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1 | INTRODUCTION

Tautological bundles on Hilbert schemes of points have been intensively studied from various perspectives, and have been
used for many applications, starting in the 1960s when they were studied on symmetric products of curves; see [28, 31,
32]. They are defined by means of the Fourier-Mukai transform along the universal family of the Hilbert scheme. More
concretely, let X be a smooth quasi-projective variety over C, let X!"! be the associated Hilbert scheme of n points, and let

g, C X"l x X be the universal family of length n subschemes of X, together with its projections X L B, L, xInl. Given
a rank r vector bundle E on X, there is the associated tautological bundle EI"! = p.q*E of rank rn on X",

A very natural question is whether the bundle on X can be reconstructed from its associated tautological bundle on the
Hilbert scheme:

?
EM~Flnl —— Ex~F. 1.1)

This question was studied quite recently by Biswas and Parameswaran [7] and by Biswas and Nagaraj [5, 6]. Maybe sur-
prisingly, Question (1.1) has a negative answer if X = P!; see [6, Sect. 2.1]. On the other hand, the answer to Question (1.1)
is affirmative for semi-stable vector bundles on curves of genus g(X) > 2, see [5, 7], and for arbitrary vector bundles on
surfaces; see [6].
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In the present paper, we generalise, strengthen, and complement these results in various directions. We extend the
results from vector bundles to coherent sheaves and, more generally, objects in the derived category. We obtain new
affirmative answers to Question (1.1) for varieties of higher dimension and for elliptic curves. In most cases, we prove
something slightly stronger than an affirmative answer to Question (1.1), namely the existence of left inverses to the func-
tor (_)[”]. Furthermore, we obtain similar results if we replace (_)[”], which is the Fourier-Mukai transform along the
structure sheaf of the universal family, by the Fourier-Mukai transform along the ideal sheaf of the universal family.

Let us describe the results in more detail. As alluded to above, given a smooth quasi-projective variety X over C and a
positive integer n, we consider the Fourier—-Mukai transform

(_)[nJ — FM@E,, ~ p.oq* : DIX) —» D(Xln])

between the derived categories of perfect complexes. We can now extend Question (1.1) from vector bundles to objects of
the derived category D(X). In other words, we ask ourselves whether the functor Ol px) - D(X [”1) is injective on
isomorphism classes. However, for a better understanding of this functor, we first prove the following, which extends a
result of Scala [30, Sect. 2.1] from surfaces to varieties of arbitrary dimension.

Theorem 1.1 (Theorem 2.1). The universal family E,, C X Inl % X is always flat over X. Hence, the functor O™ sends coher-
ent sheaves on X to coherent sheaves on X",

Besides (_)["], there is a second, equally canonical, Fourier-Mukai transform to the Hilbert scheme, namely the one
along the universal ideal sheaf

Fo=FMz, 2 pry, (I, ® pry(L) : DX) - D(X!").

This functor was studied in the case that X is a K3 surface in [1] and [27], and in the case that X is a surface with H' (OX) =
0 = H? (OX) in [24]. In the case of a K3 surface, it was shown that F,, is a P"~!-functor. In the case of a surface with
H' (Ox) = 0 = H* (Ox), it was shown that F, is fully faithful. In both cases, it follows that F,, is injective on isomorphism
classes and faithful.

Let us now summarise the results of this paper concerning reconstruction of objects from their images under the func-
tors ()"l and F.

Theorem 1.2 (Theorem 4.8). If X is a smooth quasi-projective variety of dimension d = dimX > 2, there are left inverses
of both functors ()", F, : D(X) — D(X ["]) for every n € N. In particular, ()" and F,, are faithful, and for every pair
E,F € D(X) we have

EM~Flnl  — ExF < FL,E)xF,F).

Theorem 1.2 is proved in Section 4. We need two different constructions of a left inverse of the functors (L)) and F,,.
Which one of the two constructions works depends on whether or not # is of the form (m;rd) for some m € N.

If n is not of the form (m;d) for some m € N, we write n = (m+5_1) + ¢ forsome 0 < € < (m:;i_l) = rank (Sym™ Qy).

Let G c X" be the locus of subschemes ¢ C X such that
Spec (Ox./mT) C & C Spec (O /mi*)

for some x € X; in particular these are punctual subschemes in the sense that supp(¢) = {x}. The morphism f : G - X,
& — x, given by forgetting the scheme structure of £, identifies G with the Grassmannian bundle Gr (Symm Qy, 6’) of
rank ¢ quotients of Sym™ Qy. We denote the universal quotient bundle on G by Q and write the closed embedding as
t : G < X"l In Theorem 4.1, we prove that the functor K := f, (QV ® L*(_)) : D(Xl”J) — D(X) is a left inverse of ()"}
and of F,,[1].

Ifn = (m;d) for some m € Nand d > 2, we construct another functor N : D(X!") — D(X) which is then proven to be

a left inverse of (_)"! and of F,,[1] in Theorem 4.7. The functor N is somewhat similar to the functor K described above,
but, instead of G ¢ X!, it uses a certain locus of pairs of punctual schemes inside the nested Hilbert scheme X"~ ¢
Xxn=11 x x1nl; see Subsection 4.4 for details. Obviously, Theorem 4.1 and Theorem 4.7 together prove Theorem 1.2.

In Section 3, using equivariant sheaves on the cartesian product X", we also give two other reconstruction methods.
These methods give an affirmative answer to Question (1.1) in many cases; namely for arbitrary objects in D(X) if X is a
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surface, and for reflexive sheaves if X is projective of dimension d > 2. However, they are slightly weaker than the methods
of Section 4 which work for every object in D(X) for every d > 2. The reason that we decided to include the constructions
of Section 3 in the paper is twofold. Firstly, the proofs in Section 3 are somewhat easier than those in Section 4. Secondly,
the construction of Subsection 3.1 is used in [4] to prove an analogous reconstruction result for Hitchin pairs.

If the variety X is projective and has a “large” set of automorphisms which are pairwise distinct at each point of X, we
find a further reconstruction method which, contrary to the other methods, also works for curves. Here, we only state the
most significant consequence, and refer to Section 5 for precise statements.

Theorem 1.3 (Theorem 5.3). Let X be an elliptic curve. Then, for every n € N and every pair E,F € D(X), we have
EM~Flnl — Ex~F.

In summary, we are now not very far away from a complete answer of Question (1.1), in its generalised form for objects
of the derived category.

Theorem 1.2 gives a complete affirmative answer for dim X > 2. In the curve case, the picture is a bit more subtle. Note
first that on a curve X, every object E € D(X) is the direct sum of its shifted cohomology sheaves, and so by exactness
of (=)!"! (see Theorem 2.1) it is enough to answer Question (1.1) under the assumption E, F € Coh(X). Furthermore, the
torsion part of a sheaf E is easily recovered from E!"l, and so the general form of Question (1.1) reduces to the special form
where E and F are vector bundles.

For X = P!, as mentioned above, the answer to Question (1.1) is negative. Note however, that the answer is affirmative
for line bundles on P'; see Theorem 4.4. For curves of genus 1, we have an affirmative answer for arbitrary objects of
the derived category by Theorem 1.3. For curves of genus g(X) > 2, we have an affirmative answer for semi-stable vector
bundles by [5], and also for a slightly bigger class of vector bundles, namely those where the Harder-Narasimhan factors
have slopes contained in a sufficiently small interval; see [6, Prop. 2.1].

The remaining open question is thus:

Question 1.4. Do there exist pairs of unstable sheaves E and F on a curve of genus g > 2 with E % F but EI"l ~ Flnl for
some n > 2?

1.1 | General conventions

All our schemes and varieties are defined over the complex numbers C. Given two schemes X and Y, we write the projec-
tions from their product to the factorsaspry, : X XY — Xandpr, : X XY — Y.IfZ C X X Y is a subscheme, we denote
the restrictions of the projections to Z by pr)Z( and prlz,, respectively.

For X a scheme, let D(QCoh(X)) be the derived category of quasi-coherent Ox-modules. We write D(X) : = Perf(X) C
D(QCoh(X)) for the full subcategory of perfect complexes, i.e. those complexes which are locally quasi-isomorphic to
bounded complexes of vector bundles. If X is a smooth variety, D(X) is equivalent to the bounded derived category of
coherent sheaves. We use the same notation for derived functors as for their non-derived versions. For example, given a
morphism f : X — Y, we write f* : D(Y) - D(X) instead of Lf* : D(Y) —» D(X).

We say that a functor F : C — D is injective on isomorphism classes if for all pairs of objects C,C’ € C, we have that
F(C) = F(C") implies that C = C’. A left inverse of a given functor F : C — Disafunctor G : D — C such that GoF ~id.
(often in the literature, this is called a quasi left inverse functor as we require the composition only to be isomorphic, not
equal, to the identity). A functor admitting a left inverse is injective on isomorphism classes and faithful.

In this paper, N denotes the set of positive integers, and N, denotes the set of non-negative integers.

2 | HILBERT SCHEMES OF POINTS AND FOURIER-MUKAI TRANSFORMS
2.1 | Hilbert schemes of points and symmetric quotients
From now on, X will always be a smooth quasi-projective variety over C. Given a nonnegative integer n, the Hilbert scheme

X"l of n points on X is the fine moduli space of zero-dimensional closed subschemes of X of length n. It is smooth if and
only if dmX < 2 orn < 3;see [9, 12].
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We consider the cartesian product X" together with the action of the symmetric group ©,, given by permutation of
the factors. The quotient X := X" /&, by that action is called the n-th symmetric product of X. We denote the quotient
morphism by 7 : X" — X and write the points of the symmetric product in the form x, + -+ + x,, 1= 7(X, ..., Xp).

There is the Hilbert—Chow morphism

o X X0 £l Y £(0 ) - x

xe&

sending a length n subscheme to its weighted support. If X is a curve, the Hilbert-Chow morphism is an isomorphism.

2.2 | Flatness of the universal family

Being a fine moduli space, the Hilbert scheme X!"! comes equipped with a universal family £, = & c X!l x X which is
flat and finite of degree n over X (7] 1n fact, it is also flat over X, as we show in the following.

Theorem 2.1. For every smooth, quasiprojective variety X and every n € N, the universal family =, c X"l x X is flat
over X.

Proof. By GAGA, a morphism of schemes of finite type over C is flat if and only if its analytification is; see [14, Exposé
XII, Prop. 3.1]. Note that the analytification E2" of E is the universal family of the Douady space of X°", that means the
moduli space of zero-dimensional analytic subspaces of X?" of length n; see [10]. Hence, we can deduce Theorem 2.1 from
the analogous result in the category of complex spaces, which is Theorem 2.2 below. O

Theorem 2.2. For every complex manifold M and every n € N, the universal family 2, ¢ MI" x M of the Douady space
M is flat over M.

Proof. We first prove the assertion in the case that M = C¢. By generic flatness, there is a non-empty open subset U ¢ M
such that the restriction of &, is flat over U. Let (¢, x) € &, c M!"l x M with x ¢ U. The action of Aut (Cd) is transitive.
Hence, there exists an ¢ € Aut (Cd) with ¢(x) € U. Let ¢! denote the induced automorphism of M1, As ¢I"l x ¢ is an
automorphism of E,, the flatness of Oz, (¢ ) over Oy, follows from the flatness of Oz (4ini(¢) ¢(x)) OVEr Ong p(x)-

Let now M be an arbitrary complex manifold of dimension d, and let (§,x) € E,. Write x, = x and w(§) =
Ny X 4ny-x; + - +n,x, where u : M" — M™ denotes the Douady-Barlet morphism, which is the analytic ana-
logue of the Hilbert-Chow morphism; see [3]. Now, choose pairwise disjoint open neighbourhoods Uy, ..., Uy of xg, ... X

such that every U, is isomorphic to an open subset of C%. Then, U([)n(’] X Ugnl] X -+ X UI[:”‘]

of £ € MI"). Hence, EL:;) X Ugnl] X +oe X UI[(n"], where E,[l](f C U([)n"] X U, denotes the universal family of U,

is an open neighbourhood
[no]

B 0
neighbourhood of (¢, x) in E,,. The restriction of the projection pr;" : B, — X to this open neighbourhood is given by the
composition

, is an open

=U [m] ] | =U
an(?XUlnl X xU ¥ =B = Uy M.
The first morphism is the projection to the first factor, hence flat. The second map is the projection from the universal
family. As U, is an open subset of C¢, for which we already proved the assertion, this morphism is flat too. The third
morphism is the open embedding, hence flat. It follows that the whole composition is flat, which is what we needed to
show. O

Remark 2.3. All the results of this paper remain valid if the base field C is replaced by another algebraically closed
field K of characteristic 0. This is mostly obvious, since our arguments don’t use particular facts about C. The exception
to this is the above proof of Theorem 2.1, so let us briefly explain why this theorem also holds over a general field of
characteristic 0:

First note that the claim of Theorem 2.1 holds for a variety X over a field K if and only if it holds for the base change
X1, 1= X Xgspeck Spec L by some field extension K C L. Indeed, the Hilbert scheme and associated universal family
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of X; are obtained from the Hilbert scheme and universal family of X by base change from K to L. Since &, - X
is flat if and only if the base changed morphism (En) XL is flat, the theorem holds for X if and only if it holds
for X;.

Suppose now X is a smooth, quasi-projective variety over some characteristic 0 field K. Then there exists a smooth,
quasi-projective variety Y defined over some field L C K, where L is a finitely generated extension of Q, such that X = Y.
We may embed L into C. Since the claim of Theorem 2.1 holds for Y, it holds for Y, and so for Yy = X.

2.3 | Canonical Fourier-Mukai transforms
Given a smooth quasi-projective variety X and a positive integer n, we define the tautological functor
Ol = pri[n]* o pr}E{‘< :DX) - D(X[n]) .

The functor is well-defined in that it preserves perfect complexes. Indeed, every pull-back preserves perfect complexes,
and the push-forward pr:“dn]* preserves perfect complexes as well since pr)E( is flat and finite. Note that pr;:([n] ~and pr;;* are

both already exact on the level of the abelian categories of coherent sheaves, before deriving, since pri[n] is finite and pr)E(

is flat by Theorem 2.1. Hence, (_)[”] restricts to an exact functor
Qlnl = pri[n]* opry* : Coh(X) — Coh (XI");

see [30, Sect. 2.1] for a different proof of this fact in the case that X is a surface. Let E € Coh(X) be a vector bundle of rank
r. The fact that pri[n] is flat and finite of degree n implies that EI"l is a vector bundle of rank rn. By the projection formula,
the tautological functor can be identified with the Fourier-Mukai transform

[n] [l
Ol = FMg, = pr)‘)g:l)](* ((9E ® pry* (_)>

along the structure sheaf of the universal family. Another much-studied functor is the Fourier-Mukai transform

[n] [n]
Fp :=FMz_ = pr);f;i (IE Q pry¥ *(_))

along the ideal sheaf of the universal family. We only consider the functor F, in the case that X is projective since only in
this case does it preserve perfect complexes. To see this, we note that the short exact sequence

OﬁIEﬁOX[n]XX_)OE—)O
induces, for every perfect complex E € D(X), an exact triangle

FMz.(E) = FMo ., (E) = FMo, (E) = FM_(B)[1]

consisting, a priori, of objects of D( QCoh (X!"!)). We have already seen that EI"] > FM,_(E) is perfect. Furthermore, we
have FM@XMXx (E) = Oyin) ®c H*(E). This is again a perfect complex since we assume X to be projective which implies that

H*(E) is a finite dimensional graded vector space. Since the subcategory D(X!") ¢ D( QCoh (X!"1)) of perfect complexes
is triangulated, it follows that F,,(E) = FM;_(E) is perfect too. Hence, we have a well-defined functor F,, : D(X) — D (X [n] )

Lemma 2.4. Let T be a scheme, let Z C T x X be a flat family of length n subschemes of X, and let  : T — X!"I be the
classifying morphism for Z. Then we have an isomorphism of functors

P = prf opri* = FMo, .
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z g P X
pry j P
Z— X O

3 | RECONSTRUCTION USING THE SYMMETRIC PRODUCT
3.1 | Reflexive sheaves

The following construction recovers a reflexive sheaf on a smooth projective variety X of dimension d > 2 from the datum
of its associated tautological sheaf on X!"!. It is inspired by [33, Sect. 1].
Let X([)"] c X"l be the open locus of reduced subschemes. Let X} € X" the open complement of the big diagonal, and

let X(()n) =7n(X}) C X®™_ This means
X! = {(xy,..,x,) €X" | the x; are pairwise distinct },

X(()") = {x; + -+ x, € X" | the x; are pairwise distinct } .

The Hilbert-Chow morphism induces an isomorphism X([)"] S X(()”). Letj : X(()") < X"l be the open embedding induced
by the inverse of that isomorphism. For i = 1,...,n, let pr; 1 X " — X denote the projection to the i-th factor, and let
pr? : X — X be the restriction of that projection. Finally, let 7z, : X} — X(()”) be the restriction of the natural morphism
X - X0,

We thus have the following commutative diagram.

Lemma 3.1. We have an isomorphism of functors
n
myoj*o( )" = @ pr¥ : DX) — D(X?).
i=1

Proof. This is stated in [33, Lem. 1.1] in the case that E is a vector bundle and X is a surface. The proof of our more general
statement is exactly the same. For convenience, we quickly reproduce the proof in slightly different words.

Note that X(()") is the fine moduli space of reduced length n subschemes on X, and the quotient 7, : X — X(()”) is the
classifying morphism for the family Z = |_|?=1 [; C X x X given by the disjoint union of the graphs I'; of the projections
pr? : X — X. Hence, by Theorem 2.4, we have 71'30]'*0(_)[”] = FMg, . Since Oy = @?:1 Or,, and FM@Fl_ = pr?*, we get
the asserted isomorphism. O

Theorem 3.2. Let X be a smooth projective variety of dimension d > 2. Then, for every pair E,F € Refl(X) C Coh(X) of
reflexive sheaves, we have

EMl~Flnl  — ExF,



M II:IAAAEII-]I}EI%?I%%‘,]%HE KRUG AND RENNEMO
[NACHRICHTEN |

Proof. Let E"l ~ Flnl and write « : X < X" for the open embedding. Then, by Theorem 3.1,

n n n n
a*(@ pr E> o @ pr* E = 7% j*ElM = 77 j*Flnl @ pri* F = a*(@ pr F> ) (3.1

i=1 i=1 i=1 i=1

The sheaves EB?:I pr; E and @l.n:l pri F are reflexive since flat pull-backs preserve reflexivity; see [17, Prop. 1.8]. Note that
the codimension of the complement of Xg in X" is d > 2. Hence, for a reflexive sheaf £ on X", we have £ ~ a,.a*&; see
[18, Prop. 1.11]. Combining this with (3.1) gives

n n n n
@prfE = a*a*<@ pr;‘E> = a*a*(@ pr; F> = @pr:‘F. (3.2)
i=1 i=1 i=1 i=1

Let § : X < X" be the embedding of the small diagonal. We have §* pri’ 2 id for every i = 1, ..., n. Combining this with
(3.2) gives

n n
E®n 5*<@pr;‘E) = 5*<®pr§‘F> ~ fon,
i=1

i=1

The category Coh(X) is Krull-Schmidt; see [2]. Hence, E®" ~ F®" implies E =~ F. O

3.2 | Equivariant sheaves and the McKay correspondence

We quickly collect some facts about equivariant sheaves, their derived categories, and functors between them for later
use. For further details, the reader may consult, among others, [8, Sect. 4], [11], or [22, Sect. 2.2]. Let Y be a smooth variety
equipped with an action of a finite group G. A G-equivariant sheaf on Y is a pair (F, 1) consisting of a coherent sheaf
F € Coh(Y) and a G-linearisationl, which means a family {Ag ‘F> g"‘F}ge G of isomorphisms such that for every pair
g, h € G the following diagram commutes:

Ay “A ~
F—" g F 2 oo F 2. (hg)*F.

Ang

We obtain the abelian category Cohs(Y) of equivariant sheaves, where a morphism between two equivariant sheaves is
a morphism of the underlying coherent sheaves that commutes with the linearisations. We denote the bounded derived
category of Cohg(Y) by Dg(Y).

Let Z be a second smooth variety equipped with a G-action, and let f : Y — Z be a G-equivariant morphism. Then, if
(E,A) € Coh(Z) is a G-equivariant sheaf, the pull-back f*E canonically inherits a G-linearisation induced by A. This gives
a functor f* : Cohg(Z) — Cohg(Y) together with its derived version f* : Dg(Z) — Dg(Y). If f is proper, we also get a
push-forward f, : Dg(Y) — Dg(2).

If H < G is a subgroup, we have a functor Resg : Cohg(Y) — Cohy(Y) given by restricting the linearisations to H. This
functor is exact, and so the natural naive extension to complexes defines a functor on the derived categories

Resg : Dg(Y) — Dy(Y).

If the G-action on Y is trivial, a G-linearisation of a sheaf E € Coh(Y)) is the same as a G-action on E, i.e. a compatible
family of G-actions on E(U) for every open subset U C Y. Hence, we can take the invariants of an equivariant sheaf over
every open subset, which gives a functor () : Cohg(Y) — Coh(Y). Since we are working over C, this functor is exact
and we get an induced functor ()¢ : Dg(Y) — D(Y).
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Let now X" be the n-fold cartesian product of a smooth quasi-projective surface X, and let G = &©,, be the symmetric
group acting by permutation of the factors. We consider the reduced fibre product

p
(X[n] X Xn)red - XN

T

X = x

In this set-up, the derived McKay correspondence of Bridgeland-King-Reid [8] and Haiman [15] states that the functor
® := p,oq* : D(X [”]) — Dg,(X") is an equivalence. One can deduce quite easily that

Y= (_)@noq*op* : D@W(Xn) N D(X[nj)

is an equivalence too, but it is not the inverse of ®; see [22, Prop. 2.8].
For use in the next subsection, we define a functor

n
C : Coh(X) - Cohg (X"), E + C(E)= (@ pr’ E,/l)
i=1

where pr; : X" — X is the projection to the i-th factor, and 4, is, for g € ©,,, the direct sum of the canonical isomorphisms

priE = g* pr;(l.) E. As the projections pr; are flat, the functor C : Coh(X) — Cohg, (X")isexact, hence it induces a functor
C : D(X) = Dg, (X™).

3.3 | Reconstruction of complexes using the McKay correspondence

In this subsection, with the exception of Theorem 3.5, we assume that X is a smooth quasi-projective surface. As mentioned
above, we then have the McKay equivalence ¥ : Dg (X") — D(X ["]), which we will use to strengthen Theorem 3.2 by
constructing a left inverse to the functor O px) - D(X [”]). The key is the following result, which can be seen as a
refinement of Theorem 3.1.

Theorem 3.3 (22, Thm. 3.6). ¥~ 1o( )" ~ C.
Theorem 3.4. The functorJ = (_)®706*o®~! : D(X!") - D(X) is left inverse to ().

Proof. By Theorem 3.3, we have Jo(_ )"l = (_)®r08%0 C. We claim that for each object E € D(X), we can compute
(8% C(E))®n by replacing E by a resolution by locally free sheaves and then applying the underived versions of the functors
()®n,8* and C. This follows from the observing that the underived versions of (_)®» and C are exact, and that §* can be
computed by taking locally free resolutions.

By the claim, it suffices to prove the isomorphism of functors (_)®708*c C = id on the category VB(X) of vector
bundles on X. For every E € VB(X), since pr; o§ = idy, we have 6" C(E) & E®" with the &,-action on a local section
s = (s1,...8,) € E®"(U) given by g -5 = (Sg-1(1), - »5g-1(n))- Hence, s is &,-invariant if and only if it is of the form
s = (t,...,t) for some t € E(U). It follows that the projection E®" — E to any factor induces a functorial isomorphism
(86* C(E))®" = E. O

Remark 3.5. Using ©,,-equivariant sheaves, we can also slightly strengthen Theorem 3.2 by constructing, for X of arbitrary
dimension, a concrete left inverse functor of the restriction (_)I"! : Refl(X) — Coh (X [”]) of the tautological functor to the

category of reflexive sheaves. First, we note that the pull-back of a coherent sheaf along the quotient 7, : X} — X(()”) is
naturally equipped with a ©,,-linearisation given by the canonical isomorphisms 7 =S g"or,. Hence, we can regard 7
as a functor Coh (X(()")) — Cohg, (X!) instead of a functor Coh (X(()")) — Coh (X}). Doing this, we can see that, instead
of the statement of Theorem 3.1, we get the isomorphism of functors ngo jfo(OM = a*oC : D(X) — Dg, (Xg). Now,



MLI— %AAESEI%Q'EIES]%HE KRUG AND RENNEMO
[NACHRICHTEN |

setting

H:= (_)@"05*006*071301'* : Coh (X["]) — Coh(X),

and combining the proofs of Theorem 3.2 and Theorem 3.4, we get H o(_)[”] =~ id as an isomorphism of endofunctors of
Refl(X).

Recall that, as explained in subsection 2.3, we have for E € D(X) a natural exact triangle
EM[-1] = F,(E) = Oy @ H*(E) — El"l, (3.3)

Hence, if J (OX[,,]) = 0, we would have an isomorphism of functors Jo(_)["/[-1] = Jo F,,, and accordingly F,, would have
J[1] as a left inverse. However, this is not the case. One can show easily that

IP_I (Ox[n]) = OXV! (34)

where Oxn is equipped with the canonical &,,-linearisation given by the push-forwards of functions Ox» MR g"Oxn; see
[22, Rem. 3.10]. It follows that ](OX[H]) = Ox.

In the following, we will adapt the functor J : D(X [”]) — D(X) in such a way that it annihilates O while still being
left inverse to (_)!™). This new functor will then (up to shift) also be a left inverse of F,.

Let & act on some variety Y. We denote by M, : Cohg, (Y) — Cohg, (Y) the tensor product with the sign character,
which means that M, (E, 1) = (E /T) with /Tg = sgn(g) - 4. This functor is exact, hence induces a functor

Mak . D@k(Y) - D@k(Y)

Theorem 3.6. The functor] = (_)®20M,, o Resg2 o8*ow~! : D(XI") - D(X)isleftinverse to ()", and I[1] is left inverse
toF,,. !

Proof. By Theorem 3.3, we have I o(_)[”] E (_)@Zo M,, o Resg2 od*o C. Hence, exactly as in the proof of Theorem 3.4,

we can reduce the assertion Jo(_ )" = idp(x) to the construction of an isomorphism ()% M,, o Resg2 06*oC zid of
endofunctors of VB(X).
For E € VB(X), we have M,, Resg2 §* C(E) = E®" with the &,-action on a local section s = (sy,...s,) € E®"(U) given
n

by (12)-s= (— sz,—sl,—s3,...,—sn). Hence, s is &,-invariant if and only if it is of the form s = (¢,—t¢,0,...,0) for
some t € E(U). It follows that the projection E®" — E to any of the first two factors induces a functorial isomorphism

] €
(Ml12 Res@z o* C(E)) ~F.

Following the discussion above, for the second assertion it suffices to show I (OX[n]) =~ (. By (3.4), we only need to

S,
check that < Mg, ResZi 5* ((9Xn)> = 0. This is the case since the &,-action on M,, Resgi §*(Oxn) = Oy is given by

multiplication by sgn. O

4 | RECONSTRUCTION USING A SMALL STRATUM OF PUNCTUAL SUBSCHEMES
4.1 | Jet bundles

Let A C X X X be the diagonal and I, its ideal sheaf. For m € N, we write the subscheme defined by I}' as mA C
X x X. For E € D(X) and m € Ny, the associated m-jet object is defined as Jet" E = FMoy,11s (E)- In particular, we have

Jet’ E ~ E. Form > 0, there is a short exact sequence

0— 5*(Symm Qx) - 0(m+1)A - OmA - 0, (41)
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which induces the exact triangle
Sym™ Qx @ E — Jet™ E — Jet™ ' E - Sym™ Qx @ E[1]. (4.2)

It follows inductively that, if E € VB(X) is a vector bundle of rank r, the associated m-jet object Jet™ E is a vector bundle
of rank (m;'d)r where d = dim X. Note that Jet” Oy has fibres (Jet” Ox)(x) = Ox /mJ*.

4.2 | The locus of punctual subschemes with Hilbert function concentrated in minimal
degrees

+ ¢ subschemes of X over

For 0< ¢ < (m;fl_l) = rank( Sym™ Qy), there is a family of punctual length n := (m+j_1)

G :=Gr ( Sym™ Qy, t’), the Grassmannian of rank ¢ quotients of the symmetric product of the cotangent bundle, con-
structed as follows. Let f : G — X be the natural projection, and let¢ : f*Sym™ Qy — Q be the universal quotient bun-
dle. Using base change along the cartesian diagram

(idg.f)
Ggﬁxx

L

X X xX,
we see that the pull-back of the short exact sequence (4.1) along f X idy is of the form

0 — (idg, f), f*Sym™ Qx = (f Xidx ) Oy = (f Xidx ) Opa — 0. (4.3)

Modding out the first two terms of (4.3) by the kernel of the push-forward

(id, e : (idg. f) f*Sym™ Qy — (idg, f),Q
of the universal quotient, we get a short exact sequence

0 - (ide,f),Q = F = (f Xidy ) Opa = 0 (4.4)

where F is a quotient of (f X idy )*(9(m+1)A hence, in particular, of (f X idy )*OXXX & Ogyx- Thus, F = O, for some
closed subscheme Z C G X X supported on I'y = (f X pry )_1A. Note that prg (idg, f).Q = Q, and by flat base change
Pre. (f xidy )*(DmA ~ f*(Jet”" " Ox). Hence, by (4.4), pr, O is locally free of rank

m+d—1)

rank(pre, Oz) = rank Q + rank(Jet" ' Ox) = ¢ + < d

which means that Z is a family of length zn subschemes of X, flat over G. We denote the classifying morphismfor Z ¢ G x X
byt : G — X1l

Let us note some facts about: : G — X, though they are not logically necessary for the proofs in the following subsec-
tion. The classifying morphism ¢ : G — X"l is a closed embedding; compare [13, Sect. 2.1]. Its image is exactly the locus
of length n subschemes & C X with supp & = {x} for some point x € X, which means that they are punctual, satisfying

Spec (Ox /mZT) C & C Spec (O /mI™).

d+1 d+m—2
d—l)’ T ( d-1
on the strata of X" parametrising punctual subschemes with given Hilbert functions, see [13, Sect. 2.1] and [19].

The last property is equivalent to the Hilbert function of £ being (1, d, ( ) ¢,0,0,... ) For more information
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4.3 | Aleft inverse functor using restriction to the Grassmannian bundle

In this subsection, we construct a left inverse of (L) and F,, whenever n is not of the form n = (“+d) for any u € Ny.

Note that, for d = 1, every positive integer is of the form (“Zd). This means that we do not get left inverses in the case that
X is a curve by our method; see Theorem 4.4 for some further details on the curve case.

Theorem 4.1. Assume that n € N is not of the form n = (u+d) for any u € Ny. Set m — 1 := max {u | (“Zd) < n} and
¢ :=n-— (m+d Y.Let f : G =Gr(Sym™ Qx,¢) — X be the Grassmannian bundle together with the family Z C G x X of

length n subschemes constructed in subsection 4.2, and let 1 © G < X"| be the classifying morphism for Z. Then
= f.(Q"® () : b(xI") - DX),
where f* Sym™ Qy — Q is the universal quotient bundle, is left inverse to the functor ()], Also, K[1] is left inverse to F,,.
For the proof, we need the following

Lemma 4.2. Let Y be a smooth variety, let V € VB(Y), and let0 < ¢ <rankV. Let f : Gr(V,¢) — Y be the Grassmannian
bundle of rank ¢ quotients of V with universal quotient bundle Q. Then we have the following isomorphisms of functors:

L f.(Q"® f*Q) =0,

2. f.(Hom(Q,Q) ® f*(1)) = idp(y)

3. feof* =idp(y).

Proof. By [29, Thm. 2], Kapranov’s full exceptional collection on a Grassmannian over a point [20, Sect. 3] has a rel-
ative version in the form of a semi-orthogonal decomposition of D(Gr(V, ¢)), with all of its factors being of the form
SO ® f*D(X) for some Schur functors S%: for an overview of the theory of semi-orthogonal decompositions see, for

example, [25]. In particular, two of the factors of the semi-orthogonal decomposition are f*D(X) and Q ® f*D(X), which
means that the functors

f*:DX) - D(Gr(V,¢)) and QQ f*(L) : D(X) — D(Gr(V,?))
are both fully faithful. Their right adjoints are given by f.. and f..(Q¥ ® _), respectively. The composition of a fully faithful
functor with its right adjoint is the identity, which gives (ii) and (iii).
For (i), we note that the factor f*D(X) stands in our semi-orthogonal decomposition on the left of 9 ® f*D(X), which
means that Hom(Q ® f*D(X), f*D(X)) = 0; compare [20, Lem. 3.2a)]. Using the right adjoint £, (Q" ® _) of the functor
9 ® f*(), this Hom-vanishing translates to (i). O

Proof of Theorem 4.1. Let E € D(X). By Theorem 2.4, we have a natural isomorphism *E"! =~ FM ,(E). The short exact
sequence (4.4) induces the exact triangle

FM(id@,f)*Q(E) g FMOZ(E) g FM(indX)*OmA(E) g FM(IdG,f)*Q(E)[l] . (45)

By the projection formula, we have FM(q. ). o(E) = Q ® f*E. By flat base change, we have

¢ -1
FM( fxidy) 0, (B) = f* FMg,  (E) = f* Jet™ " E.

Hence, (4.5) can be rewritten as

QQ f*E » *E"l = f* Jet™ ' E - O ® f*E[1].

Applying f,(Q" ® _), we get the exact triangle

f+(Hom(Q,Q) ® f*E) » K(E™) - £.(Q" ® f*Jet" ' E) » Q® f.(Hom(Q,Q) ® f*E)[1].
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By Theorem 4.2, we see that f,, <QV ®f* Jet"! E) vanishes, and we get a natural isomorphism

K(EM) = f.(Hom(Q,Q) ® f*E) = E.

Now, in order to prove that Ko F,, 2 [—1], because of (3.3), we only need to check thatK(0X|n|) = 0. As " Oxin = Og =
[*0Ox, this follows directly from Theorem 4.2(i). J

Remark 4.3. In the special case d = 2 = n, the functor K of Theorem 4.1 coincides with the functor I of Theorem 3.6. To see
this, note that, in this special case, the subvariety ((G) agrees with the whole boundary divisor of X 2] i.e. the locus of non-
reduced length 2 schemes, and f : G — X is a P!-bundle, which implies that Q (9f(1). Now, [21, Prop. 4.2] says that
® o8, =1,(0/(-2) ® f*(1))[1]. Combining this with [23, Thm. 4.26(i)], we get Wo M,, 08, =1, (O(-1) @ f*())[1].
Taking the left adjoints on both sides of this isomorphism gives I =~ K.

Remark 4.4. If n = (m;rd), we have G = X and (*E!"! =~ Jet™ E. So in this case, our construction only recovers the m-jet
object Jet” E, but not E itself. In the case that X is a curve and E is a vector bundle, the m-th jet bundle Jet" E is recovered
in [5] by a slightly different construction from E!"J. The authors of loc. cit. proceed to reconstruct E from Jet”" E if g(X) > 2
and E is semi-stable, using the Harder—Narasimhan filtration. Let us remark that, if X is a curve and L € Pic X is a line
bundle, the exact triangles (4.2) yield the formula
® n+1
det (Jet"L) = L®"! @ coX( 2 ).
Hence, if X = P!, one can always recover a line bundle L € Pic ([P’l) from its n-jet bundle Jet"(L) which in turn can be

recovered from L], Another way to reconstruct a line bundle L € Pic ([P’l) from L™l € vB (X [”]) is to use formulae for
the characteristic classes of LI"!; see [28, 34].

4.4 | Using a nested Hilbert scheme

d+m) for some m.

‘We now turn to the case where n = (
m

Lemma 4.5. Let £ C X be a subscheme concentrated in one point x € X with
mmt ¢ I; c mY and €(§) = dim¢ (Ox,x/m)’?“) -1= (d Zm> -1

Let T¢(x) = Iz /m, be the fibre in x of the ideal sheaf of §. Then dim¢ T¢(x) = 1 + (‘;‘:’f) —d.

Proof. We can assume for simplicity that X = A¢ is the affine space and x = 0 is the origin. We write 7 := I and
m:=m, = (xl,...,xd), which are ideals in C[xl,...,xd], and set V :=1I(x) =1I/m-1. By assumption, we have
I =m"™*! 4+ (h) for some h € C[xl, s xd] homogeneous of degree m. Hence, m - I = m™*2 + m - (h). We consider the
subspace U := m"*!/m - I of V. Note that the C-linear map

m+2
9

m/m? - m"* /m XX -h

d+m
d-1
U = (m™/m™*2)/(m - (h)/m™*?), we get dimU = (‘;:T) — d. Furthermore, the quotient V /U is one-dimensional,

spanned by /. In summary,

is injective. Hence, m - (h)/m"™*2 is a d-dimensional subspace of the ( )-dimensional vector space m™*+! /m™*2 Since

dimV =dim(U/V)+dimU =1+ (Ciztnf> —d.
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We now consider the set-up of subsection 4.2 with £ = rank ( Sym” Q) — 1 = (m;i_l). This means that f : G - X is

actually a P!-bundle, and the family Z, that we constructed in subsection 4.2 parametrises punctual subschemes of length
(m;d) — 1 with the property of & of Theorem 4.5.

Lemma 4.6. The non-derived pull-back € := ( idg, f)*IZ is a vector bundle of rank 1 + (‘j:l") —donG.

Proof. 1t is sufficient to prove that, for every closed point ¢t € G, the fibre £(t) is of dimension 1 + (‘it’f ) — d; see e.g. [16,
Ex. 5.8]. Let £ := Z, C X be the fibre of the family Z C G X X over t. Then £ is a subscheme concentrated in x := f(t)
with the same properties as £ in Theorem 4.5. Considering the commutative diagram of closed embeddings

t—(1,x)

{t} —={t} x X

|

G——GXX,

we see that £(f) = Tzxx(f, X) = T:(x), where the last isomorphism uses the flatness of Z over G. Hence, the result
follows from Theorem 4.5. O

We now consider the P™)~1.bundle p : Y :=P(£) - G and set g := fop : Y — X. There is the commutative
diagram with cartesian squares

(idy.g)
Y&*YXX pry

ll’ lpxidx
"
o 6o x b

jf lfxid%
X% xxXx pry

Let a : p*& — O,(1) be the universal rank 1 quotient. We set J := (p X idy )*IZ, which, by flatness of p X idy, is an
ideal sheaf on Y X X. Furthermore, we consider the unit of adjunction

n:J - (idy,g), (idy.g) J = (idy,g) p*(ids.f) Iz = (idy,g) p*€

and the composition § := (idy,g) aon : J = (idy,g) O,(1), which is again surjective. We set J : = ker(8) and denote

k

the subscheme corresponding to this ideal sheaf by Z' C Y x X. Applying the snake lemma to the diagram

0 0
0 J Oyxx Oz 0
id L
0 J Oyxx — (pXidy)"O; —0
” |
(idy, 8),.0,(1) 0 0
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yields a short exact sequence
0 - (idy.g) Op(1) = Oz — (pxidy ) Oz = 0. (4.6)

It follows that Z’ is flat of degree deg(2) + 1 = (m;d) over Y. We setn := (mzd) and denote the classifying morphism

for Z' by v : Y — X", The morphism (p,v) : Y — G x X"l embeds Y as the subscheme of G x X"l whose points are
pairs

(€& éeGiexinEce).
Theorem 4.7. Ford > 2andn = (m;d)for some m € N, the functor
N :=g.(0,(-)®v*()) : b(x!") - D(X)
is left inverse to ()", Also, N[1] is left inverse to F,,.

Proof. The proof is very similar to that of Theorem 4.1. Let E € D(X). By Theorem 2.4, we have a natural isomorphism
vE ~ FMo,, (E). The short exact sequence (4.6) induces the exact triangle

FMdy.g),0,)(E) = FMo,,, (E) = FM(pxidy )0, (E) = FMdy ¢),0,0)E)[1] . (4.7

By projection formula, we have FMq, o). 0,1)(E) = O,(1) ® g"E. By flat base change, we have FM(,xig )0, (E) &
p*FMg - (E). Hence, (4.7) can be rewritten as

0,(1) ® gE — v*El"l — p*FMp, (E) - 0,(1) ® g*E[1].

Applying p,.(O,(—1) ® _), we get the exact triangle
p:p*f*E = p.(0p(-1) @ v'EI") - p, <0p(—1) ® p* FM@z(E)> - QQ® p.p*f*E[1].

By Theorem 4.2, we see that p,, ((Dp(—l) ® p* FMg, (E)) vanishes, and we get a natural isomorphism

p«(0,(-1) ® v'E") = p,p* f*E = f*E.

Note that the assumption d > 2 is needed for the above vanishing since, for d = 1, we would have rank(€) = 1 so that
p : P(&) — Gis an isomorphism. Applying f.., we get a natural isomorphism

N(E") = f.p.(0,(-1) @ v'E") = f,f*E = E,
which means that we have an isomorphism of functors N o( )M ~id.

Now, in order to prove that No F,, = [—1], because of (3.3), we only need to check that N ((9X[n] ) = 0. Asv*Oxm = Oy
p*Og, this follows directly from Theorem 4.2(i).

O

Theorem 4.8. Ford > 2, the functors Ol px) - D(X ["]) andF, : D(X) — D(X [”‘]) both have a left inverse for every
neN.

Proof. If n = (m;d) for some m € N, we get a left inverse by Theorem 4.7. If n is not of this form, we get a left inverse by
Theorem 4.1. O



&L ﬁIAAAg{]I}EIAéﬁ%%IEHE KRUG AND RENNEMO
[NACHRICHTEN |

5 | RECONSTRUCTION USING FIXED-POINT FREE AUTOMORPHISMS

5.1 | Multigraphs as families of points

Let ¢y, ..., ¢, € Aut(X) be automorphisms with empty pairwise equalisers, which means that ¢;(x) # ¢;(x) for every i # j
and every x € X. Then the graphs I';, C X X X are pairwise disjoint and

n
D= |rg cXxx
i=1

is a family of reduced length n subschemes over X. We denote its classifying morphism by

This morphism maps to the open part X([)”] of reduced subschemes, which is naturally isomorphic to the open part X, (()") of

the symmetric product. Hence, we can equivalently describe 3 as the morphism X — X ("), X $r(x) + -+ + ¢,(x). Note
that ¥ is always finite but, in general, not a closed embedding. For example, if n = 2, ¢; = id, and ¢, =t is a fixed-point
free involution, we have ¥(x) = 1(«(x)) for all x € X. In that case, ¥ factorises over a closed embedding X /1 & X (2] of the
quotient.

Lemma 5.1. We have an isomorphism of functors (p*o( )" = ¢ D, D D Py

Proof. By Theorem 2.4, we have ¢*o( )" ~ FMp.. Now, the assertion follows from the facts that
Op ~ OF¢1 @ (91,¢2 ®-®0r, and FM@F¢_ = ¢ O

5.2 | Reconstruction using multigraphs

Theorem 5.2. Let X be a smooth projective variety such that there exist a set of n+1 automorphisms
{¢0,¢1,...,¢n}CAut(X) with empty pairwise equalisers. Then the tautological functor ()" : D(X) - D(X["]) is
injective on isomorphism classes and faithful.

Corollary 5.3. Let A be an abelian variety. Then the functor Ol pa) » D(A["]) is injective on isomorphism classes
and faithful for every n € N.

Proof. There is an infinite subgroup of Aut(A) whose elements have empty pairwise equalisers, namely the subgroup of
translations. O

Note that Theorem 5.3 also applies to elliptic curves, while all the other reconstruction results presented in this paper
require dim X to be at least 2.

Proof of Theorem 5.2. Replacing ¢; by ¢ Log;, we may assume without loss of generality that ¢, = id. For j = 0, ..., n, let
Y =Ygz X X (] be the classifying morphism for ' = Lij_q n,izjly, C X XX, as discussed in Subsection 5.1.
By Theorem 5.1, the composition z,b;‘o(_)[”], for any j = 0, ..., n, is faithful. This implies the faithfulness of ().

Now, let E, F € D(X) with Elnl ~ Flnl Then, by Theorem 5.1, we have

D ¢®=yEti=yiFt= P gE)

i€{0,...,n},i#j i€{0,...,n}, i#j

for every j =0,...,n. The category D(X) is a Krull-Schmidt category; see [26, Cor. B]. Hence, E = F follows from
Theorem 5.4 below. O
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Proposition 5.4. Let D be a Krull-Schmidt category, let ®, @1, ..., ®,, € Aut(D) be pairwise distinct linear autoequivalences
with ®y = idp. Then for E,F € D, we have:

P om= @ @) foralj=0,...n = E=F.
i€{0,...,n}, i#] i€{0,...,n}, i#]

Proof. For j =0,...,n, we set

B,:= @ o= P aE.

i€{0,...,n}, i#] i€{0,...,n}, i#]

We note that the number of indecomposable factors (with multiplicity) of every B; is n times the number of irreducible
factors of E as well as n times the number of irreducible factors of F. In particular, the number of indecomposable factors
of E and of F is the same, and we can argue by induction over that number.

As the base case of the induction we can take the numbers of factors to be zero, in which case E =~ 0 =~ F. Now assume
that E and F both have k > 0 indecomposable factors. By the cancellation property in Krull-Schmidt categories, we have

B, = B;

< Ex®;(E)and F = ®;(F). (5.1)
If B, 2 B, forsome ¢ € {1, ..., n}, we pick some indecomposable object B that occurs in B, with a bigger multiplicity than
in B,. This B must be an indecomposable factor of E and of F. We write E &~ E’ @ B and F =~ F’ @ B. It follows that, for
every j =0,...,n,

P o= P o(F) =B, with B;~B,® P om.

i€0,...,1n}, i#] i€{0,...,n}, i#] i€{0,...,1n}, i#]

Hence, we can apply the induction hypothesis to get E’ = F/, which implies E = F.
Now, assume that B, =~ B, for every ¢ = 1,...,n. Then (5.1) shows that E = ®,(F) and F = ®,(F) for every ¢. Hence,
E®" > B) = F®", In a Krull-Schmidt category, E®" =~ F®" implies E > F. O
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