant Instanton Floer Homology and Calculations for the Binary
Polyhedral Spaces

Lemma 1.2.7. Let o, 5 € C be a pair with B irreducible and gr(o,5) = 4.
Consider the diagram

Q < = Mz(aaﬁ) = ’ ﬂv

where z is the relative homotopy class with gr,(a, ) = 4. Then if j(a) =
s (mod 8), the component Hy(a) — H3(B) of 8* : DCIs o — DCIs_4 3 is given
by multiplication by the degree of the map

-1
6+|e:1(*) e (*) — /8
where x € « 1S a point.

Proof. Write M, 5 = M_(«,3) as earlier. By part (c) of the above proposition
we have

deg(es -1, el (x) = B) =deg((e_,er): Mag — ax f),
and by part (b)
deg((e—,eq): Map — (o x B) = deg((e—,¢4): Hiog —axf).

Finally by part (a) the latter integer coincides with the degree of

——;COov

e: My 5/SU2) = Mo — Xap = (& x §)/SU(2),
which by definition is the component of 9* from R = Hp(a) — H3(8) = R. N

Definition 1.2.8. Assume that gr(e,5) = 0 mod 4 for all ,5 € C. Then
the Donaldson model DCI(Y, E) for the Floer complex is the chain complex
associated with the multicomplex

(DCI(Y,E). s, {0" }r20) where DCI(Y,E).y= @  Hi(),
ael : jla)=s
0* is given as in Lemma and 0" = 0 for r # 4.
The complex DCI(Y, E) enjoys the same periodicity as CI (Y, E). Further-

more, it also carries a natural filtration

F,DCI(Y, E), == @ DCI(Y, E)qp-s

s<p

by H.(SO(3)) = Ag[u]-submodules. This filtration is also referred to as the
index filtration.

Finally, we state the result that allows the replacement of the pair
(CY™(SO(3)),CI(Y, E)) by the pair (Ag|u], DCI(Y, E)).
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Proposition 1.2.9. Corollary 7.6] Assume that 2 € R is invertible. There
is a quasi-isomorphism i : Ag[u] — CY™(SO(3); R) of differential graded algebras
and there is a zigzag of Ag[u]-equivariant quasi-isomorphisms

DCI(Y,E) —1— X +2— CI(Y,E) .

Furthermore, X also carries a filtration, f and g are filtration preserving and
the induced maps

F,DCI(Y,E) F, X F,C1(Y.E)
F, 1DCI(Y,E) Fp1X Fp 1 CI(Y,E)

are quasi-isomorphisms for all p.

Remark 1.2.10. The statement in the cited result is slightly weaker. The fact
that the intermediate objects carry a type of index filtration and that all the
quasi-isomorphisms preserve this filtration, inducing quasi-isomorphisms on the
minimal filtration quotients, is obtained by a close inspection of the quite involved
proof.

.3 Binary Polyhedral Spaces and Flat Connections

The purpose of this section is to fix our conventions concerning the binary
polyhedral spaces and to recall the basic representation theory needed to
effectively classify the gauge equivalence classes of flat SU(2)-connections. We
also recall the McKay correspondence between the finite subgroups of SU(2)
and the simply laced extended Dynkin diagrams, that is, the diagrams of type
Ay, D,, Fg, E7 or Eg. This surprising relation is vital for our work in the next
section and is essential in the definition of the graphs Sr, given in the end of the
section, mentioned in the introduction.

To avoid making this rather basic section too long we have moved a number
of facts concerning the finite subgroups of SU(2) into Appendix A. This includes
their complex representation theory, the corresponding McKay graphs used in
the construction of Sr and complete lists of the flat SU(2)-connections over the
binary polyhedral spaces.

1.3.1 Binary Polyhedral Spaces

We briefly recall the classification of finite subgroups of SU(2). Let C) denote
the cyclic group of order [ for [ > 1, let D), denote the dihedral group of order
2k for k > 2, and let T, O and I denote the subgroups of SO(3) that leave a
regular tetrahedron, octahedron and icosahedron, respectively, in R? invariant.
T is called the tetrahedral group, O the octahedral group and I the icosahedral
group. Define D}, T, O* and I* in SU(2) by pulling back Dy, T, O and I along
the standard double covering homomorphism SU(2) — SO(3). Every cyclic
group C; may also be realized as a subgroup of SU(2) by embedding them in a
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copy of U(1) C SU(2). We have thus constructed two infinite families C;, D}, of
subgroups in SU(2), as well as the three exceptional ones T, O* and I*. It is
a classical fact that up to conjugacy these exhaust all the finite subgroups of

SU(2). A proof may be found in [Wolll], p. 83].

Theorem 1.3.1. Let T' € SU(2) be a finite subgroup. Then T is isomorphic to
precisely one of the groups C; for 1 > 1, D} for k> 2,T*, O* or I*. Moreover,
if two finite subgroups T', T C SU(2) are isomorphic, then they are conjugate in
SU(2).

Let C? carry the canonical complex orientation and orient S® C C2
by the outward pointing normal first convention; that is, an ordered basis
(vi,v9,v3) € TpS® C T,C? = C? is positive if and only if (x,v1,ve,v3) is a
positive basis for C2. The standard left action of SU(2) on C? restricts to a
transitive and free action by orientation preserving isometries on the unit sphere
S3 c c2.

Definition 1.3.2. For any finite subgroup I' C SU(2) let T' act on S® C C? by
restricting the standard free action of SU(2). Define Yr to be the quotient
manifold S2/T" equipped with the Riemannian metric and orientation induced
from the standard round metric and orientation of S2. Define Y to be the same
Riemannian manifold equipped with the opposite orientation. The spaces Y
and Y are called binary polyhedral spaces.

Note that by the above theorem Yr is determined up to SU(2)-equivariant
isometry by the isomorphism class of T'.

Lemma 1.3.3. For I' C SU(2) we have

Z  fori=0,3 _ Z  fori=0,3
Hy(Yr;Z) =2 { T fori=1 and H'(Yr;Z) =< T fori=2
0 otherwise 0 otherwise,

where T = T'/[T,T] is the abelianization of T. In particular, H,(Yr; Q) =
H.(S3;Q), so the Yr are rational homology 3-spheres.

Proof. As Yr is a connected, closed and orientable the (co)homology is
concentrated in degrees 0 < i < 3 and H;(Yr) =& H'(Yr) = Z for i = 0,3.
By construction, S® is a universal cover of Yr so that m; (Yr) 2 T and hence
Hy(Yr) = T, Since this group is finite it follows by the universal coefficient
theorem that H'(Yr) = 0. By Poincaré duality we conclude that Hz(Yr) =0
and H%(Yr) = I'*’. The final statement follows from the universal coefficient
theorem as Hy(Yr;Q) 2 Q ® It = 0. |

1.3.2 A Few Results from Representation Theory

The framed Floer complex CT (Y, E) associated with the trivial SU(2)-bundle
E — Yr is generated, in the sense of Definition by the gauge equivalence
classes of the flat connections in E. By a well-known result (see for instance
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[Taull] for a proof) these gauge equivalence classes are in natural bijection with
the equivalence classes of representations

I'= 7T1(YF) — SU(2)

or in other words, as SU(2) = Sp(1), the isomorphism classes of 1-dimensional
quaternionic representations of I'. It is convenient to express this set in terms
of the complex representation theory of I', since in this setting we have the
calculational power of character theory at our disposal. The following three
results may be extracted from p. IL.6].

Lemma 1.3.4. Let G be a finite group. The set Irr(G, C) of isomorphism classes
of irreducible complex representations admits a decomposition into disjoint subsets

Irr(G,C) = Irr (G, C)g U Irr(G, C)c U I (G, C) .

The set Irr(G, C)¢ consists of the classes [V] where V.22 V*, while Irr(G, C)r and
Irr(G, C)y consists of the classes [W| admitting a conjugate linear equivariant
map s : W — W satisfying s> =1 or s> = —1, respectively.

An irreducible representation V is said to be of real, complex or quaternionic
type according to whether [V] € Irr(G, C) g for K = R, C, H, respectively. There
is a simple test for determining the type of an irreducible complex representation.

Lemma 1.3.5. Let V' be an irreducible complex representation of the finite group
G with character xyv. Then

1 if [V] € Ir(G, C)r
G,C)c

1
e (°)=<¢ 0  if[V]eIrx(G,C)
G gezéxv ! ~1 if[V] € (G, C)y

Finally we recall how the set Irr(G, H) of isomorphism classes of irreducible
quaternionic representations may be recovered from Irr(G,C). Let Repy(G)
denote the category of finite dimensional G-representations over K = C, H.
There is a restriction functor r: Repy(G) — Repe(G) given by pullback along
the inclusion C < H and an extension functor e: Repq(G) — Repy(G) given
by (V) = H®c¢ V. Then we have the following result.

Proposition 1.3.6. There is a decomposition into disjoint subsets
Irr(G,H) = Irr(G, H)g U Irr (G, H) ¢ U Inrr (G, H) .
Furthermore, the following maps are bijections
r:Irr(G,H)g — Irr(G,C)y
e :% Irr(G,C)¢ — Irr(G, H)c
e:Irr(G,C)p — Irr(G, H),

where £ Irr(G,C)c denotes the set of unordered pairs {[V],[V*]} for [V] €
Irr(G,C)c.
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Let It (G, C) i denote the set of irreducible G-representations of dimension
n of type K =R, C, H.

Corollary 1.3.7. The set of isomorphism classes of 1-dimensional quaternionic
representations of the finite group G are in bijection with

1
Irr? (G, C)g U 3 Irr' (G, C)c UTrr! (G, C)g.

In particular, if G =T is a finite subgroup of SU(2) then the above set is in
bijection with the set of gauge equivalence classes of flat connections in the trivial
SU(2)-bundle over Yr.

Note that a flat connection is irreducible, reducible or fully reducible if and
only if the associated representation is of quaternionic, complex or real type,
respectively.

1.3.3 Arrangement of the Flat Connections

The McKay correspondence sets up a bijection between the isomorphism
classes of the nontrivial finite subgroups of Sp(1) = SU(2) and the simply-laced
extended Dynkin diagrams. The extended Dynkin graph is constructed from
the group I as follows. Let Ry, R1, -, R, be a complete set of representatives
for the elements of Irr(T", C), where we take Ry to be the trivial representation.
Let @ denote the two dimensional representation associated with the inclusion
I' € SU(2) and define a matrix A = (a;j)i; by

n
Q®Ri:®ainj for 0<i<n.

One may show that A is symmetric with a; = 0 and a;; € {0,1}. Define an
unoriented graph Ar by taking I = {0,1,--- ,n} as the set of vertices and an
edge connecting 7 to j if and only if aij = aji = 1. This graph will then be an
extended Dynkin diagram of type An, Dn, Eg, E7 or Eg Furthermore, if we let
Ar be the graph obtained from Arp by deleting the vertex 0 corresponding to
the trivial representation we obtain the underlying Dynkin diagram of type A,,,
D,,, Eg, E7 or Eg. The precise correspondence is given in the following table
where [,k > 2.

I &) Dy T | O* | I*
Ar | Ai—1 | Diyo | Es | B7 | Eg

The set of vertices, say {1,2,---,n}, in a Dynkin diagram corresponds to
a set of simple roots {r; : 1 <14 < n} in the associated root system. There is
then a unique maximal positive root Tmax = Z?zl d;r; where d; € N are positive
integers. The final fact we wish to bring out is that these integers are determined
by Clz = dim(c Rz
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By mapping an irreducible representation R; to its dual representation R;
we obtain an involution ¢: {0,1,--- ,n} — {0,1,--- ,n}, i.e., R,; = R. This
map extends to a graph involution of Ar as

Ay (i)u(s) = dimg HOIHF(Q ® Rf, R;) = dim¢ HOIIIF(Q ® R, Rl) = aj; = Qj

for all 0 < 4,j < n. In view of Lemma [[.3.4] we see that the fixed points of
¢ correspond to the vertices of quaternionic or real type, while the nontrivial
orbits are pairs {7,j} for which ¢ # j and R;, R; = R are of complex type.
The set of vertices in the quotient graph Ap /(t) may therefore by Proposition
be identified with Irr(T', H). In particular, we may identify our set C of flat
connections with a subset of the vertices in this quotient graph. The following
may be observed from the quotient graphs given in Appendix A.

Lemma 1.3.8. For each finite subgroup T' C SU(2) the quotient graph Ar /(1) is
a connected tree, except for I' = Cy with | odd in which case it has the form

O——O—0 o—o—q )

From the above lemma it follows that for each pair of vertices there is a
unique minimal edge path connecting them.

Definition 1.3.9. p. 297] Let I' € SU(2) be a finite subgroup. Define
a graph St by letting the vertices be the set of 1-dimensional quaternionic
representations of I' and an (unoriented) edge connecting a pair of distinct
vertices o and f3 if and only if the minimal edge path connecting o to 3 in Ar/(¢)
does not pass through a vertex corresponding to a 1-dimensional quaternionic
representation different from « and .

Two vertices in Sr are said to be adjacent if there is an edge connecting
them.

At the end of the next section we will attach symbols to the edges of the graph
Sr such that the resulting labeled graph contains all the necessary information
needed to set up the complex DCI(Y ). All of the graphs Sp will be given in

Proposition |[.4.25]

.4 Determination of Moduli Spaces and Differentials

In this section we review the key results that allow us to determine the Donaldson
models DCI(YT), for the finite subgroups I' C SU(2), explicitly. The main
result of necessary for the calculations, originally due to Kronheimer, is
the following.

Theorem 1.4.1. Let ' C SU(2) be a finite subgroup and let ov, B be flat connections
in the trivial SU(2)-bundle over Y. Let z be the unique homotopy class from
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a to f with —2 < gr_ (a, f) < 5. Then if a and 8 are adjacent in Sr (see Def.

then in the diagram
o L mZ(OQﬂ) L 6

there is an identification e "' (x) = Yo for some other finite subgroup I" C SU(2).
If o and B are not adjacent in Sr, then M («,3) is empty.

There is also fairly simple graphical procedure to determine the subgroup I"
from the positions of « and f in the extended Dynkin diagram Ar associated
with T' under the McKay correspondence (see Proposition .

The main idea of the proof is to translate the problem of determining
instantons over R x Y with L? curvature modulo gauge transformations into the
problem of determining I-invariant instantons in I'-equivariant SU(2)-bundles
over S* modulo I'-invariant gauge transformations, and then to solve the latter
problem with the use of the equivariant ADHM correspondence.

We begin by setting up the first correspondence. Recall that the instantons
on the trivial SU(2)-bundle over the cylinder R x Yy with L2-curvature are
naturally partitioned into subsets by three pieces of data: the limiting flat
connections oy € C = Irr' (T, H) and the relative homotopy class z traced out
by the connection. For our purpose it is more convenient to replace this latter
invariant by the relative Chern number (see p. 48])

é2(A) ::/IR y ter:/R y |Fal? €R.
XYr XY

Thus to any instanton A with L2-curvature over R x Yr we may associate a
unique triple

(g, a_,é(A)) € Tr (T, H) x Irr' (T, H) x R.

Let T act on Rx S® by v-(¢, z) + (¢,7z) such that ¢ = (1xp): RxS3 — RxYr
is an orientation preserving covering map. Regard S* ¢ C? @ R such that the
suspended action T' x S — S* takes the form « - (z,t) = (yx,t). By composing
the conformal equivalence R x % =2 C? — {0}, (¢,2) — e'z, with the inverse of
stereographic projection from the north pole we obtain an equivariant conformal
equivalence 7: R x §% 2 §* — {N, S}, where N, S = (0,+1) € S* are the poles.
Explicitly,

7(t,x) = (cosh(t)x, tanh(t)).

Let S* carry the orientation that makes this map orientation preserving, that is,
the opposite of the standard orientation.

Recall that a I'-equivariant vector-bundle over a I'-space X is a vector bundle
E — X with a I'-action on the total space making the projection equivariant
and such that v : £, — E,, is linear for each € X and v € I'. If E' carries an
SU(2)-structure, that is, a Hermitian metric and a fixed unitary trivialization of
AZE, then we call E a I'-equivariant SU(2)-bundle provided the action preserves
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this additional structure. In that case, there is an induced action of I' on the
space of connections Ag. A connection is said to be invariant if it is fixed
under this action. The subspace of invariant connections is denoted by AL. The
action of the full gauge group does not preserve this subspace, but the subgroup
of equivariant gauge transformations G5 C Gg does. Therefore, the natural
configuration space in this equivariant setting is Bg r = = AL /GL. We may also
include a framing coordinate to obtain the framed configuration space B, gr. All
of the above may, of course, be spelled out in terms of principal bundles as well.

Let F — R x Yr be the trivial SU(2)-bundle. Then E = ¢*F — R x 3
obtains the structure of a I'-equivariant vector bundle in a natural way. Moreover,
since ¢ is a finite covering map, pullback induces a bijection Ap = AL that
matches the subsets of anti-self-dual connections with curvature in L2. Let B be
an ASD connection in F with curvature in L? and let A = ¢*(B) be the pullback
connection in . According to Uhlenbeck’s removable singularities theorem there
exists a bundle E — $* with connection A and a bundle map p: E — E covering
7: R x §3 — S such that p (A) A. The following diagram summarizes the
situation

(F,B) +—— (E,A) —*— (E, A)

J | | (1.9)

Rx Y« 2 RxS83 —T 4 64
According to Austin \\ 5| the T-action extends over £ making A invariant
and the flat limiting connections of the connection B are encoded in the
isomorphism classes of the representations EN and ES over the fixed points.
Furthermore, the following calculation shows that CQ(E) is uniquely determined

aBs) = [ wh = [P [ Ep (1.10)
“Ir) [ 1Faf = [rlea(s). (111)
RxYr

Here we have used the fact that the Chern-Weil integrand tr(F iv) coincides
pointwise with the norm |F Z‘Q for ASD connections, the conformal invariance of
the integral of 2-forms in dimension four and that R x S® — R x Yr is a finite
Riemannian covering map with fibers of cardinality |T'|.

The following theorem classifies the I'-equivariant SU(2)-bundles over S*.

The proof is given in Appendix B (see Theorem [I.B.6)).

Theorem 1.4.2. A T'-equivariant SU(2)-bundle E — S* is determined up to
isomorphism by the ordered triple ([Ey],[Es), k), where k = (B £)[SY] is the
second Chern number of the underlying SU(2)-bundle and [En), [Es] denote the
isomorphism classes of the I'-representations over the fixed points. Moreover,
for each pair o, € Irrl(F,H) there is a constant ¢ € Z such that for each
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kE = ¢ (mod |I'|) there exists a TI'-equivariant SU(2)-bundle with invariants

(@, B, k).

Let E — S* be a T-equivariant SU(2)-bundle with invariants (o, o, k).
Let E = 7*(E) - Rx 83 and F = E/T — R x Y. Then we may reverse
the above procedure to produce a map from the invariant instantons in E to
the instantons over R x Y with limiting flat connection a4 and relative Chern
number k/|T'|. More is true, the I'-equivariant gauge transformations in E
correspond to gauge transformations in F' that approach a.-harmonic gauge
transformations on the ends. Let by € Yr denote a basepoint and let be S3 be
a lift. Let Mp o(E) C B . be the moduli space of invariant instantons in £

framed at (0,b). Then the above discussion yields a bijective correspondence

Mr(B) = M (a_,ay),

where z is the relative homotopy class corresponding to the relative Chern
number k/|T"| and the latter space is framed at (0,b) € R x Yp. Recall that the
end-point maps e4 : M 2(a—,ay) = as was defined by parallel transport of the
framing to +00. Under the above bijection this corresponds to parallel transport
of the framing along the great circle through the basepoint (5, 0) € S* and the
poles N, S = (0,+1). The equivariant ADHM correspondence, which we turn
to next, describes the instanton moduli space with fixed framing at N and we
then see that this corresponds to the fiber ejrl(*). If we change the orientation
in ¥Yr we may precompose with the map (¢,2) — (—¢,x) in R x Y to see that
the ADHM correspondence will describe the fiber e~!(x) instead.

1.4.1 The ADHM Description of Instantons

We first recall the non-equivariant ADHM classification of SU(2)-instantons
over S* Sec. 3.3]. This construction describes the various moduli spaces
of instantons over S* in terms of linear algebraic data. In the following we
regard C2 U {oo} = S* where the orientation is determined by the complex
orientation on C?. Recall that an SU(2)-bundle over S*, or any other closed,
oriented 4-manifold, is determined up to isomorphim by the second Chern number
k = co(E)[S*] € Z. The bundle can only support an ASD connection if k& > 0
and in case k = 0 every ASD connection is flat.

For a fixed integer k > 1 let .7 be a Hermitian vector space of dimension
k and let F be a 2-dimensional complex vector space with symmetry group
SU(2). Define the complex vector space

M = Hom(C? @ 5, #) @ Hom (', Eo.) © Hom(Ey, ).

By identifying C? ® 2 = 2 © # we may write an element m € M in terms
of its components m = (71, 7, 7, 0) where 71,79 € End(5¢), m: S — E, and
0: Eow — . Let U (), the group of unitary automorphisms of ¢, act on M
by

g+ (n,72,m,0) = (919~ ", 9729~ g™, g0).
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Set u(.##) := Lie(U(¢)) and define p = (pc, ur) : M — End(52) & u() by

pe(T1, 7o, m,0) =11, T2] + o7 (1.12)

ur(m1, 10, T, 0) =11, 77| + [T2, 75| + 00" — 7'

These maps are equivariant when U (%) acts by conjugation on End(.52°) and
w(A).

Given (71, 72,7, 0) € M we may for each z = (21, 22) € C? form the sequence

H A (CQ ®%@Eoo L e (113)
where
T1 — 21
A, = Ty — %9 and BZ:( —(m2—22) (11 —21) U)'
T

The condition juc(71, 72,7, 0) = 0 is equivalent to B, o A, = 0 for all z € C2.
Define Uy C M to be the open set consisting of the (71, 72,7, o) for which A,
is injective and B, is surjective for all z € C2. From the sequence we may
form a bundle homomorphism R between the trivial bundles over C? with fibers
C? @ A and C? @ # & E, respectively, by R, = (A., B}). This map extends
naturally to a bundle homomorphism

YEYD - R C2H 3 Es

\ /

C2U {oo} = 54,

where v is the SU(2)-bundle with c3(7)[S?*] = —1 and we take k copies of v on
the left hand side. This fact is most easily understood using quaternions and the
model HP! =2 §* (see ) Ifm = (11,72,m,0) € Upeg N M(EI(O) it follows
that R is everywhere injective and we obtain an SU(2)-bundle

E =TIm(R)* = Coker(R)

with co(E)[S%] = k, and the fiber over the point at oo is the space E., we
started with. This bundle carries a natural connection A obtained by orthogonal
projection from the product connection in the trivial bundle. This connection is
ASD provided pg(m) = 0 as well.

The above construction associates a pair (E,A) consisting of an SU(2)-
bundle £ — S* with ¢2(E) = k and an ASD connection A in E to each element
m € Upeg N =1 (0). If m is replaced by g -m for g € U(#) the resulting pair
(E', A’) is equivalent to (F, A) by a bundle isomorphism p9 : E — E’ fixing the
fiber at co. The content of the ADHM classification is that this construction
produces all instantons in the SU(2)-bundle over S* with Chern number k.
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Theorem 1.4.3. (The ADHM-Correspondence) The assignment (71,7, 7, 0)
(B, A) descends to an equivalence

(Ureg N~ 1(0))/U(H) = Moo (k)

where Mo (k) denotes the moduli space of gauge equivalences classes of instantons
framed at oo in the bundle of Chern number k over S* = C? U {oo}.

For the proof of the theorem and additional details we refer to
Section 3.3]. A part of the proof involves giving an inverse procedure to the
construction sketched above. We will need one fact from this inverse procedure.
Given an SU(2)-bundle E — S* with co(E)[S*] = k and ASD connection A, the
space J€ is recovered by

Ker[D%:T(S™ ® E) - (ST ® E)), (1.14)

where S* are the complex spinor bundles associated with the unique spin
structure on S* and D% is the formal adjoint of the Dirac operator twisted by
the connection A.

Let I' € SU(2) be a finite subgroup. Then according to the
ADHM correspondence is natural with respect to the standard linear action
[ x C?2 — C? and the corresponding suspended action on C2 U {oo} = S%.
This means that if £ — S* is a I'-equivariant bundle with a I'-invariant
ASD connection A, then the spaces FE.,, ¢ are complex I'-representations
and m = (11,72, m,0) € Upeg N = 1(0) associated with (E, A) belongs to the
subspace MT of invariants. Conversely, if 5 and E., are I-representations and
m € Upeg N~ 1(0) N MY then the associated bundle E naturally obtains the
structure of a I'-equivariant bundle such that the connection A is invariant.

As we have seen the I'-equivariant SU(2)-bundles over S* are determined
up to isomorphism by the triple of invariants («, 3, k) as in Theorem We
need to know which representation 7 that produces invariant instantons in the
bundle with data («, 8, k). The relevant formula is obtained by an application
of the equivariant index theorem to the twisted Dirac operator in . Let
R(T") denote the complex representation ring of I" and let € : R(I') — Z denote
the augmentation. Furthermore, let as before () denote the 2-dimensional
representation associated with the inclusion I' C SU(2).

Lemma 1.4.4. Let E — S* be a T-equivariant SU(2)-bundle with invariants
([En], [Es], c2(E)[SY) = (a, B, k) and set

A =Tnd[D:T(S” @ E) = T(StT® E)] € R(T)

where A is a T'-invariant connection in E. Then we have the following relations
in the representation ring R(T'):

2-Q)HF =a-p
e(H) = k.
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These formulas are given in [Aus95, Sec. 4.3]. We have included a proof in
Appendix [[.B.I1] The following lemma ensures that the above two equations
determine the virtual representation 7 uniquely.

Lemma 1.4.5. Let T' C SU(2) be a finite subgroup and let Q be the canonical
2-dimensional representation of T'. Then the kernel of the map R(T') — R(T)
given by V — (2 — Q)V is given by {nR : n € Z} where R = C[I'] denotes the
reqular representation.

Proof. Assume that (2—Q)V =0 in R(T'). In terms of the associated characters
this means that (2 — xg(g))xv(g) = 0 for all g € T'. Since Q is a faithful
representation of I' it follows that x¢(g) # xo(1) = 2 for all g # 1, from which
we deduce that xy (g) = 0 for all g # 1. There exist representations U, W of T’
such that V =U — W in R(I"). Therefore,

xv(1)/IT] = (xv,1r) = (xv, Ir) — (xw, Ir) = dimc U" — dimc W' € Z,

where 1 is the character of the trivial representation and (-, -) is the Hermitian
inner product on characters. As the character of the regular representation
R is given by xgr(1) = |T'| and xgr(g) = 0 for g # 1, we conclude that for
m = xv(1)/|T| we have xy = mxgr, and hence V.=mR in R(T"). [ |

Recall that R(T) is, as an abelian group, freely generated by the isomorphism
classes of the irreducible representations of I'. Therefore, if we label the irreducible
representations by Ry, -+, R,,, then every element in R(I') may be expressed
uniquely as a linear combination > n;[R;] for n; € Z. Such a sum is called a
virtual representation and in the case all n; > 0 we call it an actual representation
since it determines the representation €, n; R; up to isomorphism.

We are now in a position to state the equivariant ADHM correspondence.
This is a more precise version of Lemma 4.3].

Theorem 1.4.6. (The Equivariant ADHM Correspondence) Let E be a T-
equivariant SU(2)-bundle over S* with ([En], [Es],c2(E)[SY]) = («, 8, k). Let
A € R(T) be the unique element satisfying (2 — Q) = a — B and () = k.
Then if A is an actual representations the moduli space MVF,OO(E) of I'-invariant
instantons modulo T'-equivariant gauge transformations framed at co = N is
given by

(Ureg N1 (0) N ME) /U (),
where U () is the group of unitary T'-equivariant automorphisms of 7 and
MY = Homp(Q ® 2, #) ® Homp (A, Es) ® Homp(E, ).

If 7 is not an actual representation, the moduli space is empty.

Note that in the above statement E., = E.
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1.4.2 Determination of the Low-Dimensional Moduli Spaces

The ADHM equations are a particularly simple example of the hyper-
Kahler moment map equations associated with an action of a Lie group on a
hyper-Kéhler manifold (see [Hit-+87]). We briefly review the set up in the linear
case relevant for our purpose.

Let V be a (left) quaternionic vector space equipped with a compatible
real inner product g: V x V — R, i.e., multiplication by unit quaternions are
orthogonal. Let Sp(V) denote the group of H-linear orthogonal automorphisms
of V. Define an Im H := Spang {4, j, k} valued 2-form w: V x V — ImH by the
formula

w(v,w) = igliv, w) + jg(ju,w) + kg(kv, w).

Note that the unique symplectic inner product s: V x V' — H determined by g
is given by s = g — w.

Suppose that G is a compact Lie group acting on V' through a homomorphism
p: G — Sp(V). The Lie algebra g of G acts on V through the derivative
dpy : g — sp(V) = Lie(Sp(V)). A hyper-Kéhler moment map for the action
G xV — V is a G-equivariant map p: V' — Hom(g, Im H), where G acts on the
target through the adjoint representation, satisfying

dpig(v) = [€ — w(§ - x,v)] € Hom(g, Im H)

forallx € Vand v € V 2 T,V. A moment map is clearly unique up to a
constant and one may check that the unique moment map vanishing at 0 € V' is
given by

plr)=Eeg— %w(f cz,x) € ImH. (I.15)

Definition 1.4.7. For a pair (V,p: G — Sp(V, g)) as above we define the hyper-
Kéhler quotient of V' by G to be the space

pH0)/G.

In general neither 4 =1(0) nor £ =1(0)/G will be manifolds due to singularities.
However, if U C V is an open G-invariant subset on which G acts freely, then
p~1(0) N U and the quotient by G will be manifolds. Moreover, in this case the
quotient inherits the structure of a hyper-Kéhler manifold.

Example 1.4.8. (The ADHM equations) Let 2 and E be a pair of Hermitian
vector space and define

V = Hom(C? ® 4, 5¢) @ Hom(#, Es,) ® Hom(E, )

equipped with the Hermitian metric induced from 57 and F.. Using the
standard basis of C? an element of V is written (71,72, 7,0). Let G = U(7)
acton V by g- (11,7, m,0) = (9719, g9, 791, go). Define a quaternionic

structure map J: V. — V by

J(m1, 12, m,0) = (=715, 71, —0",7").
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Then the action of G commutes with J and therefore defines a homomorphism
p: G — Sp(V). If we use the trace inner product in u(7) and the decomposition
Im(H) = R @ C to identify

Hom(u(#), ImH) = u() @ Im(H) = u() ®u(#) @C = u(#) dEnde (),

the resulting moment map p: V — u(s#) @ Endc(.5) vanishing at 0 is given
by the ADHM equations in ([.12]).

Kronheimer used this construction in the following situation. Let
I' € SU(2) be a finite subgroup and let @ and R denote the canonical
representation and the regular representation, respectively. Assume that Q
and R are equipped with I'-invariant Hermitian metrics and fix a I'-invariant
quaternionic structure j : @ — @ compatible with the metric. Let

P =0Q ®End(R) =2 Hom(Q ® R, R)

equipped with the induced Hermitian metric. By combining the quaternionic
structure on @ with the real structure f — f* on End(R) one obtains a I'-
equivariant quaternionic structure J: P — P compatible with the Hermitian
metric. As this structure is preserved by the action of I', the subspace K = PT
carries the same structure.

The group U(R) acts on P by conjugation in the second factor. This
action preserves the quaternionic structure and the Hermitian metric. The
subgroup U(R)" of I'-equivariant unitary automorphisms preserves the subspace
K and therefore defines a homomorphism U(R)" — Sp(K). Here, the subgroup
U(1) of scalars is contained in the kernel so the homomorphism descends to a
homomorphism F = U(R)Y/U(1) — Sp(K). Let u: K — Hom(f, Im H) be the
unique hyper-Kahler moment vanishing at 0 € K. In this situation Kronheimer
identified the hyper-Kéahler quotient.

Lemma 1.4.9. There is a homeomorphism p=1(0)/F = C?/T that

restricts to an isometry

PO — 0}, € {0}
F r

Remark 1.4.10. A consequence of this is that F acts freely on p=1(0) — {0}.

The space K and the group F' admit simple descriptions in terms of the McKay
graph Ar associated with T'. Let Ry, - - - , R,, be a complete set of representatives
for Irr(T", C), where we take Ry = C to be the trivial representation. The regular
representation R = C[I'] decomposes as

m
P iR,
i=0

where n; = dime R;. Recall from subsection[[.3.3] that a matrix A was defined by
QRR; = @j a;jR;, or equivalently a;; = dim¢ Homp(Q ® R;, R;). Furthermore,

R

Il
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the McKay graph Ar was defined by taking the irreducible representations
as vertices and an (unoriented) edge connecting R; to R, precisely when
a;; = aj; = 1. Using this

K =Homr(Q @ R, R) = @) Homc(C™,C™) ® Homp (Q ® R;, R;)
4]
= P Hom(C™,Cv)

i—j in Ap

where each edge is repeated twice, once with each orientation, and

F=UR)"/UQL)=U (@ nR> Ju(1) = (H U(m)) JU().

This has a simple graphical interpretation on the Dynkin graph Ap corresponding
to I". Attach the vector space C™ to the vertex corresponding to R;. Then an
element of K is an assignment of a linear map fj; : C** — C™ whenever a;; = 1.
An element g = (g;); € [[; U(n:) acts on f = (f3:)i; € K by (- f)ji = 95 f5i9; "

Example 1.4.11. For I' = O* an element of K = Homg-(Q ® R, R) is given by
assigning a linear map to each arrow in the following diagram

CQ
(C4
The next result is the key step in relating Kronheimer’s hyper-Kéhler quotient

to the space occuring in the equivariant ADHM correspondence. Recall that an
SU(2)-representation « of T is either

C C? C3 C3 C? C

(1) of quaternionic type and irreducible as a complex representation,
(2) of complex type and splits @« = A @ A* with A 22 \* or
(3) of real type and splits o = 27 for some n with n = n*.

By the vertex or vertices corresponding to « in Ar we will mean the vertex
corresponding to « in case (1), the vertices corresponding to A and \* in case (2)
and the vertex corresponding to 7 in case (3). The following is a more refined
version of Lemma 4.6]. Austin gives no explicit proof, but states that
one may verify it by a case by case analysis.

Proposition 1.4.12. Let T' C SU(2) be a finite subgroup and let o and 5 be
SU(2)-representations that are adjacent in the graph Sr (Definition , Then
the solution € of the equation (2 — Q) = a — B in R(I') with minimal
e(H) =k > 0 is given in the following way.
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(i) Delete the vertex or vertices corresponding to 3 in Ar. The resulting graph
has one or two components. Let A, be the component containing .

(ii) Up to isomorphism there is a unique nontrivial finite subgroup T C SU(2)
and an isomorphism of graphs ¢: Arr — A p.

(iii) Let Sy, S1,---,S; be the irreducible representations of T, where Sy is the
trivial representation. Then

H = @(dimc Sj)R¢(j).

j=1

Furthermore, if Q' = m1S;, & maS;, is the isotypical decomposition of the
canonical representation of I, then o = miRy(;,y © maRy(,) is the isotypical
decomposition of a. In particular, ¢ takes the vertex or vertices associated with
Q' to the vertex or vertices corresponding to a.

Remark 1.4.13. The isotypical decomposition of the canonical representation ()
of a finite subgroup I' C SU(2) is @ = @ for I non-cyclic and Q = p @ p* for
some 1-dimensional representation p for I' cyclic.

Corollary 1.4.14. Let T C SU(2) be a finite subgroup and let o # 8 be SU(2)-
representations that are not adjacent in Sp. Let « = g, a1, -+ , a5 = 3 be the
vertices of the minimal edge path connecting o to B in Sr and let 5, € R(T') be the
minimal positive solution of the equation (2— Q) = c; — a1 for0 <i < s—1.
Then € = @f;g S is the minimal positive solution (2 — Q)7 = o — f in
R(T).

Proof. The calculation

s—1 s—1
(2_Q)%:Z<2_Q)%:Zai_ai+l =ap—as=a—f
i=0 i=0

shows that 7 solves the relevant equation. By Lemma [[.4.5| every other solution
is given by .77 + nR for some n € Z, where R is the regular representation. To
see that 7 is the minimal positive solution, it therefore suffices to show that
2 — R is not positive, i.e., not an actual representation. Let A; = Az be the
subgraph of Ar described in the above proposition. By the construction of these
graphs and Lemma we conclude that Ag C Ay C --- C Ag_1. This implies
that the representation J# is only supported on the vertices of A1, which by
construction does not contain the vertices corresponding to 8 = a,. Hence, in
the isotypical decomposition . = @?:0 k; R; there exists some ¢ with k; = 0.
We therefore conclude that 5 — R is not an actual representation. |

Let T, o, B, 2, " and ¢: Arr — A be defined as in Proposition [[.4.12
and set

N = M" = Homp(# ® Q, #) ® Homr(H#, Es) ® Homp (Es, ),
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as in Theorem [[.4.6] This space is endowed with a quaternionic structure and
compatible metric preserved by the action of G := U(J)' as in Example
Note that Fo, = a. Let R’ and @' denote the regular and canonical
representation of I respectively and set

K =Homp (Q' ® R,R) and F=U(R)"/UQ1)

as in Kronheimer’s construction. The following is a more precise version of
[Aus95| Lemma 4.7].

Proposition 1.4.15. In the above situation there is an isometric isomorphism
f : N — K of quaternionic vector spaces and an isomorphism of groups
7:G — F such that f(g-n) =7(g9)f(n) foralln € N and g € G.

Proof. Let S be the regular representation of IV and write S = Sy ® S’, where
So denotes the trivial representation. Then

K =Homp/ (Q' ® S, S) = Homp (Q' ® S’,5") & Homp/ (Q’, S") & Homr (S, Q")

since Homp (Q’, So) = 0 and Homp (Q' ® S’,Sp) = Homr/ (S', Q') as Q' is self-
dual. We will now match these components with the components of N. Let
n; = dim¢ S;. Recall that the graph Ap is the graph obtained from Aps by
deleting the vertex corresponding to Sy. Using part (iii) of the above proposition
we can write S = @©]_ n; Ry where ¢ : Apy — Ap is the isomorphism of
graphs. Then

Homp(Q® #,#)= @)  Homc(C™,C™) @ Homr(Q ® Ry(i), Ry(s))
i—j N Ap
(L.16)
~ P Homc(C™,C")®Homp (Q ® S;, 55) = Homp(Q' ® 5", 5).
i—j I Ap

To make this an H-linear isometric isomorphism we specify the isomorphisms
Homr(Q ® Ry, Ry(jy) = C= Homp/ (Q' ® S;, S;) (I.17)

for i adjacent to j in Aps as follows. Choose an arbitrary orientation on the
edges in Ar/. Then for each positive arrow ¢ — j in A, we pick basis vectors
ui; € Homr(Q ® Ry iy, Ry(j)) and v;; € Homp/ (Q' ® S;, ;) of unit length. Then
Uj; = Juij S Homp(Q & R¢(j),R¢(i)) and Vji = Jvij € Homp (Q/ & Sj, Sz) are
also unit basis vectors. We then define the isomorphisms in by sending
u;j to vy; for each ¢ — 7 in Apv.

Next, by the final part of the above proposition we know that if Q" = m,.S;,
ma.S;, is the isotypical decomposition, then a = Eo, = m1Rgi,) © mally,) is
the isotypical decomposition of a. We may therefore identify

2
Homr (S, Q") = ) Home (C™s,C™ ) @ Homr (S;,, S;) (1.18)

j=1
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12

2
@ Hom¢ ((Cn” ,C™) ® HOmr(Rd,(ij), R¢(ij)) = Homp (', Ex)
j=1

and similarly Homr/ (Q’,S") &2 Homr(Es, 7). Once again one should match
unit vectors carefully to ensure that the direct sum of these isomorphisms is
an H-linear isometry. The direct sum of these isomorphisms gives the required
H-linear isometry N = K.

The (orthogonal) decomposition 5% = @;_; n; Ry(;) induces an isomorphism
G =U()" 2T]._, U(n;) and this group only acts on the matrix components
in the decompositions and . In the latter case it only acts on factors
coming from J#. Moreover,

F e (H U(ni)> /@) = [[Um)
1=0 i=1

as ng = 1, and the action can again be seen to be on the matrix component
in (I.16)) and (I.18), and in the latter case only on the factors coming from S’.
Therefore, the isomorphism

FgﬁU(m)%G
=1

does the trick and the proof is complete. |

Proposition 1.4.16. Let I' C SU(2) be a finite subgroup and let o and [ be
SU(2)-representations adjacent in the graph Sr. Let E — S* be the T-equivariant
SU(2)-bundle with [Ex] = «, [Es] = B and minimal k = co(E)[S*] > 0. Then
the moduli space MF,OO(E) of I'-invariant instantons in E framed at N = oo is
given by

(C? —{0})/T" =R x 831"

where the finite subgroup T C SU(2) is determined as in Proposition

Proof. We continue to use the notation of the two preceding propositions.
According to the equivariant ADHM correspondence the moduli space Mr o (E)
is given by
pH0) N Upeg N MY

U(A)" ’
where in the above notation N = M' and G = U()". Let un: N — g@ImH
and px: K — § @ ImH be the unique hyper-Kéhler moment maps vanishing at
0 associated with the action of G on NV and F' on K. Due to the uniqueness of
the moment map it follows that the isomorphisms f: N — K and ¢¥: G — F of
the previous proposition induce a homeomorphism ﬂ&l (0) = ,u;(l(O) equivariant
along the map . The group F acts freely on uz'(0) — {0} (see Remark,
so by Lemma we obtain isometries of hyper-Kéhler 4-manifolds

py(0) {0} _ px'(0) — {0}  C* {0}
G F I

(L19)
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To complete the proof we have to show that the left hand side coincides with
the space in ([.19]). This will be achieved by proving that

(1) pn is the restriction of uto N = MY € M, so that uy'(0) = = (0) N N
and
(2) Ureg Ny’ (0) = 1" (0) — {0}

We may decompose an element m € MT as
m = (1,72, m,0) € Homp(Q ® 5, ) ® Homp (5, E~) ® Homp(Es, ),

where we regard Q = C?, as earlier. Here 7 and o are I'-equivariant, while 71, 7
satisfy the properties (see Eq. 2.2])

L a b

forall ~= ( 7@ ) eI’ c SU(2), (1.20)

N

Ty = ar + by
v b

Toy = —bm +amy

where on the left hand side v is regarded as an isometry ¢ — . Using the
above description and the moment map equations (|[.12))

pc (71,72, T 0) =11, 2] + o

ur(m1, 72, 0) =11, 77| + [T2, 75| + 00F — 7w

one easily verifies that ur and uc map N = M into u(s#)' and Endr(57),
respectively. By the uniqueness of the moment map it follows that px is the
restriction of y to N = MT. This proves the first point.

Before we proceed to the second point recall that U,., C M was defined to
be the set of m = (71,72, m, o) for which

Az:(ﬁ*Zl,Tz*ZQJT)t: HDH D E — H
B,=(—(ra—22), 71— 21,0): H DH D E — H

were injective and surjective, respectively, for all z = (21, 22) € C? (see ([.13))).
Observe that the equation pg(m) = 0 may be rewritten as

TT + ToTy + 00" =TT + T T + 7T,
or equivalently BBy = AjAo. From this it follows that
Ker(Ag) = Ker(AjAg) = Ker(BoBg) = Ker(Bg).

Hence, Ay is injective if and only if By is surjective. In view of the easily verified
fact that for any (21, 22) € C? we have pu(m — 21,72 — 22,7, 0) = (71, 72,7, 0),
the above argument applies to show that if m € p=1(0), then for any z € C2,
A, is injective if and only if B, is surjective.

We may now verify the second claim as follows. As Uy,e, Ny (0) C
iy (0) — {0}, it suffices to show that if m = (11,79, m,0) € ux'(0) — Upey
then m = 0. To this end assume that m € py'(0) — Uye,. In view of the above
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considerations this means that there exists z = (z1,22) € C2 and h # 0 € #
such that A,(h) = 0. Then h belongs to Kerm and is a common eigenvector
for 7,70 with eigenvalues z1, 2o respectively. Using the equations in we
deduce that - h is a common eigenvector for 71, 75 with eigenvalues

.
z{ . a b 21 - a b
(ZQ)._(_b a)(zz) for all fy—(_b a)EFCSU(Q).

Let L := Spanc{yh : v € T'}. This is a nontrivial I-invariant subspace
of J satisfying 7,(L) C L for i« = 1,2 and (L) = 0. Moreover, since
v-h€Ker(Apy .0)) = Ker(BE‘Z?}Z;)), it follows that 7 (yh) = z]h for i = 1,2
and o*(vh) = 0. Therefore, 7,°(L) C L for i = 1,2 and ¢*(L) = 0 as well. Hence,
(LYY C Lt fori=1,2 and 0(E,) C L*.

To summarize, we have proved that there is an orthogonal splitting of I'-
modules ## = L @ L+ such that 7; = 7/ @ 7/’ preserves the splitting for i = 1,2,
7(L) = 0 and Im(c) C L*. Pick A # 1 € U(1) and define g € U(#)" by setting
g=Midon L and g =id on L. Then (gr1g™ %, gmg~ ', 791, go) = (11,72, 7, 7),
so as g # 1 and U()" acts freely on py' (0) — {0} we conclude that m = 0 as
desired. |

2

~— i —

Proof of Proposition[[].1 Given an adjacent pair o, 3 € C let E — S* be the
unique I'-equivariant SU(2)-bundle with [En] = a and [Eg] =  and minimal
c2(E)[S*] > 0. Then by the above proposition the moduli space ./,\/IVROO(E) of
I-invariant instantons framed at co = N may be identified with R x Yp/ for some
other finite subgroup IV € SU(2). Using the correspondence between invariant
instantons in £ — S* and instantons over R x Y, taking the framing and
orientation reversal into account, one obtains

R x Y & e (x) € M, (a, B),

where e_ : Mvz(a, B) — « is the end-point map and z is the homotopy class from
a to f corresponding to the relative Chern number é = c3(E)/|T'|. According
to the natural translation action on the left hand side corresponds to
the translation action on the right hand side. Hence,

Vi 2 e (%) € M%a, B).

Since the end-point map is SO(3)-equivariant it follows that Mg(a, B8) =
e~'(x) - SO(3) is compact. Therefore, M%(a, 8) = M. (a, 8), and as gr_ (o, 8) =
dim(e~!(%)) + 1 = 4, we conclude that z is indeed the unique homotopy class
with —2 < gr_(a, §) < 5.

To complete the proof we have to verify that M. (a, 3) is empty when «
and [ are not adjacent in Sp. Let o = g, a1, -+, a5 = [ be the vertices of the
minimal edge path connecting « to 5 in Sp. Let z; denote the unique homotopy
class connecting a; to a1 with gr,. (i, ai41) = 4 for each 0 < i < s. Let J7
be the minimal positive solution of (2 — Q)7 = a; — ;41 for 0 < i < s. By
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Corollary the minimal positive solution of (2 — Q) = a — [ is given
by # = @;_, #i. Put k = e() and let E' — S* denote the I'-equivariant
SU(2)-bundle with invariants ([EY], [E%], c2(EN[S*]) = (o, B,k + |T|1) for | € Z.
The representation .74 used in the description of the moduli space .//\/lvpvoo(El) in
the equivariant ADHM correspondence is then given by 74 = 5+ R, where R is
the regular representation. The dimension of the moduli space increases linearly
with [ so, as /%) = . is the minimal positive solution of (2 — Q). = a — 3,
we conclude that /(/IVF,OO(El) is empty for [ < 0. This space corresponds to the
fiber ¢! (%) C My (i, B) where w = 2 % 21 % - - - % z5_1. By Theorempart

(a) we have
s—1

gr, (o, B) = Zngi(ai,aiJrl) =4s > 4,
i=0

since by assumption s > 1. Consequently, the fiber e:l(*) C MZ (v, B) where z
is the unique homotopy class with gr,(«, 8) = 0,4, corresponds to Mvr,oo(El)
for some [ < 0 and must therefore be empty. This implies that the whole moduli
space must be empty and the proof is complete. |

1.4.3 The Structure of DCI(Yr)

In this section we determine the complexes DCI(Yr) explicitly. Let T' C SU(2)
be a finite subgroup and let C denote the set of gauge equivalence classes of flat
connections in the trivial SU(2)-bundle over Y. In this section we make the
convention that the relative and absolute gradings

gr:CxC—7Z/8 and j:C— Z/8,

introduced after Theorem [[.2:1] are always defined with respect to the orientation
Yt of S3/T. Furthermore, the vertices of the graph Sr, introduced in Definition
i.e., the set of isomorphism classes of SU(2)-representations of I', will be
identified freely with the set C.

Lemma 1.4.17. For any pair o, 8 € C that are adjacent in Sr it holds true that
gr(a, ) = 4. For each o € C let p(«) denote the number of edges in the minimal
edge path connecting the trivial representation 6 to oe. Then j(«) = 4p(a) (mod 8)
foralla € C.

Proof. Suppose that a and S are adjacent in Sy and let z be the unique homotopy
class with —2 < gr_(a, 8) < 5. Then according to Theorem the fiber of
e_: M,(a,8) = a has dimension 3. Using the dimension formula we
deduce that

gr(a, f) = dim M. (a, ) — dim(a) + 1 = dime"'(x) + 1 =4

proving the first assertion. For the second let a € C be arbitrary and let
0 = ag,aq,- - ,as = a denote the vertices in the minimal edge path connecting
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0 to a in Sp. Then p(a) = s and by the additivity of the grading

s—1
jla) =gr(a,0) = Zgr(aiﬂ, a;) =4s € 4Z/8.
i=0
Consequently, j(«) = 4p(a) (mod 8) as required. [ |

To determine the differentials in DCI(YT) we need the following result,
which is contained in the proof of [Aus95, Lemma 5.1].

Lemma 1.4.18. Let «, 8 € C be adjacent in Sp with 8 irreducible, let # € R(T)
be the solution of (2—Q)H# = a—f3 given by Proposition[[.{.19 and let " C SU(2)
be the corresponding finite subgroup. Let z be the unique homotopy class with
gr.(a, ) = 4. Then the degree of the map

6:1(*) =Yr — ﬂ = 80(3)
is up to a sign given by 2dim¢ S /|T7|.

Remark 1.4.19. We are not aware of a procedure to pin down the orientation of
Yr/ in the above statement. For this reason we are only able to determine the
degree up to a sign. As we will see, this inaccuracy will not affect our calculations
in any relevant way.

For i =0,11let C' = {a € C: j(a) = 4i mod 8} such that C =C°UC is a
disjoint union. Let us fix generators b, € Hy(«) for all o € C, and t, € Ha(«)
for all reducible « and t, := bou € Hs(«) for all irreducible «.

Definition 1.4.20. Let C*"" C C be the subset of irreducibles. For each adjacent
pair a, 3 € C with 8 € C"" define ng, to be the integer 2dime 5 /|I"| where
€ R(T) is the minimal positive solution of the equation (2 — Q)7 = o — (.
If o and § are not adjacent in S we define ng, = 0.

Theorem 1.4.21. Let T' C SU(2) be a finite subgroup. Then the multicomplex
(DCI(Y1) s, {0" }r>0) is given by

DClss. = €D Hi(a) and DCIsera,. = €D H.(B)
aeCl pect

for all s € Z and DCI; . = 0 otherwise. The differentials are given by 0" = 0
forr # 4 and 0*: DClys 9 — DClys—1),3 is determined on generators by

0'(bs) = Y napta
aeci'm‘
where the integers nog are defined above.
Proof. The description of DCI(Y, E) as a graded module is a simple consequence
of the definition and Lemma[[417] By the final part of Theorem [[4.1]the moduli
space M (a, ), where z is the homotopy class with —2 < gr_ («, 5) < 5, is empty

unless o and ( are adjacent in Sp. The statement concerning the differentials
therefore follows from Lemma [2.7 and Lemma [[Z.18 [ |
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We will end this section by giving a few applications of Proposition [[4.12) and
show how we can easily extract both the grading and the integers n,g provided
we know where the one dimensional quaternionic representations are placed in
the graph Ap. All the necessary information is contained in Appendix A.

Example 1.4.22. (T' = O*) There are four 1-dimensional quaternionic represen-
tations; two of real type 0,7 and two of quaternionic type «, 5. The graph Ap-
is shown below.

0 « 15} Ui

@ @ ® @ ® @ @

The integers are the dimensions of the corresponding irreducible complex
representations and we have labeled the vertices corresponding to the 1-
dimensional quaternionic representation. Here there are no representations
of complex type, in particular Apr = Ap /(t). One may immediately conclude
that the indexing is given by j(0) = j(8) = 0 and j(o) = j(n) = 4. To
determine the integer ng, we need to solve the equation (2 — Q) =n — 3 in
R(O*). According to the recipe given in Proposition we first delete the
vertex corresponding to 5 and let A be the component containing n; that
is, Ay is just the single vertex corresponding to 1. We then recognize this
graph as Ag,, from which we deduce that TV = Cy and 7 = %n. Therefore,
ngy = 2dime J/|I"| = 2/2 = 1. The situation with § and o is completely
symmetric so n,g = 1 as well.

The case of ng, is more interesting. If we delete a, the component A s
containing f is given by

@ @ @ @ @

We recognize this as the Dynkin graph Dg which corresponds to the group D}
of order 16. We find the integral weights of 7, as given in the above graph,
by knowledge of the dimensions of the irreducible representations of D} (see
Appendix A.2). From this we calculate

dimc s =3-1+4-242-14+3-24+2-2+1-1=24

and hence ng, = 2-24/16 = 3. By symmetry nn,g = 3 as well.
The calculation of n,4 and ng, in the above example generalizes.

Lemma 1.4.23. Let T' C SU(2) be a finite subgroup and let Q be the canonical
representation. Suppose p is a 1-dimensional complex representation of real type
and that p @ Q is irreducible so that n = 2p and f = p ® Q correspond to a pair
of distinct vertices in Sp. Then ng, = 1.
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Proof. We trivially have (2 — Q)p =2p— Q ® p =1 — 3 so that 5 = p. This
means that Az consists of a single vertex and that the associated subgroup is
IV = Cs. Tt follows that ng, = 2dimc J2/|I'| =2/2 = 1. ]

We also consider the most involved case I' = D;. The 1-dimensional
quaternionic representations and the graph Ap- are given in Appendix A.2. For
n even we label the quaternionic representations by

97771a7727773>a1a0427"' y On /2

and for n odd by
9) 01,02, 5 (n-1)/2, A.

Here 6,7 and the n; are fully reducible, the a; are irreducible and A is reducible.

Lemma 1.4.24. In the above situation we have na, o,y = Nayyyi,ap = 2 for alli.

Proof. Due to the symmetry in the graph ZD;; it suffices to show that
Naiir,0; = 2 for all i. We therefore have to solve (2 — Q) = o; — g1
for 2. The relevant portion of the graph ZD: is shown below

c &7 Q41

)
®)
®
®
®©

Note that «; is the 2i — 1'th vertex labeled with 2 from left to right. Following
the description in Proposition [4.12] we delete the vertex corresponding to a1
and let A be the component containing «;. This graph has a total of 2(i + 1)
vertices so we recognize A = Do(i1) = AD;. Thus IV = D3, of order 8i. The
weights of 7 are therefore given by attaching the integer 2 to each internal
vertex (of degree > 2) and 1 to the rest. This yields

Naiyra; = 2dime S/|D5;| = 2(1 4+ 14 4(2i — 1) +2)/8i =2
as required. [}

We note that for cyclic groups there are no irreducible SU(2)-representations,
from which it follows that DCI(Y ¢, ) has trivial differential for each m. There
are now only a finite number of n,g left to calculate. We state the calculations
of these below without proof and trust that the interested reader will verify these
for themselves.

For a finite subgroup I' C SU(2) we attach labels to the edges in the graph Sp
to express all the information needed to set up DCI(Yr). If o and 3 are adjacent
and both irreducible we attach the symbol (n.s|nga) to the edge connecting
o to B such that n,g is closest to a. If @ and  are adjacent and only o is

irreducible we attach nqg to the edge.

Proposition 1.4.25. The graphs Sp with labels for the finite subgroups I' C SU(2)
are given below.
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SI* SO* ST*

g —a—p f—a—p—1 0 —a——\
1 (34) LGB 1 L3
chm SC2m+1
0 — A — g oo An—1 — 1 G — A — Ag oo Am—1 Am
D3,

0 d 2 1 72
/041—()(2 -------- amfliam\
mT1(22) 22) T s
D

9 \1 2m+1
/al—az -------- Am—1 — Qi — )\
71 (22) (2)2) 2

In all cases 6 denotes the trivial representation. The letters o and 3 are reserved
for representation of quaternionic type, \ for representations of complex type

and n for representations of real type.

The notation for the 1-dimensional quaternionic representations is compatible

with the notation in Appendix A.

Example 1.4.26. The multicomplexes (DCI(Y1) «,d%) for T' = T* O*, I* are

shown below for (s,¢) with 0 < s <8and 0 <t < 3.

DCI(Y 7+ R)
3 0 R 0
2| R 0 R
(0) (1,3)
1l 0 0 0
0| Rr? R R?
0 4 8
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3| R R R
20 s 7 s
1] 0 0 0
0| R? R? R?

0 4 8
3| R R R
210 0 0

@) (1.3)

1] 0 0 0
0| R? R R?

0 4 8

.5 The Algebraic Construction of Equivariant Floer
Homology

The equivariant instanton Floer homology associated with the trivial SU(2)-
bundle over a closed oriented 3-manifold Y comes in three flavors: I7(Y'), I~ (Y),
I°°(Y"), the positive, negative and Tate homology, respectively. These are all
constructed algebraically from the complex CI (Y), the associated action of
C™(SO(3); R) and the index filtration {F,CT(Y)}pez.

The construction proceeds as follows. First, following Appendix A],
we review the construction of four functors C:‘r, Cy, C+Htw) and CY from the
category of right modules over a differential graded R-algebra A to the category
of differential graded R-modules. In fact, C'; (R) will carry the structure of a
differential graded algebra and the three functors take values in the subcategory
of left C'; (R)-modules. Under the assumptions that the ground ring R is a
principal ideal domain and the algebra A is degreewise free over R, the four
functors will be exact and preserve quasi-isomorphisms.
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Next, we promote the functors to the category of filtered right A-modules. If
M is a right A-module equipped with an increasing filtration

-CHh,MCF,  MC---CM

of A-submodules, the exactness of the functors ensure that C' (M) is naturally
filtered by F,C% (M) := C§(F,M) for eache € {+,—, (+,tw),c0}. However,
this filtration may not be very well behaved. To remedy this issue we pass
to the so-called full completion, thereby obtaining four new functors CA’;l,
o ¢ {(+,—, (+,tw), 00} from the category of filtered right A-modules to the
category of filtered left C’; (R)-modules; to be specific,

C% (M) = lim,, colim, C%(F,M/F,M).

For A = Cgm(SO( ); IR) the groups I*(Y’) for @ € {+,—, 00} are obtained by
applying C*, % to M = CI (Y) equipped with the index filtration and then passing
to homology. These groups will then be modules over H(C, (R)), which, provided
l € R, is isomorphic to the polynomial algebra R[U] with a single generator U
of degree —4. The mod 8 periodicity of M will be preserved so that Iy = I3 g
for all n € Z.

The above constructions are also functorial in a suitable sense depending on
e € {4, —, 00}, in the differential graded algebra A. Moreover, this functoriality
will preserve quasi-isomorphisms in the situation of interest; that is, we may
equally well calculate I°(Y) using A = Ag[u] and M = DCI(Y). When we
proceed to the calculations for binary polyhedral spaces in the next section, we
will indeed work in this context.

1.5.1 Conventions

Throughout R will be a fixed principal ideal domain. A module or algebra will
always mean an R-module or R-algebra, and the same applies in the graded
or differential graded setting. We will work with homological gradings and
differentials 9 of degree —1. We follow the conventions on graded and differential
graded (DG) modules given in Chapter VI]. We briefly recall the most
central concepts. If M and N are DG modules then M ® N and Hom(M, N)
are the DG modules given by

(M@N),= @ M,@N, and Hom(M,N), = [[ Hom(M,,N,)

ptq=n q—p=n

with differentials Oyrgn = O ® 1+ 1 ® On and Opom(ar,n) = Hom(1,0n) —
Hom(dyy,1). This means that dyen(a @ b) = dyra @b+ (—1)1%a @ dxb and
Iomar,n)(f) = On o f — (=1)/¥1 f 0 Oy, where we write |z| for the degree of
an element in a graded module. There is a natural interchange isomorphism
7:M®N=N®M given by m®@n — (=1)I"1"ln @ m.

For each integer p € Z let R[p] denote the complex with a single copy of
R concentrated in degree p. For a DG module M the shifted complex M|p] is
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defined to be R[p| @ M. Therefore, Mp|,+p, = M, for all n € Z with differential
Omp) = (—=1)POn. Tt is also possible to define M[p] = M ® R[p], but this will

result in different sign conventions.

A differential graded algebra is a graded algebra A equipped with a differential
satisfying the Leibniz rule 94 (ab) = da(a)b+(—1)1*ladb for all a,b € A. We will
always assume that A is unital, i.e., there is a unit 1 € Ag for the multiplication.
A left or right A-module is a graded left or right A-module equipped with a
differential satisfying a corresponding Leibniz rule. This ensures that H (M) is
a graded H(A)-module. If M is a left or right A-module then so is M|[p]. For
a € Aand z € M[p|,, = M,,_, the induced product is given by a-z = (—1)l*Paz
in the left module context and by x - a = xa in the right module context. This
is a consequence of our left shifting (suspension) convention.

We also mention that there is a natural adjunction isomorphism of DG
modules

Hom(M ® N, P) = Hom (M, Hom(N, P))

given by (f: M®N — P) — (¢g: M — Hom(N, P)) where f(m®mn) = g(m)(n).
This isomorphism admits various natural generalizations to the case where M, N
and P carry additional module structures over various DG algebras, see
Chapter VI.8]. All the signs occurring in the upcoming theory can be deduced
from these conventions: the interchange morphism, the natural adjunction and
the left shift convention.

Finally, a homomorphism f: M — N of DG modules will mean a degree 0
chain map unless otherwise stated. We say that f is a quasi-isomorphism if the
induced map in homology, H(f): H(M) — H(N), is an isomorphism.

1.5.2 The Bar Construction and the Functors Cj

Let A be a unital DG algebra and assume that A is equipped with an
augmentation €: A — R, that is, € is a map of DG algebras where R is regarded
as a DG algebra concentrated in degree 0. The augmentation gives R the
structure of an A-bimodule. We define A = A/R -1 and note that there is a
canonical identification of A with the augmentation ideal Ker(e). Given a right
A-module M and a left A-module N define the bigraded module B, (M, A, N)
by

By (M,A,N) = (M @ A®P @ N),.
We adopt the standard notation and write
mlailas]---lapln =m®@a1 ®as @ -~ @a, ®n € By (M, A, N).

Here, p is the simplicial degree, ¢ = |m| + (}_7_, |a;|) + |n| is the internal degree
and p + ¢ is the total degree. Let 0°: B, (M, A,N) — B,_1,4(M, A, N) and
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9": By (M,A,N) = By, ,—1(M,A,N) act on z = m[ay]|- - - |ap]n by

9°(z) = masfas| - |apn+z mlaa| - laiaipa] - fapn

+(=1)mlay] - - \ap—l]ap”
O'(x) = (=1)P(Oumlay] - - [apln + Z(—l)e""lm[al\ -o+10ay| -+ - lapln
+ (=1)*mlay]---[ap]Onn),

where €; = |m| + |a1| + -+ + |a;|. Note that 9 is the usual tensor product
differential in M @ A®P @ N twisted by a sign depending on the simplicial degree.
We call 0% the simplicial differential and &% the internal differential. It holds
true that (9%)% =0, (9%)? =0 and 9'9° + 9°9" = 0. This ensures that the triple
(Bux(M,A,N),0° 8" is a double complex.

Definition 1.5.1. [GM74, Appendix A] The bar construction B(M, A, N) is
the total complex associated with the double complex (B, .(M,A,N), 0%, 0" )
introduced above, that is,

Bi(M,A,N)= @ B,4(M,A,N) and 0=0°+0".

ptg=n

The bar construction is functorial in the triple (M, A, N). For a triple

(fig,h): (M;A,N) — (M',A’",N’) where ¢ is a map of augmented DG
algebras and f,h are chain maps linear along g, there is an induced map
B(f,g,h): B(IM,A,N) — B(M', A’, N") of DG modules. There is also a natural
augmentation B(M,A,N) — M ®4 N given by ma1]|---|ap/n — 0 for p > 0
and m[jn — m @ n.
Remark 1.5.2. The DG module B(M, A, A) inherits a right A-module structure
from the last factor. The augmentation B(M, A, A) — M is a map of right
A-modules and should be regarded as an analogue of a projective resolution of
M. Moreover, B(M,A,N) = B(M,A, A)®4 N, so that B(M, A, N) is a derived
tensor product M ®% N in a certain sense. These statements are made precise
in the language of model categories in Section 10.2].

Following [Eis19] we introduce the notation
BA:=B(R,A,R) and EA:= B(R,A,A).

Furthermore, we write [a1|as]---|a,] == 1g[a1]az|- - |ap]lr € BA and similar
conventions apply for B(R, A, N) and B(M, A, R).

Lemma 1.5.3. For any right A-module M and left A-module N there is a natural
map of DG modules Yprn: B(M,A,N) — B(M,A, R) ® B(R,A,N) given by

P

mlar| - Japln = Y (D@ mfar] - fai] @ [aiga] - lap]n,
i=0

76



The Algebraic Construction of Equivariant Floer Homology

where €; = |m| + |a1| + - - - + |a;|. The map Yp r: BA — BA® BA along with
the augmentation BA — R give BA the structure of a DG coalgebra. The map
Ya,r gves B(M, A, R) the structure of a right DG BA-comodule and the map
Yr.N gwes B(R, A, N) the structure of a left DG BA-comodule.

Definition 1.5.4. [Eis19| Definition A.5] Let A be an augmented DG algebra and
let M be a right A-module. Define the positive and negative A-chains of M to
be

CY(M):=B(M,A,R) and C,(M):=Homa(EA,M).

The homology of CE (M) is denoted by HE (M) and is called the positive and
negative A-homology of M, respectively.

The above constructions are functorial in the following sense. A homomor-
phism f: A — B of augmented DG algebras induces maps

for CR(fTIM) — CE(M) and f*: Cp(M) — C4(f7'M)

where M is a B-module and f~'M is the A-module obtained from M by
restriction along f. Furthermore, a homomorphism ¢g: M — N of A-modules
induces maps

gt CLH(M) — CE(N) and g~ : C; (M) — C;(N).
The following invariance result is proven in [Eis19, Theorem A.1, A.2]; it relies
on the standing assumption that R is a PID.

Proposition 1.5.5. Let f: A’ — A be a homomorphism of augmented DG algebras
and let g: M — M’ be a homomorphism of A-modules.

(i) If A and A’ are degreewise free and f is a quasi-isomorphism, then f, and
f* are quasi-isomorphisms.

(ii) If A is degreewise free and g is a quasi-isomorphism, then g* and g~ are
quasi-isomorphisms.

The DG modules ij (M) carry additional structure. First, we have the
following sequence of isomorphisms of DG modules

C(R) =Homy(EA, e ' (R)) 2 Hompr(EA®a R, R) = Hom(BA, R),

which identifies C', (R) with the R-dual of BA. The DG coalgebra structure of
BA dualizes to give C'; (R) the structure of a DG algebra. Next, for any right
A-module M the DG modules CE (M) obtain left C; (R)-module structures in
the following way. Write BAY = Homp(BA, R) = C, (R), then the structure
map C, (R) ® C5 (M) — C} (M) is given by the following composition

BAY ® CH(M) 2% BAY @ CH(M)® BA
(1.21)

— T, C3(M)® BAY @ BA -2 CF(M)
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where vy = g is the comodule structure map of C (M) = B(M, A, R)

in Lemma 7 is the interchange isomorphism a ® b — (—1)/1lb © a and

ev: BAY ® BA — R is the evaluation map. In the other case the structure map

CL(R)® CL (M) — C, (M) is given by the following composition

BAY @ Homu(EA, M) ——s Homu(BA® EA, M) 2% Homa(EA, M)

(1.22)

where ¢(f ® g)(a ®b) = (—1)1a19l f(a) - g(5) and 4 = Homa(bm.a,1) is the

dual of the comodule structure map ¢p a: FA — BA® EA.

The properties of the functors Cf that will be important for us are
summarized in the following theorem. Here the morphisms in the category
of right or left modules over a DG algebra A are taken to be the A-linear chain
maps of degree 0.

Theorem 1.5.6. Let A be a degreewise R-free augmented DG algebra. Then the
assignments

M CE(M) and (g: M — M') s (g% : CE(M) — CL (M)

define functors C’j from the category of right A-modules to the category of left
C, (R)-modules. Moreover, these functors preserve quasi-isomorphisms and
short exact sequences.

We will now treat the case A = Agr[u] with |u| = 3 in detail. These
calculations will be important for later purposes and will serve as an excellent
example of how the above constructions work. We should note that all of these
calculations easily generalize to the case where the degree of u is any odd number.

We will write R[U] for the graded polynomial algebra on a single generator
U of even non-zero degree. This is also a coalgebra with counit given by the
identity in degree 0 and diagonal determined by

P
UP >y U @UP
i=0
where U? = 1. This structure is compatible with the algebra structure and turns
R[U] into a Hopf algebra, but this will not be important for us.

Lemma 1.5.7. Let A = Ag[u] with |u| = 3. Then there is an isomorphism of
DG coalgebras BA = R[V] where |V| =4, and an isomorphism of DG algebras
C,(R) = BAY = R[U] where |U| = —4. In particular, these complezes have
trivial differentials so that H;(R) = R[V] and H,(R) = R[U]. The first
isomorphism is given by

VP s (,1)p(p+1)/2[u| < |u]l  (p times)

for p > 0. The second is obtained by dualization of the first where UP is
determined by the evaluation UP(VP) =1 for all p > 0. Furthermore, the left
BAY -module structure of BA is given by U® - VP = VP~% where we interpret
Vi=0 fori<D0.
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Proof. We have A = Ag[u] so that Ag = R, A3 = Ru and A,, = 0 otherwise.
The augmentation is necessarily given by the identity in degree 0. Hence,
A = Ru concentrated in degree 3. From the definition of B(R, A, R) we find
that BA, 3, = R- ZP for p > 0, where Z? = [u] - - - |u] with u repeated p times,
and B, , = 0 otherwise. It follows immediately that the differential vanishes
identically. Using the formula for the coalgebra structure map in Lemma [[[5.3]

we find that
p

Yrp(Z7) = (~1) P D3zl gz,
=0

Define V? = (—1)P®+1/2 727 for p > 0. Then using the identity

1 (41 M —i 1
p(p+ ):(p_i)HZ(H ), p=Dp—it)
2 2 2
we deduce that the above formula transforms into ¢ g(V?) =Y 0 Vie VP

Hence, BA = R[V] as DG coalgebras with trivial differentials.

Define UP € BAY to be the dual of VP, i.e., UP: BA — R has degree —4p
and acts by UP(V?) = 1 and vanishes otherwise. The differential is still of course
trivial. The product U® - U' has degree —4(s + t) and must therefore be an
R-multiple of U**t. The calculation

(Us . Ut)(Vs+t) — (Us ® Ut) (SZ—H Vz' ® Vs-‘rt—i) — Us(Vs)Ut(Vt) -1
=0

shows that U® - U* = U***. Hence, C; (R) & BAY = R[U] as DG algebras with
trivial differentials. Finally, we need to check that the left module structure
BAY @ BA — BA is given by U® - VP = VP~%, Using the definition we find

VP=s ifp>s

p
s, YP — _ U NV s (yp—iy —
vs-v Z( D) Ve urvrT) { 0 otherwise.

=0

as required. |

We will also need explicit calculations of H (M) when M = H,(a; R) for
o =8S0(3)/S0(2) or a = SO(3), under the assumption 3 € R. In other words,
M = R @ R|[2| with the trivial A-module structure or M = A = Ag[u] (see (L.8))).
For this purpose we give concrete models for the complexes C’i (M). Note that
a right Ag[u]-module M is simply a DG module equipped with a degree 3 map
w: M — M satisfying u? = 0 and udy; = dpru (because A acts from the right).

Proposition 1.5.8. Let M be a right A = Agr[u]-module. Define bigraded modules
D, by

M, >0 M, <0
+ q-3p P = - _ g-3p DP=
DM_{ 0 p<o M DM_{ 0 p>0
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Define U : DjE — Di 1,q—3 to be the identity Mq_3, — Mg_3, when p > 1 and
p <0, respectwely, and otherwise to be zero. Define

J = (_1)p+q+1U: D;:)t,q = My_3p = My—3pt3 = D¥

p—1yq
"o o == _ =t
0" = 8M : D pg — Mq—3p — qugpfl = Dp,qfh

*,% )

complezxes and there are natural isomorphisms of DG R|U]-modules

in the range it makes sense. Then (Df,,d,0") and (D, ,,0',0") are double

Tot®(Df,,0,0") = C{(M) and Tot'(D;,,d,0") = C;(M).
Proof. We have A = R -u with u in degree 3. Therefore, B, , = (M @ A®P), =
M,y_sp A%’ & M,_3p. The isomorphism is given by m +— m[u|u|-- - |u] with
u repeated p times. For simplicity of notation write this as m ® ZP. Then,
using the formulas for the differentials, we find 9°(m ® ZP) = mu ® ZP~! and
9 (m @ ZP) = (—=1)POyrm ® ZP. The action of U is given by first applying the
comodule structure map to m ® ZP, and then evaluating U on the right factors
in the resulting sum (U has even degree so the interchange introduces no sign).

We have
Yarr(m® ZP) = Z(,l)(p—i)(\mwsi)(m@ Zi) @ Zp—i

so that U - (m @ ZP) = (=1)I™+P=Y(m @ Zr~1) . U(Z") = (-1)I™+Pm @ ZP~!
as U was defined to be the dual of V! = —Z!. It is now easy to check that when
we introduce the sign change m € Djf | = My_s), > (=1)PPTD/240imly @ 70
the U action and the differentials are given as in the proposition.

In the second case, EA = B(R, A, A) has generators over R of the form
ZP = [ulu| - - |u] and ZP @ u = [u]u|- - - |u]u in degrees 4p and 4p + 3 respectively.
It is convenient as earlier to introduce the sign twist V? = (—1)P(P+1)/2 2P since
then the differential is given by d(V?) = VP~ @ u and 9(V? ® u) = 0 and the
comodule structure map ¥p 4: EA - BA® EA is given by

Yr.a(VP) ZW@V” :

An element f € Homa(FA, M), is by A-linearity uniquely determined by the
elements f(VP) € My 44, for p > 0. The differential is given by

(DF)(VP) = dn (F(VP)) — (=) f(aVP) = 0y (F(VP)) — (=D f (VP
and the action of U is given by
(U-NVP) = (U fgralV?) = U HV @V = f(VP7).

It is now easy to check that the complex C (M) = Homu(EA, M) can be
described as the product totalization of the double complex given in the
proposition. ||
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For later reference we record the following facts from the above proof.
The isomorphism Tot®(DT,9',0”) = C} (M) is given by sending an element
m € My_3, = D to

P
—
(=1)Pa@=P+petD/ 2 Tyly| - - - |u] € B(M, A, R)p.q (1.23)

and the isomorphism C; (M) = Tot"(D~,d’,9") is given by sending an element
f € Homy(EA, M), to

p

——
(0P f ([uful - [u]))pzo € [ Matap = T] D2y (I.24)
p=>0 p=>0

It should be noted that there are other choices of signs possible. We have
chosen the signs that ensure that the action of U corresponds to the identity map.
A part of the double complex (D, d",0") corresponding to a right A-module
M is shown below

0 My e My — My ——
ou la law
0 S My = Mg o Moy ——
o laM B l@M
0 My ¢ M_g 6— M_g ——
Onr l&M lBM
0 M Mo, Moo

l l l

The dotted arrows represent the action of U. An element x of C'} (M), can
be represented by a sequence (m,,—4p)p>0, Where almost all terms vanish. This
element x is a cycle if and only if Oyymy_ap = (—1)"mn_4(p_1)u for each p > 0.
Each column is a shifted copy of the original complex M. The double complex
(D .,0',0") is obtained by shifting the whole diagram from the right half plane
over to the left half plane. A more concise representation of this double complex
is given in the following diagram

+u

c—— M[-9] +—— =

M[—6] «“— M[-3] «+—— M +— 0.

Note that in this case the internal differential in M[—3n], n > 0, is not twisted
by a sign, and that the +u notation means that the sign depends on the internal
degree.

81



I. Equivariant Instanton Floer Homology and Calculations for the Binary
Polyhedral Spaces

With these concrete models in hand it is easy to calculate the following.

Corollary 1.5.9. We have Hi(A) = R, H,(A) = R[3], with necessarily
trivial R[U]-module structure, and Hi(R & R[2]) = R[W] with |W| = 2,
H, (R @ R[2]) = R[Z][2] with |Z| = —2. The R[U]-module structures are
determined by U - WP = WP~2 and U - ZP = ZPT2,

Remark 1.5.10. The notation R[W] and R[Z][2] in the above result is only used
to effectively express the underlying graded modules and the action of R[U], it
should not be interpreted to mean that H3(R @ R[2]) carry any (co)algebra
structure.

1.5.3 Tate Homology
We will now proceed to the construction of CF(M).

Definition 1.5.11. For an augmented DG algebra A define the dualizing object
by
Dy = CZ(A) = HOInA(EA,A).

The dualizing object is a (left-left) A — C'; (R)-bimodule. The left C (R)-
module structure is the one already given in , while the left A-module
structure is obtained from the second factor in Dy = Hom(E A, A), that is,
(a- f)(z):=af(x)forall a € A, f € Homa(EA, A) and € EA. This justifies
the following definition.

Definition 1.5.12. For a right A-module M define the twisted positive A-chains
of M to be the DG module

CH™ (M) == B(M, A, D).

The homology of this complex is denoted by HX’tw(M ) and is called the positive
twisted A-homology of M.

The complex C*"" (M) carries a left C'; (R)-module structure induced from
the left C'; (R)-module structure of D 4.

Definition 1.5.13. The norm map Ny : O™ (M) — C (M) is for each right
A-module M defined to be the composite

B(M,A, D) — M ®4 Dy —— Homu(EA, M),
where € is the augmentation and ¢ is the adjoint of
M®4 (Da®EA) 2% M®4 A= M.

Explicitly, for m[ai|---|aplv € B(M, A, D) and x € EA,

Nyr(mlar]---|aplv)(z) = { " 'Sj(x) ffé):g;g (1.25)
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Lemma 1.5.14. The norm map Npr: C " (M) — C; (M) is C; (R)-linear and
natural in M.

Proof. The naturality in M is clear from the definition. To verify the C (R)-
linearity let f € O3 (R) and w = m[ay|---|aylu € CL™ (M) = B(M, A, Da).
Then f-w = (—1)imfa| -+ ay](f - w) for 7 = p+ || + Jas] + - + |ay] and
therefore Nps(f -w) =0 = f- Ny(w) provided p > 0. We may therefore assume
that p = 0 such that w = m[Ju. Let v = Njs(w) and note that |v| = |m| + |ul.
Let 2 € EA and write Yp a(x) =), ¥; ® 2, € BA® EA where ¢g 4 is the map
of Lemma [[5.3] Then by definition (f - v)(z) = (f ® v)(1r,a(2)), which equals

Z(—l)‘””yilf(yi)v(zi) - Z(_l)lmllyilﬂu\\yi\m - fys)u(z). (I.26)
On the other hand, Ny (f - m[Ju) = (=1)FI™I Ny (m[](f - u)), and by this
coincides with
(=1)#1m] Zm (fou)(y: ® z) = Z(,l)\f\\mlﬂuuyi\m fys)u(z).

The final expression is equal to the final expression in ([.26)) because f: BA — R
so that f(y;) can only be nonzero if |f| = —|y;|. Hence, f - Nays(w) = Ny (f - w)
and the proof is complete. |

The Tate complex CF (M) will be defined to be the mapping cone complex
of the norm map. At a later stage we will also have to consider the cone of a
map of nonzero degree, so we fix our conventions in the following definition.

Definition 1.5.15. Let B be a DG algebra and suppose that f: M — N is a
degree d chain map of left B-modules. This means that

(a) f(M,) C Nyyq for all n € Z,
(b) f(bm) = (=1)IPldpf(m) for all b € B and m € M and
(C) f o 81% = (—1)d8N o f

The left B-module Cone(f) is defined by Cone(f), = Ny ® My_q4_1 for all k € Z,
with differential

P [ n\_ [ On (—1)f n\ ([ Ovn+(=1)%fm
Cone(f) m - 0 (—1)d+13M m - (_1)d+laM,m
and B-module structure b- (n,m) = (bn, (—1)/?1¢+Dpm).

Remark 1.5.16. If B = R is concentrated in degree 0 and f has degree 0, then
this definition agrees with p. 46]. The above definition is what we get
when we regard f as a degree 0 map f: M[d] — N and take into account the
sign twist in the B-action upon shifting M.
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The cone complex sits in a natural short exact sequence
0 —— N —— Cone(f) —— M[d+1] —— 0

of B-modules, whose connecting homomorphism ¢: H(M),, — H,14(NN) recovers
H(f) up to a sign. In particular, there is a natural exact triangle in homology.

Definition 1.5.17. Let M be a right A-module. Then the Tate complex of M is
defined to be the C’; (R)-module

CF (M) == Cone(Ny: CH™ (M) — C7 (M)).

The homology of this complex is denoted by H3 (M) and is called the Tate
homology of M.

Given a map g: M — M’ of a right A-modules, there are induced maps
gt C’X’tw(M) — C’X’tw(M') and ¢>: CY (M) = CT (M)
of C;(R)-modules. The key properties of the functors C’Z’tw and C'Y° are
summarized in the following theorem.

Theorem 1.5.18. Let A be a degreecwise R-free augmented DG algebra. Then the
assignments

(M~ CY(M)) and (9: M — M') s (¢°: CY(M) — C4(M"))

for e € {(+,tw), 00}, define functors C’:{’tw, CY from the category of right
A-modules to the category of left C' (R)-modules. They are both exact and

preserve quasi-isomorphisms. Moreover, there is a natural exact triangle of
H (R)-modules

H(N]u)

Hy ™ (M)

o

HE (M).

H (M)

Suppose f: A — B is a quasi-isomorphism of augmented DG algebras. For
a given right B-module M there is no induced map between C%(f~'M) and
C%(M) for @ € {(+, tw), co}. Rather one has to introduce an intermediate object
to compare them.

Definition 1.5.19. Let f: A — B be a homomorphism of augmented DG algebras.
Define the relative dualizing object to be the (left-left) C; (R) — B-bimodule
Dy = C5(f 7' B) = Homa(EA, f'B),

where f~!B is regarded as a (right-left) A — B-bimodule.

Given a right B-module M define the relative positive twisted complex to
be C;“tw (M) = B(M, B, Dy) equipped with the left C’, (R)-module structure
induced from Dy.
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The relative positive twisted complex is a functor from the category of right B-
modules to the category of left C'; (R)-modules. Given a map g: M — N of right
B-modules the induced map is given by B(g,1,1): B(M, B, Dy) — B(N, B, Dy).

Lemma 1.5.20. In the situation of the above definition, if A and B are degreewise
free, the relative functor C;’tw preserves quasi-isomorphisms and short exact
sequences.

Proof. The assumptions that A and B are degreewise free along with the fact
that R is PID ensure that the relative dualizing object Dy is degreewise flat.
This is verified as in [Eis19, Lemma A.10]. It then follows from the invariance
theorem Eisl9|, Theorem A.1] that C;’tw = B(—, B, Dy) is an exact functor
preserving quasi-isomorphisms. [ |

Proposition 1.5.21. Let f: A — B be a homomorphism of augmented DG
algebras and let M be a right B-module. There is a relative norm map
Nf;: C’?’tw(M) — C4(f~IM) fitting into the following commutative diagram,
natural in M,

Cg,tw(M) Bm C}‘r,tUI(M) (637 CX,t’w(f_lM)

A
J{N A J{N 1{4 J{N M

*

Cy(M) —L— C(J7 M) =— C5(f~M).

All of the maps in the diagram are C, (R)-linear, C'5(R)-linear or linear along
f*: C5(R) = C4(R), as appropriate.

Moreover, if [ is a quasi-isomorphism and A and B are degreewise R-free,
then all the horizontal maps in the diagram are quasi-isomorphisms.

Proof. Define g: Dp — Dy and h: D4 — Dy to be the maps
g=[f":Cg(B)— C4,(f'B) and h=f":C;(A) - C,(f'D).

Note that D4 is a C; (R) — A-bimodule, Dy is a C, (R) — B-bimodule and
Dp is a C5(R) — B-bimodule. Moreover, observe that ¢ is a homomorphism
along (f*,1): (C5z(R),B) = (C,(R), B) and that h is a homomorphism along
(1,f): (C4(R),A) = (C,(R), B). We may therefore define the upper horizontal
maps in the diagram by

Buv = B(1,1,9): B(M,B,Dg) — B(M, B, Dy)

an = B(1, f,h): B(f"'M, A, D) — B(M, B, Dy).
It is clear by construction that these maps are natural in M. Furthermore,
by the above observations [y is linear along f*: C5(R) — C, (R) and ayy is

C’, (R)-linear.
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We define the relative norm map NJ]\}: B(M,B,Dy) — CL(f"*M) to be
the composition of the augmentation B(M, B,Ds) - M ®p Dy and the map
k: M ®p Dy — C, (M) which is given as the adjoint of

M ®p (Homa(EA, f'B) ® EA) =2 M @p f~'B f~'M.

Then N5 is C; (R)-linear while N{, and N{} are C; (R)-linear. Consider the
diagram

B(M,B,Dg) 229 g, B, Dy) « 25 pr-1a, A, Dy)
J/ 1®Bg J/ 1®rh -1
M®3D34>M®3Df<—f M @4 Dy
J¢ [ Is

Homp(EB, B) X5 Homa(EA, f~'M) «=— Homu(EA, f~'M),

where € denotes the augmentations and £ are the natural maps in the definition
of the norm map (see . In particular, the outer compositions & o € are the
respective norm maps and by definition Ko e = NV };1 We wish to verify that the
diagram commutes. The two upper squares commute by the naturality of the
augmentation in the bar construction. To verify that the lower squares commute,
consider the diagram obtained by passing to the adjoints of the vertical maps
¢, k and € in the bottom half of the diagram. The resulting diagram is then
seen to commute using the fact that each of the maps £, x and & was defined as
the adjoint of 1 ® ev for a suitable evaluation. By omitting the middle row of
the above diagram, we obtain the commutative diagram in the statement of the
proposition.

Finally, we need to verify that all the horizontal maps in the diagram are quasi-
isomorphisms provided that f: A — B is a quasi-isomorphism of degreewise
R-free algebras. We already know that this is true for f*: Cz(M) — C, (f~'M)
by Proposition [[5.5] For the upper horizontal maps, note first that g = f*
and h = [~ are quasi-isomorphisms by the same result. Then, since D4,
Dp and Dy are degreewise flat, one concludes by Theorem A.1] that
Byv = B(1,1,9) and ap = B(1, f,g) are quasi-isomorphisms as well. This
completes the proof. |

From this result one quickly obtains the required invariance result. Never-
theless, we will need the more refined statement of the above proposition in the
next section.

Corollary 1.5.22. Let f: A — B be a quasi-isomorphism of degreewise R-free
augmented DG algebras. Then for every right B-module M there are natural
isomorphisms of H, (R) = H(R) modules

HP™(f M) = HE™ (M) and HY(f'M) = Hy (M).
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Moreover, these isomorphisms are compatible with the exact triangles of Theorem

[Lo18

A DG algebra A is said to satisfy Poincaré duality of degree d € Z provided
there is a weak equivalence A ~ Hom(A, R[d]) of A — A-bimodules, where the
right and left actions on the target are induced by the left action on A and the
trivial left action on R][d], respectively. Here, weak equivalence means that there
exist a finite number A = Xy, X1, -+, X, = Hom(4, R[d]) of A-bimodules and
for each 0 < i < r there is a quasi-isomorphism X; — X;;11 or X;;1 — X, of
A-bimodules. According to Theorem A.19] there is under this hypothesis,
an isomorphism H[""(M) = H[(M)[n] of H,(R)-modules. We will give a
different proof of this result for A = Ar[u] with |u| = 3. This case is sufficient
for the application to equivariant instanton Floer homology when % € R.

We will now consider these constructions for A = Ag[u] with |u| = 3 as we did
for Cj. The Tate complex CF (M), even in this simple case, is big and difficult
to handle explicitly. To remedy this we will construct a much simpler and very
explicit complex that also computes the Tate homology H°(M). Indeed, we will
show that if we take one of the double complexes (fo*, 0',0") of Proposition
and extend them in the natural way to the whole plane, then a suitable
totalization of this complex will do the trick.

Lemma 1.5.23. Let A = Ag[u] with |u| = 3. Then there is an isomorphism of
left A-modules A ® Rla] = D where |« = —4. Under this isomorphism the
differential on A ® R[a] is given by (1 ® aP) = —u ® aP*! and d(u ® aP) =0
for p >0, and the action of R[U] = C (R) is given by U - (a ® af) = a ® aPT!
forae A andp > 0.

Furthermore, the map p: R — A ® Rla] of degree 3 given by 1+ u® o is
an A-linear quasi-isomorphism.

Proof. Using the explicit model of Theorem we see that

Ay forn=4m,m <0
(DA)n:CX(A)n’:V A forn=4m+3,m<0
0 otherwise

and a quick check shows that these identifications are compatible with the
left A-module structure. The required isomorphism is therefore obtained by
letting 1 ® a” and u ® o correspond to the generators 1 € Ag = C(A)_4p
and v € Az = C (A)_4p+3, respectively, for p > 0. The same result shows that
the differential and R[U]-action are determined by the formulas d(u ® o) = 0,
(l®aP)=—-u@aPtt and U- (a® aP) = a® aP*! for a € A and p > 0.
From this description we find that 0: (Da)_4p — (Da)—ap+1)—3 is an
isomorphism for each p > 0. Therefore, the map p: R — A ® R[a] of degree 3
given by 1 — u ® o is an A-linear quasi-isomorphism. |

In the following result we establish the isomorphism H{*"(M) = H{(M)[3]
of R[U]-modules for each right A-module M. It also contains the key ingredients
needed to establish the simplified model for C%° (M).
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Lemma 1.5.24. Let A = Ag[u] with |u| = 3 and let M be a right A-module. Then
there is a quasi-isomorphism far: C5 (M) — C’Jr tw( ) of degree 3 and a chain
homotopy spr: CL (M) — CL" (M) of degree 0 such that

faoU—Uo fyy =005y —sp00.

In particular, H(fy): Hf(M) — Hiy" (M) is a degree 3 isomorphism of
R[U]-modules. Furthermore, fyr and sy are natural in the module M, and
in terms of the explicit models C§ (M) = Tot®(D},,8',0") and C; (M) =
TotH(D;’*, d',0") of Proposz'tz'on the compositions Nar o far and Nar o sps
are given in degree n by

(=D)"u

T L
Gapzo Mn,4p M, Mn+3 —_— HqZO Mn+3+4q

™ L
69,,20 My _ap M, quo Myt aq,

respectively.

Proof. Recall that O} (M) = B(M, A, R) and C ;" (M) = B(M, A, D). Tt is
convenient to introduce the notation

me VP ;:(_1)p(p+1)/2m[u|u| e
m®@ VP @ =(—1)PCD2m |yl - - -

lu] € B(M, A, R)
[ulté € B(M, 4, D.s)
for m € M and ¥ € Dy, where u is repeated p times in both formulas. In terms
of this notation the differentials and actions of U € R|U] of B(M, A, R) and
B(M, A, D,) are given by the formulas
Um®VP) = (=1)"mevr!
UmeVPy)=me VP (Uy)
A(m @ VP) = (=1)P(Oprm + mu ® VP
ImVP @) = (=1)P(Oym@ VP + mu® VP @1
+m® (VP @up + (-1)MVP @ dp ).
By the previous lemma there is an isomorphism D4 = A ® R[a] with |a| = —4.

To simplify the notation write aa? := a ® o for a € A. There is also an A-linear

quasi-isomorphism p : R — D, of degree 3 given by p(1) = ua®. This map

induces a quasi-isomorphism
fa=B(1,1,p): BI(M,A,R) — B(M,A,Dj)

of degree 3, which in terms of the above notation is given by fi/(m ® VP) =
(—=1)I"lm @ VP @ ua® (the sign is forced upon us by the fact that we regard p as
a map of degree 3). Using the above formulas we find that

(faroU—=Uo far)(m@VP) =ma VP ' @ua’ — (—1)™m e VP @ uat. (1.27)

88



The Algebraic Construction of Equivariant Floer Homology

Define sy : B(M,A,R) — B(M,A,Dy4) of degree 0 by sy(m ® VP) =
m® VP @ al. A straightforward calculation using the above formulas and
the formula for the differential in D4 =2 A ® R[a] given in the previous lemma
shows that

Isp(m@VP) = (=1)P(Oum @ VP @a’ + mu® VP~ @ a?)
+me VPl oua® — (=1)I"m e VP @ ual
spu0(m @ VP) =(=1)P(Oym@ VP @ a’ + mu@ VPt @a).

Combining this with we obtain fryoU —U o fyy = 0sar — spr0 as required.

Finally, we need to consider the compositions of fj; and sp; with the norm
map Nys: O™ (M) — C; (M) in terms of the models given in Proposition
By m € Mg_3, = D;q corresponds to (—1)I™Pm ® VP which
is mapped by fi to (=1)™P*)m @ VP @ ua’. The norm map kills off all
such elements with p > 0 and sends m ® V° ® ua® — mu - . This is the
functional that sends V° to mu € M,;3 and vanishes on V¢ for ¢ > 0. By
the identification C (M), 2 ] >0 Mntaq is given by ¢ = ((V9))g>0.
We conclude that Njs o fas is given by the composition in the statement of the
lemma. The verification for Nj; o sy is analogous. [ |

We need two simple but slightly technical results before we can reach our
goal.

Lemma 1.5.25. Let X and Y be DG R[U]-modules and suppose that f: X —Y
is a degree d map of R[U]-modules up to homotopy; that is, f is a chain map
of degree d and there is a chain homotopy s: X — Y such that fU —Uf =
Oys+ (—=1)%s0x. Let Cone(f) be given as in Deﬁm’tz’on except that we
redefine the R[U]-module structure by setting

()5 ) )-( i)

for all (y,z) € Y, & X,,_q_1 = Cone(f),,. Then Cone(f) is a DG R[U]-module
and the maps in the natural short exact sequence

0 —— Y —— Cone(f) —— X[d+1] —— 0

are (strict) maps of R[U]-modules.

Proof. Tt suffices to check that Ocone(f)U = UOcone(s)- This follows easily from
the relations OxU = Udx, OyU = Udy and fU — U f = dy s+ (—1)%sdx. Next,
the maps in the natural exact sequence are given degreewise by the inclusion
Y, =Y, & X,,_4-1 and the projection Y,, & X,,_4_1 — X,,_q—1 and are seen to
commute with the action of U. |

Lemma 1.5.26. Let f: X — Y be a degree 3 map of DG R[U]-modules up to
homotopy, and let g: Y — Z be a degree 0 map of DG R[U]|-modules. Then
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gof:X — Z is a degree 3 map of R[U]-modules up to homotopy and there is a
commutative diagram

0 —— Z —— Cone(go f) X[4] 0
l: lConc(f,l) lf[l]
0 Z Cone(g) Y[1] 0

with short exact rows. If Cone(g o f) is given the DG R[U]-module structure
of the previous lemma, then the maps Cone(f,1) and f[1] are maps of DG
R[U]-modules up to homotopy and all the other maps in the diagram are strict
maps of DG R[U]-modules.

Proof. By assumption there is a chain homotopy s: X — Y of degree 0 such that
fU—=Uf =0s—s0. Then for h :== go f and t := gos we have hU —Uh = 0t —t0
as well. This shows that h is a map of R[U]-modules up to homotopy. By
functoriality of the cone construction we obtain a commutative diagram of DG
modules with short exact rows

0 —— Z —— Cone(go f) X[4] 0
J{: J{Cone(f,l) J{f[l]
0 —— Z —— Cone(g) Y[1] 0.

Here, Cone(f,1): Cone(go f)p = Zn ® Xpn—g — Z, @Y,,—1 = Cone(g),, is given
by (z,2) = (z,—fz), and f[1]: X[4]), = X4 — Y1 = Y[1], is given by
x — —fx. Equip Cone(g o f) with the adjusted R[U]-module structure given
in the previous lemma. Then all the horizontal maps in the diagram are strict
maps of R[U]-modules. The right hand vertical map is a map of R[U]-modules
up to homotopy, so the only thing we have to verify is that Cone(f,1) is a map
of R[U]-modules up to homotopy.

We claim that v: Cone(h) — Cone(g) given by v(z,2) = (0,sx) is the
required homotopy. Indeed, using matrix notation for the various maps,

1 0 U t U 0 1 0
cun-sewn-(3 4)(5 £)-(5 )2 )
/0 t
“\0 Uf-fU
0 g 0 0 00 0z —h
o= (%) (3 0)+ (3 0)(% )
(0 gos
- 0 Sax—ays ’
where C(f,1) is shorthand for Cone(f,1). Therefore, as t = g o s and

Oys — s0xs = fU — Uf, we deduce that Cone(f,1) is R[U]-linear up to
homotopy. |
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Given a sequence of R-modules {D,},cz we write [[,, . D for the

submodule of [], D, consisting of the sequences (z5)scz for which there exists
so such that zs = 0 for all s > sp. Similarly, [ Dy is the submodule of
(2s)sez with x5 = 0 for all sufficiently small s.

Definition 1.5.27. Given a double complex E = (D, ,,d’,d"), define Tot™"~*°(E)
and TotH’+°°(E) to be the complexes that in degree n are given by

H Ds,n—s and H Ds,n—s

S§——0Q 5— 00

S§—00

respectively, with differential 0 = 9’ + 9”.
Theorem 1.5.28. Let A = Ag[u] with |u| = 3 and let M be a right DG A-module.

Define Dy, q—3p for allp,q € Z. Set
O = (—1)PT u: DY = My_3, — My_3p13 =D, ,
" =0n: Dyiy=Mg—3p = Myg_3p—1 = D54

and let U: D)5, = My_3p, = My—3, = D2 5 be the identity for all p,q. Then
there is a quasi-isomorphism, natural in M,

Tot'™" (D, ., ,d") = CF (M),
which is a homomorphism of R[U]-modules up to homotopy.

Proof. By Lemma 4| there is a quasi-isomorphism f = fa: C{(M) —
O™ (M) and a homotopy s = spr: C (M) — C 3" (M) such that fU —Uf =
0s — s0. We apply Lemma for f: O (M) — C"™ (M) and the norm
map Nys: O (M) — C; (M) to obtain the commutative diagram with exact
rows

0 —— O (M) —— Cone(Ny; o f) —— CH(M)[4] —— 0
J/: lCone(f,l) lf[l} (128)

0 —— Oy (M) ——— OF (M) ———— CP™(M)[1] —— 0,

where we recall that C3° (M) = Cone(Nys). By the same result Cone(f,1) is
a map of R[U]-modules up to homotopy. As both the outer vertical maps are
quasi-isomorphisms, it follows by passage to the long exact sequences in homology
and the 5-lemma that Cone(f,1) is a quasi-isomorphism. Thus, Cone(f,1) is
the required map. This quasi-isomorphism is natural in M, since both f and
N are natural transformations in M and the cone construction is functorial.
The remaining task is to establish an isomorphism Cone(Ns o f)
Tot'" (D, 0',0"). Using the identifications of Proposition we obtain

*, %)

Cone(Nar o f)n = C4 (M) ® CH(M)—s = | [] Musaq | © | D Ma—apin

q=0 p=>0

91



I. Equivariant Instanton Floer Homology and Calculations for the Binary
Polyhedral Spaces

for each n € Z. Moreover, by Lemma h = Ny ofandt:= Nyos
are given on (xp)p>0 € CX(M),L by h((zp)p) = ((=1)lolzgu,0,---) and
t((zp)p>0) = (20,0,0,---). Therefore, using the formulas

O —h U t
— (M) _
BCone(h) - < AO aCj{(M) > and U = ( 0 U ) )

as well as the description of the differentials and the U-action in terms of the
models for CL (M), we deduce that Cone(h) = Totl_[’_‘x’(ka’f’*7 0,0"). |

A part of the double complex (Dgf,,d",0") is shown below.

My ¢—— Ms «—— My <—— My <—— -
Onm o |Om | 9w iBM
My = My «—— My «—= Mo ¢—— -
o - Oom Om - laM
M6 _u M3 = MO T M,g — -
. Oar Om ot laM
N3 - V- -
O Ms ¢—— Mz ¢—— M_y ¢—— M_4 ¢—— -

This is indeed the natural concatenation of the two double complexes D;‘: . and
D_,.

Corollary 1.5.29. Let M be a right A = Ag[u]-module. Then U: HP (M) —
HP (M) is an isomorphism.

Proof. U: TotH’_OC(D,ff’*,a’,a") — TotH’_OO(Df?*,a',é‘”) is an isomorphism.
|

As in the cases C% we will need calculations for M = R, M = R@® R[2] and
M = ARr[u]. This is easily achieved with the help of the above explicit model.

Corollary 1.5.30. We have
HY(A) =0, HY(R)=R[T,T™"] and HF(R® R[2)) = R[S, 5],

where |T| = —4, |S| = —2 and the R[U]-action is given by U - T* = T** and
U-S"= 82 for alli € Z.

We note once again that our notation should not be interpreted to mean that
there is any product structure in HY (R @ R[2]) or HY (R).
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.5.4 The Equivariant Instanton Floer Groups

In this section we will give the definition of the various flavors of equivariant
instanton Floer homology. Before we can get to this we have to recall a few
definitions concerning filtered DG modules. Let M be a DG module equipped
with an increasing filtration

- CF,  MCFMCF,;MC---CM

by DG submodules. The minimal filtration quotients F,M/F,_1M enter
many times in the following discussion, so we introduce the simpler notation
F,M = F,M/F,_1M. The filtration gives rise to a homological spectral
sequence with -

E),=Hypo(FyM) = Hpyo(M) (1.29)

(we will elaborate on this in the next section). However, without any additional
information, this spectral sequence may fail to converge in any sense to the
desired target H(M).

The following properties of a filtration are highly desirable in order to achieve
any reasonable convergence properties of the above spectral sequence. The
filtration {F, M}, of M is said to be Definition 2.1]

(i) exhaustive if colim, F, M =, F,M = M,
(i) Hausdorff if lim,, F, M =, F;, M = 0 and
(iii) complete if Rlim, F,M = 0.

Here Rlim is the first (and only nonzero) right derived functor of lim (see
Section 1] for additional details). It is important to note that these limits are
calculated degreewise. In particular, if the filtration is degreewise bounded below,
that is, for each degree n there exists po(n) such that F,M, = 0 for all p < py,
then the filtration is automatically complete Hausdorff. Similarly, if the filtration
is degreewise bounded above then the filtration is automatically exhaustive.

Definition 1.5.31. Let M be a DG module equipped with an increasing filtration
{F, M}, by DG submodules. Then the full completion of (M, {F,M},) is defined
to be the complex

~

M = limg colim,, F{,M /F,M
equipped with the filtration FpM = lim, F, M/F,M.

Remark 1.5.32. The standard completion of a filtered module M is typically
defined by lim, M/F M (see for instance p. 2.7]) and is naturally filtered
by {lim, F,M/F,M},. We have therefore chosen to use the terminology full
completion to distinguish it from this notion. The lemma below demonstrates
that the two notions coincide if the filtration of M is exhaustive.

A map f: M — M’ between filtered DG modules is filtered if f(F,M) C
F,M' for all p € Z. There is therefore a category of filtered DG modules and
filtered maps. A sequence M’ — M — M" of filtered DG modules and filtered
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maps is short exact if F,M' — F,M — F,M" is short exact for each p € Z.
The relevant properties of the full completion are summarized in the following
lemma.

Lemma 1.5.33. Let M be a filtered DG module. Then the following holds true.

(i) The filtration FPM = limgep F, M/Fy M of M is exhaustive and complete
Hausdorff.

(i) For each q < p there is a natural isomorphism F,M/F,M — F,M/F,M.
(iii) If the filtration of M is exhaustive, then M =lim, M/F,M.

(iv) If the filtration of M is complete Hausdorff, then M = colim, F,M =
U, FpM.

The full completion M — M defines a functor from the category of filtered
modules to itself, which preserves short evact sequences.

Proof. Let M be a filtered DG module and set N = colim, [, M = {J, F, M
filtered by F,N = F,M. Then the full completion of M coincides with
the standard completion of N, i.e., M = limy N/F,N. Therefore part (i)
and (ii) follow from the corresponding properties of the standard completion
(see Proposition 2.8]). If the filtration of M is exhaustive, then
colim, F,M/F,M = M/F,M for each ¢ and part (iii) easily follows. For part
(iv)

~

M = limg colim,, F,M /F,M =lim, N/F,N = N = colim, F,,M.

It is clear that M — M is functorial with respect to filtered maps. The
exactness of M follows from the exactness of sequential colimits and exactness of
the standard completion in the category of R-modules (see for instance
Corollary 10.3]). [ |

Remark 1.5.34. If B is a DG algebra and M is a left or right B-module equipped
with a filtration by B-submodules the definition of the full completion and the
above lemma apply without change. The reason for this is that quotients, limits
and colimits are formed in the category of graded modules, with the B-action
and differentials carried along.

Recall from the previous section that for a degreewise R-free augmented DG
algebra A, four functors C'%, e € {+, —, (+, tw), oo}, from the category of right
A-modules to the category of left C'y (R)-modules were defined. By Theorem
and Theorem these are all exact and preserve quasi-isomorphisms.
Therefore, if M is a right A-module equipped with a filtration F,M by A-
submodules, C% (M) carries a natural filtration F,C% (M) = C%(F,M) by
C (R)-submodules. Now, even if the initial filtration of M is exhaustive and
complete Hausdorff, the resulting filtration of C'§ (M) may fail to satisfy these
properties. This motivates the following definition.

94



The Algebraic Construction of Equivariant Floer Homology

Definition 1.5.35. Let A be a degreewise R-free augmented DG algebra. For
o € {+,—, (+,tw), 0} define a functor C'§ from the category of filtered right
A-modules to the category of filtered left C'; (R)-modules by

C% (M) =1lim, colim, C% (F,M/F,M) filtered by
Fpé;x(M) =limgy ), C% (F, M/ F, M) for all p € Z.

In other words, C'% is the composition of the natural extension of C'% to filtered
4—modules followed by the full completion functor. We denote the homology of
Ca(M) by H3(M).

The various flavors of equivariant instanton Floer homology are obtained by
applying this construction to the framed Floer complex.

Definition 1.5.36. Let A = C¢™(SO(3)) and let M = CI(Y, E) be the framed
Floer complex associated with an SO(3)-bundle F over a closed oriented three-
manifold Y, equipped with the index filtration. For e € {+,—, (+,tw), 00}
define

CI*(Y,E) :=C%(M) and I*(Y,E):= H(CI*(Y,E)).

The groups I*(Y, E), for @ € {+, —, (+, tw), 0o}, are called the positive, negative,
positive twisted and Tate equivariant instanton Floer homologies of (Y, E),
respectively. These homology groups are modules over H (R).

For A = Ag[u] and M = DCI(Y, E) we similarly define the complexes

DCI*(Y,E) = C%(M).

Remark 1.5.37. For A = C.(SO(3);R) and M = R it holds true that
H; (R)= H=*(BSO(3); R) (see |Eis19, Lemma A.21]).

The norm map Nys: O™ (M) — C; (M) is a natural in M and therefore
extends to a natural map Ny : CU™ (M) — C (M) for any filtered module

M. The following simple lemma ensures that C’jo(M ) is naturally isomorphic to
Cone(Ny).

Lemma 1.5.38. Let A be a degreewise R-free augmented DG algebra and let M
be a filtered right A-module. Then there is a natural (filtered) isomorphism of
C (R)-modules

Cone(Nyy) = CF(M).

In particular, we have the following exact triangle of H , (R)-modules.

.HX’tw(M) H(NM)

Lu\ 0]

HEE (M)

Hy (M)
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Proof. For ¢ < p and n there is a natural identification

F,CY (M) ~ oo M (M +rw [ FpM
FQCXO(M)n_CA F‘IM n_CA F‘IM n@CA F‘IM nfll

In terms of the right hand side the differential is given by

(817_,11 Np.q >
0 _8+,tw ’

p,q

where 0, and 8;; ;fw denote the differential in the first and second summand
respectively and N, , denotes the evident norm map. Applying lim, colim,
to this identification, taking into account that this is calculated degreewise
with differentials and A-module structure carried along, we obtain C%(M),, =
Oy (M), @ CH™ (M), in each degree n. The differential on the right hand
side is given by

P.q

( lim, colim,, 9 lim, colim, N,, )
0 .

: : + tw
lim, colim,, 8},7;1

Therefore, the right hand side is precisely Conc(NM), since by definition
N = limg colimy, N, 4. | |

To verify that DCI®(Y,E) also calculates I°(Y, E) when i € R we will

establish the necessary invariance results for the functors CA';‘ The appropriate
tool is the following lemma, which is a simple consequence of the Eilenberg-Moore
comparison theorem of Theorem 5.5.11]. For a filtered map f: M — N
between filtered DG modules we use the notation ?p: F,M — F,N for the
induced maps between the the minimal filtration quotients.

Lemma 1.5.39. Let M and N be DG modules equipped with exhaustive and
complete Hausdorff filtrations. Then if f: M — N is a filtered map such that
the induced map f,: FyM — F,N is a quasi-isomorphism for each p € Z, then
f is a quasi-isomorphism.

Proposition 1.5.40. Let A be a degreewise R-free augmented DG algebra. Suppose
f+ M — N is a filtered map of filtered right A-modules such that f,: F,M —
F,N is a quasi-isomorphism for each p € Z. Then for e € {+,—, (+,tw), o}
the induced map

[t Ca(M) — C4(N)

is o (filtered) quasi-isomorphism of Cy (R)-modules. Furthermore, upon passage
to homology, these isomorphisms are compatible with the exact triangle of Lemma
1.5.538

Proof. Let ® € {+,—, (+,tw), o0} and note that the functors C'% and CA’:‘ are
covariant in M. For simplicity of notation let g = f*: C%4(M) — C4(N) denote
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the induced filtered map of C’; (R)-modules. Then by Lemma [[.5.33| part (ii)
and the exactness of C', there is for each p a commutative diagram

By assumption fp is a quasi-isomorphism, so since the functor C'§ preserves
quasi-isomorphisms it follows that ?; is a quasi-isomorphism. As the vertical
maps are isomorphisms, we conclude that g, is a quasi-isomorphism. By
Lemma part (i) the filtrations of C'%(M) and C%(N) are exhaustive
and complete Hausdorff. We conclude that g = f ® is a quasi-isomorphism using
the comparison result; Lemma [[.5.39] The lemma applies equally well to the
filtered subcomplexes. Consequently, the restrictions g,: F,C% (M) — F,C*(N)
are also quasi-isomorphisms for all p. This shows that g is in fact a filtered
quasi-isomorphism. [ ]

Next we have to establish a similar invariance result for variations in the DG
algebra.

Proposition 1.5.41. Let f: A — B be a quasi-isomorphism of degreewise R-free
augmented algebras and let M be a filtered B-module. Then there is for each
o € {+,—, (+,tw), 00} a natural isomorphism of H, (R) = Hg(R)-modules

H(f71 M) = Hy (M),
compatible with the exact triangles of Lemma[[.5.38

Proof. We first consider the case ¢ = +. For each pair ¢ < p there is by
Proposition [[.5.5] a natural quasi-isomorphism

fo: CHE, f'M/F,f M) — CL(F,M/F,M)

linear along f*: C5(R) — C (R). By applying lim, colim, we obtain a filtered
map g = fu: CL(f~'M) — C}(M) linear along f* : C5(R) — C5(R). By
construction, the following diagram commutes for each p.

cr @, ran) L op )
F,Ch(f~ M) —2 TG (M)

As the upper horizontal map is aAquasi—isomorphism, so is the lower horizontal
map and we conclude that g = f, is a filtered quasi-isomorphism by Lemma
For e = — there is for each pair ¢ < p a natural quasi-isomorphism

5 Cx(F,M/F,M) — Cy(F, f *M/F,f~*M).
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By passing to the colimit and limit we obtain a filtered map f*: C’E (M) —
C7(f~'M), linear along f*: C5(R) — C; (R). The same argument as above
shows that this is a filtered quasi-isomorphism.

For the two remaining cases recall that there is a relative functor C]T’tw, see
Definition [[[5.19] from the category of right B-modules to the category of left
C (R)-modules. By Lemma this functor is exact and preserves quasi-
isomorphism, so we may promote it to a functor CA’]T’tw between the corresponding
filtered categories as we did with the others. By passing to the colimit and then
the limit in the commutative diagram of Proposition applied to F,M/F,M
for all ¢ < p, we obtain a commutative diagram

CJr tw( ) B}M C+ tw( ) an Cy+,tw (f71 M)

J/NJM J/N J/NJM

Co(M) —L s G (M) = G (M)
of filtered DG modules over C', (R) or C5(R) as appropriate. Furthermore,
all the maps are filtered and C), (R)-linear, C;(R)-linear or linear along
f*: C5(R) — C, (R) as appropriate. By the same proposition, as f: A — B is
a quasi-isomorphism of degreewise free DG algebras, all the horizontal arrows
in the diagram applied to F,M/F,M are quasi-isomorphisms. This implies, by
the now familiar argument, that all the horizontal arrows in the above diagram
are filtered quasi-isomorphisms. In particular, there is a natural isomorphism
Hj’tw(f’lM) o Hg’tw(M). Moreover, we obtain a zigzag of quasi-isomorphisms
between the cones of the vertical maps

Cone(NP) —— Cone( AJJ\}) — Cone(Nf_lM) .

In view of Lemma [[.5.38) we obtain an isomorphism H(f~'M) = H (M)
linear along H, (R) = Hy(R) as well. The above diagram also ensures that
these isomorphisms are compatible with the corresponding exact triangles. W

The key application of these invariance results is the following.

Corollary 1.5.42. Suppose that 1 € R. Then for each € {+,—,(+,tw), 00}
there is an isomorphism H(DCI®*(Y, E)) = I*(Y, E) of H, (R) = R[U]-modules.
These isomorphisms are compatible with the corresponding exact triangles.

Proof. As 1 5 € R there are, according to Proposfmonﬂ a quasi-isomorphism
i: Ag[u] = C{™(SO(3)) of DG algebras and a zigzag

CI(Y,E) —L— X «+2— DCI(Y,E)

of filtered objects and filtered Apg[u]-homomorphisms such that fp and g,
are quasi-isomorphism for each p € Z. The required result now follows from

Propositions [[.5.40| and [[.5.41] |
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For A = Ag[u] we can extend a number of the results from the previous
section.

Proposition 1.5.43. Let A = Ag[u] and let M be a filtered A-module. Then
there is a filtered quasi-isomorphism far: CA’:{(M) — C'Z’tw(M) of degree 3
and a (filtered) homotopy spr: C (M) — C L' (M) such that fa U — U far =
05y — 8m0 for U € R[U] = C,(R). Moreover, there is a (filtered) quasi-
isomorphism

Cone(Nys o f) — Cone(Nyy) = CF (M),

which is R[U]-linear up to homotopy, where the source is given the R[U]-module
structure determined by the homotopy ty = NM o Sy as in Lemma
Furthermore, the resulting isomorphism in homology is compatible wzth the
associated exact triangles.

Proof. Recall from Lemma that there is for each right A-module N
a quasi-isomorphism fy: C1(N) — C1"(N) of degree 3 and a homotopy
sy: CH(N) — Cj’tw(N) such that fyU — Ufy = Jsy — sy0. Let f,,
and s,, denote the maps obtained for N = F,M/F,M for ¢ < p. By
naturality we may pass to the colimit over p and then to the limit over ¢
to obtain maps far: CL(M) — CP" (M) and §5r: CL(M) — CP™ (M), As
fp U — Uqu = Spq0 — 05p 4 is Vahd for each pair ¢ < p, it follovvs that
fMU UfM = 057 — 8);0. The fact that fM is a quasi-isomorphism is proved
as before using Lemma [[.5.39]

The final statement follows by applying lim, colim,, to the diagram in
the proof of Theorem for F,M/F,M and another application of Lemma
It is clear from this construction that one obtains an isomorphism between
the corresponding exact triangles in homology. |

Combining the above proposition with Corollary [.5.42] we obtain the
following.

Corollary 1.5.44. Suppose that % € R. Then there is a degree 3 isomorphism
IT(Y,E) 2 " (Y, E) of R|U]-modules and there is an exact triangle of R[U]-

modules
(3]

(Y, E)

{[—41\ 0]

(Y, E) ;

I-(Y,E)

where the numbers specify the degrees of the maps.

We will now restrict ourselves to the cases of interest, namely,
(4, M) = (CI™(SO(3)),CI(Y, E)) or (A,M) = (Aglu], DCI(Y, E)),

where M is equipped with the index filtration. Recall from Definition [[.2.§ and
Definition that M was obtained from a multicomplex (M, .,{9"}2_,),
and that the index filtration was defined to be the column filtration, i.e.,
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F, M, = GBSSP Mg pn—s. In both cases it holds true that My, = 0 for all
t>4andt <0 (for M = DCI(Y,E) this is true for ¢ > 4). This implies
that the filtration is degreewise finite and therefore exhaustive and complete
Hausdorff. Explicitly,

M, forallp>n

FpMy, = { 0 forallp<n-5 (1.30)

The following lemma indicates why it is desirable to introduce the full completions
of the various functors.

Lemma 1.5.45. The filtration of C§ (M), F,C%(M) = CL(F,M), is degrecwise
bounded above, exhaustive and Hausdorff. The filtration of C', (M) is degreewise
bounded below and complete Hausdorff. If M # 0 the filtration of C§ (M) fails
to be complete and the filtration of C, (M) fails to be exhaustive. Therefore,

CH(M) =1lim, CF(M/F,M) and C5(M) = colim, C'; (F,M).

Proof. We will use the underlying bigrading of the multicomplex M, .. As a
graded module (not DG) we have C{ (M) = B(M, A, R) = M ® BA. Therefore,
in degree n

Ci(M),= @ M,®@BA. = @ M.,®BA, (1.31)

u+r=n s+t+r=n

and FPCX(M ) is obtained by imposing the condition s < p in the above right
hand direct sum. First, notice that A and hence BA are supported in nonnegative
degrees. Then, as M, = 0 for t < 0, it follows F,C’{ (M),, = C}{(M),, for p > n.
This shows that the filtration is degreewise bounded above and hence exhaustive.
It also follows from the above description that the filtration is Hausdorff. On
the other hand

lim C} (M/F,M),, = lim EB M,; ® BA, = H M,;® BA,. (1.32)
P 2
s+t+r=n s+t+r=n
s>p

This does not coincide with the direct sum in equation ([.31)) if M # 0, due to
the periodicity My, & Mg, for all s,t. Thus, C} (M) fails to be complete if
M #0.

Next, there is an isomorphism C (M) = Homa(EA, M) = Hom(BA, M) of
graded modules. In a fixed degree n, we find

Cy (M), =Hom(BA,M), = [[ Hom(BA,, M,,) (1.33)

st+t—r=n

and as above F,C', (M) is obtained by imposing the condition s < p in the right
hand product. For the factor Hom(BA,, M ;) to be nonzero it is necessary that
r>0and 0 <t <4, and therefore s = n+r—t > n—4. Hence, F,C, (M), =0
for p < n — 4 showing that the filtration is degreewise bounded below, and
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thus complete Hausdorff. Moreover, the above also implies that the right hand
product in (L.33]) subject to the condition s < p is finite and therefore coincides
with the direct sum. Consequently, colim,, F,C', (M) is given by

colim, @ Hom(BA, M.,)= @5 Hom(BA,,M,,), (1.34)
s+t2r=n s+t—r=n
SSP

which does not coincide with the product in as long as M # 0. This shows
that the filtration fails to be exhaustive if M # 0.

The description of Cf (M) and CA'Z (M) given in the statement is now a
consequence of Lemma part (iii) and (iv). |

Remark 1.5.46. Miller Appendix A] defines completed versions of C’f using
what he names the completed bar construction and the finitely supported cobar
construction. He defines the completed bar construction, E(M ,A,N), to be the
completion of B(M, A, N) with respect to the filtration by internal degree, while
the finitely supported cobar construction ¢B(N, A, M) C Hom(B(N, A, A), M)
is the subcomplex consisting of those functionals that vanish on B, q(N A A)
for all sufficiently large p. The above lemma, in particular equations and
(C34)), verifies that our C’A( ) and C7 (M) coincide with Miller’s B(M A, R)

and ¢B(R, A, M) for M = CI(Y,E) and M = DCI(Y, E) with A as appropriate.

The final part of this section is devoted to extending the concrete models
of Proposition and Theorem |[.5.28 to the complex DCI*(Y,E) for
o ¢ {+,—,00}. We will therefore assume that l € R throughout.

Theorem 1.5.47. Let A = Ag[u] and let (DE,,8',0") be the double complexes

R

associated with M = DCI(Y,E) in Proposition Then there are
isomorphisms of DG R[U|-modules
DCI™(Y,E) = Tot"(D/,,9,0") and DCI™(Y,E) = Tot®(D,,,d',d").

k%9

In particular, there are identifications

DCIT(Y), = [[ Mu—sp and DCT™(Y )y = @D Myrap

p>0 p>0

for each n € Z. An element x € DCI*(Y), can therefore be expressed by a
sequence © = (Mptap)p where we require p < 0 in the + case and p > 0 and
almost all my 4, =0 in the — case. The differential is in both cases given by

Oz = (OmMmntap — (=1)" My prap-1)u)p
and the action of R[U] is determined by U - x = (M4 4(p+1))p-

Proof. The isomorphism C} (M) = TotGB(D*+ . 0',0") of Proposition yields

in degree n
+ _
M), =P M= P Mipsas
s>0 s>0,t
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and FpC';‘Ir (M) is obtained by imposing the condition ¢ < p in the right hand
sum. Now the calculation of the limit lim, C} (M),,/F,C (M), goes through as
in equation of the previous proof to show that C'} (M), = [1,=o Mn—as-

The other case is analogous and the calculation of the relevant colimit proceeds
as in equation of the previous proof. |

Note that the only difference between the above theorem and Proposition
is that we have interchanged the type of totalization we apply to the double
complexes.

We also obtain the following explicit model computing I°° (Y, E).

Theorem 1.5.48. Let A = Ag[ul, let (DE,,0',0") and (D, 0',0") be the double

complezes associated with M = DC’I(Y E) in the above theorem and Theorem
respectively. Let v,vp: Tot"(Dt,d,0") — Tot® (D=, ,d") of degree 3
and 0 respectively, be given degreewise by the compositions

HSZO Mn—4s = Mn S

My 3 —— ®t>o n43+4t

s L
HSZO Mn74s Mn ®t>0 n+4t,

where m and v denote the projection and inclusion, respectively. Then v is a
chain map satisfying vU —Uv = 01 — 0. Define Cone(v) with the R[U]-module
structure adjusted by the homotopy ¢ as in Lemma[[.5.25 Then there is an
isomorphism R[U]-modules Tot'™" (D%, 0',0") = Cone(v) and a filtered quasi-
isomorphism between this complex and DCI* (Y, E), which is R[U]-linear up to
homotopy. Moreover, this quasi-isomorphism is compatible with the corresponding

exact triangles in homology.

Proof. By Propositionthere is a filtered quasi-isomorphism fy; : CA’X(M ) —
CH™ (M) of degree 3 and a filtered homotopy 8y : C(M) — CH™ (M)
such that fMU - UfM = 08y — Sy 0. Furthermore, there is an induced
filtered quasi-isomorphism Cone(Nys o far) — CF (M), which is R[U]-linear
up to homotopy when the cone is given the adjusted R[U]-module structure
determined by the homotopy far = Nag o éar. In terms of the explicit models of
the above theorem N MO fM and N A © 8y are precisely v and ¢ as defined in

the statement. The verification of this is done just as in Lemma The fact
that Cone(v) = Tot™ (D, 0',0") is proved just as in Theorem [1.5.28 |

* %)

Remark 1.5.49. The proofs of Theorem [[[5.47] and Theorem [[[5.48| go through
without any essential change with M = CI(Y, E), regarded as a Ag[u]-module,
in place of M = DCI(Y, E).

We may extract the following noteworthy consequences, showing in particular
that the framed homology groups I(Y, F) := H(DCI(Y,FE)) = H(CI(Y,E))
may be recovered from the R[U]-action on I*(Y, E) up to extension.
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Corollary 1.5.50. There are long exact sequences

I,Y,E) —— I*(Y,E)y —Z— It (Y,E)p_y —— I(Y,E)n_1

I(Y,E)p—s —— I"(V,E) —Y= I"(Y,E)pp_y —— (Y, E)p_a.

Moreover, U : I®°(Y,E) — I*°(Y, E) is an isomorphism.

Proof. Let M = DCI(Y,E) and A = Ag[u]. In terms of the explicit models
for DOT*(Y, E) = CE(M) the action of U € R[U] are in degree n given by the
natural shifts

U: H Mn74s — H Mn7474s and U: @Mn+4s — @Mn74+457
s>0 s>0 s>0 s>0

respectively. Explicitly, (z)s>0 — (Ts+1)s>0 in the first case and (ys)s>0 —
(0,90,¥1,---) in the second. From this we deduce that the first map is surjective

with kernel D({ . = M and the second is injective with cokernel isomorphic to
Dy, = M. There are therefore short exact sequences of chain complexes

0 M Df —Y Df[4] — 0

0 — Do [-4] Y= Df M 0

giving rise to the stated long exact sequences in homology. The final statement
is a consequence of the fact that the shift

U: DY = H My 45 — H Mp_4-4s =D;Z,

§—>00 S§—00

is an isomorphism in each degree n and therefore also an isomorphism upon
passage to homology. [ |

Remark 1.5.51. The fact that U: I°°(Y, E) — I*°(Y, E) is an isomorphism when
% € R was first proved using a spectral sequence argument in ||

I1.5.5 The Index Spectral Sequences

For e € {+, —, (+,tw), 00} the complexes CI*(Y, E) and DCI*(Y, E) introduced
in Definition come equipped with filtrations and therefore give rise to
spectral sequences. These will be called index spectral sequences as the filtrations
are induced by the index filtrations of CI(Y, E) and DCI(Y, E). The purpose of
this section is to recall some theory on spectral sequences and then to establish
the basic properties of the index spectral sequences. We will mainly follow
Boardman’s paper , but we will stick to homological notation. All of this
will be very useful for our calculations in the next section.
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Recall that an (unrolled) exact couple (A, E, 1, j, k) consists of two sequences
of graded modules (A;)s and (Es)s, indexed over s € Z, and homomorphisms
i=(is: As—1 = Ag)s, § = (Js : As = Es)s and k = (ks : Es — As_1)s such
that the sequence

ke

As—l & As Je Es As—l L> As

is exact for each s. We will generally omit the lower index on the maps, letting
the source and target specify the map in question. In our situation the degrees
of (4,7, k) will be (0,0,—1). For each » > 1 and s set

Z7 =k Im[iTY s A, — Ay )
B! = jKer[i(r_l) cAs = Agyroi]
B = Z{/ B,

where (") denotes the r-fold composition 70 --- 04 for r > 1 and i is the
identity. Furthermore, put Z3° := (. Z], By® =, B; and EJ° = Z°/B.
For the later convergence theory it is also important to introduce the derived
limit RES® = Rlimg Z%. There are differentials d": El — E!_, for each s and
r > 1, defined in the following way. Let x € Z! represent the class [z] € ET.
Choose y € A,_, such that i~V (y) = k(z). Then d"([z]) = [j(y)] € E._,. The
situation is illustrated in the following diagram

Z’(T—l)

Yy S As—r ]C(IZ?) c As—l

Jjly) € Es_, x € E,.
(1.35)
One may then show that d” is well-defined, that d” o d” = 0 and that

ETt 2 Ker(d": EL — E._,)/Im(d": EL,, — EI)

for each r > 1 and s. In other words, (E”,d"),>1 is a spectral sequence. We call
it the spectral sequence associated with the exact couple (A, E, i, j, k). Every
exact couple we will meet is covered by the following example (see [Boa99
Section 9]).

Example 1.5.52. Let C be a DG module equipped with an increasing filtration
{F;C}s by DG submodules. For each s € Z let A, = H(F,C) and E, =
H(F,C/Fs_1C). Define i: A;_1 — Ag, j: Ay — Es and k: E; — As_1 to be
the maps induced by the short exact sequence

0*>st10 FSC FSC/stlc*}()

upon passage to homology. In particular, k£ is the connecting homomorphism
of degree —1. Then (A, E,i,j,k) is an exact couple. The spectral sequence
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associated with this exact couple is the spectral sequence mentioned in .
If B is a DG algebra and C' is a B-module filtered by B-submodules, then
As, Es carry the structure of graded H(B)-modules, and the maps i, j, k are
H(B)-linear. Moreover, this structure carries in a natural way over to the whole
spectral sequence.

Returning to the situation of an exact couple (A, E, i, j, k) put
Ay = colimg Ay, A_ =lim, Ay and RA_. := Rlim, A;. (1.36)

For us the relevant target for the spectral sequence is the colimit A, filtered
by FsAs = Im(As — Ay). For each s € Z there is a natural inclusion
¢s: FsAs/Fs_1As — E2° given by the composition

FiAs/Fo1Ase —— Tmj/BX —— Z2/BX = EX. (1.37)

Here, the first isomorphism is given by sending [z] € FyAs/Fs—1 A, represented
by z € FsAx, to [j(y)] € Im j/BS°, where y € Ay is alift of  along the surjection
As = Fy A, and the second map is induced by the inclusion Im j = Ker k C Z2°

(see Lemma 5.6] and its proof).

Definition 1.5.53. The spectral sequence (E",d"),>1 associated with the exact
couple (A, E,i,j, k) converges strongly to the colimit A, if the filtration
F A = Im(Ay — Ay) of Aw is exhaustive and complete Hausdorff and
the map ¢s: FsAs/Fs—1As — EZ° is an isomorphisms for each s € Z.

Strong convergence is the ideal form of convergence. In theory, if we can can
calculate E*° we would know the subquotients Fs Ay, /Fs_1 Ao and provided we
can solve the extension problems to determine Fy A, /F; Ay for each pair s > t,
we can recover the target group as

Aoo = hmg colimt FtAOO/FSAOO

Definition 1.5.54. [Boa99, Definition 5.10] Let (A, E, 1,7, k) be an exact couple
with associated spectral sequence (E”,d");>1. If RA_ =0 and A_o =0 (see

(1.36])), then the spectral sequence is said to converge conditionally to the colimit
Ao

In our situation of a filtered DG module and the corresponding exact couple
described in Example [[5.52] we have the following result.

Theorem 1.5.55. Theorem 9.2] Let C be a DG module equipped with an
increasing filtration FsC by DG submodules. Let (Ag, Es, 1,7, k) be the associated
ezact couple with corresponding spectral sequence (E”,d"),>1. If the filtration of
C is exhaustive and complete Hausdorff, then the spectral sequence (E”,d");>1
converges conditionally to the colimit As = H(C).

In the presence of conditional convergence there are two remaining
obstructions to achieving strong convergence; namely, the vanishing of the
group RE> and another group W. We refer to [Boa99, Lemma 8.5] for the
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general definition of W, but we note that if the exact couple is constructed
from a filtered complex, then W is isomorphic to the kernel of the canonical

interchange map (see [HR19])
k: colim, lim, H(F,C/F,C) — lim, colim, H(F,C/F,C).

We then have the following convergence theorem.

Theorem 1.5.56. Theorem 8.2] Let (A, E,i,j,k) be an exact couple and
assume that the associated spectral sequence (E”,d"),>1 converges conditionally
to the colimit Asy. Then if W =0 and RE® = 0 the spectral converges strongly
to the colimit A .

The following result gives a few standard criteria for the vanishing of RE>®
and W in the situation of a filtered complex.

Proposition 1.5.57. Let C' be a filtered complex with associated exact couple
(A, E,i,j,k) and spectral sequence (E™,d")y>1.
(i) If the filtration of C is degreewise bounded below, then RE* = 0 and
W =0.
(ii) If the filtration of C is degreewise bounded above then W = 0.

(iii) If the spectral sequence degenerates at some finite stage; that is, E™ =
Emotl = ... = E* for some finite ro > 1, then RE>® =0 and W = 0.

We may now apply this theory to the filtered complexes CI®(Y, E) for
e € {4, —, (+,tw),c0}. This is a good point to explain that the mod 8 periodicity
of CN’I(Y, E) carries over to the complexes CI*(Y, E). Let M = &(Y, E) and
let A = C?"(SO(3)) or A = Ag[u]. Then the periodicity may be expressed
as an isomorphism M 2= M[8] of A-modules. Moreover, this isomorphism is
compatible with the filtration in the sense that F,.sM = (F,M)[8] for all p € Z.
There is therefore an induced isomorphism

CI*(Y,E) = lim, colim, C%(EFpysM/Fyis M)
= lim, colim, C% (F,M/F,M)[8] = CI*(Y, E)[8].

This isomorphism is seen to be filtered in the same sense: F,CI*(Y,E), =
FpisCI*(Y,E),4s for all p and n.

Theorem 1.5.58. Let A = CY™(SO(3)). There is a conditionally convergent
spectral sequence of H , (R)-modules

E;,t: @ H§O(3)(O‘)t = I*(Y,E)spt

jla)=s
for each o € {+,—, (4, tw), 00}, where

Hio)(a) = H3(C{™(a))
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for each critical orbit « € C. Moreover, the spectral sequences are periodic
in the sense that there are isomorphisms Ei, = E{ ¢, for all s,t,r. These
isomorphisms commute with the differentials and the H 4 (R)-action and they are

compatible with the target in the sense that

FoI?, —— Fouslliig

| |

o0 = o0
Es,t Es+8,t

commutes for all s,t.
The spectral sequence for I~ (Y, E) converges strongly, while the spectral
sequence for IT(Y, E) converges strongly provided RE* = 0.

Proof. Let M = I (Y, E) equipped with the index filtration. For each
o ¢ {+,—,(+,tw), 00} the complex CI*(Y, E) = C%(M) carries by construction
an exhaustive and complete Hausdorff filtration with minimal filtration quotients

F,C%(M) = C4(F,M).
There is therefore by Theorem [[.5.55]a conditionally convergent spectral sequence
By, = HY(FM)sre = HY(M)gye = I°(Y, E)os.
From the definition of C'T (Y, E) (Definition we may identify

FSMs+t: @ Cigm(a)
jla)=s

so that B}, = @D (a)=s Hso()(a)¢ in the notation of the statement.

Next, the periodicity isomorphisms FpCA’A(M)n =~ Fp+8CA’;1(M)n+8, compati-
ble with the differentials and the C’) (R)-structure, induce a morphism of the
associated exact couple. That is, there are isomorphisms A; =2 Ay, Fs = Fqis
each s, compatible with the structure maps. It is then a straightforward ex-
ercise to verify that this gives rise to the periodicity in the spectral sequence,
compatible with the target, as stated.

Finally, for the convergence we know by Lemma that the filtration
of C{(M) is degreewise bounded above and that the filtration of Oy (M) is
degreewise bounded below. This implies by Proposition [5.57] and Theorem
that the spectral sequence associated with I~ (Y, E') converges strongly and
that the spectral sequence associated with I (Y, E) converges strongly provided
RE> = 0. |

Provided % € R, these spectral sequences can equally well be constructed
from M = DCI(Y, E) equipped with the index filtration and A = Ag[u]. This
is what we will assume when we calculate these groups for binary polyhedral
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spaces in the next section. Furthermore, in this setting the calculation of the
groups
HSo(5)(CI™ (@) = HY 1 (Hi (@)

for each ® € {4, —, (+,tw), 00}, are contained in Lemma Corollary
and Corollary From these calculations it becomes clear that the spectral
sequences for IT and I~ are contained in the upper and lower half-planes
respectively, while the spectral sequence for I°° is a whole-plane spectral sequence.

1.6 Calculations for Binary Polyhedral Spaces

We will from this point require that 2 € R is invertible. The universal example
to have in mind is R = Z[1]. Our main aim is to give explicit calculations of the
Hy ol (R) = R[U]-modules

I+(?F,E), I_(?F,E) and IOO(?F,E)

for each finite subgroup I' € SU(2), where E — Y is the trivial SU(2)-bundle.
To simplify the notation slightly we will omit the reference to the bundle in the
notation from this point. In the final part we also include the calculations of
I°(Yr) for e € {+, —, 00}, omitting some details.

The two results Theorem [[[4.21] and Proposition [[4.25] give a concrete
description of the Donaldson model DCI(YT) in all cases. The key tools needed
in the calculations are the index spectral sequence in combination with the
explicit models for DCT* of Theorem [[5.8 In the It case, we will see that the
index spectral sequence immediately degenerates, and we are left with solving
an extension problem in the category of R[U]-modules. In the I~ case there
are a number of differentials in the index spectral sequence, but we will in each
case verify that the spectral sequence degenerates on some finite page E™. The
extension problems in this case are neatly solved by observing that E2° is a free
R[U]-module for all s.

In Corollary 8.7] Miller calculates I°°(Y") for all rational homology
spheres. This, of course, includes Y, so our calculation of this group should
only be regarded as a verification of his result. In addition, we observe that the
norm map vanishes in homology so that the exact triangle relating the three
groups splits up into short exact sequences.

Throughout this section we let A = Ag[u] with |u| = 3. Given a finite
subgroup I' C SU(2) we will always write C for the set of critical orbits, or
equivalently, the set of 1-dimensional quaternionic representations of I'. Recall
that for each o € C we have fixed generators b, € Hy(a), to, = by - u € Hs(a) if
« is irreducible and ¢, € Ha(a) if o is reducible.

1.6.1 The Case I

In this section we will calculate I (Yr) as an R[U]-module for all finite subgroups
I' ¢ SU(2). Even though our arguments do not explicitly rely on the index
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spectral sequence, we note that the motivation for the upcoming arguments is
the following observation.

Lemma 1.6.1. Let M = DCI(Yt) for a finite subgroup I' C SU(2). Then the
index spectral sequence

Esl,t: @ HX(Ol)t = I"(Y1)stt

jla)=s
degenerates at the E' page, that is, all differentials are trivial and E' = E>.

Proof. From the calculations in Lemma [[.5.7 and Corollary [[5.9] we see that
H 7} («) vanishes in odd degrees for all types of orbits a. Then, as j(a) = 0 (mod 4)
for all o € C, it follows that E}, = 0 if s or ¢ is odd. Since the differential d"
has bidegree (—r,r — 1) we conclude that d" = 0 for all » > 1 as required. W

From this one may determine It (Y1) as an R-module. However, the structure
as an R[U]-module is more subtle and this is the reason we spell out our argument
more directly in terms of the filtration of the chain complex DCI+(YT).

Let I' C SU(2) be a finite subgroup and let M = DCI(Yr). Let C'"" C C
denote the subset of free critical orbits or equivalently irreducible flat connections.
Define M C M to be the submodule generated by C", i.e.,

M7= € Hi(a) and M)"= @ M.
aecirr s+t=n
i()=s

The following lemma is the key tool in resolving our extension problems in the
category of R[U]-modules.

Lemma 1.6.2. There is an R-linear map : M — M of degree —4 satisfying
(i) ¥(z)-u=(=1)"0yz for all z € M,
(if) Tm(y) € M7,

(iii) ¥ (Im(u)) =0 and

(iv) ¥(Imdpr) = 0.

Proof. By Theorem the only possibly nontrivial differentials in M are
Onr: Myg — Mys_q1 for s € Z. The same result also shows that u: Migl@ —
M, = Mys—; is an isomorphism for each s. We may therefore define
t: Mys — M, C Mys_gq by u=tody and set v = 0: My — M,;_4 in all
other degrees. The relation t(z) - u = (—1)1#19y,x is then satisfied for all z € M
and by construction Im(y) C M*". For (iii) and (iv) it is then sufficient to
note that Im(u) and Im(dy;) C M are supported in the degrees My, 1 for
s € 7. |

Remark 1.6.3. It is not difficult to show that the conditions (i) and (ii) determine
the map v uniquely, but we will not use this explicitly.
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Recall from Corollary that for M = DCI(Yr) there is an identification
DCIT(Yr), = szo M, _4yp for each n. Moreover, the differential is given by

IMn—ap)p>0 = (OmMmn—ap — (=1)" My _4(py1)8)p>o0-

The point of the map v should now be clear; given m € M, the element
(WP(x))p>0 € [l,50 Mn—1p gives an explicit extension of m to a cycle in
DCIH(Y). -

Using the description of the differentials in Proposition we note that
is given on a generator b, € Hy(o) C My, by

’(/J(ba)zu_l Z ngats | = Z ngabs (1.38)

ﬂeci’r"r‘ /Becir'r

(the integers ng, were defined in Definition [I.4.20)).
Recall from Lemma [[5.45] that

DCI*(Yr) = ChH(M) = lim, C{(M/F,M),

filtered by FpCA'X(M) = CA'X(FPM) = limy<, C4 (F,M/F,M). The concrete
model given in Corollary [5.47] applies equally well to these subcomplexes.
Recall that we use the notation F,M = F,M/F, M.

Lemma 1.6.4. Let M = DCI(Yr) be equipped with the index filtration. Then
FypyM = Fypt M for allp € Z and 0 <t < 3. Moreover, there are identifications
forse€Z and 0 <t <3

_ >
CZ(F4pM)4s+t = { M4p+t fOT s=p (139)

0 fors<p

A My, — fors>p
CH(Fu. M ~ HqZO 4(p—q)+t
A( 4p )4S+t { HqZO M4(57q)+t fO'I" 5 < .

Define C: CX(F@M) — CA'Z(FLLPM) forx € Mypyy 2 CT(FapyM)ysye, s> p, by

(@) = (9(2))g20 € [ [ Map—qy+ = CF (Fu, M),
q=0

where 1) is the map of Lemma[l[.6.3, and otherwise to be zero. Then ¢ is a chain
map splitting the exact sequence of DG R-modules (i.e., mo( =1)

¢
RS

0 —— O (Fap 1 M) —— C{(FyyM) —"— CF(FypyM) —— 0.
Proof. The fact that Fyp¢M = Fy, M for 0 <t < 3 follows from the structure
theorem From the same result one concludes that Fy, M, = M, for
n < 4p + 3 and Fy,M, = 0 for n > 4(p + 1). Therefore, F4,M,, coincides
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with M, for 4p < n < 4p + 3 and vanishes otherwise. Using this, the given
degreewise formulas for C'; (Fa, M) and CF (Fy, M) follow from Proposition‘m
and Corollary respectively.

Next we have to verify that ¢ is a chain map. The differential in C} (F4,M)
is given by wu: My, — My,43 in degree 4s for s > p and is otherwise 0. The
differential in CA’X (FypM) is given in degree 4s + ¢ by

a((7/”‘4(sfq)+t)q20) = (8Mm4(sfq)+t - (_1)tm4(sfq71)+tu)q207

where if s > p it is assumed that my_q)4; = 0 for ¢ < s — p. In view of this
formula and the fact that ¥ (z) - u = (=)= for all z € M by Lemma
we see that for z € Mypy = CZ(F4,,M)4SH, s>,

0 if (5,) = (p,0) or 1 < ¢ <3
aog(x)za(¢qx)q>0:{ (- u,0,0,---) ;fis>)pt(:p())or

In the first case we also have 9z = 0 and hence ¢ o 9(z:) = 0, while in the second
case we have 9x = = - u so that (0 d(x) = (YI(z - u))g>0 = (x - 4,0,0,---) as
1 vanishes on Im u by Lemma [[.6.2} In all other degrees ¢ vanishes, so we may
conclude from the above that ( is a chain map.

Finally, the projection m: C}(Fy,M) — C}(FyM) is in terms of the
formulas of given by the projection Hq>0 Myp—q)+t = Mapy¢ in degree
4s +t for s > p and otherwise 0. From this description it is clear that Tro ( =1
and the proof is complete. |

We need one final lemma describing the interaction between the map ¢ and
the action of R[U].

Lemma 1.6.5. In the situation of the above lemma the map ¢: C(FypyM) —
CH(Fy,M) satisfies ((Uz) = UC(x) for each x with |x| # 4p. Moreover, in
degree 4p we have the following commutative diagram

CX (F4PM)4P ¢ ? OX (F4pM)4p z ? OX (F4PM)4(P—1)
v |-
J— C A
CH (Fagp-1yM)ap1) Ch (Fagp-1yM)agp).-

Proof. In degree n for n < 4p the map ¢ vanishes, so the first assertion is clear in
this case. In degree 4s + ¢ with s > p and 0 <t < 3 we have, using the formulas
of Lemma [[.6.4]

CX (F4pM)4s+t = M4p+t and CX (F4pM)4s+t = H M4(p7q)+t-
920

It then follows from Proposition [5.§ and Corollary [[5.47] that the U action is
given by the identity in these degrees. Therefore, U o ( = ( o U in this case as
well.
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For x € Mypyy = CX(F4PM)4P+,5, where 0 < t < 3, we have Uz = 0, while

U(¢(z) = U((¥2)gz0) = (") 20 = (4(¥x))g20 = ((¥(x)),

where we regard x € My,—1)41 = CAL (F4(p_1)M)4(p_1)+t. This shows that the
given diagram commutes in degree 4p + ¢ for 0 < t < 3. However, in the proof of
Lemma [[.6.2] it was shown that ¢: Mapis — My(p—1)4¢ vanishes for 1 <t¢ < 3.
Therefore (o U = U o ( in degree 4p +t for 1 <t < 3 as well. This completes
the proof. |

To describe I7(Yr) and later I~ (Yr), it is convenient to introduce the
following definition.

Definition 1.6.6. For an R[U]-module X define the mod 8 periodic R[U]-modules
X8 and X8 degreewise by

11,8 8
XL :HX,H&S and X% :EBX”+SS.
SEL SEL

The maps U: X8 — X8 and U: X®8 - X®¥ are defined to be the product
and direct sum over the maps U : X,, 185 = X,_418s for s € Z, respectively.

Let ' € SU(2) be a finite subgroup. Given a € C we will use the
shorthand notation Hj(«) == Hj(H.(a)). Write C = C"" uCred y cfred
for the decomposition of the critical orbits into irreducible, reducibles and fully
reducibles. For each n € C/7¢4, X\ € C"*? and o € C'"" introduce variables V;,,
Wy and a generator g, so that

Hji(n) =RV, Hi(\)=R[W,\ and Hf(a)=R-ga,

where |V,| =4, |[Wx| = 2 and |go| = 0. This is justified by the calculations of
Lemma and Corollary In the following we regard the relative grading
j:C — Z/8 as taking values in {0,4}.

Theorem 1.6.7. The positive equivariant instanton Floer homology I*(Y)
associated with the trivial SU(2)-bundle over Y is given by

1,8

(@ R-gau(an)@ B rwi | e | @ RV

OCEC“‘T )\ECrcd necf.rcd

The R[U]-module structure is determined by

-t forp>0
U-VP = n
n { Zpeci” Npngp forp=20
U.Wp_{ Wf_2 forp>0
A ZpGC”T NprGp fOT p=0
U-goa= Z Npa9ps

peCiTT

112



Calculations for Binary Polyhedral Spaces

where we interpret W' = 0 and the integers Np p, A€ given in Proposition

for each pair (1, p2) € C.

Proof. Let as usual M = DCI(Yr) be equipped with the index filtration.
By Lemma @l we have Fy,M = Fyp M for 0 < t < 3, and the map
¢: CF(FapM) — Cf(FypM) along with the inclusion i: CF (Fyp_1)M) —
CF(Fy,M) define a chain isomorphism

i+ CA’Z(F4(:U—1)M) ® CZ(FM)M) = éX(F4pM)

of DG R-modules for each p. By induction we obtain isomorphisms

CX(F4P ) = CA(F4(P r— 1)M <€BCA F4p q)M)>

q=0

for each p and 7 > 1. Since the filtration F,Cf (M) = O} (F,M) is degreewise
bounded above and complete Hausdorff, it follows by first passing to the limit
over r and then to the colimit over p that we obtain an isomorphism of DG

R-modules
L) =[] Ch(FapM
PEL
Hence, as products commutes with homology,

IT(Yr) = Hi(M) = [[ Hi(FapM). (1.40)
PEZ

Write C = C®UC! where C* = {a € C: j(a) = 4i (mod 8)} for i = 0,1. Then

7 = | Dacco Hilo)[4p]  if p=0 (mod 2)
Hj (FypM) = { @aegl Hﬁ(a)[‘lg] if;)z 1 (mgd 2),

and we may simplify the expression in ([.40)

11,8
[T HLFad) =[] P HL(@)8p + (e (@HA ) . (1.41)

PEZL pEZ aeC aeC

By replacing each H}(a) with R[V,], R[W,] or R g, according to whether «
is fully reducible, reducible or irreducible we obtain the additive statement of
the theorem.

To finish the proof we need to determine the action of U. Returning to the
notation of equation (L.40)), for a fixed degree n, we have I (Y), = HE(Fy,M),
for each p with 4p > n. This is a consequence of the formula given in
Lemma [[[6.4] Fix the minimal p with 4p > n and consider the commutative
diagram

IHYr)n ¢ Hi (FapM)n ¢ Tpugen B (FagM)n

[« v v

I+(?F)n—4 = HX(F41)M)TL—4 <T Hq:4q§n HX(F4(q—1)M)n—4
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Here, ¢ is the isomorphism obtained by taking the limit, as j — oo, over the
maps
([7q])j<q<n/a = Z [¢(zq)],
j<qsn/4

where z, € C§(F4,M) represents [x,] € Hf(F4,M) and U’ is the map that
forces the right rectangle to commute. Our task is to determine U’. By Lemma
we have for y € H} (Fy,M), that H(¢) o U(y) = U o H(¢)(y) provided
n > 4q, while if n = 4¢, and y = [z] then U o H(()(y) = [¢z]. Tt follows that
U’ =T]U if n is not divisible by 4. Otherwise, if 4|n so that n = 4(p — 1), then
U' =71+4]]U, where 7 = ([z4])q<p—1 = [¢(zp—1)]. Therefore, in the description

(Vo) = [] P H (o)l8p + i(a)]
pEZ aeC
of , the action of U is given by taking the product over the internal R[U]-
module structure of each factor H; (a) and adding the correction term 7. For
each p, 7 only affects the terms H} (o)[8p + j(@)]sp+j(a) = H (@)o. In terms of
our generators this correspond to V0 if « is fully reducible, W2 if « is reducible
and g, if a is irreducible. Now, we may require that these generators correspond
to by € Ho(a) C My, =2 CF(FygM) = H (F4,M)4, under the identifications
of Lemmam Therefore, using the explicit formula for v, we obtain

U-Vi= " npg,
peCirT
and similarly for the other types of generators. This completes the proof. H
Example 1.6.8. For Y = Y. there are two irreducibles «, 3, the trivial
connection 6 and a fully reducible 7. The grading is given by j(6) = j(5) =0
and j(«) = j(n) = 4. Furthermore, nog = ngo = 3 and nq9 = ng, = 1. This is
obtained from Proposition [[[4:25] The above theorem gives
IY(Y) = (R[Ve] ® R- g5 ® R[V;][4] ® R - ga[4)"".
This means that
R{gs} @ [1;s0 R{V(f’i, VZ~'y n=0 (mod 8)
I*"(Y)n = R{ga} @ [iso RIV;TL V) n=4 (mod 8)
0 otherwise.

For oz = (TQiVn%)iZO S [+(Y)4, Tro; € R, we have U - x = 7090 + (TQiVn2i71)1'21 S
IT(Y)o. For & =rg,, r € R, we have U - = 3rgg.

1.6.2 The Case I~

In this section we will calculate I~ (Y) for all finite subgroups I' € SU(2). In
contrast to the calculations in the previous section, there will be a number of
nontrivial differentials in the index spectral sequence. Nevertheless, the spectral
sequence will still stabilize after a finite number of steps in each case.
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Lemma 1.6.9. Let I' C SU(2) be a finite subgroup. Then the only possibly
nontrivial differentials in the index spectral sequence

Esl,t: @ Hy(a)y = I7(Y1)st

jla)=s

are d*": B4

A(s+r),—a(r—1) Eff;?, for s andr > 1.

Proof. As j(a) = 0 mod 4 for each o € C, we have E!, = 0 unless 4|s. By

Lemma and Corollary the R[U]-module H, (a) is given by R[U] with
|U| = —4, R[Z][2] with |Z| = —2 or R[3] depending on whether « is fully
reducible, reducible or irreducible, respectively. This means that Ei&t =0 for
t > 4 and odd ¢t < 2. Since the differential d" has bidegree (—r,r — 1) we
deduce that it can only be nonzero if it lands in the bidegree (4s, 3) for some
s. The only such differentials that also begin in a possibly nonzero group are
' Ei(sfr),fél(rfl) - Efllg?)‘ u

Our first task will be to give an explicit formula for the nontrivial differentials.
Fix a finite subgroup I' € SU(2) and let M = DCI(YT) be equipped with the
index filtration. Recall that by Lemma [[5.45]

DCI~(Yr) = colim, C; (F,M) = | JC (F,M).
P
In the following we will use the fact from Lemma that Fuy M = Fy, M

for all p € Z and 0 <t < 3 without further mention.

Lemma 1.6.10. For all p,s € Z and 0 <t < 3 we have

A = ®0<q<pfs My(s1qy+¢  if s<p
Cy (FapM ) gyt = { ==Y Fsop

= ~ | M if s <

The differential in C (Fap,M) is given by u: My, — My,is in degree 4s with
s < p, and vanishes otherwise. The differential in C (Fap M) is given by

I(zq)o<g<p—s) = (Omzq — (_1)txq71u)0Squ*S+1

for (xq)o<q<p—s € @Oéqﬁp—s My(stq)+t = C4 (FapM)ssy¢ where s < p, and we
mnterpret x_1 =0 = Tp_s41.

Proof. This is a simple consequence of Proposition using the fact that
Fy, My, = M, for n < 4p + 3 and Fy, M,, = 0 otherwise. |

For each n € Cfm¢? X\ € C"*? and a € C'"" we introduce variables Uy, Zy and
a generator h,. Then, according to Lemma [[5.7] and Corollary

Hy(n)=R[U,), Hi(\) =R[Z)][2] and Hj(e)=R-h,
where |U, | = —4, |Z)| = =2 and |hq| = 3.
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Lemma 1.6.11. Let {E",d" },>1 be the index spectral sequence with

E;,t: @ Hy(a)y = I (Yr).

jla)=s

Then, for each r > 1 and s, Efg Ca(—1) = Eis _4(r—1) is a free R-module with
generators

{Uf;_l inell s i) =4syu{Zy i xe e 3 j(\) = 4s})

and Ej, 3 is a free R-module with generators {he : o € C"" 3 j(a) = 4s}.
Let p, : Ej, 3 — E2§,3 denote the natural surjection. Then in terms of these

generators the differential d” : Ejf(”sw) —a(r—1) Eff:_g is determined by

r—1
d4r(U§_1) =Dr Z Nann <H na'i+1ai> “ha,
i=1

(a1, ,ar)

r—1
d4r<w§’r*1) = p, Z nal/\ (H nai+1ai> . ha,,' ,
) =1

(a1,

where the sums are taken over tuples (ai,---,a,) € (C'™)" for which
(n,aq,- -+, ), respectively (N, aq,--+ ,a,), form a path in the graph Sr (see

Definition .

Proof. Before we introduce the explicit generators we will work out a formula
for the differentials in terms of the complex M. By Lemma we have
E2Ts+r)7f4(rfl) = Ei(s+r),74(rfl) = HZ (F4(5+7‘)M)4(S+1) and by Lemma
the latter group may be identified with Ker(u) C Mys4r). Recall
from diagram that the differential d* is defined by first applying the
connecting homomorphism ¢: H (f4(s+T)M) — Hy (Fy(s4r)—1 M), then lifting
along the map H (FysM) — H, (Fy(s4r)—1 M) and then pushing down along
H, (FysM) — H (F4sM). On the chain level we have the following diagram

Ch (FastryM)acs+1) -2y Ch (Fyspry—1M)asqs —— C1 (FasM)ssy3

: : ;

5 r—1 L
M4(s+7‘) 77777777777777 ” @q:() M4(s+q)+3 S M4s+3-

The arrows correspond to the connecting homomorphism ¢ are dashed as they
are not well-defined before passing to homology. Given z € Keru C My(s)
the element 0(z) is represented on the chain level by (0,0,---,0,0px). As ¢
is the inclusion of the first summand, this element does not lift along ¢. Let
Y : M — M be the map of Lemma [[6.2] and let

r—1

Y= (W’ql’)g;i € @M4(s+q) = Oy (Fy(sgr—1)M ) a(s41)-

q=1
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Then d(y) = (OnY"12,0,0,---,0, —0px), which implies that t[0y" ta] =
[(0,---,0,0p2)] in homology. By Lemma [[.6.10] we have the following sequence

of isomorphisms
Mgz = Oy (FasM)asys = Cf (FasM)asys = Hy (FasM)ssys = Ej 5.

Moreover, according to Lemma [[.6.9] there are no outgoing differentials from
Ej, 3 for r > 1. We conclude that d*"(z) is given by the image of dy¢" '
along the surjection Eis’3 — Eﬁgg for each = € E:llz‘s+r),74(r71) C My(s4ry- In
other words, we have the following commutative diagram

4r = 1
E4(s+7‘),74(r71) E4(s+r),74(7‘71

ldw JBMO poon (142)

Ar Pr 1 =
—_— _— .
E4s,3 E4s,3 M4S+3

) i> Ker(u) C M4(s+r)

Now, Keru C My(s4r is freely generated by b, € Ho(n), by € Ho(A) for
n € Cfred and A € C"¢? with j(n) = j(\) = 4(s + 7). It is important to note
that under the top horizontal identification in we may, and will, require
that these correspond to the generators U)~' and Wyt in Ei(s+r)7_4(r_1).
Similarly, My, 3 is freely generated by t, = b, - u € Hs(a) for a € C*" with
j(a) = 4s, and under the lower horizontal isomorphism we require that these
correspond to the generators h,, € Eis,3' Recall from equation that

¥(by) = “_18M(bn) = Z U_l(nanta) = Z Nanba -
agcinr aecir

and similarly for ¢(by). Taking into account the fact that no,g = 0 whenever «
and S are not adjacent in the graph Sr, we obtain

aer_l(bn> = Z (namnazaz o Napa,_)  tan,

(ur,ee,0u)
where the sum is taken over (ai,---,a,) € (C'")" for which (n,ay,--, ;)
forms an edge path in Sp. An analogous formula holds for by, so in view of
diagram ([.42)) the proof is complete. |

By combining the above lemma with Theorem we obtain complete
control over all the differentials in the spectral sequences. The following result
takes care of all the extension problems we will meet.

Lemma 1.6.12. Let T' C SU(2) be a finite subgroup and let (E",d"),>1 be the
index spectral sequence with

Bl,= @ Hi(e) = I"(Vr)en-
jla)=s

Assume that E is a free R[U]-module for s = 0,4. Then there is an isomorphism
of R[U]-modules
I-(Ve) = (3 @ E°)°.
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Proof. Recall that the index spectral sequence is periodic in the sense that
Ef, = El, g4, or equivalently E7[8] = E7 4, for all s,¢ € Z and r € NU {oo}.
Therefore, the assumption that Eg° and EZ° are free R[U]-modules implies that
E2 is a free R[U]-module for each s € Z, as EL = 0 for all s not divisible by 4.

Write I = I~ (Yr). By Theorem (E",d"),>1 is a spectral sequence
of R[U]-modules that converges strongly to I. In other words, I carries an
exhaustive and complete Hausdorff filtration {FsI}, of R[U]-submodules and
there is an isomorphism E% = F(] of R[U]-modules for each s € Z. In view of
the fact that F2° is free over R[U], the short exact sequence

0 —— Fo ] 2“5 F, ] -3 FI®E® ——0

splits in the category of R[U]-modules for each s € Z. Hence, Fy_1 I F I = F,I

and inductively
Forl @ (@ Fs+t1> = Forrl

t=0
for s € Z and r > 1. These are all isomorphisms of R[U]-modules. By Lemma
1.6.10] we have qut = 0 for all s and ¢t > 4. Therefore, for fixed n € Z,
(EY), = E! =0 for all s < n —4 =: s9. Hence, (FsI), = 0 for all s < sq.

s,n—s
Since the filtration of I is complete Hausdorff it follows that (FiI), = 0 for all
s < sg. Consequently, using the above isomorphisms, we obtain
S

I, = colimg> g, (FsI)y = colimg> g, @(Fsl)n = @(E;O)n

=80 s

for each n € Z. These isomorphisms piece together to an isomorphism
I =@, E¥ of R[UJ-modules. Finally, we may exploit the periodicity of E>
and the fact that E$° = 0 unless 4[s to simplify:

[=PEX = DEX @ E,a) = PETBs] @ E[8s]) = (Bg® @ EX)®*

S S

and the proof is complete. |

It is not possible to give a uniform result for the calculation of I~ (YT) for
all the subgroups I' C SU(2) simultaneously. We will therefore treat the simplest
cases I' = I*, 0", T*, C), first and treat the more involved case of binary dihedral
groups afterwards.

We have the following table over the flat connections extracted from Appendix
A. The notation is compatible with Proposition

T Cf.red Cirr Cred
Com 0.1 AL, Ao
Com+1 0 A, Am
I* 0 a, B
o 0, | «ap
T* 0 Q@ A
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Theorem 1.6.13. The negative equivariant instanton Floer homology associated
with the trivial SU(2)-bundle over Y for I' = Cap,, Comyn is given by

m—1

®,8
I"(Ye,,) = ((R[Ue] @ R[Uy][4m] @ ED R[Zy,][40 + 2])

6,8
I"(Yey,.,) = <R[Ue1 & @D RIZ»[4i + 2]) ,

i=1

while for T = I*,0*, T* we have I~ (Y1) = (X1)®® where Xt is the R[U]-
submodule of Pr generated by Gr specified in the following table.

r Pr Gr

I R[Up] {U7}

O | R[Up] @ R[U,][4] {Us, U, }

T* | RlUs) ® RZ)][2] | {Uy, 23,3V — Z3}

Proof. For I' = I'*, O*,T*, C,, we will write C = Cr for the set of flat connections
and (E",d"),>1 will denote the corresponding index spectral sequence with

Esl,t: @ Hi(a)y = I~ (Y1)sps.

jla)=s

In each case we will calculate £ and observe that E§°® and Eg° are free
R[U]-modules. By Lemma this is enough to conclude that I~ (Yp) =
(Eg° @ E3°)®8. In the following we will make consistent use of Lemma
Theorem and Lemma that together determine all the differentials
explicitly.

Cpn. As C"" = () there are no nontrivial differentials in the spectral sequence
so that B! = E>. For n = 2m we have C = {0,19, A1, -+, A1} with 0, 7
fully reducible and the A; reducible. The grading is given by j()\;) = 4i and
j(n) = 4m. This gives

E5° @ Ef° = R[Us] © R[Uy][i(n)] ® (@ R[Z315(N) + 2]) :
i=1

For n = 2m + 1 we have C = {0, A\1,--- , \,,} with @ fully reducible and the \;
reducible. The grading is given by j(\;) = 4i. Hence,

Eg° @ Ef° = R[Us] ® (é R[Z][5(A) +2]> :

In both cases these are free R[U]-modules (R[Z,] is freely generated by {Z%, Z1}).
The stated results are obtained by applying X — X @8 to the above formulas
for E§° @ E°.
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I*. In this case we have C = {0, «, 5} with a and S irreducible. The grading
is given by j(0) = j(8) = 0 and j(«) = 4. The first nontrivial differential in
the index spectral sequence is d*: Eg, o = R{UJ} = R{ha} = E§, 43 and
is given by d*(Uj) = nanha = ha. Therefore, E, 3 = 0 = Eg2,. The
next differential is d°: E§, _, = R{Us} — R{hg} = E§,_,) 5 and is given by
d®(U}) = ngananhs = 4hs. As 2 € R is invertible, this is an isomorphism
and we conclude that Eg; 3 = 0 and Eg; _, = 0. There are no more nontrivial
differentials in the spectral sequence. Therefore, E5° = 0 and E° C R[Uy] is
the free R[U]-submodule generated by U7 as required.

O*. Here we have C = {0, 7, «, 5} with 0, n fully reducible and «, § irreducible.
The grading is j(#) = j(8) = 0 and j(a) = j(n) = 4. The first nontrivial
differentials are

d*: E§s+4,0 = R{US} - R{hﬁ} = Eéls,S
d4: Eéls,o = R{Ug} - R{h@} = E§(9—4,3'

These are both isomorphisms as ng, = 1 = nqg. This implies that EgS 3 =
Ed.,3 = 0 and Eg 43 = EZ, 4,3 = 0. There can therefore be no more
nontrivial differentials. Hence, Eg® C R[Uy| and EF® C R[U,|[4] are the free
R[U}-submodules generated by U and U%, respectively.

T*. In this case C = {0, a, A} with 6 fully reducible, « irreducible and A
reducible. The grading is j(#) = j(A) = 0 and j(a) = 4. The first nontrivial
differential is d*: Eg, o = R{Z},UJ} — R{ha} = E§, 43 and is determined
by d4(Ug) = nagha = he and d4(Z/1\) = Naxha = 3hs. This map is surjective
with kernel R{3U§ — Z}}. Therefore, EgS , 3 = E§, 43 = 0 and there are
no more nontrivial differentials. We find E* = 0, (E§°)o = R{3U§ — Z}}
and (E§°), = (R[Ug] ® R[Z)][2])» in all other degrees n. It now suffices to
observe that Eg° is indeed the free submodule of R[Uy] @ R[Z,][2] generated by
{29,309 — Z},U; }. This completes the final case and the proof. [ |

*

We will now consider the binary dihedral groups D;,. It is necessary to
partition the calculations into cases depending on the residue of m mod 4. We
have the following table over the flat connections

clred cirr Cred
Dzlkn 07771’7’%773 Qy, -0, Qop
DZn+1 9a77 Qq, -, 0op A
Dzlkn+2 977717772’773 A, Qopgd
DZn+3 9’ Ul Qp, -, Qop41 A

in agreement with Appendix A and Proposition [[4:25] In all cases the grading
of the irreducibles are given by j(a;) = 4i mod 8. For D}, ., and D}, 5 all the
fully reducibles and reducibles satisty j(p) = 0. For D}, we have j(0) = j(m) =0,
J(n2) = j(n3) = 4, while for D}, ., we have j(0) = j(n) = 0 and j(\) = 4. For
the convenience of the reader we include the relevant diagrams for Sp: from
Proposition
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o1 L
] — (VD weeennnn Am—1 —— QU
m1 o (22) 2)2) T ms

01 Spy,..,

\

/061—052 -------- Qm—1 — Qm — )\
1 (22) 212) 2

Theorem 1.6.14. The negative instanton Floer homology associated with the
trivial SU(2)-bundle over Y for T = D}, is given by I=(Yp: ) = (X)) P8,
where X, is the R[U]-submodule of P, generated by G, specified in the following
tables.

m P,

dn | R[Ug] ® R[U,,] ® R[U,,][4] & R[U,,][4]
dn+1 R[Uy) @ R[U,] ® R[Z\][6]
dn+2| R[Ug| @ R[U,,] ® R[U,,] ® R[U,,)
4n +3 R[Us] ® R[U,] ® R[Z)][2]

m Gm

4n (U5 = Un, U, = U, Ug s Up
4n+1 (U9 — U8, 2%, Uy, Z3"y
dn+2 | {UY - UL, U — U Uy — U Ut}
dn+3 | {UJ-UY, 23,208 — Z3"+, Ug )

Proof. Observe first that the modules P, in the above table coincides with the
R[U]-submodule of E} & E} in the index spectral sequence generated by the
reducibles and fully reducibles. Furthermore, the submodule generated by G,
is free in each case. Therefore, following the same procedure as in the proof of
Theorem[[.6.13] it will be sufficient to show that E§°® E5° is the R[U]-submodule
of P, generated by G,, in each case.

For m = 4n,4n + 1 we have

Eés,B = R{hoéza ha4, T hoézn} and E§s+4,3 = R{hal > ha3, Tt ha271—1}

for each s € Z. For m = 4n + 2,4n + 3 we have the same formulas except that
one generator hq,, ., is adjoined to the latter group. To simplify the notation
put h; = hq, for 1 <i < 2n+ 1. For each r > 1 let p,: Ej, 3 = Ef, 3 — E{l 3
denote the natural surjection. /

Consider first the cases m = 4n,4n+1. To unify the notation slightly we write
((]17 Ug, U3, U4) = (Ug, Um, l]7727 Uns) for m = 4n and (Ul, UQ, Z) = (U@, U77’ Z)\)
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for m = 4n + 1. We claim that for 1 < r < n the differentials
fr =d' Eélg —4(r—1) E§§74r,3
=d": E83+4 —4(r—1) E§§74(r71),3

are given by the formulas

fror =t =2""pe(hy)
9" Uz =g" (U7 ") = 2" e (han—ri1)
QT(ZQT71) = pr(hQn—T+1)'

We verify this by induction on r. Let 1 < r < n — 1 and assume that the
statement is true for all ¢ with 1 < ¢ < r. This implies in particular that
pr(h;)) =0for 1 <i<rand2n—r+1<i<2n. By Lemmal.6.11] we have

O =pe | D, (senps - nss_) he, |,
(B, ,Br)

where the sum runs over all (31,---,3,) € (C*"")" for which (0, 31, - - 3,) forms
an edge path in Sp. As such a path has length r, it must, in view of the
graphs Sp: shown above, terminate at some vertex a; with ¢ < r. By the
inductive hypothesis p,(hs,) = 0 for i < r, so the only nonzero term in the
formula corresponds to the path (ay,ag, -, ar). As ng,, o, = 2 for each i and
N0 = 1 we conclude that f7(U] ™) = 2""'p,(h,). The other formulas follow by
essentially identical arguments, we only note that the additional factor 2 picked
up in the last formula follows from the fact that n,,, » = 2. This completes the
inductive step and the claim is verified.

The above formulas for the differentials imply, as 2 € R is invertible, that the
generators h;, 1 < i < 2n, of Eg, 3 and Eg,, 5 are killed off two by two until
we reach Egl'5! =0, ng_ﬂ?) = 0. Therefore, by Lemma | pintl = poo,
Moreover, we find Eg; ;) = Ker(f") = R{(U]~ U27 )} for 1 <r <nmn,
and similarly

oo [ R{UiTt U hHY form=4n
8s+4,—4(r—1) — 0 form=4n-+1

for 1 < 7 < n. In all other degrees we have E! + = B3 We therefore see
that E5° is freely generated as an R[U]-module by {(Ul US), Uy} for both
m = 4n and m = 4n + 1, while EY is freely generated by {(UJ — UY), U} for
m = 4n and by {ZY, Zi"“} for m = 4n + 1. We have thus completed the cases
m =4n,4n + 1.

Consider now the cases m =
(U1,U,U3,Us) = (Ug,Uy,,Uy,, Uy,
(Uo, Uy, Zy). Here U/, 2%t €
1 <r<n+1 the diﬁerentials

dn 4+ 2,4n + 3. As earlier we write
) for m = 4n + 2 and (Uy,U,2) =
E3, _4(r_1) for each i and r > 1. For

4r 4r Ar
™ E83,74(r71) — Egq_ar3
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are given by the formulas

d4r(U1r—1) _ d4r(U;—1) _ 2r71p7‘(hr)
d" (U3 = d" (U = 27 pe(hanta—r)
d4r(Z27'—1) _ 2T'pr(h2n+2fr)'
This may be verified by induction in exactly the same way as in the cases

n = 4m,4m+1. We conclude that Eglg’?{s =0= E§§f£3 and hence E4" 15 = F°°.
In addition, for 0 < r < n — 1 we obtain

R{(UT —U3), (U5 —UDN} ifm=4n+2

00 _ A(r+1)y
Egs —ar = Ker(d ) = { R{(UT — U5} iftm=4n+3

Furthermore, for m = 4n + 2 we have d*"+)(U") = 2"p,, 1 (hn11) for each
1 <i <4, and for m = 4n + 3 we have

2D = A (22 = 2 ()
for i = 1,2. From this we deduce that

pee [ RUUP—UP),(UF —Up), (U —Up)} ifm=dn+2
8s,—4n R{(U} — Uy), (UMt — z2n+1)) iftm=4n+3

In all other degrees we have E{, = E5. For m = 4n + 2 we conclude that Eg°
is freely generated by {U; — Uy, Uz — Uy, UP — UR, U} and for m = 4n+3 we
conclude that E§° is freely generated by ((UY —UY), 29,207 — Z?"+1 U7}, In
both cases E° = 0. This completes the final two cases and hence the proof. W

1.6.3 The Case I®

This is the simplest calculation. Let I' C SU(2) be a finite subgroup and write as
usual M = DCI(Yr) and C for the set of flat connections. Introduce a variable

T, for each n € C/7°? and a variable Sy for each A € C™*4, where |T},| = —4,
|Sx] = —2. Then according to Corollary [I.5.30] we have HY®(a) = 0 for «

irreducible, H¥(\) = R[Sy, Sy '] for A reducible and HY (1) = RI[T,, T; "] for
7 fully reducible. The R[U]-module structure is given by U - TZ = T,;“H and
U-Si =52 for each i € Z.

Definition 1.6.15. For an R[U]-module X we define the mod 8 periodic R[U]-

module X™Me<8 degreewise by

Meo,8
Xn - H X7L+8$

5— 00

and define U : X}Ew’g — X,rl[j‘jl’s to be the product over U: X, 185 = X, —44ss
for s € Z.
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Theorem 1.6.16. The Tate equivariant instanton Floer homology associated with
the trivial SU(2)-bundle over Yr is given by

Meo,8

>¥r)=|| @ RIT.T, i |e| @ RSN

necs-red AeCred

Proof. Let (E",d");>1 be the index spectral sequence with

E;,t = @ H¥(a)y = I°(Yr)sst:
jla)=s

From the fact that j(a) = 0 (mod 4) for each a € C and that HY(«) is
concentrated in even degrees for all types of orbits, we conclude that Esl,t =0 for
all (s,t) with s odd or t odd. It follows that there are no nontrivial differentials
in the spectral sequence so that E' = E°°. This implies by Proposition
part (iii) and Theorem that the spectral sequence converges strongly.

Write I = I°°(Y). To resolve the extension problems observe first that
Ej, is a (shifted) direct sum of R[U]-modules R[T, T, '] and R[S}, S5 1. These
contain free R[U]-submodules R[T;] and R[S,] (freely generated by {S9,S}}),
respectively, and the whole module is the localization of these free submodules in
the multiplicatively closed subset {U*};>o C R[U]. By Corollary U:T—1
is an isomorphism, and the same is valid for the R[U]-submodule F,I for each
s € Z. We may therefore for each s construct a splitting of the short exact
sequence

&
0 — Fs 4yl — F,] — FJI=E*X — 0

by defining £ to be a section on the free submodule and then extending to the
whole module using the universal property of localization. By induction we
obtain an isomorphism

FI/FI= P EP
q=t+1

of R[U]-modules for each pair s > ¢. Since the filtration of I is exhaustive and
complete Hausdorff we obtain, exploiting the periodicity,

I =limycolim, F,I/FT= [[ EX= [] (EF[-8s]@ E[-8s])

§——00 §——00

and the final term is precisely (ES® @ E$°)U~® = (Bl @ E})M>8. The proof is
completed by observing that

EyeEj=| @ BRI Tim)]| e | @ RISy )

necs -red AeCred
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Proposition 1.6.17. For each finite subgroup I' C SU(2) the homology norm map
H(N): I (Yr)n = I (Yr)nys

vanishes. In particular, the exact triangle of R[U]-modules of Corollary|l.5.44
splits into a short exact sequence

0 —— I~ (Yp) —— I°(Yy) — It (Yp)4] —— 0 .

Proof. The calculations of Theorem Theorem and Theorem
show that I*(Yr) and I~ (Yr) are concentrated in even degrees. Therefore, as
the norm map has degree 3, it must vanish. |

1.6.4 Calculations for Yt

In this section we explain, omitting some details, the necessary modifications
needed to calculate the equivariant instanton Floer groups for Yr, that is, S%/T
equipped with the standard orientation inherited from S3. The tools needed
to handle this are contained in Theorem 7.10]. First, the given result
states that there is an isomorphism 1°°(Yr) = I°°(Y1). Second, in the proof it
is verified that DCI(Yr) = DCI(Yr)Y and from this it is not hard to express
DCI(Yr) as the totalization of a multicomplex.

Lemma 1.6.18. Let i: C — Z/8 denote the grading for Yr and let j: C — Z/8
denote the grading for Yr. Then

jl@) =3 ifaecCir

i()={ jla)—2 ifaccCre
Jjla) if a € ¢fred

Moreover, DCI(Yr) = Tot®(DCI(Yr)s., {07 }2_,) where

DCI(Yr)ar = P Hila),

i(a)=s

02 =0 and 9*,0%,0* are given for b, € Ho(a) C DCI(Yr)ast1,0, @ € C", by

al(ba): Z Nanby

necs-red
83(ba)= Z Naxta

AeCred
84(ba)= Z Nagts.

Becirr

and vanish otherwise.

The patterns seen in the calculations of I*(Y) are reversed for I+ (Yr).
Compare the following with Lemma and Lemma
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Lemma 1.6.19. Let (E",d"),>1 be the index spectral sequence with

Esl,t: @ Hy(a)y = I (Yr)stt-
i(a)=s

Then the spectral sequence immediately degenerates, i.e., E* = E>.
Let (E",d"),>1 be the index spectral sequence with

E;,t: @ Hj(a)y = I"(Yr)ers-

i(a)=s

Then the only possibly nontrivial differentials are d*"+1: Ei:ill,o — EEQSW for
r>0 and s € Z.

Proof. In the first case recall that H (o) = R hy with |hy| = 3 for a € ",
H,(\) = R[Z)\][2], |Z\| = =2 for X\ € C"*? and H (n) = R[U,], |U,| = —4 for
n € Cfed. By the above lemma i(p) = 0 (mod 2) for each p € C"¢f UC/ ¢ and
i(a) =1 (mod 4) for each o € C""". Therefore E{ ; can only be nonzero if the
total degree s+t is even. As each differential d” reduces the total degree by one,
they must all vanish and the first assertion follows.

In the second case, HZ (n) = R[V,)], |Vy| =4, H;()\) = R[W,], [W,| =2 and
Hi(a) = R" ga, |ga| =0, where n € C/7¢4 X\ € C"*? and a € C*". Due to the
indexing mentioned above the only possibly nontrivial module E‘;t with s + ¢
odd are Ejf, . This module is freely generated by g, for a € C'"" satisfying
i(a) = 4s + 1 (mod 8). Therefore, a nontrivial differential must start in Ej, o
for some 7 and s. As EY;, = 0 for each t > 0 when s is odd, we conclude that

the only possibly nontrivial differentials are d?+!: Ez;jfll,o — Ei:ir%r,w- [ |

For the calculation of I~ (Y1) one is therefore left with solving an extension
problem. In this case the extension problem is slightly simpler. We only state the
conclusion. Note that in the statement below we are using the grading function
j: C— 7Z/8 for Yr, regarded as taking values in {0,4}.

Theorem 1.6.20. The negative equivariant instanton Floer homology I~ (Yr)
associated with the trivial SU(2)-bundle over Yr is given by

®.8

(@ mnsen)o | @ mewon)o| @ mu)| .
aecitr AeCred necs red

where |hl| = 0, |Zx] = =2 and |U,| = —4. The R[U]-module structure is

determined by U - U = UL, U - Z8 = Z§+2 forp >0 and

U-hly=|{ > maghls |+ D naaZl |+ D 1anVy
Becgirr AeCred neCst -red
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To calculate IT(Yr) one may proceed as in Lemma to determine the
differentials in the spectral sequence explicitly and then resolve the resulting
extension problem. However, one can avoid this rather technical endeavor by
using the following result. If M is a DG R[U]-module we write MY = Hom(M, R)
for the dual complex. Our convention is that (O f)(z) = (=1)MI+1 f(9prz)
and (U - f)(z) = f(Uz) for f € MY = Hom(M,,R). The content of the
following lemma, which applies more generally, is stated in the proof of
Theorem 7.10].

Lemma 1.6.21. There is an isomorphism of DG R[U]-modules
DC’I+(YF) = DCIi(?F)V.

Proof. Let M = DCI(Yr) and recall that MY = DCI(Yr). Using the explicit
models for DCI* given in Theorem [[.5.47] we find

DCI~(Yr),, =Hom | DM _pi4p, R | =[] Hom(M_ 14y, R)
p>0 p>0
=[] M) 4, = DCT (Yr),.
p=>0

It is a straightforward calculation to check that these isomorphisms piece
together to give an isomorphism of DG R[U]-modules taking into account that
the Ag[u]-module structure on MV is given by (f - u)(z) = (=1)I“1#l f(zu) =
(—D)# f(au). o

Theorem 1.6.22. There is an isomorphisms of R[U]-modules
It(Yr)=1"(Yr)’
for each finite subgroup T' C SU(2).

Proof. Since R is a principal ideal domain and the complex DCI~(Yr) is
degreewise free over R (use the explicit model and the fact that DCI(Yr) is
degreewise free), there is a universal coefficent theorem. In view of the above
lemma, this takes the form of a short exact sequence

Exth(I; (Y1), R) —— IT,(Yr) —— Hom(I~ (Y1), R)

for each n € Z. By Theorem [[.6.13| and Theorem we know that I~ (Yr)
is degreewise free over R. Consequently, the first term in the above sequence

vanishes and we are lift with an isomorphism I+ (Yr) & (I~ (Y)r)Y of R[U]-
modules as required. [ |

Note that the calculations of Theorem and Theorem[[.6.7 are compatible
with the duality IT(Y) = (I~ (Yr))" as well.
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Appendix LA Character Tables, Dynkin Graphs and Flat
Connections

This appendix contains various useful facts concerning the binary polyhedral
groups. Of particular importance are their complex representation theory, the
corresponding McKay graphs and complete lists of the 1-dimensional quaternionic
representations.

I.LA.1 Cyclic Groups

The complex representation theory of cyclic groups are of course very well known,
so we only include a brief summary for completeness. Let C; = (g : ¢' = 1)
be the cyclic group of order [. The irreducible complex representations are
pr: Cp — U(1) for 0 < k < I, where pi(g) = e . If we interpret the indices
modulo ! we have pi, ® prr = pr4ir and pj = p_i. We embed C; C SU(2) through
the representation p; & p_1.

Suppose that [ is odd. Then all of the pg, 1 < k < [, are of complex type,
so the 1-dimensional quaternionic representations are given by 6 = 2py and
M = pr ® p—y for 1 < k < 1/2. The McKay graph ch =~ A;_; takes the form

o e e Y

where the line indicates the involution symmetry. The quotient graph A¢, /(1) is
given by

o & © OQQ

Suppose that [ is even. Then p;/; is of real type, so the flat connections are
given by 6 = 2pg, 7 = 2p/2 and Ay = pp @ p_y, for 1 < k < 1/2. The McKay
graph takes the form

.--O

&
T e e o

with quotient graph

@——0)—) O)—0C—@

O
O
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I.LA.2 Binary Dihedral Groups
A presentation for the binary dihedral group D}, n > 2, is given by

2 aza = ).

D} =(a,z|a" =z
Note that a?" = a"z? = za "z = xz %z = 1 follows from the two relations.
Each element may be expressed uniquely in the form a*z¢ for 0 < k < 2n and
0 < € < 1. The group may be realized within Sp(1) C H by taking a = e™/"
and x = j. In this realization a” = 22 = —1 so this element is central.

Lemma I.LA.1. We have [D};, D}] = (a?) so that
F e ] A Z/4 ifn=1 (mod 2)
Dr/1Dn, Dr] = { Z/2x2)2  ifn=0 (mod 2)

Proof. Using the fact that xza* = a=*z one sees that every commutator is of the
form a*. Moreover, aza~'2~! = a? from which it follows that (a?) C [D}, D;].
As (a?) is normal with quotient of order 4 and thus abelian, we must have
equality. If n is odd z has order 4 modulo (a?), so the quotient is cyclic If n
is even every element has order 2 mod (a?), so the quotient is isomorphic to
Z]2 x 7]2. [ |

Lemma ILA.2. The conjugacy classes of D} are given by {1},{—1}, {a’,a7}
for1<j<n,

2n—2 3

{z,a*z, - | za z} and {ax,d’z,---,a*" 2}

Proof. The elements 1, —1 are central so {1}, {—1} are conjugacy classes. From
the calculation (a*z)a’(a*xr)~! = a=7, valid for any s and j, it follows that
{a?,a=7}, for 1 < j < n, are conjugacy classes. Next, a/za=/ = a? z from which
we deduce that that {z,a’z, - ,a?" 2z} is a conjugacy class. Finally, from the
relation a? (ax)a™ = a? Tz we deduce that {az,a’z, - ,a®" "'z} is at least a
portion of a conjugacy class. However, since we have already exhausted every
element of the group, we conclude that this must in fact be the whole conjugacy

class and that we have found all the conjugacy classes. |

Proposition I.LA.3. The irreducible representations of D} consist of the four
1-dimensional representations associated with the four distinct homomorphisms
D;/[D},Dx] — {x1,%i} and the 2-dimensional representations 1: D} —
GLy(C), for 1 <k < n, given by

7i(a) = ( %k égk ) and y(x) = ( 0 <—01>’“ )

where £ = e™/™,
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Proof. The statement about the 1-dimensional representations is clear. Let
Xr denote the character of 7. Then yi(a?) = 2cos(mjk/n), xi(1) = 2,
xk(—1) = 2(=1)* and Yy}, vanishes on the remaining conjugacy classes. Hence,

lxell? = ﬁ(8 +2 24COS2(7Tkj/TL))) = ﬁ(S + 4i(cos(27rjk/n) +1))
Jj=1 j=1
1

4n(8 +4(n—-2)) =1,

which shows that each 7 is irreducible. The representations 73 are inequivalent
for 1 < k < n because the values xj(a) = 2cos(mk/n) are distinct for 1 < k < n.
The sum of the squares of the dimensions of the irreducible representations found
is 4+ (n—1)4 =4n = |D}|, so we conclude that we have found all of them. M

The representation corresponding to the inclusion D} C Sp(1) = SU(2) is
71. We denote the four representations corresponding to the homomorphisms
(D;)e — {&1,+i} by p; for 0 < j < 3, where we take py to be the trivial
representation and fix p; by the requirement 7 ® 7, = 70 @ p1 & po- Then pg, p1
are of real type, while if n is odd p2 = p3, p3 are of complex type and if n is even
p2 and ps3 are of real type. B

The McKay graph ZD; 2 D, 4o takes the form

where we have included the dimensions of the representations in the graph. For
D; there are n — 1 vertices in the middle corresponding to 74, ,7,—1 from
left to right. On the left hand side we have pg, p1 and on the right hand side we
have ps, p3.

Lemma LA.4. The representation 1y, is quaternionic for k odd and real for k
even.

Proof. We use the criterion of Lemma Since ijal xx(a¥) = 0 and
(ra’?)? = 22 = —1 for each j, we obtain > geD: xk(g?) = 4n(—1)* and the result
follows. ’ u

Let 8 = 2py and oy, = o1 for 1 < k < n/2. For n even the 1-dimensional
quaternionic representations are given by

0,m = 2p1,m2 = 2p2,m3 = 2p3, 1, , Q2
and the quotient graph Ap. /(1) is given by
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@ (%)
(651 @ ..................... o @

For n odd the 1-dimensional quaternionic representations are given by

9777 = 2p17a17 o, O(n—1)/2, A= p2 B ps3

and the corresponding quotient graph is given by

- @) o @) ®
()

I.LA.3 The Binary Tetrahedral Group

Let Q = {+1, £i,£j,+k} C Sp(1) be the quaternion group (note that Q = D3).
Then T* may be realized in Sp(1) C H as

1
T*:QU{§(601+61i+62j+63]€)Z€r::|:]., 0<r<3}

We have [T*,T*] = Q so as |T*| = 24, it follows that (T*)® = T*/[T*, T*] =
Z/3.

The character table of T™ is given below. Here £ = e
root of unity.

27i/3 s a primite third

1] 2 3a 3b 4 | 6a | 6b || type
pr| 1] 1 1 1 11 1)1 R
p 1|1 € &1 |e|&|C
pp 11 [ &[] ¢[1]&]¢c] C
ps 2|2 €[]0 ¢[&] C
;22| & €0 &l C
pa 2] -2 -1 =10 |1]1 H
ps | 3] 3 0 0O |-1]01]0 R

The type of the representation in the right hand column is calculated using
Lemma and the following table. The first row gives a representative for
each conjugacy class and the second row gives the conjugacy class in which the
square of this element belongs. Here x = (1 4+ i+ j + k)/2 € T*.

11 2 | 3a | 3b |4|6a|6b
rep|1|—-1|—x|—a"|¢| x |a*
sm [ 1] 1 3b | 3a |2|3b]| 3a
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The canonical representation given by T < SU(2) corresponds to the
irreducible character p4. From this one may calculate the McKay graph A = Eg

to be
(2)
(b3)

From the type calculation given in the character table and Proposition we
see that the 1-dimensional quaternionic representations are 6 = 2p;, a = py and
A = pa @ p3. The quotient graph Ar-/(¢) then takes the form

I.LA.4 The Binary Octahedral Group

Let Q@ C T* C Sp(1) be as in the previous section. Then O* may be realized as
O =T*U{(u+v)/V2:u,veQ, us#=+v}CSp(l).

We have [O*,0%] = T*, so as |O*| = 48 it follows that (O*)%® = O*/[0*, 0*] =
7)2.
The character table of O* is given below

11 2 3 | 4a | 4b | 6 8a 8b type
;111 [ 11711 1 1 R
pe |1l 11 [ 1 |-1]1] 1] -1 R
ps 2] 2 =120 1-1] 0 0 R
pal2]-2]-1] 0|0 1] V2 |=V2| H
ps |2 -2 -1 0| 0] 1 |—=vV2] V2 H
o6 |31 3]0 [—-1]-1 1 1 R
pr |31 3]0 [-1] 10| -1 ] -1 R
pg |4 4] 1O 0 ][-1] 0 0 H

Let 2 = (1 +i+j + k)/2, as in the previous section, let y = (1 +)/v/2 and
let z = (i + 7)/+v/2. The following table contains the information needed for the
type calculation given in the above right hand column.

1| 2 3 |4a | 4b | 6 | 8a | 8b
rep| 1| —-1|—xz| ¢ |z |2|y|—y
sm | 1] 1 3 2 1213]6 6

The canonical representation given by the inclusion O* < SU(2) corresponds
to p4. From this one obtains the McKay graph Ap« = E7.
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Using the by now standard method one finds the 1-dimensional quaternionic
representation to be 0 = 2p1, a = py, f = ps and n = 2ps. In this case there are
no irreducible representations of complex type, so the quotient graph is simply

I.LA.5 The Binary Icosahedral Group

Let ¢ = (1 ++/5)/2 = 2cos(r/5) be the golden ratio (thus ¢ = ¢ + 1) and let
S be the set of quaternions obtained by even coordinate permutations of

(eoi + €107 + e20k) /2

where €, € {£1} for 0 < r < 2. Note that there are 12 = |A4| even permutations
and 8 = 22 sign combinations so |S| = 12 -8 = 96. The binary icosahedral group
may be realized in Sp(1) as I* = T* U S. Tt is well-known that I* is a perfect
group, that is, [[*, [*] = I* or equivalently (I*)? = 0. The binary polyhedral
space Y7« = S3/I* is also called the Poincaré sphere and is an integral homology
sphere.

The character table of I* is given below.

1] 2 3 4 5a 5b 6 10a 106 || type
p| 1 1 1 1 1 1 1 1 1 R
p2 |2 -21-1]0 —T —¢ 1 10) —p 1 H
ps 2| 2|10 % | 6" |1 || ¢ | B
pa 3] 3 [0 |-1[-0"] ¢ 0 ¢ |- R
ps |31 3 10 -1 ¢ — '] 0 [—o! ¢ R
pe | 4] 4 1 0 -1 -1 1 -1 -1 R
pr |4 -4 1 0 -1 -1 -1 1 1 H
ps |5 5 | —-1] 1 0 0 -1 0 0 R
po | 6] 6|0 0 1 1 0 -1 -1 H

Put

u=(¢-14+¢ 1 -i+5)/2€8

and let « € T™ be defined as earlier. We then have the following table for the
type calculation in the above right hand column.

133



I. Equivariant Instanton Floer Homology and Calculations for the Binary
Polyhedral Spaces

1| 2 3 |4 |5a| 5b | 6| 10a | 100
rep | 1| —-1|—x Wl —ulz| u | —u?
sm [ 1| 1 3 |2|5b|5a|3]| 5a | 5b

.

The character corresponding to the canonical representation I* < Sp(1) =

SU(2) is po. From this one may show that the McKay graph Aj- = Fg is given
by

The 1-dimensional quaternionic representations are 8 = 2p1, o = p2 and
B = p3. Once again there are no irreducible representations of complex type, so
the quotient graph is simply

® @ o 0 o ®

Appendix I.B Equivariant SU(2)-Bundles over S* and the
Chern-Simons Invariant

@)
C
C
C

In this appendix we give a proof of the classification of I'-equivariant SU(2)-
bundles over S* and apply the equivariant index theorem to the twisted Dirac
operators Da: I'(ST ® E) — I'(S™ ® E) to obtain a proof of the equations in
Lemma [[[44] As a byproduct of this we obtain a simple way to calculate the
Chern-Simons invariants of the flat connections in the trivial SU(2)-bundle over
the binary polyhedral spaces. In the final part we also show that this invariant
can in a natural way be related to the algebraic Chern class of the holonomy
representation associated with the flat connection.

I.B.1 Conventions on Quaternions

It will be convenient to employ quaternions in the the upcoming theory, so in

this section we fix our conventions. We will regard H as the 4-dimensional real

algebra with standard basis (1,4, j, k) and multiplication rules
i?=j>=k>=—1landij = —ji = k.

The involution determined by 1,4, j,k — 1, —i, —j, —k is written as ¢ — ¢*. Our

convention is that a quaternionic vector space is a left H-module and that the
standard quaternionic structure on H" is given by left multiplication. We write
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M, (F) for the algebra of n x n matrices with entries in ' = R,C,H. The
standard identification
M,,(H) 2 Endg (H")

is then given by A — (a2 — xA*), that is, we multiply the conjugate transpose of
A with z, regarded as a row vector, from the right. To avoid confusion we will
always write ¢ - ¢ := xq™ for the left action of ¢ € Sp(1) on = € H and always
omit the dot when we mean actual multiplication.

We define the standard inclusion by C = Spang(1,i) C H and the standard
identification C? = H by (z,w) + z 4+ wj. Note that the complex orientation on
C? corresponds to the standard orientation on H = R* in which (1,4, 7, k) is a
positive basis.

With these conventions in place we fix the isomorphism Sp(1) = SU(2) by
requiring the following diagram to commute

Sp(1) —=— H ——=— Endg(H)

Ll

SU(2) —=— M,(C) —— End¢(C2).

Explicitly,
. z* wr
g=z+wjeSp(l) — ( v - )

These conventions ensure that the standard left action SU(2) x C* — C?
corresponds to the above defined left action Sp(1) x H — H. We define the
orientation of Sp(1) = SU(2) by requiring that (i,7,k) € ImH = sp(1) is a
positive basis. The orbit map Sp(1) — S% C H given by ¢ — ¢-1 = 1¢* = ¢*
is orientation reversing. Since our work in this appendix is very sensitive to
orientations, we will for this reason distinguish between the group Sp(1) = SU(2)
and the unit sphere in the representation space S® c H = C2.

I.B.2 Classification of I'-equivariant SU(2)-bundles over S$4

Let I' C Sp(1) = SU(2) be a finite subgroup. Recall that I' acts on S by
restriction of the linear action on H = C2?. By regarding S* C H @ R the
suspended action I' x $* — S takes the form v - (z,¢) = (y-x,1). The fixed
points of this action are N := (0,1) and S := (0, —1).

Let Repl(I‘,H) denote the set of isomorphism classes of 1-dimensional
quaternionic representations of T' and let Vech(S*, H) denote the set of
isomorphism classes of I'-equivariant quaternionic line bundles over S*. If V is a
1-dimensional quaternionic representation of I' we write [V] for its isomorphism
class in Rep! (', H). The same applies to I'-equivariant bundles and Vect-(S*, H).
Define

¢: Vech(S*, H) — Rep'(I', H) x Rep' (', H) x Z
by [E] = ([En], [Es],c2(E)[S*]). Our aim is to show that this map is injective
and identify the image. We will need the following two well-known results for
our work.
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Lemma I.B.1. Let Y be a closed 3-manifold. Then every Sp(1) = SU(2)-bundle
overY is trivial.

Proof. Every closed 3-manifold admits the structure of a finite CW complex
with cells of dimension < 3. We have BSp(1) = HP> and this space has a
CW structure with a single cell in each dimension n = 4k, k > 0. By cellular
approximation every map f:Y — HP is homotopic to a map with image
in the 3-skeleton (HP>)? = x. This implies that every Sp(1)-bundle must be
trivial. ]

Lemma I.B.2. Let Y be a closed oriented 3-manifold and let f,g: Y — Sp(1) be
a pair of continuous maps. Define h:' Y — Sp(1) by h(y) = f(y)g(y) fory €Y.
Then

deg(h) = deg(f) + deg(g).

Proof. The map h is given by the following composition
Y 25 v x v 29 Sp(1) x Sp(1) — Sp(1),

where A is the diagonal map and p is the multiplication map. Let 7;: Sp(1) x
Sp(1) — Sp(1) for i = 1,2 be the two projections and let ¢;: Sp(1l) —
Sp(1) x Sp(1) for ¢ = 1,2 the two inclusions given by t1(a) = (a,1) and
t2(a) = (1,a) for a € Sp(1). Then m; o = id for ¢ = 1,2 and m; o ¢; is
constant for ¢ # j. Clearly, H3(Sp(1) x Sp(1)) 2 Z & Z and from this we deduce
that

q = ((m1)x, (m2)«): Ha(Sp(1) x Sp(1)) — Hz(Sp(1)) © Hz(Sp(1))

is an isomorphism with inverse (¢1)« + (2)«. Furthermore,

M © ((Ll)* + (L2)*) = (,U/ o Ll)* + (/i o L2)* = 1d* +1d* .

These considerations imply that the following diagram commutes

) )-8 ) x Sp(1)) —— Hs(Sp(1))

Nl/

(1)) ® Hs(Sp(1))

Since the upper composition is h.: H3(Y) — Hs(Sp(1)) by definition, it follows
that

deg(h)[Sp(1)] = h«([Y]) = f([Y]) + g-([Y]) = (deg(f) + deg(9))[Sp(1)],

where [Y] € H3(Y) and [Sp(1)] € H3(Sp(1)) are the fundamental classes. Hence,
deg(h) = deg(f) + deg(g) as required. |
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Let a € Rep' (T, H) and choose a homomorphism p, : I' — Sp(1) representing
a. Write Sp(1)® for the group Sp(1) equipped with the I'-action given by
v-q = pa(y)g. If X and Y are I'-manifolds we write [X,Y]|r for the set of
I'-equivariant homotopy classes of equivariant maps.

Lemma I.B.3. There exist I'-equivariant maps S — Sp(1)®. Moreover, for any
pair g,g’ of such maps it holds true that deg g = degg’ (mod |T).

Proof. Since I acts freely on S® the set of equivariant maps S® — Sp(1)® is in
natural bijection with the set of sections of the associated principal Sp(1)-bundle

S8 xp Sp(1)® — S3/T.

According to Lemma [[.B1] this bundle must be trivial, and hence admits global
sections. This proves the first assertion.

For the second assertion assume that f, g: S® — Sp(1)® is a pair of equivariant
maps. We may then form the map h: S% — Sp(1) given by h(z) = f(x)*g(x).
This map is equivariant when I' acts trivially on Sp(1) and therefore descends
to a map h: S3/T" — Sp(1). Since the covering map S® — S3/T" has degree |T,
we deduce that degh = |T'| deg(h) = 0 (mod |I'|). Finally, by Lemma and
the fact that deg f* = — deg f we obtain degh = deg(g) — deg f and the proof
is complete. |

Let o, B € Rep' (', H) have representatives pa, ps: I' — Sp(1). Let H(a) and
H(3) denote H equipped with the I'-action determined by p,, and pg, respectively.
Furthermore, write Sp(1)(*#) for the group Sp(1) equipped with the I'-action

v-q=pa(v)aps(7)*

Proposition 1.B.4. The set of isomorphism classes of I'-equivariant Sp(1)-
bundles E — S* with [Ex] = a and [Es| = 3 is in natural bijection with

[537 Sp(l)(a;ﬁ)]p.

Proof. This is well-known in the non-equivariant setting, so we will only include
the details necessary to adapt the usual proof to the equivariant setting.

Let E be a I'-equivariant Sp(1)-bundle over S* (regarded as a vector bundle)
with [Ex] = a and [Eg] = 3. Let Uy = S*—{S} and Ug = S* — {N}. Let A be
a T-invariant Sp(1)-connection in E. Then, using parallel transport along radial
geodesic from S and N, one obtains equivariant trivializations Ug x Eg = E|yg
and Uy x Ey = E|y, . By making suitable choices of unit basis vectors in Eg
and Ey, we may identify Fg = H(f) and Ey = H(«). The transition function
between these trivializations is an equivariant map Uy N Ug — Homy(FEs, En)
taking values in the subset of isometries. This subset may be identified with
Sp(1)(@#) through

Sp(1)( @A) — Homy (H(B), H(w)) = Homp(Es, Ex),

where we recall that by convention the first map is given by ¢ + r4«. Let
t: S% — S3(a, B) denote the restriction of this map to the middle sphere. One
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may verify that the I'-equivariant homotopy class of this map is independent of
the trivializations chosen. We have therefore constructed one direction of the
equivalence.

The inverse may be defined as follows. Let f: S% — Sp(1)(®#) represent a
homotopy class in [S%,Sp(1)(A]p. Let p: Uy N Us — S® be the equivariant
projection onto the middle sphere. Using f we may therefore construct an
equivariant bundle F by gluing Ug x H() and Uy x H(a) along ©: Uy NUg x
H(B) — Us N Un x H(e) given by ¢(z,v) = (z, f(p(x)) - v) = (z,vf(p(x))").
The equivariance of f and p ensure that the actions of I' on Uy x H(«) and
Us x H(5) match over the intersection Uy NUg. The resulting bundle is therefore
a ['-equivariant quaternionic line bundle. One may verify that the isomorphism
class of this bundle is independent of the representative f chosen using the
equivariant bundle homotopy theorem of Prop. 1.3].

The verification of the fact that these two constructions are mutual inverses
proceeds just as in the non-equivariant case. |

Recall that we regard S* C H@® R. Let u: S* — {N} = H be stereographic
projection from the north pole. We give H the standard orientation and orient
S* by requiring u to be orientation preserving. Moreover, we orient the middle
sphere S3 C S* by requiring that the restriction u|gs : S® =2 S% C H preserves
orientation.

Proposition L.B.5. Let a,3 € Rep'(I',H) have representatives Paspp: I —
Sp(1). Then the natural map

152, Sp(1) @] — [S%,Sp(1)( )]

is injective. In other words, two equivariant maps f,g: S° — Sp(1)(®8) are
homotopic if and only if they are equivariantly homotopic. Moreover, if we
identify [S®,Sp(1)(*P)] =2 Z through [f] — deg(f), there is a constant c € Z so
that the image is {n € Z : n = c¢ mod |T|}.

Proof. By Lemma we can find equivariant maps g: S% — Sp(1)® and
h: 8% — Sp(1)?. Given an equivariant map f: S® — Sp(1)(®#) define
7(f) = 7.0 (f): S% — Sp(1)? to be the composition

53 P09 g 1) s Sp(1)(@8) x Sp(1)f ——s Sp(1)?,

where Sp(1)? denotes Sp(1) equipped with the trivial I-action and p is the
equivariant map (z,y, z) — z*yz. Observe that if f': $% — Sp(1)(*) is another
equivariant map, then f and f’ are equivariantly homotopic if and only if 7(f)
and 7(f') are equivariantly homotopic. Indeed, if f;: S* — Sp(1)(*#) is an
equivariant homotopy between f and f’, then 7(f;) is an equivariant homotopy
between 7(f) and 7(f’) and the same argument applies for the converse using
Tg—1,p—1 in place of 7= 7y p,.
Since the T'-action on Sp(1)? is trivial, we obtain a bijection

[537 Sp(l)g}F = [53/F7 Sp<1)] = Z7

138



Equivariant SU(2)-Bundles over S* and the Chern-Simons Invariant

where we give S3/T" the orientation induced from S and the second isomorphism
is given by [u] — deg(u). Given an equivariant map f: S — Sp(1)(®#) let
7(f): 53/ — Sp(1) denote the map induced by 7(f). The above work then
amounts to the fact that the map [S®, Sp(1)(®#) | — Z given by f — deg(7(f))
is a bijection. To complete the proof we will relate this degree to the degree of f.

First, since S® — $3/I" has degree |I'|, we deduce that |T|deg(7(f)) = deg7(f).
Using Lemma [[.B.2] and the definition 7(f) = po (g, f, k) one finds that

deg(7(f)) = degh — deg g + deg(f).

Hence, deg(f) = (degg —degh) + || deg(7(f)). We therefore have the following

commutative diagram

[537 Sp(l)(o‘;ﬁ)]r SN [53, Sp(l)(o‘:ﬂ)]

|

Z © Z

(1.43)

IR
IR

)

where the vertical maps are given by [f] — deg(7(f)) and [f] — deg f, from left
to right, and m(n) = |I'|n + (deg g — deg h). Since m is injective we conclude
that the upper horizontal map is injective. The final assertion follows from the
fact that deg g — deg h (mod |T'|) is independent of g and h by Lemma[L.B.3] W

Theorem 1.B.6. Let I' C Sp(1) be a finite subgroup acting on S* C H& R by
v (x,t) = (v x,t) = (xvy*,t). Then the map

¢: Vect.(S* H) — Rep' (T, H) x Rep'(I', H) x Z

given by [E] = ([EN], [Es], c2(E)[S?*]) is injective. Furthermore, for each pair
o, € Rep' (T, H) there is a constant ¢ € Z such that (o, B,k) € Im ¢ if and
only if k = ¢ (mod |T'|).

Proof. The follows from Proposition and Proposition [.B.5] in view of
the fact that co(E)[S?*] coincides with the degree of the transition function
t: 5% — Sp(l) C HOmH(Es,EN). [ |

The proof of Proposition gives a formula for the constant ¢ that will be
useful later.

Corollary 1.B.7. The constant ¢ in the above theorem may be taken to be
¢ = degg — degh for any choices of equivariant maps g: S — Sp(1)® and
h: S% — Sp(1)~.

I.B.3 Application of the Equivariant Index Theorem

Let E — S* be a I-equivariant SU(2) bundle and let S* and S~ be the complex
spinor bundles associated with the unique spin structure on S*. It turns out that
this spin structure is naturally I'-equivariant. This means that the spinor bundles
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carry the structure of I'-equivariant bundles and that the Clifford multiplication
map 7'S* — Homc (S, S7) is a map of equivariant bundles. Therefore, if A is
a I'-invariant connection in E the twisted Dirac operator

Do:T(ST@E) = T(S™ ®FE)

is a [-equivariant elliptic operator. The non-equivariant index of such an operator
takes values in the K-theory of a point K (%) = Z. In the I'-equivariant setting
it takes values in the I'-equivariant K-theory of a point, namely, Kp(x) = R(T);
the complex representation ring of I'. It is this index we will calculate in this
section.

For this purpose it is more convenient to use the model HP! for S*. This is
the identification space H? — {0}/ ~ where (z,y) ~ (g, qy) for ¢ € H—{0}. The
equivalence class of (x,y) in HP? is denoted by [z : y]. There are two canonical
charts

H=U={[z:y]cHP' : 2 #0} and H=V = {[z:y] € HP' : y # 0}

given by z — [1 : z] and w — [w : 1], respectively. The transition function
H — {0} — H — {0} (in either direction) is given by ¢ — ¢~!. This map is
orientation preserving so we define the orientation of HP! by requiring that both
of the canonical charts are positive, where H = C? has the standard orientation.

The tautological quaternionic line bundle v — HP! is defined to be
vi=A{([z: 4], (,w)) e HP* x H? : 3¢ € H - {0} 3 (2,w) = (qz, qy)}.

Let the trivial bundle H? = HP' x H? carry the standard symplectic inner
product, i.e., (21,22) - (w1, ws) = 2w} + zewj. Then 5 := ' is another
quaternionic line bundle. We give v and 4 the connections obtained from the
product connection in H? by orthogonal projection and equip them with the
symplectic inner products inherited from the trivial bundle H?.

The standard action Sp(2) x H? — H? descends to a transitive action
Sp(2) x HP! — HP!. The diagonal action on HP! x H? preserves the subbundles
v,y C H? and therefore give these the structure of Sp(2)-equivariant bundles
over HP!. The connections are invariant under this action.

The unique spin structure on HP' may now be realized explicitly with
ST =+~, S~ =7 and Clifford multiplication x: THP! = Homp/(,7) defined
in the following way. Let t: v — H? denote the inclusion and 7: H? — 3
the projection. Given p € HP', v € T,HP! and w € v, choose a local smooth
section s of v with s(p) = w. Then x(v)(w) = w(d((s)))p, where d is the product
connection in H?. In suitable trivializations of v and 7 over H = U C HP", the
map x,: TyH = H — Homy (H, H) for ¢ € H takes the form v — r,: H — H,
where 7, (w) = wv is right multiplication. Finally, we note that this spin structure
is Sp(2)-equivariant.

Remark 1.B.8. With our orientation conventions it holds true that co(7y)[HP!] =
—1. This can be verified, as suggested in [FU91, p. 85], as follows. First check
that the transition function restricted to $° ¢ H =2 U = HP! — {[0 : 1]}
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is a diffeomorphism and hence has degree +1. Then explicitly calculate the
connection and curvature forms in the chart H = U and conclude that the
connection of 7 is self-dual. From these two pieces of information the assertion
follows. As v @& 7 is trivial it follows that co(7)[HP'] =1 as well.

Let ' C Sp(1) be a finite subgroup. We define a I'-action on HP' by
restricting the Sp(2)-action along I' C Sp(1) C Sp(2), where the latter inclusion
is specified by

g € Sp(l) — ( é 2 > (1.44)

From the above discussion it follows that the spinor bundles S* obtain I'-
equivariant structures and that the spinor connections, are I'-invariant. By
convention the action of Sp(2) on HP! is given by

a b a* c* * * * *
( - d)[;z;y][xy]( b >[xa +yb* :xc” + yd'].
From this we see that in the chart H = U C HP!, z ~ [1 : 2], this action
corresponds to the standard linear action I' x H — H given by v - = zv*.

Remark 1.B.9. By regarding S* C H® R as before the map v: HP! — S* given
by
1
U(z:y) = g 22y P = =)
[ I? + [ly[l?

is a I-equivariant, orientation preserving diffeomorphism, when S* is given the
suspended action and orientation described earlier (note that this is the opposite
of the standard orientation on S%).

Let G be a compact Lie group, X a G-manifold and P: T'(V) — I'(W) an
elliptic G-operator, that is, V and W are G-equivariant complex vector bundles
and P is equivariant with respect the induced actions. Then the G-index of P is
defined by

Indg(P) = [Ker P] — [Coker(P)] € R(G).

The character of this virtual representation is denote by Indy(P) = tr(g|ker(p)) —
tr(g|coker(py) € C for each g € G. The fixed-point formula due to Atiyah, Segal
and Singer expresses the fact that Ind,(P) only depends on information above
the fixed point set Fj, := {z € X : gv = x}. In the case where Fj is a finite set
the formula (see Theorem 14.3]) simplifies to

B chy(Vy) — chy (W)
Ind, P = z; O T X)e) (1.45)

Here, chy(V,) = tr(g: Vo = V4), (T X)c is the complexification of T, X and
A_1 is defined for a G representation U by

dim¢c U

Aa(U) = Y (—~DFAE(U) € R(G).

k=0
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Let I' € SU(2) = Sp(1) be a finite subgroup acting on HP! in the way
described above. This action is free away from the two fixed points S = [1 : 0]
and N = [0:1]. Let E — HP! = S$* be a I'-equivariant Sp(1)-bundle with
[Es] = a, [Ex] = B and c2(E)[HP!] = k. Let A be a I'-invariant connection
in E£. Then the twisted Dirac operator Ds: I'(ST ® E) — I'(S™ ® E) is an
elliptic I'-operator as described above. For our purpose the formal adjoint
D%:T(S™ ® E) = I'(ST ® E) is more relevant.

Remark 1.B.10. Here we regard S* and F as complex vector bundles by
restriction along C C H. In particular, the tensor products S* @ E = S* @¢ E
are formed over the complex numbers.

Proposition I.B.11. Let E — HP! = S§* be a '-equivariant SU(2)-bundle with
[En],[Es] = o, B € R(T) and co(E)[HP'] = k € Z. Then 5 = Indr(D%) €
R(T") satisfies

(2 - Q)% == ﬁv
where Q) is the 2-dimensional complex representation associated with the inclusion
I' C SU(2). Furthermore, if € : R(I') — 7Z denotes the augmentation, then
() =k.

Proof. To apply the formula we have to determine the action of I' on the
fibers of S* ® E over the fixed points S = [1:0] and N = [0 : 1] as well as the
action on the tangent spaces TyHP?!, TsHP!. From the definition of ST =
and S~ =7 we observe that in terms of the inclusions ,5 C H?

YVs=H®&0 yw=06H
Ys=00H Ay =Ho0 -

From the description of the action in it follows that vg = 7x = C2, the
trivial representation, and yy = 75 = Q.

Next we need to investigate the action on the tangent spaces. We have
already seen that in the chart H = U C HP! the action corresponds to the
standard linear action v -z = xv*. Here 0 € H corresponds to S € HP!. Tt
follows that TsHP! = Qp, that is, the canonical representation regarded as a
real representation. In the other chart H = V C HP! given by z + [z : 1] one
may verify that the action is given by v - z = vz. The differentiated action on
H = ToH is given by the same formula. The conjugation map *: H — H is real
linear and satisfies (yz)* = z*y*. Hence, THPY = Qg as well. We need to
calculate the term A_1((Qgr)c). First, note that (Qr)c = Q ® Q* = 2Q), since Q
is an SU(2)-representation and therefore self-dual. Thus,

A-1((Qr)e) = A-1(2Q) = (A-1Q)* = (C - Q +A°Q)* = (2 - Q)?,

where we have used that A_1(V @ W) = A_1(V)A_1(W) and the fact that
A%2Q = C, the trivial representation.

Given an element V' € R(T") we let xy : I' — C denote the associated character.
For any g # 1 € I" the index formula now gives x.(g) as

<2xa(g) - xcz(g)xa(g)> n (XQ(Q)Xﬁ(g) - 2xa(g)> _ Xal(9) —x5(9)
(2 - xe(9)? (2 - xel9)? 2-xqlg)

142



Equivariant SU(2)-Bundles over S* and the Chern-Simons Invariant

where the first term corresponds to the fixed point S = [1 : 0] and the second
term to N = [0 : 1]. This yields the equality of characters (2— x@Q)x# = Xa — X3,
since by the above it holds for all g # 0, while for g = 1 it is trivially satisfied as
X0 (1) = xa(l) = x5(1) = 2. We therefore obtain the relation (2 — Q) = a—f
in R(T"). The final assertion follows from the regular index theorem

e(A) = Ind(D%) = co(E)[S?].

1.B.4 The Chern-Simons Invariant

Let Y be a closed oriented 3-manifold and let £ — Y be the necessarily trivial
Sp(1) = SU(2)-bundle over Y. The Chern-Simons invariant of a flat connection
Ain E is the value cs(A) € R/Z, where cs is the Chern-Simons functional defined
in equation . In this section we will explain that the theory of section (4)
lead to a simple procedure for the calculation of this invariant when Y = Yt for
some finite subgroup I' C SU(2).

Equip sp(1) = ImH with the standard invariant inner product for which
i,7,k is an orthonormal basis and write g(z,y) = —(x,y) for its negative.
The identification sp(1) = su(2) matches g with the symmetric bilinear form
(z,y) — & tr(zy). In this section we will prefer to work with the group Sp(1) so
we make the following definition (compare equation )

Definition I.B.12. Let X be a manifold. For any a € Q'(X,sp(1)) define the
Chern-Simons form ¢(a) € Q*(X,R) by

1 1
C(a) = R[a Ng da + ga Ng (@ Nag a@)].

Here Ay and A,q denote the combination of the wedge product and the
bilinear maps ¢ and ad = [+, -], respectively. Note that f*({(a)) = ¢(f*(a)) for
any smooth map f: X — Y and a € Q(Y,sp(1)).

Let Y be a closed oriented 3-manifold and let £ — Y be an Sp(1)-bundle.
Fix a global trivialization E' =Y x Sp(1) so that the space of connections Ag is
identified with Q' (Y, sp(1)). Then for a € Q' (Y, sp(1)) we have cs(a) = [ ((a)
mod Z. Observe that if a is flat, that is, da + %a Nad @ = 0, then

¢(a) = ﬁa Ng (@ Nga a). (1.46)

Lemma I.B.13. Let 0 € Q(Sp(1),sp(1)) be the left Maurer-Cartan form, that
is, 0g(v) = dly-1(v) for all g € Sp(1) and v € Ty Sp(1). Then

/ o) =1,
Sp(1)

when Sp(1) is oriented by requiring that (i, 7, k) is a positive basis for Th Sp(1) =
sp(1) = ImH.
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Proof. As 0 is left invariant and [;¢(60) = ((I;(0)) = ¢(0) for each g € Sp(1), it
follows that ((6) € Q3(Sp(1),R) is left invariant. Every left invariant form of
top dimension in a compact, connected Lie group is necessarily right invariant as
well. Therefore, if we regard Sp(1) = S® C H = R*, we see that ((#) is invariant
under the action Sp(1) x Sp(1) x S3 — S? given by (a,b) - © = axb~!. This
action factors through the double covering Sp(1) x Sp(1) — SO(4) where SO(4)
acts in the standard way on S3 C R*. We conclude that ¢(6) is SO(4)-invariant.

The Riemannian volume form of S™ equipped with the standard round metric
is the restriction of

n+1
wop =Y (1) agday A Adag A Aday, € QNRYTLR),

i=1

where the hat denotes omission. This form is invariant under the standard
transitive action of SO(n 4 1). Specializing to the case n = 3, it follows that
there is a constant ¢ € R such such that ((6) = cws.

We determine the constant ¢ by evaluating at 1 = (1,0,0,0) € H = R*. By
the formula above we have (w3)1 = dxa A das A dag, so that ¢ = ((0)(4,j, k). As
01: sp(1) — sp(1) is the identity, we have for a,b,c € sp(1) that

0 /\g (9 Nad 9)(a7 b, C) = g(a, 2[b’ C]) - g(b, 2[0" C]) + 9(07 2[0'7 b]) = 69(a7 [b7 C])7

since ¢ is symmetric and g(b, [a, c]) = g([b,a],c) = —g([a,b],c) = —g(a,[b,]).
Inserting (a,b,c) = (4, , k) we find
0 Ng (0 Nad 9)(17.73 k) - 6g(i7 []7 k]) = 69(i7 22) = 712(2‘72.) =-12.

Consequently, using formula (.46) we obtain ((6)1(i, j, k) = 5= and therefore
((f) = 5izws. The volume of S¥ is given by Vol(S%) = [, w = 272, so it follows
that fSp(l) ¢(0) = 1 as required. [ ]

In the following we give Yr = S3/T" the orientation induced from the standard
orientation on S® C H.

Lemma I.B.14. Let a € Rep' (T, H) correspond to a flat connection in the Sp(1)-
bundle over Yr. Choose a representative p,: I' — Sp(1) for a and let Sp(1)®
denote the group Sp(1l) equipped with the I'-action v - q = po(7v)q. Then for any
T -equivariant map g: S® — Sp(1)® it holds true that

cs(a) = deg(g)/II'] mod Z.

Proof. Choose a representative a € Q'(Yr,sp(1)) for the flat connection in a
global trivialization of the bundle. Then by definition

cs(a) = ¢(a) mod Z.
Yr

Let p: S® — Yt be the quotient map. Since Yt carries the orientation induced
from S3 this map has degree |T'|. Let b = p*(a) € Q'(S®,sp(1)). Since a and b
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are flat and S® is simply connected, there exists a smooth map g: S% — Sp(1)
such that b = g*0, where 0 € Q!(Sp(1),sp(1)) is the left Maurer-Cartan form.
Moreover, the map g is unique up to left translation in the sense that if
h: S3 — Sp(1) is another map with h*6 = b, then h = [,, o g for some u € Sp(1),
where [,,(v) = uv denotes left translation in Sp(1). For each v € T’ we have

Y5 (b) =v"p*(a) = (povy)*a=p*(a) =b.

Then as (g o7v)*(#) = v*b = b we deduce from the uniqueness of g that there
is a unique p(y) € Sp(1) such that go~y = l,,) o g. One may easily verify
that p: T' — Sp(1) is a homomorphism, in fact, it encodes the holonomy
representation of the flat connection a € Q'(Yr,sp(1)) we started with. If
we replace g: S% — Sp(1) with [, o g, then p : I' — Sp(1) is replaced by ¢, o p,
where ¢, is conjugation by u in Sp(1). Therefore, for a suitable choice of u € Sp(1)
we can arrange that p = p,. From the defining formula go~y =1, (1) 0 g it
follows that g: S® — Sp(1)® is equivariant.
Our setup is summarized in the following diagram

We may now calculate

L[ IR _ deg(g)
[ = [ =g [Locor="52 [ o

By the previous lemma fSp(l) ¢(0) =1, so by reducing this modulo integers we

obtain cs(a) = cs(a) = dleﬁg mod Z. To complete the proof we must show that

deg(h)/|IT'| mod Z is independent of the equivariant map h: S% — Sp(1)®. This
is a consequence of Lemma[[.B.3| which shows that deg 2 mod |T'| is independent
of h. |

Example I.B.15. Let I' C Sp(1) = SU(2) be any finite subgroup. Let o = @
denote the the canonical representation associated with the inclusion above.
Then the map g: S® — Sp(1)® given by g(x) = z* is equivariant. Indeed,

g(y-x) =g(xy") = (z7")" = v2* = v-g(x)

for each v € I'and 2 € S2. Since S* C H and Sp(1) C H both carry the standard
orientation for which (4,4, k) € T1.8% = Ty Sp(1) is a positive basis, it follows
that deg g = —1 and therefore

-1
cs(a) = ] mod Z.

If we reverse the orientation of Yr then the value of cs changes by a sign.
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Proposition I.B.16. Let I' C SU(2) be a finite subgroup and let «, 3 be a pair of
SU(2)-representations of I' = w1 (Y1) corresponding to a pair of flat connections
in the SU(2)-bundle over Yr. Let 7 be a solution of the equation

2-Q)H =a-p
in R(T"). Then cs(a) —cs(B) = e() /|| € R/Z.

Proof. Let E — S* be a I'-equivariant SU(2)-bundle with [Ex] = a and [Es] = 8.
Then by Proposition [[B.11] the element .7 := Ind(D%) € R(T'), where A is any
[-invariant connection in FE, satisfies (2 — Q)# = a — 3 and () = co( E)[S?].
Moreover, by the classification theorem and Corollary [.B.7 the integer
c2(E)[S?] satisfies a congruence

c2(F)[SY] = degg — degh mod |T,

where g: S% — Sp(1)® and h: S* — Sp(1)? are any choices of equivariant maps.
From Lemma [B.14] we obtain

cs(a) — cs(B) = (degg — degh)/|T'| = co( E)[SY]/|T| = €(2#)/|T| mod Z.

This shows that the result is valid for a specific solution .77°. However, by Lemma
any other solution is given by J + mR, where m € Z and R = C[I'] is
the regular representation. Since dimg R = |I'| we conclude that e(#)/|T| is
independent of the solution # modulo Z and the proof is complete. |

This theorem reduces the calculation of Chern-Simons invariants to solving
an equation in R(T'). Employing the graphical solution procedure of Proposition
(212 one may easily solve for all the flat connections recursively starting at the
trivial connection. We will give an example in the next section.

I.B.5 Connections to Group Cohomology

Given a finite group G its group cohomology may be defined by H*(G;Z) =
H*(BG;Z), where BG is its classifying space (see for instance
Chapter II]). A representation p: G — U(n) gives rise to characteristic classes
ci(p) € H*(T; Z) by pulling back the universal Chern classes ¢; € H*(BU (n); Z)
along the induced map Bp: BI' — BU(n). The purpose of this section is to show
that for a finite group I' C SU(2) there is a natural way to identify the Chern-
Simons invariant cs(a) € R/Z with the second Chern class ca(p,) € H*(T;Z),
where p,, : I' = SU(2) is the holonomy representation associated with «.

The following calculation is certainly known. We include a quick proof for
completeness.

Lemma I.B.17. Let T' C SU(2) be a finite subgroup. Then H°(T;Z) = 7, while
fori>0
e fori=2 (mod 4)
HYT;zZ)={ Z/JIT| fori=0 (mod 4)
0 fori=1,3 (mod 4)
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Moreover, for any generator e € H*(I';Z) the cup product eU: H(T;Z) =
H* (T, Z) is an isomorphism for each i > 0.

Proof. Let I act freely on S? in the standard way. The action induces a fibration
S3 — S3/T — BT (see for instance [AMO04, Lemma 6.2]). The associated Gysin
sequence breaks up into the following pieces of information:

(1) There are isomorphisms H*(I') = H*(S3/T) for 0 <i < 2.

(2) There is an exact sequence
0 —— H3(I) —— H3(S*/T) —2 H3S?) —— HYI) —— 0,

where p : S3 — S3/T" is the quotient map.

(3) The map eU: H(T) — H*™*(T) is surjective for i = 0 and an isomorphism
for i > 1, where e € H*(I") is the Euler class of the fibration.

By Lemmawe have H'(S3/T') = 0 and H?(S3/T") = T% so that H(I") = 0
and H%(T") 2 T by the first point. Since p: S — S3/T is a covering map of
degree |T|, it follows from the second point that H3(I') = 0 and H*(T") = Z/|T|.
The rest of the statement now follows from the third point. |

The above lemma does not give complete information about the product
structure in H*(T"). The underlying Serre spectral sequence giving rise to the
Gysin sequence simply does not contain information about the cup product
H?(T;Z) x H*(T;Z) — H*(T';Z). It is of course known that H*(Z/m,Z) =
Z[5]/(mp) with |3] = 2 for cyclic groups Exercise 6.7.4]. For the binary
icosahedral group I* one has (I*)?® = 0, so the cup product is necessarily trivial.
However, for the remaining groups more refined techniques seem to be required.

Definition I.B.18. Define er € H*(T;Z) to be ca(:) where ¢: I' C SU(2) denotes
the inclusion.

Proposition I.B.19. Let I' C SU(2) be a finite subgroup. Then er € H*(T'; Z) is
a generator. Define 7: H*(T;Z) — R/7Z to be the group homomorphism given by
T(ker) = k/|T'| mod Z. Let a be a flat connection in the trivial SU(2)-bundle
over Yr with associated representation po: I — SU(2). Then

7(c2(pa)) = —cs(a).

Proof. According to Lemma there exists an equivariant map g: S® —
Sp(1) = SU(2) in the sense that g(7-q) = pa(7) - g(q) for each v € T and ¢ € S3.
Composing this map with the orientation reversing orbit map SU(2) — S3
given by = + x - 1, we obtain a map h : S® — S3, which is equivariant along
pa : T'— SU(2). Here SU(2) acts on S? C C? in the standard way. Note that
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degh = —deg g. There is an induced morphism of fibrations

S ———— El'xp 82 ——— BT

b .

§3 —— ESU(2) xgu() 5* — BSU(2),

where ET' — BI' and E SU(2) — B SU(2) are the universal bundles. As both T
and SU(2) act freely on S? there are homotopy equivalences

ET xp 5% ~ $%/T" and ESU(2) xgy(e) S* ~ 5%/ SU(2) = *.

The above morphism of fibrations induces a morphism of the associated
(cohomology) Serre spectral sequences. As both fibrations have S as fiber
the only nontrivial differentials are dy: Eff’?’ — Eff+4’0 for p > 0. In particular,
we obtain a commutative diagram

H3(S3:7) = EY® —% EYY — HY(BSU(2);7)

lh* JBPZ

H3($3:7) = B9 —% , g0 — H4(BT;7)

The upper differential must be an isomorphism since the spectral sequence
converges to H*(x) = Z. Let u € H3(S®;Z) be the unique generator with
dy(u) = cg € H*(BSU(2);Z). Then from the commutativity of the diagram we
obtain

ca(a) = (Bpa)*(c2) = dy(h*u) = (deg h)dy(u) = (degh)er.

For the final equality, consider the same commutative diagram with p, replaced
by the inclusion ¢: I' C SU(2). Then we can take h: S® — S3 to be the identity,
and it follows from the same calculation as above that ep == Bi*(ca) = d*(u).
This also shows that er is a generator for H*(BT;Z) as the lower differential
must be surjective because H*(S®/T;Z) = 0.

To conclude, recall from Lemma that for the equivariant map
g: S% — SU(2) we started with, it holds true that cs(a) = deg(g)/|T'| mod Z.
Hence,

7(c2()) = 7(deg(h)er) = —7(deg(g)er) = —deg(g)/|I'| mod Z
and the proof is complete. |

Example 1.B.20. Let I' = 7. There are three flat connections 6, a and .
Here 0 corresponds to the trivial representation, a: corresponds to the canonical
representation ), while A is reducible and corresponds to a representation p @ p*
where p: T* — U(1) is one of the 1-dimensional representations (see the character
table in A.3). By example [[.B.15] we know that cs(a) = —1/|T*| = —1/24, and,
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of course, cs(f) = 0. To determine cs(A) we solve the equation (2— Q)& = a— A

in R(T") using the technique of Proposition [[.4.12} This yields a solution .7 with
e(H) = dime 7 = 15. Then by Proposition we obtain

cs(a) —es(A) = () /|T*| = 15/24 mod Z.

Hence, cs(\) = —2/3 =1/3 mod Z.

This calculation can be used to determine the cup product H?(T*;Z) x
H?(T*;Z) — H*(T*;Z) using the above proposition. As ¢;: Hom(T*,U(1)) —
H?(T*;Z) is an isomorphism, we can take ci(p) € H*(T*;Z) = 7Z/3 as a
generator. Then

—c1(p)® = c1(p) Ucr(p*) = cap ® p*) = ca(N) = 8er.

In particular, the cup product is an isomorphism from Z/3 ® Z/3 = 7Z/3 onto
the unique cyclic subgroup 8Z/(24) of order 3.
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Singular Quiver Varieties over
Extended Dynkin Quivers

Gard Olav Helle

Abstract

We classify the singularities in certain unframed Nakajima quiver varieties
associated with extended Dynkin quivers with a small restriction on the
parameter and use this to construct a number of hyper-Kéhler bordisms
between binary polyhedral spaces.
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II.1 Introduction

In Nakajima introduced a family of spaces he called quiver varieties. A
quiver is simply a finite directed graph (Q,I) where I is the set of vertices and
@ is the set of edges. We typically denote the quiver by Q. Given a dimension
vector v € ZI>O, we form the vector space

Rep(Q,v) = @ Homg (C", C*),
(h:i—j)EQ

which carries a natural linear action of the compact Lie group G, == [[,; U(v;).

The doubled quiver @ is obtained from @ by adjoining an opposite edge h: j — @
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II. Singular Quiver Varieties over Extended Dynkin Quivers

for each edge h : i — j in Q. In this situation one may give the complex vector
space Rep(Q, v) a natural quaternionic structure preserved by the action of G.,,.
There is an associated hyper-Kéhler moment map u: Rep(Q,v) — R3 ® g,,
where g, = Lie(G,). The quiver varieties associated with @ and v are then
defined to be the hyper-Kéhler quotients

Me(Q,v) = n~'(€)/G.

for &€ = (£1,&,63) € R3®R!. Here, ¢ is regarded as an element of R ®g, using a
canonical linear map from R’ onto the center of the Lie algebra. Given w € Z! let

={CeR :¢-w=3,w; =0} C R It is then necessary that £ € R3@ D,
for M¢(Q,v) to be nonempty, however, for almost all such parameters the quiver
variety M¢(Q,v) carries the structure of a smooth hyper-Kéhler manifold. More
generally, there is a decomposition

Me(Q,v) = ME(Q,0) UMZ™(Q,v),

where the regular set ./\/lzeg(Q,v) is open and carries the structure of a

smooth hyper-Kéhler manifold, while the singular set ./\/lzing(Q7 v) is its closed
complement.

An extended Dynkin quiver @ is a quw/@\r_lvhose underlymg unoriented graph
is an extended Dynkin diagram of type ADE, that is, type An, Dn, E67 E; or
Es. In this situation there is a distinguished dimension vector § € ZL; the
minimal positive imaginary root in the associated root system. The purpose
of this paper is to study the singular members of the family of quiver varieties
Me(Q,0) when @ is an extended Dynkin quiver. This family of spaces, whose
non-singular members are the so-called ALE spaces, was first constructed and
studied by Kronheimer in a slightly different form. The fact that
Kronheimer’s construction can be expressed in the above form is explained in
p. 372-373].

The McKay correspondence sets up a bijection between the
isomorphism classes of finite subgroups I' C SU(2) and the extended Dynkin

diagrams of type ZBE Kronheimer exploited this correspondence to show that
the (non-empty) non-singular members of the family M¢(Q,d) for £ € R3 @ D;
are smooth 4-dimensional hyper-Kéhler manifolds diffeomorphic to the minimal
resolution of the quotient singularity C2 /T where I' C SU(2) is the finite subgroup
associated with the underlying graph of ( under the McKay correspondence.

To state our first main result let () be an extended Dynkin quiver with vertex
set I and minimal positive imaginary root § € Z!. By deleting any vertex i € I
with §; = 1 from @Q one recovers the associated (non-extended) Dynkin graph of
type ADE. Identify the set of vertices with {0,1,--- ,n} for some n € N such
that 6o = 1. One may then realize the root system associated with the underlying
Dynkin graph as a subset ® C Z™ C R™ with the coordinate vectors as a set of
simple roots. Furthermore, there is a natural way to identify R" = Ds c R"*!
thereby identifying the set of parameters R? ® D5 = R3 @ R”. With this in mind,
our first main result can be stated as follows.
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Theorem II.1.1. Assume that &€ = (£1,&9,63) € R? @ R™ satisfies & = 0. Then
ifeNét={ac®:a- & =a-& =0} is nonempty, it is a root system in the
subspace it spans and admits a decomposition into root systems of type ADE:

PNEL =D, UDU---UD,. (I1.1)

Furthermore, there is a natural bijection p: M?ng(Q,é) > {D,Dy,--- D, }
and the local structure around the singularities can be described as follows.
Let v € M:"*(Q,0) and let Ty C SU(2) be the finite group associated with
p(x) under the McKay correspondence. Then there is an open neighborhood
r € Uy C Me(Q,6) and a homeomorphism ¢g: Uy — B.(0)/T, where
B,.(0) C C? is the open ball of radius r, that restricts to a diffeomorphim

M S (Us = {}) = (B, (0) — {0})/Ts.

The fact that M¢(Q, d) is non-singular when ¢ avoids all the root walls Dy
for 6 € @ is the content of Corollary 2.10].

We give a brief outline of the proof of Theorem and, in particular,
explain why we make the restriction & = 0. The action of the compact
group G, on Rep(Q,v) extends to a linear action of the complexification
G§ = [1i-, GL(6;, C). Moreover, the hyper-Kéhler moment map splits

1= (g, pc): Rep(Q,6) = R® ® gs = g5 @ gf,

where g§ = Lie(G§), and the second component is a moment for the action of G§
with respect to a complex symplectic form on Rep(Q,d). In the situation
where the parameter £ = (£,&,6&3) € R3 @ R™ satisfies &, = 0, there
is a homeomorphism between the hyper-Kéhler quotient M¢(Q,d) and the
GIT quotient ps'((€2,€3))//GS. The elements of the latter quotient have a
representation theoretic interpretation. Indeed, if we write A = & + i3 € CI,
the points of ug'(\)//G$ are in natural bijection with the isomorphism classes
of semi-simple modules of dimension § over the deformed preprojective algebra
1" = I1*(Q) introduced in . Under these bijections the singularities in
M¢(Q,0) correspond precisely to the non-simple, semi-simple modules. Using
a result of Crawley-Boevey on the existence and uniqueness of simple
ITI*-modules, we are able to set up a bijection between the latter set and the
root systems in the statement of the theorem.

To establish the homeomorphisms ¢, : U, — B,(0)/T; we employ a result
of that essentially reduces the statement to the determination of the
complex symplectic slice (see Definition [[1.7.1]) at a point 7 € =1(0, \) above .
We should note that a result along these lines is given in Lemma 3.3],
however, the proof given there seems to contain a gap that we have been unable
to close. For this reason we have chosen to rely on the above mentioned result
instead.

The finite subgroups I' C SU(2) are called the binary polyhedral groups. By
restricting the canonical action of I' to the three-sphere S® C C? we obtain the
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II. Singular Quiver Varieties over Extended Dynkin Quivers

binary polyhedral spaces S3/T". In Proposition [I1.8.3| we determine what kind of
root space decomposition

PNT=P,U--- D,

one can obtain by varying the parameter 7. Combining this with the above
theorem we obtain the following constructive procedure for hyper-Kéhler
manifolds with a number of ends modeled on (0, ) x S3/T for finite subgroups
I' € SU(2). In the following statement we say that a subgraph H of G is a full
subgraph if every edge in G connecting a pair of vertices in H belongs to H.

Theorem I1.1.2. Let Ty, T'y,---, T, C SU(2) be finite subgroups and let
Ko, Ky, -+, K, denote the corresponding (non-extended) Dynkin graphs. Let Q
be an extended Dynkin quiver with vertex set I, whose underlying unoriented graph
is the extended version of Ko. Then if Ky U KoU---UK, can be realized as a full
subgraph of Ko, there exists a parameter £ € R® @ R! such that X = M?g(Q,é)
satisfies the following properties.

(1) X is a connected hyper-Kihler manifold of dimension 4.

(2) There are disjoint open subsets Uy, Uy, - , U, C X and for each 0 <i <r
a diffeomorphism
bi: Uy — (0,00) x S3/T;.

(3) The complement Y = X —J._, U; is a compact 4-manifold with boundary
components S3/T; for 0 <i <r.

Note that the diffeomorphism ¢;, 0 <1 < r, will generally not preserve the
hyper-Kéhler structure. We do not expect the hyper-Kéhler metric in M™(Q, 9)
to be complete.

The paper is organized as follows. In section (2) we give the basic definitions
concerning hyper-Kéhler manifolds and hyper-Kéhler reduction. In section (3)
we introduce quivers and quiver varieties and state the key results that will
be needed concerning these. In section (4) we recall the basic elements of the
complex representation theory of quivers. Afterwards, we give the definition of
the deformed preprojective algebras 1 (Q) and spell out the relation between the
quiver variety Mg »)(Q,v) and the isomorphism classes of semi-simple 1 (Q)-
modules. Finally, we recall the key result of that eventually allow us to
classify the singularities in M )(Q,v). In section (5) we give the construction
of the extended Dynkin diagrams from the underlying Dynkin diagram and
review the necessary root space theory of the associated root systems.

Our original work starts in section (6) where we establish the bijection
between the singularities in the (extended Dynkin) quiver varieties and the
components in the corresponding root space decomposition as in . In
section (7) we establish the local models around the singularities using a result of
and give the proof of Theorem In the final section we determine
the possible configurations of singularities in the various quiver varieties and
complete the proof Theorem [[T.1.2}
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I.2 Hyper-Kahler Reduction

A hyper-Kédhler manifold is a tuple (M,g,I,J, K) consisting of a smooth
manifold M, a Riemannian metric g and three almost complex structure maps
1,J,K: TM — TM subject to the following conditions:

(a) I, J and K are orthogonal with respect to g,
(b) I1JK = _1TM and
(¢c) VII =V9J =VIK =0, where V9 is the Levi-Civita connection.

In particular, for each S € {I,J, K} the triple (M,g,S) is a Kéhler manifold
with Kéhler form wg given by (ws),(v,w) = ¢,(Sv,w) for each p € M and
v,w e T,M.

Following the terminology of a tri-Hamiltonian hyper-Kéhler
manifold is a triple (M, K, u) consisting of a hyper-Kéhler manifold M, a
compact Lie group K acting on M preserving the hyper-Kéhler structure and
a hyper-Kéhler moment map u = (uur, iy, pxc): M — R3 @ £, where € is the
Lie algebra of K. Note that by definition p is a hyper-Kéahler moment map if
and only if the components g, i17, i are moment maps for the corresponding
symplectic forms wy,w s, wk, respectively, in the sense familiar from symplectic
geometry (see for instance [Can01]).

The group K acts on £ through the coadjoint action and we denote the set
of fixed points by (£*)%. For each £ € R3 ® (£*)K the fiber u~1(¢) is K-invariant
and the quotient space pu~1(£)/K is called a hyper-Kéhler quotient.

Theorem 11.2.1. Let (M,K,u) be a tri-Hamiltonian hyper-Kihler
manifold and let £ € R® @ (8)X. If K acts freely on u='(&), then the following
holds true.

(a) & is a regular value for p so that p=1(€) is a smooth submanifold of M.

(b) The quotient u=1(&)/K is a smooth manifold of dimension dim M —4 dim K
and the projection 7: p=(€) — p=1(€)/K is a principal K-bundle.

(c) There is a unique hyper-Kihler structure on p=1(€)/K with Kdhler forms
W, W', Wy such that 7 (ws) = wsl|,—1(¢) for each S € {I,J,K}.

The passage from (M, K, i) to p='(&)/K for £ € R? @ (£°)X is called hyper-
Kéhler reduction. Even if the action of K on pu~1(£) fails to be free, the
hyper-Kihler quotient X = p~1(¢)/K admits a decomposition into smooth
hyper-Kéhler manifolds of various dimensions (see Theorem 1.1]). For
our purpose it will be sufficient to note that if U C M denotes the open (possibly
empty) set consisting of the free K-orbits, then u|y : U — R® ® £* is a moment
map for the action of K on U, and therefore (u=(£)NU)/K = X™& C X carries
the structure of a smooth hyper-Kéhler manifold by the above theorem. The open
subset X™® is called the regular set and its closed complement X "8 := X — X9
is called the singular set.
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II. Singular Quiver Varieties over Extended Dynkin Quivers

We will only be interested in a very simple instance of the above procedure.
Let V be a quaternionic vector space equipped with a compatible real inner
product g: V x V. — R, that is, V is a real vector space equipped with
three orthogonal endomorphisms I,J, K: V — V satisfying the relations of
the quaternion algebra:

P=7P=K?>=1JK =—1y.

Using the standard identification T,V = V for each p € V, we may regard
(V,9,1,J,K) as a (flat) hyper-Kdhler manifold. Let K be a compact Lie group
acting linearly on V' preserving (g, I, J, K). In this situation the unique hyper-
Kihler moment map vanishing at 0 € V., pu = (ur, ps, pr): V — R® @ € is
given by

1

pr(@)(©) = Jwr(€-2,2) = 3(6 - 1r,2)

for x € V, £ € ¢ and similarly for p; and px. We call the triple (V, K, u) a
linear tri-Hamiltonian hyper-Kéhler manifold.

II.3 Quiver Varieties

A quiver is a finite directed graph (@, I, s,t), where I is the set of vertices, @
is the set of edges and s,t: Q — I are the source and target maps. Given an
edge h € Q with s(h) =i € I and t(h) = j € I we write h: i — j. We will abuse
notation slightly and refer to the quiver simply as @ or (@, I) letting s and ¢
be implicit. The purpose of this section is to fix our notation, define the quiver
varieties of interest and state a few results needed for our later work. We will
later restrict our attention to the quivers specified in the following definition.

Definition I1.3.1. An extended Dynkin quiver is a quiver () whose underlying
unoriented graph is an extended Dynkin diagram of type A,, D,,, Eg, E7 or Eg.
Similarly, a Dynkin quiver is a quiver whose underlying unoriented graph is a
Dynkin diagram of type A,, D,, FEgs, E7 or Eg.

Let (Q,I) be a quiver. For each v = (v;);es € ZL,, called a dimension vector,
define B

Rep(Q, ”U) = @ HOm((CvS(h) , (Cvt(h))

heQ

Gy =[]Uw)
el

G¢ =[] GL(v;, ©),
el

where U(v;) C GL(v;, C) denotes the group of unitary matrices for each i € I.
There is an evident inclusion G, C G¢ witnessing the fact that G¢ is the
complexification of G,. The Lie algebras g, := Lie(G,) and g¢¢ = Lie(G¢) are
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given by
g = Pu(vi) and g5 =P End(C™).
el el

The group G¢ acts linearly on Rep(Q,v) by the formula
-1 c
97 = (9e(n)Thy ) )neq for g = (gi)ier € G and x = (zn)req € Rep(Q,v).

The subgroup G, acts by restriction along the inclusion G,, C G. The space
Rep(Q,v) carries a Hermitian inner product preserved by the action of G,.
Explicitly,

(2,y) = 3 tr(anyh),

heQ

where tr is the trace and y; is the adjoint of y; with respect to the standard
Hermitian inner product on C"i for i € I.

Definition 11.3.2. Let @ be a quiver. The opposite quiver Q°P is defined by
taking the same set of vertices and reverse the orientation of each edge. For an
edge h € @ the opposite edge is denoted by h € Q°P. The doubled quiver Q is
defined by taking the same set of vertices and let the set of edges be QUQ°P. The
orientation map €: @ — {+1} is defined by e(h) = +1 if h € Q and €(h) = —1 if
h € Q°P.

We extend the bijection @ — Q°P, h +— h, to an involution of @ by setting
ho = hq if and only if Ay = hs for by € Q and hy € Q°P.

Given a quiver ) with vertex set I and a dimension vector v € ZI>O, there is
a natural decomposition B

Rep(Q,v) = Rep(Q,v) & Rep(Q™", v).

This gives rise to a quaternionic structure J: Rep(Q,v) — Rep(Q,v). In terms of
the above decomposition, J is given by J(z,y) = (—y*,z*), where (%) = (23,)"
and similarly for y. The action of GG, commutes with this quaternionic structure
and we may therefore regard Rep(Q,v) as a quaternionic representation of the
compact group G,. The components of the unique hyper-Kéhler moment map
p = (ur, uc) = Rep(Q,v) — g, ® g vanishing at zero, where the Lie algebras
are identified with their duals using the trace pairing, have the explicit forms

[Nakod] p. 370]

pur(z) = 5 Z | TRT}, — TEAR
het=1(i) el

pe@) = Y. ehzpag| . (I.2)
het=1(i) iel

In the terminology of the previous section (Rep(Q,v),Gy,u) is a linear tri-
Hamiltonian hyper-Kéhler manifold.
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Under the identifications of g, and g¢ with their dual spaces, the subspaces
fixed under the coadjoint action are identified with the centers Z(g,) and Z(g¢).
There are natural maps R — Z(g,) and C! — Z(g¢) given by

(&)ier € RN = (V=1& Tdcw )ier € @D Z(u(vs))
iel
(Mi)ier € C' = (AiTdew )ier € @D Z(End(CY).
iel

If v; # 0 for each ¢ € I, then both of these are isomorphisms. Otherwise,
they restrict to isomorphisms from R®"PPY and CS"PPV | respectively, where
suppv = {i € I : v; # 0}. For any dimension vector v € leo we will tacitly
regard elements ¢ € RY and A € C! as elements of Z(g,) and Z(g¢), respectively,
using the above maps.

Definition 11.3.3. Let @ be a quiver with vertex set I. For any dimension vector
v € 2L, and parameter € = (€z,&c) € RY & C” define

Me(Q,v) = (§)/Go
These hyper-Kéahler quotients are called (unframed) quiver varieties.

Remark 11.3.4. In Nakajima defines what one may call framed quiver
varieties M¢ (v, w) associated with a quiver @ with vertex set I and two dimension
vectors v, w € Z!. The above defined spaces M¢(Q, v) correspond to his Mg (v, 0).
According to p. 261] the spaces M¢ (v, w) can be expressed as Mg/ (Qq,v'),
where ()1 is a quiver obtained from @ by adjoining a single vertex and a number
of arrows depending on w. There is therefore no loss in generality in only
considering these (unframed) quivers.

The subgroup T of scalars, i.e., U(1) 2T C G,, acts trivially on Rep(Q, v)

so the action factors through G, — G,,/T =: G/,. As explained in the previous
section we obtain a decomposition

Me(Q,v) = MEE(Q,v) UME™(Q,v),

where the regular set M?g(Q, v) is the image of the free G/ -orbits in p~1(¢) or
equivalently the points x € u~!(§) with stabilizer T in G,. The regular set is
open in M¢(Q,v) and carries the structure of a smooth hyper-Kéhler manifold.
The singular set Mzing (Q,v) is the closed complement of the regular set.

The fact that the action of G, factors through G/ has another important
implication, namely, that the moment map u: Rep(Q,v) — R?® ® g, takes
values in the subspace g,,0 C g, corresponding to (g),)* = Lie(G/,)* under the
isomorphism g = g,. This subspace consists precisely of the (a;)icr € go
satisfying Y, ; tr(a;) = 0. A parameter & = (&1,&2,&3) € R® @ R corresponds
to an element satisfying this condition precisely when

v =Y tr((&)ildew) =0 for k=1,2,3,

iel
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where - denotes the usual scalar product. For each 6 € Z! define
Dg={ucR :u-0=0} cR.

The above then amounts to the fact that u~1(¢) = () whenever &, ¢ D, for some
1 < k < 3. However, for most parameters ¢ € R? ® D, the space Me(Q,v) will
be a smooth hyper-Kéhler manifold. To state the relevant result we have to
recall the definition of the symmetric bilinear form associated with a quiver (see

for instance [Cra0l, Section 2]).

Definition 11.3.5. Let @ be a quiver with vertex set I. The symmetric bilinear
form (-,-): Z! x Z' — 7 associated with the quiver is defined by

(v,w) = 22%% — Z Vs(nyWy(ny for wv,w e VAR
el heQ

If we identify the set of vertices I = {1,2,--- ,n} for some n € N and let
A = (a;;) be the adjacency matrix of the unoriented graph underlying @, i.e.,
a;; = a;; is the number of edges connecting 7 and j, then (v, w) = 2v-w —v- Aw.
Alternatively, (v,w) = v - Cw where C' = 2id —A. The symmetric bilinear form
therefore only depends on the underlying unoriented graph. If @ is a (extended)
Dynkin quiver, then C' is the Cartan matrix associated with the corresponding
(extended) Dynkin diagram.

The following theorem is Theorem 2.8] adapted to the unframed
setting. Let Z! be partially ordered by v < w if and only if v; < w; for each
1€l

Theorem 11.3.6. Let Q be a quiver with vertex set I. Given a dimension vector
v E leo define

Ri(v)={0€Z":0<0<v and (6,0) < 2}.
Then if
(eR?@D,— [ |J RP*@(DynDy) |,
0cR (v)

the group GY, acts freely on (&) C Rep(Q,v) and the quiver variety Me(Q,v)
is a (possibly empty) smooth hyper-Kihler manifold of dimension 4 — 2(v,v).

Let (@, I) be a quiver and fix a dimension vector v € ZIZO. The complex Lie

group G¢ acts on Rep(Q,v) preserving the complex symplectic form we given
by the formula

we(z,y) = Z e(h)tr(zpy;) for z,y € Rep(Q,v). (I1.3)
heQ

The corresponding moment map is precisely the component uc: Rep(Q,v) — g¢
in (I1.2)). From the given formula it is clear that uc is algebraic and therefore
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He (&c) carries the structure of an affine variety for each & € C!. The action
of the reductive group G¢ is algebraic so there is a complex analytic quotient
pet(&e) — pt(&e)//GS. This is the analytification of the affine GIT quotient

Spec Clug ' (éc)] — Spec(Cluc ' (60)]°7).

We will need a few standard facts concerning this construction (see for instance

[Dol03] Chapter 6] for the algebraic side of the story and [May18| Section 2.4.1]

and the references contained therein for the analytical perpective).

Lemma 11.3.7. As a topological space ug'(éc)//GS is homeomorphic to the
quotient space uEl(&c)/ ~ where x ~ y if and only if GS-x NG -y # (.
Let q: pc'(€c) — pe'(€c)//GS denote the quotient map. Then each fiber ¢~ (x)
contains a unique closed orbit GS - &, and if y € ¢~ (x) then G-z C G - y.

In this setting we have the following result comparing the analytic quotient
and the hyper-Kéhler quotient.

Theorem 11.3.8. [Nak9j, Theorem 3.1] Let QQ be a quiver with vertex set I
and let v € Z! be a dimension vector. Then for each & € C! the inclusion
110, &e) = pr ' (0) N et (€e) = pet(&c) descends to a homeomorphism

M0,6)(@0) = (g (0) N g (€2)) /G = g (60)/ /G
Moreover, each closed orbit GS - x C u(El({c) intersects uﬂgl(O) n a unique
G, -orbit.

Remark 11.3.9. The final statement is not explicitly stated in [Nak94], but seems
to be well-known. See for instance [Sja95], Proposition 2.2].

The above result implies that M ¢.)(Q, v) carries the structure of a complex
analytic space. We will have use for one final result. Let v € leo be a

fixed dimension vector and let & € C! such that Reéc,Iméc € D,. Choose
&r € D, 7U96R+(U) Dy and set £ = (0,&c) and € = (&g, &c). The space ME(Q’ )
is a smooth hyper-Kéhler manifold by Theorem The inclusion

pHE) = ' (6r) N g (Sc) = pg (&c)

induces a map 7: ME'(Q,’U) — uc'(éc)//GS = Me(Q,v). In the following
result we regard ME{Q, v) as a complex manifold by fixing the complex structure

induced by the (standard) complex vector space structure of Rep(Q, v).

Theorem 11.3.10. [Nak9/j, Theorem 4.1] The map 7 is holomorphic. Moreover,
if Mgeg(Q,v) is nonempty, ™ is a resolution of singularities. That is,

(1) = ME(Q,U) — M¢(Q,v) is proper,
(2) 7 induces an isomorphism 7' (M#(Q,v)) = M*(Q,v) and

(3) 7 HME™(Q,v)) is a dense subset of MHQ,v).
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.4 Representations of Quivers

We briefly recall a few basic notions concerning the representation theory of
quivers. An excellent reference for this material is . Afterwards we give
the definition of the deformed preprojective algebras 1" = TI*(Q) of [CH9S]
and spell out the correspondence between Mg x)(Q,v) and the isomorphism
classes of semi-simple IT*-modules. Finally, we recall the construction of the
root system associated with a quiver and state the key result of relevant
for our purpose.

A (complex) representation of a quiver @ is a pair (V, f) where V- = (V;),¢s is
a family of complex vector spaces and f = (fn: Vi) — Vin))neq is a family of
linear maps. We will only be concerned with finite dimensional representations,
i.e., V; is finite dimensional for each ¢ € I. The dimension of a representation
(V, f) is dim V == (dim(V;))ier € ZL,. A homomorphism u: (V, f) — (W, g) of
representations is a collection of linear maps u;: V; — W; for i € I such that
Jrsny = uynygn for each h € Q. We therefore have a category of complex
representations of (). This category is equivalent with the category of left modules
over the quiver algebra CQ: the complex algebra generated by {e; : i € I} and
{h : h € Q} subject to the relations

ejej; = 6ijei; eih = 5zt(h)h and h@j = 5S(h)jh

for all 4,5 € I and h € @, where 0;; = 1 if ¢ = j and §;; = 0 otherwise. The
{ei}icr is a complete set of mutually orthogonal idempotents, in particular
leg = Xier €ir

We briefly recall the equivalence between representations of @ and left CQ-
modules. Let (V, f) be a representation of @ and put X = @®,¢;V;. For each
i€ 1Ilet 1;: V; - X and m;: X — V; denote the inclusion and projection,
respectively. Define p: CQQ — Endc(X) by p(e;) = ¢; om; for each i € I and
p(h) = tyny © fn o myp) for each h € Q. One may then verify that p is a well-
defined homomorphism of C-algebras and therefore endows X with a CQ-module
structure. One may recover (V, f) from (X, p) by setting V; = ¢; X for i € I and
fn =Ty 0 p(h) o Lgpy for h € Q. With this in mind, we will pass freely between
the notion of a @) representation and a CQ-module.

A CQ-module X of dimension v € Z! defines a unique G¢-orbit Ox C
Rep(Q,v). A representative x for the orbit is obtained by choosing a basis
for V; = e; X, thereby identifying V; = C", for each ¢ € I and then letting
xp: CVsm — C" ) be the corresponding linear maps. The correspondence
X — Ox sets up a bijection between the isomorphism classes of CQ-modules of
dimension v and the set of G¢-orbits in Rep(Q, v). Given a parameter A € C! the
G¢-orbits in s (\) € Rep(Q, v) have a representation theoretic interpretation
as well.

Definition 11.4.1. [CH98|, p. 611] Let @ be a quiver with vertex set I. The
deformed preprojective algebra II* = I1*(Q) of weight A\ € C! is defined to be
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II. Singular Quiver Varieties over Extended Dynkin Quivers

the quotient of the quiver algebra CQ by the two sided ideal generated by

Cc = Z)\zez — Z[h,ﬁ]

i€l heQ

Observe that there is a decomposition ¢ =), ¢; where

C; = €4 )\zl(ca — Z E(h)hE

het=1(3)

In view of the formula for uc, it is not hard to see that the G-orbit of a
CQ-module X is contained in p~*(\) precisely when X descends to a IT*-module
along the projection CQ — I1*. Therefore, the G¢-orbits in /1,61()\) C Rep(Q,v)
are in natural bijection with the isomorphism classes of II*-modules of dimension
.

We have the following result describing the closed GS-orbits in Rep(Q,v)
(see for instance Section 2] for a proof). Note that a G¢-orbit is closed in
the Zariski topology if and only if it is closed in the analytic topology.

Proposition 11.4.2. Let Q be a quiver with vertex set I and let X be a finite
dimensional CQ-module of dimension v € ZI>O. Let Ox denote the orbit
corresponding to the isomorphism class of X in Rep(Q,v). Then Ox is closed
if and only if X is semi-simple. Moreover, let

0=XpoCcXiCcXoC---CX,=X
be a composition series for X, i.e., each quotient Xi/Xp—1, 1 <k <mn, is a
simple module, and let Xos = @, Xi/Xi_1 be the semi-simplification of X.
Then Ox,, is the unique closed orbit contained in the closure of Ox.
Let SS(IT*,v) denote the set of isomorphism classes of semi-simple II*-

modules of dimension v. For a semi-simple II*-module X we let [X] denote its
isomorphism class in SS(IT*, v).

Proposition 1.4.3. Let Q be a quiver with vertex set I and let TIN be the
associated deformed preprojective algebra of weight X € C!. Then for each
dimension vector v € Z', the map

p: M) (Q,v) — SS(ITH,v),

that assigns to a point x € M) (Q,v) the isomorphism class of the I -module
corresponding to any point & € pu=t(0,\) in the fiber over x, is a well-defined
bijection.

Moreover, if p(x) = [X] and X = @?:1 n; X, with the X; simple and n; € N,
then for any point & € u=1(0,\) above x there are isomorphisms

k k
Gv) %“H and (Gy)z §H (n;,C

reg

In particular, v € M © )\)(Q,v) if and only if X is simple.
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Proof. We divide the proof into four steps. The first sentence in each step is a
claim that we then go on to verify.

Step 1: The rule [X] — Ox C ugs'()) defines a bijection between SS(IT*, v)
and the set of closed G-orbits in pg~(A). We have seen that the given rule sets
up a bijection between the set of isomorphism classes of II*-modules of dimension
v and the G -orbits contained in puc Y(\). Since a IT*-module X is semi-simple
if and only if it is semi-simple as a CQ-module, Proposition ensures that
this bijection restricts to a bijection between the isomorphism classes of the
semi-simple TT*-modules and the closed G¢-orbits in pz'()).

Step 2: The rule (G, - z) — (GS - x) for & € p=1(0,\) defines a bijection
between the G,-orbits in p~1(0,\) and the closed GS-orbits in ug'(\). For any
dimension vector v € Z! we have a commutative diagram

e (0) Mgt () —— pg' ()

I I

Mo @Qv) —L— puz'(N)//Ge,

where p and ¢ are the quotient maps, i is the inclusion and j is the induced
map between the quotients. According to Theorem [[I.3:8] the map j is a
homeomorphism and in particular a bijection. Therefore, the only thing we need
to prove is that for each z € pg '(0) N pg ' (A) the orbit G- o C g’ (A) is closed.
By Lemma there is a unique closed orbit G¢ -y C ¢ 'q(i(z)). Moreover,
by the second statement in Theorem we may assume that y = i(z) for
some z € pp ' (0) N pc'(N). Then as jp(z) = qi(z) = qi(z) = jp(z) and j is
injective we conclude that p(z) = p(z) and hence G, - © = G, - z. This implies
that G¢, - © = G5 - z and as the latter orbit is closed by construction the claim
has been verified.

Step 3: The map p: M n) — SS(IT*,v) is a well-defined bijection. Let
p: uH0,0) — M 0,0 (@, v) denote the quotient map as in the above diagram.
The map sending 2 € Mg »)(Q, v) to the Gy-orbit p~*(z) C = *(0, A) is clearly
a bijection. The map p sending a point € Mg )(Q,v) to the isomorphism
class of the [T*-module associated with any choice of # € p~1(z) is then precisely
the composition of the bijection x + p~1(x) = G, - #, the bijection of step 2
and the inverse of the bijection of step 1. It is then clear that p is a well-defined
bijection.

Step 4: If p(z) = [X] and X = Z?Zl n;X; is a decomposition of X into
simple modules, then for any # € p~!(z) it holds true that

k k
G,) EH and GCiEH (n;,C

Let y € y(El()\) C Rep(Q,v) and denote the corresponding IT*-module by Y. It
is then easy to see that the stabilizer (G¢), coincides with the module theoretic
automorphism group Autp (V). If YV is semi-simple and Y = @§:1njyj is a
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decomposition into simple modules, it follows by Schur’s Lemma that
k
Aut (V) = [ ] GL(n;, ©).
j=1

Let © € Mgy, let @ € pg'(0) N pz'(A) be a point above z and let
X = Z§=1 n; Xy, be the corresponding semi-simple IT*-module decomposed
into simple summands. From the above considerations we may deduce that there
is an isomorphism (G¢)z; = H§:1 GL(n;,C). For any point y € g ' (0) it holds
true that the inclusion of stabilizers ¢: (G,), — (G%), induces an isomorphism
between the complexification of (G,), and (GS), (see Proposition 1.6]).
Applying this in the situation above we deduce that H?:l GL(n,, C) is isomorphic
to the complexification of (G,)z. In particular, (G,)z is isomorphic to a maximal
compact subgroup of H§:1 Gl,,; (C) and as all such subgroups are conjugate we
deduce that there is an isomorphism

k
(©s = [[Um)).

This completes the final step and hence the proof. |

In Crawley-Boevey gives a strong result on the existence and
uniqueness of simple II*-modules. To state the result we need to recall the
construction of the root system associated with a quiver. Here we follow
Section 2].

Let Q be a quiver with vertex set I and let (-,-): Z! x Z' — Z be the
associated symmetric bilinear form of Definition Let {¢; € Z! : i € I}
denote the standard basis of Z, that is, (¢;); = &;; for 4,5 € I. To simplify the
exposition slightly we will assume that ) contains no edge loops, i.e., there is no
h € @ with s(h) = t(h). This is valid in the case of (extended) Dynkin quivers.
Note that this condition implies that (e;,¢;) = 2 for each i € I.

For each i € I there is a reflection s;: Z! — Z' defined by s;(v) = v— (v, €;)€;.
These reflections generate a finite subgroup W C Autz(Z!) called the Weyl
group. The action of the Weyl group on Z! preserves the symmetric bilinear
form associated with the quiver. The support of a € Z! is the full subquiver of Q
with vertex set {i € I : o; # 0}. The fundamental domain F' C ZL,— {0} is then
defined to be the set of a € ZI>0 with connected support satisfying (a,€;) <0
for each i € I. The root system associated with the quiver Q is defined to be
¢ = ¢ U d™ C Z! where

o= JW-¢ and ™ =W.(FU-F).
il
The elements of ®' are called real roots and the elements of ®™ are called
imaginary roots. One may show that there is a decomposition ® = ®* U ®~ into

positive and negative roots, where a root « is positive (respectively negative) if
o c Zéo (respectively o € Z;O). We record the following elementary fact.

166



Extended Dynkin Quivers and their Root Systems

Lemma Il.4.4. For each a € ® it holds true that (o, ) = 2. For each 8 € ®™
it holds true that (3, 5) < 0.

Proof. As already noted (¢;,¢;) = 2 for each i € I. The first assertion now
follows from the fact that each o € ®"° may be expressed in the form w - ¢; for
some w € W and ¢ € I. For the second assertion we may assume without loss of
generality that 3 € F'. Writing 8 = ), bje; with b; > 0 we find

(8,8) =Y _bi(B,e:) <0

iel
since by definition (3, ¢;) < 0 for each i € I. [ ]

We may now state the key result on the existence and uniqueness of simple
II*-modules. In the following result the function p: Z! — Z is defined by the
formula p(a) = 1 — (o, @).

Theorem 11.4.5. Theorem 1.2] Let Q be a quiver with vertex set I. Let
II* be the associated deformed preprojective algebra of weight A € Z'. Then for
each o € leo the following is equivalent

(i) There exists a simple II*-module of dimension .

(ii) a is a positive root with A - o =0 and for every decomposition o =, 12
into positive roots satisfying X - B = 0 one has

pla) > p(BY).

In that situation pc'(\) C Rep(Q,a) is a reduced and irreducible complete
intersection of dimension a -« — 14 2p(«) and the general element is a simple
representation.

I.5 Extended Dynkin Quivers and their Root Systems

In our later work it will be important to have a firm grip on the relation
between the Dynkin diagrams and root systems of type ADFE and their extended

counterparts of type ADFE. In this section we briefly review the necessary root
space theory, establish our notation and prove two basic lemmas needed to
effectively apply Theorem

Let K be a Dynkin diagram of type A,,, D,, Fg, E7 or Eg, for short type
ADE. Fix an identification of the set of vertices with {1,2,--- ,n} for some
n € N. The Cartan matrix C' = (¢;;)ij € My(Z) of K is then defined by
cij = 20,5 — a;j, where a;; = aj; = 1 precisely when there is an edge connecting
i to 7 in K and otherwise 0. The associated root system ® C Z™ is then
constructed just as in the previous section using the pairing (v, w)c = v - Cw.
Note that this pairing is positive definite so in particular ® = ®*°. In particular,
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the coordinate vectors {¢; : 1 < ¢ < n} is a set of simple roots for ®. There
is a unique maximal root d € ®T C Z" with respect to the partial ordering
< on Z™ (see Section 10.4]). The extended Dynkin diagram K is
constructed from K by adjoining a single vertex 0 and one edge connecting 0 to ¢
if (d,e;)c = 1 for each 1 < i < n. The extended Cartan matrix C is constructed

from K in the same way C' was constructed from K. Explicitly, if we identify
Znt = Zey @ 77,

= 2 —d'C

C‘(cm c )'

The associated root system ® C Z"*t! is then constructed using the pairing
(v, w)g = v!Cw. We have the following useful description of the real roots in ®

and ® (see Proposition 5.10])

®={aeZ": (a,a)c =2} and " ={BeZ"':(8,8)z=2} (IL4)

To understand the imaginary roots in ® define a linear map v: Z"H — Zn
by ¥(ep) = —d and ¥(¢;) = ¢; for 1 < i < n. Then, using the above explicit
description of C, one obtains the following identity

('Ua IU)E/; - (1/1('0), l/f(w))c

As the latter pairing is positive definite one deduces that (-, -) & 1s positive semi-
definite. It follows by Lemma[[.4-4] that the set of imaginary roots must coincide
with the nonzero elements of Ker(¢), that is,

O™ = {r§:rcZ—{0}}

where 6 = (1,d)! € Zeq ® Z" = Z"*! is the minimal positive imaginary root. We
will need two lemmas concerning these root systems.

Lemma I.5.1. Define = {f € ®:0< 3 < 6}. Then the map o: Z"+* — Z"
restricts to a bijection : X — ® with inverse given by

_ _ (0, ) if e ®F
wlm)_{(Ld+a) ifac®

with respect to the decomposition Z"' = Zey ® Z". Furthermore, the adjoint
P*: R™ — R determined by (0) -7 = 0 -* (1) for € Z"! and 7 € R™, is
given by ¥* (1) = (—d - 7,7) and corestricts to an isomorphism R" = §+ C R+,

Proof. Note first ¥ C @' since § is the minimal positive imaginary root. As
(a,ﬁ)g = (Y(),v(B))c for all a, B € Z"*1, it follows from the description of
the real roots in that ¢(X) C ®. The same result shows that the map
k: ® = ¥ given by r(a) = (0,«) if @« € T and (B) = (1,d+ B) if B € ~
is well-defined. Using the definition of 1) one easily verifies that ¥x = idg and
k1) = idy,. Hence, 1 is a bijection with inverse ¢~ = k.
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For the second part note that @ extends uniquely to a linear map ¢: Rt —
R™ and hence has an adjoint ¥* : R® — R™*! uniquely determined by the
formula given in the statement. For each 1 < i < n we find ¥*(7); = ¥*(7) - €; =
T (e;) = 7, while ¥*(19) = 7 - ¥(eg) = —7 - d. Thus ¢*(r) = (—=d - 7,7).
Finally, since v : R"™1 — R™ is surjective, it follows that ¢* corestricts to an
isomorphism onto Ker(¢)+ = §*. [ |

In the following lemma we regard & C Z" C R™ as above, and we write
(-,-): Z™ X Z™ — Z for the Cartan pairing.

Lemma Il.5.2. For 7 € C" define 7+ = Spang(Re7,Im 1)+ C R™ with respect
to the standard scalar product on R™. Then if 7+ N ® is non-empty, it is a root
system in the subspace it spans and decomposes into a disjoint union of root
systems of type ADE

TN =0,UdyU---UD,.
Furthermore, ®; admits a unique base contained in @ for each 1 < j <r.

Proof. Write ®, = 7N ®. The fact that 7 N® is a root system in the subspace
it spans follows from [Hum78, Exercise IT1.9.7]. To see that ®, admits a base
contained in ®+ C Z%, we mimic the proof for the existence of bases in a root
system in [Hum?78, p. 48]. We may write ®, = ®F U & where &F = 7+ N o+,
As - = —®F it follows that @, is nonempty if and only if ®1 is nonempty.
We may therefore define S C ®} to be the subset of & € ®f that admits
no decomposition @ = 3 + v for 8,7 € ®F. This set is nonempty since any
a = ZZ a;€; € <I>7"f, a; > 0, with ZZ a; minimal must belong to S. For any
pair a # 8 € S we have have (o, 8) < 0. Indeed, if (o, 8) = 1, then either
a — f or B — a will belong to @} contradicting either « € S or 8 € S. To
see that the set S is linearly independent, suppose that > _qass = 0. Put
Si={s€S:as>0}, S =5-5 and write u = > g ass =), g, bit where
as >0 and by = —a; > 0. Then

(u,u) = Zasbt(s,t) <0,
s,t

which is only possible if v = 0. Hence, as each s € S is nonzero and has
non-negative coefficients with respect to the standard basis ¢;, 1 < i < n, it
follows that as = 0 for all s € S as required. It is clear that every root o € ®F
can be written as a positive integral linear combination of the elements of S and
we have thus verified that S is a base for ®.. At this point we may decompose
S =5 USU---US, into pairwise orthogonal sets in such a way that each .9; is
indecomposable, i.e., admits no further decomposition into pairwise orthogonal
sets. This yields a corresponding decomposition into irreducible root systems
(see Section 10.4]) &, = &1 U Py - - U ®,., where S; is a base for ®; for
each 1 <7 <r. As each ®; is contained in ®, all the roots have the same length
and this implies that ®; must be of type ADE for each j. |
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The graphs K and K are transformed into quivers by giving the edges
arbitrary orientations. As already mentioned the corresponding symmetric
bilinear forms and root systems are independent of the choice of orientations.
In particular, if @ is an extended Dynkin quiver we may identify the set of
vertices with {0,1,--- ,n} for some n € N and assume that we have root systems
dC Zr+1, ® C Z" such that the minimal positive imaginary root § takes the
form (1,d) € Zeg ® Z"™, where d € ® is the maximal positive root. Furthermore,
by Lemma we have the map v: Z"t! — Z" relating them and the adjoint
Y* : R™ — R™*! that allows us to identify R™ = §+. We will work under these
assumptions whenever convenient in the rest of the paper.

1.6 Classification of Singularities

Let @ be an extended Dynkin quiver with vertex set I and minimal imaginary
root § € Z'. In this section we will give a description of the singular set in
the quiver variety Mg, 1) (@Q,9) for A € C!. According to Proposition [I1.4.3| the

singular set M?gni)(Q, d) is in natural bijection with the isomorphism classes of

semi-simple, non-simple IT*-modules of dimension ¢, so it suffices to determine
the latter set. B

For this purpose let ® denote the root system associated with @ and
letE:{ae<I>:O<a<5}asinLemma For A € C! define
Yy ={aeX:a-A=0}and let this set be partially ordered by « < j3 if and
only if 8 —a =3",7® for some v¥) € ¥. Finally, let ¥7"" C 3, denote the
subset of minimal elements with respect to this partial ordering.

Lemma I.6.1. There exists a simple TI*-module of dimension § if and only if
8- X =0. Moreover, there exists a simple II*-module of dimension « satisfying
0 < a <4 if and only if a € 7™ and in that case the simple module is unique
up to isomorphism.

Proof. According to Theoremthere exists a simple II*-module of dimension
a € ZL, if and only if « is a root satisfying o+ A = 0 and for every decomposition
a = 3, B into positive roots satisfying 3*) - A = 0, it holds true that
pla) > >, p(B®), where we recall that p(a) = 1 — %(a, «). In our case of an
extended Dynkin quiver we have p(§) = 1—1(6,6) = Land p(a) = 1— 3 (e, ) = 0
for every real root o € dre. In any decomposition § =, 3 (®) into positive roots
with at least two summands the roots 5 must be real because ¢ is the minimal
positive imaginary root. Therefore, the condition p(§) =1 > 0 = th(ﬂ(t) is
trivially satisfied. We conclude that there exists a simple II*-module of dimension
¢ if and only if § - A = 0.

If o satisfies 0 < o < 4, there exists a simple IT*-module of dimension « if
and only if o € 3 and for every decomposition o = )", AWM with 1) e ¥y it
holds true that p(a) > 3=, p(3®). This inequality is never satisfied since both
sides reduce to zero. Consequently, the above condition can only be satisfied if
« does not admit such a decomposition at all and this is equivalent to o € Z7".
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The fact that the simple II*-module is unique up to isomorphism in this case
follows from the final part of Theorem as explained in [Cra01} p. 260]. W

Before we proceed we record the following consequence.

Lemmalll.6.2. Let Q be an extended Dynkin quiver with vertex set I and minimal
imaginary root 5. Let A\ € C! satisfy A\-6 = 0. Then the quiver variety
Mo, (Q,9) is connected and Mzgg)\)(Q, d) is nonempty.

Proof. By the above lemma there exists a simple II*-module of dimension § in
this situation. By Proposition |II.4.3| this implies that MES%A)(Q, d) is nonempty.
Furthermore, by the final part of Theorem |II.4.5|the variety pc ! () is irreducible
in the Zariski topology. It is therefore connected in the analytic topology and it
follows that the quotient M 1) (Q,d) = M(El()\)//Gg is connected as well. W

In the following theorem we make the assumptions on the extended Dynkin
quiver () as explained in the end of the previous section.

Theorem 11.6.3. Let Q) be an extended Dynkin quiver with vertex set {0,1,--- ,n}
and let II* be the associated deformed preprojective algebra of weight X € C**1
satisfying X\ -0 = 0. Let ® C Z™ be the root system of type ADE associated with
Q. Write A = (A1, 7) where Ay € C and 7 € C" and let

TNed=d,U---UD,

be a decomposition into (irreducible) subsystems of type ADE as in Lemma
11.5.2, Then there is a bijection between {®1,---,®.} and the isomorphism
classes of semi-simple, non-simple II*-modules of dimension 6.

Proof. Let & C Z"! be the root system associated with Q. Let 7" C X, C
¥ C ® be defined as in the beginning of the section. The content of Lemma
is then that there exists a simple II*-module of dimension «, 0 < o < § if and
only if @ € X5 and in that case the module is unique up to isomorphism. This
implies that a semi-simple, non-simple II*-module X = Zf:o ny X of dimension
0 is uniquely determined up to isomorphism by the roots v; = dim X, € 33"
and the multiplicities n; € N. We therefore have a bijective correspondence
between the isomorphism classes of semi-simple, non-simple II*-modules of
dimension § and sets {(n;,v)}r_, for which n, € N, v, € X" for each t,
0 =), nyy and either & > 1 or ng > 1.

Our task is to relate the collection of such sets with the root systems in the
decomposition

TNe=d,U---UD,

given in the statement of the theorem. Suppose that {(n;,7:)}5_, is such a
set. As 0 = (1,d) € Z® Z"™, where d € ® is the maximal root, the condition
0 = > ,nyy implies that there is a distinguished root 7; with nonzero first
component and thus necessarily n, = 1. After possibly rearranging the roots
we may take this root to be 79. By Lemma there are unique positive
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roots B,y € @+, 1 < t < k, such that v = ¥~ }(—B) = (1,d — ) and
v = ¥ (ay) = (0,a;) for 1 <t < k. Moreover, since A - § = 0, there is a
unique 7 € C™ such that A = (=d - 7,7) = ¢*(7). The relation - A = () - 7
for each 6 € Z"*! ensures that the bijection 1: ¥ = ® restricts to a bijection
Yy =2 &Nt In particular, 8, aq, -, € ®N7L. Moreover, the minimality of
v = (0,0aq), 1 <t <k, translates to the fact that each «; is minimal among the
roots in ®* N 7+, while the minimality of 9 = (1,d — ) translates to the fact
that 8 € ®+ N 71 is maximal. This means that 3 must be the unique maximal
positive root in precisely one of the systems ®; occurring in the decomposition
of ® N 71, Furthermore, since the equality § = >t is equivalent to the
equality 3 = >, nyoy, we also deduce that {oy : 1 <t <k} must be the unique
positive base in the same system.

This procedure is clearly reversible. Given a system ®; let ay, 1 <t < k be
the unique positive base and let § = >, nya; be the maximal root. We may
then define yo = (1,d— ) € X0, np =1 and 4 = (0, 04) € Z3"" for 1 <t < k.
It then follows from our previous arguments that the set {(n;,:}F_, satisfies
the required conditions: n; € N, v, € EK”" for all t and ), nyy: = 6. This
completes the proof of the theorem. |

1.7 Local Structure and the Proof of Theorem [I.1.1]

The combination of Proposition [[T.:4:3] and Theorem [[I.6.3] give full control over
the singularities in Mg x)(Q, ¢) for an extended Dynkin quiver Q. In this section
we establish the final results needed to complete the proof of Theorem [[T.1.1]

Let @ be a quiver with vertex set I and let A € C! be a parameter. Given a
point & € =1 (\) consider the sequence

Ge —2 Rep(Q,6) — g,

where b,(g) = g -z is the orbit map at . As uc is G¢-equivariant and A € C is
identified with an element of Z(g¢), the composition ¢ o b, is the constant map
at A\. Hence, by differentiating this sequence at 1 € G¢ we obtain a three term
complex

0 —— g —= Rep(Q,v) — g¢ —— 0 (I1.5)

where o, = d(b,); and v, = d(uc),. If z € pg*(0) such that the orbit G¢ -
is closed and hence an embedded complex submanifold of Rep(Q,v), one may
identify Im(o,) = T,(G¢ - ). By general properties of the moment map it
holds true that Ker(v,) = Im(c,)“c, where the upper case wc denotes the
complex symplectic complement. In particular, the space T, (GS - x) is isotropic
with respect to we. Moreover, the stabilizer H = (GS), acts linearly on all
the spaces involved and the maps o, and v, are H-equivariant. Therefore,
T (GS - x)9c /Ty (GS - ©) = Ker(v,)/ Im(o,) obtains a complex symplectic form
preserved by the induced action of H.
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Definition I1.7.1. Let 2 € x~%(0,\). Then the complex symplectic slice at = is
the complex symplectic (G¢),-representation

T.(Gy - 2)°t /T (G, - x) = Ker(v,,)/ Im(0y,).
The following result is a consequence of [May18| Theorem 1.4(iv)]. Here we
regard Mg »)(Q,v) as a complex analytic space using Theorem

Lemma II.7.2. Let Q be a quiver with vertex set I, let v € Z! be a dimension
vector and let X € C' be a parameter. Let y € M) (Q,v) and let x €

w10, \) C Rep(Q, ) be a point above y. Set
= (GS), and W :=Ty(GS - 2)“/T,(GS - x)

Let iy : W — b* be the unique complex symplectic moment map vanishing at 0,
where b = Lie(H). Then a neighborhood of y € M (Q,v) is biholomorphic
with a neighborhood of 0 in (the analytification of) the GIT quotient iy, (0)//H.

In view of this result our task is to determine the complex symplectic slices
at the points above the singular points in Mg »)(Q,0). It will be useful to
introduce the following notation.

Definition I1.7.3. Let @ be a quiver with vertex set I. For a pair of dimension
vectors v, w € leo define

Hom (v, w) @Hom Vi, W;) and Rep(Q;v,w) @ Hom(Vyny, Winy),
iel heqQ
where V; = C¥ and W; = C"i for each i € I.

Note that Rep(Q; v, v) = Rep(Q, v) and that End(v) := Hom(v,v) = g¢. The
complex in also has a relative analogue. Let v,w € Z! be a pair of dimension
vectors and let » € Rep(Q,v) and y € Rep(Q, w) satisfy uc(z) = uc(y) = X for
some A € CL. Define Cq(z,y) to be the sequence given by

0 —— Hom(v,w) —% Rep(Q; v, w) —=% Hom(v,w) — 0
where

ouy(Ui)ier) = (Wyn)Tn — Yntisn))heg

Vay((0n)eq) = > e(h)(una + ynuz)
het—1(3) et
Note that Cg(x, ) is the complex of (IL.5]).

Lemma I1.7.4. Let X and Y denote the II*-modules corresponding to x €
Rep(Q,v) and y € Rep(Q,w). Then Cq(x,y) is a chain complez, i.e.,
Vpy © 0zy = 0 and if we denote the cohomology groups from left to right by
Hé)(x,y) for 0 <1 <2 we have
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II. Singular Quiver Varieties over Extended Dynkin Quivers

(1) Hg(z,y) = Hompx (X,Y),
(2) H3(2,y) = Hompa (Y, X)*,
(3) dime Hy(z,y) = dime HY (2, y) + dime H (z,y) — (v, w).
Proof. To simplify the notation we will write V; = C¥ and W; = C"# for ¢ € I.

Let w = (u;: V; = W;)ier € Hom(v, w). Then using the definitions of o, and
Vg We see that v, 0 0, ,(u) equals

Z €(h) (wi(n)TrTy — Ynls(n)Ty + Ynly )Ty — yhygus(ﬁ))

—1(;
het=1(i) icl

Y wile(anay) — (e(hynyp)ui | = (widi = Aiui)ier = 0.

—1
het=1(h) ier

Here we have used that s(h) = t(h), t(h) = s(h) and that uc(x) = uc(y) = A.
This shows that Cg(x,y) is a chain complex.

Recall that II* was defined to be a quotient of the quiver algebra
CQ. Therefore, we may also regard X and Y as C@Q-modules and clearly
Homcé(X,Y) = Homp» (X,Y). From the definition of a homomorphism of
representations it is clear that Hom (X, Y) = Ker(oy,y) = H% (z,y) proving
part (1).

For the second part we use an idea from the proof of Lemma 3.1]
(this lemma and its proof implies our result for A = 0). Let ¢: Hom(w,v) —
Hom(v,w)* be the isomorphism given by ¢(u)(v) = >, ;tr(uv;) and let
¥: Rep(Q;w,v) — Rep(Q;v,w)* be the isomorphism given by ¥(f)(g) =
2 neg €(h) tr(frgy)- Then a rather tedious calculation shows that the following
diagram commutes

Hom (w, v) —~“ Rep(Q;w, v)

Lﬁ CZRIN lw

Hom(v, w)* —== Rep(Q; v, w)*.
Since both the vertical maps are isomorphism we conclude that
Coker(vy )" = Ker((vz,4)*) = Ker(oy,) = Hompa (Y, X),
where the final equality follows from the first part. Hence, H%(x,y) =

Hompm (Y, X)*.
For the final part observe that

(v,w) =2 Zviwi - Z V() We(ny = 2dime Hom (v, w) — dime Rep(Q; v, w)
el he@
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Local Structure and the Proof of Theorem |II.1 .1|

is the Euler characteristic of the complex C (v, w). Since the Euler characteristic
is preserved upon passage to cohomology, we obtain (v, w) = dimg¢ H% (v,w) —
dimc Hé (v, w) + dim¢ Hé (v,w) and this is equivalent to the formula stated in
part (3). [ |

Remark T1.7.5. Tt is in fact also true that H}(z,y) = Extia (X,Y). We
give a sketch of the proof. By [Bril2l Corollary 1.4.2] it holds true that
Coker(oy,) = Ext(lca(X ,Y). Moreover, there is an explicit way to relate this
group to the set of isomorphism classes of extensions 0 - Y — Z — X — 0.
Given an element [z] € Extéa(X, Y') represented by z = (zu: Vi) — Win))
one may construct the extension Z by Eetting e;Z =U;, =V, d W, foreach i € I
and letting zp,: Ugny — Uy for h € @ be given by the matrix

- Tp O

g 2 Yn )
The exact sequence 0 — Y — Z — X — 0 is given componentwise by the
canonical exact sequence 0 — W, — V; & W; — V; — 0. This is then an

extension of I1*-modules if and only if uc(Z) = A. It is then a matter of
calculation to check that this is the case if and only if z € Ker(v, ).

Let @ be an extended Dynkin quiver with vertex set identified with
{0,1,--- ,n} and minimal imaginary root ¢ € Z"*}. Let A= (A, 7) eCaC" =
C"*! satisfy §-A = 0. Denote the root systems by ® C Z"*! and ® C Z" as usual.

By Proposition 'H.4.3| and Theorem [I1.6.3| the singular points in Mg )(Q, d) are
in bijection with the components in the root space decomposition

dNTt=D,UDyU---UD,.

Write M?ionf) (@Q,8) = {y1,y2, - ,yr} where y; corresponds to ®; for each
1< <r.

Proposition 1.7.6. In the above situation fix i, 1 < i < r, and let © €
p=1(0,\) C Rep(Q,d) be a point above y;. Let Q' be the extended Dynkin quiver
associated with the root system ®; and let 0’ denote its minimal imaginary root.
Then there is an isomorphism (G§), = GS, and there is a complex symplectic
isomorphism

T, (G§ - ) /T;(G§ - ) = Rep(Q’, ")
equivariant along the above isomorphism of groups.

Proof. First note that the complex symplectic slice at x is precisely the
cohomology group H (12(% x). We will determine this complex symplectic space

as an H = (G§), representation. Let X = @F_1n;Z; denote the semi-simple TT*-
module corresponding to = decomposed into simple summands. Then, according
to Propositi we have H = Hf:o GL(n¢,C). Recall from the proof
of Theorem that if we write 7, = dimZ; € Z"*! for 0 < t < k, then
after possibly rearranging the indices we have vo = (1,d — 3) € Z"*! and
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II. Singular Quiver Varieties over Extended Dynkin Quivers

v = (0,04) € Z"H1, 1 <t <k, where oy, a9, ,ap € ®; C N7t is a base
and 8 = Z?:l ngoy is the maximal root.
Let z; € uc'(\) C Rep(Q,~;) be the point corresponding to Z;. Then the

complex Cg(z,z) decomposes according to the decomposition X = Zf:o ny Zy,
namely,

Cqlz,z) = @D Hom(C™,C™) ® Co(zs, ).

t,s

The stabilizer H = Hf:() GL(n¢, C) only acts on the first factors, i.e.,
(uj)j : (ft,s & Bt,s)t,s = (utft,sus_l & Bt,s)t,s

for (u;); € H and f; s ® B,s € Hom(C",C™) ® Cg(z,2s). Passing to
cohomology we obtain

Hé(x, x) X @ Hom(C",C") ® Hé)(zs, Zt) (1I1.6)

s,t

and the action of H is the same as described above. By Lemma [I1.7.4] part (3)
and the fact that each Z; is a simple module we find

dimc Hclg(zs, Zt) = dim¢c Homypx (ZS7 Zt) + dimc Homppx (Zta Zs)* - (757 "Yt)
=205t — (Y5, M) (IL7)

Let K be the extended Dynkin graph associated with the root system ®,.
Specifically, the vertex set is I = {0,1,--- ,k} corresponding to the roots
agp = —f,a1,---,a; and a single edge connecting s to t if and only if
(as,r) = —1. As (vs,7) = (as, ay) for all s, ¢, we conclude by the dimension
formula that H, éQ(ZS7 2¢) = C precisely when s # ¢ and s and ¢ are adjacent

in K and Hb(zs, z¢) = 0 otherwise. The expression in (IL.6]) then takes the form

Hé?(x,x) = @ Hom(C"s,C"),

st in K

where each edge is repeated twice once with each orientation. If the identifications
Hég (2s,2¢) 2 C for s and ¢ adjacent in K are chosen appropriately, the induced
symplectic form is given by

W((fs,t)s,t, (QS,t)syt)) = Z 6(57 t)(tr(fs,tgt,S) - tr(ft,sQS,t))'

s<t

form some €(s,t) = +1. If s < t and there is an edge connecting s to ¢,
we specify the orientation of the edge by s — t if e(s,t) = 1 and t — s if
€(t,s) = —1. This gives rise to an extended Dynkin quiver @’ with minimal
imaginary root 0’ = (ng = 1,n1,- -+ ,nk). It is now clear from the above work
that H} (z,z) = Rep(Q’,d') as complex symplectic H = Hf:o GL(n¢,C) = G§,
representations. [ |
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To complete the proof of Theorem [I.I.1] we will need the following result.

Lemma I.7.7. Corollary 3.2] Let Q be an extended Dynkin quiver with
minimal imaginary root §. Let T' C SU(2) be the finite subgroup associated with
the underlying unoriented graph of Q under the MacKay correspondence. Then
there is a homeomorphism

MO(Qa 5) = (C2/F

that restricts to an isometry away from the singular point. In particular,

Mgeg(Q’ 5) = MO(Q7 5) - {O}

Proof of Theorem[IT.1.1 Let @ be an extended Dynkin quiver with vertex set
{0,1,--- ,n} and minimal imaginary root § = (1,d) € Z"*!, where d is the
maximal positive root in the associated root system ® C Z" of type ADE. Let
A € C™*! be a parameter satisfying \-0 = 0 and write A = (A1, 7) € C®C". Then
by Theorem there is a bijection between M?gﬁ)(Q, ) and the components
in the root space decomposition

dNTE =0, UP U UD,.

Write M?gf\)(Q,é) ={x1, -+, x4}, where z; corresponds to ®; for 1 <i <gq.
For each 1 < i < ¢, let Q) denote the extended Dynkin quiver associated with
the root system ®; and let §) be the associated minimal positive imaginary
root. Then, according to Proposition [[I.7.6] and Lemma [[T.7.2] there is for each
1 <4 < g an open neighborhood U; of x; € M(g,,)(Q,0), an open neighborhood
V; of 0 € Mo(Q™,6®) and a biholomorphism p;: U; — V;. Importantly, since
the category of complex manifolds is a full subcategory of the category of
complex analytic spaces, this biholomorphism restricts to a biholomorphism
pi: U8 =2 V' of complex manifolds.

Let I'; € SU(2) be the finite subgroup associated with Q) under the
McKay correspondence. By the above lemma there is for each i, 1 <7 < ¢, a
homeomorphism M (Q®,§()) = C2/T; that restricts to an isometry away from
the singular point. This map restricts to a homeomorphism «;: V; = W; C C? /T
for some open neighborhood W; around 0. By shrinking the U; and V; if necessary,
we may assume that W; = B,.(0)/T"; for some r > 0 for each 1 < i < ¢g. The
compositions ¢; == k;0p;: U; = B,.(0)/T; are then the required homeomorphisms.
Indeed, for each ¢ both p; and k; restrict to diffeomorphisms away from the
singular point, so we deduce that the restriction

Gi = K0 @it MES’?,\)(Qﬁ) NU; = Ui — {z;} = (B-(0) — {0})/T

is a diffeomorphism. This completes the proof. |

I.8 Configurations of Singularities and the Proof of
Theorem [[1.1.2

Let @ be an extended Dynkin quiver with vertex set I = {0,1,--- ,n} and
minimal imaginary root § € Z"*!. In this section we take up the question of
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what kind of configurations of singularities that can occur in Mg )(Q,0) by
varying the parameter A. Assume that A -0 = 0 and write A = (A,7) € Cd C™.
Then according to Theorem and the local structure result in the previous
section, the configuration of singularities is uniquely determined by the root
space decomposition

PNt =0, U---UD,,

where ® C Z" is the root system of type ADE associated with (). The problem
therefore reduces to determining the number and types of root systems that can
occur in the above root space decomposition.

Give C the total ordering determined by z < w if and only if either
Re(z) < Re(w) or Rez = Rew and Imz < Imw. Note that this ordering
is additive, that is, z < w = z+ ¢ < w + ¢ for each ¢ € C. We say that an
element 7 € C" is dominant if 7; > 0 for each i. The value of this notion comes
from the simple observation that if 7 € C™ is dominant and 6 € Z™ then 7-0 =0
if and only if supp(6) N supp(7) = 0.

Lemma I1.8.1. Let K denote the Dynkin diagram associated with the root system
® C 7™ Suppose T € C" is dominant and let J be the complement of
supp(7) in {1,2,--- ,n}. Let K;j C K be the full subgraph of K with vertex set
JC{1,2,--- ,n}. Let

K;=K\UKyU---UK,

be the decomposition of Ky into connected components. Then
PNt =D, UPU---UD,,
where ®; is the ADE root system associated with K; for each 1 <1i <.

Proof. Note first that every connected subgraph of a Dynkin graph of type ADE
is again a Dynkin graph of type ADE. Let J; be the set of vertices for K; in
the decomposition in the statement and put S; = {¢; : j € J;}. We claim that
S = U;9; is a base for ® N 7+. Indeed, S clearly consists of linearly independent
elements and every element o € ®+ N 7+ satisfies supp(a) C J so it can be
written as a positive linear integral combination of the elements of S. Then, as
in the proof of Lemma [[T.5.2] the root space decomposition

PNt =d,U---D,

is obtained by decomposing S into minimal pairwise orthogonal sets S = U;.5; and
letting ®; be the subsystem generated by S;. Importantly, this decomposition
S = U;S; is precisely the decomposition introduced in the beginning. We
conclude that ®; is the root system associated with the Dynkin graph K; for
each 1 <7 <. ||

For completeness we also show that the decomposition for an arbitrary
parameter 7 can in fact be put in the above standard form. Recall that the Weyl
group associated with ® is the finite group W C Auty(Z") generated by the
simple reflections s;: Z™ — Z" in the coordinate vectors ¢; for 1 < i < n. There
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is a unique action of W on C" such that (wa) -7 = a- (w=17) for all a € Z"
and 7 € C". This is the complexification of the dual action, where we identify
(R™)* 2 R™ using the standard scalar product.

The following lemma follows essentially from the proof in [Hum78, p. 51], see

also [CH98, Lemma 7.2].

Lemma I1.8.2. For every T € C™ there exists w € W such that wt is dominant.

Proof. Write ® = &+ U ®~ and define v = %Za€@+ «a. By \ p. 50] one
has s;(y) = v—e¢; for each 1 < i < n. Choose w € W such that y-wr > v-w'r for

every w' € W with respect to the total ordering on C. We claim that 7/ :=w - 7
is dominant. Indeed, for each 1 < i < n it holds true that

v >y s =5y T =y — T
or equivalently 7/ = ¢; - 7/ > 0. This shows that w7 = 7" is dominant. [ |

Proposition 11.8.3. Let K denote the Dynkin diagram associated with the root
system ® C Z". Given 7 € C" let

dNrt=d,U---UD,

be the corresponding decomposition into ADE root systems. Then there ezists a
full subgraph K' C K and a decomposition K' = K1 1l---U K, into connected
components such that ®; is isomorphic to the root system associated with K; for
each .

Proof. By the previous lemma there exists a Weyl transformation w € W such
that wr € C" is dominant. From the relation 7 - « = w7 - wa we deduce that
the isomorphism w: ® — ® restricts to an isomorphism 7+ N ® — (wr)+ N ®.
As this is an isomorphism of root systems, it preserves the decomposition into
irreducible components. The result therefore follows from Lemma [[1.8.1] as wr is
dominant. |

The final ingredient needed to complete the proof of Theorem [[T.1.2] is
contained in the following proposition. We use the notation B,(x) C C? and
B,.(x) C C? for the open and closed ball, respectively, with center z € C? and
radius r.

Proposition 11.8.4. Let Q be an extended Dynkin quiver with minimal imaginary
root 6. Let T' C SU(2) be the finite subgroup associated with the underlying
extended Dynkin graph under the McKay correspondence. Let A € C*T1 be
a parameter with X\ -6 = 0. Then there is an open subset U C MES%A)(Q,(S)
with compact complement in M »)(Q,0) and a diffeomorphism ¢: U —
(C* — Bg(0))/T'. Moreover, ¢~ '((C? — Bg/(0))/T) is closed in M x)(Q,¥)
for each R’ > R.

Remark 11.8.5. The final assertion is included to explicitly state that there are

no limit points in M 1) (Q,9) as 2 € (C* — Bg(0))/T tends to oc.
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Proof. Choose a parameter ¢ € R"™! satisfying (- d = 0 and ¢ - 6 # 0 for each
0 € Ry (9) (defined in Theorem |[1.3.6)) and put & = (0,A) and £ = ({,A). To

simplify the notation write

)?:ME(Q,(S) and X = M¢(Q,0).

Then according to Theorem there is a holomorphic map 7 : X — X which
is a resolution of singularities. Furthermore, by Kronheimer’s result mentioned in
the introduction Corollary 3.12], the smooth 4-dimensional hyper-K&hler
manifold X is diffeomorphic to the minimal resolution of the quotient singularity
C?/T. We may therefore assume that there is a continuous proper map #: X —
C?/T that restricts to a diffeomorphism #=1((C? —{0})/T") = (C%2—{0})/I. The

situation is summarized in the following diagram
X+ X T r.

Since the open sets #~*(Bg(0)/T) for 1 < R < oo cover X and 7~ (X58) is
compact, there exists an R such that 7=1(X*"9) C #71(Br(0)/I'). Hence,

V= #"1((C* — BR(0)/T) C n 1 (X™°®8),

and as 7 is proper X — V = #71(Bg(0)/T') is compact. The biholomorphism
7w L(XT8) =2 X8 therefore maps V onto an open subset U C X™8. The
composition of the restrictions 771: U — V and #: V — (C? — Br(0))/T gives
the required diffeomorphism ¢: U = (C? — Bg(0))/I'. Finally,

¢~ (C* = BR/(0)))/T = m(#~1(C* = Br/(0))/T)

is closed in X for each R’ > R because # is continuous and 7 is a closed map
(as it is proper and X is locally compact Hausdorff). [ |

Proof of Theorem[II.1.3 Let I'g,T4,---,I', C SU(2) be finite subgroups and let
K; denote the Dynkin diagram associated with K; for each 0 < i < ¢. Assume
that K’ := K; UKy U---U K, can be realized as a full subgraph of K. Identify
the vertex set of Ky with {1,2,--- ,n} for some n € N and let J C {1,--- ,n}
be the vertices of the subgraph K’. Let ® C Z" be the root system associated
with K and specify 7 € C* by 7, = 1if j ¢ J and 7; = 0 otherwise. Then 7 is
dominant and supp 7 is complementary to J. By Lemma we have a root
space decomposition

dNTE =0, U UD,, (I1.8)

where ®; is the ADF root system associated with the Dynkin graph K; for each
1<1<qg.

Let @ be an extended Dynkin quiver with underlying extended Dynkin graph
corresponding to I'g under the McKay correspondence (i.e., Ky). We identify
the set of vertices with {0,1,--- ,n} such that the minimal imaginary root is
given by (1,d) € Z"™! where d € ® C Z" is the maximal positive root. Then
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A= (=d-71,7) € C""! satisfies A -6 = 0. Set X := M, (Q,6). Then,
according to Theorem we may write X518 = {z, 29, - - - , 4} and for each
1 <7 < q there is an open neighborhood z; C V; C X and a homeomorphism
¢;: Vi — B,(0)/T;, for some fixed r independent of i. Furthermore, each
¢; restricts to a diffeomorphism away from the singular point. Next, by
Proposition there is an open subset U’ C X8 with X — U’ compact
and a diffeomorphism ¢g: U’ = (C? — Br/(0))/Ty for some R’ > 0. In addition,
¢y ((C? — Br(0))/T') is closed in X for each R > R'.

For part (i) we already know that X" is a smooth hyper-Kéahler 4-manifold.
The space X is connected by Lemma|[[[.6.2] and, in view of the above local models
around the singularities, it is clear that X" = X — {z1,--- , 2,4} is connected
as well.

For part (ii) and (iii) fix R > R’ and let C' C X be the closed subset
¢~ 1((C? — Bg(0))/T'). Since C C X™& and X is Hausdorff, we may assume after
possibly shrinking the V; (and hence r > 0) that the open sets Vi, Va, -+, V, are
pairwise disjoint and that V; N C' = @ for each i. Put

Up = ¢ *((C* = Br(0))/T) C X™ and U; :=V; — {x;} C X8 1<i<q.

Then the open subset Uy, Uy, Us, - -+ , U, are pairwise disjoint, the complement
of their union is compact in X' and we have diffeomorphisms ¢q: Uy =
(C%2 — Bg(0))/T and ¢;: U; = (B,.(0) — {0})/T for 1 <i < q. We now decrease r
and increase R slightly to ensure that each ¢; extends over a slightly bigger open
set for each 0 < i < ¢g. The proof of part (ii) is completed by composing ¢y with
the evident diffeomorphism (C? — Br(0))/T = (R, 00) x S3/T" 2 (0,00) x S3/T
and by composing ¢; with the diffeomorphism

(Br(0) = {0})/Ts = (0,r) x §°/T'; = (0, 00) x §%/I';,

where the final diffeomorphism includes a time reversal, for each 1 < ¢ < g.
Finally, Y = X**8 — U_,U; is compact a manifold with boundary components
S3/T;, 0 < i < gq, because we arranged that ¢; actually extends to a
diffeomorphism ¢, : U/ = (—tg,00) x S3/T; for some to > 0 for each 0 < i < q.

This completes the verification of part (iii) and hence the proof. |
References
[Bril2] Brion, M. “Representations of quivers”. In: Geometric methods in

representation theory. 1. Vol. 24. Sémin. Congr. Soc. Math. France,
Paris, 2012, pp. 103-144.

[Can01]  Cannas da Silva, A. Lectures on symplectic geometry. Vol. 1764. Lec-
ture Notes in Mathematics. Springer-Verlag, Berlin, 2001, pp. xii+217.

[CH9S] Crawley-Boevey, W. and Holland, M. P. “Noncommutative defor-
mations of Kleinian singularities”. In: Duke Math. J. Vol. 92, no. 3
(1998), pp. 605-635.

181



II. Singular Quiver Varieties over Extended Dynkin Quivers

[Cra00]

[Cra01]

[Dol03]

[Hit+87]

[Hum?78|

[Kac90]

[Kro89]

[May18]

[McK80]

[Nak94]

[Sja95)

182

Crawley-Boevey, W. “On the exceptional fibres of Kleinian singulari-
ties”. In: Amer. J. Math. Vol. 122, no. 5 (2000), pp. 1027-1037.

Crawley-Boevey, W. “Geometry of the moment map for represen-
tations of quivers”. In: Compositio Math. Vol. 126, no. 3 (2001),
pp. 257-293.

Dolgachev, 1. Lectures on invariant theory. Vol. 296. London
Mathematical Society Lecture Note Series. Cambridge University
Press, Cambridge, 2003, pp. xvi+220.

Hitchin, N. J. et al. “Hyper-Kéhler metrics and supersymmetry”. In:
Comm. Math. Phys. Vol. 108, no. 4 (1987), pp. 535-589.

Humphreys, J. E. Introduction to Lie algebras and representation
theory. Vol. 9. Graduate Texts in Mathematics. Second printing,
revised. Springer-Verlag, New York-Berlin, 1978, pp. xii+171.

Kac, V. G. Infinite-dimensional Lie algebras. Third. Cambridge
University Press, Cambridge, 1990, pp. xxii+400.

Kronheimer, P. B. “The construction of ALE spaces as hyper-Kéahler
quotients”. In: J. Differential Geom. Vol. 29, no. 3 (1989), pp. 665—
683.

Mayrand, M. “Stratification of singular hyperkahler quotients”. In:
arXiv: Differential Geometry (2018).

McKay, J. “Graphs, singularities, and finite groups”. In: The Santa
Cruz Conference on Finite Groups (Univ. California, Santa Cruz,
Calif., 1979). Vol. 37. Proc. Sympos. Pure Math. Amer. Math. Soc.,
Providence, R.I., 1980, pp. 183-186.

Nakajima, H. “Instantons on ALE spaces, quiver varieties, and Kac-
Moody algebras”. In: Duke Math. J. Vol. 76, no. 2 (1994), pp. 365—
416.

Sjamaar, R. “Holomorphic slices, symplectic reduction and multiplic-
ities of representations”. In: Ann. of Math. (2) vol. 141, no. 1 (1995),
pp. 87-129.



	Acknowledgements
	Contents
	Introduction
	Background on Instanton Floer Theory
	The Instanton Equation
	Some Analytical Aspects
	Instanton Floer Theory
	Equivariant Instanton Floer Homology
	The Algebra of EIFH

	Binary Polyhedral Groups and Quivers
	The McKay Correspondence
	Hyper-Kähler Reduction
	ALE Spaces and Kronheimer's Construction
	Quiver Varieties and Instantons on ALE spaces


	Summary of Papers
	Equivariant Instanton Floer Homology and Calculations for the Binary Polyhedral Spaces
	Singular Quiver Varieties over Extended Dynkin Quivers

	Bibliography
	Papers
	Equivariant Instanton Floer Homology and Calculations for the Binary Polyhedral Spaces
	Introduction
	Organization of Paper

	Equivariant Instanton Floer Homology
	The Framed Instanton Floer Complex
	The Donaldson Model

	Binary Polyhedral Spaces and Flat Connections
	Binary Polyhedral Spaces
	A Few Results from Representation Theory
	Arrangement of the Flat Connections

	Determination of Moduli Spaces and Differentials
	The ADHM Description of Instantons
	Determination of the Low-Dimensional Moduli Spaces
	The Structure of DCIYG

	The Algebraic Construction of Equivariant Floer Homology
	Conventions
	The Bar Construction and the Functors CpmA
	Tate Homology
	The Equivariant Instanton Floer Groups
	The Index Spectral Sequences

	Calculations for Binary Polyhedral Spaces
	The Case Ipluss
	The Case Iminus
	The Case Iinfty
	Calculations for YGamma

	Character Tables, Dynkin Graphs and Flat Connections
	Cyclic Groups
	Binary Dihedral Groups
	The Binary Tetrahedral Group
	The Binary Octahedral Group
	The Binary Icosahedral Group

	Equivariant SU2-Bundles over S4 and the Chern-Simons Invariant
	Conventions on Quaternions
	Classification of Gamma-equivariant SU2-bundles over S4
	Application of the Equivariant Index Theorem
	The Chern-Simons Invariant
	Connections to Group Cohomology

	References

	Singular Quiver Varieties over Extended Dynkin Quivers
	Introduction
	Hyper-Kähler Reduction
	Quiver Varieties
	Representations of Quivers
	Extended Dynkin Quivers and their Root Systems
	Classification of Singularities
	Local Structure and the Proof of Theorem II.1.1
	Configurations of Singularities and the Proof of Theorem II.1.2
	References


