TWO CONIVEAU FILTRATIONS

OLIVIER BENOIST AND JOHN CHRISTIAN OTTEM

ABSTRACT. A cohomology class of a smooth complex variety of dimension n
has coniveau > c if it vanishes in the complement of a closed subvariety of
codimension > ¢, and has strong coniveau > c if it comes by proper pushforward
from the cohomology of a smooth variety of dimension < n — c. We show that
these two notions differ in general, both for integral classes on smooth projective
varieties and for rational classes on smooth open varieties.

1. INTRODUCTION

Let X be a smooth complex variety of dimension n. We say that a cohomology class
a € HY(X, A) with coefficients in an abelian group A has coniveau > c if it vanishes
outside a closed subset Z C X of codimension at least c. We also say that the class
« has strong coniveau > c if it is the Gysin pushforward of a class 8 € H*(Y, A) on a
smooth variety Y of dimension at most n — ¢ via some proper morphism f : Y — X.
These two notions give two filtrations on the cohomology group H'(X, A), denoted
Ne¢H!(X,A) and N°H'(X, A) respectively. Clearly N°H'(X, A) C N°H'(X, A).

In [Gro68, §9.7], Grothendieck asserted that these two filtrations coincide, i.e.,
N¢H!(X,A) = N°H'(X, A) (in loc. cit., X is assumed proper and A finite, but
these hypotheses are not used in the argument sketched there). This statement
is indeed true if X is proper and A = Q, as a consequence of Deligne’s mixed
Hodge theory [Del74, Corollaire 8.2.8, Remarque 8.2.9]. However, a few years later,
Grothendieck retracted this statement in a footnote of [Gro69, p. 300] (see also the
comments of Illusie in [I1106, p. 118]).

The goal of this paper is to exhibit the first examples where the two filtrations
are indeed different. We give both examples with integral coefficients on smooth
projective varieties, and with rational coefficients on smooth open varieties (as well
as examples of an appropriate variant of this problem with rational coefficients on
singular projective varieties). Here is our first main result:

Theorem 1.1 (Theorem 4.3). For all ¢ > 1 and l > 2¢+ 1, there is a smooth
projective complex variety X such that the inclusion J\NTCHI(X7 7) C N°HY(X,7)
18 strict. One may choose X to have torsion canonical bundle. If ¢ > 2, one may
choose X to be rational.

Theorem 1.1 is optimal as ]\~fCHl(X7 7Z) = N°H'(X,Z) for all | < 2c¢ (see Proposi-
tion 2.2); in fact, N°H'(X,Z) = 0 for | < 2c. Moreover, ]\~71HZ(X, Z) = N'H(X,7)
if X is rational (see Corollary 2.5). In most of our examples, H!(X, Z) has torsion, but
we also construct one for which H'(X,Z) is torsion-free (see Proposition 4.6). Our
examples are mainly of large dimension, but we also construct some low-dimensional
examples.
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Theorem 1.2 (Theorem 5.4). Forl € {3,4}, there is a smooth projective complex
variety X of dimension | + 1 with torsion canonical bundle such that the inclusion
N'HYX,Z) Cc N'HY(X,Z) is strict.

The obstructions to the equality N°H'(X,Z) = N¢H'(X,Z) that we use to prove
Theorems 1.1 and 1.2 are of topological nature, based on Steenrod operations or
complex cobordism, and are inspired by the famous examples of Atiyah—Hirzebruch
and Totaro of non-algebraic cohomology classes [AH62, Tot97]. In fact, we show that
in the setting above, some classes in N°H'(X,Z) are not even pushforwards from a
compact complex manifold of dimension < dim(X) — ¢ via a proper C*°-map. The
dimensions of the varieties appearing in Theorem 1.2 are the lowest possible that
one can obtain with such topological arguments (see Theorem 5.9 and Remark 5.10).

Our second main theorem is:

Theorem 1.3 (Theorem 6.5). For all ¢ > 1 and |l > 2¢ + 1, there is a smooth
quasi-projective rational complex variety X of dimension | — ¢+ 1 such that the
inclusion N°H'(X,Q) C N°H'(X,Q) is strict.

Theorem 1.3 is optimal as NCHZ(X, Q) = N°HY(X,Q) for | < 2¢ (see Proposi-
tion 2.2). Moreover, the dimensions of the varieties we consider are the smallest
possible as N¢H!(X,Q) = N°H'(X, Q) if dim(X) < [ — ¢ (see Proposition 2.2). The
proof of Theorem 1.3 is based on the theory of perverse sheaves, and relies in an
essential way on the decomposition theorem of Bernstein, Beilinson, Deligne and
Gabber [BBD82| and on a refinement of the Hodge index theorem due to de Cataldo
and Migliorini [dCMO05] (see §6.2). The proof of Theorem 1.3 also yields examples
demonstrating that the natural coniveau and strong coniveau filtrations on the
rational homology of a singular projective variety may differ (see Theorem 6.6).

The paper is organized as follows. Section 2 gathers generalities on the coniveau
and strong coniveau filtrations. In Section 3, we develop topological obstructions
for integral cohomology classes to have high strong coniveau. In Sections 4 and 5
we then give explicit examples showing that these obstructions actually occur, in
particular proving Theorems 1.1 and 1.2. Section 6 deals with cohomology classes
with rational coefficients on open or singular varieties and contains the proof of
Theorem 1.3. Finally, we collect several questions that we leave open in Section 7.

Conventions. A variety is a separated scheme of finite type over a field, which will
always be the field of complex numbers. All manifolds are Hausdorff and second
countable. All topological spaces have the homotopy type of CW complexes. We
use the Grothendieck notation for projective bundles, so that P(&) parameterizes
quotient line bundles of a vector bundle &.
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2. CONIVEAU AND STRONG CONIVEAU

2.1. Two filtrations. Let X be a smooth complex algebraic variety of dimension n.
Let us introduce the following two filtrations on the cohomology of X with coefficients
in an abelian group A. The first is the classical coniveau filtration, defined by

N°H'(X,A) = ) ker(j*: H(X,A) » H'(X - Z, A))
ZCX
= Y im (HL(X,A) = H'(X, A))
ZCX

where Z C X runs through the closed subvarieties of codimension at least ¢ of X
and j: X — Z — X is the complementary open immersion.
Similarly, we define the strong coniveau filtration

NeH'(X,A)= > im(f.: H'"*(Y,A) > H'(X, A))
fY—=X
where the sum is over all proper morphisms f : Y — X from a smooth complex
variety Y of dimension n —r with » > ¢. If X is proper, one may equivalently define

(2.1) NeH'X, A)= > im(T.: H=¥(Y,A) > H'(X, A))
IeCHF (Y x X)

where Y runs over all smooth proper complex varieties of dimension k — r with
r > ¢, as may be seen by desingularizing the irreducible components of a cycle
representing I'.

We thus get for each | two descending filtrations N¢ and N¢ on HY(X,A). We
say that a class in N°H'(X, A) has coniveau > ¢ and that a class in N°H'(X, A)
has strong coniveau > ¢. Taking Z = f(Y) shows that N°H'(X, A) C N°H'(X, A).

Note that we may equivalently define N¢H 1(X, A) to be generated by the Gysin
pushforwards i, where 7 : Z—-Xisa composition of a desingularization 77
of a subvariety Z C X of codimension > ¢ with the inclusion (to see it, introduce
a desingularization Y Y admitting a compatible morphism Y > Z ). From this
point of view, that the inclusion N°H'(X, A) C N°H!(X, A) may not be an equality
stems from the fact that Z and Z can have quite different topology.

We also note that we may restrict, in the above definition of NCHI(X, A), to
morphisms f : Y — X where Y has dimension n — ¢. Indeed, if dim(Y) =n —r,
one may replace Y with Y xP""¢and f:Y — X with fopr; : Y xP"7¢ — X.

One may still define coniveau and strong coniveau filtrations on the Borel-Moore
homology of possibly singular varieties. We prefer to stick to the cohomology of
smooth varieties for simplicity, except in §6.4, which is devoted to singular varieties.

2.2. When coniveau and strong coniveau coincide. We first recall Deligne’s
result [Del74, Corollaire 8.2.8], whose proof is based on a weight argument.

Theorem 2.1 (Deligne). Let X be a smooth proper complex variety. Then, for all
l,c>0, one has N°H'(X,Q) = N°H'(X,Q).

We now gather general properties of the coniveau and strong coniveau filtration,
valid for any coefficient group A.
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Proposition 2.2. Let X be a smooth complex variety of dimension n and let A be
an abelian group. If 1 < 2c or if n <1 —c, then N°H' (X, A) = N°H (X, A).

Proof. Arguing as in [Mil80, VI, Lemma 9.1 and below|, we see that N°H'(X, A) = 0
if | < 2c and consists of algebraic classes if [ = 2c. If & € N°H?¢(X, A) is the class
of a subvariety Z of codimension ¢ in X and if 7 : Z—Zisa desingularization of
Z, then « is the image of 1 by the Gysin morphism H°(Z, A) — H?¢(X, A). This
proves the first assertion.

To prove the second assertion, we may assume that X is quasi-projective by
Chow’s lemma. Let Z C X be the intersection of X with a general codimension
¢ linear space in some projective embedding. Then Z is smooth by the Bertini
theorem and the Gysin morphism H!=2¢(Z, A) — H'(X, A) is surjective by Hamm’s
Lefschetz theorem [Ham83, Theorem 2 and Remark below| applied ¢ times. O

Lemma 2.3. The group N*H' (X, A)/N'H'(X, A) is invariant under replacing X
with X x P™ for all 1 > 0 and all abelian groups A.

Proof. Let m : X x P* — X denote the first projection. Using the Kiinneth theorem,
we see that N H!(X xP", A) = 7* N H'(X, A) mod N'H'(X xP", A). So it suffices
to show that a class a € H'(X, A) has strong coniveau > 1 if and only if 7% does.
The ‘only if’ direction is clear. Conversely, suppose that 7%« has strong coniveau > 1.
We may assume that 7*a = f, 3, where f : V' — X xP™ is a proper morphism from a
smooth variety of dimension dim X +n—1,and f € H'"2(V, A). Let i : X — X xP"
denote the inclusion of a general fiber X x {p}. Then W =V X x«pr X is a smooth
subvariety of V' of dimension dim X — 1, by Bertini’s theorem. Let g : W — X be the
induced map. Then g.(8|w) = i* f«8 = i*7*a = «, so « has strong coniveau > 1. O

Proposition 2.4. The group N'H!(X, A)/KTIHZ(X7 A) is a stable birational in-
variant of smooth projective complex varieties for all I > 0 and all abelian groups A.

Proof. By Lemma 2.3, we only need to show the birational invariance of the group
N'H!(X,A)/N'H' (X, A).

The action T, : H(Y,A) — H'(X,A) of a correspondence I' € CH"(Y x X)
between smooth projective complex varieties of dimension n preserves the classes
of coniveau > 1, and the classes of strong coniveau > 1. The assertion concerning
coniveau follows from the formula N*H'(X, A) = ker (H'(X, A) — H°(X, H'(A)))
recalled in §2.3 below, and from the fact that the correspondence I' induces a
morphism T, : HO(Y, H!(A)) — H°(X,H'(A)) (see [CTV12, Proposition A.1]). The
assertion for strong coniveau follows from the equality (2.1). In view of these facts and
of Hironaka’s theorem on resolution of singularities, we may apply [Voil9, Lemma 1.9]
with I(X) = N'H!(X,A)/N'H'(X, A). This lemma reduces us to proving the
invariance of N'H'(X, A)/N'H'(X, A) under a blow-up 7 : ¥ — X of a smooth
projective complex variety in a smooth center. (Alternatively, we could have used
the weak factorization theorem [AKMWO02, Theorem 0.1.1].)

Computing the cohomology of a blow-up shows that H!(Y, A) is generated by the
image of the injective morphism 7* : H'(X, A) — H'(Y, A) and by classes supported
on the exceptional divisor E of m. The latter classes have strong coniveau > 1
since F is smooth. Moreover, since o = m,m*«a, the functoriality of coniveau > 1
and strong coniveau > 1 classes under the action of correspondences shows that
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a has coniveau > 1 if and only if 7%« has coniveau > 1, and that a has strong
coniveau > 1 if and only if 7"« has strong coniveau > 1. These facts imply the
desired equality N'H'(X, A)/N'H! (X, A) = N'HY(Y, A)/N*H'(Y, A). O

Corollary 2.5. If X is a smooth projective complex variety which is stably rational,
then NYHY(X, A) = N'HY(X, A) for every | > 0 and every abelian group A.

Corollary 2.5 could also have been deduced from the following proposition.

Proposition 2.6. If a smooth projective complex variety X admits an integral
cohomological decomposition of the diagonal, then N*H' (X, A) = N'H'(X,A) =
HY (X, A) for every | > 1 and every abelian group A.

Proof. Choose o € H' (X, A). Let p,q: X x X — X be the two projections and let
[A] = [z x X 4+ T] be the decomposition, where the support Z C X x X of I satisfies
q(Z) € X. Let Y be a disjoint union of resolutions of singularities of the images
by ¢ of the irreducible components of Z, with induced morphism f:Y — X. Let
Z — Z be a resolution of singularities such that, letting 7 : Z — X x X denote its
composition with the inclusion, there exists a morphism g : 7 — Y with qgom = fog.
Let T be a cycle on 7 such that 7r*1" I'. Then

a=q.([A] — p'a) = ¢.([[] = p*a) = .7 ([T] — 7°p*a) = fug:([[] — 7*p*a)

is in the image of f,, hence has strong coniveau > 1. This proves the proposition. [

Propositions 2.4 and 2.6 do not hold in general for higher coniveau; we will see
later that there are even rational varieties where N2H!(X,Z) # N2H'(X,7Z) (see
Theorem 4.3 (ii)).

Beyond the above general results, coniveau and strong coniveau may be shown to
coincide in particular geometric situations, as in the next example.

Example 2.7. Let X be a smooth projective complex threefold such that there
exist a smooth projective surface F' and a correspondence I' € CH? (F x X) for
which [[, : H3(F,Z) — H3(X,Z) is surjective. Then N*H!(X,Z) = N*H'(X,Z)
for all [ > 0. For [ # 3, this follows from Proposition 2.2. For [ = 3, take a smooth
ample divisor i : C < F so that i, : HY(C,Z) — H?(F,Z) is surjective by the weak
Lefschetz theorem, represent (i,1d)*T’ € CH?*(C x X) by a codimension 2 cycle Z
on C x F, and let 7 : Z — C x X be a resolution of singularities of the support
of Z. Then (py o), : HY(Z,Z) — H3(X,7Z) is surjective as wanted.

Taking F' to be an appropriate Fano variety parametrizing curves on X, and I to be
the class of the universal curve, this argument applies to all smooth cubic threefolds
[CGT72, Theorem 11.19], general quartic threefolds [Let84, Proposition 1], general
sextic double solids [CV86, Theorem 3.3] and general Gushel-Mukai threefolds [I1i94,
Theorem p. 84]. In the last three examples, the argument works for all X whose
Fano variety F' is a smooth surface (or even a surface with isolated singularities as
its hyperplane section C' may then be chosen to avoid its singular locus).

Similarly, if X C P® is a smooth cubic fourfold, then the variety of lines F
is a smooth fourfold and the Abel-Jacobi map ¢.p* : H%(F,Z) — H*(X,Z) is
an isomorphism (as it is dual to the Beauville-Donagi isomorphism of [BD85,
Proposition 4]). Hence N*H4(X,Z) = N'H*(X,Z).
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2.3. Coniveau > 1 classes and torsion classes. The classes of coniveau > 1 are
of particular interest. Letting 79(A) denote the sheaf associated with the Zariski
presheaf U — HY(U, A) on X, Bloch and Ogus [BO74, Corollary 6.3] have shown
the existence of a spectral sequence EY? = HP(X,H%(A)) = HPTI(X, A) converging
to the coniveau filtration on HPT9(X, A). In particular, the kernel of the natural
map H!(X, A) — H°(X,H!(A)) consists of the classes of coniveau > 1.

The following proposition, a consequence of the Bloch—Kato conjecture proven by
Voevodsky and Rost, had been conjectured by Bloch [Blo80, end of Lecture 5]. A
proof may be found in [BS83, Proof of Theorem 1 (ii)] for [ = 3, and in [CTV12,
Théoréme 3.1] in general.

Proposition 2.8. If X is a smooth complex variety, any torsion class o« € H' (X, Z)
has coniveau > 1.

Proof. The image of o by the natural morphism H'(X,Z) — H°(X,H'(Z)) is zero
because H!(Z) is torsion-free by [CTV12, Théoréme 3.1]. This concludes, since the
kernel consists of classes of coniveau > 1. O

3. TOPOLOGICAL OBSTRUCTIONS

In this section, we describe two obstructions to integral cohomology classes of
smooth projective complex varieties having high strong coniveau (Propositions 3.5
and 3.8), which rely respectively on Steenrod operations (studied in §3.1) and on
complex cobordism (considered in §3.2).

Our obstructions are of topological nature, reminiscent of Thom’s counterexamples
to the integral Steenrod problem [Tho54, Théorémes I11.5, II1.9]. We formulate them
in their natural generality (Propositions 3.4 and 3.7, and §3.3).

3.1. Steenrod operations. The obstruction described in Proposition 3.5 is based
on carefully chosen elements (S;);>1 of the Steenrod algebra, which behave particu-
larly well with respect to pushforward morphisms (see Proposition 3.3).

Let A be the mod 2 Steenrod algebra (see [Ste62]). We recall that it is a graded
7./2-algebra generated by degree i elements Sq* for i > 0, subject to the Adem
relations

b2 i o
iQd itj—
(3.1) Sq" Sq kz::o ( i ok )Sq Sq”.

The algebra A acts functorially on the mod 2 cohomology of any topological space X.
For a, f € H*(X,7Z/2), this action satisfies Cartan’s formula

(32) Si(— ) = 3" ST — Sq'9 .
j=0
Let ASq' be the left ideal of A generated by Sq'. For j > 1, we define
(3.3) S =8q* "1 Sq" S,
which is an element of degree 2/ — j — 3 in A (by convention, S; is the unit of A).

Lemma 3.1. One has Sq*> "' S; € ASq" forj>1and1<i<2 —1.
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Proof. The proof is by induction on j. The statement is clear for j = 1. For j > 1,
use the Adem relation (3.1) to write

2911

. 12l 20—k =2\ 242k
Sq* 18 =S¥ SqY T Sl = Y <2¢—2k—1) Sq* R8¢ 55 .
k=0

As 2i — 2k — 1 is odd, (;Z:;Zfl) is even whenever 29 — k — 2 is even. It follows that

the only terms that contribute are those with & odd. Since Sq* S;_1 € ASq! for
those k by the induction hypothesis, the lemma is proved. O

Proposition 3.2 is a relative variant of Wu’s theorem [MS74, Theorem 11.4] which
was proven by Atiyah and Hirzebruch [AH61, Satz 3.2].

We denote by Sq = Sq” +Sq' +... the total Steenrod operation and by Sq~" its
inverse. If E — E' is a virtual real vector bundle, we let w(E — E’) = w(E)w(E’)~?
be its total Stiefel-Whitney class.

Proposition 3.2. Let f:Y — X be a proper C*°-map between C*°-manifolds with
virtual normal bundle Ny := f*Tx — Ty . For all § € H*(Y,Z/2), one has

Sa(f«B) = f«(Sa(B) — w(Nf))
in H*(X,Z/2).

Proof. When X and Y are compact, this is exactly [AH61, Satz 3.2] applied with
A =38q" (in loc. cit., Wu(Sq, X) = Sq ' w(Tx) by Thom’s definition of the Stiefel-
Whitney classes [MS74, p. 91]). As noted in [BW18, Proof of Proposition 1.22], the
standing assumption that manifolds are compact in [AHG61, §3] is superfluous. Indeed,
one may assume that Y is connected and choose an injective immersion ¢ : Y — S™
thanks to Whitney’s theorem [Hir76, Chapter 2, Theorem 2.14]. The proof of [AH61,
Satz 3.2] then goes through using the embedding (f,7) : Y — X x §™. O

We now apply the relative Wu theorem to the cohomology operation ;.

Let F and E’ be two real vector bundles of constant rank on a C*°-manifold X.
A stably complex structure on the virtual bundle E — E’ is a homotopy class of
isomorphisms ¢ : E @ R* ~ E’ @ F where F is a complex vector bundle, and where
one identifies ¢ with (;,Id) : E @ R¥2 ~ E' @ F @ C. A complex orientation of a
C*®-map f:Y — X between C*°-manifolds is a stably complex structure on the
virtual normal bundle Ny := f*T'x — Ty of f.

Proposition 3.3. Let f : Y — X be a complex oriented proper C*°-map between
C>-manifolds. For all j > 1 and all 8 € H*(Y,Z/2) such that Sq*(8) = 0, one has

in H*(X,Z/2).
Proof. The odd degree Stiefel-Whitney classes of a complex vector bundle vanish
by [MS74, Problem 14-B]. In view of Whitney’s sum formula, the same holds for
the odd degree Stiefel-Whitney classes of a stably complex virtual vector bundle
such as Ny = f*T'x —Ty.

We prove the proposition by induction on j. The statement is clear for j = 1. So
assume j > 1. We may assume that 3 € H*(Y,Z/2). By the induction hypothesis,

S;(foB) = a2 L 81 (f.8) = S " (£.5;-1(8)).
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By Proposition 3.2, the class S;(f.3) is the image by f. of the component of degree
291 —j—3+4kof SqS;_1(8) — w(Ny). Lemma 3.1, the hypothesis that Sq*(8) = 0
and the fact that w(Ny) has no odd degree component show at once that

S (f+8) = £.(S® 71 S;-1(8) — wo(Ny)) = £.5;(6)- O
We may now state the two main results of this section.

Proposition 3.4. Let f : Y — X be a complex oriented proper C*°-map between
C>-manifolds, and let § € H*(Y,Z/2) be such that Sq*(8) = 0. If j > k and j > 2,
then S;(f.8) =0 in H*(X,Z/2).

Proof. By Proposition 3.3, one has S;(f.8) = £.5;(8) = f.Sq” ~"' S;_1(8B). Since
the class S;_1(3) has degree 2/ — j — 2+ k < 2/ — 1, one has Sq* = S;_1(8) = 0,
and it follows that S;(f.3) = 0. O

Since a morphism of smooth complex varieties is canonically complex oriented,
we deduce at once the following proposition.

Proposition 3.5. On a smooth complex variety X, choose o € H'(X,7Z); let
@ € HY(X,Z/2) denote the reduction modulo 2 of o, and let ¢ and j be integers such
that | <2c+j and j > 2. If S;(@) # 0, then « has strong coniveau < c.

3.2. Complex cobordism. We now use complex cobordism to obtain refinements
of Proposition 3.4 when k£ < 2 and of Proposition 3.5 when [ < 2¢ + 2. These
improvements are not needed in the proofs of our main theorems.

To every topological space X, one can associate its complex cobordism ring
MU*(X), which is a graded ring. These rings form a generalized cohomology theory,
represented by the complex cobordism spectrum MU (see for instance [Swi75,
Chapter 12] or [Ada74]). In this article, we will be only interested in the complex
cobordism of C*°-manifolds. In this setting, Quillen [Qui71l, §1] gave a concrete
description of MU*(X) which we briefly recall.

Let X be a C*°-manifold. Two proper C*°-maps gy : Zg — X and ¢1 : 71 —» X
that are complex oriented (in the sense recalled in §3.1) are said to be cobordant
if there exists a complex oriented proper C*°-map g : Z — X x R such that, for
i € {0,1}, g is transversal to the inclusion X x {i} — X x R, and g; identifies with
glg-1(x x{i}) as a complex oriented C>*-map. For r € Z, Quillen identifies MU"(X)
with the set of cobordism classes [g] of complex oriented proper C*-maps g : Z — X
from a C*°-manifold Z of dimension dim(X) — r, with disjoint union as a group
law [Qui71, Proposition 1.2].

The above definition makes it clear how to construct Gysin morphisms in complex
cobordism. If f: Y — X is a proper complex oriented map between C°°-manifolds,
one can define f, : MU"(Y) — MU +dim(X)=dim(Y)(X) by sending the class [g]
represented by a complex oriented proper C*°-map g : Z — Y to [f og] [QuiTl, §1.4].

As complex cobordism is the universal complex oriented cohomology theory [Ada74,
II, Lemma 4.6], the complex orientation of cohomology with integral coefficients
[Ada74, II, Example (2.2)] yields a natural transformation [Ada74, II, Example (4.7)]

(3.4) i MU*(=) — H*(—, ).
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When X is a C*°-manifold, the image by u of a class in MU*(X) represented
by a complex oriented proper C*-map g : Z — X is u([g]) = g1 € H*(X,Z),
where g, : H*(Z,Z) — H*(X,Z) is the Gysin morphism (the complex orientation
of g induces an orientation of the virtual vector bundle IV,, hence allows to define
Gysin morphisms by [Rud98, V, Definition 2.11 (b)]) and 1 € H°(Z,Z) is the unit
(see [Kar73, §9]). It is clear from this description that if f : Y — X is a proper
complex oriented map between C*°-manifolds and if v € MU*(Y,Z), then

(3.5) p(fey) = fepr()-

The next proposition is well-known (see for instance [Tot97, p. 468]). In the
setting of oriented cobordism, the last assertion originates from Thom’s work [Thob54,
Théoréme 11.20]. We let A Sq'A be the two-sided ideal of A generated by Sq'.

Proposition 3.6. If X is a topological space and r > 0, the image of the morphism
(3.6) MU"(X) & H™(X,7)

induced by (3.4) is killed by stable integral cohomological operations of positive degree,
and the reduction modulo 2 of a class in the image of (3.6) is annihilated by ASqlA.

Proof. Consider a stable integral cohomological operation of degree k > 0, induced
by a map of spectra v : HZ — Y¥HZ, where HZ is the Eilenberg-MacLane spectrum
representing cohomology with integral coeflicients, and let p: MU — HZ be the
map of spectra inducing (3.4). The morphism H*(HZ,Z) — H*(MU, Z) induced
by 1 sends the class represented by v to that represented by v o . Since H*(HZ, Z)
is torsion by [Car55, §6] and H*(MU, Z) is torsion-free by [Ada74, I, §3], we deduce
that v o u is homotopically trivial, which proves the first assertion.

Let p and Bz denote reduction modulo 2 and the integral Bockstein. The second
assertion follows from the first since the stable integral cohomological operation
Bz oaopis alift of Sq* o aop for all a € A. O

We finally reach the goal of this section.

Proposition 3.7. Let f : Y — X be a complex oriented proper C*°-map between
C>®-manifolds, and let B € H*(Y,Z). If k < 2, then f.B is in the image of the
morphism p: MU*(X) — H*(X,Z) induced by (3.4) and its reduction modulo 2 is
killed by ASq" A.

Proof. By the easy half of [Tot97, Theorem 2.2], whose proof is valid for any X,
there exists a class v € MU*(Y) with u(y) = 5. By (3.5), one has f.8 = u(fey),
which proves the first assertion. The second now follows from Proposition 3.6. [

As a morphism of smooth complex varieties is canonically complex oriented, we
deduce:

Proposition 3.8. Let X be a smooth complex variety, choose o € H'(X,Z), let
@€ HY(X,7/2) be the reduction modulo 2 of o, and let ¢ be such that | < 2c+ 2. If
« is not in the image of p: MU*(X) — H*(X,Z), or if @ is not killed by ASq'A,
then a has strong coniveau < c.
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3.3. A remark on the topological obstructions. In the statements of Proposi-
tions 3.4 and 3.7, one could replace the hypothesis that f is complex oriented by the
weaker hypothesis that its virtual normal bundle Ny := f*T'x — Ty is M U-oriented
in the sense of [Rud98, §V.1].

Indeed, only two properties of a complex oriented map f are used in the proofs
of Propositions 3.4 and 3.7: the existence of a Gysin morphism f, : MU*(Y) —
MU*(X) if f is proper, and the fact that all the odd Stiefel-Whitney classes of
Ny vanish. Under the sole hypothesis that Ny is M U-oriented, the first property is
provided by [Rud98, V, Definition 2.11 (b)|. As for the second, every M U-oriented
vector bundle F has vanishing odd Stiefel-Whitney classes. To see it, write Thom’s
definition of Stiefel-Whitney classes based on Steenrod operations and on the Thom
class of F in mod 2 cohomology [MS74, p. 91|, notice that this Thom class lifts to
complex cobordism as E is M U-oriented, and apply Proposition 3.6.

We refer to [Will9] for an example of a real vector bundle which is M U-oriented
but has no stably complex structure, which shows that this is a genuine generalization
of Propositions 3.4 and 3.7. We will not use this generalization in what follows.

4. ALGEBRAIC APPROXIMATIONS OF CLASSIFYING SPACES

The most direct way of producing X and « where the obstructions of the previous
section take place comes from algebraic approximations to a classifying space BG.
This was the construction used in the original counterexamples to the integral Hodge
conjecture due to Atiyah and Hirzebruch [AH62].

4.1. Torsion examples. We first use this technique with G = (Z/2)*® to prove
Theorem 1.1.

Lemma 4.1. Foralll < j < s, there exists ¢ € H*((Z/2)%,Z/2) with S; Sq* (¢) # 0.
Proof. The Kiinneth formula yields an algebra isomorphism
H*((Z]2)°,Z]2) =Z/2[x1, ..., x5

with generators z; in degree 1. Take ( = 1 ---xs. Combining [WW18, Defini-
tion 2.4.9 and Proposition 5.8.4| shows that S; Sq*(¢) # 0. Alternatively, developing

;84" (¢) = Sq* 1+ Sq® Sq (1 - - - as)

using Cartan’s formula, we get a polynomial in which the monomial

o
xfjxgj e '$?33j+1 T Ts—1Ts
appears non-trivially. It follows that S; Sq'(¢) # 0. O

Lemma 4.2. For all 1 < j <'s, there exist a smooth projective complex variety V.
with torsion canonical bundle and a class € € H*(V,7/2) with S; Sq' (€) # 0.

Proof. We use the Godeaux—Serre construction. Define m := 271 — j — 1 + s and
let Z/2 act on P?™*+1 by the involution

L (Xo, . 7XmuXm+17~ .. >X2m+1) — (Xo,. . .,Xm,—Xm+1, N _X2m+1)-

The fixed locus of this action has dimension m. Let Z C P?"*! be a general complete
intersection of m + 1 (-invariant quadrics. The smooth projective variety Z has
trivial canonical bundle. Since ¢ acts freely on Z, the quotient Y := Z/¢ is a smooth
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projective variety with torsion canonical bundle (when m = 2, this is the classical
construction of Enriques surfaces). We choose V := Y*. By [AHG62, Proposition 6.6
and its proof|, there exist maps a : Y — BZ/2 and b:Y — P°°(C) such that
(a,b) : Y — BZ/2 x P*>°(C) is an (m — 1)-homotopy equivalence. Consequently,
a* 1 H(Z/2,Z/2) — H*(Y,Z/2) is injective in degree < m — 1. By the Kiinneth
formula, (a®)* : H*((Z/2)*,7Z/2) — H*(V,Z/2) is also injective in degree < m — 1.
Applying Lemma 4.1 yields a class ( € H*((Z/2)°,Z/2) such that S, Sq'(¢) # 0.
Setting & := (a®)*(, one has S; Sq'(€) = (a®)*S; Sq*(¢) # 0 by our choice of m. O

Now comes the proof of Theorem 1.1. The crucial case is the ¢ = 1 case, where
one can use that torsion classes always have coniveau > 1. The statement for higher
values of ¢ follows using product and blow-up constructions.

Theorem 4.3. Forallc > 1 andl > 2c+1, there exists a smooth projective complex
variety X such that the inclusion N°H'(X,7Z) C N°H'(X,Z) is strict. Moreover,

(i) one can choose X with torsion canonical bundle.
(ii) if ¢ >2 and 1 > 2c+ 1, one can choose X to be rational.

Proof. Let V and £ be as in Lemma 4.2 applied with j =s=1—2c+ 1. Let T be
a smooth projective complex variety of dimension ¢ — 1, which we choose to have
torsion canonical bundle if we want to ensure (i). Let A € H**72(T,Z) be the class
of a point t € T. We define X :=V x T with projections p: X -V andq: X = T,
and we set « := p*5z(§) — ¢*\, where (7 is the integral Bockstein.

Let @ and X be the reductions modulo 2 of a and \. Since X is killed by all positive
degree elements of A for degree reasons and since the reduction modulo 2 of 57 (€) is
Sq'(€), Cartan’s formula (3.2) shows at once that S;(@) = p*S; Sq' € — ¢*\. This
class being nonzero, Proposition 3.5 implies that « has strong coniveau < c.

The class « is the pushforward of 87(£) by the codimension ¢ — 1 closed immersion
V x{t} -V xT. As Bz(&) is torsion, it has coniveau > 1 by Proposition 2.8, and
it follows that « has coniveau > c¢. This finishes the proof of (i).

For (ii), we let W be as in part (i), admitting a class in 0 € N H!=2(W, Z) so
that S;() # 0 for j =1—2c+1. Let n = dim W. Let W — P"*2 be the composition
of a projective embedding of W and a generic projection to P"*2. Performing an
embedded resolution of the image Wy of W in P"*2 we find a smooth rational
variety Y of dimension n + 2, which contains a smooth subvariety W, which admits
a birational morphism W — W. By construction, W then also carries a class
v E Nc_lHl_Q(W7Z) for which S;(¥) # 0. Now let X be the blow-up of Y along
W with exceptional divisor £ and take the class a € H'(X,Z) to be i,m*7, where
i : E — X is the inclusion, and 7 : £ — W is the projective bundle. Then by
Lemma 3.3, S;(&) = i.7*(5;7) # 0, and we conclude that « has strong coniveau < ¢
by Proposition 3.5. On the other hand « is the pushforward of a coniveau > ¢ —1
class from a codimension 1 closed immersion i : £ — X, hence it has coniveau > c.
This completes the proof. O

Remark 4.4. One does not need to appeal to Proposition 2.8, hence to the Bloch—
Kato conjecture, to prove that £z(£) has coniveau > 1 in the proof of Theorem 4.3.
Indeed, it follows from the construction of £ € H*(V,Z/2) given in Lemmas 4.1
and 4.2 that £ = x1 -2, for some x; € HY(V,Z/2). Since Bz(x;) € H*(V,Z) is
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2-torsion, the Lefschetz (1,1) theorem shows that it is an algebraic class, hence has
coniveau > 1. It follows that x; lifts to an integral class in restriction to a dense
open subset of V. Hence so does £ = x1 - - - x4, showing that 8z(£) has coniveau > 1.

Remark 4.5. It was pointed out to us by Yagita that one can obtain p-torsion
examples for all odd prime numbers p, using analogous arguments which we now
briefly sketch. Let A(p) be the mod p Steenrod algebra, and let @; € A(p) be
the element introduced by Milnor in [Mil58, §6]. There exists a p-torsion class in
H3((Z/p)?,Z) whose reduction modulo p is not annihilated by Q; (for instance, the
element fz(ujuz) in the notation of [AH62, Proof of (6.7)]). As in [AH62, Proof of
(6.6)], we deduce the existence of a smooth projective complex variety X and of a
p-torsion class a € H3(X,Z) whose reduction modulo p is not killed by Q;. The
class a has coniveau > 1 by Proposition 2.8. It cannot have strong coniveau > 1
because the cohomological operation ()1 commutes with pushforwards by C*°-maps
of oriented compact C>°-manifolds (use [AH61, Satz 2.12 and Satz 3.2] and the
fact that the mod p Bockstein commutes with such pushforwards), yet vanishes on
reductions modulo p of degree 1 integral cohomology classes (see [Ste62, §VI.1]).

4.2. Torsion-free examples. Since the cohomology of a finite group is torsion in
positive degree, the examples of integral cohomology classes for which coniveau and
strong coniveau differ that can be obtained using classifying spaces of finite groups
live in cohomology groups that have torsion. To produce torsion-free examples, we
resort to classifying spaces of linear algebraic groups, namely of the exceptional
group G», as in [PY15].

Proposition 4.6. There exists a smooth projective complex variety X such that
H*(X,Z) is torsion-free and the inclusion N'H*(X,7) C N'H*(X,7Z) is strict.

Proof. Tt follows from the work of Borel (notably [Bor53, Proposition 19.2] and
[Bor54, Théoréme 17.3 (c)|) that H*(BGs,Z) is torsion-free and contains a class
whose reduction modulo 2 is not killed by Sq® (see [AK16, §2.4, Theorem 2.19] for
a proof of this precise statement). The same property holds for the classifying space
B(Gy x G,,) = BGy x BG,,, = BGy x P(C).

By Ekedahl’s construction of algebraic approximations to classifying spaces of
reductive groups [Eke09, Theorem 1.3], there exist a smooth projective complex
variety X and a map a : X — B(G2 X G,,) such that the pull-back morphism
a* : H*(B(G2xGy,),Z) — H*(X,Z) is an isomorphism in degree < 8. It follows from
the five lemma that a* : H*(B(G2 x G,),Z/2) — H*(X,7Z/2) is an isomorphism
in degree < 7. We deduce that H*(X,Z) is torsion-free and that there exists a class
a € HY(X,Z) in the image of a* whose reduction modulo 2 is not killed by Sq.

The class « has strong coniveau 0 by Proposition 3.5 or by Proposition 3.8. Edidin
and Graham [EG97, Theorem 1 (c)] (see also [Tot14, Theorem 2.14]) have shown the
surjectivity of the cycle class map CH?*(B(Gy x G,,)) @2 Q — H*(B(G2 x G,,,), Q).
It follows that a multiple of « is algebraic. As a consequence, « restricts to a torsion
class on a dense open subset U C X, hence has coniveau > 1 by Proposition 2.8
applied to U. The proposition is now proven. O

Remark 4.7. The class o € H*(X,Z) considered in the proof of Proposition 4.6
is Hodge as a multiple of it is algebraic, but it is not algebraic since it has strong
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coniveau 0. This counterexample to the integral Hodge conjecture in a torsion-free
cohomology group is parallel to the counterexamples to the integral Tate conjecture
described by Pirutka and Yagita [PY15, Theorem 1.1].

5. LOW-DIMENSIONAL EXAMPLES

The examples of Section 4 are relatively simple and work for any coniveau ¢ > 1
and any degree [ > 2c¢ + 1. On the other hand, the resulting varieties have quite
high dimension. We now construct examples of dimension as low as 4 and show that
their dimensions is the lowest possible that may be attained using purely topological
arguments.

5.1. Construction of the examples. Our first goal is to prove Theorem 1.2.

5.1.1. A special bielliptic surface. Let Eq = C/(Z+Z7) and Ey = C/(Z+Zi) be two
elliptic curves, the second having complex multiplication by i. The group G = Z/4
acts freely on FEy x Es by translation by a 4-torsion point (u +— u + %) on the first
factor, and by multiplication by ¢, (v — v) on the second. Let S = (Ey x E3)/G be
the quotient.

The morphism (u,v) — (u, (1 + i)v) on C x C induces a morphism f : S — S
which is finite étale of degree 2. Let a € H'(S,Z/2) be the corresponding class.

Lemma 5.1. There is a class 3 € H'(S,Z/2) such that o®B # 0 and B = 0.

Proof. There is a natural diffeomorphism S ~ S x M, where M is the quotient of
S! x E, by the diagonal action of Z/4, by translation by ; on S' = R/Z, and by
multiplication by ¢ on Fs. Moreover, « is the pullback by the second projection of
the class (which we still denote by o € H'(M, Z/2)) associated to the double cover
f:+ M — M defined by (u,v) — (u, (1 +¢)v). Let 8 be the pullback to S of the
generator of H'(S!,Z/2). It is clear that 32 = 0. To conclude, it suffices to show
that o # 0 in H3(M,Z/2); then also a3 # 0 by the Kiinneth theorem.

Using the first projection, we may view M as the total space of a fibration
p: M — S'/G = S! with fibers Fy (and the monodromy on the fiber is given
by multiplication by ). We let z and y be the real coordinates on the universal
cover C ~ R? of Ey. Let H C M (resp. K C M) be the immersed C*°-hypersurface
which intersects p~1(0) along {zy = 0} (resp. {(z — 1/2)(y — 1/2) = 0}) and is
obtained by transporting the latter flatly in all fibers of p (note that {xy = 0} and
{(z —1/2)(y — 1/2) = 0}) are invariant by the monodromy).

The immersed submanifolds H and K intersect transversally along a 1-dimensional
submanifold C' C M which intersects p~!(0) along the two points (0,1/2) and (1/2,0)
and is obtained by transporting flatly these two points in all fibers of p (it is a circle
in M with degree 2 over the base of p).

Let us introduce the following deformation C’ of C. Start with the point (e, 1/2)
in p~1(0) for some small ¢ > 0, and transport it flatly in the fibers of p. After
going twice around the base S of p, one arrives at the point (—e, 1/2) of p~1(0),
which can be connected by a very small arc to (e,1/2). The resulting loop C’
intersects H transversally in one point. Letting [H], [K], [C] and [C’'] denote the
mod 2 cohomology classes of H, K, C' and C’ in M, we deduce that the intersection
number [C’] — [H] = [C] — [H] = [K] — [H]? is nonzero.
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The Leray spectral sequence for p yields an exact sequence
(5.1) 0— H'(S',2/2) - HY(M,Z/2) — H°(S", R'p.Z/2) = 7/2.

The classes [H] and [K]| are nontrivial in restriction to the fibers of p, hence
both project to the nonzero class in H°(S', R'p,Z/2) = Z/2. It follows from (5.1)
that we may write [H]| = [K] + p*w for some w € H(S',Z/2). We now compute
[K]? = [K] — ([K] + p*w)? = [K] — [H]? # 0, since w? = 0.

We finally remark that [K] = «. Indeed, the pullback of K by the double cover
f: M — M is an immersed hypersurface in M obtained by transporting flatly in the
fibers of p the boundary of the square with vertices (1/2,0),(0,1/2),(1/2,1),(1,1/2).
It is clearly a boundary in M, as it bounds the domain obtained by transporting flatly
in the fibers of p the interior of the same square. Hence f*[K] vanishes in H'(M,Z/2).
Since [K] # 0, this shows that [K] = a. In particular, o® = [K]3 # 0. O

5.1.2. A diagonal quotient construction. Let M be a connected C*°-manifold, and
choose a nontrivial class ¢ € H'(M,Z/2) with associated double cover M’ — M.
We will consider the quotient N of M’ x S! by the diagonal action of Z/2 (by the
natural action on the left, by —Id on S' = R/Z on the right).

Using the first projection, we view N as the total space of a fibration ¢ : N — M
whose fibers are isomorphic to S'. The two fixed points of the action of Z/2 on
St give rise to two sections of ¢ whose images are C*°-hypersurfaces of N denoted
by D and D'. Let § := [D] € H*(N,Z/2) and § := [D'] € H'(N,Z/2) denote
the cohomology classes of D and D’. As D and D’ do not meet, 6 — ¢ = 0 in
H?(N,Z/2). On the one hand, N — (D U D’) is connected (being the image of
M’ % (0,%) C M’ xR/Z), so that § + &' # 0 in H'(N,Z/2). On the other hand, the
inverse image of D U D’ in M’ x S! is a boundary, showing that § + ¢’ is killed by
the double cover M’ x S! — N. It follows that 6 + ¢’ = ¢*c in H'(N,Z/2), hence
that

(5.2) 2 =q'ce—46

in H%(N,Z/2).

Lemma 5.2. The formula A+ ud — g* A+ q*p — § induces a ring isomorphism
H*(M,Z/2)[6]/(6% — e6) =+ H*(N,Z/2).

Proof. This ring morphism is well-defined by (5.2). To show that it is injective, choose
A\ € H*(M,Z/2) with ¢*A+q¢* 1 — § = 0 and note that g = g.(¢*A\+¢*pu—0) =0
and A+ p — ¢ = ¢.((¢*) + ¢*n — &) — &) = 0 by the projection formula. To
show surjectivity, take a € H'(N,Z/2). Then q.(a — (¢*q.a) — &) = 0 by the
projection formula, and the Leray spectral sequence for ¢ shows the existence of
A\ € HY(M,Z/2) such that a = ¢*\ + (¢*gu) — 0. O

5.1.3. A fourfold. Combining the constructions of §5.1.1 and §5.1.2, we obtain a
remarkable smooth projective fourfold.

Proposition 5.3. There exist a smooth projective complex fourfold Z and a
2-torsion class o € H*(Z,7Z) such that the reduction modulo 2 of 0 is nonzero.

Proof. Let E be an elliptic curve, and let S and o, 8 € H'(S,Z/2) be as in §5.1.1.
Consider the double cover S’ — S associated with «, and let Y be the smooth
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projective complex threefold obtained as the quotient of S’ x E by the diagonal
action of Z/2 (by the natural action on the left, by —Id on E ~ (S')2 ~ (R/Z)? on
the right).

Let 7 : Y — S be the morphism induced by the first projection, and let Y/ — Y
be the double cover associated with 7*3. We define Z to be the smooth projective
complex fourfold obtained as the quotient of Y’ x E by the diagonal action of Z/2
(by the natural action on the left, by —Id on E =~ (S')? ~ (R/Z)? on the right).

The variety Z may be constructed from S by applying four times the construction
of §5.1.2. As a consequence, its cohomology ring with Z/2 coefficients may be
computed by four successive applications of Lemma 5.2:

H*(Z, Z/Q) = H*(Sa Z/2)[5a 5/,777/]/(52 - 045, 512 - a(s/,’); - 5777/2 - 5/’7/)-

Define o := B7(vd) € H3(Z,Z), where (37 is the integral Bockstein. It is a 2-torsion
class. Then the reduction of o2 modulo 2 is equal to

(Sql(vé))Q _ (725+’Y§2)2 _ 7452 _’_7254 — ’}/53(52 _’_7650[3 _ Ct3ﬂ’}/5 75 07
where we used that 32 = 0 and that a3 # 0 (see Lemma 5.1). O
We may now prove Theorem 1.2.

Theorem 5.4. Forl € {3,4}, there is a smooth projective complex variety X of
dimension | + 1 with torsion canonical bundle such that the inclusion N*H'(X,7Z) C
NYHY(X,7Z) is strict.

Proof. Let Z and o be as in Proposition 5.3. If [ = 3, we define X := Z and a := 0.
If I = 4, we choose an elliptic curve E and a class 7 € H'(E,Z) whose reduction
modulo 2 is nonzero, and we define X := Z x E and « := pjo — pit € H*(X,Z).

In both cases, « is 2-torsion, hence has coniveau > 1 by Proposition 2.8.

Let @, ¢ and T denote the reductions modulo 2 of «, o and 7. If [ = 3, then
S*(@) = 7% # 0. If | = 4, then S*(@) = p{SP*(F) — piT = pid2 — ps7T # 0
by Cartan’s formula (3.2) since Sq*(@) = Sq'(7) = Sq*(7) = 0. In both cases,
Proposition 3.5 applied with j = 2 or Proposition 3.8 show that a has strong
coniveau 0. (]

Remark 5.5. For X as in the above theorem, any class in Hy(X,Z) is realizable
as the class of a real submanifold of X (see [Tho54, Corollaire I1.28]). Thus the
obstructions we use are really of ‘complex’ nature.

5.2. Optimality. In this section, we prove Theorem 5.9, thus showing that the
examples of Theorem 5.4 are optimal in the following sense: their dimensions are
the lowest possible for which there are topological obstructions to the equality of
coniveau and strong coniveau in cohomological degree 3 and 4 (see Remark 5.10).

5.2.1. A vanishing result. The following proposition will be used crucially in the
proof of Theorem 5.9.

Proposition 5.6. Let X be a compact complex fourfold and o € H*(X,7Z). If &
denotes the reduction modulo 2 of o and By is the integral Bockstein, then

Bz Sq*(@) =0
in H (X, 7).
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Proof. Let ¢ :Z/2 — Q/Z be the natural injection, and let @ denote the boundary
maps associated with the short exact sequence 0 - Z — Q — Q/Z — 0. In view of
the commutative exact diagram

2

0 Z Z 7)2 0
| 7
0 Z Q Q/zZ 0
one has 87 Sq*(@) = 9(t« Sq*(@)) in H"(X,Z). Tt follows that
Bz8¢*(@) — f = 0(1. 8¢’ (@) — 8 = 1. 8¢’ (@) — O(B) in H*(X,Q/Z)

for all B € H'(X,Q/Z), where the last equality follows from [CFH16, Lemma 2.6|.
Defining v to be the reduction modulo 2 of 9(3), we deduce that

(5.3) Bz8q’*(@) — B = 1.(Sa*(@) — v) in HY(X,Q/Z).

@) imply that

Cartan’s formula (3.2) and the vanishing of Sq*(
(5.4) Sq*(@) — v =S¢’ (@ — ) +a—~?

in H8(X,Z/2). Finally, letting us(X) € H?(X,Z/2) denote the second Wu class of
X defined in [MST74, §11 p. 131-132], we have

(5.5) Sq*(@— ) =a@ — v — us(X)

in H%(X,Z/2). Notice that the classes @, v and us(X) are the reductions modulo 2 of
the integral cohomology classes «, 9(83) and ¢1(X) (for the latter assertion, combine
Wu’s theorem [MS74, Theorem 11.4] and [MS74, Problem 14-B]). Since 9(f) is torsion
and H3(X,Z) = Z has no torsion, we deduce that @ — 72 =a — v — us(X) = 0.
Combining equations (5.3), (5.4) and (5.5) now shows that £z Sq*(@) — B = 0.
Since 8 was arbitrary, Poincaré duality (see Proposition 5.7 below), implies the
required vanishing £z Sq*(@) = 0. O

For lack of an explicit reference to the literature, we include a proof of the following
instance of Poincaré duality.

Proposition 5.7. If M is a compact oriented C>-manifold of dimension d, the
cup product pairings

H*(M,Z/n) x H=F(M,Z/n) — HY(M,Z/n) = Z/n
and H"(M,Z) x H™*(M,Q/Z) - H*(M,Q/Z) = Q/Z
are non-degenerate on both sides for all k >0 and n > 1.

Proof. To prove the assertion with Z/n coefficients, run the proof of [Hat02, Propo-
sition 3.38] with R = Z/n, noting that the morphism h in loc. cit. is an isomorphism
by the universal coefficient theorem [Hat02, Theorem 3.2| and since Z/n is an
injective Z/n-module (this argument appears in [SGA43, §3.2.6]).

To prove that the second pairing is non-degenerate on the left, take a nonzero
a € HX(M,Z). Since H*(M, Z) is finitely generated, there exists n > 1 such that «
is not divisible by n, hence such that its image @ in H*(M,Z/n) does not vanish. By
the assertion with Z/n coefficients, we may find 5 € H¥=*(M,Z/n) with @ — 8 # 0.
The cup product of o with the image of 8 in H?~*(M,Q/Z) is then nonzero.
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To prove that the second pairing is non-degenerate on the right, take a nonzero
class 3 € H"F(M,Q/Z). It is the image of a class 8, € HY™*(M,Z/n) for some n.
Let Bimn € HY#(M,Z/mn) be the class induced by 3, for m > 1. For all m > 1,
there exists a class y,, € H*(M,Z/mn) with amn — Bmn # 0 by the assertion
with Z/mn coefficients. Since the H* (M, Z/mn) are finite, one may use Tychonoff’s
theorem to choose the «,, compatible with each other. The image of a,, by the
boundary map of 0 — Z % Z — Z/nZ — 0 is divisible by m for all m > 1 as a, lifts
to H¥(M,Z/mn). This image vanishes since H**1(M,Z) is finitely generated, so
that ay, lifts to a class o € H*(M,Z). Since a — 3 # 0, the proof is complete. [

5.2.2. Lifting cohomology classes to complex cobordism. By [Tot97, Theorem 2.2], the
morphism p : MU'(X) — H'(X,Z) induced by (3.4) is surjective for all topological
spaces X and all [ < 2. Proposition 5.8 describes other cases where surjectivity
holds.

Proposition 5.8. If X is a compact complexr manifold of dimension n, the map
p: MUYX) — H(X,7Z)
induced by (3.4) is surjective if 1 +3 > 2n or if (I,n) = (4,4).

Proof. The Atiyah—Hirzebruch spectral sequence H? (X, MUY (pt)) = MUPTI(X)
(for which apply [Koc96, Proposition 4.2.9] with E = MU) and Milnor’s computation
of the cobordism ring of the point [Ada74, IT, Theorem 8.1] give an exact sequence

(5.6) MUY (X) % H(X,Z) & H'(X,7)

The right-hand arrow ds of (5.6) makes sense for all finite-dimensional CW com-
plexes X and all [, may be extended to all CW complexes by restriction to their
(I +4)-skeleta, and the resulting cohomology operation commutes with suspension: it
is a stable integral cohomology operation of degree 3. It follows from [Koc82, Theo-
rem 5.4 (b)] that there are exactly two such operations: the trivial one, and z Sq* (as
in [AT62, Proposition 7.2, one may actually check that d3 = Bz Sq?). Both vanish
on H'(X,Z) (because H'*3(X,Z) is torsion-free if [ +3 > 2n, and by Proposition 5.6
if (I,n) = (4,4)). The proposition now follows from the exactness of (5.6). O

5.2.3. Vanishing of topological obstructions. We finally reach the goal of §5.2.

Theorem 5.9. Let X be a compact complexr manifold of dimension n and let
a € HY(X,Z). If either (I,n) = (3,3) or (I,n) = (4,4), there exists a compact almost
complex C*°-manifold Y of complex dimension n—1, a C*®-map f:Y — X and a
class B € H'=2(Y,Z) with f.3 = a.

Proof. In both cases, the map MU'(X) — H'(X,Z) is surjective by Proposition 5.8.
This means that there exist a compact stably almost complex C*°-manifold M of
dimension 2n — [ and a C*°-map h : M — X so that h,1 = o (see §3.2).

Consider first the case n = [ = 3. In this case we take Y = M x S!, f =
hopri: Y — X and 8 = prju where u € H*(S',Z) is the oriented generator. We
claim that Y admits an almost complex structure. Wu [Wu48] showed that an
oriented real 4-manifold Y admits an almost complex structure if and only if there
is an integral class ¢ € H?(Y,Z) which lifts to the mod 2 Stiefel-Whitney class of
the tangent bundle wo(Y) € H2(Y,Z/2), and such that ¢* = 30(Y) + 2x(Y), where
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o is the signature and x is the Euler characteristic. In our case, we compute that
o(Y) =x(Y) = w2(Y) =0 (to show that w2(Y) = 0, apply [MS74, Problem 12-B]
to the orientable 3-manifold M), so we can simply take ¢ = 0.

The case for n = [ = 4 follows in a similar way, letting Y = M x P(C), f = hopr
and 3 = priv where M is as above and v € H2(P!(C),Z) is the first Chern class of
O(1). The real bundle Ty @ R* admits an almost complex structure for some k > 0,
showing that wo(Ty © R¥) = wo(Ty) is the mod 2 restriction of ¢; (Ty @ R¥), hence
that Bzwa(Ty) = 0 in H3(Y,Z). This concludes since this characteristic class is the
only obstruction to an orientable 6-manifold carrying an almost complex structure
(see [Mas61, pp. 559-560, especially Remark 1]). O

Remark 5.10. When X is projective, Theorem 5.9 demonstrates that there is
no topological obstruction to « having strong coniveau > 1 for (I,n) = (3,3) or
(I,n) = (4,4). There are however obstructions to « having strong coniveau 1 coming
from Hodge theory: it is necessary that a has Hodge coniveau > 1, in the sense
that its image in H'(X,C) has no component of type (I,0) or (0,1) in the Hodge
decomposition. Of course, this Hodge-theoretic obstruction is also an obstruction to
« having coniveau > 1. We do not know of any obstructions to a coniveau > 1 class
having strong coniveau > 1 for these values of (I,n).

6. RATIONAL COEFFICIENTS

We now provide examples of complex varieties for which the coniveau and strong
coniveau filtrations for rational cohomology classes differ. By Deligne (see Theo-
rem 2.1), this cannot occur for smooth proper varieties.

We recall that a morphism f : X — Y of equidimensional complex varieties is
semismall if dim(X xy X) < dim(X).

6.1. A geometric construction. Our examples are based on the following lemma.

Lemma 6.1. Fiz !l > 2 and write | = 2r +k — 1 with r € N and k € {0,1}.
There exist a rational smooth projective complex variety S of dimension l, a smooth
codimension r subvariety ¢ : D — S, a morphism of normal projective varieties
g:S— 8, a finite setT: D < S such that g~*(D) = D and g is an isomorphism
above S — D, and a nonzero class p € H*(D,Q) such that t.p = 0 in H*1(S,Q).

Proof. We first consider the case k = 0. Let P = P(&) where & is the vector
bundle 0% @ O(1)" over P*~!. Then P is of dimension 2r, and the tautological
bundle M = Op(1) gives a morphism G : P — P™ which contracts exactly the
subvariety P(0?) ~ P! x P"~! to a P!. Then let S be a generic divisor in [2M|
which is smooth by the Bertini theorem. The morphism G|g : S — P" now contracts
two disjoint copies L1, Ly of P'~! to two points. Let S be the normalization of
the image of G|s with induced morphism g : S — S, and define D = Ly U Ly
and p = [L1] — [L2] € H°(D,Q). The variety S is a quadric bundle over P!
of dimension 2r — 1, and it is rational as it contains a section (L; for instance).
Note that the morphism G induced by M is semismall. By the semismall version
of the weak Lefschetz theorem (see [dCMO02, Proposition 2.1.5]), the restriction
map H*~2(P,Q) — H?*"~2(S,Q) is an isomorphism. By Poincaré¢ duality, so is the
pushforward map H?"(S,Q) — H?>""2(P,Q). Clearly the class i.p maps to 0 by this
map, so we conclude that i,p = 0, as we want.
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For the k = 1 case, we use a similar construction. Let V = P? x P"~! and let H;
and H, denote the two pullbacks from the hyperplane bundles on each factor. Let
P=PO&O(H,+ Hy)") over V and let M = Op(1) denote the tautological bundle.
Note that P has dimension 27 + 1. The morphism G : P — P™ given by M contracts
exactly the codimension r subvariety W = P(O) ~ P? x P"~! to a point. Now let S
be a generic divisor in |M + 3H;|, which is smooth by the Bertini theorem. Note
that S is rational, since the projection S — V is generically a P"~!-bundle over V.
Let S be the normalization of the image of G|s. The induced morphism g : S — S
is birational and contracts exactly the locus D = S NW to a point. The latter is a
divisor of type 3H; on P? x P"~!, thus isomorphic to E x P"~!, where E is an elliptic
curve. Hence there is a non-zero class p € H'(D, Q). Since the morphism induced by
M + 3H; is semismall (it contracts W ~ P2 x P™~! to a P?), the semismall version
of the weak Lefschetz theorem [dCMO02, Proposition 2.1.5] shows that S has no odd
degree cohomology. It follows that i,p = 0, as we wanted to show. [l

6.2. The kernel of local intersection forms. Lemma 6.2 below is an application
of the decomposition theorem of Beilinson, Bernstein, Deligne and Gabber [BBD82,
Théoréme 6.2.5], as well as of a closely related theorem of de Cataldo and Migliorini
[dCMO05, Theorem 2.1.10] which studies intersection forms on the homology of the
fibers of a projective morphism with smooth total space. For an overview of these
topics, we refer to [dACMO05] or Williamson’s survey [Will7].

We use freely the theory of perverse sheaves [BBD82] (see also the survey [dCMO09]).
If X is a complex variety, we let D?(X) be the bounded derived category of sheaves
of Q-vector spaces on X, and D%(X) be the full subcategory of objects with
constructible cohomology (see [dCMO09, §1.5, §5.3]). The triangulated category
D%(X) may be endowed with the perverse t-structure (see [dCMO09, §2.3]). The heart
of this t-structure is the abelian category Perv(X) of perverse sheaves on X.

We keep the notation of Lemma 6.1.

Lemma 6.2. Let T be a smooth projective variety of dimension n :=1—1, let
f:T — S be a morphism, and define E := f~1(D) with inclusion j : E < T.
Consider the composition

(6.1) b Ho(B,Q) 25 H,(T,Q) ~ H™(T,Q) “5 H"(E,Q),
where the middle isomorphism stems from Poincaré duality. Then
Ker (12 Hy (B, Q) — H™(E,Q)) € ker ((Fg). : Ha(E,Q) — Ho(D,Q)).

Proof. Let € € H,(E,Q) be such that ¢(¢) = 0. We will show that (f|g).e = 0. To
do so, we use the computation of ker(¢)) by de Cataldo and Migliorini [dCMO05, The-
orem 2.1.10] in terms of an induced perverse filtration on H,, (E, Q). The decompo-
sition theorem [BBD82| will then allow us to control this filtration.

Let wg = Qg[2l], wr = Qr[2n], wp and wg be the dualizing complexes of S, T', D
and E. There are natural isomorphisms (as in [dCMO05, §3.4], see also [dCMO09, §5.8]
for a formulary in constructible bounded derived categories):

H,(E,Q) = H "(E,wg) = H "(E, j'wr) = H*(E, j Qr[n])
= H°(D,R((go f)|g)+i'Qrn]) = H*(D,7'R(g o £).Qr[n)),
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and similarly
H,(D,Q) = H"(D,wp) = H"(D,'ws) = H (D, /' Qg][l])
= H'(D, R(g|p)«'Qs[l])) = H'(D, 7 Rg.Qs|l]).

As in [dCMO5, §8§4.2-4.3|, endow H,(E,Q) with the increasing filtration induced
by the perverse filtration of the complex R(g o f).Qr[n] in the following way:

Hy, <s(E,Q) = im (H°(D, 7 P7<,R(g 0 f)«Qr[n]) = H*(D,7'R(g o [).Qr[n])) ,
where the PT<, are the perverse truncation functors (see [dCMO09, §2.3]).

One has H, <o(E,Q) = H,(E,Q) by [dCMO05, Lemma 4.3.6]. Applying [dCMO05,
Theorem 2.1.10] to g o f with a = b = 0 shows that ker(y) = H,, <_1(F,Q), hence
that ¢ lifts to a class £ € H*(D,7'Pr<_1 R(g o ).Qr[n]).

The morphism Rf.wr — wg obtained by adjunction from the isomorphisms
flws ~ wr and Rf. ~ Rfi yields a morphism v : R(go f).Qr[n] — (Rg.Qs[l])[1]
which induces the pushforward (f|g). : Hn(E, Q) — H,(D,Q) (see [ACMO05, §3.4]).
We deduce a commutative diagram whose vertical arrows are induced by v:

HY(D,1'?7<_1R(g o f).Qr[n]) — H,(E,Q)
(6.2) v V(e
HY(D,7 PT<oRg.Qs]l]) H,(D,Q).

The decomposition theorem [BBD82, Théoréme 6.2.5] applied to g o f shows that
Pro_1R(go f)«Qr[n] = @, _; Ps[—s], where P; is a direct sum of simple perverse
sheaves. N

The morphism g : S — S is semismall in the sense that dim(S x5 S) < dim(S)
because 2dim(D) = 2r + 2k — 2 < 2r + k — 1 = dim(S). The particular shape
taken by the decomposition theorem for semismall morphisms [BM83, §1.7] (see
also [Will7, Theorem 2.4]) shows that Rg.Qgl[l] is a perverse sheaf (hence that

ProRg.Qsll]) = Rg.Qs]l]), and that there exists an isomorphism Rg,Qg[l] = IC(S)

if k=0 (resp. Rg«Qs[l] =1IC(S) ®7,Qyp if k = 1). Here, we have denoted by IC(S)
the intersection complex of S, which is a simple perverse sheaf (see [{ICMO05, §3.8]).

The morphism Pr<_ v : @, ., Ps[—s] = (Rg.Qg[l])[1] vanishes on the direct
summand €, , Ps[—s] by [BBD82, Définition 1.3.1 (i)] since perverse sheaves form
the heart of a t-structure. The induced morphism P_;[1] — IC(S)[1] also vanishes
since a morphism of simple perverse sheaves is either zero or an isomorphism (as
in any abelian category), and since the support of IC(S) is equal to S whereas the
supports of the simple factors of P_; cannot be equal to S as g o f is not dominant.

The left vertical arrow of (6.2) is obtained by applying the functor H(D,7'(—))
to Pr<_iv. The above shows that it vanishes if k& = 0, and that it is induced
by a morphism H°(D,7'P_1[1]) — H°(D,77.Q3[1]) if & = 1. The computation
H°(D,7'7.Q5[1]) = H'(D,77.Q5) = H'(D,Qp) = 0, shows that it vanishes in all
cases. In particular, the image of € by the left vertical arrow of (6.2) is zero, and
the commutativity of (6.2) shows that (f|g).c = 0. O

Remark 6.3. When [ = 3, Lemma 6.2 follows from Mumford’s theorem that the
intersection matrix of the irreducible components of a contractible curve in a smooth
projective surface is negative definite [Mum61, p. 6]. Indeed, this theorem, applied
to the 1-dimensional components of E, shows that ¢ : Hy(E,Q) — H?*(E,Q) is
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an isomorphism (unless F = T in which case Lemma 6.2 is obvious because 1 is
an isomorphism). This particular case of Lemma 6.2 would be sufficient to prove
Theorem 6.5 for [ = 2¢ + 1.

6.3. Open varieties. We still keep the notation of Lemma 6.1. Define S° := S — D
and let v € H'(S°, Q) be a lift of p in the long exact sequence of the pair (S, D):

(6.3) - — HY(S°,Q) - H*(D,Q) = H"'(S,Q) — ...
Lemma 6.4. Ifl >3, then v € H'(S°,Q) has coniveau > 1 and strong coniveau 0.

Proof. Let 7 be the image of v in H°(S%, H!(Q)) (see §2.3). Since [ > 3, D has codi-
mension r > 2 in S. Gersten’s conjecture for Betti cohomology, proven by Bloch and
Ogus, thus shows that H°(S%, H(Q)) = H°(S, H'(Q)) (see [BOT74, Theorem 6.1]),
and this group vanishes because S is rational (see [CTV12, Proposition 3.3 (i)]). It
follows that 7 = 0 hence that v has coniveau > 1.

Assume for contradiction that the class v has strong coniveau > 1. Then there exist
a smooth complex variety T° of dimension [ — 1, a proper morphism f°:T° — §°
which we may assume to be projective by Chow’s lemma, and a class 6 € H'=2(T°,Q)
such that f90 =~ (that we may choose T° of dimension [ — 1 is explained in §2.1).

Let T be a smooth projective compactification of T° such that f© extends to a
morphism f : T'— S. Define E := T —T° = f~1(D) and let j : E < T be the
inclusion. The long exact sequences of (S, D) and (T, F) in Borel-Moore homology
fit into a commutative exact diagram (see [Ive86, 1X.2.1])

o HBM(TO,Q) — H, 1 (E,Q) —> H,_4(T,Q) — -
(6.4) Ve {Gle- Vfe
e HI{lBI\/I(SO?(@) H]ylfl(D7(@) %Hlfl(sa Q) — =

whose bottom row identifies with (6.3) via Poincaré duality. Lemma 6.2 shows
that ker(j.) C ker((f|g)«) as subspaces of H;_1(F,Q). Let € € H;_1(E,Q) be the
image by the upper left horizontal arrow of (6.4) of the class §¥ € HPM(T? Q),
Poincaré dual to §. The exactness of (6.4) shows that j.e = 0. The commutativity
of (6.4) shows that (f|g).e is the class p¥ € H;_1(D,Q), Poincaré dual to p, which
is nonzero. This contradicts the inclusion ker(j.) C ker((f|g)«)- O

It is easy to deduce analogous examples for higher values of the coniveau.

Theorem 6.5. For all ¢ > 1 and | > 2c + 1, there exists a smooth quasi-
projective rational complex variety X of dimension | — ¢+ 1 such that the inclusion
NeH'(X,Q) C N°HY(X,Q) is strict.

Proof. By Lemma 6.4, we may find a smooth complex variety S° of dimension
I —2c+2 and a class v € H'=2¢*2(S% Q) which has coniveau > 1 and strong
coniveau 0. Define X := S% x P! with projections p: X — 8% and ¢ : X — P!,
and consider the class « 1= p*y — ¢*\, where A\ € H*72(P~1 Q) is the class of
a point ¢ € P~ L. Since a is the pushforward of +, which has coniveau > 1, by the
closed immersion S? x {t} — SY x P! it has coniveau > c. Since p.a =« and 7
has strong coniveau 0, we see that a has strong coniveau < c. (]



22 OLIVIER BENOIST AND JOHN CHRISTIAN OTTEM

6.4. Singular varieties. There is no strong coniveau filtration on the cohomology
of a singular variety, as there do not exist pushforward morphisms associated with
arbitrary proper morphisms of singular varieties. However, there exist variants of
both the coniveau filtration and the strong coniveau filtration on the Borel-Moore
homology of an arbitrary variety (in particular, on the homology of a proper variety).

Based on the examples of §§6.1-6.3, we show that these variants do not allow to
extend Deligne’s Theorem 2.1 to arbitrary, not necessarily smooth, proper varieties.

Theorem 6.6. For all ¢ > 1 and | > 3 there exists a normal projective variety X
of dimension l+ ¢ —1 and a class ( € Hi(X,Q) with the following properties:

(i) One has (|x—z = 0 in HPM(X — Z,Q) for some closed subset Z C X of
codimension > ¢ in X.
(i) There do not exist a smooth proper variety Y of dimension < l—1, a morphism

f:Y = X and a class £ € H(Y,Q) such that f.& = (.

Proof. We use the notation of Lemmas 6.1 and 6.4. The exact sequence of the pair
(S, D) in Borel-Moore homology [Ive86, IX.2.1] reads:

(65) 9}Il(gv(@)%IJZBNI(‘S(%(@)9]{l—1(ﬁa(@) = 0.

Let vV € HPM(S% Q) be Poincaré dual to the class v € H'(S°,Q), and choose a
lift n € H;(S,Q) of vV in (6.5). We define X := S x P71, Let ¢ € H;(X,Q) be the
pushforward of 7 by the natural morphism S x {t} — S x P71 where t € P°"!is a
point.

Since v has coniveau > 1 by Lemma 6.4, one has n|g_, = 0 in HPM(S — F,Q)
for some proper closed subset F' C S. Taking Z := F x {t} proves assertion (i).

Assume for contradiction that there exist a variety Y, a morphism f and a class £ as
in (ii). Define g ;== priof:Y — S, let YO := g=1(S%) and let ¢° := g|yo : YO — SO.
Define £¥ € H*(Y, Q) to be the class Poincaré dual to &. Then the class g (£Y]yo) is
Poincaré dual to g{(£]yo) = (g+€)|s0o = ((pr1)+C)|so = nlso =7V, hence equal to 7.
This contradicts that « has coniveau 0 by Lemma 6.4, and concludes the proof. 0O

7. FURTHER QUESTIONS

7.1. Three-dimensional examples. Does there exist a smooth projective complex
threefold X such that the inclusion N*H3(X,Z) ¢ N'H3(X,Z) is strict? In view
of Remark 5.10, this would require an obstruction to having high strong coniveau
which is not topological.

7.2. Rationally connected examples. For a smooth projective rationally con-
nected variety, it follows from [CTV12, Proposition 3.3 (i)] that N'H'(X,Z) =
HY(X,Z) for any | > 0. Are there examples of such varieties such that the inclusion
N'HY(X,Z) C H'(X,Z) is strict? What about the case [ = 3? Such a variety could
not be rational by Corollary 2.5. This question was suggested to us by Claire Voisin.

7.3. Positive results for threefolds. Does N'H3(X,7) = N*H3(X,Z) hold for
some particular classes of threefolds, beyond Example 2.77 Voisin [Voi20, Theo-
rem 0.2| has very recently proven this equality modulo torsion when X is a rationally
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connected threefold. Desingularizations of nodal quartic threefolds and the Artin—
Mumford threefold give natural test cases (some of these rationally connected
threefolds are known to have torsion in H?(X,Z)).

7.4. Further discrepancy between coniveau and strong coniveau. Can one
find a smooth projective complex variety X and a class o € H'(X,Z) that has
coniveau > ¢ but strong coniveau < ¢ — 2?7 What about ¢ = 2 and [ = 57

7.5. Specialization of strong coniveau. Suppose f : X — T is a smooth projec-
tive family over a smooth connected curve T. If a € HY(X,Z), and if oy, € H'(X;,Z)
has strong coniveau > ¢ for all t # 0, does ag € H!(Xy, Z) have strong coniveau > c?
If this question had a positive answer, one could hope to construct cohomology
classes for which coniveau and strong coniveau differ by degeneration arguments.

7.6. Finite coefficients. For a prime number p, and integers ¢ > 1 and [ > 2¢+ 1,
does there exist a smooth projective complex variety X such that the inclusion
NeHYX,Z/p) C N°H'(X,Z/p) is strict? What about p =2, ¢ = 1 and [ = 3?
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