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Chapter1

Introduction

Inourdailylifewehavetosenseandinterpretalargeamountofinfor-

mationfromourenvironment.Tobequali�edforthistaskwearecre-

atedwithsophisticatedsenseswhichtakescareofbothdetectionand

processingaswellastheinterpretation.

Oureyesareabletodetectelectromagneticradiationwithwavelengths

intheareaofabout350 to780nm1.Thisradiationcarriesanimmense

amountofinformation.Inasimilarwaythehumanearsdetectacoustic

radiationwithfrequenciesfromabout20Hzto20kHz.

Lightandsoundarewavesradiatingineitherair,
uidsorsolids.Sound

isconsideredtobemechanicalwavemotionandlightasaformofelec-

tromagneticwavemotion. Thewavesconveysignalsthatmayreveal

informationabouttheradiatingsource.

Similarlywecantransmitawavetowardsasystemandstudythere-


ectedorscatteredwavetoobtainsomeinformationaboutthesystem.

Thisisoneofthebasicprinciplesofmedicalultrasonics. Scattering

istheeffectcausedbyanobstacleorinhomogeneityhitbysoundand

therebyspreadingoutsecondarysoundinavarietyofdirections.Exam-

plesofscatterersare�shintheseaoraredcorpuscleinabloodstream.

Signalsfromourvisualsystemandsenseofhearingaresubjecttoad-

ditionalanalysisinourbrain.Fromthisanalysisweareabletomake

decisionsandactonthebasisofwhatweseeandhear,forexampleto

avoiddanger.Humansensesandourwayofextractingnecessaryinfor-

mationformapatternformanydevelopmentsinscience.

Weareforexampleabletodistinguishbetweensourcesfromdifferent

directionswithourtwoears.Itwouldnotbepossibletodothiswithonly

oneear,becausethenwewouldlackthedirectionalinformation.This

motivatestheuseofarray2 systemstodetectsignalscarriedbypropa-

1
nm=nanometer=1 � 10�9meter
2
Iwillusethetermarrayforacollectionofseparatedetectors(judiciouslyplaced

atdistinctpointsinspace).
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Section1.1Objectiveofthework 5

gatingwaves.

Acollectionofsensorswillthereforespatiallysamplethe�eldwhichit

liesin.Arraysprovidedirectionalinformation(i.e.thebeampatternof

thearray)andalsoimprovethesignal-to-noiseratio(i.e.thegainofthe

array)comparedtosinglesensorsystems.Thispermitsdetectionofsig-

nalsfromvariousdirectionsaswellassuppressionofnoiseandsignals

fromunwanteddirections.

Sensorsthatgathersignalenergyovera�niteareainspace,arecalled

apertures[23]. Theshapeandsizeofsensorsandaperturesvariesas

theyarebeingdesignedfordifferentpurposes. Forexamplewillthe

sizeofsensorstypicallybedeterminedbythewavelengthoftheprop-

agatingsignal. Anexampleofasensor'sshapeistheparabolicradar

dish.Similarlythecon�gurationofsensorsinanarrayvariesaccording

totheapplicationitisdesignedfor.

Sincenewapplicationsandnewimagingmodesarebeingcontinuously

developedandimproved,theresearchonaperturesandarraysremains

amajoractivity.

1.1 Objectiveofthework

Inultrasoundthetransduceristheessentialcomponent,butalsothe

mainlimitingfactorthataffectsthequalityofimagingandvelocitymea-

surements.UltrasoundscannersusingN � 1elements,e.g.withN =

128,arenowwidelyused.

However,inthelastfewyearstwo-dimensional(N �K)transducerar-

rayshavefrequentlybeenaddressedinthescienti�cliteraturee.g. in

[52,60].Amajorproblemarisingisthelargenumberofelementsina

completetwo-dimensionalarray.Thismotivatestheuseofsparsearrays

(i.e.wherenon-activeormissingelementsexist)inordertoreducethe

amountofincreasedcomplexitydemandedforthenewtechnology.

Sparsearraysarealsopossibletousewithlowcostultrasoundscanners.

Inotherwordsonecouldusesparsearrayswithscannersbuiltfore.g

128elementarrays,butwithfront-endelectroniccircuitryonlyfor10{

30channels.Syntheticaperturetechniqueshavealsobeenproposedto

accomplishasimilareffect[25]withtheselowcostscanners.

Thegoaloftheworkinthisthesisisto�ndawaytooptimizethere-

sponsesfromsparseandnon-equallyspacedarrays.Thismustbedone

withrespecttoagivencriterionthatensuresaslowasidelobelevelas

possible,whilestillgivingasubstantialresolution.

Themotivationforthisisobvious,duetotheimportancealargecontrast

resolutionhasinanultrasoundsystem.Sincetheuseofsparsearrays

causesaconsiderablyincreasedsidelobelevelthatisunacceptableina

practicalsystem,�ndingwaystosubduethesidelobesarestronglyde-
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sired.

Inthisstudy,wehavechosentoformulatearoutinebasedontheRe-

mezexchangealgorithm[8].Byusingaspatialangularfrequencyaxis

analgorithmcanbeformulated,thathassimilaritieswithaFIR-�lter

optimizationroutine[37].

Becauseanultrasoundapplicationofthearraysisanunderlyinginten-

tion,sometheoryrelatedtothis�eldmustnecessarilybestudied.This

includesbothacousticsandultrasoundprinciples.

1.2 Organizationofthetext

Inthistexttheworkonanarraydesignapproachandsomesimulation

resultsarepresented. Secondarytothis,italsocontainsareviewof

someofthebasictheoryregardingultrasonics,acousticsandcoarrays.

Onlywithsomeknowledgeoftheseunderlyingprinciples,afullyunder-

standingoftheworkinthisthesisispossible.Thereforesometheoryof

thesetopicswillalsobeincluded.Thisshouldgiveabetteroverallview

oftheproblemtreatedinthisthesisaswell.

Includingthecurrentone,thisthesisconsistsof7chapters,2appen-

dicesandabibliography.

Chapter2isintendedtogiveabriefintroductionintotheimagingpro-

cess.Thegoaloftheimagingprocessistodisplaythestructuresbeneath

thesurfacewherethesoundistransmitted,withamaximumquality.

Interactionbetweenthemedium,theprobe,thescannerandtheoutput

deviceswillallbein
uencingthe�nalresult.Onlythebasicultrasound

principleswillbereviewedinthischapter.

InChapter3somephysicalprinciplesofwavepropagationareexam-

ined. Inotherwordswewillbeconsideringthe�eldthattheacoustic

soundwavesaretransmittedintoandreceivedfrom(Fig.2.1).Thewave

equationisTHEequationwhenconsideringpropagatingwaves.Itwill

beshownthatthisequationgetadditionaltermswhenweareconsider-

ingdifferentboundaryconditions.

Theremainingsectionsofthechapterisinfulladiscussionondifferent

solutionstothewaveequation.Someoftheassumptionsthatmustbe

madeinordertogetsimplerandmorecomputationalef�cientsolutions

totheacousticproblemarepointedout.

Chapter4isinadiscussionofpropertiesoftransducerarraysandcoar-

rays.Fundamentalsofcoarraysaresummarizedandnextsomeprop-

ertiesofthelinearandplanararraysarediscussed.Finallybeampat-

ternsareseentobecomputabledirectlyfromthecoarraylagvalues.

Thismethodoffersanapproachalternativetotheroutinealreadyim-

plementedinUltraSim[4,59]andsimulationresultsfromthesetwo

methodsarecompared.

Chapter5isthemainchapterwithrespecttoarraysynthesis.Agen-
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eralRemezexchangealgorithmisformulatedandimplemented,that

canbeusedforoptimizationodweightcoef�cientsbothforuniform,per-

turbed,sparseandnon-uniformlyspacedarrays.Thisalgorithmisalso

usedforfurtherimprovementsonarraysproposedintheliterature.

Chapter6isdedicatedtoresultsmadeinthesimulationswithvarious

arrays.Ouroptimizingroutinehasbeenusedtoimprovethesidelobe

levelsofsomearrays.

Theconclusionsregardingtheresultsmadeinthisworkissummarized

inChapter7.Propositionsforfurtherworkarealsogiventhere.

Acentralphilosophyinthisthesishasbeentopresentcomplicatedmate-

rialinsimplemanner,hopefullyitisdonewithoutsacri�cingtheclarity

ofexposition.



Chapter2

Principlesofultrasonics

Thischapterisintendedtogivethemotivationforthesucceedingchap-

ters.Ultrasonicprinciplesisnotthemainsubjectinthiswork,butitis

oneoftheareaswheretheproblemofdesigningwellbehavingarrays

arises. ThebasicprinciplesofultrasonicimagingandDopplermea-

surementswillnowberevealed. Specialconcernwillbegiventothe

propertiesofimagingqualityandtotransducergeometries.Theseare

considerationsthatwillbefurtherelaboratedinthecomingchapters.

Arraysandantennasarealsousedinthe�eldsofsonar,seismology,

radarandradiotelescopes[23],andarraysystemsassuchwouldlead

tosimilardemandsasfortheultrasonicones.

2.1 Introduction

Ultrasoundisacousticsoundwaveswithfrequenciesabovetheaudible

range(i.e.above20kHz),incontrasttoinfrasoundwhichiswavesbelow

theaudiblerange.

Inthisthesisultrasoundisviewedfromatechnicalpointofview,where

thesoundisproducedbyinstrumentaldevices.Forthecuriousreader

andasadigressionitcanbementionedthatultrasoundiswidespreadin

thenature.Bats,forexample,orientatesthemselvesbymeansofultra-

soundandseaanimalslikeshrimpsandcrabsalsomakesultrasound.

Inthe'technicalworld'ultrasoundhaswonawideapplicationinmed-

icineduringthelastdecades.Itisnowusedfordiagnosisandtherapyas

wellasasurgicaltool.Theultrasonicwavesarere
ectedfrombound-

arieswithapproximatelythesamedensityandcanincontrasttoe.g.

X-rays,beusedwithoutharmfuleffectswithincertainacceptedlimits.

Ultrasoundusedfortherapyhavehighertransmittedpowerthanwhat

isrecommendedandacceptedforimagingandmeasurements.Andfor

surgeryevenhigherpowerisused.

8
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Ultrasoundwavescanbetransmittedascontinuouswaves(CW)aswell

aspulsedsoundwaves(PW).IncaseofPWthetransduceractsasare-

ceiverdetectingwavere
ectionsandechoesbetweenthepulses.When

usingCWtheultrasoundprobemusttransmitandreceivesimultane-

ouslyandthereforeitcontainsseparatetransmitandreceiveaperture.

Thebasicprincipleisthatsoundwavesaretransmittedintothebody

andeithertheamplitudeofthebackscatteredsignalisusedfortissue

imagingorthefrequencyoftheDopplershiftedsignalisusedforesti-

mationofthevelocitiesoftheblood
ow. Thesignalsreceivedbythe

transducermustundergoalargeamountofsignalprocessingbeforebe-

ingsupportedtothedisplayingoutput(asFig.2.1signi�es).Inorderto

makeitmoreinformativetotheoperator,additionalprocessingonthe

imagesusuallyisperformede.g.codingblood
owindifferentdirections

withdifferentcolors.

RF-unit Scanline

Processor

Image
Processor

CONTROL UNIT

Monitor

Scanline
data

I
m
a
g
e
 
d
a
t
a

RF-data

Image sector

Selected beam

Figure2.1: Blockdiagramoveranultrasoundimagingsystem.

Imagesproducedbyamedicalultrasoundsystemareinterpretedbythe

medicalstaffwhoforexamplemakeadiagnosisbasedontheimagesor

usetheimagetopointthebeamtowardsanareaofinterestformeasure-

ments.Makingaprecisediagnosisthenreliesheavilyonthequalityof

theimages.Pointingthebeamdependsonthequalityoftheimagesas

wellastheexperienceoftheuser.

Thereareseverallimitationsandcon
ictsintheimagingprocess.Se-

vereproblemsarisewhenthesoundmeetsboundarieswithrelatively

largedensitydifferencese.g. betweenboneandtissueorbetweenair

andskin.Inadditioncausesfattylayersaberrationthatalsodegrades

theimagequality.Becauseoftheseproblemsspecialprobesforinser-

tionthroughbodyopenings,havebeendeveloped.Inthatwayonecan

forexamplegetbehindtheribsandclosetotheheart.
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Theimagingqualityofaultrasoundsystemcanbedescribedintermsof

thespatialresolution,thedepthof�eld(DOF),thecontrastresolution

andtheframerate.Theframerateisparticularlyimportantwhenimag-

ingfastmovingstructures.Indesigningasystemonemustbeawareof

thetradeoffbetweenthesedesiredqualities.

Destructiveeffectsfromultrasoundwavesalsoexists. Intenseultra-

soundproduceslargedensityandpressurechangesintissue,within

eachsmallwavelength,andmoleculesarethenforcedtomoverapidly.

Thisproducesheatandcavitationinsomematerials(asinliquids).Cav-

itationistheformationofbubblesofvaporcausedbythemechanical

fractureoftheliquidinaregionwherethepressureisdecreasing.These

bubblesmaythencollapseviolently.Thisisutilizedininhalationther-

apy,wherethemedicationisbrokenintodroplets�neenoughtoenter

thealveoliofthelungs.

Inphysiotherapythetissueheatingeffectisutilizedinthetreatment

offorexamplein
ammationoftendonsheath(tenosynovities)andin-

juriedmuscles.However,caremustbetakeninordertoavoiddamage

causedbyheatingthetissuetoomuch. Thesuccessofthistreatment

thenreliesonguessinganappropriateultrasoundpowertoemit,since

aprecisedeterminationofthetemperatureinaparticulartissueseg-

mentandhencethepreciseeffectonthetissuetobetreated,isdif�cult

toestablish.

2.2 Ultrasoundtransducertypesandbeams

Thereareseveraltypesofultrasoundprobesspeciallydesignedfornu-

merousdistinctapplications. Aprobedesignedforinsertionintothe

bodyhasseriouscontraintsinsize,whilearraysforimagingintheab-

dominalareadonothavethesameconstraints. Accordingly,numer-

ousdistincttransducersareappliedinultrasoundimagingandblood

velocitymeasurements. Inthistexttheyaredividedintolinear,two-

dimensionalandannulartransducers.

Inprinciplethetransducerscanbothbecontinuousaperturesaswell

asdiscretearrays.Onlythelattertypewillbeexaminedcloserinthis

text. Curvingofthetransducersurfacewillintroducefocusingofthe

beam.Thegeometricalfocuswillbeinthecenterofthecirclethatisthe

prolongationofthetransducersurface.Atransducercanbecurvedto

givefocusbothforpositiveornegativevaluesonthez-axis.Transduc-

erswithnegativefocus(i.e.thefocalpointisbehindthetransducerface

asin�g.2.2)areusedtogetwiderimage�elds.Transducerscurvedto

givefocusinfrontofthefacewillgivebothanarrowtransmitbeamand

receivebeamatthefocalpoint.

Fromphysicsitisknownthattheimagingpropertiesofanaperture

(e.g. aholeinthewalloralens)with�nitespatialsizeislimitedby
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thediffractionlimit. Duetothediffractioneffectthesoundfromthe

transducerwillbediffractedandtherealfocuswillbewiderthanwhat

isobtainedwithgeometricalbeams[1].

Bymechanicallytiltingthetransduceritcanbesteeredindifferentdi-

rectionsandonecanthereforesweepthebeamoverasector.Thuswe

canshootthebeamssequentiallyoverthesectorandthenscanthe�eld

tomakeatwo-dimensional(2D)image.Beamsteeringisadvantageous

whenwewanttocoveranareawithasmalltransducer.

Focusingandsteeringofthebeamisalsopossibletoobtainelectron-

icallybyarrays. Thisimpliesuseofdelaylinesinordertodelaythe

signalfromelementtoelement.Planararraysallowbeamsteeringand

focusinginbothelevationandazimuthdimensions(Fig.2.2).

Thedelaysineacharrayelementcanbevariedwithtimeinorderto

makethefocusfollowthere
ectionsofthepulsefromsuccessivedeeper

depths. Thissweepingofthefocusiscalleddynamicfocusing. Since

thesizeoftheapertureinrelationtothedistancetothefocusingpoint

determinesthewidthofthefocus,itisnecessarytovarythesizeofthe

aperturetogetanuniformwidthofthefocus. Thisvaryingiscalled

dynamicaperture.

Linear arrayshavetheirelementsdistributedinonedimension(i.e.

alongoneaxis).Sincetheyonlyhaveasingleelementintheelevation

dimensiontheycannotbesteeredandfocusedinthisdirection. Thus

steeringandfocusingwithlineararrayscanonlybeperformedinthe

azimuthdimension.Dependingontheapplicationtheycanhavediffer-

entshapesandsizes.Afurtherdiscussiononlineararrayswithrespect

toresolutionandsidelobecontrolisgiveninSec.4.3.

1.5-dimensional(1.5D)arraysareasthenameindicates,arrayswith

characteristicsbetweenone-andtwo-dimensionalarrays. Theyhave

threeor�veelementsintheelevationdimensionandcanbecurvedin

bothdimensions.However,electronicallysteeringisperformedinthe

azimuthdirectiononly.

Two-dimensional(2D)arrayspointouttobeimportantforimproving

theimagingqualityofultrasonicsystems. Thesearrayscanbeboth

mechanicallyandelectronicallysteeredandfocused.Severalexamples

ofimprovementsduetotheuseofsucharraysaresuggestedin[52].

Because2Darraysprovideseveraladvantagestheywillprobablybe-

comevaluableforintroductionofnewmodese.g.three-dimensional(3D)

imagingwithamechanicallytiltedandrotated2Darray.Thearrayswill

bemostimportantforexternalimaging.Itisalsodesiredtobeableto

steerandfocusthesearrayselectronically.

Unfortunatelytherearesomefundamentalproblemsofbothconstruct-

ingandusing2Darrays. Inmanyapplicationsthereisalimitonthe

sizeofanarrayandthisgivesdif�cultieswhenconnectingthetinyar-

rayelements.A�lledtwodimensionalarraywillrequireanextremely

largenumberofelements.Theprocessingwillbetimeconsumingwith

thisnumberofelements. Comparedtoalineararraytheincreasein

operationswillbethepoweroftwo.
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AZIMUTH
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φ

θ
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r

y

x

Figure2.2: Atwodimensionalplanararraybothwithcartesianandspherical
coordinatesgiven. Thearraycouldalsobecurvedinbothazimuthandelevation

dimensione.g.inordertoallowfocusing.

Duetotheseproblemsonehastoreducethenumberoftransducerel-

ementsbyundersamplingoftheaperture.Thiscanbedonebyeither

eliminatingsomeelementsfromtheapertureorbyincreasingtheele-

mentsizeandtheinterelementdistance. Thelattersolutionwillnot

bepossiblewheretherearerestrictionsontheaperturesizee.g.trans-

ducerarraysforimagingoftheheartthroughthechest(i.e. between

theribs).Additionalproblemsalsoarisewhenitisnotpossibletouse

allarrayelements.

Moreover2Darraysincreasethecomplexityofanalysisandsynthesis

considerably.Thismakesitmoredif�culttocalculateoptimalapodiza-

tionforthearray.

Annulartransducerarrays(Fig.2.3)aremadeupofconcentricrings.

Thistypecanbefocusedbothintheplaneaswellastransversetothe

plane,inotherwordswehaveasymmetricfocus. Sinceitconsistsof

ringsitcannotbeelectronicallysteeredandthushavetobemounted

sothatitcanbemechanicallyrotatedormovedlinearlytoproducean

image.

Focusing in both

elevation and  azimuth

5 annular rings

dimensions

Figure2.3:Anannulararraywith5annularringsgivingsymmetricfocus.
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2.3 Imagingquality

Overthepastdecadesdifferentimagingmodeshavebeenintroducedin

ultrasoundimaging.

InB-mode(Brightnessmode)beamsaresequentially�redatdifferent

anglesandasectoristhencoveredbythebeams.Theamplitudeofthe

receivedsignalisdisplayedwithintensityproportionaltoamplitude.

Foreachbeam,wavesarereceivedfromanumberofdistinctdephts.In

thiswayanintesityimageisformedalongeachbeam.Repeatingthis

indifferentdirectionsisequivalenttoperformingA-mode(Amplitude

mode)foreachbeamoverasector.

ImaginginM-mode(Motionmode)willgivea2Dimagewithtimeasone

oftheaxis.Abeamis�redinaparticulardirection.Theamplitudeof

there
ectedorbackscatteredwavesaremeasuredatagivennumberof

depths.Thennewbeamsare�redatthesamedirectionandnewechoes

arereceived.Bydoingthisrepeatedlywegetareal-timeimageofthe

movingstructureinthebeamdirection.

Animportantfactorthatdeterminestheimagingqualityofasystemis

theresolution.

Thespatialresolutionisdeterminedbythefrequencyandthesizeofthe

aperture.Laterallyi.e.transversetothebeam,theresolutionisdeter-

minedbythewidthofthebeam.Foralineararraythiscanbeseenfrom

wherethesincfunction(seepage38)hasits�rstzerocrossing.The�rst

zeroofEq.4.5appearswhensin(M
2
kxd) = 0 , kx = 2�

Md
.Consequently

theresolutiondependsonthearray'soverallspatialsize(i.e.theaper-

ture,Md).Whenthedenominatoriszero,gratinglobesarise.Inorder

toavoidgratinglobesinthevisibleregion(i.e.�2�=�)theelementspac-
ing,d,mustbelessthanorequaltohalfthewavelength(i.e. d � �=2).

Thisalsolimitthesizeoftheindividualarrayelements.

Theresolutionalongthebeamisdeterminedbythelengthofthetrans-

mittedpulse. Toincreasethisresolution,shorterwavelengthsshould

bechosen.However,thisimplieshigherfrequenciesandtheyaremore

heavilyattenuatedintissuethanlowerfrequencies.Thisleadstoacon-


ictbetweenbetweenwantinghighresolutionandsuf�cientpenetra-

tion.

Inpracticeonechoosesthefrequencydependentonthedesireddepthof

penetration,andthengetthebestpossibleresolutionatthatparticular

depth.Theoreticallyonecouldincreasethesizeoftheapertureinorder

tocircumventthisproblembutinmostapplicationsthesizeoftheaper-

tureislimitedandcanthereforenotcompensateforlowerfrequencies.

Thecontrastresolution(alsocalledthedynamicrange)islimitedbythe

levelofthesidelobesandbymultiplere
ectionsoftheultrasoundpulse.

Thelattereffectisoftencalledreverberations.Sidelobescausessignal

fromdirectionsoutsidethemainlobetobepickedupandaddedtothe
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receivesignal. Thisgivesnoiseintheimage. Toobtainagoodimage

qualityalowsidelobelevelisdemanded.

Onewayofreducingthesidelobesisbyapodizationoftheapertureor

array.Thesidelobelevelwillthenbecontrolledbythechosenweighting

function.However,itwillalsocausealossinspatialresolution.

2.4 Bloodvelocitymeasurements

AnothermajorareaofmedicalultrasonicsisusingtheDopplereffectto

measurebloodvelocitiesortoproducecolorcodedimagesoftheblood

velocity.ThePWandCWDopplermeasurementsareusedtoquantify

anddisplaytemporalvariationsofthevelocitiesorinthe
ow.

Asfortissueimagingthesoundwavesaretransmittedintothebody.

Whenthescattererismovingthefrequencyofthebackscatteredsignal

willdeviatefromthefrequencyoftheemittedsignal. Thechangein

frequencyistheDopplereffect.

TheDopplershiftisgivenbytheDopplerequation

fd = 2f0
v cos�

c
(2.1)

heref0 isthetransmitfrequency,c isthewavepropagationvelocity,� is

theanglebetweenthevelocitydirectionandthebeamdirectionandv is

thevelocityofthescatterers.Whatisactuallymeasuredisthevelocity

componentradiallyi.e.alongthebeam.

ThesignalreceivedwillinadditiontotheDopplershiftofthescatterers

alsocontainnoiseintheformofstrongechoesfromslowlymovingtis-

sueaswellasthermalnoise.Thisimpliesdif�cultiesincalculatingthe

bloodvelocitiesbecausewehaveadistributionoffrequenciescontained

inthesignalandsomeofthefrequenciesarenotfromthesignal.The

tissuenoisecanbedampedbyavaryinghighpass�lterthatattenuates

thelowestfrequencies.Removingthethermalnoiseisfarmorecompli-

catedsinceitisdistributedovertheentirefrequencybandofthevelocity

spectrum.

Adrawingillustratingatypicaltime-varyingfrequencyspectrumisgiven

in�g.2.4. Itconsistsofsome6-8measurementsproducingthesame

numberofspectrumestimates. Thetissuefrequencycomponentsare

seenasastrongpeaktotheleftinthe�gure.Inthemiddlesomecompo-

nentsarepresentonlyinaportionofthemeasurements.Thisiswhere

weexpectthebloodvelocitycomponentstobe.Becauseofthepulseof

theheartbeatsthevelocitiesarevaryingandfrequencycomponentsof

thebloodwillnotbepresentinallsubsequences.

Theremaybebloodvelocitycomponentsbelowthevalleybetweenthe

tissueandbloodpeaks,butthesearedrownedinthetissueandthermal

noise.Whenwe�lterthetissuecomponentswithahigpass�lter(inthe

areaindicatedby'HP'),wewillalsoloosethelowbloodvelocityblood
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Figure2.4:EstimatedpowerspectrumforDopplersignal.

components.Itisthereforeimportanttosendandreceivethebeamsas

paralleltothebloodcellsmotiondirectionaspossible.Itmustbemen-

tionedthatifveryhighvelocitiesaretobemeasuredthebeamshould

bepointedatalargerangletotheblood
ow.

Thethermalnoisecanberegardedasapproximatelythe
oorinthe

spectrumofFig.2.4.Thusthesenoisefrequenciescannotbesubdued

by�ltering. Thoughalowpass�lter(LPinthe�gure)canbeusedto

eliminatefrequencycomponentsabovetheDopplershiftlimit.

However,theamountofnoisecanbereducedbyallowingalargerrange

celltobeselected[1]. Fromthereceivedsignalsthedirectionsofthe

bloodvelocitiescanbefound.Bycodingthemindifferentcoloursweget

whatiscalledacolour
owimage(CFM).

2.5 Summary

Thebasicprinciplesofultrasoundimagingandvelocitymeasurements

havebeenpresented. Avarietyofdistinctarrayscanbefabricated,

andistoo. Thisallowstransducerprobestobeusedindiverseareas

ofmedicine.Ultrasoundalsohasapplicationtonon-destructivetesting

e.gfortestingthequalityofmaterialsandwelds.

Sincewewillbeconsideringarraysynthesis,andtheresultingbeam-

formsfromarrays,weshouldtakeacloserlookatthetheoreticalfun-

damentthattheunderstandingofpropagatingsignalsmustbebuilton.

Aphysicalinterpretationandmathematicaltoolsforthepropagationof

soundwavesfromtransducers,areofferedbythetheoryofacoustics.

Thiswillbereviewedinthesubsequentchapter.



Chapter3

Acoustictheoryreview

Inthischaptertermsandequationsrelatedtowavepropagationinthe

idealcasewillbereviewed.Theacousticwaveequationisderivedfor

boththepressureandthevelocitypotential.Solutionsknownforthree

boundaryconditionswillalsobereviewed.Finallyseveralapproxima-

tionsusuallyintroducedinordertomakecalculationslessbothersome

arementionedandabriefreviewofsomesimulationmethodsisgiven

attheendofthechapter.

3.1Wavemotion

Periodicdisturbancesandoscillationsplayanimportantroleinmany

differentareasinscienceandengineering. Thephenomenaofoscilla-

tionstravellinginspacearecalledwavemotion. Bythrowingastone

intoapondonecanobservewavemotionbywatchingtheripplesspread-

ingacrossthesurfaceofthewater.Otherexamplesaresoundwaves,

opticalwavesorvibrationsonastring.

Themodelofwavemotioninonespatialdimensionisdescribedbythe

scalarwaveequation1

@2u

@s2
� 1

c2
@2u

@t2
= 0; (3.1)

whereu isthewavemotioninapointofinterestandc isthespeedof

soundwhichvariesindifferentmedia. Thewavemotioncanbeboth

transverseandlongitudinal.Avibratingstringisanexampleoftrans-

versewaves,wherethestringdisplacementisnormaltothedirectionof

thewavemotion.Asolutiontothisequationcanbewrittenas

u(s; t) = f(s � ct) + g(s+ ct) (3.2)

1
Inmathbooksthisequationisoftenwrittenmorecompactas:utt � c2uxx = 0

16
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Thesolutionconsistsofthesumoftwotravellingwaves.Onewave,f,

travellingtotheleftonthes-axisandtheotherwave,g,travellingto

theright.

Similarlywehaveplanetravellingwavesinacoustics.Inthatcaseall

theacousticvariablesarefunctionsoftimeandonlyonecartesianco-

ordinate,s,andareindependentofpositionalongplanesnormaltothe

s-direction. Fromtheformofthesolutionweseethatthemagnitude

andwaveformsareconservedasthewavepropagates.

Inacousticstheoscillationsofthematerialareoftencalledparticlemo-

tion. Thismotionappearsinthethreedimensionalspace.Hencethe

waveequationmustbeformulatedinthreedimensions.TheLaplacian

operatorr2 inthreedimensions(3D)isthenused

r2 4=
@2

@x2
+

@2

@y2
+

@2

@z2

Incaseoftransversewavestheparticlemovementisnormaltothedi-

rectionofpropagation.Forlongitudinalwavestheparticlemovementis

alongthedirectionofpropagation.

Ininviscid
uids,acousticwavesarelongitudinalwaves. Thismeans

thatultrasonicwavesinbiologicaltissuearelongitudinal,sincebio-

logicalmaterialisconsideredasmainlywaterwithsomesolidsadded.

Moreover,thewaveshavenearlythesamewavevelocityasinwater.In

factthewavevelocityinbiologicalmaterialisonlyslightlyabovethatof

water.Transversewavescanalsoexistbuttheyareheavilyattenuated

inbiologicalmaterial[1].

Acousticwavesarecausedbycycliccompressionandexpansionofre-

gionsinthemedium.The
uidparticlesaremovingbackandforthin

thedirectionofpropagationofthewaveandtherebyareproducingad-

jacentregionsofcompressionanddecompression.Compressioncauses

thepressuretoincreaseandexpansioncausesthepressuretodecrease

inaparticularregionofthe
uid.

Thenataparticularspatialpointpressurevariationwillpasswiththe

propagationvelocity,c,andoscillatewiththetemporalfrequency,f.Ata

particularinstantthespatialperiodbetweenpressuremaximaisequal

tothewavelength,�. Therelationbetweentheseparametersisvery

importantforpropagatingsignalsingeneral

� =
c

f
=

2�c

!
; (3.3)

where! isthetemporalangularfrequencyequalto! = 2�f.

Anotherimportantrelationisregardingthemagnitudeofthewavenum-

bervector

k = j ~k j = !

c
=

2�

�
(3.4)

Thewavenumberisconsideredtobeadirectionalspatialfrequency.It

shouldbenotedthatthewavenumbervectorwillbedenotedby~k,while

itsmagnitudewillbewrittenk.
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Relationslike! = ck,betweenthetemporalfrequency,!,andthewave-

numbermagnitude,k,(spatialfrequency)arecalleddispersionrelations

[23].Mediawherehisrelationislineararecalleddispersivemedia.

3.2 Theacousticwaveequation

Soundpropagationinspaceismodelledbytheacousticwaveequation,

whichisquitesimilartoEq.3.1.Adetailedderivationofthisequation

canbeseenin[28,46].Thebasisofthederivationisthreerelations.

Firsttheconservationofmass,wherethenetrateofmass
owinginto

a�xedvolumeisconsideredequaltotheincreaseofmassinsidethe

volume.Thisgivesarelationbetweendensityandparticlevelocity.The

resultingequationisnonlinear,butassumingsmallvibrationsvalidates

alinearizedequationofcontinuity(Eq.3.5).

Thenextconsideration,Euler'sequationofmotionfora
uidalsogives

anonlinearequation,relatingpressureandparticlevelocity.Linearap-

proximation(duetothesmalldisturbancesassumption)givesEq.3.6.

Theseequationsarecalledthebasiclinearequationsofacoustics.

FinallytherelationbetweenpressureanddensityisgivenbyEq.3.7.

@�

@t
= ��0r � ~v (3.5)

�0
@~v

@t
= �rp (3.6)

p = c2� (3.7)

Herep istheacousticpressureatanarbitrarypointinspace~x,~v isthe

particlevelocity,� isdensityatapoint,�0 istheequilibriumdensityof

themedium,t isthetimeandc isthespeedofsoundinthemedium.

Fromthelinearacousticequationsabovetheacousticwaveequation

regardingthepressureiseasilyderived.UsingEq.3.7as� = p=c2 in

Eq.3.5andthendifferentiatewithrespecttotime,gives:

1

c2
@p

@t
+ �0r � ~v = 0

@

@t

�
1

c2
@p

@t
+ �0r � ~v

�
= 0

+
1

c2
@2p

@t2
+ �0r �

@~v

@t
= 0

FinallyusingEq.3.6as@~v=@t = �rp=�0 inthepreviousequation,re-
sultsintheacousticwaveequation2:

r2p� 1

c2
@2p

@t2
= 0 (3.8)

2
Inmathbooksoftenwrittenasutt � c2�u = 0
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Thespeedofsoundcequals

c2 = (@p=@�)0;

evaluatedattheequilibriumconditionsofthepressureanddensity.In

waterthisrelationiswrittenas[46]: c =
p
B=�0;whereB istheadia-

baticbulkmodulus.

3.2.1 Thevelocitypotential

Analternativeformulationleadingtothewaveequationisintermsof

thevelocitypotential�.Thisformulationisoftenpreferredbecauseit

isratherconvenienttodescribeanacoustic�eldintermsofasingle

functionfromwhomall�eldquantitiescanbederived.

Fromcalculusweknowthatthecurlofthegradientofafunctionmust

vanishi.e. r � rf = 0. ThentakingthecurlofbothsidesofEulers

equationoftheparticlevelocity(Eq.3.6)yieldsr � rp = 0andthus

r � �0
@~v

@t
= 0, �0

@

@t
(r � ~v) = 0.Thenr� ~v isconstantwithtime.

Mostoftenoneconsiderstheinitialvalueofr � ~v tobezero,thusit

isalwayszeror � ~v = 0,since�0 6= 0.Thissigni�esthattheparticle

velocity~v,mustbeirrotational(andhenceconservative).

Consequentlythevelocityhasascalarpotentialfunction�,and~v isits

gradient:

v(~x; t) = r�(~x; t) (3.9)

SubstitutingthisequationinEq.3.6yields:

�0
@

@t
r�(~x; t)+rp(~x; t) = 0

r
�
�0

@

@t
�(~x; t)+ p(~x; t)

�
= 0

p(~x; t) = ��0
@�(~x; t)

@t
(3.10)

SubstitutingEq.3.10intoEq.3.8andintegratingitwithrespecttotime

showsthat�alsosatis�esthewaveequation.

Thewaveequationintermsofthevelocitypotentialiswritten

r2
�� 1

c2
@2�

@t2
= 0 (3.11)

3.2.2 Sphericallysymmetricwaves

Ifthesourceisgeneratingmotionwithnopreferreddirection,itwill

producewavesthatspreadsoutspherically. Thewaveequationmay

alsobewrittenintermsofthesphericalcoordinatesr,�and�.Herethe

angle�denotestheelevationand� istheazimuth.Thewaveequation
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forspericalwaveswillbequiteintricatesincetheLaplacianintermsof

sphericalcoordinatesisde�ned[55]

43D

4
=

@2

@r2
+

2

r

@

@r
+

1

r2 sin�

@

@�

�
sin �

@

@�

�
+

1

r2 sin2 �

@2

@�2
(3.12)

Ifthemediumisin�niteinextent,thewaveformwillonlydependon

timeandthedistancer fromthesourcecenter[40].Inotherwordswe

havesphericalsymmetry. Thustheparametersofthewaveequation

willbeindependentoftheangularcoordinates�and�.

Consequently,thegeneralwaveequationforsphericallysymmetricprob-

lemsbecomes[40]

1

r2
@

@r

�
r2
@p

@r

�
� 1

c2
@2p

@t2
= 0 (3.13)

Withsomemanipulation,thisequationcanberewrittenwithrpasthe

singledependentvariable[28]

@2(rp)

@r2
� 1

c2
@2(rp)

@t2
= 0

andweobserveanequationsimilartotheoneinEq.3.1.Thusageneral

solutionofthisequationis[46]

rp = f(r � ct) + g(r + ct)

m

p =
1

r
f(t � r=c) +

1

r
g(t+ r=c)

The�rsttermrepresentsawavetravellingoutwardsfromapointsource

attheoriginandthelattertermawavepropagatingtowardsthesource.

Itshouldbenotedthatwithonlyonesourcepresent(andnoin
uence

fromsurroundingboundaries),wavescanonlymoveawayfromthesource.

Thusthelatterfunctiong iszero. Notingthefactor1=r,weseethat

sphericalwaves(incontrasttoplanewaves)diminishinamplitudeas

theypropagateoutward,butthewaveformsremainsthesame.

3.2.3 Inhomogeneousequations

Thewaveequationswrittensofardescribeslinearandidealmedium

propagation.Effectsfromlossymedia(wherethewaveamplitudemay

decayrapidly)havenotbeentakenintoaccountnorhaveeffectsfrom

dispersivemedia(whereEq.3.4willgetadditionalnonlinearterms).

BoththeseeffectswillgiveadditionaltermsinEq.3.8andtherebygive

anaugmentedwaveequation. Attenuationwillforexampletypically

giveanadditionaldampingtermlike

@p
@t
.

Speciallytermsfortheexistenceofasourcethatproducestheacoustic

disturbancehavenotbeenincluded.Inthatcasewewillhavetomodify
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thehydrodynamicequations(onpage18)toincludesourceterms.This

leadstoaninhomogeneouswaveequation.Modi�cationofthelinearized

equationofcontinuity(Eq.3.5)resultsin[28]

@�

@t
+ �0r � ~v = F (~r; t);

whereF (~r; t)expressesthemasscontributionfromthesource.

Byusingthesameprocedureaswedidonpage18weendupwithan

inhomogeneouswaveequation

r2p� 1

c2
@2p

@t2
= �@F (~r; t)

@t
(3.14)

TherighthandsideofEq.3.14isregardedasasourcetermandconse-

quentlyvanishesforallregionsotherthanwherethesourceislocated.

3.3 Solutionstothewaveequation

Theremainingsectionsofthischapteraredevotedtosolutionsofthe

acousticproblem.ThesolutionsarederivedbyusingGreen'sfunctions

suitedfordifferentboundaries.

Findingsolutiontotheacousticwaveequationisingeneralaverycom-

plextask.Pressure�eldcalculationinvolvessolutionsofthewaveequa-

tionbothforthesource(vibrationproblem)aswellasthesurrounding

medium(acousticproblem). Duetothereciprocalin
uenceofthera-

diatedwaveandtheinternalsourcestructurethisbecomesadif�cult

problem.Toovercomesomeoftheproblemsoneassumesthatthesource

surfaceisin�nitelyrigid.Evenmoresimplifyingassumptionsareused

inpracticeconcerningaplanarorquasiplanarradiatingsurfaceand

neglectingcontributionsfromtheclosingsurface.

Solutions,U,tothehomogeneouswaveequation(Eq.3.8)mustsatisfy

theHelmholtzequation.Ifweareonlyinterestedinthespatialproper-

ties,thenitissuf�cientto�ndsolutionstoEq.3.15.Thisequationisin

factthewaveequationforharmonicwaves.

FirstweassumeaharmonicsolutionU(~x; t) = A(~x)e j(!t).Thensubsti-

tutethissolutionintothewaveequation(Eq.3.8)andnextdifferentiate

twicewithrespecttotime,asdonebelow.

r2A(~x)e j(!t)� 1

c2
@2A(~x)e j(!t)

@t2
= 0

m

r2A(~x)e j(!t) � �!2

c2
A(~x)e j(!t) = 0

m
r2A(~x)e j(!t) + k2A(~x)e j(!t) = 0

m
(r2 + k2)A(~x)e j(!t) = (r2 + k2)U(~x; t) = 0
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ThusthehomogeneousHelmholtzequationiswritten

�
r2 + k2

�
U = 0 (3.15)

andisawaveequationforharmonicwaves.

Acousticwavesencounteringaboundarywillresultinbothre
ectedand

transmittedsecondarywaves.Thepresenceofaboundarywilltherefore

affectthepressure�eldthatoriginatesfromasourceradiatinginthe

vicinityofaboundaryorfromapartoftheboundary.Boundarycondi-

tionsthenarisethat,aswillbeseenlater,theGreen'sfunctionsmust

satisfyinordertogivesolutionstothewaveequation.

Whenthewavetravelsperpendiculartotheinterface(i.e.normalinci-

dence),theratioofthere
ectedtoincidentpressureandvelocityampli-

tudes,there
ectioncoef�cientsiswritten[1,28]

Rp =

�
zi2 � zi1
zi1 + zi2

�
Rv =

�
zi1 � zi2
zi1 + zi2

�
; (3.16)

wherezi1 = �1c1 isthecharacteristicacousticimpedanceofthe
uid

wheretheincidentandre
ectedwavestravel. zi2 istheimpedanceof

the
uidwherethetransmittedwavetravels.

Similarlythetransmissioncoef�cientsiswritten[1,28]

Tp =
2zi2

zi1 + zi2
Tv =

2zi1
zi1 + zi2

(3.17)

Weseethattheamplitudeofthere
ectedandtransmittedpressureand

velocityatboundariesisdeterminedbytheacousticimpedancediffer-

ences.Itisalsoseenthatthere
ectioncoef�cientsofpressureandve-

locityhasoppositesigns.Anincreaseofthepressurethereforemeansa

decreaseofthevelocityandviceversa.

Theimpedanceisdeterminedbythedensityandwavepropagationve-

locity.Fromtheexpressionsaboveitisthereforeseenthatdensitydif-

ferencesatboundariesin
uenceonthepropagationpropertiesofwaves.

Moreover,thedensitydifferencesdeterminesthedegreeofre
ectionand

accordinglytheintensityofthere
ectedwave.Re
ectionsfromtissue

boundarieswithrelativelysmalldifferencesindensitiesiswhatisuti-

lizedinultrasoundimaging(seeCh.2).

Thecoef�cientsabovealsoimpliesthattheboundaryatwhichthetrans-

ducerismountedwillin
uenceonthepropertiesofthetransmittedand

receivedwaves.Atransducermountedininasoftmaterialwillhave

wave�eldpropertiesdistinctfromtransducersmountede.g. untoa

ship'sbodyorjustsurroundedbyair.Thusinordertoformulateand�nd

correctsolutionstotheacousticproblemonemustimposevalidbound-

aryconditions.
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3.4 Green'sfunctions

TheGreen'sfunctionisakindofuniversalsolutionforharmonicfunc-

tionsinadomain.AccordingtoStrauss[55]allotherharmonicfunctions

canbeexpressedintermsofit.Green'sfunctionsappeartobeveryuse-

fulin�ndingsolutionsfortheacousticalproblem.Differentfunctions

mustbechosentomeettheboundaryconditionsmentionedinthepre-

cedingsection.

Thebasictoolisthedivergencetheorem3 [12]ZZZ
V

r � ~Fd~x =

Z Z
S

~F � ~ndS (3.18)

fromwhomonecanderiveGreen'ssecondidentity[55]ZZZ
V

(ur2v � vr2u)d~x =

Z Z
S

�
u
@v

@n
� v

@u

@n

�
dS (3.19)

Inbothequations,V ,denotesthevolumeand,S,thebody(i.e.thesur-

face)ofthevolume,whileuandv arefunctionsofspace.Thisidentity

iscentralwhenderivingtheintegralsolutioninSection3.6.

Generallyitisnoteasyto�ndtheGreen'sfunctionforaproblem,butfor

theacousticproblemfunctionshavebeenderivedfordifferentboundary

conditions.Thesefunctionswillbeusedandadescriptionofhowthey

applyinordertogetsolutionsforthreedifferentboundariesaregiven.

3.4.1 Free-spaceGreen'sfunction

Thissituationcorrespondstoasituationwhereaharmonicsourceradi-

atesoutwardintoanunboundedmedium(Fig.3.1).Inthiscasezi2 = zi1
sincewehavenoboundaryandeverythingistransmitted(i.e.thereis

nore
ection).

Closing boundary
surface

Source

R

8

Figure3.1:SourceinFree-space,theclosingsurfaceisassumedtobein�nitelyfar
awayandthereforecanbeomitted.

3
ThetheoremisalsoknownastheGaussorOstrogradskitheorem.
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Thechosenfunctionis[40]:

g0(~r; ~r0;!) =
1

4�R
ejkR (3.20)

whereR2 = j~r � ~r0j2 = (x � x0)
2 + (y � y0)

2 + (z � z0)
2. Itcorresponds

toasphericalharmonicwaveexpandingoutwardsfromthepoint~r0.

Thefree-spacefunctionisasolutionoftheinhomogeneousHelmholtz

equationequation

r2g0(~r; ~r0;!) + k2g0(~r; ~r0;!) = ��(~r � ~r0); (3.21)

where�(~r� ~r0) = �(x�x0)�(y� y0)�(x�x0) i.e.a3Ddeltafunction.This

Green'sfunctionisasolutiontothehomogeneousHelmholtzequation

(r2 + k2)g0 = 0everywhereexceptatthesourcelocation~r = ~r0.

3.4.2 ImagesourceGreen'sfunctions

Wearenowconsideringradiationfromapartoftheclosingboundary

surfaceorfromasourcenearbythesurface(Figure3.2).Introducinga

surfacewillcausere
ectionattheboundaryandnowthetotalradiation

willbethesumofthetransmittedwaveandthere
ectedwave.Todeal

withthisproblemitiscommontoincludeanimagesourcetermtomake

anappropriateGreen'sfunction[14].

Inthiswaytheoriginalboundary-valueproblemofonesourceandbound-

aryisreplacedbyaproblemwithtwosourcesbutnoboundary[46].That

iscombiningtheGreen'sfunctionwiththemethodofimages(alsocalled

themethodofre
ection).

Acommonassumptionisthatthetransducerismountedinanin�nite

rigidbaf
e4 [53].Howeverin[40]aformulafordetermininganapproxi-

mateGreen'sfunctionincaseofnotperfectlyrigidbaf
esisgiven.This

formula(Eq.3.25)willbeusedwhendecidingappropriateGreen'sfunc-

tionsfortheconsideredboundaries.

Asastartletusconsidertheimpedancesonthesurfaceandinthe

medium.Theimpedanceofthesurfacezs isde�ned

zi
4
= p=vn (3.22)

Herevn isthenormalvelocityandisde�ned

vn
4
=

@v

@z
(3.23)

Thisimpliesthatthenormalvectorliesparalleltothez-axis.

4
Abaf
eistheboundarysurfacesurroundingthesourcee.g.aloudspeakeronone

sideofalargeenclosure



Section3.4Green'sfunctions 25
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Z 1

2
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I

x

y
ϕ

ϕ

Observation

point
Source

Image source

Figure3.2: Source(S)mountednearabaf
ewiththeimagesource(I)onthe
oppositesideofthexy-plane.Atz > 0 thewavewillbethesumoftheoriginalandthe

re
ectedwave.Theangle' inthe�gureisdenoted�' intheformulabelow.

Theacousticadmittanceofthesurfaceisthereciprocaloftheimpedance

andthedimensionlessparameter,thespeci�cadmittanceofthesurface

isde�ned

� =
�c

zs
; (3.24)

where�c isthecharacteristicimpedanceofthemedium. TheGreen's

functioncanthusbechosenfrom

G(~r; ~r0;!) �
ejkR

4�R
+

�
cos �'� �

cos �'+ �

�
ejk

�R

4� �R
(3.25)

Here�' istheanglewhichthevectorfromtheimagepointsourcetothe

�eldpoint,makeswiththenormaltotheboundary.Thevalueof�'has

littleimportanceinthefurtherdiscussionsinceitisalwaysboundedin

theintervalcos �' 2 [0; 1].Aspecialcasewouldbecos �' = 0butthenthe

imagesourcewouldbeonthesamesideoftheboundaryasthesource.

Rigidbaf
eIncaseofzi2 � zi1 (i.e. zi1=zi2 ! 0) there
ectioncoef�-

cientRp (Eq.3.16)willbeapproximatelyone.Thusthereisonly

aslightreductionoftheamplitudebetweentheincidentandre-


ectedwave.The(normal)particlespeedattheboundaryisalmost

zero,vn � 0,sinceTv � 0 (Eq.3.17).Moreoverzs ! 1 (Eq.3.22)
andtherefore� becomesverysmalli.e.cos �'� �.

ThesuitableGreen'sfunctionisthenfromEq.3.25chosentobe

g+(~r; ~r0;!) =
1

4�R
ejkR +

1

4� �R
ejk

�R (3.26)

Softbaf
eConsideringthecasewhenzi1 � zi2 (i.e. zi1=zi2 ! 1).

Itcanbeobservedthatthere
ectioncoef�cientofEq.3.16ap-

proachesthevalueRv ! 1 andthetransmissioncoef�cientap-

proacheszeroTp ! 0.Thissigni�esthattheacousticpressureis
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nearlyzeroattheboundaryandasoftboundaryisthereforecalled

apressurereleaseboundary. Sincep � 0 ) zs ! 0,and

thus�becomesverylargei.e.� � cos �'.

ConsequentlytheappropriateGreen'sfunctionis(Eq.3.25)

g�(~r; ~r0;!) =
1

4�R
ejkR � 1

4� �R
ejk

�R (3.27)

InbothcasesR2 = (x � x0)
2 + (y � y0)

2 + (z � z0)
2and�R2 = (x � x0)

2 +

(y� y0)
2+(z + z0)

2 i.e.Rdenotesthedistancebetweenthesourcepoint

andthe�eldpointofobservation.

3.5 Transient�elds

Derivingtransient�eldexpressionsrequirestimetobeadded. The

Green'sfunctionmustthenbede�nedinamoregeneralformtosatisfy

theboundaryandinitialconditionsathand.Itshouldnotberestricted

toharmonicwaveexcitationonly.

ThetimedependentfunctionisseentobetheinverseFouriertransform

oftheharmonicGreen'sfunction.

g(~r; ~r0;�) = F�1fg(~r; ~r0;!)g

=
1

2�

Z 1

�1

1

4�R
ejkRe�j!� d!

=
1

4�R
� 1

2�

Z 1

�1

ej!(� �
R

c
)d!

=
1

4�R
�

�
� � R

c

�
; (3.28)

wherek = !=c isused.Thetime-dependent(free-space)Green'sfunction

isthenwritten[40]5

g0(~r; tj~r0; t0) =
1

4�R
�

�
t� t0 �

R

c

�
(3.29)

Thisfunctionisasolutiontotheinhomogeneouswaveequation

r2g � 1

c2
@2g

@t2
= ��(~r � ~r0)�(t � t0) ; (3.30)

nowconsideringapulse-wavefromapointsourcelocatedat~r0 andat

timet0.NotethatfromthedeltafunctioninEq.3.29itisseenthatthis

functioniszerountilt = (t0 + R=c) i.e. thetimeforthepulsetoreach

thepoint~r.Infactitisnonzeroonlyatthisparticularvalueoft.

TheimagesourcefunctionsinSection3.4.2canbeexpressedastime-

dependentGreen'sfunctionsinawaysimilartowhathereisdoneforthe

free-spacefunction.UtilizationofthetimedependentGreen'sfunction

leadstothetransientsolutionintegralsofthenextsection.

5
ThetimedependentGreen'sfunctionmayalsobewritteng0(~r � ~r0jt� t0)andits

siftingpropertyismaybeclearerthen.
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3.6 Solutionintegrals

Arigoroussolutionfortheacousticpressure�eldwhenconsideringhar-

monic(radiated)wavesisdescribedbytheHelmholtz-Kirchhoffintegral

formula.Aderivationofthisformularegardingopticaldisturbancesis

givenin[14]andforacousticsin[46]. Inthistextaslightlydifferent

approach,asin[40],willbetaken.

Theequationr2p(~r; !) + k2p(~r; !) = �F (~r; !)willbesolvedforthespa-

tialfactorofapressurewavefromasimpleharmonicsourceF (~r; !).

FirstwemultiplythepreviousHelmholtzequationwithG(~r; ~r0j!)and
Eq.3.21withp(~r; !).Next~rand~r0areinterchangedandthesymmetry

ofG(~r; ~r0j!)and�(~r � ~r0)areutilized.Anintegrationoverthevolume

willthenleadtotheformulaZZZ
[G(~r; ~r0;!)r2

0p(~r0;!)� p(~r0;!)r2
0G(~r; ~r0;!)] dV0 =ZZZ

p(~r0;!)�(~r � ~r0;!)dV0�
ZZZ

F (~r0;!)G(~r; ~r0;!)dV0

Thezeroindicatederivationandintegrationwithrespecttothesource

coordinates.

ThenbyusingGreen'ssecondidentity(Eq.3.19)andthesiftingproperty

ofthedeltafunction,wearriveatthesolutionintegrals

p(~r;!) =

ZZZ
F (~r;!)G(~r; ~r0;!)dV0

+

ZZ
S0

�
G(~r; ~r0;!)

@p(~r0;!)

@n0
� p(~r0;!)

@G(~r; ~r0;!)

@n0

�
dS0(3.31)

Thetotal�eldat~r isthusthesummationofthe�eldfromallelemen-

tarysourcesF (~r0; !)plusthecontributionfromtheboundarysurface.

Eq.3.31istheKirchhoffformulafortheHelmholtzequationandthe

latterintegral(thesurfaceintegral)isrecognizedastheHelmholtz-

Kirchhoffdiffractionintegral.

Incaseofasourcelocatedinsideanunboundedmediumradiatingout-

wards,thesurfaceintegralvanishes.Ontheotherhandifwehavea

sourcelocatedinapartofthesurfaceandnosourceinsidethemedium,

thevolumeintegralwilldisappear.AssumptionsimplicitinEq.3.31are

thatthewavepropagatesinalinear,nonattenuatingandhomogeneous

medium.

Asimilarformulacanbederivedintermsofamoregeneralwaveex-

citationthatisnotrestrictedtotheharmoniccase. Inotherwordswe

searchforasolutiontoEq.3.14wherewewilldenotethesourcetermas

f(~r0; t)anduseageneral,timedependentGreen'sfunctiong(~r; ~r0jt; t0).
ThisGreen'sfunctionisasolutiontoEq.3.30i.e. thewaveequation

withaspace-timeimpulsesource.

Thederivationofthegeneralformulaisquitesimilartotheharmonic

case.Onehastoassumethat~r isinV forthe�-functiontobenonzero
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andmakeassumptionsregardinge.g. thedeacyingpropertiesofthe

temporalterms.ThetimedependentKirchhoffformulaiswritten

p(~r; t) =

ZZZ
V

Z 1

�1

g(~r; ~r0jt; t0)f(~r; t0)dV0

+

ZZ
S0

Z 1

�1

�
g(~r; ~r0jt; t0)

@p(~r0; t0)

@n0

� p(~r0; t0)
@g(~r; ~r0jt; t0)

@n0

�
dS0dt0 (3.32)

Thetotal�eldisthesumofcontributionsfromsourcesinsidethevolume

andsourcesoutsidethevolume.

3.6.1 Acousticallyrigidbaf
e

Rememberthatinthiscasethenormalcomponentofthevelocity,vn is

zeroontheboundary(Section3.4).TheappropriateGreen'sfunctionis

g+(~r; ~r0;!) inEq3.26.Itsnormalderivativeiszeroattheboundaryi.e.

@g+=@n = 0atz = 0.

@g+

@n
=

@

@n

�
1

4�R
e jkR +

1

4� �R
e jk

�R
�

~w� R = �R

=
1

4�R
e jkR

�
jk � 1

R

�
(cos(') + cos(�')~w� cos(') = � cos(�')

@g+

@n
= 0

g+(~r; ~r0;!) =
1

4�R
e jkR +

1

4� �R
e jk

�R

~w� R = �R

g+(~r; ~r0;!) = 2 � 1

4� �R
e jk

�R = 2g0(~r; ~r0;!)

ForthetimedependentcasetheGreen'sfunctionwillbe(seeSec.3.5)

g+(~r; ~r0jt; t0) = 2g0(~r; ~r0jt; t0) (3.33)

Thetwolatterequationssignifythatthesourceanditsimagehasco-

alescedtoformasourceofdoublestrength.Becauseofthevanishing

derivativeoftheGreen'sfunctiontheresultingintegralonlyincludes

thenormalderivativeofpandthereforeonlythe�rsttermofthesur-

faceintegralinEq.3.31applies

p(~r;!) =

Z Z
S0

@

@n
p(~r0;!)g+(~r; ~r0;!)dS0
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Expandingthissolutiontoincludetimeandatthesametimeusingthe

transientformofg0(~r; ~r0;!) i.e.g0(~r; ~r0; t)gives

p(~r; t) = 2

Z Z
S0

Z 1

�1

@

@n
p(~r0; �)g0(~r; tj~r0; �)d� dS0

= 2

Z Z
S0

Z 1

�1

@

@n
p(~r0; �)

1

2�R
�(t� � �R=c)d� dS0~w� applyingthesiftingpropertyofthe�-function

p(~r; t) =

Z Z
S0

@
@n

p(~r0; t�R=c)

2�R
dS0 (3.34)

ThisequationisknownastheRayleighintegral. Itmaybewritten

equivalentlybyusingEq.3.6as

p(~r; t) = �
ZZ

S0

�

@
@t
vn(~r0; t�R=c)

2�R
dS0 (3.35)

andbyusingthevelocitypotentialofEq.3.10itcanbewritten

�(~r; t) =

ZZ
S0

vn(~r0; t�R=c)

2�R
dS0 (3.36)

Theobliquityfactor(seethenextsection)is�RS = 1. TheRayleigh

integralseemstobeusedmostofteninacoustics.Atleastwhenjudged

byitsappearanceinacousticaltextbookse.g.[40].

3.6.2 Acousticallysoftbaf
e

Inthiscasethepressurepiszeroatthesurface.TheappropriateGreen's

functionistheng�(~r; ~r0;!) (Eq.3.27).

@g�

@n
=

@

@n

�
1

4�R
e jkR � 1

4� �R
e jk

�R
�

~w� R = �R

=
1

4�R
e jkR

�
jk � 1

R

��
cos(')� cos(�')

�
~w� cos(') = � cos(�')

@g�

@n
= 2cos'

�
jk � 1

R

�
1

4�R
e jkR

g�(~r; ~r0;!) = 0

Inthiscasethefunctionitselfg�(~r; ~r0;!)disappearsontheboundary

i.e. g� � 0andonlythesecondterminthesurfaceintegralofEq.3.31

applies.Wethenhavethat

p(~r;!) =

ZZ
S0

�p(~r0;!)
@G(~r; ~r0;!)

@n0
dS0

= �
ZZ

S0

p(~r0;!)2 cos'

�
jk � 1

R

�
1

4�R
e jkRdS0
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ByassumingR = j~r � ~r0j � 1=kwecanomitthe1=R term.Inaddition,

from[10]wehave
@p(~r0;!)

@n
= �jkp(~r0;!)ej(!t�kRn),andbyusingthiswe

get

p(~r;!) =

ZZ
S0

@

@n
p(~r0;!)

2�R
cos' dS0 (3.37)

Theequivalenttransientformofthisequationisgivenby[14]

p(~r; t) =

Z Z
S0

@
@n

p(~r0; t�R=c)

2�R
� cos' dS0 (3.38)

ThisformulaiscalledtheRayleigh-Sommerfeldintegralandisequiv-

alenttotheRayleighintegralexceptfortheobliquityfactor�RS = cos'.

3.6.3 Sourceinfreespace

Inthiscasewehavenoin
uencefromtheboundaryandthelatterpart

ofEq.3.31disappears.Theclosingsurfaceinanpracticallyunbounded

mediumhasnoin
uenceduetoSommerfeld'sradiationcondition.By

applyingthefreespaceGreen'sfunctionanddoderivationssimilartothe

twoprecedingprocedures,anewsolutionformulaarise.Thisformulais

knownastheKirchhoffintegralanditstransientformiswritten

p(~r; t) =

Z Z
S0

@
@n

p(~r0; t�R=c)

2�R
� 1+ cos'

2
dS0 (3.39)

Notethatonlytheobliquityfactor�K =
1+ cos'

2 isdifferentfromthe

Rayleighintegral.Thissolutionisusedparticularlyinthe�eldofoptics.

3.7 Calculatingthetransientacoustic�eld

Sofarthreeparticularsolutionstotheacousticalproblemregarding

threedifferentboundaryconditionshavebeendiscussed. Calculation

ofthesesolutionsandhencesimulationsofthetransient�eldwillnow

dicussedbrie
y.

First,thesimilaritiesbetweenthesolutionsareeasilyobserved.Only

inthedirectivity(i.e. obliquity)factor,�,theydiffer. Itisshownin

Figure3.3thatthedeviationsbetweenthedirectivityfactorsareminor

whenconsideringsolutionsatnarrowangles.Thedeviationbetween�R
and�RS islessthan5%atangles�18� andthedeviationbetween�R
and�K islessthan5%foranglesatabout�25�.
Theeffecttheobliquityfactorhasontheaccuracyofthecalculationsde-

pendsonthedeviationbetweentheimpedanceofthetransducerandthe
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assumedboundaryforthechosenintegral.TheRayleighintegralmay

beanacceptableapproximationwhenthepointofobservationliesclose

toperpendiculartoanypointofthesource(i.e. � � 1andisherefore

ignored).

AccordingtoKino[27],atransducerelement(likeoneinanultrasound

array)hasanresponsebetweentherigidbaf
ecaseandthepressure

releasebaf
e.
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Figure3.3:Theobliquityfactorsareplottedforanglesfrom�15� to15�off-axis.The

deviationisobservedtobeminorwhenweareclosetotheaxis.

Thegeometricalshapeofthetransduceriscrucialforthecalculationof

the�eld.Planartransducerswillleadtosimpli�edexpressions.Other

importantparametersthataffectthe�eldaretheexcitationandthe

characteristicsofthemedia.

Furthersimpli�cationsthatoftenareutilized,comesfromnear-�eldand

far-�eldassumptions.Thenear-�eldisoftencalledtheFresnelregion.

ByusingtheFresnelapproximationoneassumesthatthephaseofthe

wavefrontintheaperturehasaquadraticdependenceonapertureco-

ordinates[14].AcceptingthevalidityoftheFresnelapproximationre-

ducesthesolutionformulatoatwo-dimensionalconvolution[14].

Inthefar-�eldthewavesareconsideredtobeplanarwaves.Thisregion

iscalledtheFraunhoferregionandstartsapproximatelyatadistance

fartherfromthetransducerthanD2=2�,whereDisthemaximumlinear

dimensionoftheaperture. ByusingthestrongerFraunhoferapprox-

imation,thesolutionformulasimpli�estoatwo-dimensionalFourier

transformofthewave�eldintheaperture[14].

3.7.1 Numericalintegration

Arobustwayofcomputingthe�eldistoperformtheintegrationofthe

formulase.g.theRayleighintegralofSection3.6,numerically.However
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thiswilloftenbealaborioustasksinceahighnumberofoperationsis

requiredtocomputethewhole�eld.Each�eldpointwillbethesumof

contributionsfromeverytransducerelement.InFig.3.4weseethatin

ordertocalculatethe�eldattheobservationpoint,weneedtocompute

thecontributionsfromallelementsandaddthemtogether.

Ifwewanttocalculatethe�eldoveranobservationplanez = zobservation,

thenwemustrepeatthisprocedureforeverypointinthisplane.Making

a3Dplotofthe�eldrequiresthecalculationstoberepeatedforselected

valuesofz.

Themainadvantagewiththismethodisitssimplicityandgenerality.

Itcanbeusedtocalculatethe�eldfromtransducersofanyshape.A

similarapproachistakenintheUltraSimprogram[19].

x

y

z

Observation plane

Transducer

Point of  observation

Next points

Figure3.4:Thisisanattempttovisualizethatpointsintheapertureallmakea
contributiontothe�eldattheobservationpoint(onlyafewpointsintheapertureis

drawn).

3.7.2 Angularspectrummethod

Onlyverybrie
ywewillmentionsometermsofthismethod.

Theangularspectrum,orFourierdecompositionmethodwasoriginally

developedinthestudyofopticaldiffraction[14].Ithaslateralsobeen

appliedtoacousticalwavepropagationandhasturnedouttobeapow-

erfultoolinthatmanner[43].Withthismethodapressuredistribution

overaplanesurfaceisdecomposedintoanequivalent2Dspectrumof

planewaves. Propagationfromoneplanetoanotherparallelplaneis

modelledbymultiplicationofthespectralcomponentwiththeappropri-

atephasefactor.Thusbyaddingthecontributionsfromtheplanewaves

andconsiderthephaseshiftstheyhaveundergoneduringthepropaga-

tiontothepointofobservation,wecancalculatethe�eldamplitudein
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everypointofinterest.Theef�ciencyofthemethodisduetoitsnumer-

icalimplementationwiththe2DFFT.

Assumingawaveincidentonthexy-planei.e.thesourcedecomposition

planeislocatedatz = 0,thentheangularspectrumdecompositionis

expressedasaspatial2DFouriertransform

A0(fx; fy) =

Z Z 1

�1

U(x; y; 0)e�j2�(fxx+fyy)dxdy (3.40)

fxandfyarethespatialfrequenciesinx-andy-directionsrespectively.

Thewavevectorsthenarekx = 2�fx,ky = 2�fy etc.andpropagateinthe

direction~k. Thereisacontinuousdistributionofplanewavesarising

fromthedecompositionandthisistheangularspectrum.

Thefurtherdiscussiononthismethodwillbeomitted,forfurtherdetails

thereadercanturntotheexcellenttextsofe.g.[14]and[43].

3.7.3 Impulseresponsemethod

ApowerfultechniqueofevaluatingtheformulasofSection3.6isthe

impulseresponsemethod[53].Itisalsoreferredtoasaconvolution

integralmethod.WewillusetheRayleighintegral(Eq.3.36)whengiv-

ingabriefsummaryoftheprinciplesofthismethod.Thusthevelocity

potentialinaspatialandtemporalpointisdeterminedfrom

�(~r; t) =

ZZ
S0

vn(~r0; t�R=c)

2�R
dS0

Thevelocityfunctioncanbeexpressedasatemporalintegralterm

vn(t�R=c) =

Z
vn(t0)�(t�R=c� t0)dt0 (3.41)

ThisintegralisinsertedintoEq.3.36andbyexchangingtheorderof

integrationwegetanewequation

�(~r; t) =

Z
vn(t0)

Z
�(t�R=c� t0)

2�R
dS0dt0 (3.42)

Thentheimpulseresponseh(~r; t) isde�nedas

h(~r; t) =

Z
�(t�R=c)

2�R
dS0 (3.43)

Ineveryinstanth(~r; t)mainlygivestheamplitudeofthecontribution

fromeverypointonthesourcethatisequidistantfromthepointofob-

servation. Theimpulseresponsefunctionisthusthetimedependent

velocitypotentialataspatialpointresultingfromanimpulsevelocityof

atransducerofanyshape.FromEquations3.42and3.43wenotethat

thevelocitypotentialcanbeexpressedasaconvolutionprocess.

�(~r; t) = vn(t) � h(~r; t) (3.44)
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Therefore,whenthevelocitypotentialisdetermined,thepressureiseas-

ilycalculatedbyEq.3.10.Alternatively,wecanexpresstheconvolution

intermsofthepressure

p(~r; t) = ��@vn(t)
@t

� h(~r; t) (3.45)

Theconvolutionintegralisaquitesimpleintegraltoevaluatenumer-

ically. Calculationofthe�eldoriginatingfromanapertureisthena

matterofevaluatingtheimpulseresponseforitsgeometryconsidered.

Onceh(~r; t)hasbeendetermined,thefollowingconvolutionintegralhas

tobeevaluated

p(~r; t) = ��
Z t2

t1

@vn(t� �)

@t
h(~r; �)d� (3.46)

Heret1denotestheminimumtimeofarrivalfromthesourcetothepoint

ofobservationandt2 themaximumtimeofarrival. Thisisclearlya

onedimensionalintegralincontrasttothetwodimensionalintegralof

Eq.3.36.

Analyticsolutionsofh(~r; t) havebeenderivedforseveralgeometries.

Forexampleplanecircularpistonin[53,54]andforacurvedradiator

in[45].Itisnotalwayspossibleto�ndclosedformanalyticexpressions

fortheimpulseresponseincaseofmorecomplexgeometries.

However,avariationofthismethodhasbeenproposedin[22]thatcan

simulatetransducerswith'anytransducerapodizationandexcitation'.

Twoassumptionshavebeenmadethere.

Firstalargeandslightlycurvedtransducerisassumed. Secondly,a

separabilitybetweentheexcitationandthetransducergeometryisas-

sumed.Thusthesurfacevibrationissplitintoaspatialcomponentand

atemporalcomponent.

Asimulationmethodisproposedthatemitasphericalwavefromapoint

ontheapertureandthensumallsphericalwavesatthe�eldpoint.The

wavesareweightedbytheinverseofthedistancebetweentheaperture

pointandthe�eldpoint.

Thetransducersurfaceisdividedintosmallrectanglesandtheposition

andorientationoftheseare�rstcalculatedinthesimulationprogram.

Theresponsesfromtheserectanglesarethenaddedandthe�eldiscal-

culated.

Utilizationofsimulationmethodsbasedontheimpulseresponsemethod

isseeminglywidespreadforcalculationoftheacoustic�eld,duetothe

methodscomputationalef�ciency.

3.8 Summary

Inthischaptersomebasicsofacousticshavebeenreviewed. Special

concernhasbeendevotedtothreeparticularboundarycasesandtothe
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non-harmonicexcitationofapertures.Anequationforcalculationofthe

transient�eldforarigidbaf
edtransducerhasbeenderivedmorethor-

oughlythanthesoftbaf
eandfree-spacecases.

Severalassumptionsareusefulwhencalculationofanacoustic�eldis

desired.

Finally,someattentionhasbeenmadetomethodsforcalculationorsim-

ulationoftransientacoustic�elds.Thesimulationofultrasound�eldsis

oftenanecessarytoolusedwhendesigningnewtransducergeometries.
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Beampatternsbythe

Coarraymethod

Arraysystemsareusedtodetectsignalsconveyedbypropagatingwaves

andthussamplewave�eldsspatially.Alargecollectionofdistinctarray

processingalgorithmsallowustosteerandfocusarraysinparticular

directions,therebyprovidingdirectionalinformationoftheunfolding

signals. Thesealgorithmsarecalledbeamformers. Inthistextonly

conventionalbeaformeralgorithmsaretakenintoconsideration.

Signalsreceivedbythesensorelementsareusedinaphasedmanner

inordertopreferenciallydetectsignalsfromadesireddirection.Beam-

formingcanberegardedasattemptingtoestimatethewavenumberfre-

quencyspectrumofthewave�eldandisthusananalogytobandpass

�lteringincaseof1-Dspectralanalysis[23].Thebeampatternsdisclose

thearray'sabilitytofocusonagivensignal(abeam)whilediscarding

noisesignalsfromotherdirections.

Theobjectivewhendesigningabeamformeristomakethebeampattern

asclosetoanimpulseaspossible.Asweareusingonlya�nitenumber

ofsensorsweknowthattheremustbeadiscrepancybetweentheobjec-

tiveandthephysicalreality,andthatthisportionishighlydependent

onthenumberofsensorsandtheareathattheaperturespans.

Inthischapterthecoarrayisseentoofferanalternativewayofcalcu-

latingthebeampattern,undergivencircumstances,anddiscussionson

thedevelopedcoarraycalculationandvisualizationtoolsaregivenin

thelastsectionofthischapter. Somediscussionondifferentelement

con�gurationsofarrayshavealsobeenincludedinthischapter

However,letus�rsttakealookatsomesamplingrelationsthatare

validforpropagatingsignals.Inotherwords,relationsvalidforspatio-

temporalsignals.

36
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4.1 Simultaneoustimeandspacesampling

Thearraysystemssamplethewave�eldinbothtimeandspace.This

putslimitationsonthesamplingintervalsinbothdomains.Fromdigital

signalprocessingweknowthatinordertoavoidtemporalfrequency

aliasing,wehavetosampleatleasttwiceasfastasthefastestvariation

ofthesignal(theNyquistrate).

Ifthehighestfrequencycomponentofatime-spacesignal,s(~x; t),is!0,

asamplingfrequency,!s � 2!0mustbechosen.Thusthetimebetween

eachsampleisatmost

T =
2�

!s
� �

!0
(4.1)

Theinputsignaltoasystemwithsamplingfrequency,!s,mustthenbe

bandlimitedtofrequenciesbelowone-halfthesamplingfrequency.Un-

dersamplingappearswhenwesampletooslowforthefrequencycontent

ofthesignal.Inanundersampledsystem,theNyquistsamplingtheo-

remstatesthatfrequenciesinthecontinuoussignalabovetheNyquist

rate,!s=2,willappearasfrequenciesbelowthisrate.Thisiscalledalias-

ing.

TheNyquistcriterionalsoappliestospatialsampling.Thisimpliesthat

inordertoavoidspatialaliasing,thespatialsamplingfrequency, ks,

mustbeatleasttwotimesthehighestcomponentk0 ofthetime-space

signal,s(~x; t) i.e.ks � 2k0.

Inspacewesamplewithsensorsseparatedbydmeters.Consequently,

thespatialsamplingintervalmustbe

d =
2�

ks
� �

k0
(4.2)

Forpropagatingsignals,therelationbetweenwavenumberandfrequency

is(fornon-dispersivemedia)k = !
c .Thusatemporalbandlimitedprop-

agatingsignalimpliesthatthesignalisspatiallylimitedaswell.

Combiningthesamplingrelationsabove,yieldsthecouplingbetween

temporalandspatialsampling

d =
�

k0
=

�
!0

c

= c � �
!0

=
cT

2
=

�

2
(4.3)

Thespatialsamplingcharacteristicsaredeterminedbytheintersensor

spacing,andtheyaretherefore�xedoncethearrayismade.Wearenow

assumingthatthearrayspacingscannotbedynamicallyalteredbycon-

necting,disconnectingordisplacingarrayelementsduringorbetween

operations(asisthecasefore.g.verylargearrays(VLAs)).

Thetemporalsamplingpropertieswillbedeterminedbytheelectronics

e.g. thetimedelaysbetweeneachsample. Becauseofthecloserela-

tionshipbetweenthesamplinginthetwodomains,theriskofunder-

samplinginonedomainwhileoversamplingintheother,exists. Un-

dersamplinginthespatialdomainwillgivegratinglobesinthevisible
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region.Signalspropagatingindirectionscorrespondingtothegrating

lobescannotbedistinguishedfromthesignalwithdirectioncorrespond-

ingtothemainlobe.

Therelationbetweenthemagnitudeofthewavenumbervectorinthe

x-directionandtheangleofincident1 iswritten

kx = �k sin� =
�2�
�

sin� (4.4)

φ

k
k

k x

z

z

Wavefronts

d

x−axis

Figure4.1: Illustrationsofapropagatingsignalimpingingonalineararraywith
anazimuthangle�.Thedirectionsofthewavenumbercomponentsareindicatedby

drawingthemasbasisvectors.

Sincej sin�j � 1,kx canberealonlybetween�2�=�.Theregionthatkx
spanwhenjkxj � 2�=� isthecalledthevisibleregion,andcorresponds

toanglesbetween�90� foragivenvalueof�.
AlineararrayliketheoneinFig.4.1withuniformweighting,willhave

anarraypattern

W (kx) =
sin(M

2
kxd)

sin(1
2
kxd)

(4.5)

Itiseasilyobservedthatthisfunctionisperiodicwithperiodkx = 2�=d

andthespatialfrequency,kx = �=d,isoftencalledthefoldingfrequency.

Werecognizethisfrequencyasthelimitofthespatialsamplinginterval

(Eq.4.2).Consequently,thesamplingcharacteristicswillbedetermined

bytheinter-sensorspacingandthedesignwavelength.

Thearraypatternforalineararraycanalsobeexpressedintermsofthe

azimuthangle,� i.e.theanglebetweentheincidentwavepropagation

directionandthenormaltotheplane. Simplegeometricalconsidera-

tionsshowthatkx = �k sin�.Hencewecanwritethearraypatternin
termsoftheangle

W (�) =
sin(kMd

2
sin(�))

sin(kd
2
sin(�))

(4.6)

1
thisistheazimuthangleincaseofalineararray
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Letusnowassumethatwehavechosenainter-elementspacingofd = �.

Agratinglobewillthenariseat� = �90�,sincesin�g = ��

d
= �1.

Propagatingwavesimpingingnormaltothearray,canthennotbedis-

tinguishedfromthewavescomingfromthex-or�x-direction. Ifwe
increasethesizeofd,strongerundersamplingresultsandweintroduce

gratinglobesatanglescloserthan90�.

Bychoosingd � �=2 oversamplingoccursandthekx-valuesuptothe

foldingfrequencyspanawider�eldthan� = 90�.Thespatialfrequen-

ciesabove2�=�de�netheinvisibleregion.Nopropagatingsignalsen-

ergycanappearhear,butnoisesignalscancontributetoacalculated

spectrum.Algorithmsthatassumenoenergyinthisregionmaythen

beconfused.

4.2 Fundamentalsofcoarrays

Thetermcoarraywas�rstintroducedbyHaubrich[17]apparentlyasa

shortnamefor'correlationarray'.Hediscussedarraydesignincaseof

incoherentradiationbymeansofgettinghighresolution.Inthistextwe

willnotrestrictourexaminationtodiscussionsongettingtheminimum

beamwidthbutwillalsoconsiderminimizationofthesidelobelevel.

Primarilythediscussioniswithrespecttoincoherentradiation.Nev-

ertheless,somebasicsforthecoarraywithrespecttocoherentimaging

willalsobereviewed,wherethetermcoarraymightberegardedasshort

forc̀onvolutionarray'.Withincoherentimaging,ismeanttheprocess

ofmeasuringa�eld,originatingfromanemittingsourceinspace,over

anaperture.

Usinganaperturetotransmitradiationandnextmeasuretheradia-

tionre
ectedfromobjectsinspaceoverareceiveaperture,isreferredto

ascoherentimaging.Examplesofthelatterareradarandultrasound.

Thediscussionsinthesubsequentintroductiontocoarraysareprimar-

ilywithrespecttolineararrays.Latertwo-dimensional(planar)arrays

(Sec.4.4)willbediscussed,anddifferencesandsimilaritiescomparedto

lineararrayswillhopefullybecomeclearerthan.

4.2.1 Thedifferencecoarray

Forincoherentimaging,thecoarrayisde�nedasthesetofallvector

spacings2betweenpointsintheaperture.Formallyitisde�ned[18]:

Cd(A1; A2)
4
= fy j y = x1 � x2 for x1 2 A1; x2 2 A2g (4.7)

whereA1 andA2 arethesetsofpositionvectorsforelementsintwo

receiveapertures.Thiscoarraywillbereferredtoasthedifferencecoar-

2
oftencalledbaselines
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ray. Itcanalsobedenotedthemorphologicalautocorrelation[18]ofA

becausemostfrequentlywehaveA1 = A2 = A andtheoperationis

equivalenttocorrelateAwithitself. Thetermmorphologicaldenotes

calculationwithrespecttothespatialshapeandstructureofthearrays

orapertures.

Fordiscretearraysthiscorrelationprocesswillbeadiscretesumover

allelementpositions,whileacontinuousaperturerequiresintegration

overtheaperturearea.Thecoarrayforacontinuousapertureisde�ned

c(~�) =

Z
A

w(~x)w(~x+ ~�)d~x (4.8)

Ade�nitionofthediscretecoarrayfunctionis[23]

c(~�m) =
X

(a;b)2#(~�)

waw
�
b ; m = 1; 2; : : : ;Md (4.9)

#(~�) =
n
(a; b)j~�m = ~xa � ~xb

oMd

m=1

Here~�denotetheparticularlagorbaselineand#(~�) thesetofindices

(a; b)givenbythepairwisedifferencesofsensorlocations.Thevalueof

thecoarrayataparticularlagwillbethesumoftheproductsofwawb

thatconstitutesthislagi.e. thesumoftheweightcontributionsfrom

equalbaselines.Thecoarrayvaluesvarybetweenzero(nobaselineof

thisparticularlength)andN,thenumberofelementsinthearray.The

coarrayvalueforlagzeroisalwaysNfordifferencecoarrays,unlesswe

haveappliedanonuniformapodizationtothearray.

Inthatcasethemaximumlagvalueatlagzeroisequaltothesumof

thesquaredsensorweightsi.e.

c(~0) =
X

(a;a)2#(~0)

(wa)
2

Themaximumnumberofelementsinacoarrayappearswhenthereare

norepeatedvectordifferencesinthearray(i.e.noredundancy).Thisis

equivalenttomaximizationoftheresolution.Inthatcasethemaximum

numberofdistinctelementsinthedifferencecoarrayis

Md = N(N � 1)+ 1 (4.10)

Theredundancyratio3 isgivenas[5]

R =
N(N � 1)

2L
(4.11)

HereN isthenumberofsensorsinthearrayandL isthelengthofthe

array(theaperture). ForanarraywithN equallyspacedsensorsthe

lengthwillbeL = N � 1.

Itshouldbenotedthatsomeotherauthors(e.g.[3,39])denotethear-

raylengthbytheequivalentgreatestmultipleofunitspacingandthat

3
Sometimescalledtheredundancydegreeorredundancyfactor.Insomearticlesit

appearsina'upsidedown'form.
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Eq.4.11istheinverseofthequalityratiosinsomearticlese.g. in

[17,23].Thispropertyisthusexpressedinavarietyofways.However,

itspurposeistoquantifyareferencegridsothatthevariousarrayscan

becomparedwithrespecttothedegreeofsparseness.

Theapertureofanequi-spacedarraycanbedeterminedfrom[33]

A =
N(N � 1)

2
�R +H (4.12)

whereR andH denotethenumberofredundanciesandholesinthe

coarrayrespectively,countedforpositivelags.Thisformulawillforan

equi-spacedarraybeequaltothearraylength,L.

Aredundancyinthecoarrayappearswhentherearemorethenonepair

ofsensorsseparatedbythisparticulardistance. Holesappearswhen

therearenopairofsensorsseparatedbyagivendistance.Ifthereare

neitherholesnorredundancies,thearrayiscalledaperfectarray(see

Fig.4.2).Thereexistsnoperfectlineararrayswithmorethanfoursen-

sors.
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(b)Perfectarray

Figure4.2:A�lledregularlineartransducerarraygivingadifferencecoarraywith

redundantlagsbutnoholesisgivenin(a).In(b)thelargestperfectlineararrayfrom

anunderlyingregulargridisshown.Thecirclesdenotesmissingelementsinthegrid.

Theminimumgridspacingisd = �=2 inbotharrays.

Theredundancyfactorthusshowshowwellonehassucceededinmak-

ingaperfectarray.Designingarrayswithminimumredundancyismo-

tivatedbythedesiretoapproximateaperfectarray.Thesearraysare

characterizedbyhighresolution,butsufferfromahighsidelobelevel

thatlimittheirusefulnessinapplicationswherenoisesignalaffectsthe

�eld.

Ithasbeenshown[3]thatforminimumredundancyarraysthelimitof

theredundancyfactoris4=3.Minimumredundancyarrayshaveacoar-

rayofmaximumlength,withtheconstraintthatthereexistsnomissing



42 Chapter4 BeampatternsbytheCoarraymethod

−80 −60 −40 −20 0 20 40 60 80
−40

−35

−30

−25

−20

−15

−10

−5

0
 

Azimuth angle [Deg]

Re
sp

on
se

 [d
B]

Perfect array

Uniform array

Figure4.3:Theangularresponsesofthearraysin�gure4.2arecalculatedfrom
theircoarrayvalues.

lags.ThecoarrayvaluesarerequiredtobeCd � 1(seeexamplesin[33]).

Anonredundantarrayisthecoarrayofgreatestlengthwithoutany

redundancies. Inotherwordsweallowmissinglagstoexist(seeex-

amplesin[23])andtheircoarrayshavevalueslimitedtotheinterval

Cd 2 [0; 1].Bothminimumredundancylineararrays(MRLA)andmini-

mummissinglag(nonredundant)arraysgivemaximumresolutionfora

givenaperture.Thelargestperfectarrayalsoisthelargestarraywhere

aMRLAresemblesanonredundantarraywiththesamenumberofele-

ments.Forallarrayswithmorethanfourelements,thenonredundant

arraywillspanalargeraperturethantheMRLA.Consequently,itwill

alsospanthelargestregioninthelag-spaceandhencegivethebest

resolution.

4.2.2 Thesumcoarray

Forcoherentimagingthecoarrayisthesetofvectorsumsofallpoint

locationvectorsintheaperture[18]

Cs(AT ; AR)
4
= fy j y = x1 + x2 for x1 2 AT ; xj 2 ARg (4.13)

whereAT representsthetransmitapertureandAR thereceiveaperture.

Inthefurtherwritingitwillbedenotedthesumcoarray.Itmayaswell

bereferredtoasthemorphologicalconvolutionofsetATandARbecause

ofitsequivalencetoaconvolutionbetweenthetwoarrays.Withdiscrete

arraysthisimpliesaconvolutionsum,whileacontinuousarraywill

demandaconvolutionintegral.Identicalreceiveandtransmitaperture

givesanauto-convolution.
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Thecoarrayforacontinuousapertureisde�ned

c(~�) =

Z
A

w(~x)w(~x� ~�)d~x (4.14)

Ade�nitionofthediscretecoarrayfunctionis[18]

c(~�m) =
X

(a;b)2	(~�)

wawb ; m = 1; 2; : : : ;Ms (4.15)

	(~�) =
n
(a; b)j~�m = ~xa + ~xb

oMs

m=1

Here~� denotetheparticularsum-lagorbaselineand	(~�) thesetof

indices(a; b)givenbythepairwisesumofsensorlocations. Ms isthe

numberoflagsinthesumcoarray.

Themaximumnumberofelementsinasumcoarrayappearswhenthere

arenorepeatedvectorsumsinthearray(i.e.noredundancy).Incase

ofnonredundantarraysthemaximumnumberofdistinctelementsfor

thesumcoarrayis[18]

Ms =
N(N + 1)

2
(4.16)

4.2.3 Comparisonbetweenthetwotypesofcoarrays

WhencomparedtoEq.4.10,thelatterequationsigni�esthatthesum

coarraywillcontainfewerpointsthanthedifferencecoarrayinnonre-

dundantarrays.Totheauthor'sknowledgetherehasbeennothorough

investigationonarrayswithminimumredundancyinthesumcoarray.

Thesumanddifferencecoarrayswillbeidenticalforsomearrays.With

lineararraysthishappenswhenthearraysareequalandsymmetric

withrespecttoorigin(x = 0onthex-axis).

Two-dimensionalarrayswithequivalentdifference-andsumcoarrays

exist. Foraplanar(2D)arraythiswillbethecasewhenthearrays

areequalandsymmetricwithrespecttoboththex-andy-axis. This

shouldbeobvioussinceconvolutionimpliesarotationofoneofthear-

raysaroundbothaxesbeforecorrelatingthearrays(i.e.beforetheel-

ementweightsaremultipliedandsummedup). Whenthecoarrayis

symmetrictobothaxis,arotationofthearrayhasnoin
uenceonthe

arrayandtheconvolutionoperationisequivalenttothecorrelationof

thearrays.

Itshouldalsobenotedfromthede�nitionsthatthesumcoarrayissen-

sitivetothelocationontheapertureplane,whilethedifferencecoarray

isnot.Moreover,thesumcoarrayhaslagsfartherfromtheoriginthan

thedifferencecoarrayhas.

Animportantpointaboutcoarraysthatshouldbeemphasizedisthat

differentaperturegeometriesmaysharethesamelag-space.Whenthe

coarraylag-spacescannotbetoldapart,theaperturesaresaidtobecoar-

rayequivalent.Itshouldbeobservedthatthecoarrayvaluesofcoarray
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equivalentarrayswillbedistinct.Theirequivalenceiswithrespectto

thespatialextensionandshapeinthelagdomain.Thisisobservedin

thesucceeding�gurewherecoarrayequivalenttwo-dimensionalarrays

areplotted(Fig.4.4).

(a)Uniformarray
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Figure4.4: Examplesofcoarrayequivalentapertures. Arectangularboundary

arrayisseentospanthesamelagspaceastheuniformly�lledrectangulararray.

Theminimumgridspacingisd = �=2 inbotharrays.Thecoarraysforthearrayin

(a)isshowninthelowerleftwindowandthecoarraytotherightcorrespondstothe

arrayin(b).

Otherarraysthatarecoarrayequivalentwiththetwoin�gure4.4exist

e.g.a10elementU-shapedarray.Similarlywillathinannularaperture

becoarrayequivalenttoadiscaperture,butnotequivalentincoarray

values.

Ageneralprincipleisthat'anytwoaperturesthatarecoarrayequivalent
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canbeusedtoproduceimageswiththesamepoint-spreadfunction'[18].

Thismeansthatdifferentaperturescangivethesamebeampattern,if

suf�cientprocessingisperformedto'�llin'thecontributionsfromthe

missingarrayelements.

Throughoutthischapterpropertiesofthedifferencecoarraywillbedis-

cussed. Itwillbeseenthatthecoarraydisplaysboththeregularities

andirregularitiesofagivenarray. Regularlineararrayswillalways

giveregularcoarrays.Irregularlineararrayswillalwaysgiveirregular

coarrays.However,witharraysofhigherdimensions,irregularcoarrays

mayoccurfromregulararrays.

4.3 Lineararrays

Lineararrayscanbedividedintoregularandirregularlineararrays.

Withregular,anequi-spacedseparationbetweentheelementsismeant.

The�rsthaselementsalongoneaxislaidoutonanunderlyingregular

grid,whilethelatterhasnosuchunderlyinggrid.

Anarrayneednothaveeverygridpositionoccupiedbyasensororele-

ment.Lineararrayswithsomeelementsnotconnectedarecalledsparse

lineararrays.Theelementsofanarraymaybeplacedinseveralways

dependentontheparticularapplicationitisdesignedfor.Inthisthesis

wedistinguishbetweenfourtypesofelementcon�gurations.

1.Uniformly�lledarray

2.Sparsearrays

3.Aperturbedarrayisanarraywheretheelementsaredisplaced

fromtheiroriginalequi-spacedgridposition.Thedisplacementis

oftenrandomdistributedandisofcoursewithincertainlimitse.g.

[56].

4.A�xednon-equallyspacedarrayshaselementsseparatedbyin-

creasingordecreasinginter-elementspacings.Theplacementof

thesensorsareaccordingtoaformulae.g.ageometricseries(or

equivalentlyalogarithmicsequence)oraGaussianquadraturefor-

mulaasin[57].

Itisknownthatforagivennumberofelementsinthetransducerarray

oneachievesmaximumresolutionbyminimizingthenumberofredun-

dantspacingsinthearray[39].Thusthecoarrayparameterrevealing

theresolutionofanarrayisitsredundancyfactor.Alotofworkhasbeen

doneinorderto�ndminimumredundancylineararrays.Thenumber

ofarticlesonthissubjectisquitecomprehensive,thoughthesearchis

extensiveevenforarrayswithrelativelyfewelements.
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Fortunatelythesearchforthesearrayshasanequivalentin�ndingare-

strictivedifferencebasissetfromanumbertheoryviewpoint[31].This

equivalenceseemstohavebeenhelpfulinthelaborioustaskthesearch

implies.Searchalgorithmshavebeenpresentedforequi-spacedsparse

arraysine.g.[5]and[32].

Asimilarcoarrayfactorshowingthedegreeofsidelobecontrolhasto

theauthorsknowledgenotappearedintheliteraturesofar.Generally

weknowthatthesidelobelevelisstronglyin
uencedbythenumber

ofsensorsinthearray,butweknowlittleabouttherelationshipwith

thecoarray. In[13]examplesaregivenofverydistinctcoarraysthat

almostresemblesinmagnitudeangularresponse. Itissuggestedthat

thedifferencesincoarrayvalueswouldappearasdistinctphasechar-

acteristics.Thismaythenindicatethat�ndingatleastasinglecoarray

parametershowingthesidelobelevel,willnotsucceed.

However,weanticipatethatafurtherinvestigationontherelationbe-

tweenthepropertiesinthefrequencydomainandthemorphological

propertiesofthecoarraycouldbeafeasiblewayofdeterminingatleast

thesamplingcharacteristicsofanarray.Itshouldalsobenotedthatan

improvementinthesideloberegionisobservedwhennon-unityweights

areappliedtotheouterelementsofsomearrays4 andthatinvestiga-

tionsondistincttransmitandreceivearrays(asusedin[51])havenot

beenconsidered.

ThediscretearraysofsensorsaresimilartotheFIR(Finiteimpulsere-

sponse)�ltersbecauseoftheFIR�lters�nitetemporalextentandthe

arrays�nitespatialextent.Thusthetheoryandmethodsof�lterdesign

bythewindowmethodappliestoarraysaswell.However,forapertures

itrepresentstherelativeweightingofthe�eldwithintheaperture.For

arrays,differentweightsareappliedindifferentsensorlocationsand

isthusaspatialwindow. Therearenumerouswindowswithvarious

properties[16]thathavebeenproposedfor�lterdesign.

Afeasiblewayofreducingthesidelobelevelisbychoosingawindow

thatweightsthearray. Thisweightingisoftencalledapodization(or

shadingortapering)incaseofarraysandantennasandissimilarto

usingawindowinspectralestimation.Normallyitisdonebydegrad-

ingtheexcitationamplitudetowardstheendofthearrayorbyreducing

theampli�cationofthesignalsreceivedbythesensorstowardstheends.

Thecostofthethisreductioninsidelobelevel,isasinsignalprocessing,

adegradedresolution. Inotherwordsthereisatradeoffbetweenthe

highresolutiongoalandthewillfornoisesuppression.

Itmustbementionedthatthemaximumachievablespatialresolutionin

thelateraldimensionis�xedoncethearray'sgeometryismade.There-

foreitisonlypossibletolowerthesidelobesatthecostofbroadening

themainlobeofthebeam,whenweightingthearray.

4
Thismayindicatethataparticularclassofarrayscangetbetterperformanceby

asimpleweighting.However,simulationswithseveraldifferentarraysrevealsthat

mostofthemwillnotdisplayanyimprovement.
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Inordertogetoptimalweightsforthearray,theParks-McClellanalgo-

rithm[44]canbeused.ThisalgorithmisbasedontheRemezexchange

algorithmandgivestheoptimumapproximationof�ltersintheCheby-

shevsensewhentheimpulseresponseisequi-spacedandsymmetric.In

arraysignalprocessingtheequivalentdemandsarethatthearraymust

beuniformly�lledandhaveequi-spacedelementssymmetricallyposi-

tionedaroundthearray'sorigin.Theweightedarrayisthenthemin-

imaxapproximationtoadesiredbeampattern,whenoptimizedbythis

routine.Withthisalgorithmwehavesuperiorcontroloverthesidelobes

(thatwillbeequi-ripple)aslongasthesuf�cientconditionsaremet.

4.4 Two-dimensionalarrays

The2Dplanararrayshaveelementsplacedinbothx-andy-direction

(orequivalentlyinbothazimuthandelevationdirection). Theplace-

mentcaneitherbeonaregulargridoronaplanewherenounderlying

gridcanberecognized.

Ithasalreadybeenmentionedthatplanarrectangulararraysprovides

focusingandsteeringinbothelevationandazimuthdirections. This

willreducethethicknessofthescanslicesandthereforegivebetterlat-

eralresolution.Aseriousdrawbackfortwo-dimensionalarraysisthe

considerableincreaseinnumberofsensorstobehandled,whencom-

paredtoone-dimensionalarrays.Tohave64-elementsinbothazimuth-

andelevationdimensionsdemandsanarraywith642 = 4096elements.

Thiscomplexityhasbeenamajorincentivefordevelopingsparsearray

systems.

Itcanbeseenthatcoarraysoftwo-dimensionaltransducerarrayshav-

ingsimilargeometriesvarywidely.Regulartwo-andthree-dimensional

arrayscanhaveirregularcoarrays[23]!Examplesofregularandirreg-

ulararraysarethecircular8-and9-elementarrayinFigure4.5,respec-

tively.Thetransducerarraywith8elementsissymmetricwithrespect

tobothaxesandthereforehasidenticalsum-anddifferencecoarrays.

Itisalsoaredundantarraysincelag-valueslargerthanone,appearsin

thecoarray. Itshouldalsobenotedthatthisarrayhasanunderlying

gridandthiscanbeseenastwofourelementarrayswithonerotated

byanangleof�=4.Thenineelementarrayhasnosuchunderlyinggrid

structureandthecoarraydisplaysthisirregularitybyitscomplicated

structure.Equivalentcoarrayexamplesaregivenin[23,29].

Severalnonredundanttwo-dimensional(planar)arrayshavebeenpro-

posed.Oneexampleisthenineelementarrayin�gure4.5andanother

oneisthetriangularshapedHaubrich-arraywith6elements[17].The

searchforarrayswithlowredundancyismuchmorelaboriouswith2D-

arraysthanwithlineararrays.Severalcon�gurationsforarrayswith

thispropertyappearsintheliteraturee.g.[6,7,15].Howeverthesear-
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(b)CoarrayforN=8
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(c)CoarrayforN=9

Figure4.5: Anexampleofcirculartransducerarraysofsimilarshapebutwith

distinctdifferencecoarrays.

raysaredesignedforthecaseofonepropagatingsignaltobedetected.

Weconsiderthesituationwhereseveralsignalsarepresent(bothsig-

nalswithinformationweareinterestedinandnoisesignals).Sodespite

thesearrays'comparativelyhighresolution,theirsidelobelevelsfarex-

ceedthedesirableforourapplications.

Asforlineararrays,weightingcanbeappliedtoreducethesidelobe

level.Inthiscasetheapodizationwillbebothinelevationandazimuth

directions.However,attainingcontrolovertheskirtofsidelobesfor2D

arraysismoredif�cultthaninthe1Dcase.Forexampleisthemath-

ematicsdescribingtwo-dimensionalsystems(functions)lesscomplete

thanforonedimensionalsystems.Thereisnofundamentaltheoremof

algebraforpolynomialsintwoindependentvariables[26]. Moreover,

therearealotmoredegreesoffreedomin2Dsystems.

Nevertheless,methodsforexpandingsome1Dsystemstotwodimen-

sionshavebeenproposed[21]. Agoodsymmetricalone-dimensional

windoww(x)maybeextendedtow2D(x; y) = w(
p
x2 + y2)whichthen,

becomesagoodcircularsymmetrictwo-dimensionalwindow5.

In[24]anapproximationfortwo-dimensionalFIR-�ltersintheCheby-

shevsenseusingtheRemezexchangealgorithmispresented.Oneshould

beawarethatapproximationfunctionsde�nedinatwo-dimensionaldo-

maindoesnotsatisfytheHaarcondition[48].Thereforetheoptimum

solutionisnotnecessarilyuniqueandwemayalsohaveconvergence

problems.Moreover,�ndingtheparametersisaproblemofconsider-

ablesizesincethenumberofunknownsinthe2DcaseisN2,incontrast

5
Theuseofcircularsymmetric�ltersarewellknowninthe�eldofimageprocessing

[47]andisusedforboth�ltering, compressionandimageimprovement. Image

processingcanberegardedasaspecialcaseoftwo-dimensionalsignalprocessingand

thushavesomesimilaritiestoour�eld.
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toN inthe1Dcase.Thus�ndingoptimalweightsfortheplanararray

caseremainsacomplexproblemthoughsomeapproacheshavebeenpro-

posedintheopenliterature.

Finallyanoteonsidelobesinthetwo-dimensionalcase,shouldbegiven.

Forlineararraysitisoftendesirabletominimizethetotalareaunder

thesidelobes.Thismeasurestheenergycontributionfromsignalsout-

sidethemainlobe. Fortwo-dimensionalarraysthesimilarwillbeto

minimizethevolumeunderthesidelobes.

4.5 Sensorplacementandthinningofarrays

Asstatedearlierinthischapterthearrayscanhavevariouscon�gura-

tions.Inthissectionwewillmentionthreewaysofmakinglineararrays

withdistinctelementlocations.Thelattermethodalsoappliestotwo

dimensionalarrays.

4.5.1 LocationsbasedonGaussianquadratureformulas

In[57,56]aGaussianquadratureformulaisusedtodeterminethelo-

cationoftheunequallyspacedsensors.Theseformulasareknownfrom

thenumericalintegrationtheoryofmathematics.Thefamousmathe-

maticianKarlF.Gaussdiscoveredthatbyspecialplacementofthecalcu-

lationnodes,theaccuracyofthenumericalintegrationcouldbegreatly

enhanced.

Alargefamilyofsuchformulasactinaccordanceto

Z b

a

f(x)dx �
LX

n=1

Anf(xn)

Henceonlythe'nodes' fxngLn=1 andthe'weights' fAngLn=1 needstobe
known[9].TablesforthesevaluesexistfordifferentvaluesofL. The

rootsoftheLegendrepolynomialareknowntogivethenodesforthe

Gaussianquadratureontheinterval[�1; 1] [9].
In[57]a10elementarrayisdesignedfromaGaussianquadrature.No

formulaissupportedinthisarticle,soabriefdescriptionwillbegiven

here.

AGauss-LegendrequadratureformulatablethatincludesL = 10 i.e.

thathave10nodes,isgiveninappendixCin[58].Streit'sapproachis

tousethesenodesandscalethemwithrespecttotheapertureendsor

outercoordinatesofanequi-spacedarray.Fora10elementlineararray

theoutmostsensorwillbelocated2:25� fromthearrayorigin.Sincethe

apertureis�xed,thispointmustbeequaltothe� timestheoutmost

node(x1 orx10).Consequently,thescalingfactorthatmustbeapplied
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Nodes Weights

xL�n+1 = �xn AL�n+1 = An

0.9739065285 (-1)0.6667134430

0.8650633666 0.1494513491

0.6794095682 0.2190863625

0.4333953941 0.2692667193

0.1488743389 0.2955242247

Table4.1: NodesandweightsfromtheGauss-Legendrequadratureformulatable
in[58]forthevalueofL = 10. Notethatonlythe10mostsigni�cantdecimalsare

includedhere.

togeta10elementarraywithdesiredapertureis

� =
2:25�

0:97390665285
� 2:3102833118�

Thesensorlocationsandthewavelengthnormalizedlocationvectorsare

givenintable4.2andthevaluesarealsorecognizedfromthe�nsin[57].

Sensorlocations �=2-location

xn = �x�n �n = ���n
0:34394190� 0:68788380

1:00126615� 2:00253229

1:56962859� 3:13925717

1:99854146� 3:99708292

2:25000000� 4:50000000

Table4.2:Sensorlocations,xk,andwavelengthnormalizedlocations,�n,calculated
fromthenodesgiveninthetable4.1.Werecognizethevaluesof�n from[57].

Simulationswiththisarrayarereportedinsection6.2.1.

4.5.2 Locationsdeterminedfromgeometricseries

Theelementsmayalsobeplacedinlocationsdeterminedfromgeometric

series. Inthatcasethespacingisdeterminedfromdn = an forn =

1; 2; : : : ; N,wheretheinter-elementspacingwilldecreaseif0 < a < 1

andincreaseifa > 1.

Thusthenominalsensorlocationswillbe

�x1 = 1 (4.17)

�xn = �xn�1 + dn�1 forn = 2; 3; : : : ; N



Section4.5Sensorplacementandthinningofarrays 51

Whenthenominallocationshavebeendetermined,theymustbescaled

accordingtothedesiredaperture,Aandaccordingtothearrayoriginso

thattheyaresymmetricandspantheaperture.

Firstthevalueofthemid-element�xN+1

2
issubtractedfromthevalues

of�xn foranoddlengtharray. Foranevenlengtharray,theoriginis

betweenthetwomid-sensorsandthisvalueoftheiroriginissubtracted

fromthesetf�xng.
Next,theaperturescalingfactorisapplied:

fxngNn=1 = �xn �
A

�xN � �x1
(4.18)

andwehavetheN sensorlocationsspanningtheentireaperture,A.

Theaperturescalingisjusttheratebetweenthedesiredapertureand

thenominalaperture.

Aroutineforcalculatingthesensorlocationsfromageometricseries,

hasbeenprogrammedandimplementedintheUltraSimlibrary.Simu-

lationswithtwoarraysofthiskindisreportedinsection6.2.2.

4.5.3 Thinningofanarray

Theperformanceofthethinnedarraywillbedistinctfromtheunthinned

array,withdifferencesdependingstronglyonthedegreeofthinning.

Obviously,theendelementsareneverthinnedordisplaced.Removing

theendelementswillgiveanarrowerapertureandthusanarrower

coarray.Asaresultfromthistheresolutionisreduced.

Weconsiderthinningoftheendelementsasmakingacompletelynew

arraydistinctfromtheinitialone.Thisisduetothefactthatacom-

parisonbetweenthesetwoarrayswouldbemeaninglesswhenboththe

numberofsensorsandtheaperturesaredistinct.

Onemust(oratleastoneshould)distinguishbetweentwotypesofthin-

ning:

1.Removingelementsfroma�=2-spacedarray.Theresultisanun-

dersampledarraywherethemeanspacingislargerthanthehalf-

wavelengthandtheresultisasparsearray.

2.Thinelementsfromanarraywithinitiallyspacinglessthand =

�=2,untilthemeanspacingis�=2. Theresultisaperturbedar-

ray.Normallytheperturbationisdonebydisplacingtheelements

withincertainlimits(generallyhalfthespacing-��=4).Whenper-
turbingwithathinningprocedurewemightgetinter-sensorspac-

ingslargerthan3
4� (i.ethelimitfornormalperturbation)andthis

willgivelessidealperformanceoftheresultingunweightedarray.

Thetwotypesofthinningwillleadtodistinctspatialresponses.Aper-

turbedarraywilldemandadifferentweightingthanthenon-perturbed,
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despitehavingthesamemeanspacing,toresembleinresponse.Under-

samplingofanarraywillintroducegratinglobesinthevisibleregion.

Theremovalofelementsmaybedoneinvariousways.Inthepreceding

sectionswehaveseenthatthinningcanbedoneinordertogivemin-

imumredundancyandthusmaximumresolution.Arraysmayaswell

bedesignedbypickingorplacingelementswithlocationsdrawnfrom

arandomdistribution. Inthisworksimulationshavebeenperformed

mainlywiththinningofthiskind.Thedistributionsusedareuniform,

Gaussianandanti-Gaussiandistributions.Withthelatterdistribution

theprobabilityofpickinganelementislargerawayfromthecenterof

thearray.

Fromthesesimulationsitisobservedthatananti-Gaussianthinningis

superiortouniformandGaussianthinningwithrespecttothesidelobe

level. Thusitseemslikelythatoneshouldkeepthecentralelements

activeanddothinningonthewings(thoughnottheendelements).

4.6 Calculatingthebeampattern

Arraysactasspatial�lters.Theydetectsignalsfromcertaindirections

and(tryto)suppressallothersignals.Theshape,sizeandf-number6

ofanarrayaresomeofthefactorsthataffecttheshapeofthebeam.

ThebeamformersarealgorithmsintheRF-unitinFig.2.1,thatare

steeringandfocusingarraysindesireddirectionsandatdesireddepths.

Dependingonwhetherthesources(e.g.ascattererorre
ectingbound-

ary)islocatedinthenear�eldorfar�eld,theywilloperatedifferently.

Inthefar�eldthewaveswillbeplanewavesandwecansteerthear-

raytowardstheradiating(orre
ecting)source.However,theabilityof

extractingrangeisonlypossibleforsourcesinthenear�eldwherewe

willhavesphericalwaves.

Anoldandwellknownbeamformingalgorithmisthedelay-and-sum

beamformer[23]. Itsresponsetoaharmonicwaveiscalledthearray

patternanddeterminesthearray'sdirectivitypattern.Thearraypat-

ternisgivenby

W (~k) =
N�1X
n=0

wne
j~k~xn (4.19)

Here~k isthewavenumberfrequency,~k = (kx; ky; kz),theelementloca-

tionsare,~x = (x; y; z)andwn aretheappliedweights. Thusitisthe

Fouriertransformoftheapodizedarray. Asalreadystated,inbeam-

formingthearray'soutputforsignalsfromparticulardirectionsisim-

portant.Thereforeonewantstocalculatethebeampattern

W (~k � ~k0) =
N�1X
n=0

wne
j(~k � ~k0)~xn (4.20)

6
Itistheratiobetweenthefocallengthandthediameteroftheaperture
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Clearlythearraypatterncanberecognizedasthebeampatternwhen

thearrayis'looking'inthez-directioni.e. ~k0 = 0.Foralineararraythis

canbewrittenintermsoftheazimuthangle,�,byusingtherelation

kx = �k sin�:

W (sin�0� sin�) =
N�1X
n=0

wne
jk(sin�0 � sin�)~xn (4.21)

Thebeampatterncanbeexpressedintermsofcosinebasisfunctions

whenthearraydisplaysevensymmetryaroundtheorigin.Foranodd

lengthlineararraythiscanbenoticedfromanyofthebeampatternfor-

mulasabove.

Forsimplicitythearraypattern(Eq.4.19)isusedduringthederivation.

Foranoddlengtharraywede�neM = N +1
2 .

W (~k) =

MX
n=�M

wne
j~k ~xn

=

�1X
n=�M

wne
j~k ~xn +w0 +

MX
n=1

wne
j~k ~xn

m wn = w�n

W (~k) = w0+ 2

MX
n=1

wn cos~k ~xn (4.22)

OneshouldnotetheresemblancewithsymmetricFIR-�lters.Perform-

ingthesameprocedureasabove,withanevenlengtharraywillgivethe

sameequationexceptthatw0 = 0andthelimitM = N
2
. Ageneralfor-

mulationofthisequationforasymmetriclineararray,isoftenwritten

as

W (u) = w0 +2

MX
n=1

wn cos(�nu) (4.23)

where �n =
2xn

�
n = 1; 2; : : : ;M

and u = � sin�

xn : sensorlocationinmm fromtheorigin

�n : �-normalizedsensorposition

� : thedesignwavelength

wn : theweightfactorvalueatelementn

The�-normalizedsensorpositionisthedistancefromthesensortoar-

raycenter,measuredinhalf-wavelengths. Itissuf�cienttoknowthe

positionsoftheelementsandthepropagatingsignal'swavelengthto

calculatethebeampattern. Thisillustratesthemutualin
uenceboth

fromthesignalexcitation,themediumandtheaperture.

Byknowingthetransmittedfrequency(thecentralfrequency)andthe

propagationvelocityintheactualmedium,wecancalculatethecurrent
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wavelength,�0. Thebeampatterncanthenbecalculatedandplotted

withu or� = arcsin(u=�)asspatialaxis. Trade-offsexistinchoosing

frequencyandaperturesize,asmentionedinCh.2.Withsteeringin-

cludedwewillhavetheexpression

W (u� u0) = w0+ 2
MX
n=1

wn cos
�
�n(u� u0)

�
(4.24)

whereu0 isthesteeringangle.

Arecentarticle[35]giveanexcellentreviewonbeamformingandthe

inherenttrade-offs,bothforconventionalbeamsandlimiteddiffraction

beams.Thelatterbeamsareaspecialclassoffsolutionstothehomoge-

neousscalarwaveequation.Theyarecharacterizedbyalargedepthof

�eldandgoodfocusing,butsufferfromhighsidelobes.

Severalbeamformingalgorithmarepresentedin[41].Witharrayswe

aresamplingawave�eld,hencequantizationofthemeasuredvalues

willbeneeded.Inthistexttheseeffectshavenotbeendiscussed.Anin-

vestigationontheeffectphasequantizationerrorshaveonthesidelobe

levelinasteeredandfocusedbeamformerisgivenin[20].

4.7 Beampatternsfromthecoarray

Arraysprovidesamplingofwave�elds.Wecanassumetheacoustic�eld

containingboththearrayandthepropagatingwavestobeawidesense

stationary(WSS)random�eld.Moreover,onecanassumethepropagat-

ingsignalstobeplanewavesi.e.weareinthefar-�eldregion.TheWSS

�eldcriterionrequiresthatthemeanfunctiondoesnotdependonthe

locationofapointandthattheautocorrelationfunctiondependsonlyon

thedistanceandorientationbetweentwopointsinspace.Inthiscontext

themannerbywhichthearraysamplesthespatialcorrelationfunction

oftheWSS�eldisfocused.

Weobservethewave�eldthroughaspatiallylimitedcontinuousaper-

ture,withaperturefunctionw(~x). Thesignalfromtheaperturewill

thenbez(~x; t) = w(~x)f(~x; t).Assumingthe�eldtobestationaryinboth

domains,thecorrelationfunctionoftheapertureoutputcanbeaver-

agedoverallbaselinestogiveanestimateofthewave�eld'scorrelation

function[23]

Z
A

Rz(~x1; ~x1 + ~�;�) = Rf(~�; �)

Z
A

w(~x1)w
�(~x1 + ~�)d~x1

= c(~�)Rf(~�; �) (4.25)

HereRz andRf aretheaperture'sestimatedandthewave�eld'scorre-

lationfunctions,respectively.



Section4.7Beampatternsfromthecoarray 55

Foranarray,theexpectedvalueofthespatiotemporalcorrelationfunc-

tioncanbeexpressedas[23]

E

2
4 X
(a;b)2#(~�)

ya(t)y
�
b (t+ �)

3
5 = c(~�)Rf (~�; �) (4.26)

Hereweconsidertheoutputfromsensorm = a asya(t) = waf(~xa; t),

wherew istheweightandf isthesignal. Thecoarrayofanarrayis

clearlythesetofpointswherethearrayspatiallysamplesthewave-

�eld'scorrelationfunction.

Inthefrequencydomaintheestimatedpowerspectrumofthewave�eld,

Sf (~k; !),willbeasmoothedversionofthetruespectrum.TheFourier

transformofthecoarrayisactingasasmoothing�lterinthisdomain.

Thisissimilartothesmoothingpropertiesofwindowsinspectralesti-

mationalgorithmsandtothebeampatternalgorithmsofarrayprocess-

ing.

ThissuggeststhatthecoarrayistheinverseFouriertransformofthe

far-�eldbeampattern,andthusknowingthecoarrayvaluesforagiven

arraygeometryoffersanalternativewayofcalculatingthebeampattern

undertheassumptionsmadeabove.Itsimpli�estoaFouriertransfor-

mationofthecoarraylagvalues.

Inprincipleitis,fromthediscussionabove,possibletodecidehowwell

thearraysamplesthe�eldbyviewinginwhatmannerthearraysam-

plesthespatialcorrelationfunction. Asthecoarraydeterminesthe

pointswherethecorrelationfunctionissampled,itisdesirabletohave

ageometrythatproducesasmanysamplesofthecorrelationfunction

aspossiblefromanarraywithagivennumberofelements.Themin-

imumspacingbetweenneighbouringcoarrayelementsmustbesmall

enoughtoavoidaliasinginthepowerspectrumfunction.Thisfollows

fromtheFourierrelationbetweentheautocorrelationfunctionandthe

powerspectrum[26].

ThebeampatternorsquaredaperturefunctionisequaltoaFourier

transformationoverthecoarraylagspace

B(~k) = Ffc(~�)g =
X
~�

c(~�)ej
~k~� (4.27)

ResultsfrombothUltraSim'sbeampatternroutineandfromthecoarray

toolsofthisworkaregiveninFigs.4.6and4.7.
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Figure4.6: Exampleofbeampatternproducedbythecoarrayapproachandby

theUltraSimbeampatternroutine. Theupperpaneldisplaysthearraythathas

anunderlyinggridof�=2. Originally,thearrayhas64 elementsandaperture32�,

buthasbeenthinned50% byremovingelementsrandomly(accordingtoauniform

distribution).Themiddlepanelshowsthenon-weightedcoarrayofthethinnedarray

andthelowerpanelcontainstheproducedbeampatternsfromeithermethods.

Thebeampatternsfromthetwomethodsareequivalentwhensuf�cient

conditionsaremet. Aminordiscrepancyattheangleswherethere-

sponseapproacheszero,isobservedinthebeampatternforthearrays

in�g.4.6.Everywhereelsethecalculatedresponsescoincide.

InFig.4.7wehavecalculatedtheangularresponsefromthesamear-

rayasabove,butnowweobservethe�eldatacloserrange(i.e.60mm).

Astrongerdeviationisnowobservedincreasingwithlargeranglesand

forthisreasonitcanbestatedthatobservatingthe�eldatthisdistance

fromthetransducernotvalidatestheplanarwaveassumption.
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Figure4.7: Exampleofbeampatternsproducedbythecoarrayapproachandby

UltraSim'sbp-routinewhenthefar-�eldconditionisnotmet.Itisobservedthatthe

discrepancyincreaseswithazimuthangles.

4.8 Coarraycalculationandvisualizationtools

Twooftheroutinesdevelopedinthisthesis,calculatesthecoarraysand

visualizetheminaplottingwindow.Inthissectionwewillpresentthese

routines.Sincebothuniform,sparseandnonequallyspacedarrayswill

beconsidered,thealgorithmsmusthaveageneralformulation. The

coarraycalculationalgorithmdevelopedherewillde�nitelybeslower

thanthefastmethodsappearingintheliterature.However,ouralgo-

rithmgivecorrectresultsforalltheabovementionedelementcon�gu-

rationsbothforone-andtwo-dimensionalarrays. Themethodine.g.

[32]demandsauniformly�lledlineararraywithsensorsseparatedby

anintegermultipleofaunitspacingd.

Thevisualizationroutinewritten,visualizesthecoarraybothinthecor-

relationdomainandinthespatialfrequencydomain.Thepreceding�g-

ureswitharrays,coarraysandbeampatternsareallproducedbythese

tworoutines.

4.8.1 Calculatingthecoarrayvalues

Theroutinethatcalculatesthecoarrayvaluescocompwillnowbede-

scribed.Inputtothisroutineisthearray'sx-andy-coordinatesf~xkgNk=1.
Outputisthecoarrayvaluesandtheirx-andy-lagcoordinatesasthe

setfc( ~�m)gMd

m=1.

Onlyplanararraysareconsidered,socalculationsonthez�coordinates
havebeenomittedhere.Consequently,theeffectsofcurvingthetrans-
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ducersurfacecannotbeinvestigatedinthisprogram.However,thecal-

culationroutinecaneasilybeextendedto3-Darraysaswell.

Themainprinciplesofthecocompalgorithmforthedifferencecoarray

case,canbeformulatedas

fork=1:N %8fxkgNk=1
	k = ~xk �X %incaseofadifferencecoarray

if 	i
k
2 �k�1

%Updatelagvaluesofthislagspacemember

�k = �k�1 +wk � wi
else%8 	i

k
62 �k�1

%Updatecurrentlagspacebyincludingnewmember

�1:2

k
=

h
�k�1 	

i

k

i
%Calculateandincludelagvalueofnewmember

�3

k
= �k�1 +wk � wi

end%if

end%forloop

Thetermsusedinthisalgorithmare

X = f~xig ; i = 1; 2; : : : ; N

	k =
h
	

1

k
	

2

k
� � �	

N

k

i
where	i

k
= ~xk � ~xi

�k : currentlagspace

�k�1 : lagspaceofpreviousiteration

Inthecalculation,theelementlocationsareconsideredtobevectors

fromthearraycenter,(0; 0),totheircoordinates,(xi; yi). Thenvector-

subtractionoradditionisperformedsequentiallyovertheapertureas

shownbytheloopinthealgorithm.

EquallagsaresummedaccordingtoEqs.4.10and4.16,anddistinct

lagsareincludedintheupdatedlagspace.Itisthissearchthatisthe

mosttimeconsumingpartofthealgorithmandthatpresumablywould

gainmosttomakemoreef�cient.

4.8.2 Visualizingthecoarray

Aroutineforvisualizationofthecoarrayvaluesandsomeoptions(like

plottingtheirfrequencyresponses)havealsobeendevelopedduringthis

work.Thevisualizationtoolsincludes,amongothers,theseoptions
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� Plottingofalinearcoarrayalongwithitserrorcoarray.
Theerrorcoarraywillmaybebemisguiding(oratleastdif�cultto

interpret)whenoptimalweightingisapplied. Thisisduetothe

factthattheerrorcoarrayalgorithmiswrittentocalculatethede-

viationarray(i.e.theerrorbetweenthe�lledandthesparsearray)

inthenon-apodizedcase.Whencalculatingoptimalweights,the

weightforeachelementinthesparsecase,willbedistinctfrom

whattheywouldbeintheuniformcase.

Incaseofweightingwithconventional(e.g.Hamming)apodization

theindividualweightsarecalculatedindependentlyofthesparsity

structureofthearrays.Themissingelement'sweightsareinthat

casejustsettozeroandtheremainingelementshaveweightval-

uesthatarenotin
uencedbythemissingelements.

Asaresult,withoptimalweighting,addingthecoarrayandthe

errorcoarraywillnotgivetheoptimaluniformcoarrayasaresult

(aswouldbethecaseforuniformweightedarraysandconventional

apodization).

� Two-dimensionalcoarraysareplottedintheirx-andy-lagspace
withcoarrayvaluescorrespondingtothesize(orarea)oftheplot

objects.Anoptionalplotshowsthecoarrayaspointsina3Dspace.

� Forlineararraythepossibilityofplottingitsspatialfrequencyre-
sponseisavailable.Thishasbeenshowntobeequaltothearray's

beampattern.

Thistransformationwas�rstbasedontheFFT.Itturnedouttobe

slowerthanusingthearraypatternformuladirectly.Thereason

forthiswasthattheFFThadtobesupportedwithtimeconsuming

tests,inordertogivereliableresultswhenthearraywasthinned

orunequallyspaced.

Forasparseornon-equallyspacedarrayaregularunderlyinggrid

hadtoberecognized.Ithadtobeadensegridinordertominimize

thediscrepancybetweentheactuallag-coordinateandthegridco-

ordinate.Gridlocationswithoutanysensorwasthensettozero,

beforeaFFTcalculationwasperformed.Becauseofthegreatnum-

berofoperationsnecessarytomakeagridandcheckit,thearray

patternofEq.4.27waschosenforourcalculations.

4.9 Summary

Thefundamentalsofcoarrayswithsomeoftheirpropertiesregarding

linearandplanararrays,havenowbeenpresented.Differentelement

con�gurationsforlinearandtwo-dimensionalarrayshavealsobeenpre-

sented.Somekeywordshavebeenexplained.Variousthinningmeth-

odsarereviewedandsomenecessaryrestrictionsonthinningaremen-

tioned. Wehavealsoseenthatthecoarrayoffersanalternativeap-
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proachtothecalculationofthefar-�eldbeampatternofanarray.

Twoprogramroutinesarewrittentotakecareofthecalculationand

visualizationofthecoarrays. Thepriorroutineisalgorithmicallyde-

scribed,whileforthelatterthemostimportantoftheavailablefunc-

tionshavebeensummarized.Afewexamplesdisplayingresemblance

withknownexamplesin[23]andwiththealreadyexistingbeampattern

routineinUltraSimhavebeenincludedaswell.

Inthefollowingchapterwewilltakeacloserlookattheproblemof

designingarraysbothincaseofuniform-,sparse-,perturbed-andnon-

equallyspacedarrays.Wewillthereconsiderthepossibleoptimization

ofweightsforimprovingthesidelobelevel.

AgeneralRemezalgorithmhasbeenmadetoallowopimizationofweights

forirregularspacedandsparsearrays. Thisroutinewillbeacentral

pointwhentheachievedresultsofthisthesisarereported.
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Methodsforarray

synthesis

Designinganarraysystemwillimplyseveraltrade-offs.Oneofthemis

betweengivinghighresolutionandatthesametimesubduenoisegen-

eratedbythesidelobes.Doingthiswithrespecttoagivencriterioninan

optimalway,isdesired.Thishasbeenanimportantresearchactivityfor

manyyearsandnumerousarticlesonthisproblemhavebeenpublished.

Thusseveraldifferentapproacheshavebeenproposedforoptimization

ofthearrayperformancewithrespecttobothresolutionandsidelobe

control.Theycanbedividedintofourmaingroups:

1.Fixeduniformsensorlocationsandoptimizationofweights.

2.Fixednon-uniformsensorlocationsandoptimizationofweights.

3.Uniformweightingandoptimizationofthesensorlocations.

4.Simultaneousoptimizationofboththesensorpositionsandthe

weights.

Ourworkismainlyrestrictedtothe�rstgroupandthemainobjective

inthischapteristoformulateandimplementanalgorithmforoptimiza-

tionofequi-spacedandnon-equallyspacedarraysaswellassparseand

perturbedarrays.

5.1 Formulatingtheoptimizationproblem

Theobjectiveistominimizethemaximumweightedapproximationer-

rorbetweenadesiredresponse,D,andtheactualangularresponse,P.
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ThisistheminimaxorChebyshevcriteriongivenby

min

�
kEk

�
= min

�
maxu2F

���W (u)
�
D(u)� P (u)

����� (5.1)

whereW istheerrorweightingfunctionthatallowsdifferentweightsto

beappliedindifferentregionsofF,thesetoffrequenciesuponwherethe

optimizationisperformed.EquivalentlykEk isthel1-normofE(u).The

actualresponseisthearraypatterninEq.4.23,writteninapolynomial

form

P (u) =

rX
k=0

�k cos(�ku) = b0 +2

MX
n=0

bn cos �nu (5.2)

with �k =
2xk

�
; u = � sin� (5.3)

and b0 = �0; bn = b�n =
�n

2
whenodd (5.4)

bn = b�n =
�n

2
wheneven

Theoptimizationproblemcanbestatedas:

Givenanarrayofelements

n
xk

oN
k=1
;�ndthesetofoptimumweightsn

bk

oN
k=1
thatmakesthemaximumerror,E,aminimum,foragiveninput

desiredresponse,D.

ThecosinesinEq.5.2formthesetofr +1basisfunctionsn
cos(�0u); cos(�1u); : : : ; cos(�ru)

o
usedintheoptimization.InorderforP (u) tobeauniqueandoptimal

solutionoftheproblem,thesetofbasisfunctionsmustobeytheHaar

condition[8].Inotherwordseachcos(�iu) iscontinuousandeverysetof

r+1vectorsoftheform
n
cos(�0u); cos(�1u); : : : ; cos(�ru)

o
isindependent.

Becauseourmethodimpliessolutionofequationsandmatrixinversion,

thesetofbasisfunctionsshouldalsobewellconditionedfornumerical

work.Whenstrongspatialoversamplingoccurs,thisbecomesaproblem

inouralgorithmandcausesdivergenceoftheoperation.However,this

isconsideredaspecialcaseofoperation.

TheRemezexchangealgorithmisbasedonthealternationtheorem:

Theorem1(Alternationtheorem)IfP (u) isalinearcombinationof

r +1cosinefunctionsoftheform

P (u) =
rX

k=0

�k cos(�ku)

thenforP (u)tobetheunique,bestweightedChebyshevapproximationto

acontinuousfunctionD(u)onF i.e.acompactsubsetof[0; �],theerror
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functionE(u)mustexhibitatleastr + 2 extremalfrequenciesinF. In

otherwordsthereexistr+2pointsui inF suchthatu0 < u1 < � � � < ur+1,

E(ui) = �E(ui+1)andkE(ui)k = maxu2F jE(ui)jr+1i=0 .

Inourcasethedesiredresponseisgivenby

D(u) =

(
1 : 0 � u � up
0 : us � u � uO

(5.5)

Hereu isanangularspatialfrequencyaxis,whereup isthedesiredcut-

frequencyofthemainbeam,us istheinitiallychosenangleforwhere

themaximumsidelobelevelshouldbereachedanduO istheupperlimit

ofthefrequencyregionwheretheoptimizationtakespart.Itshouldbe

notedthatinthisformulationtheintervalofoptimizationcanbelimited

tou 2 [0; uO] (withuO < �),whendesired.

Thereasonisthatwiththismethodweonlyhavealimitednumberof

parameterstoweightdownpeaksinthesideloberegion.Whenanarray

isthinneditisobservedthatthenumberofpeaksinthisregionislarger

thanthenumberofsensorsandhencelargerthanthenumberofweight

coef�cients. Wepresumethatthisisbecausethenumberofpeaksis

determinedbytheunderlyingregulargridandnotbythenumberof

sensors.

Wehaveobservedthatincaseofsparsearrays,theoptimizationregion

islimitedtofrequenciesfrom0� toapproximately

uO = arcsin
�Nsparse

Ngrid

�
(5.6)

i.e.theratebetweenthenumberofsensorsinthesparsearrayandthe

uniformly�lledarray.

WheneveranoddlengthuniformarrayisoptimizeduO = �.Evenlength

arraystendtodevelopanextrasidelobeatu = � [56]forsomespe-

cialchoicesofinter-elementspacingandcut-angles.Extremecaremust

thereforebetakenwhenthearraydeviatesfromthe�=2-case,anduO
mayhavetobereducedfromthevalue,uO = �,inordertoavoidthede-

velopmentofbadlysuppressedsidelobesorgrating-lobelikeresponses.

Theerrorfunctioniswritten

E(u) =W (u)
�
D(u)� P (u)

�
(5.7)

wheretheweightfunctionis

W (u) =

8<
:

1 : 0 � u � up

K =
�p
�s

: us � u � uO
(5.8)

Here�p istheamplitudeoftherippleinthemainloberegionand�s is

theamplitudeoftherippleinthesideloberegion.

Fromthealternationtheorem(theorem1)asetofextremalfrequencies

fui = � sin�igandacosinepolynomial,P (u)exists,suchthat

E(ui) = W (ui)
�
D(ui)� P (ui)

�
= (�1)i� ; i = 0; 1; : : : ; r + 1(5.9)
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Here� isanunknownconstant.Werewritethisequationto

P (ui) +
(�1)i�
W (ui)

= D(ui) for i = 0; 1; : : : ; r +1 (5.10)

andrecognizeitasamatrixequationsystemwithr + 2unknowns

A~� =D (5.11)

withthematricesde�nedasfollows

A =

2
666666664

cos�0u0 � � � cos�ru0
�

W (u0)

cos�0u1 � � � cos�ru1
��

W (u1)
...

...
...

...

cos�0ur+1 � � � cos�rur+1
(�1)r+1�
W (ur+1)

3
777777775

~� =

2
6666664

�0
�1
...

�r
�

3
7777775

D =
h
D(u0) D(u1) � � � D(ur) D(ur+1)

iT
Consequently,iftheextremalfrequenciesareknown,thecoef�cients�i
canbedeterminedbymatrixinversionofthesystemabove.Moreover,

invertibilityofthematrixA isguaranteedbytheHaarconditiononthe

basisfunctions[8]. Thenasthecoef�cientsarefoundtheangularre-

sponseofthearraycanbecalculated.

5.2 Optimizationofsensorweightswhensensor

locationsare�xed

Thisoptimizationproblemhas,inthelineararraycase,twoapproaches.

1. Incaseofauniformly�lledarraywithsensorsseparatedbyequal

spacings,thewidelyknownandusedDolph-Chebyshevshadings

applies[11]. ThisisanequivalentproblemtoconventionalFIR

�lterdesignbyusingtheRemezalgorithmof[44].

2. Inthiscasethesensorsarenotseparatedbyequalspacings.This

demandsamoregeneralformulationthaninthepreviouscase.

Optimizationforthisproblemisreportedin[57,56].Wewilluse

theformulationabovetooptimizearraysofthiskind.

5.2.1 Theequi-spacedarraycase

Aspecialcaseoftheproblemformulatedaboveiswhenthearraysare

uniformly�lledandareequallyspacedwithsensorslocatedataninte-

gertimestheunitspacing,d. Anequi-spacedarraywillhavesensors
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atxk = kd = k
� fork = �M; : : : ; 0; : : : ;M andhence�k = 2k
. The

well-knownDolph-Chebyshevshadedarraysareinthisfamilyandhave

aunit-spacingofone-halfthewavelengthi.e. 
 = 0:5,d = �=2andthe

cosineargumentofEq.5.2simpli�esto

d =
�

2
) �nu =

(
nu ; oddlengtharray
2n� 1

2 u ; evenlengtharray

Inthecaseofanequi-spacedarraythepowerfulalgorithmofParks-

McClellancanbeused[37,44].Theirnotationdiffersfromtheonegiven

intheprecedingsection.

FirstitisnotedthatthearraypatterninEq.5.2canbewrittenonthe

form

P (u) = Q(u)R(u) = Q(u)
rX

k=0

�k cos(�ku) (5.12)

ForanoddlengtharrayQ(u) = 1andforanevenlengtharrayQ(u) =

cos(u=2).In[37]theoptimizationisperformedoveradifferentfrequency

grid(from0to0:5)thanintheprevioussection(wherewewereoptimiz-

ingover[0; �]).

Anewapproximationproblemisnextformulatedas

E(u) = W (u) [D(u)�Q(u)P (u)]

= W (u)Q(u)

�
D(u)

Q(u)
� P (u)

�

= �W (u)
h
�D(u)� P (u)

i
(5.13)

Fromthealternationtheoremthesystemiswritten:

2
6666666664

1 cos2�u0 � � � cos�nu0
�

�W (u0)

1 cos2�u1 � � � cos2�nu1
��

�W (u1)
...

...
...

...

1 cos2�ur+1 � � � cos2�nur+1
(�1)r+1�
�W (ur+1)

3
7777777775

2
6666664

�0
�1
...

�r
�

3
7777775
=

2
6666664

�D(u0)
�D(u1)
...

�D(ur)
�D(ur+1)

3
7777775

(5.14)

Thesystemaboveisalwaysnonsingular[8].However,thepossibility

ofnumericalill-conditioningremainsandsolvingthesystembecomes

timeconsumingwithlargesystem.Thereforeafasterandmorestable

approachhasbeentakeninthisalgorithm.

First� isanalyticallydeducedbysolvingwithCramersruleapplying

calculationoftheVanderMondedeterminant[36].Thustheparameter

� isdeducedfrom

� =

r+1X
k=0

ak �D(uk)

r+1X
k=0

(�1)kak
�W (uk)

(5.15)
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NextP (u) isinterpolatedonther +2 frequencypointsbymeansofthe

barycentricformoftheLagrangeinterpolationformula[42].Theinter-

polatedresponseP (u) isthengivenby[44]

P (u) =

8>>>>>><
>>>>>>:

Ck forextremalfrequencies
rX

k=0

�k

cosu� cosuk
Ck

rX
k=0

�k

cosu� cosuk

otherwise
(5.16)

where ak =

r+1Y
i = 0

i 6= k

1

cosuk � cosui

Ck = �D(uk)�
(�1)k�
�W (uk)

�k =

rY
i = 0

i 6= k

1

cosuk � cosui
= ak(cosuk � cosur+1)

k = 0; 1; : : : ; r

Thealgorithmstartswithaninitialguessonr+2extremalfrequencies.

Next,theerror,E(u),iscalculatedoveradensegrid,u,andtheextrema

ofE(u)areconsideredcandidatesforthenewsetofextrema.

Ther extremawiththelargesterrorandtheinitialextremaatthebe-

ginningandendofthetransitionregion,i.e.theinitialcut-frequencies

up andus,areusedtoupdatethesetextremaforthenextiteration.

Thisisthemostlaboriouspartofthisalgorithmandisthepartwhere

mostimprovementsofthisroutinehavebeenproposede.g.in[2].The

algorithmterminateswhennochangehasoccurredsincetheprevious

iteration.

Finally,thesensorweightsarecalculatedbyaninversediscreteFourier

transformoftheresponse.Thisalgorithmprovidesafastandreliable

wayofcalculatingtheoptimalsensorweightsincaseofauniformly�lled

lineararray.

5.2.2 Ageneralformulatedalgorithm

Sinceourobjectiveistooptimizesparseandnon-uniformly�lledarrays,

thealgorithmwilltakeaslightlydifferentformthaninthepreceding

section.Inthiscasetherewillgenerallybenosimpli�cationoftheco-

sineargument, �ku. Fromthealternationtheoremwecanformulate

equation5.9andformthesystemofEq.5.11

A~� =D
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Wearenowusingfuk = � sin�kgasthesetofextremalfrequenciesfor
k = 0; 2; : : : ; r +1andthematricesasde�nedonpage64.

Thisformulationisvalidbothforoddandevenlengtharraysandnonew

approximationformulationisneededtosolveforevenlengtharraysin

contrasttotheParks-McClellanformulation. Anotherdifferencewith

theearlierdescribedalgorithmisthat1(one)willbeabasisonlywith

oddlengtharrayswherethecenterelementisactivei.e.x0 = ;. We
shouldalsonotethatinthegeneralcaseoptimizeintheu 2 [0; �]region

andthatthesystemmatrix,A,thereforenotresemblesthesimilarma-

trixintheequi-spacedcase.

Inoursolutiontotheproblemweemploymatrixinversion. Asmen-

tionedintheproblemformulationinSec.5.1thismaygiveanill-con-

ditionedmatrixsystemwhenlargeandoversampledarraysareused.

However,sinceourmainconcernisundersampled(i.e. sparse)arrays

andnon-equallyspacedarray,thiswillnotbeanyprobleminthiscon-

text.

Asparsearraywilltypicallyhaveameanspacing,�d,largerthanone-half

wavelength,oftenfrom�d = � tomorethan2�.Anon-equallyspacedar-

raygenerallyhasameanspacingaroundtheNyquistratei.e. �d = �=2.

Consequently,onlyforveryspecialarrayswillbadconditioningcause

problemsandthatwillnotoccurforthearraysthatweconsider.

5.2.3 Inputstothealgorithm

Thereareseveralinputparameterstothisalgorithm.Firstly,weneedto

knowthesensorlocationsfxkgNk=0.Thusaninputvectorcontainsthese
coordinates.

Wealsoneedtoknowthepropagationspeedofthemedia,c ,andthe

designfrequency,f,inordertocalculatethewavelength,�.Thisissup-

pliedbythemedia-andexcitationvectors.

Inourroutineitisalsopossiblefortheusertoalterthenumberoffre-

quencypointsperrippleinthecalculationsi.e.theoversamplingrate.

Thisisusefulforspecialgeometries,whereamoredensegridsometimes

isnecessarytogetconvergence.Ourexperienceisthatthisoccursonly

forsomeveryspecialperturbedarrays.

Theparametersthataregivenasdirectinputsbytheuserare:

1.Theinitialcut-angleofthebeamormainlobe,�ip,aregiveninde-

grees(�).

2.Theanglewhereitisdesiredthatthemaximumminimumsidelobe

levelisreached,�is indegrees,i.e.wheretheequi-ripplesidelobe

levelstarts.Thisisthe�rstanglewheretheerrororresponseis�.

3.Thestopangleoftheoptimizationregion,�O indegrees.Foruni-

formly�lledarraysandnon-equallyspacedarrayswithmeanspac-
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ing�d = �=2thisangleshouldbechosento90�,butforsparsearrays

ithastobereduced.Asaruleofthumbthisangleshouldbechosen

to

�O = arcsin
�Nsparse

Nfilled

�

whereNfilled isthenumberofelementsina�lledequi-spacedarray

ofequivalentaperture.

4.Theapproximationerrorweightfactor,K.Thisratiospeci�esthe

differenceinerrorbetweenthetwooptimizationintervals.Inour

applicationitisalwayslargerthanorequalone,butinmostcases

itwillnothaveanyeffectinourapplicationsandtheerrorinthe

sideloberegionwillbethesmallestpossibleminimumregardless

ofthechosenK.Thereasonisthatwelookatbeamformsthathas

anarrowmainlobewithnoextremalfrequenciesexceptfrom�ip.

5.2.4 Briefdescriptionofthealgorithm

The�rstpartofthealgorithmischeckingwhethertheinputarraymeets

theconditionsimplicitontheapproximationcriterionwithrespectto

symmetryaroundthearrayorigin.

Nextadensegridissetupaccordingtotheinputanglesandtheover-

samplingrate.Aninitialsetofextremalfrequenciesarechosenandthe

matrixsystemissolved

~� =A�1D

Nowboththepolynomial,P (u)andtheerrorfunction,E(u) isavailable.
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Figure5.1: Thisisanexampleofthe�rstiterationofthealgorithm.Thecrosses
indicatesresponsevaluesfortheinitialchosenextremalfrequenciesafterthematrix

hasbeensolved. Thelevelofthecrossesare20 log
10
(�=K) � �33 dB.Thecircles

indicatestheextremadeterminedfromthesignchangesofthedifferentiatedresponse

thatwillbetheupdatedextremalfrequenciestobeusedinthenextiteration.
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Thenwewill�ndtheextremalfrequenciesanddeterminewhetherthey

areequivalenttotheonesinthepreviousiterationornot.

To�ndthemaximumsoftheerror(andequivalently,theresponsesince

D � 0 inthisinterval),wehaveusedanumericalderivativeestimation.

BecauseofthesimilaritybetweenP andE theextremalfrequencies

arefoundforexactlythesamevalues.Thereforewehavedifferentiated

theresponse,P.Moreover,sinceweareconsideringasituationwitha

narrowmainlobe,theextremalfrequencieswithmaximumerrorwillbe

expectedtobeinthesidelobeintervaloftheoptimizationregion.

Theestimationsofthederivativesaredoneby

DfP (u)g = Pk+1 � Pk

uk+1 � uk
(5.17)

NowthefrequencyvalueswhereDfP (u)g changessignareconsidered
candidatesforthenewextrema. Ther candidatesalternatinginsign

andwithlargesterror,arechosentobetheextremaofthenextiteration.

Additionally,up andusareincludedinthisset.Thenanewiterationis

performed.Thealgorithmterminatesifnochangehasoccurredinthe

lastiterationorifforcedtobytheuser.

Finally,theweightfunctionandtheresponseareplotted. Theangle

valueofthe�rstzero-crossing,themaximumsidelobelevelandthedy-

namicrangeoftheweightcoef�cients,�D,arecalculatedandwrittento

theuser. The�D factoristheratiobetweenthelargestandsmallest

weightvalue.

Ineachiterationtherehastobeexactlyr+2extremalfrequencies.Con-

vergenceisnormallyreachedafteronlyafewiterations(3� 7).

Thedifferencesbetweenthisalgorithmandtheonegivenin[37]canbe

summerizedas:

1.ThecosineargumentsarechosentoresemblewithDolph'sin[11].

Thereforeanoptimizationregionspanningfrom0to� isusedrather

thanfrom0to0:5.Introducingtheseparametersalsomakesitpos-

sibletocalculatebothevenandoddlengtharrayfromthesamema-

trixformulationbyapplyingthealternationtheorem.Moreoverno

'adjustmentfactor'Q(u) isneeded.

2.InsteadofapplyingLagrangeinterpolationwesolvethematrix

systembymatrixinversion.Amotivationforthischoicewasgiven

insection5.2.2.

3.Becauseweareinterestedinbeamformsresemblinganarrowlow-

pass�lter,thesearchcanbesimpli�edtosearchforextremain

thesidelobeintervalonly.Thisinvolvesasavinginthenumberof

operations.

4.Becausewegivetheuserthepossibilityofchangingtheregion

wheretheoptimizationisperformedoverand,atthesametime,
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Figure5.2: Thisisanexampleofanendresultfromtheoptimizationroutine.The
upperplotistheweightsthatwillbeappliedtothecorrespondingelement,normalized

withrespecttothegreatestweightvalue.Inthelowerpaneltheweightedresponseis

showed.ThesamearrayasinFig.5.1isusedanditisanunequallyspacedarraywith

10elements(see�g.6.4b).The�rstzeroappearsat4:22�,themaximumsidelobelevel

is�23:56dBandtheweightdynamicfactoris2:76.Convergencewasreachedafter4

iterations.

thepossibilityofchangingtheoversamplingfactor,awideclassof

arrayscanbeoptimizedwithinregionsoftheangulardomain.This

includessparsearrays,perturbedarraysandnon-equallyspaced

arraysinadditiontoequi-spacedarrays.

5.Severalkeynumbersarealsosuppliedtotheuserinordertomake

iteasiertocomparedifferentarraysanddifferentelementcon�g-

urations.

5.3 Otheroptimizationapproaches

Inthescienti�cliteratureotheroptimalandnear-optimalapproaches

havebeenproposedthateitheroptimizebyjudiciousplacementofthe

sensorsorbyoptimizingboththeweightingandsensorlocations.Typi-

callythesearrayswillhavesensorslocatedatk�,whenk isarealnon-

integer.Theauthordoubtstheusefulnessofsucharraysforultrasonic

use. Makingthesenon-uniformspacedarraysforultrasonicapplica-

tions,willmeetseveredif�cultbecauseoftheshortwavelengthsinul-

trasound,andtherebyalsothelimitedsizeofultrasoundarrays.

Realizationofsucharrayswillmainly�ndapplicationin�eldswhere

verylargearraysareappliedi.e.wherethenon-uniform(decimalfrac-

tionedwavelength)placementisrealizable.However,thesearraysoffer

interestingpointsofview,thatinsomespecialcasesmayshedlightunto
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thesynthesisprocessofultrasonicarrays.

Thesemethodswillnotbegivenanythoroughdiscussionhere,butsome

selectedexampleswillbesimulatedandshortcommentsontheresults

willbegiven.Inthatwaywewillalsoshowthatbyapplyingourgener-

alizedoptimizationroutine,wecanfurtherimprovethesidelobelevel.

5.3.1 Optimizationofsensorlocations

Afamilyofoptimizationalgorithmsappearingintheliterature,useuni-

formorpartial-uniformweightinganddotheoptimizationonthesen-

sorlocationssolely. Theoptimizationofweightsisalinearproblem,

whereastheproblemofoptimizingthesensorlocationswillbenonlin-

ear.Consequentlyonehastousenon-linearoptimizationmethodsorby

usinglinearapproximationmethods.

Schj�r-Jacobsenetal.[50]haveproposedanonlinearminimaxoptimiza-

tionmethodforminimumsidelobesynthesisoflineararraysbyvarying

theelementspacings,whilekeepinga�xedweightingfunctionequalto

unityatallsensorlocations.Itisaniterativetechnique,wheretheloca-

tionvector,~xk isincrementedineachiterationandupdatedtothisnew

valueifsuf�cientconditionsaremet.Thesteplengthisadjustedduring

theiterationprocess.

Fromnowonwecallthisarray,the'Schj�rarray'.Thesearraysfrom

willhavetheoutersensorslocatedatadistanceequaltoN � 1
4 � from

theoriginofthearray.NotsurprisinglytheapertureoftheSchj�rarray

isequivalenttotheequi-spacedarray'sandalsohavethesamenumber

ofelements.Becauseofthisfactwecannowsimulateanarrayofthis

kind,withnon-equallyspacedelementsandcompareitsresponsewith

theequi-spacedarray'sresponse.
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Figure5.3: This�gureshowstheelementlocationsonthearraysusedinthe
succeedingexamplesofsimulationsinthissection.

ItisworthnotingthattheuniformlyweightedSchj�rarrayhasamax-

imumsidelobelevelat�22:5dB.Thusitissubstantialbetterthanthe
uniformlyweightedequi-spacedarray. Thisimpliesthatbydesigning

arrayswithmoreelementsaccordingtothemethodin[50]willgiveeven

bettersidelobeappearance.
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(a)CoarraysfortheSchj�rarray
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(b)Beampatterns

Figure5.4: Simulationswitha15elementarrayoptimizedwithrespecttothe
sensorlocationsbythemethodof[50]. Anequi-spacedandoptimalweightedarray

withequivalentapertureisplottedinthesame�gure(withdashedline).Theirregular
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spacedarrayisoptimizedwithourRemezmethodandtheresultisdrawnasaboldface

curve.Allresponsesarecalculatedbyourcoarrayroutines.

Otherauthorshaveadressedtheproblembyconsideringnearly-uniform

taperingofthearrayelements,andasasecondexamplewegiveoneof

these,namelya15elementarrayproposedbySandrinetal.[49].Thear-

raysinthearticleofSandrinetal.areveryspecialcases(andabitodd),

wherethearraysaredesignedwithanominalspacingof'2�'! Thisis

motivatedbythefactthattheintendedapplicationisanantennawhose

sub-aperturebeamwidthsarelessthan�15�.
Forourapplicationswethereforemultiplythesensorlocationvaluesby

thefactor0:2277 (andnot0:25!) tomakeanarraywithmeanspacing

equaltoone-halfthewavelength.
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(a)CoarraysfortheSandrinarray

0 10 20 30 40 50 60 70 80 90
−50

−45

−40

−35

−30

−25

−20

−15

−10

−5

0
 

Azimuth angle [Deg]

Re
sp

on
se

 [d
B]

(b)Beampatterns

Figure5.5: Simulationswitha15elementarrayoptimizedwithrespecttothe
sensorlocationsof[49],withpartialuniformweighting(thinlinedrawing).Results

fromsimulatingthesamearraywithnoweightsisplottedwithadashedcurve.

Finally,thearrayisoptimizedwithourRemezmethod,andtheresultisdrawnas

athickline.Allresponsesarecalculatedbythecoarrayapproach.
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Inthearticletheyhavedividedthelocationvaluesbyfourtogetwhat

theyhavecalleda'�=2-spaced'array.However,usingthegivenvalues

suggestsameanspacingof0:549�!.Thusthereisdiscrepancybetween

thenomenclatureinthisthesisandtheoneinthearticleofSandrinet

al.[49].

Wehavesimulatedtheresponsefromthe15elementSandrinarraywith

ascalingcorrespondingtoourde�nitionofmeanspacingandtheresults

aregivenin�gure5.5.Thecoarraysarealsoincluded,sinceweusethem

tocalculatetheresponses.

Firstwehavesimulatedwithanunweightedarrayandthecoarrayis

showntotheleftin�gure5.5.Theangularresponseofthisarrayisseen

tooutdotheequi-spacedarrayintheunweightedcase.

Nextwehaveusedtheproposedweightingof[49]i.ewn = 0:515onthe

endelementsandunityweightsforallotherelements.Thecoarrayis

showninthemiddleof�gure5.5.Finally,wehaveoptimizedthearray

withourroutine.

Despiteusingadifferentdown-scalingtheresultsresembleswhatisre-

portedinthearticle.Webelievethisisduetothearrayhavingalow

sidelobelevelcontinuingintotheinvisibleregion.

Intable5.1thebeamwidthandsidelobeleveloftheSchj�rarrayis

comparedtoanequi-spacedarrayandtheSandrinarray[49],eachof

equivalentaperture.TheSchj�rarrayisseentogivethelowestside-

lobelevel.Moreoveritalsohavethelowestdynamicrangeoftheweight

coef�cientsamongthethreetestedarrays.Thisisanotherindicationof

itbeingawell-de�nedgeometrywithrespecttoitsapproximationtoan

idealspatialresponse.

Arraytype -6dBbeamwidthMax.sidelobe �D

Non-weightedarrays

Equi-spaced 9:23� �13:15dB 1.0

Schj�rarray 10:34� �22:46dB 1.0

Sandrinarray 10:28� �19:7dB 1.0

Sandrin'snearlyuniformweightingproposal

Sandrinarray 11:18� �24:7dB 1.94

OptimizedwithourRemezalgorithm

Equi-spaced 11:24� �27:6dB 2.79

Schj�rarray 11:24� �28:2dB 1.71

Sandrinarray 11:24� �27:6dB 1.87

Table5.1:Keynumbersoftheresponsesplottedin�gure5.4and5.5.Thedynamic
factorsfortheoptimizedweightsgiveninthelowertable.

Anotherinterestingthingcanbenotedfromthecoarraysresultingfrom

theuniformweightedandtheoptimalweightedarray,respectively.The

maindifferencebetweenthesecoarrays,isthattheoptimalweighted
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hasvaluesdecreasingwithincreasinglags.Bothcoarrayshavearela-

tivelysmoothappearancewithaveryhomogeneousdistributionoflags.

Thismightindicatethatthearraybelongtoaclasswhereapplyinglow

weightvaluesontheendswillresultinloweredsidelobes.Asimilaref-

fectisobservedwiththeSandrinarray,wherereducingtheweightvalue

ontheendelementsto0:515 reducesthemaximumsidelobelevelwith

5dB.

SimulationswithsteeringoftheSchj�rarrayhasunveiledbroadening

anddistortionofthemainbeamaswellasanincreasedsidelobelevel

attheoppositesideofthesteeredbeam'smainlobe. Thisisobserved

evenforsteeringatnarrowangles.Thusthearraydemandsoptimiza-

tionoflocationsforeachsteeringangleasisasimilareffecttowhatis

demandedwithoptimizationdoneontheweights(i.e.theweightsmust

beoptimizedforeachsteeringangle).

5.3.2 Simultaneouslocationandshadingoptimization

Methodsforsimultaneousoptimalizationofthesensorlocationsandta-

peringhavealsobeenproposed[38]and[30].

Duetothelackoftime,thesemethodshavenotbeenconsideredinthis

work.Itmustthoughbenoticedthatthesearraysprobablynotarepass-

ablesolutionsforultrasonicarrays,becauseoftheirnonlinearsensor

locations.Theirresultswillundoubtablebegood,whenbothlocations

andweightsareoptimizedatthesametime.Andforlargerapertures

thanweconsider,theywillprobablyofferexcellentspatialresponsepat-

terns.

Oftenthesemethodsstartswithafewsensorsandoneandoneisadded

ineverystepuntiladesirednumberisreached.Oneshouldbeaware

thatsomemethodsreferredtoasoptimal,notoptimizethealreadyexist-

ingsensorlocationswhenaddinganewelementtotheset.Thusthe'op-

timality'statedmustbeconsideredasapartialoptimalsolution.Mitrou

[38]optimizeprevioustapsaswellasthenewoneadded.

Weexpectthattheoptimizationmustbeperformedforeachsteering

angleforthesemethodsasisthecaseforthepreviousdiscussedopti-

mizationmethodsthatdealwithoneofthematthetime.

5.4 Summary

Inthischapteranewoptimizationalgorithmhasbeenproposedthatcan

beusedto�ndoptimalweightsevenforarrayswithanon-equalinter-

sensorspacing. ItisbasedonageneralizationoftheRemezexchange

methodtoageneralspatialfrequencygrid. Themethodassuch,has

similaritieswiththeoptimallinearphaseFIR-�lteralgorithmofParks
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andMcClellan[44]andevenmorewithStreit'salgorithm[57].

Thedevelopedalgorithmhasbeenformulatedanddescribedinthischap-

ter.Thedifferencesbetweenourmethodandtheequi-spacedalgorithm

in[37]havebeenmentioned. Streit'sroutinehasnotappearedinde-

tail,sowecannotbetoospeci�cwithrespecttosimilaritiesanddif-

ferenceswithourroutine.Weusethesameterminologywithrespectto

thebeampatternandbothusetheRemezexchangealgorithm,sowecan

saythatsimilaritiesatleastexist.However,ouroptimalweightvalues

areslightlydifferentfromStreit's.Moreover,ourroutineseemstogive

slightlybetterresultsforthebeamwidthsconsideredbyStreit.Thisis

reportedinsection6.2.1.

Finallyinthischapter,someresultshavebeenreportedthathaveshown

ourroutine'susefulness.Angularresponsesfromtwoarrays,onewith

optimalsensorlocationsandonewithnear-optimalsensorlocations,are

seentobeimprovedwithourmethod.Aninterestingpointfromthese

twoarraysisthatbotharrayshadelementsmoredensednearthear-

rayoriginthanatthearrayends.Thisissimilartotheeffectobserved

whenthinninganarray.Becausethentheanti-Gaussianthinningwas

theoneperformingbestinthenon-weightedcase(section4.5.3).

Inthenextchapterwewilluseourroutinetooptimizearrayswithvari-

ouselementcon�gurations.Thuswewilltrytodetermineourmethod's

limitationsandadvantages.
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Computersimulations

Thischapterisdevotedtodescriptionsofthesimulationsandresults

obtainedfromthesimulationsthathavebeenperformedwiththede-

velopedroutines.Thegoalsofthecomputersimulationsarethreefold.

Firstly,wewanttoverifyouralgorithmsandmethodsbyusingtestdata

withknownsolutions.Thisimpliesreproducingresultsreportedinthe

openliterature.

Secondly,wewillcomparedifferentarraysanddifferentcon�gurations

ofelementsinorderto�ndpropertiesorcharacteristicsthataresimilar

ordistinctbetweendifferenttypesofarrays.

Andlastbutnotleast,wewanttousethesimulationsassupportforour

conclusions.

Differentarrayswillbeinvestigatedandoptimizedwiththenewlyde-

velopedoptimizingroutine.Inthispartoftheworkwehadneedfora

toolthatcouldthinandalterelementlocations.Thetoolthatwasmade

andimplementedwillalsobedescribedbrie
yinthischapter.

Attheendofthischapterwesummarizetheresultsmadeinthesesim-

ulations.

6.1 Simulationswithequallyspacedarrays

Wewill�rstreportsomeresultsfromsimulationswithoptimizedequi-

spacedarrays.Theintentionwiththesesimulationsisto�ndtendencies

betweendifferentcharacteristicsorparametersofthearrays.

Wewilltakealookattherelationshipbetweenthemaximumsidelobe

levelandtheresolution,therelationbetweenthedynamicrangeofthe

weightcoef�cients,andtheresolutionormaximumsidelobelevel.These

relationsarevisualizedinthe�gures6.1, 6.2and6.3.

Figure6.1displaysanalmostlinearrelationbetweenthesidelobelevel

andtheresolution.Weseethatincreasingthenumberofelementsis

77
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equivalenttoloweringthemaximumsidelobelevelforagivenresolu-

tion.Theinclinationofthecurvesin�g.6.1isincreasingwiththenum-

berofelementsaswell. Thusweobservetheeffectthatanincreased

numberofsensors,givingalargeraperture,permitsabetterresolution

whileitmaintainsalowsidelobelevel.
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Figure6.1:The�gureshowtherelationbetweenthebeamwidthandthemaximum
sidelobelevelforanequi-spacedarray,optimizedwithourgeneralRemezalgorithm.

Thebeamwidthismeasuredfrom0� totheanglewherethemaximumsidelobelevel

isreached.Itisthusnottheusual-6dBbeamwidth.
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Figure6.2:The�gureshowstherelationbetweentheweightdynamicrangeandthe
maximumsidelobelevelforanequi-spacedarrayoptimizedwithourgeneralRemez

algorithm.

In�gure6.2therelationbetweenthedynamicrangeoftheweightcoef�-

cients,�D,andthemaximumsidelobelevelisshown.Fordetmostpart
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therelationsaresimilarforthedifferentnumberofsensors.The�Ds

haveminimaforgivensidelobelevelsandtheselevelvaluesincreases

withthenumberofsensors.Acharacteristicpointwiththesecurvesis

thatthedeviationbetweenthemisrelativelysmall.Obviously,thiscan

atleastpartlybeexplainedbythefactthatwehaveplottedthevalues

withlogarithmicaxes.
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Figure6.3: The�gureshowstherelationbetweenthedynamicrangeandthe
beamwidthforanequi-spacedarrayoptimizedwithourgeneralRemezalgorithm.

Thelast�gure(Fig.6.3)showstherelationbetweenthedynamicrange

oftheweightcoef�cientsandthe�rstvalueoftheresponsewherethe

maximumsidelobelevelisreached(i.e. calledthebeamwidthinthis

section).Toagreatextentthecurvesaresimilartotheonesinthepre-

ceding�gure(Fig.6.2).Alargerdeviationofthecurvesareobserved,

butthisisprobablybecauseweusealinearscaleforthebeamwidth.It

isobservedthattheminimareachedforthe�Dsappearsatincreasing

angleswhenthenumberofelementsincreases.

Inthissectionwehaveobservedthatthereisanalmostlinearrelation

betweenthebeamwidthandthemaximumsidelobelevel.Byaccepting

thisthemaximumsidelobelevelataparticularbeamwidth,ofanarray

canbereadfroma�guresimilarto�gure6.1.Itisalsoclearthatlow-

eringthesidelobelevelwilldecreasethebeamwidthandhencereduce

theimagingresolutionofthatarray.Demandinganarrowbeamwidth

willequivalentlyresultinahighersidelobelevel.

Fromtheprecedingthree�guresitisalsoclearthatthedynamicrange

oftheweightcoef�cients,�D,arelowonlyinalimitedintervalofthe

sidelobe(andbeamwidthregion). Thuswhenthereisalimitonthis

valueonemustassureoneselfthatthechosenbeamwidthandhence

themaximumsidelobelevel,iswithintheproperinterval.Itisobserved

thatahighnumberofelementsgenerallyhavehighervaluesonthe�Ds.
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Thelargestarraythatwassimulatedhad128elements. Ourroutine

displayedveryhighconditionnumberswiththisarrayingeneraland

withadesiredcut-angleequalto4� itquicklydiverged.Thesamewere

thenobservedwithanarrayof64elements,whenadesiredcut-angle

equalto9�wasinput.Bytryingdifferentanglesweobservedthatthe

divergenceappearedwhenthe� valuedecreasedbelowavaluearound

�220� 230dB.AroutinemoresimilartoParksandMcClellan's[37]did

notdivergeatthisanglebuttheresponsesthatwasoutputhadone(!)

sidelobewithamaximumlevelofapproximately�20dB!Inotherwords
anill-conditionedsystemcausedcompletelyunreliableresults.

Thusonelimitationwithourroutine1 wererevealedinthesesimula-

tions,thatapparentlyiscausedbyanumericallyill-conditionedmatrix

system.

6.2 Simulationswithnon-equallyspacedarrays

Wewillnowproceedfromtheapparentlytrivialcaseofequallyspaced

arraysandconsiderthemoreuntrivialcaseofnon-equallyspacedar-

rays.Wewillbeconsideringthreedifferentkindsofsucharrays.The

useofnon-uniformlyspacedarrayscanleadtoareducednumberofele-

mentsandthuslowercost,withoutdegradingthearray'sperformance.

Arraysoptimizedbytheelementlocationswereseentohavegoodre-

sultsinthepreviouschapter.

FirstwetakealookattwoarraysderivedfromGaussianquadrature

formulas.Oneofthemhave10elementandtheirlocationaregivenin

�gure6.4aswellasintable4.2andtheotherhave25elementsandis

givenin[56].

Next,twoarraysoriginatingfromgeometricseriesareconsidered.The

�rstwithacardinalnumberlargerthanoneandthesecondwithacar-

dinalnumberlessthanone.Thesetwoarrayswillbeseentohavevery

distinctresponsesintheunweightedcase.

Finally,twoperturbedarraysareoptimized.The�rstisaspecialpertur-

bation,whereanarraywith129elementsandaninter-sensorspacing

of� �=4wasthinned,withanuniformrandomdistribution,untilits

meanspacingwas�=2.Thesecondarrayofthesetwo,isa25element

equi-spacedarraythatisperturbedbydisplacingitselementlocations

inGaussianway.Itsmeanspacingis�=2anditsinter-sensordistance

canbenomorethan�accordingtotherestrictionsposedintheroutine.

1
aswellasaroutinecloselyrelatedtotheonein[37].Thisroutineismentionedin

theuser'smanualinAppendixB.
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6.2.1 LocationsbasedonGaussianquadratureformulas

ThesearrayshavebothbeenproposedbyStreit[57,56]andtheorigin

isdescribedinsection4.5.1. Theyseemstobewell-behavingarrays,

withrespecttoresolutionandsidelobes.However,theirdynamicrange

ofweightcoef�cients,�D,isgenerallyhigherforthesearraysthanwas

thecasefortheequi-spacedarrays.Generallytheyalsohaveaslightly

highersidelobelevelthantheequi-spacedarrays.

Nowturningtothe�gures,oneshould�rstnotethedifferencesbetween

theelementcon�gurationsofthe�=2-spacedandthe10elementGaus-

sianquadraturespacedarray.Intheupperpanelof�g.6.4weobserve

theregularspacing.
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−1

0

1

x−axis [mm]

(a)Equi-spacedarray
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(b)10elementGaussianquadraturearray

Figure6.4: Anequi-spacedarrayandthearrayproposedbyStreit[57].

An'inconvenient'excitationfrequency,f = 3:08MHz,hasbeenchosen.

Becausethepropagationvelocityofthemediais1540m=s,thewave-

lengthis0:5mmandthustheinter-elementspacingcanbeobservedto

bed = �=2 inthe�gure2.

Themiddlepanelof�g.6.4showsthatthenon-equallyspacedarrayisa

displacedversionofthe�rstwithequivalentaperture,butwithelement

spacingdecreasingtowardstheends.

TheunequallyspacedarrayisoptimizedwithourgeneralRemezalgo-

rithmandtheresultsareplottedin�gure6.4.Oneshouldobservethat

anadditionalsidelobedevelopstowards� = 90�,whenthecutanglein-

creasestowards20�. Increasingtheanglebeyond30�willresultinthe

developmentofagratinglobeatfartherangles.Weexpectthisisdue

2
Notethatthe�rstarrayelementsarespaced�=4 = 0:125mmfromthearrayorigin.
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tothearraybeingofevenlengthasthesimilarisobservedwithseveral

otherevenlengtharrays.
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Figure6.5: SimulationswithStreit'sproposedarray.Thisisanoutputfromthe
generalRemezalgorithmofUltraSim.Theresultsresemblethe�guresin[57].

Anequi-spacedDolph-Chebyshevarrayisalsotestedforthesameini-

tialcut-angles.Theperformanceofthetwoarraysiscomparedandthe

resultsforsomechosenanglesaregivenintable6.1.

u0 �i Dolph-Chebyshev Streitarray

�BW SL #I �BW SL #I

0.40138 7:34� 9:51� �10:01dB 5 9:51� �9:934dB 5

0.5563 10:20� 11:66� �16:08dB 4 11:66� �15:90dB 5

0.6693 12:30� 13:77� �20:67dB 4 13:77� �20:44dB 4

0.9080 16:80� 17:55� �30:78dB 5 17:55� �30:73dB 3

Table6.1: Optimizationoftwo10 elementarrayswithapertureA = 5� andfor

threechoseninitialcut-angles,�i.OneDolph-Chebyshevarrayandonenon-equally

spacedarraygivenbyStreit. �BW isthebeamwidth,measuredfrom0� totheangle

wherewe�ndthe�rstzerocrossing.SListhesidelobelevelofthisbeamwidth.And

thenumberofiterationsbeforetheroutineconverged,#I,areindicatedaswell.

Aninterestingpointisthattheperformanceofthetwoarraystoagreat

extentresembles. Theequi-spacedisonlyafewdecimalsbetterand

theseresultsaresimilartotheonesmadebyStreit[57].Itisnoteworthy

thatthe�BW reportedhere,isnottheusual�6dBbeamwidth,butthe
anglewheretheresponsehasits�rstzero.
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Figure6.6:Thedynamicfactorversusthemaximumsidelobelevelandthe�6dB
beamwidthisplottedinthis�gure.Notethatinthiscasethevaluesofthe�Dsare

plottedwiththeiractualvalues,nottheirlogarithmicvalues.Thenon-equallyspaced

arrayisdrawnwiththedashedline.

Fromthelatter�gure,weobservethattherelationsbetweenthedy-

namicrangeoftheweightcoef�cientsandthesidelobelevelandbeamwidth,

displayrelationssimilartothecurvesfortheequi-spacedarrays.The

differenceconsistinthattheminimumvaluesfortheunequallyspaced

arraysaregenerallylarger.

Thenextarrayhas25elementsandtheyarealsolocatedaccordingto

thenodesofaGaussianquadratureformula[56].Weobservethedif-

ferencebetweenthelocationofelementsinthetwoarraysin�gure6.7.

Forsomechoicesofcut-anglesthisarrayneededamoredensedgridto

converge.However,thedynamicrangeoftheweightswasstillrelatively

small.TheunweightedarraysmadefromGaussianquadraturenodes

havebeenobservedtohavearegularangularresponse,withsidelobes

slowlydecreasingwithhigheranglesfromamaximumsidelobelevelof

about�10dB.
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(c)Coarrays,equi-spacedtotheleft
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(d)Beampatternsfortheunequallyspacedarray

Figure6.7: Simulationswitha25elementGaussianquadraturebasedarray

(proposedbyStreitin[56]andanequi-spacedarraywiththesameapertureand

numberofelements.Theupperpanelsshowtheelementsinthearrays,themiddle

paneltheircoarraysandthelowerpaneldisplaystheangularresponsesofthearrays.

Themostinterestingthingtonoteinthelattersimulationsisthestrik-

ingdifferencesbetweenthetwocoarraysthatnearlyhaveanequiva-

lentangularresponse.Thuswehaveseenanexampleofthedif�culties

thatarisewhentryingtousethecoarraysinthedesignprocedure.Be-

causetheangularresponseshavesuchsimilarities,whilethecoarrays

areverydifferent,thedifferencesinresponsemustappearinthephase.

Thisisnormallynotshownforangularresponses.
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Anotherobservationmadeisthattheinter-sensorspacingdecreasesto-

wardsthearrayendsandthisistheoppositeofhowthespacingofthe

optimallylocatedsensorsdevelopes.

ItcanthusbestatedthattheGaussianquadraturearrayshavealess

goodunweightedappearncethantheequi-spacedarray,becauseitsinter-

sensorspacingisdecreasingandnotincreasingasitdoesforthelocation

optimizedarrays.Theequi-spacedareinbetweenthesetwotypesofel-

ementlocations.

Thesameeffectisshownbytheincresinglevelofthedynamicrangeof

theweightcoef�cientsofthesearrays.

6.2.2 Locationsdeterminedfromageometricseries

Inthissectionweconsidertwoarrayswithageometricserieslocationof

theelements.Oneshouldnotethatthesearraysaresimilarlyreferredto

aslogarithmicarrays.Bychoosingacardinalnumberforthegeometric

seriestheinter-sensorspacingandhencethesensorlocations,areeasily

calculated.

Thetwo25elementsarraysareshownin�gure6.8.Theupperpanel

showsthearraywithcardinalnumbergreaterthanonei.e. a = 1:05,

andthelowerwitha = 0:97.
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Figure6.8: Thisistwoexamplesofarrayswithelementlocationsdeterminedfrom
ageometricseries.

Theresponseoftheunweightedarrayin�gure6.9displaysarelatively

lowsidelobelevel.Usingtheoptimizationroutineonthisarrayhasnot

improvedthesidelobelevelbymorethan6� 8dBatthenearestside-

lobes.Forsidelobesathigherazimuthangles,theoptimizedarrayhasa

highersidelobelevelthantheunweightedarray.Weexpectthistodueto

theunweightedarray'sinitial
atnessinthesideloberegion.Onecould

view3 theequirippleappearanceoftheoptimizedarray'sastheeffect

fromloweringthehighsidelobeswhileliftingthelowone,andadjustto

alevelwherewehaveequality.Fromthispointofviewitisclearthat

3
Thisis,toacertaindegree,asimpli�cationofwhatishappening.
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theinitialresponsepatterndoesnotgivemuchpossibilitytocompensate

fordecreasingthehighestsidelobes.
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Figure6.9: A25elementarrayfromageometricserieswitha = 1:05hasbeen

optimized. Itsangularresponseisshowninthis�gure,withtheresponseofthe

unweightedarrayasadashedcurveandtheoptimalweightedwithsolidcurve.The

correspondingarrayisshownintheupperpanelof�gure6.8.

Wenotethatthisarrayhasanincreasingspacingbetweenitselements

aswasalsothecaseforthearraysoptimizedwithrespecttoelement

locations.Thusthisarray'slowsidelobelevelintheunweightedcase,

maybeduetoitsinitialwell-de�nedelementlocations.

0 10 20 30 40 50 60 70 80 90
−70

−60

−50

−40

−30

−20

−10

0

10
 

Azimuth angle [deg]

Re
sp

on
se

 [d
B]

Figure6.10:A25elementarrayfromageometricserieswitha = 0:97hasbeen

optimizedanditsangularresponseisshowninthis�gure.Thecorrespondingarray

isshowninthelowerpanelof�gure6.8.
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In�gure6.10anarraywithinter-sensorlocationsdecreasingtowards

theendsisshown. Intheunweightedcasetheangularresponsehas

similaritieswiththeresponsefromanequi-spacedarray.However,the

arraysimulatedherehasahighersidelobelevelthantheequi-spaced

wouldhave.Oneshouldalsonotetheresemblancewiththe25element

arrayin�gure6.7. Insimulationswehaveobservedthattheangular

responsesofthesetwoarraysarequitesimilaratnarrowangleswhen

thecardinalnumberischosentobelessthanonee.g0:95. Thediffer-

encesarelargerathigherazimuthangles.

Thearraysdeterminedfromgeometricseriesthathavebeensimulating

inthisworkhadconvergenceproblemsforsomechoicesofcut-angles

whenacardinalnumbertoofarfromunitywaschosen.Insomecases

itthenwasenoughtoincreasetheoversamplingrateabovethedefault

valueof16,toproduceconvergence. Inspiteoftheseproblems,their

optimizedresponsesobtainedweresimilartotheother25elementar-

raysbeingsimulatedandthedynamicrangesoftheweightvalueswere

relativelylow.

Aninterestingobservationwasdoneforthedynamicrangeoftheweight

valuesthatcoincideswiththeformerobservationswithoptimallylo-

catedandGaussianquadraturelocatedarrays.Theweightvaluesfor

thearrayswithdecreasingelementspacingwasalwayshigherthan

thearrayswithincreasinginter-elementspacing.

6.2.3 Optimizingperturbedarrays

Thesearraysareveryspecialcasesofelementcon�gurationsandwill

onlybrie
ybediscussedinthistext.The�rstarrayconsideredinthis

sectionhavebeenthinnedfromanoriginally129elementarray. Key

numbersofthesimulationswiththisparticulararrayaregiveninta-

ble6.2.
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(a)Aperturbed65elementequi-spacedarray
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(b)Aperturbedequi-spacedarray

Figure6.11:Alineararrayperturbedbythinninganarraywithalargenumberof
elementsdowntoameanspacingof�=2.
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(a)Aperturbed25elementequi-spacedarray
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(b)Beampatterns

Figure6.12:AlineararraywithelementlocationsperturbedbyaGaussianrandom
displacementroutine.Ithasameanspacingof�=2.
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Ourmethodallowsalowersidelobeleveltoappearwitharesolutionas

goodasthecomparablearrayshave.However,thisisdoneattheex-

penseofanenormousdynamicrangeoftheweights.Inthe�rst�gure

(�g.6.11)theelementcon�gurationisshownintheupperpanel,theop-

timalweightsinthemiddlepanelandtheresponseinthelowerpanel.

Thelargedynamicrangeunveilstheunweightedarray'saverypoorre-

sponse.Thisarraywouldnotbeusedinultrasoundequipment,dueto

itstinyminimuminter-sensorspacinganditslargedynamicrangeof

weights.

Thenextarray(�gure6.12)isproducedbyaroutine,thathasaltered

thelocationsoftheindividualelementswithin��=4oftheiroriginaluni-
forminter-sensorspacing,accordingtoaGaussiandistribution.Thus

the'dislocation'oftheelementsofthisarray,comparedtotheequi-

spaced,islimited.Thelimitofthisdisplacementroutinemustbeseen

incontrasttomakingaperturbedarraywithbythinningelements,who

oftenwillgiveairregularcon�gurationofelements.Thisisrevealedby

thedynamicrange,thatisgenerallylowerwiththearraysperturbedby

limiteddisplacement.

6.3 Optimizationofsparsearrays

Asmentionedearlierinthisthesissparsearrayshavesomeveryuseful

applications.Inthissectionwehavedonesimulationswiththinningof

arrays,from30%tomorethan50%withrespecttotheirinitialnumber

ofsensors. Ourinitialarrayisanequi-spaced65elementarraywith

anapertureof32:5�.Thethinningwasdonebyremovingtheelements

withlocationsequaltothevaluesdrawnfromarandomdistribution.

Thiswasdonesuchthattheremainingelementsweresymmetrically

placedaroundthearrayorigin.

Wehaveusedan'anti-Gaussian'4 aswellasanuniformthinningpro-

cedure. Variousthinningproceduresareimplementedinadeveloped

thinningtoolcase(seesection6.4).Mostoftheresultsforsparsearrays

inthissectionhavealsobeenpublished[13].

Thefollowingarrayswereusedinthissection:
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(a)Theequi-spacedarray

4
Thefartherfromthearrayoriginanelementis,thelargertheprobalilityforbeing

removed
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(b)Twosparsearraysanti-Gaussianlythinned
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(c)Twosparsearraysthinneduniformly

Figure6.13: Theupperpanelarraysin(b)and(c)have45elementseach,the
lowerpanelarrayshave31elementseach. Thesearrayshavebeenoptimizedwith

ourmethodandkeynumbersfromthesimulationsarereportedintable6.2.
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Figure6.14: Weightingandresponseofa65elementequispacedarraywith
aperture32:5� thinnedinaGaussianwayto45elements(shownintheupperpanel
of�gure6.13b.

In�gure6.14theoptimalweightingfunctionandtheangularresponse
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withintheoptimizationregion,isgiven.Weobservetheequirippleap-

pearanceofthesidelobesthatissuchacharacteristicpropertyofRemez

algorithmsandthatalowsidelobelevelhasbeenobtained.Theresults

attainedforthesparsearraysarereportedintable6.2.Animmediate

observationfromthistableisthatthesidelobelevelsforthevariousar-

raysarealmostcompletelymatched.Infactthemaximaldiscrepancyis

only1.4dBandisbetweenthe45-andthe31elementanti-Gaussianly

thinnedarray. Incontrasttothissimilarity,thevariationsofthedy-

namicweightrangesbetweenthearrays,�D,areextremelylarge.This

numberindicateshowmuchtheunweightedresponsedeviatesfroman

idealpattern.Fromthisnumberweobservethatthearrayperturbed

withathinningroutinearede�nitely'badcase'.

Type Beamwidth Dynamic Sidelobe

�6dB Range Level

65Filled 3:0� 20:6dB �41:3dB
65Perturbed 4:2� 84:9dB �41:5dB
45Gauss 3:9� 47:5dB �42:2dB
45Uniform 4:3� 53:8dB �41:3dB
31Gauss 4:2� 52:0dB �40:8dB
31Uniform 5:8� 65:7dB �41:5dB

Table6.2:Resultsforthearraysin�gure6.13withrespectto�6dBbeamwidth,
maximumsidelobelevelanddynamicrangeoftheweightcoef�cients.

Moreover,thebeamwidthsareobservedtoincreasewithstrongerthin-

ning.Thebeamwidthisalmostdoubledfromtheequi-spacedarrayto

the31elementuniformlythinnedarray. Thissigni�esproblemswith

obtaininghighresolutionwithheavilythinnedarrays(whenaverylow

sidelobelevelisstillwanted).

Themainresultofourworkinthissectionisthatthesidelobelevelof

asparsearraycanbeoptimizedtogiveresponsesthatresemble�lled

equi-spacedDolph-Chebyshevshadedarrays.However,whenusinga

Remezexchangealgorithmbasedroutinetheoptimizationregionhasto

bereducedinordertomaintainthesuperiorcontroloverthesidelobes.

Inotherwords,thesemethodsgivetheopportunitytosubdueapartic-

ularnumberofsidelobepeaksandthisnumberequalsthenumberof

remainingelementsinthearray.

In�gure6.15,anarraythinnedabout52%(i.e.34/65)isgiven.Fromthe

thinningrate(i.e.theratebetweenthenumberofthinnedelementsand

thenumberofelementsinthe�lledgrid),weknowthattheoptimization

nowwillbelimitedtotheregionfrom0� toabout30� , sin(31=65) � 0:46

(Eq.5.6)andtheresponseinthis�gureisshowninthisregion.
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Figure6.15:Weightingandresponseofa65elementequispacedarraywithaperture
32:5� thinnedto31elementsinaGaussianmanner.
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Figure6.16:Comparisonbetweenunweighted(solidline)andweighted(dashed
line)responsefor65elementarraythinnedto45elementsaccordingtoaGaussian

distribution.Shownovertheentirepositiveazimuthdomain.

Thelimitationoftheoptimizationregionisclearlyobservedin�gure6.16,

whereanarraythatisthinned30%(i.e.ithas45elementsleftoutofan

initialnumberof65)hasbeensimulatedandaccordinglyisoptimized

onlyatazimuthanglesbelowarcsin(45=65) � 44�.

Theoptimalweightsareseentohaveastrongimpactonthesidelobe

level,whichisloweredalmost30dB.Agrating-lobelikeresponseisob-

servedintheregion50��90�,thatalsodisplaystheformerlymentioned

limitationoftheoptimizationregion.
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6.4 Thinningandrelocatingarrayelements

Duringtheworkonthisthesis,aprogramthatcouldthinarraysinvar-

iouswaysquicklywasneeded.Latertheneedforalteringsensorloca-

tionsandplacingsensorswithspacingdeterminedbyageometricseries

arose.Inthiswayaninitiallysimplethinningprogramincreasedinboth

numberoffunctionsandsize.Thebasicphilosophywiththeseroutines

hasbeentomakeasimpleandinteractiveuserinterface. Shortcom-

mandsarethereforegiveninteractively,whileparameters(e.g.random

seednumbersandangularvalues)aregivenintheMATLABcommand

window.

Theavailablefunctionswillnowbepresentedbrie
y.

Firstly,interactiveremovalofindividualelementsfromlinearandtwo-

dimensionalarraysareallowed.Additionally,theusercanremoverows,

columnsandrectangularareasfromatwo-dimensionalarray,byjust

'clicking'mousebuttons.

Thepartofthisprogramthathasbeenmostwidelyusedinthiswork,is

therandomthinningpart.Thereuniform,Gaussianandwhatwehave

calledanti-Gaussiandistributionshavebeenimplemented.Thelatter

distributionisanupsidedownGaussiandistribution. Inotherwords

theprobabilityofpickingavalueislargestattheends.

Anotherfunctionistoplacesensorsinapatternaccordingtoageometric

series.Theresultingarraywillhaveapertureandnumberofelements

equaltotheinputarray.Thusthemeaninter-sensorspacingwillnotbe

alteredbythisroutine.

Additionally,aroutinefordisplacingtheelementswithinone-halfthe

inter-sensorspacingisalsoimplemented,andthedisplacementvalues

arepickedfromaGaussiandistribution.

Finally,functionsforrestoringthearrays,insertingthinnedelements

andundoingthelastcommand,isofcoursealsoimplemented.

6.5 Summaryanddiscussions

Anecessaryquestionarises:Canthesearraysbeusedinapractical

system?

Asalreadystatedtheunequallyarraysare(bytheauthor)notconsid-

eredto�ndapplicationinultrasonicimaging.Thusthesearrayswillbe

usedwithverylargearrays(VLAs)andthesearrayswillwhenoptimized

withourroutineexhibitexcellentresults. Fromthesimulationswith

non-equallyspacedarrayswemayconcludethatanarrayofthiskind,

shouldhaveanincreasinginter-sensorseparationtowardsitsends.

Beingoptimizedwithourmethodtheangularresponsesfromvarious

non-equallyspacedarraysareverysimilar. Themaindifferencelies
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inthedynamicrangeoftheweightcoef�cients,�D.Arraysthathave

suchanincreasingspacinghavethelowest�Damongallthesimulated

unequallyspacedarrays,whenbeingcomparedatsuf�cientconditions

(e.g. thesamebeamwidth,apertureandnumberofsensors). Thear-

raysthathaveadecreasingseparationbetweenelementstowardsthe

endsalwayshavethehighest�D.Thustheequi-spacedarray'sdynamic

rangeshavevaluesthatlieinbetweenthetwoformerlymentionednon-

equispacedarraytypes.

Therefore,whentheconstructionofanarraywithincreasinginter-element

separationcanbecarriedoutinpractice,itshouldbechosenbeforeboth

equi-spacedandnon-equallyspacedarrays.

However,forultrasonicapplicationsweareleftwiththesparsearrays.

First,itshouldbenotedthatitmaybeadvantageoustothinanarray

insuchawaythattheelementsaremoredensednearthearrayori-

ginthanontheends. Thisfollowsfromtheconclusionmadeforthe

unequallyspacedarrays.Moreover,thishasalsobeenobservedbyper-

formingamassivenumberofsimulationsofresponses,fromvariousran-

domlythinnedarrays.Duringthesesimulationswenotedthatarrays

thinnedwiththeanti-Gaussianroutinegenerallyhadabettersidelobe

levelintheunweightedcase.However,anyfunctionfortheoptimallo-

cationofelementshasnotyetbeenfound5.

Thisleaveuswiththeresultsmadefromourrandomthinnedarrays

reportedinsection6.3. Unfortunately,wecouldonlyweightdowna

limitednumberofthesidelobepeaksoriginatingfromapplyingasparse

array.Andhencewecouldnotoptimizeovertheentireazimuthdomain.

Thusthepracticaluseofsuchanarraycouldberegardedaslimitedfrom

thispointofview.

Thetransducerarrayhasbeenexcitatedbyapulsesignal(PW),three

periodslong.
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Figure6.17:Theexcitationsignalusedwiththearrayswhencalculatingtheenergy
beampattern.Itdisplaysarelativesignallevelalongthetimeaxis.

Asseenin�gure6.17thepulsehasacosineenvelope.Thusitiscosine

weightedandtheamplitudeofthepulsethereforedecreasestowardsits

ends.Becauseofthispulseweightingtheexcitationhasabroaderfre-

quencyspectrumthanintheunweightedcase.

5
asfarastheauthorknowsnorhaveanyoneelse
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Wehavesimulatedtheenergybeampatternfromsomeofthesparsear-

rayswiththisexcitation,andoneofthemisshownin�gure6.18.
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Figure6.18:A45elementsparsearraywithpulseexcitation(PW).Thepulsehave
threeperiodsandarecosineweightedi.e.theemittedpulsehasacosineenvelopeand

correspondstopulsesemittedfromrealtransducers.

Thecosineweightedresponsefromtheoptimallyweightedarrayisseen

toreachasidelobelevelofabout�42 to�43dBasamimimum,while
fortheunweightedcasethemimimumsidelobelevelisabout�28dB.
Thusforalimitedregiontheoptimallyweightedarrayissigni�cantly

betterthantheunweighted.Though,forazimuthanglesbeyond33� the

arraycancollectanamountofenergy,fromlargerangles,thatfarex-

ceedstheunweightedarray.Inapracticalsystemtheouteranglesmay

besuppressed,butitisbelievedthatwillnotbeenoughforthearray

consideredhere,duetotheascentoftheresponsesstartingatazimuth

anglesaslowas30�.

Thenextwewantedtocheckfortheweightedarraywasitsperformance

whenbeingfocused.Wesimulatedthe(CW)responsefromthetrans-

ducerarraywithafocalpoint,F � 24:4mm = 1:5A = 1:5 � 32:5�andthe
resultisgivenin�gure6.19.Itisobservedthattheresponsehavesome

discrepancieswiththeunfocused. The�rstsidelobeisincreasedwith

6� 8dBandthegrating-lobelikestructureisdrawnabitcloser(� 5�).

Howvever,weobservethattheresponseisbynomeansdestroyed.The

beamwidthseemstobekeptandthemeansidelobelevelwithintheop-

timizationregionhasatleastclosely,beenretained.Thusitsseemsas

thoughtheweightedarray'endures'thefocusingandasknownitiscom-

pelledtoforhavingapracticalapplication.Insomespecialapplications

itmightwelldo.

Asaclosingcommentonthisdiscussionismuststronglybeemphasiz
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thatonlyalimitednumberofarrayshavebeenusedfortheselatter

simulations.
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Figure6.19: Thesame45elementsparsearrayisnowfocusedatF � 1:5A =

24:4mm.

Finally,weshouldsummarizethistheworkreportedinthischapter.We

haveusedourgeneralRemez-algorithmtooptimizetheapodizationofa

largenumberofarraysbeingbothregularandirregular.Moreover,we

haveobservedthatourroutinecanimprovethesidelobeperformanceof

avarietyofarrays.Thisalsoincludessparsearraysandtotheauthors

knowledge,thishasnotbeenreportedbefore.

Themainlimitationwithourroutineisthepossibilityofgettinganill-

conditionedsystemmatrixinEq.5.11aswellasthepossibilityofhaving

atoosmallapproximationerror,aswasobservedinsection6.1.
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Conclusion

Differentarrayshavebeenproposedforvariousapplications.Inultra-

soundspeciallimitationsonarraysexistduetothesmallwavelengths

used,andtothestrictspatiallimitsonthesizeofultrasoundprobesfor

someapplications.Inthisworkwehavemainlyconsideredsparseand

non-equallyspacedarrays,despitethefactthatthelatterarraygener-

allycannotbeusedinanultrasoundimagingsystem.Inthistextsome

propertiesofthesearraysandhowtodesigntheminanoptimalway

havebeendiscussed.

Analternativeapproachtocalculationofthebeampatternofanarray

aregiventhroughaFouriertransformationofthecoarraylagvalues.

Aprogramdoingthishasbeenwrittenanddemonstratedforlinearar-

rays.

Thischapterrevealstheresultsandachievementsfromthisresearch

andwealsoproposesomefurtherwork.

7.1 Resultsfromtheresearch

AnoptimizationroutinebasedontheRemezalgorithmhasbeenwritten.

Thisroutineoptimizesuniformarraysaswellassparseandnon-equally

spacedarrays. Theroutineinvolvesmatrixinversionandistherefore

dependentonwell-chosenbasisfunctions.Itistheindividualelements

thatdeterminesthebasisfunctions,andthinningofanarraymaythere-

foreproduceanill-conditionedmatrix.Acarefulchoiceoffrequencygrid

spacingisalsonecessaryinspecialcases,inorderforconvergetoan

equi-ripplesidelobelevel. Theroutineisuserinterruptiblesothata

nearoptimalsolutioncanbechosenifdesired.

Itsmainadvantageoverotherknownroutinesarethatitcanbeused

withalltypesofelementspacings.Additionally,italsoisobservedto

givebetterresultsthanasimilaralgorithmreportedbyStreit[57]have

97
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demonstrated.

Ourmainresultwithunequally-spacedarraysisthatwehavedeter-

minedwhatkindofinter-sensorspacingthatshouldbepreferredfor

largearrays,andthatthiscanbeseenfromthedynamicrangeofthe

optimizedweightcoef�cients. Thusnotbeingprovedanalytically,our

simulationshaverevealedacleartendencytowardstheadvantageofar-

rayshavinganincreasinginter-sensorspacingtowardsthearrayends.

However,thisarraydesignwillnotgiveanysavinginthenumberof

sensors.

WehaveseenthatourgeneralizedRemezroutinecanoptimizesparse

arrayswithinalimitedregion.Judgedfromthe1994UltrasonicSymphosium1,

theoptimizationofweightsapproach,forsparsearrays,arequitenew.

Andwehavedemonstratedthatthisapproachmightworkinpractice

forsomespecialapplications.

However,anewoptimizationcriterionmustbeusedforoptimization

overalargerregionoftheazimuthdomainandalsoforoptimizationof

weightsfortwo-dimensionalarrays.

7.2 Furtherwork

Thepropositionsforfurtherworkcouldbeseveralandonlytheones

consideredasmostinterestingbytheauthorwillbementioned.Further

workonmethods,developedroutinesandtopicsrelatedtotheworkof

thisthesiscouldseeminglybefurtherextendedtoincludeseveralnew

applications.

Onthedesignedoptimizationmethodanextentionthatseeminglyeasy

couldbeaccomplished,wouldbetoincludeoptimizationofsteeredsparse

andnon-equallyspacedarrays.Thiswouldrequirechangesintheerror

weightingfunctionandthedesiredresponseonthedensegrid. Addi-

tionally,theformingofthesystemmatrixwouldhavetoberede�nedto

includeasteeringangleintheargumentofthebasisfunctions.

Fromourresultspublishedin[13]andfromthediscussionabove,an-

othermethodshouldbeusedwhenextendingtheoptimizationtotwo

dimensions.Thisisbecauseweonlyhavecontroloveralimitednumber

ofsidelobes.Thusthedemandforarestrictednumberofsidelobepeaks

issoonviolatedwhenthinningisappliedtothearrays.Thereforeopti-

mizationmethodsfortwo-dimensionalarrayswillprobablyberealized

withnon-linearoptimizationmethods,linearapproximationprogram-

mingoracontrainedoptimizationformulatione.g.theonein[30].

Thecoarraymethodscouldalsobeextended. Maybethemostinter-

1
arrangedinCannes,France,inNovemberthisyear
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estingextensionwouldbetoimplementcalculationofcoarraysbetween

distincttransmitandreceiveapertures.Arecentarticle[34]usesan'ef-

fectiveapertureconcept'foroptimizingtwo-dimensionaltransducerar-

rays,wheretheeffectiveapertureistheconvolutionbetweenthetrans-

mitandthereceiveaperturefunctions.Clearlythisconceptisequiva-

lenttothesumcoarrayformulationandwillaswellbeequivalenttothe

differencecoarrayformulationincaseofarrayslocatedsymmetrically

aroundtheirorigin.

Whatisattemptedistoplacetheoff-axisenergyofthetransmitresponse

atdifferentlocationsfromthatofthereceiveenergyinordertoimprove

thedynamicrangeoftheoverallresponse. Thiscouldbeutilizedfor

examplein3D-visualizationasreportedin[51].



AppendixA

Equipmentandprograms

Inthischapterwewillpresentthehardwareandsoftwareequipment

usedinthisresearch.

A.1Hardwareequipment

ThehardwareequipmentusedinthisresearchareUNIXworkstations

andforgraphicaloutputaHewlettPackardLaserJet4Siisused.

ThedevelopedprogramsarewrittenandexecutetonDEC(DigitalEquip-

mentCorporation)-system500/240stationsattheDepartmentofCom-

puterScience,UniversityofOslo. TheseDEC-stationsuseULTRIX

operatingsystemandULTRIXWork-SystemSoftware(DEC'sULTRIX

basedwindowworkstationsystem).Thespeedofthesecomputersis24

MIPS.

A.2 Softwareequipment

TheprogramsusedinthisstudyareallwritteninMATLABversions

4.1and4.2aforUNIXWorkstations.MATLABstandsfor(matrixlabo-

ratory)andiswritteninCbyTheMathWorksInc.Itisaninteractive

programfornumericcomputationanddatavisualization.Fundamen-

tally,MATLABisbuiltuponafoundationofsophisticatedmatrixsoft-

wareforanalyzinglinearsystemsofequations.

ThedevelopedprogramsareimplementedintheUltraSimlibrary[4,

59].ThisisasimulatorprogramdevelopedbyVingmedSoundASand

theDepartmentofBiomedicalEngineeringattheUniversityofTrond-

heim.

100



AppendixB

Auser'smanualforthenew

tools

Thischapterisanuser'smanualforthetoolsdevelopedinthework

withthisthesis.ThetoolsarebeingimplementedinUltraSimunderthe

Calculationmenu.Amanualiswrittenforuser'sofUltrasimthatwill

utilizethesetoolsinordertodesignarraysorsimulatespecialeffects.

Theseroutinesarestartedasoptionsunderthecoarraysubmenu.

The�rstoptionisArraythinning.Thisoptioncontainsfunctionsfor

thinningandperturbinganarrayaswellasplacingelementswithspac-

ingdeterminedbyageometricseries.Useroperationinthethinning

commandmenuisdonebypushingtheproperkeywhilepointingon

theUltraSimcon�gurationwindow.Whenaskedtoinputnumbers,this

mustbedoneintheMATLABcommandwindow.

Alocalsymmetry
agisindicatedbyON/OFFandisalteredbythepush-

ingthe'x'button.WhenONthethinningwillremoveelementssymmet-

ricallyaroundthearrayorigin.

Thenextoptioninthecoarraysubmenu,Optimizeweights,willgive

theoptimalapodizationforthecurrentarray.Theseapodizationweights,

areputintotheglobalmatrixvariableamp-ud(Userde�nedapodiza-

tion).Useroperationisperformedbypushingmousebuttonsorakeyon

thekeyboard,whilepointinginsidetheUltraSimcon�gurationwindow.

The�rstfunction,usestheformulationoftheParks-McClellanRemez

algorithmandthuscanonlyoptimizeequi-spacedarrays. Forequi-

spacedarraysitwillbethemostef�cienttouse.Inputvalueistheangle

wherethesidelobelevelisdesiredtobereached(givenindegrees).

AsecondroutineusesourgeneralizedRemezalgorithmformulationand

canthusbuusedtooptimizeweightvaluesforsparse,perturbedand

non-equallyspacedarraysaswellasequi-spacedarrays. Thecurrent

versionisuserinterruptableineveryiteration.Bypushingthe'x'-key
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whenaskedtostrikakey.Thishasbeenusefulwitharraysthatslowly

converges,becauseamoredensedsampling1 thenmighthelp.

Theinputformatis:

[��p ��s ��O K]

Here��p isthecutangleforthemainlobeindegrees,�
�
s istheanglewhere

wewanttheequiripplesidelobeleveltobereached,��O istheupperlimit

oftheoptimizationregionandK istheapproximationerrorweightvalue

(whichinmostcasescanbechosento10).

ThethirdoptionistheCoarraytools.Heretheusercancalculatethe

differenceandsumcoarrays,plotthecoarrayina�gure(alongwith

itserrorcoarray,ifithasbeencalculated)andsomeoptionalplotting

functionslikee.g.thebeampatternfromthecoarray.

UseroperationisdonebystrikingakeywhilepointingattheUltraSim

plottoolwindow.

1
ThisisdeterminedbytheGridspacingvaluethathas16asdefaultvalue.We

havealsoobservedthatinsomecasesalessdensedsamplingismostef�cient
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