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Abstract

In the setting of one-dimensional polynomial jump-diffusion dynamics, we provide an explicit
formula for computing correlators, namely, cross-moments of the process at different time points
along its path. The formula appears as a linear combination of exponentials of the generator matrix,
extending the well-known moment formula for polynomial processes. The developed framework can,
for example, be applied in financial pricing, such as for path-dependent options and in a stochastic
volatility models context. In applications to options, having closed and compact formulations is
attractive for sensitivity analysis and risk management, since Greeks can be derived explicitly.

Keywords Polynomial jump-diffusion process; Correlators; Eliminating and duplicating matrices;
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1 Introduction

A jump-diffusion process is called polynomial if its extended generator maps any polynomial function
to a polynomial function of equal or lower degree. As a consequence, expectations of any polynomial
in the future state of the process, conditioned on the information up to the current state, are given by
a polynomial in the current state. Conditional moments can thus be calculated in closed form without
any knowledge of the probability distribution nor of the characteristic function, up to the computation
of the exponential of the generator matrix. The class of polynomial processes includes exponential
Lévy processes and affine processes, with the Ornstein—Uhlenbeck processes as a canonical example.
Moreover, polynomial jump-diffusions have been studied both in a Markovian [9[10] and non-Markovian
[18] contexts. We refer to [16] for a mathematical analysis on polynomial diffusions.

Because of their closed moment formula, polynomial processes have many applications in finance
and one of the first is addressed in [36]. In the literature, we find examples on interest rates [13][15],
stochastic volatility models [I} [2[16], option pricing [3][18] and energy modelling [26][33]. In [10] the
properties of jump-diffusion processes are exploited to improve the performance of computational and
statistical methods, such as the generalized method of moments, and for variance reduction techniques
in Monte Carlo methods. Further examples cover stochastic portfolio theory [11].

We consider a stochastic basis (€2, F,P) with a filtration {F;}+>0 and we work in a one-dimensional
setting. Let Y be a polynomial jump-diffusion real-valued process Y and H,(x) € R"T! a vector basis
of polynomials, n > 1. For any polynomial function p of degree n with vector of coefficients p € R*+!
with respect to Hy(z), the moment formula gives

E[p(Y(T)) | F] = pT e TV H, (Y (1), 0<t<T,

with G,, € R(»TDx(n+1) the corresponding generator matrix and T the transpose operator. In this
article, we extend the framework to m + 1 polynomial functions and study conditional expectations of
the form

E [pm (Y (s0)) pm—1 (Y (s1)) - -+ - po (Y (sm)) | F] (1.1)
which we call (m + 1)-point correlators. Here t < sp < s1 < -++ < 8, < T < 00 and py, are polynomial
functions of degree ny, k =0,...,m. We denote by n := max{ng,...,n,} the maximal degree.
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For m = 0 equation (1.1) corresponds to computing moments of Y, which are given by the moment
formula. Hence the (m + 1)-point correlators can in principle be obtained for any m > 0 by iterating
the moment formula. For example, for m = 1 one applies the tower rule for F; C Fy, to get

E[p1 (Y(s0))po (Y(s1)) | Fie] = E[p1 (Y(s0)) 0 (Y (s0); 51 — 80) | Ft] (1.2)

where
qo (Y (s0); 51 — 50) = E [po (Y (s1)) | Fsy] = g %m0 =0 H,, (Y (s0))

is the polynomial obtained by applying the moment formula to po(x). In particular, go(z;s) has time
dependent coefficients qg,, s > 0, k = 0,...,n9. The product pi(x;s) := p1 (x)qo (x;s) is then a
polynomial function of degree ng + n; with time dependent coefficients given by

Py = Z P1iqoy for j=0,...,n0+n; and s > 0.
k+i=j

Another application of the moment formula, this time to p;(z;s), produces an expression for (1.2) of
the form
E [p1 (Y (50)) po (Y (s1)) | Fi] = 571 7% TeFroem o=, o (Y (1)),

This procedure can then be iterated for larger values of m. However, performing the calculations is
non-trivial because of the algebraic complexity of manipulating the expressions involved. With this
article we make headway on this issue by providing a fully explicit closed formula for correlators.

The key for proving the moment formula lies in the existence of the generator matrix G,,: for a fixed
n and a fixed basis vector of polynomials H,(x), this is the linear representation of the action of the
extended generator on H,(z). However, for m = 1 we must deal with the product of two basis vectors,
which is an object of the form H,, (z)H,(z)" € R™+Ux("+1) and for which a generator matrix cannot
be constructed. We then consider the vectorization of H,,(z)H,(z), namely we stack the columns
of H,(z)H,(x)" into a single column vector. The matrix H, (x)H,(z)" contains however redundant
terms and so does its vectorization. For H, (z) := (1,z,22,...,2™) ", which is the case we consider here,
redundant terms means repeated powers of x. This implies that the corresponding generator matrix
contains equal rows and/or zero columns, making it impossible to generalize the framework to m > 1.

We resolve this issue by introducing two linear operators, the first of which we call the L-eliminating
matriz. This eliminates from the vectorization of H,,(z)H,(x)" the redundant powers of 2 and returns
a vector that coincides with Ha, (), for which there exists the generator matrix Gs,,. Using the inverse
operator, called the L-duplicating matriz, we then recover the full-dimensional vector, and, finally, via
inverse-vectorization we obtain the linear operator required, which allows to compute the correlator
formula for m = 1. We summarize these steps in the following graph:

H,(z)H,(z)" —— | L-eliminating matrix ‘ ——— Hoy(x)
’ extended generator‘ ’ generator matrix‘

G (Hn(z)Hy(2)") <—— ’ inverse-vectorization ‘ ~ ’ L-duplicating matrix‘

GZnH2n (.T)

These steps work also when increasing further the number of polynomials. For m + 1 > 1, we must
deal with m + 1 > 1 basis vectors H, (z). This leads to an object whose structure is more complex and
requires the appropriate eliminating and duplicating matrices, for which we prove a recursion formula
in the number of polynomials m > 1. With these, we compute the general correlator formula.

As we shall see, for H,(z) = (1,z,22,...,2™) 7, the matrix H,(z)H,(z)" € RTDx"+1) i 5 so-
called Hankel matriz, for which the elements on the same skew-diagonals coincide. Hankel matrices
constitute an important family of matrices that play a fundamental role in diverse fields, from computer
science to engineering, mathematics and statistics [31]. They are indeed applied, for example, in theory
of moments [14] [30], time series analysis [19][20], signal analysis [23] [24], and in theory of orthogonal
polynomials [32]. This means that (part of) our analysis can be applied in many different fields, going



beyond the polynomial jump-diffusion theory studied here. We also mention that a Hankel matrix is a
"row-reversed" Toeplitz matrix, so that some of the results proved in the current article can be adapted
to this other class of matrices for possibly further applications.

We point out that our correlator formula is not really an alternative to applying iteratively the
moment formula in the sense discussed above. Indeed, it strongly relies on it combined with the tower
rule for 7, C F,, C --- C Fs,,. However, it provides a solution to the algebraic burden that arises when
applying the moment formula directly. The correlator formula is indeed fully explicit, while getting
an explicit expression is not straightforward when iterating the moment formula directly. Since having
closed formulas is an advantage for example in those applications that require to differentiate, such as
for computing Greeks, our approach is thus more convenient. Not surprisingly, numerical experiments
show that the correlator values obtained with our formula coincide with the values obtained by iterating
the moment formula. Moreover, the time costs for the two approaches is comparable up to around
m = 10 polynomials. We compare the results with a Monte Carlo approach, showing that this latter
one is outperformed from a time cost point of view, in addition to exhibiting low degrees of accuracy.
We stress that the correlator formula only involves linear combinations of the matrix exponential of
the generator matrix. Assuming these exponential matrices to be exact, we thus have a formula for
correlators which in practice is exact.

We finally provide two recursion formulas for the generator matrix and its matrix exponential.
Despite several approaches have been studied for calculating efficiently the matrix exponential of a
block triangular matrix [21][27], up to our knowledge, no rigorous study in terms of the building blocks
has been developed yet concerning the generator matrix and its exponential. These results can then be
applied for analytical purposes as mentioned before. We point out that our framework is based on the
monomial basis, which appears convenient for obtaining formulas more easily and explicitly. However,
it can be extended to any other polynomial basis, provided the matrix for the change of basis. For
practical applications, orthogonal basis are indeed more convenient, but analytically more challenging.

The rest of the paper is organized as follows. In Section [I.I] we clarify the name correlators and
give some financial motivations for studying them. In Section [2] we introduce rigorously polynomial
processes and the generator matrix. In Section we solve the two-point correlators problem, presenting
the main tools and framework which allows to solve the (m + 1)-point correlators problem in Section
In Section We provide two recursions for the generator matrix and its matrix exponential, together with
the formula for the change of basis. Finally, in Section@we consider some applications and numerical
aspects and Section concludes with some remarks. Appendixcontains some combinatorial properties
of the operators introduced in the paper and Appendix the proofs of the main results.

1.1 Motivations

In [5] Section 9.3] the authors define the concept of correlator, a standard tool in turbulence theory.
For t < sp < 81 <T < 00 and ko, k1 € N, the correlator of order (ko, k1) between Y (sg) and Y (s1) is a
generalization of the autocorrelation defined by

]E [Y(So)kUY(Sl)kl | ff:l
E[Y (so)ko| Fe]E[Y (s1)*| F]

Corrg, k, (50, 5151) =

In this article we extend this definition of correlator to any expectation like the one in equation (1.1).
We introduce now two possible applications: Asian option pricing and pricing in the context of
stochastic volatility models. We intend to motivate our analysis, leaving details aside for future work.

1.1.1 Path-dependent options

We consider path-dependent options, such as Asian options, for which the entire path of the price
process within the settlement period [t, T] is taken into account by the payoff function |25]. If Y is the
risk-neutral price dynamics of the underlying asset, » > 0 the risk-free interest rate and ¢ the payoff
function, the discounted price at time ¢ for an Asian-style option settled against the discrete arithmetic



average of the spot price Y in the settlement period is given by

m

(t) = e "TYE | o m+1ZY si) || Fi fort<sp<s1 <+ <8y=Tandm>0. (1.3)

This kind of options was traded a decade ago at Nord Pool, the Nordic commodity market for electricity
[34]. Other classes of derivatives of similar kind are calendar spread options and options on baskets of
assets evaluated at different times, as well as Asian options with continuous averaging.

For ¢ a real-valued continuous function on a bounded interval, we consider ¢ as the polynomial
approximation of ¢, e.g., by Hermite polynomials or Taylor expansions, depending on the nature of ¢
itself. Then the price for the Asian option in equation is found by

(T NER T
1) 708 | g 3V (e | 7] =T Sk [0/ Y (s Vo) | ]
for certain coefficients {ag}r and the multi-index k = (k1,--- , k). This leads to study conditional

expectations of the form E [ Y (sg)*Y (s1)*1 - Y (s, ) ‘ F¢], which is a particular instance of equation
obtained with p;(z) = 2%/, j = 0,...,m. In [28] the author derives explicit price formulas for call-
style discrete-average arithmetic Asian options by following this approach, namely by approximating
the payoff function with orthogonal polynomials and by the correlator formula developed in this article.

1.1.2 Stochastic volatility models

For 0 <t < T we consider the process X defined by X (T ft ), with B a standard Brownian
motion and o a volatility process which we assume to be 1ndependent from B. If ¢ is the payoff function
and r > 0 the risk-free interest rate, we want to price a financial derivative like follows:

(t) = e " TV E[p (X(T))| F].

A possible approach suggested in [8] is to consider the Fourier transform ¢ of ¢. Under appropriate
integrability conditions on ¢, we then write that p(z f $(2)e?™*%dz, and the option price becomes

7.

For ¢ and B independent, by the tower rule, we now condition with respect to the filtration {F7 };>0
generated by o up to time T. The process X(T') has then a Gaussian distribution with mean 0 and

H(t) — efr(Tft) E |:/ @(Z)eQﬂiX(T)ZdZ

variance ft (s)ds, hence

H(t) _ e—r(T—t) E |:/ @(2)6_277222 ftT UZ(S)dst

ft:| _ e—r(T—t)/ (P( ) |: /\fz 2(s)ds

for A < 0. By considering the Taylor expansion for the exponential function, the expectation becomes

ft] dz

N S N N R Y R U LA
[ Ji o*(s)ds t} =E Zﬁ /\/t c?(s)ds | | F| = FE /t o“(s)ds | | Fe|, (14)
k=0 k=0
that is, we need to find the moments of the integrated volatility, ft s)ds. For Y (s) := 02(s) modelled
by a polynomial process, we notice that the bivariate process ( ), f . Y(s ds) is also polynomial.

Hence the moments of ftT 02(s)ds can be computed with the moment formula applied to this bivariate
polynomial process. As an alternative approach, using iteratively the fundamental theorem of calculus,



it can be proved that

(/tT or2(s)ds>]c = klj'/tT /:k -~-/:2 Y(s1)Y(s2) - Y(sg)dsy---dsy, k>1, (1.5)

where t < 51 < sp < --- < s < T is a partition of [¢,T]. Combining equations (1.4) and (1.5), we get

kf; / / / Y(s2) Y (sg)| Fe]dsy---dsy, (1.6)

so that for every k > 1 we need to study expectations of the form of E[Y (s1)Y (s2) - Y (sg)| Fil.

E |:6)\ ftT Y(s)ds

Interestingly, Y j; s)ds appears also in the pricing of VIX-derivatives, that is, derivatives
on the realized variance and Volatlhty. For derivatives paying (Y (T')), we can use the Fourier approach
above as long as v is integrable with an integrable Fourier transform zZ, to end up again with a
conditional expectation as in equation . The volatility swap price, i.e., the swap price on the
realized volatility, is defined as the conditional expected value E[Y'/2(T) | F;] for t < T. Expanding
T — /Tl,>0 in the Hermite functions, being a basis for the space L*(R,~(z)dr) with ~ the standard
normal density function, we obtain a series representation of the swap price in terms of conditional
moments of Y (7). For more details on VIX-derivatives with numerical examples based on Fourier
methods, we refer to [7]. Here the Barndorff-Nielsen & Shephard stochastic volatility model is consider
for o(t), which is a polynomial jump process as will be defined in the next section. Moreover, we refer
to [12] for an application of the moment formula to price VIX-derivatives in the setting of stochastic
volatility modelled with a polynomial process lifted to infinite dimension.

2 Polynomial processes

Following |18|, we consider a jump-diffusion operator on R of the form

01(w) = o) f (@) + 50 @) (@) + [ (flo+2) = 1(0) = (@))€, (21)
for some measurable maps b: R — R and ¢ : R — R, and a transition kernel £ : R x R — R such that
{(x,{0}) =0 and [, |z|A|z[*{(x,dz) < oo for all z € R. We then let Y be the jump-diffusion stochastic
process having G as extended generator. This means that for every bounded function f : R — R with
continuous second derivative and y € R, f(Y (¢)) — fo Gf(Y(s))ds is a (Fi, Py )-local martingale.

We now denote with Pol(R) the space of polynomlals on R and with Pol, (R) the subspace of
all polynomials of degree less than or equal to n on R. We say that G is well defined on Pol(R) if
Jg |z["(z,dz) < oo for all z € R and n > 2, and Gf(z) = 0 for f(z) = 0 on R. We then give the
following definition of a polynomial jump-diffusion process.

Definition 2.1 (Polynomial jump-diffusion process). We call the operator G polynomial if it is well
defined on Pol(R) and it maps Pol, (R) to itself for each n € N. In this case, we call Y a polynomial
Jump-diffusion process.

Assuming G to be polynomial, from [18] Lemma D.4], the process

p(Y(t)) —p(y) — /0 Gp(Y (s))ds is a (F3,P,)-martingale (2.2)

for all p € Pol,(R), y € R and ¢ > 0. This basically means that all increments of (2.2) have vanishing
expectation. Moreover, from [18] Lemma 1], the polynomial property of G can be characterized in terms
of its coefficients: it must hold that

b € Pol; (R), o? + / 22((-,dz) € Poly(R) and / 2™L(-,dz) € Poly,(R) for all m > 3.
R R

To fulfil these conditions, we shall assume that for every m > 2 there exist bo, b1, 00, 01, 02,0, ..., &



real constants such that
b(x) = b + bz, o%(x) = o9 + 012 + o9z?  and / 2™z, dz) = Z{zmxl (2.3)
R i=0

We consider an example.

Ezample 2.1. Let B a standard one-dimensional Brownian motion and N (dt,dz) a compensated Poisson
random measure with compensator v(dz)dt. We consider the jump-diffusion SDE given by

dY () = b(Y (t))dt + o(Y (£))dB(t) + / S(Y (t7), 2) N (dt, dz)
R

with drift, volatility and jump size functions of the form
b(x) :==bo + by, 0% (x) := 0o + o1 + o912, d(x, 2) = o(2) + 01(2)x,

for by, b1,00,01,02 € R, and dp,d; : R — R such that fR 10:(2)|™v(dz) < oo for all m > 2 and ¢ = 0, 1.
The SDE has a unique strong solution Y (¢) for each initial condition Y (0) = y € R. Moreover, Y ()
is a polynomial jump-diffusion with linear drift b € Poh( ), quadratic diffusion o2 € Poly(R), and
jump measure £(z,dz) given by fR f(2)l(z,dz) fR v(dz). In particular, for m > 2, by the
binomial theorem we find that

m S m m—i i
/ (00(2) + 01(2)x) " v(dz) = Z (Z> / 00(2)™ " 01(2) ' v(dx) x
R o R
so that in this case the constants £ introduced in equation (2.3) are & = () [5 do(2)™ “61(2)"v(dx),
fori=0,...,m

2.1 The generator matrix

We consider the set {1,x,22,...,2"} as basis for Pol,,(R), and we introduce the vector valued function
H,:R—R"  H,(z)=1,z2% . . . 2"

We shall now report rigorously the moment formula for polynomial processes from [18] Theorem 2.5],
for which we include the proof that will be useful for the analysis in Section

Theorem 2.1 (Moment formula). For n > 1 and Y polynomial process with extended generator G:

1. There exists a generator matrix G,, € RODX(+1) gych that
GH,(z) = G, H,(x).

2. For every p € Pol,,(R) with vector of coefficients j € R"*1, the moment formula holds

Ep(Y(T) | F)=p" e TDH,(Y(t), 0<t<T.

Proof. We take f(x) = 2* for 0 < k < n. Since Y is a polynomial process, there exists ¢, € R"*! such
that Ga* = = q, " H,(z), 0 < k <n. With these vectors we can then construct a matrix G,, € R(n+1)x(n+1)
such that GH,,(z) = G, H,(x). This proves claim 1. Next, by equation (2.2)) and claim 1., we write

T
E[p(Y(T)) | F] =5 EH.(Y(T)) | F] = 5" Ha(Y (1)) +/ P E[GH, (Y (5))| Filds

— T HA(Y(0) + 57 G / ) Flds.  (2.4)

We focus on H, (Y (T)). For Z(s) := E[H, (Y (s)) | F¢], equation (2.4) can be written in differential form
as dZ(s) = G,Z(s)ds, whose solution, by separation of variables, is Z(T) = e“»(T= Z(t). From the



definition of Z, multiplying by the vector ", we conclude the proof. O

Theorem tells us that E [p(Y(T)) | F¢] is a polynomial function in Y'(¢) for every p € Pol,(R).
We point out that this holds for every choice of the vector basis of polynomials, despite in this paper we
focus on the vector basis of monomials. Moreover, we stress the fact that the moment formula strongly
relies on the existence of the generator matrix G,, and on the martingale property of the process in
equation . These two elements will be the key for all our framework.

Ezample 2.2. Let n = 2. Then Hy(z) = (1,2,2%)T and GHy(x) = (G1,Gx,Gx?) . In particular, from
equations (2.1) and (2.3), we get that G1 =0, Gz = by + b1 and

Ga® = (00 + &) + (01 +2bo + &) 2 + (02 + 2by + &3) 2°.
One finds that the generator matrix G € R3*3 satisfying Theorem is then

0 0 0
Gy = bo by 0
Uo-ﬁ-f(z) J1+2b0+§% 02+2b1+§%

3 Two-point correlators

Aiming at solving the (m + 1)-point correlators problem in equation (1.1, we start the analysis for
m = 1 because the tools and ideas developed to solve this case are crucial to understand the framework
that will be generalized to m + 1 polynomials in Section For m = 1, equation (1.1) reads like

Crop1 (50, 5151) := E[p1 (Y(s0)) po (Y (51)) Fil , 0<t<sg<si,

with pg € Pol,,(R) and p; € Pol,, (R). In particular, for n := max{ng,n;}, we can represent the two
polynomial functions py and p; respectively by po(z) = pg H,,(z) and pi(z) = p] H,(x). By the tower
rule for F; C F;, and the moment formula in Theorem Cpo.p1 (S0, 51;t) can be rewritten by

Cropr (505 813t) = BL E [ Hyo (Y (50)) Ha (Y (50)) 7| Fo] €5 (61750) i (3.1)

This means that the conditional expectation of the product of two polynomial functions reduces to the
conditional expectation of the outer product of the basis function H, (x) with itself, which is a matrix
of monomial functions of the form

1 x [ A I xn
T 2 3 1
Xo(2) = Ho()Ho(w)T = [ 28 @8 aleam® (3.2)
x:n T n'+ 1 xn'Jr 2 . Z.2n
By equation we notice that
S0
E[Xn(Y (s0))] Fi =Xn(Y(t))+/ E[GXn(Y(s))] Fi] ds. (3-3)
t

Thus, in the same spirit of the proof of Theorem we seek a linear operator GS) such that
G'Ezl) . R(n+1)><(n+l) N R(n—O—l)x(n—i—l)7 an(J?) _ Ggll)Xn(x), (34)

which is the equivalent linear operator in the two-polynomial setting to the generator matrix G,.
However, Gs) cannot be represented with a matrix. We notice that G,, maps a vector to a vector,
while Gg) maps a matrix to a matrix. The idea is then to transform the matrix-matrix problem into a

vector-vector problem and to construct the linear operator Gg) in terms of the generator matrix G,.
We start by introducing the following operators for a general matrix A € R™"*™,



Definition 3.1 (Vectorization and inverse-vectorization). Given a matrix A € R™*"™ whose j-th column
we denote by A.;, we define vec : R™*™ — R™™ as the operator that associates to A the nm-column
vector

vec(A) = (AI Ag ....... AIn)T

which is called the vectorization of A. For v = vec(A), we then define vec™! : R"™ — R"*™ ag the
operator that associates to the vector v the n x m matrix B = vec™!(v) such that [Bl;; = vn(j_1)44,
fori=1,...,nand j=1,...,m. We say that B is the inverse-vectorization of v. Moreover, B and A
coincide.

We then address the problem of finding a linear operator el transforming X,,(x) into GX,,(x), to
the problem of finding a matrix G e RO x(n+1D? guch that

Guec( X, () = GPvec(X,(z)), (3.5)

where Guec(X,,(z)) = vec(GX,(x)). The operator el satisfying equation (3.4) is then obtained by
composing the matrix G*ﬁ}) with the vec and vec™! operators, namely

G =vec™! o GV o vec. (3.6)

We consider an example.

Example 3.1. Let n = 1. We seek égl) € R*** such that (gl,gx,gx,gx2)T = Ggl) (1,w,m,x2)T. Two

suitable choices of Ggl) are

0 0 0 0
=) _ [ bo by 0 0
G = bo b1 0 0 and
oo+& o1 +2b0+E 0 on+2by + &3
0 0 0 0
aw_ [ o b1/2 b1/2 0
ol b by /2 b1/2 0

oo +& (o1+2bg+&2) /2 (01 +2b0+&2) /2 o2+ 2b1 + &3

We notice from Example that the first G‘gl) has two identical rows and a null column, while the
second égl) has both two identical rows and two identical columns. This is due to the double presence
of the term Gz in vec(GX;(x)), or, analogously, the double presence of the term z in vec(Xi(x)).
Increasing the value of n, the number of redundant terms in vec(GX, (z)) and vec(X, (x)) increases,
hence to find a recursion for the matrix G‘S) seems not an easy task. Moreover, we would like to write
the matrix G\ in terms of the generator matrix G,. We shall solve this issue in the next section.

3.1 The L-vectorization

Looking at equation (3.2), we notice that a possible way, among others, to get from the matrix X, ()
all the elements without repetition (that is equivalent to get all the powers of = from 0 to 2n without
repetition) is to select the first column and the last row. For this, we introduce the following operator.

Definition 3.2 (L-vectorization). Given a matrix A € R™*" with elements [A]; j = a;;, 1 < < nand
1 < j < m, we define the L-vectorization of A as the operator vecL : R®*™ — R"*™~1! that associates
to A the (n+m —1)-column vector obtained by selecting the first column and the last row of A, namely

vecL(A) — (aLl g1 An1 Ap2---- - an,m)—r

Intuitively, the vecL operator is a linear operator selecting from the matrix A the elements that
together form the biggest "L" inscribed in A. In [29], the authors introduce the half-vectorization
operator, which, starting from a matrix A, returns the column vector obtained by stacking together
the columns of the lower-triangular matrix contained in A. Moreover, they provide two matrices, the



eliminating matrix and the duplicating matrix, that, respectively, transform the vectorization of A into
the half-vectorization, and vice-versa. We aim at the same kind of results for the L-vectorization. The
existence of such matrices tells us that there exist a linear transformation to remove the duplicates from
vec(X,(z)) (what we call the L-eliminating matriz) and the corresponding inverse linear transformation
(the L-duplicating matriz).

From now on, we shall denote with € ; the j-th canonical basis vector in RE, with I the identity
matrix in R¥** and with ® the Kronecker product, for which we recall the definition.

Definition 3.3 (Kronecker product). The Kronecker product of a matrix A € R"™™ with elements
[A];; =a;;, 1 <i<nand1l<j<m,and amatrix B € R"°, is the matrix A® B € R""*"™ given by

A® B =

We define now the L-eliminating matrix.

Theorem 3.1 (L-eliminating matrix). For every n,m > 1 and for every matrix A € R"*™  there exists
an L-eliminating matriz E,, ,, € R(vtm=Lyxnm g ch that

E,, mvec(A) = vecL(A) (3.7
n m

Enm = Z é'nerfl,i ® 51—:1,1 ® 6712- + Z €n+m71,n+ifl ® é%,i ® éﬂ;n' (38)
i=1 =2

Corollary 3.2. For every n > 1, the L-eliminating matrix F,y1 € RE@n+D)x(n+1)? transforming
vec(X,(x)) into vecL(X,(x)) is given by Eny1 := Epi1ni1-

Ezample 3.2. Let n = m = 2. Then equation (3.8) becomes

2 2 1 0 0 O
Bpp=) &;08,08,+ Y @4i®8,08,=(0 1 0 0
i=1 i=2 0 0 0 1

a1 as
Az Q4

For A € R?*2 of the form A = ), we can verify that Ejo satisfies the definition of an L-

eliminating matrix in equation (3.7), as indeed
1000 Zl a1
Eyovec(A)=10 1 0 0 a? = | az | = vecL(A).
00 01 3 ay
ayq

Moreover, when applied to vee(X;(z)) = (1,2, z,22)T, it eliminates the double value .

Next, we want to define an inverse operator to E, ,,, namely a linear mapping transforming the
L-vectorization of a matrix A into its vectorization. However, this inverse operation is not well defined
in the space of matrices in R"*™. Indeed, when applying E, ,,, to vec(A4), we go from a space of
dimension nm to a space of dimension n +m — 1 < nm. Then the inverse transformation in general
does not exist. It is necessary to find a suitable subspace of R™"*™ of dimension of n +m — 1 so that
image space dimension and domain space dimension coincide. In [29], the authors face a similar issue
which they solve by restricting the domain to the space of symmetric matrices.

Looking at the matrix of functions X, (x), we notice that each ascending skew-diagonal from left to
right is constant, which is a property of the Hankel matrices. These are usually defined in the square
case; we however consider an extended definition to rectangular matrices as, for example, in [17].

Definition 3.4 (Hankel matrix). We define A,, ,,, C R™"*™ as the space of matrices whose elements on
the same skew-diagonal coincide. We distinguish two cases corresponding to whether n > m or m > n,



so that a matrix A € A, ,, takes one the following two forms:

@1 g cereeees am
az
) a1 (72 IR [ Am
a
A = | am an or A = 2 y
Qpovonrmrenns G so'e v eeeee e Antm—1
Qv ovvee e e Antm—1
for ai,...,anym—1 € R. We call A € A, ,,, an Hankel matriz and write A, := A, .

We see that X,,(x) € A,,+1, and we can now define the inverse operator to E,, ,, on A, p,.

Theorem 3.3 (L-duplicating matrix). For every n,m > 1 and for every matriz A € A, m,, there exists
an L-duplicating matriz Dy, », € Rremx(ntm=1) gy ch that

D,, mvecL(A) = vec(A) (3.9
Dy = Z Z Cptmtitj1 ® Emj ® En. (3.10)
i=1 j=1

Corollary 3.4. For every n > 1, the L-duplicating matriz D+, € RO+ XCn+D) transforming
vecL(X,(x)) into vee(Xy(2)) is given by Dpy1 = Dpiy1n+1-

Ezample 3.3. Let n = m = 2. Then equation (3.10) becomes

s o 1 00
; R . 0 1 0
Dya=3 % &, 1®6,;0%i=| ]
i 00 1
aq a9 .
For A € As of the form A = (a a >, we can verify that
2 a3
1 0 0 a a1
010 ! as
Dy qvecL(A) = 01 0 Zg =la|= vec(A).
001 s as

Moreover, when applied to vecL(X1(x)) = (1,z,22)T, it duplicates the missing value x.
We conclude this section with an important property for the matrices E,, ,, and D, p,.

Proposition 3.5. For every n,m > 1, D, ,, is the right-inverse of E,, ,, and, for every A € A, ., the
product Dy, By, € RYX" qcts on vec(A) like an identity operator: Dy, mEy mvec(A) = vec(A).

Example 3.4. Let n =m = 2. From Exampleandwe get

01 o)L (o0
Dy o FEy o = 0 1 0 01 0 0]= 01 0 0 £ 1y
0 0 1 0001 0 0 0 1

However, for A € Ay with vec(A) = (a1, az,a2,a3) ", we notice that Dy 2 E5 svec(A) = vec(A), hence
the product Ds 2 E>5 o behaves like an identity operator, despite not coinciding with the identity matrix.

3.2 The generator for correlators

We focus now on the original problem: by equation (3.6) we seek a linear operator C:'%l) transforming
vec(X,(z)) into Gvee(X,(x)). From equation , we notice that the elements of X,,(z) lying on the
left-bottom "L" coincide with the powers of x from 0 to 2n.

10



Lemma 3.6. For every n > 1, the L-vectorization of X, (x) coincides with the vectors basis of mono-
mials of order 2n, namely vecL(X,,(z)) = Hap(x).

Hence, by transforming vec(X,(x)) into vecL(X,(z)), we address the problem of finding the gener-
ator matrix for vec(X,,(z)) to the problem of finding the generator matrix for Hs, (x), which was solved
in Section We can then prove the following result.

Proposition 3.7. For everyt >0 and n > 1, the matriz éﬁ}) satisfying equation (3.5) and its matriz
exponential are respectively given by

(1 GM¢ Gant
G = Dyi1GonEpy1 and €%t = Dyy1e® B,
where Gay, is the generator matriz of order 2n.

We are now able to provide a solution to the two-point correlator problem.

Theorem 3.8 (Two-point correlator formula). The expression for the two-point correlator is given by
CPOJH (So, 513 t) = ﬁ;r {vec_l © Dn+leG2n(SO_t)En+1 ovec (Xn (Y(t)))} eGI (Sl_so)ﬁOa

with Py, p1 € R the vectors of coefficients for the polynomial functions py € Pol,,(R) and p; €

Pol,,, (R), n = max{ng,n1} and t < so < $1.

4 Higher-order correlators

We prove in this section a correlator formula holding for every m > 1 by following similar steps to the
ones performed in Section for m = 1. We recall that we seek an explicit expression for

CP(J,--.,Pm (807 <o Smy t) =E [pm (Y(SO))pmfl (Y(Sl)) """ Po (Y(Sm)) |]:t] )
with py, € Pol,,,(R), k=0,...,m,and t < s9 < $1 < -++ < $p,. We start with the following operator.

Definition 4.1 (d-Kronecker product). We define the d-Kronecker product of a matrix A € R™*™ and
a matrix B € R"** as the d-th Kronecker power of A multiplied in the Kronecker sense with B, for
d > 1, or equal to B, for d = 0, namely

ARIB=A%gB d>1
A®"B=RB d=0"
Then for n > 1 and r > 0, we introduce the matrix of functions
X"(x) = Hy(z)" @ Hy(z), (4.1)

n
for which we can make the following considerations:
e for r =0: we get XT(LO)(:&) = H,(z);
o for r = 1: we get

X’r(Ll)(x) = Hn(x)—r oY Hn(x) = Hn(x)Hn(x)T = Xn(x) € An+1§ (42)
e for r = 2: by the associativity property of the Kronecker product
XP(@) = Ha(@)T © XP(@) = (XD (@) | exP(@) L 22X (@) 1o Lo X (@)

is composed by n + 1 blocks of the form Bnk% = x’“‘leLl)(x) ceA i1, k=1,...,(n+1);

11



o for r = 3: we write X,Sg)(x) = (Hn(x)T)®2 ® X,gl)(x), where

so that X\¥ (7) is composed by (n + 1)? blocks. For each block Bflkg there exists a j, € {0,...,2n}

such that BT(Lkg, = i x5V (x) and Bflk% € Apy1, k=1,...,(n+1)% The difference from the previous

case is that, now, some of the blocks are repeated since in (Hn (J;)T)®2 some powers of x are repeated.
Generalizing, we can state the following result.

Proposition 4.1. For every n,r > 1, X,(f) (z) is a rectangular block matriz in ROHDX+D" “which is
composed by (n + 1)"~! blocks B%k,)«(ac) € Ap11, for which there exists an index ji € {0,...,(r — 1)n}
such that BS)(z) = 29+ XV (@), k=1,..., (n +1)"~L.

One can also notice that X" (x) contains all the powers of = from 0 to (r+1)n. Thus, after removing

the redundant powers, we are left with H,,(,1)(z). Moreover, from Proposition XT(LT)(:c) is a block
matrix whose blocks belong to A, ;1. However, the matrix itself does not belong to A, 41, (n41)--

Example 4.1. Let n = r = 2. Then we get the following matrix

1 o 22,2z 22 2%, 2% 23 2t

2
X2( )(x) = x 22 2322 23 23 2t b
2 2t g gt 0t b gf

whose blocks belong to Az, but X§2) (x) ¢ As g hence it is not a Hankel matrix.

This means, in particular, that we cannot use the L-eliminating and L-duplicating matrices as defined
in Section [3| We need instead two new tailor-made operators, given in the following two propositions.
Proposition 4.2. Forn,m > 1, there exists an m-th L-eliminating matrix ,(:z)l € R((mAD+1)x (n+1)™ ™
such that Er(ﬂ)lvec(X,(lm)(x)) = Hy(m+1)(2). In particular, Efl"j)l is given by the recursion formula

E7(11421 = Ln+t1 m =1
Er(f_z)l = Fpm+int1 (In+1 ® Eﬁﬂ;”) m>2

Proposition 4.3. Forn,m > 1, there exists an m-th L-duplicating matrix Df{ﬂ € R+ x(n(m41)+1)

such that Dfﬂ)lHn(m_,_l)(:r) = vec(X,(lm) (x)). In particular, Dﬁ:ji)l is given by the recursion formula

DY =D,y m=1
DS:—?—)I = (In+1 ® DS—T—IU) Drmtin+sr m =2 .

We can also prove the following property for the matrices Egﬂ and ng_)l
Proposition 4.4. For every n,m > 1, the matriz Dgi)l is the right-inverse of Ef;ﬁ)l, and the product

Dgi)lET(:ﬁ)l acts on vec(XT(Lm)(x)) like an identity operator: D,(ﬁ)lEfﬁ)lvec(X,(lm)(x)) = vec(XT(Lm)(:c)),

Ezample 4.2. Let n = m = 2. By Proposition we find that E?(,l) = F3 and

B0, 0.0
E§2) = Fs3 (I3 ® E§1)> =FEs53 | 70 L ED 1)7 .
0 1 0 1 Eél)

To understand better, we rewrite vec(Xz(Z) (z)) in Exampleas follows:
x
x

) ©) x? @ 2 2B e 23 a2t
UEC(XQ( )(:c)) =vec | wvec|®@ 23 | vee | @ 23 2t | wee[ €@ a2t 2P ,
& O © O © O © O O
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so that, by applying I3 ® E;l), we select from each of the three blocks of XQ(Q) (x) their L-vectorization

(remember that the L-eliminating matrix acts on the vectorization of a matrix and returns the L-
vectorization of the matrix itself), elements which are marked with a circle. We are left with

o &
(13 ® E§1>) vec(XéQ)(x)) =vec| @ :L“i xg (4.3)
© O O

We notice that the elements we need are on the left-bottom "L" (the ones marked with a circle).
Applying Es 3 gives Hg(x). Moreover, the matrix on the right hand side of equation (4.3) belongs to
As 3. Then the corresponding L-duplicating matrix is given by Proposition and is
(2) (1) - pél)*‘ r Q r- 0* -

TR P S o T
In particular, Ds 3 acting on Hg(x) returns the matrix on the right hand side of equation (4.3]) while
Dél), acting singularly on each column because of the multiplication with I3 (namely, I3 ® Dé ) returns
Xéz)(x), showing that D§2) is the inverse operator of E?(,Q).

We now derive the closed formula for (m + 1)-point correlators.

Theorem 4.5 (Correlator formula). For every m > 1, let p, € Pol,, (R) with vector of coefficients
pr € Rk =0,...,m, n = max{ng,...,n,m} and t < sg < 81 < -+ < 8y,. There exist m + 1
matrices GG € R+ <D™ 0 . such that

Cpo,m,pm(SOa <o Smy; t) =

o {vec‘1 0 eCn” (501 5 yec (X,(lm) (Y(t)))} H e O {I1 @M * Pk }
k=1

where [[;-, is the product obtained starting with the matriz corresponding to k = 1 and multiplying

on the right by the following matrices until the matriz corresponding to k = m. In particular, éﬁf) =

D£21Gn(r+l)Ey(Q1 and Gt = Dg_zleG"“‘H)tE?(Ql, with G = G,.

5 Recursion formulas for the generator matrix

We focus in this section on the generator matrix G,, defined in Theorem In particular, we provide
a recursion formula for it and one for its matrix exponential. These formulas are referred to the basis
vector of monomials, but they can also be generalized to a different polynomial basis vector. In this
case, one needs the matrix for the change of basis.

5.1 The generator matrix
We provide a recursion formula for the generator matrix.

Theorem 5.1 (Recursion formula for the generator matrix). For n > 2, the generator matriz G, €
R DX+ satisfying Theorem with respect to the vector basis of monomials H,(x) is given by

_ Gn*l (jn . _ 0 0
G, = ( aT Cn) with G1 = (bo b1>'

n

Here 0,, is a n-dimensional vector of 0’s, @, = (a®,a”" 1, ... al)" € R™ with

1 " /n 1 " (n
an =nbo+ gn(n =D+ ) (k)gi’:“ t =g Dot ), (k) s

ay, = Z <Z>££Z fori=3,...,n, and ¢, = nby + En(n —1)oa + Z (Z) 139

k=i k=2
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Remark 5.1. From Theorem we notice that for n > 1 the generator matrix G,, is lower triangular.
Moreover, for n > 2 the main diagonal of G, is of the form

diag (G,) = (0, by, ca, cs, ...,cn)T, (5.2)
so that, in particular, the matrix G, is not invertible.
Lemma 5.2. If {(xz,dz) =0 on R, then G, is a (lower) tri-diagonal matriz.

We now provide a recursion formula for the matrix exponential of G,,.

Theorem 5.3 (Recursion formula for the exponential generator matrix). For a fized n > 2, if the
following conditions are satisfied

{cj #£0 forevery 2<j<n (5.3)

cj#c; forevery 1<j<i<n

then the recursion formula holds:

Grn-1t 0

e n 0 .

oGt — ST A1 (gent] Cost ot with
ap At (e, —e ) e

Git Gt
(& = <l;(1) (eblt 1) eblt) 1] bl # 0 and & = <b0t 1) 1f bl =0.

Lemma 5.4. If {(z,dz) = 0 on R, then condition (5.3) is equivalent to by # —gO‘z for every 1 <k <
2(n —1). In particular, the coefficients by and oo cannot be simultaneously equal to 0.
5.2 Change of basis

The vector basis of monomials H, (z) is intuitive and allows to write down computations easily and
explicitly. However, when it comes to applications, one chooses in practice an orthogonal basis, such
as, for example, the Hermite polynomials or the Legendre polynomials. Combining the properties of
an orthogonal basis with the properties of polynomial processes leads to improvements, e.g., in option
pricing [3| [18] [35]. Motivated by this fact, we present a result which allows to obtain the generator
matrix and its matrix exponential with respect to any basis of polynomials.

For n > 1, we consider a set of polynomial functions {go(z), g1(x), ..., g, (x)} with values in R which
forms a basis for Pol,(R). We then introduce the vector valued function

Qn :RHRnJrlv Qn(x) = (qO(m)vql(x)a'~~aQn(x))T'
From classical linear algebra, there exists an invertible matrix M,, € R TD*x(+1) guch that
M,H,(z) = Qn(xr) and M, 'Q,(z)= H,(x). (5.4)

We further indicate with J,, € R("*tD*(+1) the generator matrix in the sense of Theorem with
respect to the basis vector Q. (x), namely such that

GQn(z) = JpnQn(x). (5.5)
We can then prove the following result concerning J,.

Proposition 5.5. For every n > 1 and t > 0, the generator matrixz J,, and its matrix exponential are
given by the following matriz products

Jp = MnGnM;1 and e’ = MneG"tMgl.
Ezample 5.1. Let Q,(z) be the vector basis given by Hermite polynomials. For n = 4 we get

Qs(x) = (1, x, 2° — 1, 2® — 3z,2* — 622 + 3)

14



while My and M, 1 are respectively given by

1 0 0 0 0 1 0 0 0 O
0 1 0 0 0 0O 1 0 0 O
My=|-1 0 1 0 of and M;'=[1 0 1 0 0
0 -3 0 1 0 0 3 0 1 0
3 0 —-6 0 1 3 0 6 0 1
We consider ¢(z,dz) = 0. By direct computation, one finds that
0 0 0 0 0
bo b1 0 0 0
Gy= oo 2bp+01 2b1+o02 0 0 and
0 300 3(bo + 01) 3(b1 + o2) 0
0 0 609 2(2b0 +30‘1) 2(2b1 +30’2)
0 0 0 0 0
bg b1 0 0 0
Jy= | o0+2b1 +02 2bo + o1 2b1 + o2 0 0
301 3(2b1 + 302 + o’o) 3(bop + 01) 3(b1 + 02) 0
12095 1201 6(2b1 + o0 + 50’2) 2(2b0 + 30’1) 2(2b1 4+ 30'2)

By matrix multiplication Proposition [5.5|can be verified.

6 Applications and numerical aspects

Having a closed and compact formula for correlators like in Theorem is attractive in sensitivity
analysis and risk management. For example, in applications to options, the Greeks play an important
role in hedging. The Greeks for options are defined as the derivatives of the price functional with
respect to various parameters. In the context of path-dependent options introduced in Section
we shall derive in this section the expression for two of the Greeks, namely the Delta and the Theta.
We shall then analyse our correlator formula from a numerical point of view, also in relation with the
iterated moment formula and with a Monte Carlo approach.

6.1 Computation of Greeks

Two of the most common Greeks are the Delta and the Theta. The first measures the change in the
option price with respect to a change in the underlying asset price. The second measures the sensitivity
of the option to time to exercise.

From Section the price of an Asian option can be approximated by a linear combination
of conditional expectations of the form C*o-km(sq .. sp5t) :=E [V (s0)*0Y (s1)F - Y (5)%m | Fy],
corresponding to correlators Cp, . p. (S0,- .-, 8m;t) with p;(z) = 2%/, j = 0,...,m. To calculate the
Delta of the Asian option, which is the partial derivative of the price functional II(¢) with respect to
the initial condition Y (¢), we then need the derivative of Cp, ., (So,...,sm;t) with respect to Y (¢).

Proposition 6.1. For every m > 1, in the same notation of Theorem we have that

601)07--4710771 (80, <oy Sms t) -

Y (t)
~ (m) m 5 )
@1 {vec_l o eGﬁ[’»)(so—t) o vec (W) } H eGgLnl—k)T(Sk—Skfl) {In+1 @Mk ﬁm—k}
k=1

where
oxy" V(v (1)
Y (t)

XM (Y (1) _ <6Hn(Y(

”))T XY (0) + Ha(Y ()7
oY () v ) O " ©

T

.y OH, axO (v
with 20 = 95 B — (0,1, ,m) (0, Ho 1 (Y (1))

Similarly, to compute the Theta of the Asian option, we need first to compute the derivative of
Cho....pm (80, - ., 8m;t) with respect to the m + 1 time points involved, namely so < s1 < -+ < S
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Proposition 6.2. For every m > 1, in the same notation of Theorem we have that

O = P, {vec‘l o G%m)eéi:n)(so_t) o vec (Xé””(Y(t)))} H G T (o —sn) {Ins1 @™ F Prni} +
k=1

_ ﬁ;z {Uecil o eé&;ﬂ»(m—t) o vee <X7(lm) (Y(t))) } énmfl)T H eéglm—k)T(schsk—i) {In+1 Qmk ﬁm—k} :
k=1

0, =7, {vec‘l 0 G (0=t ¢ yec (Xflm) (Y(t)))} .

]_1 5 - . .
) < GG (s —sk 1) {In+1 @m—k ﬁm—k} ngmf])TeG; T (s5—85-1) {In+1 @m—i ﬁm—j} .

m
~(m—k)T _ —k -
I I €G" (s =sk-1) {In—i-l ®m kpm—k} +
k=j+1

(m=k)T (g —sp_ k- Sm—i—1)T Gm=d—DT g o i1 o
_ H e (sk—8k—1) {In+1 QM kpmik} Gglm J=DT G (sj+1—s5) {In+1 Q@m—i pmfjfl}'

m
S(m—k) _ —k - .
H G T (s —sk—1) {In+1 Qm kpm—k} for 1< j <m
k=j+2
Om = Py, {vecfl 0 eG(50=1) o yec (Xflm)(y(t)))} :
m—1 ~( T (o)
. H €G” (Sk—8k—1) {In+1 ®m—k ﬁm—k} G%O)TeGn (Sm—Sm—1) {In+1 ®O ﬁO} ,
k=1
. . 9Chpy,..., P (8050458 m;t)
where we have introduced the compact notation ©; = = oy for 0 <5 <m.
J

Then, the Delta of the Asian option is obtained by Proposition

ON(t) oy ACHoFm (50, smit)
av(t) ¢ Do aY (1)

and, similarly, the Theta is obtained by Proposition

OIl(t) —r(T—t) OCkor-km (805 -y Sm;t) .
~e " for0 <3 <
Ds; e Ek g D, or 0 <j<m,

for certain coefficients {ag}x and k = (ki,- - , k) a multi-index. A more detailed analysis for Greeks
of discrete average arithmetic Asian options can be found in [28], where the coefficients {a}s are
computed explicitly with respect to the basis of Hermite polynomials.

6.2 Numerical performances

We analyse numerically the correlator formula in Theorem-whlch gives explicitly the value for cor-
relators up to the computation of the exponential of the m + 1 matrices Gn ,7=0,...,m. This means
that, assuming these matrix exponentials to be exact, the correlator formula prov1des the correlator
value. The same exact value can be also obtained by applying iteratively the moment formula, as we
discussed in Section We then compare from a time cost point of view these two procedures. In par-
ticular, we consider both an implementation with dense matrices and an implementation with sparse
matrices. Finally, we consider a Monte Carlo approach which is compared with our correlator formula
both from a time cost and an accuracy point of views.
For the experiments, we consider an Ornstein—Uhlenbeck process Y defined by

dY (1) = (bo + b1 Y (1)) dt + /oo dB(2) (6.1)
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and with model specifications

bo = +0.75
by = —5.00
oo = +0.01

Y(t=0) = 40.15

which corresponds to a polynomial diffusion process with o1 = 02 = 0 and £(z,dz) = 0 (see equation
(2.3)). Moreover, for n > 1, we consider a particular case of equation (1.1)) of the form

C™(80y- - 8m;t) :=E[Y(50)"Y (51)" - -+ - Y(sm)" | Fi]

corresponding to p(z) = 2" = €)1, 1 Hn(x), k =0,...,m. We found terms of this form in Section
[L.1.1]when motivating the study of correlators for pricing a financial derivative in a stochastic volatility
model context. The two cases indeed coincide for n = 1. We also mention that Ornstein—Uhlenbeck
processes are common models in finance. Among others, we find examples in modelling the electricity
spot price, a non-Gaussian example being treated in [6].

The Monte Carlo simulations are based on the conditional solution of equation given by

X b ) s !
Y (s) =Y (t) et 4 b—o (ebl (s=t) _ 1) + \/O’Q/ "= dB(v), for s >t > 0.
1 t
We define Ay := s —sg_1, k=0,...,m, with s_1 := ¢, and rewrite it for s = s; and ¢t = s;_1, namely
b Sk
Y (sp) = Y (sp_1)erdr + 170 (e & —1) + /oo / 1= g B(v). (6.2)
1 Sk—1

For a fixed number of time points m + 1 > 1, the idea is then to sequentially simulate samples from
Y (sy) according to (6.2), using Y (sy_1) as starting point and the fact that, by the tower rule, it holds

C" (50, 8mit) = E[Y(s0)"E [V () "B [Y(s2)" - B [Y(s00)"| Fooa] - | Fas] [ Fao | 7] -

When increasing the complexity of the problem, namely, increasing n and/or m, the Monte Carlo
approach needs more simulations to gain accuracy, requiring also more time for computations. However,
in order to compare different experiments, we fix the number of simulations to N = 10%, each of which
is repeated 102 times so that to get multiple values. Among these values, we select the worst one in
terms of highest relative error with respect to the correlator formula, and we use it as representative of
the set. For the time cost assessment, the representative is obtained by averaging the time cost required
for the 102 simulations. Finally, we set a tolerance to 1- 1072 and claim that Monte Carlo fails if the
relative error is bigger than that, counting the number of failures over the 10? simulations.

In Table |1| we report the outcomes of the time-cost experiments. Here we compare the correlator
formula, both with dense (Dense) and sparse (Sparse) matrices, with the iterative application of the
moment formula, both with dense (Iter. dense) and sparse (Iter. sparse) matrices, and with the Monte
Carlo approach (MC average). We notice that the correlator formula with dense matrices is almost
comparable with the iteration with dense matrices, and the same holds with sparse matrices. However,
for higher complexities, the correlator formula tends to be a bit slower. Despite what one might expect,
using sparse matrices makes both the approaches slower. The main reason lies in the fact that the
matrix exponential of a sparse matrix is likely not to be sparse. Hence, using a sparse matrix for a
dense matrix slows down computations. However, we stress the fact that sparse matrices are crucial
when increasing further the complexity of the problem: for a given n and m, the generator matrix has
dimension (n(m + 1) +1) x (n(m + 1) + 1), so that it is not feasible to store it with a dense matrix.

We observe from Table that the time cost for these four experiments increases when the complexity
of the problem increases, as one would expect due to the dimensions of the matrices involved. On the
other hand, for a fixed m, the time cost for the Monte Carlo approach (MC average) is almost invariant
reflecting the fact that the number of time points is fixed. However, to keep the approach as general as
possible, instead of computing the power 2" directly we do the vector multiplication €, Flnt1 H,(x) to
reflect the situation that we would get if considering general polynomial function instead of monomials.
This explains why, for a fixed m, when increasing the power n the time cost also increases slightly.
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Time-cost performances

m n Dense Sparse Iter. dense Iter. sparse MC average

0 1 3.372e7% 5.254e 93 (~ 16x) 3.05le %%(~ 1x) 4.904e 3 (~ 15x) 1.212e %1 (~ 359x)
0 2 3.45le % 6.700e %3 (~ 19x) 3.384e %%(~ 1x) 6.199e 3 (~ 18x) 1.233e %! (~ 357x)
0 3 3.612e7% 7.879¢793(~ 22x) 3.340e %% (~ 1x) 7.459e7%3(~ 21x) 1.281e~9!(~ 355%)
0 4 3.819¢7% 9.242¢793(~ 24x) 3.747e %% (~ 1x) 8.932¢7%3(~ 23x) 1.317e 9! (~ 345x)
0 5 4.053e % 1.072e7%2(~ 26x) 3.919e % (~ 1x) 1.028¢%2(~ 25x) 1.360e%!(~ 336x)
0 10 4.916e % 1.676e %%(~ 34x) 4.883¢ %%(~ 1x) 1.65le™"?(~ 34x) 1.570e %! (~ 319x)
1 1 6.383e % 1.424e79%(~ 22x) 6.296e % (~ 1x) 1.246e°?(~ 20x) 2.186e~"!(~ 342x)
1 2 7.363e7% 1.952e7%%(~ 27x) 7.058¢ %% (~ 1x) 1.824e7%(~ 25x) 2.277e¢~ ! (~ 309x)
1 3 7.926e % 2.449¢7%2(~ 31x) 8.393e %4(= 1x) 2.45le™%%(~ 31x) 2.371e ! (~ 299x)
1 4 8.737e7% 2.993e702(~ 34x) 8.893e (=~ 1x) 3.064e02(~ 35x) 2.489¢ ! (=~ 285x)
1 5 9.278 % 3.428¢79%(~ 37x) 9.001le %%(~ 1x) 3.759e™%(~ 41x) 2.572e7 1 (~ 277x)
1 10 1.354e79 6.013e7%%(~ 44x) 1.975e %3 (~ 1x) 7.980e™%(~ 59x) 3.002¢~!(~ 222x)
2 1 1.064e7% 2.549¢792(~ 24x) 9.527e %4 (=~ 1x) 2.105e~%2(~ 20x) 3.213e~%!(~ 302x)
2 2 1.226e7% 3.622e7%2(~ 30x) 1.116e %3 (~ 1x) 3.424e 9%(~ 28x) 3.319¢ %!(~ 271x)
2 3 1.385e7%3 4.746e702(~ 34x) 1.122e %3 (~ 1x) 4.756e 02 (~ 34x) 3.488¢ 0! (~ 252x)
2 4 1.588¢7%3 5.943¢792(~ 37x) 1.377e % (~ 1x) 6.340e%2(~ 40x) 3.658¢ %! (~ 230x)
2 5 1.787¢7% 7.125e7%?(~ 40x) 1.493e~%3(~ 1x) 7.975e™%(~ 45x) 3.727e~!(~ 209x)
2 10 7.786e7% 1.283e7%l(= 16x) 3.979%¢ 9 (~ 1x) 1.870e %l(~ 24x) 4.380e~%!(~ 56x

3 1 1.611e7% 3.930e7%2(~ 24x) 1.238¢ %3 (~ 1x) 3.261e%?(~ 20x) 4.216e%!(~ 262x)
4 1 2.101e”% 5.545e792(~ 26x) 1.474e™93(~ 1x) 4.468¢°2(x~ 21x) 5.259¢ %! (~ 250x)
5 1 2.910e7% 7.554e7%2(~ 26x) 1.887e %3(~ 1x) 6.005e 9%(~ 21x) 6.175e %1 (~ 212x)
10 1 6.423e792 2.302e7°!(~ 4x) 4.005e7%3(~ 0x) 1.634e79'(~ 3x) 1.112e790(= 17x)

Table 1: Time-cost performances for the correlator formula with dense (Dense) and sparse (Sparse)
matrices, for the iterative application of the moment formula with dense (Iter. dense) and sparse
(Iter. sparse) matrices, and for the the Monte Carlo approach (MC average). In parenthesis, how
many times the different approaches are slower than the correlator formula with dense matrices.

In Table we report the outcomes from the accuracy tests between the correlator formula and the
Monte Carlo approach. We mention indeed that the four experiments previously discussed lead to the
exact same values, as one would expect since they are basically four different representations for the
same exact computation. Comparing the values from the correlator formula (Formula value) with the
worst over the 102 outcomes of the Monte Carlo simulations (MC worst value), we notice that, when
increasing the complexity, the second method becomes worse and worse in terms of relative error (in
parenthesis). Of course, by increasing the number N of simulations, one can aim at better results, but
this would also mean higher time costs. In the last column (MC fails) we also notice that the number
of failures in terms of the tolerance defined above increases up to almost all the calls of the method.

Remark 6.1. As observed above, the correlator C™(sq, ..., Sm;t) coincides for n = 1 with the terms
encountered in Section in the setting of a stochastic volatility model. We then chose the parameters
for the model in equation (6.1) so that to make it relevant in view of that application. However, the
choice of a Gaussian Ornstein—Uhlenbeck process is for simplicity and illustration and not intended as
a precise stochastic volatility model. We also point out that in equation one has in practise to
truncate the summation to a certain k € N to get an approximated optlon price. From Tablel we
notice that for n = 1 the correlator values are very small in this configuration. This means that k£ can
be chosen small, possibly not bigger than 5. For small values of k (that means, small values of m), the
iterated integral of the correlator formula (see the terms in equation ) can be computed by hand,
avoiding additional error due to some multidimensional integration technique necessary otherwise.
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Accuracy performances

m n Formula value MC worst value MC fails

1.500e=°1  1.490e~%1 (0.66%)  66/100

0 1

0 2 2.350e 92 2.378¢792 (1.18%)  77/100
0 3 3.825e703 3.751e7% (1.93%)  91/100
0 4 6.442¢7%%  6.567e7%* (1.94%)  93/100
0 5 1.119¢%4 1.092¢7% (2.43%)  92/100
0 10  2.618¢ % 2.828¢79% (8.02%)  98/100
11 2.258e702 2.278¢7%2 (0.88%)  79/100
1 2 5.594e~%  5.505¢7% (1.60%)  94/100
1 3 1.503e% 1.460e% (2.82%)  91/100
1 4 4.338¢7°7  4.164e7°7 (4.00%)  95/100
1 5 1.337e708 1.268¢7% (5.09%)  97/100
1 10  8.366e ¢ 6.916e716 (17.3%)  99/100
2 1 3.436e 93 3.467¢79% (0.92%)  81/100
2 2 1.383¢7%5 1.346e7% (2.62%)  92/100
2 3 6.372e08 6.662e~% (4.55%)  95/100
2 4 3.310e10 3.529¢710 (6.60%)  98/100
2 5 1.914e12 1.742¢712 (9.00%)  99/100
2 10  4.638¢ % 8.030e=23 (73.2%)  100/100
31 5.291e”%  5.352¢7% (1.15%)  86/100
4 1 8.245e 9% 8.097¢7% (1.80%)  87/100
5 1 1.300e % 1.326e7% (2.02%)  88/100
10 1 1.477e799 1.413¢7% (4.36%)  91/100

Table 2: Accuracy performances for the correlator formula (Formula value) compared with a Monte
Carlo approach (MC worst value). In parenthesis, the relative error with respect to the correlator
formula. In the last column (MC fails), the ratio of values with relative error exceeding the tolerance.

7 Conclusions

We have derived an explicit formula for computing correlators of one-dimensional polynomial processes
consisting of linear combinations of exponentials of the generator matrix associated with the polynomial
process. Our analysis is based on a recursive use of the moment formula for conditional expectations
of polynomial processes along with the introduction of two new linear operators, respectively, the L-
eliminating and the L-duplicating matrices. The closed-form expression of the correlators of polynomial
processes is attractive in studies of options and risk management. The connection to Hankel matrices
open our studies of correlators of polynomial processes to other areas as well.

We want to stress that a closed formula allows to make analysis with respect to the variables and
parameters involved. The correlator formula in Theorem depends on the polynomial jump-diffusion
coefficients, b, o and ¢, as introduced in equation (2.3). But it also depends on the time points
t < sg < s <0< 8y <T < 4oo. This fact may be exploited for option price analysis as we
demonstrated. Indeed, the correlator formula allows for explicit computation of derivatives, and lend
themselves to the calculation of option Greeks.

We finally highlight that the formulas obtained in this paper are restricted to one-dimensional
models. When increasing the dimension of the problem, calculations get more challenging and further
considerations are required. Indeed, for any d > 2, the monomial basis for R? is more complex than
the one used here, and, when multiplying two or more basis vectors, the object obtained requires more
analysis and potentially different eliminating and duplicating matrices.
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A Some combinatorial properties

We report in this section some combinatorial properties concerning the L-eliminating and the L-

duplicating matrices and the matrix of functions X,(f) (z). However, these are not necessary to un-
derstand the main part of the article.

A.1 The L-eliminating and L-duplicating matrices

The total number of elements of E,, ,, is equal to nm(n+m—1). When multiplying E,, ,, with a matrix
A € R™™ we select the elements of A which are in the first column and last row, that account for
exactly n+m—1 terms. That means that F), ,,, must have exactly n+m —1 elements equal to 1 and the
rest must be zeros. Moreover, for A € A, ,,,, the matrix D, ,, duplicates each element ay in vecL(A)
as many times as the number of elements in the k-th skew-diagonal of A, k=1,...,n4+m — 1. Then
in the k-th column of D, ,, there are as many 1’s as the number of elements in the k-th skew-diagonal
of A, while the remaining elements are all zeros. We shall be more precise in the following lemmas.

Lemma A.1. For E,, ,, € ]R(”*m*l)xnm, the number of non-zero elements isn +m — 1.

Lemma A.2. Ifn # m, then the number of 1’s in the k-th column of D,, p, is

k for 1 <k <min(n,m)—1
min(n,m)  for min(n,m) < k < max(n,m)—1. (A1)
n+m—k for max(n,m) <k<n+m-1

If n = m, then the following formula holds instead:

(A.2)

k for1<k<n-1
2n — k fornﬁkﬁ?n—l'

In particular, if n = m then the number of 1’s in the k-th column corresponds to the coefficient of the

2
(k — 1)-th power of x in the power expansion (Zg;é xa> .

Proof. Let n # m and A € A, ,. In the k-th column of D, ,,, there are as many 1’s as the number
of elements in the k-th skew-diagonal of A. Denoting with a, the value of the elements on the k-th
skew-diagonal of A, k = 1,...,n 4+ m — 1, equation gives the cardinality of each a;. Then the
sum of the elements in equation should give the total number of elements in A, that is nm:

min(n,m)—1 max(n,m)—1 n+m—1
Z k+ Z min(n, m) + Z (m+n—k)
k=1 k=min(n,m) k=max(n,m)

min(n, m) (min(n, m) + 1)
2

_ min(n, m) (m;n(n,m) i) + min(n, m) (max(n, m) — min(n,m)) +

= max(n, m) min(n, m) = nm,

n+m—1
k=max(n,m)

where for the third sum we used the change of variables k' = m+n—Fk so that ) (m+n—k) =

Z,J;T_max(m’") k', and the fact that m + n — max(n, m) = min(n, m). The case n = m is similar, so

that the first part of the lemma is proved.
We need now to prove that the numbers in equation correspond to the coefficients in the power

2
expansion (ZZ;% :1:0‘) . We proceed by induction on the matrix dimension n > 2 (n =1 is trivial).
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ap az

e n = 2: amatrix A € Ay is of the form A = <
’ as as

> and the cardinality of ax, kK = 1,2,3, is
2
1—2—1, which corresponds to the coefficients of the polynomial (Zézo xa> = (142)? = 1422 +22.

e n — n+ 1: we denote with A,, a general matrix in A,,, and with A, ; a general matrix in A;,11.
Then A,, and A,,+1 can be represented as

a A +vvrrree Ay | Gpt1
aq A +oveeee ap, | :
........... | .
as I RRRRRREE . Gpi1 01.2 04.3 - an.+1 | :
A, = . . : and An+1 = : : : | .
: : . : : . e . | a2n—1
An  Gpg1'oeee azn—1 JOn__ Gng1-cccccccccO2p-1 1 Gon
Qpgp-voeeee (2pn—1  Q2n ! G2p41

In particular, A, contains the entries a; from k =1 to k = 2n — 1, whose cardinality, by induction

2
hypothesis, corresponds to the coefficients of the polynomial (Eg;é xo‘) . Moreover, the entries ay

from k =n+ 1 to k =2n — 1 appear two extra times in A, 4+1: once in the last row and once in the
last column. Finally, in A,;1 we have two additional entries, as,, and ag,1, that are not in A,,, and
whose cardinality is, respectively, 2 and 1. To summarize, the cardinality of the entry ay in A, 41,
k=1,...,2n+ 1, corresponds to the (k — 1)-th power of z in the following polynomial:

n—1 2 n—1 n—1 n 2
(Z xa) +9 (xn N x2n—2) _’_2x2n—1 +x2n _ (Z xoz) 4927 (Z ma) +x2n _ (Z xa) ,
a=0 a=0 a=0 a=0

which concludes the proof.

2

Ezxample A.1. Let n = m = 3. After some technical calculations, we get

1 0 0 0 0
01 0 0 0

1 000 0 0 0 0 O 00 1 0 0

01 00 0 0000 01 0 00
Es3=]10 0 1 0 0 0 0 0 O and D3z=1]0 0 1 0 0
00 0001 000 00 0 1 0

00 000 0 00 1 00 1 00

00 0 1 0

0 0 0 0 1

The number of non-zero elements in £33 isn+m —1 =5 a stated in Lemma and the number of
non-zero elements in each column of D33 is 1 —2 —3 — 2 — 1, like the coefficients in the polynomial
expansion

5 2
(Zxa> = (1+33—|—3c2)2 =1+ 2z + 322 + 22% + 24,
a=0
according to Lemma

A.2 The matrix of functions

From Proposition x (7) is a rectangular block matrix composed by (n + 1)"~! blocks ngg(x) €
Apt1, which can be expressed by Br(lkz(x) = xj’“Xy(Ll)(x) for a certain ji € {0,...,(r — 1)n}. We shall
now give the cardinality of each block and an explicit formula for ji. We denote by mod and % the
operators which, respectively, return the remainder and the quotient of the division between two natural
numbers, namely for a,b,¢,d € N, ¢ = a mod b and d = a%b means that a = bd + c.

Lemma A.3. For every n,r > 1, each block of the form ijél)(ac), forj=0,...,(r—1)n, is repeated
with cardinality Bﬁfz = #{k : jr = j}, that is equal to the coefficient of the j-th power of x in the
polynomial expansion (3 n_,x%)
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Proof. We proceed by induction on r > 1.

o r=1: Xr(Ll)(x) = a:OX,(ll)(x) is composed by only one block, and the polynomial (> _, xa)o =1 has
the only coefficient 1, that is the cardinality of the unique block.

e 7 — r+ 1: we assume the statement holds for . We need to prove that for each 7 = 0,...,rn, the
cardinality of the block of the form z7 X,(Ll)(a?) corresponds to the coeflicient of the j-th power of z in
the polynomial expansion (>.-_,2%)". Since the Kronecker product is associative, we write

XU (@) = Ho@) " € XPD(@) = (xD(0) P aXO(@) F 22X 0(@) oo XD (@) - (A3)

We know by induction hypothesis that each block of X" (z) of the form 2 x5V (),j€{0,...,(r—

1)n}, has cardinality according to the j-th coeflicient of the polynomial expansion (3 _, x“)r_l. It
is clear that such cardinality shifts to the upper power when we multiply X (T)( ) by x, and it shifts
by two positions when we multiply X xtr )( ) by 22, and so on (for example, if the block x7 x () has
cardinality 8Y) in X\ (), then BY) is the cardlnahty of 211X (2) in 2X{" (2), of 292X ()
in 22X (z), and so on). To summarize, we say that in X\ " (z) the cardinality for the block of
the form z/ XT(LD(:E) corresponds to the coefficient of the j-th power in the following polynomial:

(z)(z) @_Oxa)“ (;j;oxa)i

which concludes the proof.
O

Lemma A.4. For every n,r > 1, the blocks B(k)( ) composing the matriz of functions X,(f)(x) are of
the form Br(lkg(x) = x"’ffz'X,(«Ll)( ), for v(k) €{0,...,(r —1)n} given by the formula

r—1
%Sk,) = Z {(k=1D)mod (n+1)"7}%(n+1)"""7 fork=1,...(n+1)"""
7=0

Proof. By associativity property of the Kronecker product, x& (z) = (Hy (w)T)®(T_1) ®X7(,,1)(az:)7 where
(Hn (ac)T)@(PU is a row vector in R™+D™ ™" wwith elements the monomials 27" whose exponents we
want to study, k = 1,...(n + 1)"~t. We focus on (Hn(m)—r)@T for simplicity: we need then to prove
that the k-th element of (Hn(ac)T)W is a monomial with exponent given by

Pnf“ :Z{ —1)mod (n+1)" 7t} %(n+1)""7 fork=1,...(n+1)". (A.4)
7=0
The result will follow noticing that 77%) = P,(Lkr) 1- We proceed by induction on r > 1.

e r =1: for H,(z) we easily notice that the exponent of the k-th term equals k— 1,k =1,...,(n+1).
We now look at equation :

P(’?_Z{ —1) mod (n + 1)} %(n 4 1)

_{ —1)mod (n+1)*} %(n+1) + {(k — 1) mod (n+ 1)} %(n + 1)°
where the first term is 0 and the second one is k — 1, since 0 < k — 1 < n.

e r — 7+ 1: we now assume formula (A.4) holds for . By associativity property, (H, (m)T)®(T+1) =
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Hy(z)T ® (Hn(x)—r)@)r, so that (H,(z)") # ) is the block vector
()" = ((m, a (Ha@)) 2 (Ha@) ) e D an (Ha@)T)™).
(Hx

)®U+)

For each element in , the exponent is P,Skr) + a with a € {0,...,n}. However,

we notice that (H,(z)" ) has index k£ = 1,...,(n + 1)", while (Hn(;v)—'—)@(rﬂ) has index k =
1,...,(n+1)"*L Then in formula we must substitute (k—1) = (k—1) mod (n+1)". Moreover,

o = (k—1)%(n+1)". Putting all these considerations together, we write that (we omit the superscript
“on the index k):

PT(LkT)Jr1 =k -D%Mn+1)"+ Z {(k—1) mod (n+1)" mod (n+1)"7 "'} %(n+1)""7. (A.5)
j=0
In particular, it is easy to see that

(k—1)mod (n+1)r—J+1 j>1
(k—1)mod (n+1)" ji=0

i

(k—1) mod (n +1)" mod (n + 1)" 7+ = {

so that equation (A.5) becomes
PM = (k= 1)%(n+1)" + (k—1) mod (n+1)"%(n +1)"+

+) {(k—=1)mod (n+1)" 7} %(n+1)"7. (A.6)
j=1
Moreover, since 1 < k < (n + 1)"*!, we also notice that
(k—1)%(n+1)" = (k—1)mod (n 4+ 1)""'%(n +1)" and
(k—1)mod (n+1)"%(n +1)"(=0) = (k — 1) mod (n + 1)"2%(n +1)" 1

and equation (A.6) can be rewritten as

Pr(zk72+1 Z {(k—1) mod (n+1)"7"} %(n+1)""
j=-—1
r+1 ‘ ‘
=> {(k—1)mod (n+1)" ¥} %(n + 1)7 7+,
=0

which concludes the proof.

B Proofs

We report in this section the proofs of the main results of the paper together with some additional
results that are needed for the proofs.

Proposition B.1. For the matrices A, B € R"*™ with elements, respectively, [A]; ; = a; ; and [B]; ; =
bij, 1<i<nandl <j<m, and &, ¥ vectors of any order, we have the following properties:

n m
A=Y aignibn, (B.1a)

(vec(A)) Tvee(B) = tr(A" B) (B.1b)



where tr denotes the trace operator. Moreover, for every A € RPX9, B ¢ R™**, C € RY** and D € R**!,
the mized-product property holds:

(A® B) (C® D) = (AC) ® (BD). (B.2)
Proof. We refer to [29] Section 2] and [22] Lemma 4.2.10].

Proof of Theorem

Proof. We will prove the existence of the matrix E,, ,,, by proving its explicit definition. We first give
a characterization of vecL(A) in terms of the unitary vectors. By equation (B.la), one easily sees that

n m
UECL(A) = § ai,1€n+m—1,i + § an,i€7z+7n—1,n+i—1- (B3)
i=1 =2

In particular, a; 1 = €} ;A1 = tr(En1€,) ;A) and an; = €, , A€y = tr(ém,i€, ,A). Moreover, by

) n,n
property (B.1b|) we write that
tr(é’mlé'liA) = tr((€nié), 1) " A) = vec(En i€, 1) Tvec(A),

m,1 m,1

tr(émié':%n/l) = tr((é'n,n(?;’i)TA) = vec(€n7n€;7i)Tvec(A).

By combining these results with equations (B.1c)), (B.1d) and (B.3), we get that

n m
vecL(A) = <Z é’n+m_1yivec(é’n7ié';71)T + Z é'n+m_17n+¢_1vec(é'n7né';i)T> vec(A)
i=1 i=2

n m
- T T o T T
= <§ €ntm—1,i & €m,1 ® €ni + E Entm—1nti-1& Cm,i ® en,n) ’U@C(A).
=1

=2
Then the L-eliminating matrix E, ,, satisfying the implicit definition in equation is the one in
equation . This concludes the proof. O

Proof of Theorem

Proof. We construct the matrix D, ,,, explicitly. Since A € A, ,,, the elements of A along the skew-
diagonals coincide and A has exactly n + m — 1 skew-diagonals, leading to at most n +m — 1 dif-
ferent values. In the notation of Deﬁnition let ap, k =1,...,(n+m — 1), such that vecL(A) =
(a1,as,...,0p1m—1)" € R™™ 1 For 1 <i<nand1<j<m, it holds that

[A]i,j = Qj4j—-1 = [’USCL(A)]H_j_l = ’UBCL(A)Té;H_m_LH_]‘_l = €I+m_17i+j_1UBCL(A). (B4)

We notice that €, ; ® €, ; is the unitary vector in R™ with 1 in position n(j — 1) + ¢ and 0 elsewhere.
We use this fact together with equation (B.4) to express the vectorization of A as follows:

n m n m
vec(A) = Z Z Qitj—1€m,j ® €n; = Z Z (Cm.j ® €ni) €I+m—1,z‘+j—1 vecL(A).

i=1 j=1 i=1 j=1
By equation (B.1d), we define D,, ,, as in equation (3.10), which proves the theorem. O
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Proof of Proposition

Proof. For the second part of the statement, the proof is straightforward from the definitions of E,, .,
and D,, ,,, namely combining equations (3.7) and (3.9). We resume the situation as follows:

vec(A) B, vecL(A) L, vec(A)

so that D, y, By € RYX™™ acts like an identity operator on vec(A) for each A € A, .
We prove now the first part of the statement. By equations and (3.10), we write that

(é'nerfl,k (29 g;)l & é;r)k) (é;—ll—er,l’iJrj,l & gm,j ® gn,i) +

m
En,mDn,m = E §
=1 j=1k
n

n n

=1

> ST ST N (5T - >

+ Z Z Z (en-l-m—l,n—i-k—l ® €m.k & enm) (en—i-m—l,i—i-j—l X €m,; @ emi) . (B5)
i=1 j=1k=2

We denote with I; € R(n+m=1)x(n+m=1) the matrix with 1 in position (i,i) and 0 elsewhere, and with

[hi ¢ Rvtm=1)x(ntm=1) the matrix with 1 in position (k, k) for i < k < j. We focus on the first sum
in equation (B.5). We notice that:

© Ep 1@ =), and A 1= i1k @8, Q€ € R(n#m=1)xnm g the matrix with 1 in position
(k,k) and 0 elsewhere;

n(—1)4i and By j = €I+m71,i+jfl ® €Em,j ®€n; € R7m* (ntm=1) jg the matrix with

L4 gmg ®€nz Enm
(n(j—1) 44,9+ j — 1) and O elsewhere.

1 in position (n

Then AyB;; = I;. Similarly, looking at the second sum in equation (B.5), we notice that é’%k ®
é’;';n = é';er’kn and A, := Entm—1ntk—1 ® é;r%k ® é’;';n € R(ntm=1)xnm jg the matrix with 1 in position

(n 4k —1,kn) and 0 elsewhere. Then AyB; ; = I,,1_1. Combining these results into equation (B.5)
we get

n m m

n m n
BumDogm =33 3 AcBig+3_ 3
i=1j=1 k=1 i=1 j=1k=2
n m
=3 T+ Y Doy =TIttt o,
k=1 k=2
that concludes the proof. O

Proof of Proposition

Proof. By combining GHa, () = Gan Hap (z) with Lemmawe get vecL(GX,, () = GapvecL(Xy(z)),
which, by definition of F,,; and multiplying both sides by D,,+1 from the left, becomes

Dy i1 En11vec(GX,, () = Dpy1GonFnyivec( X, (2)).

In particular, Dy, 41 E,1vec(GX,(x)) = vee(G X, (z)) by Proposition so that G4 = Dy y1GonEp .
We consider now the definition of exponential function as infinite sum of powers and write that

(o)
é(l)t _ Dn+1G2nEn+1t tk G E k
e n =€ g k' ( n+1Y2n 'r’L-‘rl) .
k=0

The result follows from Propositionsince (Dn+1G2nEn+1)k = Dp11 (ng)k Eni1,k>0. O
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Proof of Theorem
Proof. Starting from equation and applying the operator vec on both sides, we get

E [vec (X, (Y (s0))) | Fi] = vee (X, (Y (¢))) + /:0 E [Gvec (X, (Y (s))) | Fi] ds,
which, by equation and Proposition becomes
E [vec (X, (Y (s0))) | Fi] = vee (Xa (Y (£))) + Duy1GanBus /t " E [vee (Xa (Y (s))) | o] ds.

For Z(s) := E[vec (X, (Y (s))) | 1], the proof then proceeds in a similar way to the proof of Theorem
and the statement is proved by combining the result with equation (3.1). O

Proof of Proposition

Proof. By definition of d-Kronecker product, since H,(z) € R*"L one can verify that X,(f)(x) €
R +Dx(+1)" We then proceed by induction on r > 1.

o 7 =1: we get that X\ (z) = Hu(2)T ® Hp(z) = 2°X Y (2) € Anyr.

e r — r + 1: assuming the statement holds for r, from equation (A.3), we see that we need to

multiply the row vector H,(z)T = (1,z,...,2") in the Kronecker sense with the matrix X" (z) =
H,(x)" ®" H,(r), which we know satisfies the statement of the proposition. That means that each
of the (n + 1)"~! blocks Bfﬁ(m) = acj’fX,(ll)(ac)7 for ji € {0,...,(r — 1)n}, must be multiplied with
each of the elements of the vector H,(x), namely with each power 2%, o = 0,...,n. We can then
say that there are (n + 1)" blocks Bgc?)n 41(®) € A,yq and that for each block there exists an index

Yk € {0,...,rn} such that Bﬁblf2+1(x) = gk X,Sl)(;v). This concludes the proof.

O

m—+1

Lemma B.2. It holds that vec(X\™ (z)) = H,(z)®
from vec(Xr(Lm)(x)), we are left with Hy,(;mq1)(T).

. Moreover, after removing all the duplicates

Proof. The result follows from a direct verification. O

Lemma B.3. There exist an L-eliminating matric Eypmi1,n+1 and an L-duplicating matric Dym41,n41
such that

Enm-‘rl?n—i-l (Hn(x) ® Hnm($)) = Hn(erl)(x) and Dnm-i—l,n-l-lHn(erl)(-T) = Hn(m) Y Hnm(x) (BG)
Proof. From a direct verification, it can be seen that
vec(Hp(2) " @ Hym(x)) = Hp(2) @ Hym(x) and  vecL(H,(2) " @ Hpm(z)) = Hymyny(z).  (B.7)

Then, from Theorem there exists an L-eliminating matrix £, 1,1 transforming the vectorization
of H,(z)" ® Hym(x) into its L-vectorization. By equation (B.7), this is equivalent to saying that

Epm+1,n41 maps Hy(2) @ Hym (@) $0 Hy (1) (), which is what claimed in equation (B.6). Similarly,
by Theoremthere exists an L-duplicating matrix Dy,1,n41 satisfying equation (B.6). O]

Proof of Proposition

Proof. We proceed by induction on m > 1.
e m = 1: see Corollary [3.2]and equation (£.2).
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e m —1 — m: we assume the statement holds for m — 1, namely there exists a matrix E,(gf;l) that

applied to Uec(XT(mel)(x)) removes all the duplicates. By Lemma this means that
EC TV Hy(2)2™ = Hyp (2).

We now multiply both sides in the Kronecker sense by H,, (), and successively apply on the left the
matrix Eym41,n+1, Obtaining that

Bumtt o1 [Hn< )® (B Ha(@)®™)| = Bumr i [Ha(@) © Hy (2)].

From the identity H = I,+1H,(x), and applying the mixed-product property of the Kronecker
product (equation (B.2)) on the left hand side, and equation on the right hand side, we get

Brmitnsi [(Jnﬂ ® Em;l)) (Ho(z) ® Hn(x)®m)] = Hpymsn) (2)-

Since Hy(z) ® Hy(2)®™ = H,(z)®m ) = pec(X{™ (x)) by Lemma the matrix E7(z+)1 =

Ernm+1n+1 (In+1 ® Ef:i;”) is exactly the one removing all the duplicates from vec(Xy(L )( ).

Proof of Proposition

Proof. We proceed by induction on m > 1.

e m =1: see Corollary and equation (4.2).

e m —1 — m: we assume the statement holds for m — 1. Then, starting from equation and

1)

multiplying both sides with I,,41 ® D( we get

(frs1 @ DUV ) (Dt nss Hagmey (@) = (Iss @ DUV (Ha(2) @ Hum(@)) . (BS)
By the mixed-product property of the Kronecker product (equation (B.2)), the right hand side is
m—1
(L1 @ DY) (H(@) © Hyn (2)) = (g1 H(2) @ (D37 B () )
m—1
= Hy(2)® (DY Hum(2))

From the induction hypothesis, DSLH Y satisfies 5:1; )Hnm( ) = vec(X,Sm_l)(ac)), and, by Lemma

. we also have vec(X(m 1)( )) = H,(x)®™. Then equation (B.8) becomes

(In-i-l ® DS;T—II)) Dnm-i-l,n-&-lHn(erl)(x) = H, () ® Hn(m)@)m = Hn(x)®(7n+l)a

and the matrix D™ il = (In+1 & Dgﬁ;l)) Dym+1,n+1 1s exactly the one required.

O

Proposition B.4. For every n,m > 1, #, € R"*! and MY e ROHD™X(+D™ “the identity holds:
H,(z)o)] {vec_1 o MY o vec (X,(Lm_l)(m))} = {X,(Lm) (x)} Mm=DT {Iy1@™ ' 0,}.  (B.Y9)

Proof. We proceed by induction on the order m > 1.

e m = 1: starting from the left hand side of identity , we get

(@)} {vee™ o MO o vee (X (2)) } = Hy(2)7] MO Ho(w) = Hy (@) Ho(2) MO,
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- {X,(j)(x)} MOT {1, @°5,}.

Remember indeed that the vec™! operator transforms a vector into an object with the same dimension
as the argument of the operator vec previously applied. But in this case the argument of vec is a
vector already, hence both vec and vec™! coincide in practise with the identity operator. Moreover,
oy MT(LO)HTL(J}) € R and it equals its transpose. This proves the base case.

e m — m+ 1: we assume identity (B.9) holds for m and consider
H, (x)v) {vec_l o M{™ o vec (X,(lm) (x))} .

In particular, My™ € ROD™ " xm4D™ " can be seen as made up of (n + 1)? matrices of the form
Mi(’r;kl) e RN x(+D)™ 1 < j 5 < p 41, so that M™ looks like

(m—1) (m—1)
MlT EREEEE M1777,+1
M’I’(Lm) — : . :
(m—1) (m—1)
Mn+1 1t Mn+1 n+1

The idea is then to break up the matrix M,(lm) into sub-matrices, for which we know the statement
holds by induction hypothesis. In what follows, starting from x{m (x), we will apply in the following
order: the vec operator, the matrix M.\™, the vec! operator and finally the matrix H, ()5}, At
this point we will be able to apply the induction hypothesis, and prove the statement.

By Lemma and associativity property of the Kronecker product, we get

Hy,(z)®™m
xHp ()™
vec (X,(lm) (x)) = H,(2) @ Hy(2)®™ = " ( ) ’
™ Hp (z)®™

where zF H,, ()™ € R®*tD™ k. =0,...,n, thus

MY H (2)®™ 4+ My Ve (@)™ 4 -+ M{ D am Hy (2) @
ML )vec< m) )> :

mol m—1 m m—1
M7(1+1 ) Ho ()™ M(+12)1Hn($)® oMY

n+1,n+1InH’ﬂ(I)®m

Applying the vec™! operator to the last matrix obtained, by linearity we get

(U6671 (Ml(T_l)Hn(x)Q?m) + - 4 z"wec ! (Ml(ﬁ__,_})Hn(x)@@m) ,

vec (MéTfPHn(x)@m) + -+ 2"vec” (Mf:fl 711)+1H (x )®m>> ,

where vec™! (Mf’?‘_l)]-[ (:z:)®m> € ROv+Dx (kD)™™ 1 < 5 < 1. Multiplying the above equation
by H,(z),}, we obtain that

H, ()7 {vec o M{™ o pec (X,(lm)(x))}

= (Hn(tT)TfZUec ( 1(’? 1)Hn(x)®m) + o4 2" H,, ()T vec™ (Ml(,rZ:)Hn(x)@”),

Hn(m)ﬁlvec*l (MT(LTI})H,L(QJ)Q@’”) + 4 2"Hy(x )v vec ! (M£T;;L1H7L($)®m)) .
Since H,,(z)®™ = vec (X(mfl)(x)), we apply the induction hypothesis to each term
H, ()7 vec™ (Mi(?’_l)Hn(x)@m) - {Xfl ) (z) }M(m AR 7, }
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for 1 <i,7 <n+1, so that
H,(z)o)] {’uec’1 o M{™ o vec (X,(lm) (x))} =

n

({x @m0 L @™ ) b2 { X @)} MO T (L @771 5,

(KPP s 877 50) 420 (X} ML, (s 71 5)

which can also be seen as the following matrix product:

M Ly @™ G} M (L @m )
({_X(m)(:(:)}7 ...... " {Xy(:m(a:)} .
Mffg;}w (L1 @ 1) e MT(LTI,Z)L (Lnsr ™1 5,)

In particular, the following identity also holds

({xm@}. e (XM @)}) = Ha@)7 o {XM @)} = XD (@),

so that we can conclude with the expression

m—1)T m—1 = )T S
MO T Ly @1 G MO (L o )
Ml(?Z_T_i)T {In-i-l @m-1 'Un} ....... MSI;:L)_’Z {In—i-l @m—1 'Un}

m—1)T m—1T 1
Ml(,l Y R M}w—l,}) {In+1® 11],”}. .............. 0
MmTIT MmO Ouvemenanannn I @1 5,)

where the first matrix on the right hand side coincides with MT(,,m)T

{Iiy1 @1 ¥,} = I,,41 ®™ ¥,,. This means we proved

, while the second is I,,11 ®

H,(2)7)] {Uecfl o M{™ o vec (X,gm)(z))} = {Xflerl)(:c)} MM T (1,0 @™ a,},

and therefore reached the claim.

O
Proof of Theorem
Proof. Following the same idea as in the proof of Theorem we start by proving that
E[ XD ()] 7] = vee ! 0@ onee (X0 (v (1)) (B.10)
for G\ = Dﬁ’ilGn(rH)Effiy By equation we write
E[ X0 ()| F] = X0 @) + /t E[g (X0 (v(w) | 7] du.
and applying the vec operator on both sides we get
E[vee (XY (5))) ’ 7| =vee (XD(v (@) + /t K [Guec (XD (v () ‘ 7| du. (B.11)
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By Proposition there exists an r-th L-eliminating matrix F (r _31 such that

Ef(fllvec (XT(LT) (a:)) = Hyy g1y (). (B.12)
From Theorem |2.1} there also exists a generator matrix G,,(,41) such that

an(r+1)(x) = Gn(r+1)Hn(r+1)(x)» (B]"?))
and by Proposition an r-th L-duplicating matrix D! _31 such that

DAY o) () = ve (Xfﬁ (2)) (B.14)

Combining equations (B.12), (B.13), (B.14) with equation (B we get

E [vec (X,(LT)(Y(S))) ‘ ft} = vec (Xff)(Y( ))) + D(HG r+1)En+)1 ) E {vec (Xff) (Y(u))) ‘ ft] du

and, proceeding the proof as in Theorem [3.§] m we obtain that for every n > 1 and r > O the matrix
Ggf) = nﬁlGn(Tﬂ (_g e ROD™ x40 g such that the expectation formula (B.10) holds.
We now proceed by induction on the number of polynomials m > 1 to prove the correlator formula.

e m = 1: the formula coincides with the one given in Theorem

e m — m+ 1. we suppose the correlator formula holds for m and consider m + 1 polynomial functions.
By the tower rule and the induction hypothesis, we write that

Op07~~-7pm+1 (505 <oy SmA1; t) =E ipm-l-l (Y(SO)) Cpo7~--,pm (517 <oy SmA1s 50)| ]:ti
= E |71 Ha (Y (50)), {vee™ 0 e 170) o vee (X (¥ (50))) } -

m
(m—k)T ( e k-
H G (sk+1=sk) {In+1 ®m kpmfk}

ft] |
From Proposition we also have the following crucial equality:
Hy, (Y (50))pr, {vec—l 0 eGn" (517%0) 5 yee (Xr(tm)(Y(so)D}
m F(m)T (51 —s m =
= {0 (s0)) J BT O Ly @ i)

Combining the previous results and equation (B.10), we can write that

Cp05~~~7pm+1 (SOa ceey Sm41; t)

— m F(m)T (51 —s m =
= E [0 { XU (50)) f 5T {0 @7 )

m
H G BT (sq1—s) {I +1® ﬁm—k}

]—'t]
T Gm-BT

= P1E {Xv(zmﬂ)(y(so))‘ fti H e (sk1=2k) {Iis1 @™ % P}
k=0

= Pt {vec_1 0 eGn™(50=) 6 yee (Xflmﬂ)(Y(t)))} 11 O k=) (L @ )
k=0

Rearranging the index in the product of the last equation, we get the formula for m + 1 polynomial
functions and conclude the proof.

O
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Proof of Theorem
Proof. We proceed by induction on the dimension n > 2.

e n =2: see Example

e n — 1 — n: we assume the recursion formula holds for n — 1. We then need to compute Gz™. By

equations (2.1) and (2.3), we write that

1
Ga" = n(by + byx)z" " + §n(n —1)(0g + 012 + 02?2 + / (x4 2)" — 2" —na™ '2) l(z, dz).
R

In particular, by binomial expansion

/R (z+2)" — 2" —na" '2) l(z,dz) = i (Z) "k /]R 20(x,dz)

k=2
= \k)" : k) ’
=0 \ k=max(2,)
so that

1 1 R - Y ok —i
Ga" = (nb1 + 5n(n - 1)02) "+ (nbo + §n(n - 1)01) "+ ; Z ) (k) S | 2"

k=max(2,i

which must be rearranged to collect the coefficients of ¥, k = 0, ..., n, to be inserted in the last row
of G,,. This leads to (a?,a”~',... ,al,c,)" as defined in the theorem and concludes the proof.
O
Proof of Theorem

Proof. We first prove the base case n = 1. We consider the definition of matrix exponential as infinite
sum of powers. If by # 0 then for every k > 1, G¥ = (b b(l)cfl lS“)’ if by = 0 then for every k > 2,
0%1 1

GY = <8 8) With GY = I, for by # 0 we get:

00 k o0 L
Gt (Git)" t 0 0
=1

1 0 ( 1 0 )
= oo tkblf71 o] kb}f = | bo bit _ bit | >
bo Zk:l k! 1+ Zk:l tk[ b[l) (e 1) €

and similarly for b; = 0, so that the base case is proved.

We now set n > 1. For A, := ¢, I, — G,_1, it is easy to verify that for every k > 1 the powers of
G, are given by

Gk _ ( G]:L—l 6n>
moNa A (L, - GE_) k)

provided that A,, is invertible. More precisely, as a consequence of the recursion formula for G,,, the
power GE involves A ', but it also involves G*_,, that means it involves A, ', and so on. Thus the
matrices A, L are all involved in Gfl for every 2 < r < n. In particular, we need all these to be invertible.
For a fixed r, the determinant of A, must then be different from zero for every 2 < r < n. In particular,
since G,_1 is a (lower) triangular matrix, A, is a (lower) triangular matrix with determinant given by
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the product of the elements on the main diagonal. By Theorem and equation (5.2) we then get:
det (¢, I, — H —cj) (B.15)

where ¢; = b;. Condition (B.15) is equivalent to ask that ¢, # 0 and ¢, # ¢; for every 1 < j <r —1.
One easily notice that asking these conditions to hold for every 2 < r < n means to ask that all the
coefficients {c;}” ,2 are not null, and that {c;}7_; are all different among each others. This coincides

with condition

Then, with G = In+1, we get:

Gnt (Gt < G —1 6n>
" = Inp1 + ,
¢ Z ! +1 Z TAY (KT, —GE_)) ok

k=0

( [n+zk 1M 0 kk)
= ok
WA (e — G ) 1+ 300,

eGn 1t 0, < eGn-1t 6n>
- a’IA’r—Ll (In 22021 (Cr;;) Zk L Gn llt) ) eCﬂ.t - &”IAT_Ll (ecnt[n — eGn—lt) ecnt
which proves the matrix exponential formula and concludes the proof. O

Proof of Lemma

Proof. We consider the definition of ¢; in equation (5 : if {(z,dz) = 0 ‘then for every j = 2,...,n,
¢j = jb1 + 35(j — 1)o2, so that the first condition in equals by # — )02, equivalent also to

k
b1 # —502 forevery 1 <k<n-—1. (B.16)
In the second condition in , we require ¢; # ¢;, 1 < j <14 < n, that is

1 1
jb1 + §j(j —1)og # by + 5@(2 —1)og, forevery 1<j<i<n,

which, after some simplifications, can be rewritten as b; #* —W@ forevery 1 < j<i<n. In

particular, since 3 < j 414 < 2n — 1, this is also equivalent to
k
by # —502; for every 2 <k <2(n-1).
Adding this to the condition previously found in (B.16)), we conclude the proof. O
Proof of Proposition
Proof. By equations (5.4) and (5.5) and linearity of the extended generator G, we write the equalities

By comparing the first and the last terms we get J, M, = M,G,, which, rearranged, gives the first
equality of the proposition. As a direct consequence, from the definition of exponential function as
infinite sum of powers and by the identity M, ' M, = I,,, we get also the second equality. O

Proof of Proposition

Proof. From Theorem we easily notice that the only dependence of Cp, .. (S0,...,Sm;t) on
the initial condition Y'(¢) is inside the matrix of function Xy(bm)(Y(t)), which is defined by equation
as the m-th Kronecker product X(m)( ) = H,(x)" @™ H,(x). By associativity property of the
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Kronecker product, we write that X ™ () = Ho(z)" ® Xr(lmfl)(ac). By the product rule applied to

H, (Y1) ® Xflm_l)(Y(t)), we obtain the recursive formula for %g(t)) as in the statement, where

OH,(Y (1)) _ 0X3” (Y (1))
ov(t)y Y (t)

= (0,1,2Y(t),...,nY ()" ")

can be seen as the vector product of (0, 1,...,n) with (0, Hn_l(Y(t))T)T. This concludes the proof. [

Proof of Proposition

Proof. From the correlator formula in Theorem |4.5} we distinguish three different cases, namely j = 0,
1 < j <m, and j = m, which we shall analyse separately.

For j = 0, the time point so appears in Cp, . p. (So,...,Sm;t) two times: once inside the curl
parenthesis in the matrix exponential eéglm)(SO’t), and once in the product [[;-, for K = 1 in the
matrix exponential G T (s1=s0) By the product rule, one gets O.

For 1 < j < m, the time point s; also appears in Cpy . p. (So,-..,8m;t) two times, both in the

product [];" , first for k = j in the matrix exponential eégi"kj)T(sf_sffl), and then for K = j+ 1 in the
matrix exponential e+ """ (si+1-5)) By the product rule, one gets 0;.
For j = m, the time point s, appears in Cp, .. p, (S0,...,Sm;t) only one time, that is in the product
v, for k = m in the matrix exponential G (sm—sm-1), By differentiation, one gets ©,,.
This concludes the proof. O
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