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Abstract

Understanding of hydroelastic waves is essential since it interferes in several domains of
study. This thesis presents an analytical investigation on wave-ice interaction, where ice is
modelled as an elastic material. Mainly, in this thesis the focus is on the three wave
interactions in the case of resonance for beam and plate structural elements. In addition, the
non-resonant particular solution of the second order problem is also derived, where the
analytical solution of the group line is found. The analysis starts by finding dispersion
relations of different structural elements. After that, the governing equations of the coupled
system between elastic sheet and fluid are derived. Then, the solution of the first order
problem is found after applying regular perturbation. Three wave resonance investigation is
done for beam and plate, the plate case is compared with the capillary-gravity waves. It is
concluded that the hydro-elastic waves have a different behaviour than that of the capillary-
gravity waves. The interaction equations in case of resonance were derived by means of
multiple scales perturbation method and Green’s theorem. It is proven that the stiffness of the
elastic sheet covering fluid affects the group velocity and the amplitude of the wave field. To
add, elastic parameters present in the interaction coefficients can influence the nonlinear
interaction happening. The analytical solution of the group line is found by solving the second
order problem of the coupled system, for the non-resonant case. The structure of the group
line is probably a cloud looking like a straight line.
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Notations

(%, y, z): Distance in meter

(t): Time in seconds

n(x, t): Surface elevation/displacement of surface in form of waves
o(x, z, 1): Velocity potential of surface elevation
k: Wavenumber

J: Wavelength

w: Angular frequency

T: Wave period

A : Complex amplitude

r : Position vector

x: Phase function

¢, Group velocity

€: Characteristic steepness

E : Young’s modulus.

I : Second moment of area

f(x,t) : Load per unit length

ps - Mass density of fluid

D : Flexural rigidity of the plate

I, - Moment of inertia per unit area

q(x,y,t): Distributed load on the plate

Further notations are presented in the text where it is applied.



Contents

F AN 1oy 127\ o SRR 3
DT 0] [y 1 £ TR 4
AACKNOWLEDGEMENTS ..t tttttettttusssseesteeesssasstsseessesssssssnsteeetesesssssteeesesesssss et 5
NN O TATIONS «tttteetttis s et eetteeert et eeeeetes st se i reeseesess s st seeeeseesse s s teseee s e s e s e baarsseeeseesssbnsnereeesesensnns 7
(O 7 = == T 10
Introduction
IO\ (01 A7 15 () s RPN 10
1.2 Previous WOTK .....ooiiii i e e 11
1.3 RESEAICN QUESTIONS. ...\t et ettt ettt et ettt e e et e e e eaeeaneas 11
LA OULINE. ...t 12
(00 T = 1 == TR 13

Mathematical background

2.1 DesCription OF WaVES. ... ...vieiii ittt e erniee 13
2.2 The Multiple scales method.............coooiiiiii i 14
2.3 Green's SecoNd IdeNTItY........o.irii i, 16
(O 1 = SRR 17

Linear dispersion relation for different structural elements

2.1 Transverse Waves iN @ StENZ. .......oueeeeeeeeeeeeeee e, 17
2.2 Transverse Waves iN @ beam .........oooviiiiii e 19
2.3 Transverse waves in @ Plate..........o.iviiiiiiiiiii i, 25
2.4 Dispersion relations Plots........oouieeietiiriit it 30
CHAPTER 4.ttt h ettt ekttt e h e e st e e b et e mt e e ebe e et e e s bbeenbeennteenbeenneeas 36

Nonlinear dispersion relation for transverse waves in Euler-Bernoulli beam

4.1 Governing equations, NOrmalization.............cooeveeieiiiiinieneniniinnenenne. 36
4.2 Regular perturbation............ooeiiiiiii e 38
4.3 Second order problem and resonance analysis..............cceiviiiiiiiiiiininnn. 39
4.4 Resonance interaction €qUAatiONS. ........ovueeeureenneernreeineeneeenneenneeanneenns 43
CHAPTER 5.ttt bbbt h bt et b b e ettt b e b 54

Nonlinear dispersion relation for transverse waves in a plate

5.1 Governing equations, normalization...............coveeeeeiiirinreeeeenennennnn.. 54

5.2 ReSONANCE ANalYSIS. . .uuutentittett et 56

5.3 Resonance iNteraction €qUAtiONS. ..........overereeneererenteeeneareeeeeneanenns 58

5.4 Nonlinearly forced reSPONSE ......oviiuiinriie e, 64

CHAPTER 6.ttt bbbt b bbbt b et b e b bttt et e s e e 67
Discussion



6.1 Linear diSpersion relations. .. .........ouoiuiiirierit it 67

5.2 RESOMANCE. ...\ttt ettt ettt e et 67

6.3 Resonance interaction €qUatioNS. ...........vueertentettetenteeteeeanteaneenennss 68

6.4 Nonlinearly forced reSPONSE ......c.ovviniiniiii e e 70

CHAPTER 7 ettt ettt ekttt b ettt e bt e st e e e bt e e s b e e ke e e at e e ebe e e ke e et b e et e e nnneenbeenbeean 72
Conclusion

8 R 01073167 L 1 T + 72

T2 Further Work. .. ..o 72

BIblIOgrapny . ... 74



Chapter 1

Introduction

Waves can be defined as a propagating dynamic disturbance of one or more quantities. One
needs to understand a large set of possible waves and the interaction between them [1]. In
fact, wave interaction with each other and with the surrounding material have a huge impact
on the environment and humanity.

1.1 Motivation

Ocean waves affect the way sea-ice forms, contribute to how the ice edge moves,
penetrate further into the sea-ice, have more destructive power to break up the ice and
to change the distribution of floe sizes because the ice is weaker, and assist in lateral
melting. These interactions collectively identify a parametrization currently absent
from Earth system models, as well as shortcomings in wave forecasts arising from
limited understanding of the impact of sea-ice on ocean waves and vice versa [2]. Ice
can be modelled as an elastic material and exploring ice-water interaction will enhance
the understanding of wave behaviour in elastic materials. Furthermore, pollution
released close to the ice, for example oil contamination due to accidental blow-up
during oil extraction near the arctic regions, can be brought under the ice and
transported rapidly for long distances. A possible contribution to rapid spreading of
pollution is the existence of the group line associated with induced current for the
wave motion in ice. The group line was detected in the experiments of Olsen (2019)
where irregular surface waves on water were sent into a region where the water was
covered by an elastic sheet that was supposed to resemble ice [7]. In the figure below,
the line coming from the origin is called the zeroth harmonic or the group line.

Latex [Tp=1.1)

Plot 1. Logarithmic scaled spectrum plot for Latex sheet with 0.2 mm thickness, Olsen
(2019)
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Information about the group line streaming is still lacking, therefore, it is essential to
investigate the group line phenomenon. In this thesis, analytical investigation is made
which may help in comprehension of ice-wave interaction, or elastic material-wave
interaction.

1.2 Previous work

During the last period, the study of water waves was an area of great interest. The
importance of water waves behaviour made researchers more engaged in investigating
it. To add, recently research became richer due to the technological evolution, which
increased the ability of accurate measurements.

Furthermore, research about ice-wave interaction, and waves that propagate on elastic
sheets or membranes can be found in several domains such as fluid mechanics,
geophysics, and biophysics. Such interaction is affecting our daily lives and
environment. One example is the detection of a series of waves with approximately
one-meter amplitude and 18 seconds period 560 km away from the ice edge in the
Weddell sea, which lead to the breakup of the ice pack. The latter was encountered by a
scientist on the R/V Polarstern [6]. The Weddell sea extreme waves have been
explained and analysed by Lui & Mollo Christensen in their article Wave Propagation
in a Solid Ice Pack [6]. In their article they derived the dispersion relation for waves
under pack compression and compared group velocity to critical mean compressive
stress, in addition to carrying out a stability analysis using the non-linear cubic
Schrédinger equation and providing a non-linear model to describe waves in ice [7].

Regarding the resonant interaction, Harrison (1909) studied the three-wave resonance
of two unidirectional capillary-gravity waves [19]. These waves are commonly called
Wilton’s ripples, after Wilton (1915) [20], although they were previously described by
Harrison (1909). Another study was done by Phillips (1960) where he proved the
nonexistence of the three-wave resonance of deep-water gravity waves [21]. To add,
the quartet resonance of gravity waves was investigated by Phillips (1960). After five
years, McGoldrick (1965) studied the configuration of resonant triads of gravity-
capillary waves on infinite depth [15].

1.3 Research Questions

Wave-ice interaction theory is a wide field and includes various cases. In this Master
thesis an investigation of the wave-ice interaction, where the ice is modelled as a thin
elastic sheet, is performed. In the nonlinear problem, the risk of resonant growth is
investigated and found to be present for certain wave numbers in three wave
interaction. This analysis made us able to comprehend the difference between the
behaviour of elastic wave resonance triads and that of capillary gravity waves triads.
The possibility of resonance blow up leads to the need of slow modulations on time
and space and a solvability condition that arrests that growth. The solvability condition,
which is the resonance interaction equations, is found by means of Green’s theorem.
Those equations gave more understanding of how the interaction coefficients depend
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on the elastic parameters. Besides, how the group velocity and amplitudes were
affected by the elasticity of the structural element. Furthermore, the experiments
showed the presence of a strong zeroth harmonic *‘group line’’. The existence of the
group line implies an induced streaming that can possibly carry pollution under the ice.
For that the analytical solution of this group line was derived. The latter will lead to
computing the structure and predicting the distribution of energy intensity of the group
line.

1.4 Outline

Chapter 2 includes mathematical background of some concepts used during fulfilment
of this thesis. It presents a mathematical description of ocean waves, short explanation
of the method of multiple scales, and Green’s second identity.

In Chapter 3 a theoretical derivation of the linear dispersion relation of string, Euler-
Bernoulli beam and plate is done. The plots of the dispersion relations are included and
discussed shortly.

Chapter 4 contains the second order problem by regular perturbation and multiple
scales method for the Euler-Bernoulli beam. It also presents resonance investigation of
three wave resonance and the resonant interaction equations.

Chapter 5 presents same approach made in chapter 4 for a different structural element
which is the plate. The resonant interaction equations for plate over fluid are derived.
This chapter also includes the particular solution for the second order problem, where
the analytical solution of the group line is derived.

In Chapter 6, short discussion of the dispersion relations is stated. Then, deeper
consideration of the resonance analysis is presented. Furthermore, the interaction
equations are discussed in section 6.3. Lastly, the nonlinearly forced response is
discussed.

Chapter 7 presents a conclusion of this thesis and suggestions for further work are
stated.
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Chapter 2

Mathematical background

Richard Feynman wrote about water waves in his book The Feynman lectures on physics [4]
“‘the worst possible example [of waves], because they are in no respect like sound and light;
have all the complications that waves can have’’ [5]. In general, ocean waves can be
described as unpredictable and random. In this chapter, we will present a mathematical
description of ocean waves. We will also state some definitions that will be used in the
coming chapters. Besides, we will present the multiple scales method which is one of the
most important methods in the applied mathematics domain. This method will be applied
while solving the nonlinear system in chapter 4. Finally, from vector calculus, Green’s second
identity is expressed.

2.1 Description of waves

In the very beginning, it is important to describe a monochromatic wave, which is also
known as simple harmonic wave. By definition, it is a sinusoidal wave with a unique
period T and a unique wave length A [9]. The monochromatic wave is represented as
follows

n(r,t) = Re{Ae!kr=90} = |A| cos(k.T — wt + arg A) (2.1)

Where,

A is a complex amplitude
k is the wavenumber vector
1 is the position vector

The phase function is denoted by
x=(k.r —wt+argi)
The phase surface is the equiscalar surface of the phase function x = constant.
One property of the wave is the phase speed, which is the speed that the phase surface
moves in its normal direction. [9]

Waves can be interpreted as free waves if they can exist without being forced, if not it
will be a forced wave. Free waves satisfy what is called the dispersion relation, which
is a relation between the wavenumber vector k and the angular frequency w.

Linear dispersion relation is the relation that is independent of the amplitude A. On the
other hand, if the dispersion relation is depending on A, then it is called nonlinear. The
dispersion relation gives information about the behaviour of the wave.
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If the dispersion relation specifies a proportionality between the wavenumber k and the
angular frequency o, then the waves are said to be non-dispersive, otherwise we say
they are dispersive. For non-dispersive waves, the phase speed does not depend on the
frequency, while for dispersive waves it depends on the frequency. If the dispersion
relation depends only on the wavenumber k and not on the direction of the
wavenumber vector k the waves are said to be isotropic, otherwise we say they are
anisotropic. Isotropic waves have the same properties in all directions, anisotropic
waves have different properties in different directions. [9]

By definition, the velocity of propagation through space of the whole envelope of the
wave is called the group velocity. Mathematically, the group velocity is the gradient
g =22

Last but not least, if the system studied, meaning the governing equations was linear
and unforced, then the waves will be free. This means that the solution will be of the
form stated in equation (2.1). The principle of superposition can be used to combine

irregular wave solutions.

n(r’ t) — Z Anei(kn.r—a)nt)
n

Each term in the above equation is considered a free monochromatic wave with a
complex amplitude A,,.

(2.2)

In case the amplitudes A,, are independent stochastic variables, then the Central Limit
theorem predicts that the statistical distribution of the resulting wave field should be
Gaussian. [9]

For nonlinear governing equations, the linear superposition principle will be not valid.
Nevertheless, for weakly nonlinear equations, with nonlinear contribution characterized
by small parameter € <<1, then the irregular wave solution can be expressed as follows

nr,t) =n,(rt) + eny,(r,t) (2.3)

2.2 The Multiple Scales Perturbation Method

Equations arising from mathematical models usually cannot be solved in exact form.
Therefore, we often resort to approximation and numerical methods. Foremost among
approximation techniques are perturbation methods [10]. For a model equation that
includes small terms, perturbation methods can be applied in order to find an
approximation solution for the problem. If the effect of the physical process is small,
then small terms will appear in the equations. To illustrate, the viscosity could be small
contrasted to the advection in a fluid flow problem. Another example is in the motion
of a projectile, where the force caused by air resistance may be small compared to
gravity. These low-order effects are represented by terms in the model equations, and
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when compared to the other terms, are negligible. When scaled properly, the order of
the magnitude of these terms is represented by small coefficient parameter called €.
Perturbation methods can be used to all types of equations considered in applied
mathematics. [10]

The method of multiple scales is one of the most important perturbation methods. This
method contains techniques that lead to constructing uniformly valid approximations to
the solutions of perturbation problems for several values of independent variables. The
headstone of the method of multiple scales is introducing fast scale and slow scale
variables for an independent variable, then dealing with the introduced scales as if they
are independent. As a consequence of the latter step, the additional freedom that came
from the new independent variables will be utilized in removing the secular terms. The
latter puts constraints on the approximate solution, which are called solvability
conditions. [11]

The starting point in the procedure of the method of multiple scales is letting T = €t (7

defines a long-time scale because 7 is not small when t is if order 1/ € or larger [12])
Then, assuming a perturbation expansion as follows,

y(t) =Yy(t, 1)+ €Yq(t, )+ - (2.4)

Subsequently, for finding the derivatives of y(t) ,the chain rule is used for partial
differentiation.

i—i+6i+ (25)
dt  dt, 0t
And
dz_(a+ o, )2_az+2 0* (1.6)
dtz ~ \at, oty ot,? € at,0t,

The next step will be substituting in the equations we need to solve, then using the
accomplished freedom in removing the secular terms.

The multiple scales method was studied by many researchers and it is used in several
physical and mathematical problems. For instance, analysis of a damped oscillator,
studying the Rayleigh oscillator and solving boundary layer problems. The multiple
scales method is used in the solution process of our system, where the plate or beam is
placed over fluid.
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2.3 Green’s second identity

Generally, Green’s theorem in vector calculus links a line integral around a simple
closed curve C to a double integral over the plane region D bounded by C. One
special case of Green’s theorem is Stokes’ Theorem for two dimensional systems.
Using Green’s theorem, a set of identities was derived and named after the
mathematician George Green, the discoverer of the theorem [13].

In this section, we will briefly shine light on Green’s second identity, which is a
vector calculus identity that relates the bulk with the boundary of a region on which
differential operators act.

Green’s second identity is derived from Green’s first identity for the pair of
functions (u, v)over the domain D. The first identity in three dimensional is:

([ ot = (625) a5 ([ s o

When interchanging u and v, Green’s first identity will be then,

[ wavax = ¢ (27 as - [|] vu-vvax 9

The second term of the right-hand side in equations (2.7) and (2.8) are exactly the
same, then if we subtract the above equations, we will get,

]ﬂ(uAv —ulv)dx = # (ug—z — vZ—Z) ds (2.9)

The above equation is known as Green’s second identity for a pair of functions
(u,v).

Later during the chapters, Green’s second identity will be used to find a solvability
condition that prevents the unbounded resonant growth of the nonlinear problem.
This is accomplished by relating the bulk with the boundary of a region.
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Chapter 3

Linear dispersion relations for transverse waves in different
structural elements

Structural elements are the elements used in structural analysis making the study of complex
systems simpler. Those elements are designed to withstand forces and moments. In the
following sections different kinds of elements will be studied such as line elements (e.g.,
string and beam), surface elements (e.g., plate, free surface).

Transversal waves are waves in which particles vibrate at right angles to the direction of
propagation of wave. This type of wave is used in this chapter as a disturbance of the
structural elements.

3.1 Transverse waves in a string:

In this section we will derive the wave equation of transverse waves in a string, in
order to derive the dispersion relation. To start the analysis, it is beneficial to define
the system studied. Consider a string under small transverse displacement, the x-
coordinate is along the string and the displacement v is applied in the z-direction
(tangent to the string).

Consider a segment of the string in the x-direction that separates two points x and
x + dx as shown in the figure below

Fig 1. Segment of the string in the x-direction. Available at:
https://www.people.fas.harvard.edu/~djmorin/waves/transverse.pdf

Now using Newton’s second law of motion F = ma , the wave equation is to be

found.
})
——
0, M
L 0
/r x+dx

T

Fig 2. Forces acting on the string segment. Available at:
https://www.people.fas.harvard.edu/~djmorin/waves/transverse.pdf
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Starting from calculating the tension forces in the string where T is string tension
magnitude.

o L+ Pl,

Inh=- T (3.1)
Ja+ed

N

2 = I'——— (3.2)
1/(1 + 1, %)

Taylor expansion is applied on T, around point x to get

7o Ut Pty +dxai Ut ity (33)

A+yd A +d

The total force will be as follows

lpxm / 1+ lpxz E - (Ec) + lljxl_z)) M (34)

(1+y,°)

-

Fnet = de

14,2

Knowing that the slope i, is considered small, only the terms that are linear in i are

included. Then the total force is

ﬁnet = delpxxl_z) (3'5)

Now applying Newton’s law knowing that the mass of small segment of string is udx

where p is the mass per unit length

F =Tdxy, = pdxpy, (3.6)

The wave equation of a string under transverse displacement is then

T
Yee = Elpxx 3.7

18



Assuming that the solution is of the form y(x, t) = Asin(kx — wt), knowing that w is the

frequency and k is the wave number. Then the dispersion relationis w = \/%k.

3.2 Transverse waves in a beam:

By definition, beams are structural elements that resist loads applied laterally to the
beam’s axis. In this section, Euler-Lagrange equation and Newton’s second law
approaches are used to find the general form of Euler-Bernoulli beam equation.

For simpler analysis, consider a homogeneous beam with constant rectangular cross
section and it endures only linear elastic deformation. Also, it is slender with small
deflections to be taken into consideration.

Starting with the static beam equation; that is the relation between the deflection in the
beam and the applied load.

The Euler- Bernoulli equation

(3.8)

0? Elazw(x, )\ _
6x2< dx2 ) =/t

Where,

w(x) is the deflection of the beam in the z-direction at a position x.

E is Young’s modulus.

f(x,t) isthe load per unit length

1 is the second moment of area, with respect to the y-axis, of the beam’s cross-section
which is given by

. Jb/z fa/z 2 4y ba3 (3.9)
= zedzdy =———
—b/2 —a/z 12

Where, b is the width, and a is the thickness of the beam.

Here, and due to forthcoming use, parallel axis theorem is applied for the second

ba3

4

For such geometry and composition, ET will be considered constant (flexural rigidity)
and the beam’s deflection (w) can be written as follows

ba3
moment of area, then I = -+

0*w(x,t) (3.10)
[— = fx,t)

E
Derivation of dynamic beam equation using the Euler-Lagrange equation

Starting by the functional S which is given by
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b1 oowyt 1 (92w’ (3.11)
Szftl fo E”(E) —7t! <ﬁ> + f(x, Ow(x, t) dxdt

The first term is the kinetic energy knowing that p is the mass per unit length, the
second term is the potential energy due to internal forces which is considered with
negative sign (sign convention).

Now, Euler-Lagrange equation is used to determine the function that minimizes the
functional S.

Lagrangian is in this case

L=1 (c')W)Z Bl O\’ t t) = L(x,t,w,w (312
=50l3) “2EN 52 + 0w, t) = L(x, t, W, W, Wyy)
The general form of the Euler-Lagrange equation is
oL 0 (612) 02 ( oL >_ 0 (3.13)
ow at\ow/  0x2\ow,,/
Then,
oL oL _ oL \ (3.14)
w1 (gw) = (Gs) = B
Replace into the general form in (3.13) to get
f— W = (Elwyy)xx =0 (3.15)

And when we consider the beam homogenous E and | will be constants, ending up
with a simpler equation which is

d*w d2%w (3.16)

Equation (3.16) is the governing equation for the dynamics of the Euler-Bernoulli
beam.
As in the previous section, assume that the solution of equation (3.16) is of the form

w = Aet*=wt) and f(x, t) equals zero, then the dispersion relation is
w=4+ 2k
L ll .
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z Euler-Bernoulli beam

|
n(x, 1)
ad a = o e s N

- -
- >|

Fig 3. Euler/Bernoulli beam. Available at:
https://www.youtube.com/watch?v=3R8g3becNvg

Derivation of dynamic beam equation using the Newton’s second law

Consider Euler- Bernoulli beam as presented in figure 3,
n(x, t) is the transverse displacement
f(x,t) isthe load per unit length

Take a differential slice dx

F(x,t)

“TiEl

Vixg)

,)Mu,o + AMxE)

Vo) + AVoe)

dyt
Fig 4. Differential slice of the beam. Available at:
https://www.youtube.com/watch?v=3R8g3becNvg

In the figure, V (x, t) stands for the shear force, and M (x, t) stands for the moment.
The dotted line is the neutral axis of the beam. It is an axis in the cross section of a
beam, along which there are no longitudinal stresses or strains.

Firstly, Newton’s second law is applied to the beam element

The force equation is
Z F =ma

V—-—W+dV)+ f(x, t)dx = pA(x)dxm (3.17)

ot?
A(X) is the cross-sectional area of the beam, p is the mass density.
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The moment equation at point O is (considering counter clockwise direction as
positive)

fx, t)dxdx _ 0 (3.18)

(M +dM) — M — (V + dV)dx + z

Note that the zero on the right-hand side is due to the Euler-Bernoulli assumption, that
is there is no rotation at that element.

We know from calculus that

av -
av =Y . (3.19-1)
S
am =M 4. (3.19-2)
Ox

Substitute equation (3.19-1) into equation (3.17) to get

0%n(x, t) % (3.20)
pA(x)de = —adx + f(x, t)dx

Now, substitute equation (3.19-2) into equation (3.18) to get

(dx)® (3.21)
——=0

aMd vd an2+ t
ox X T Vdx —grdxt + f(x0)

It should be noted that dx is infinitesimal, then dx? is negligible.
Consequently, equation (3.21) can be written as

oM _ (3.22)
ox
Substitute (3.22) into (3.20)
0%n(x,t) 02M(x,t) (3.23)
PAD) 57— =~ T/ D

With Euler-Bernoulli beam assumption in mind, the moment M (x, t) can be written as

32n(x,t)
0x2

M(x,t) = EI

where El is the flexural rigidity of the beam.

Altogether

We can write the Euler-Bernoulli beam equation as
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0%n(x,t) 0*n(x,t) (3.24)
pA(x) 52 + EI Frra f(x,t)
Both approaches used in this section led to the general form of Euler-Bernoulli
equation.

Suppose now that the beam is situated on a fluid such that the force f(x, t) is the net
force between the beam and the fluid. Here, the contact area between the fluid and the
beam A, = bdx, knowing that f(x, t) is the force per unit length dx.

For incompressible fluid and inviscid flow, the continuity equation and Navier Stokes
equations can be written as

V.3=0 (3.25-1)

D¥ (3.25-2)

Prpf =Prd—Vp

Equation (3.25-2) is known also as Euler’s equation, where ¥ = (u, v, w)is the fluid
velocity. Assume a potential flow (v = V), where ¢(r, t) denotes the velocity
potential.

Integrate with respect to all space coordinates to get Euler’s equation, which is also
known as Bernoulli’s pressure equation

5} 1
Pr(x,2,) = pp+Pa — Py {a—‘f +5(Vp)? + gZ}

where py is the fluid pressure, p;, is the pressure from the beam and p,, is the
atmospheric pressure.

z is the vertical coordinate.

py is the mass density of fluid.

The dynamic surface condition at the interface between water and the beam is

9%n(x,t) ﬂa‘*n(x, t)

Pf —Pb ~Pa = pa aatz Ir b oxt (3.26)
_ _ ({99 2 2 } —
= pf{at+2(V<p) +gntatz=n

where a is the thickness, b is the width of the beam.

The kinematic surface condition at the interface between water and the beam is
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an B do _ (3.27)
E+V<p.V77 =23z atz =n

For simplification, only linear factors are used in this derivation. Apply Taylor
expansion around z = 0,then leading order problem will be

an _dp (3.28)
ot 0z
il 0%n(x,t)\ EId*n(x,t) (3.29)
Pf{aw”}*(f’“T T o 0

Equations (1.28) and (1.29) can be solved by assuming a monochromatic elementary
wave solution

(190) = (1) et (330)

k = ki, + kyi, is the wave vector

x is the horizontal position vector

r is the three-dimensional position vector
w is the angular frequency

In order to find the dispersion relation for the wave equation in (3.29), the solution of
@(z) is found first from the continuity equation and the bottom boundary condition.

Vip=0at —h <z<0 (3.31)
do

Where, h is the depth of the fluid

Assume that ¢(z) = e?*

Then the characteristic polynomial from equation (3.31) is

—kZ+22=0 (3.33)
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Asaresult, 1 = +k

Ccosh k(z+h) . Dsinh k(z+h)
sinh(kh) sinh(kh)
sinh(kh) to avoid reaching infinity as h tends to infinity.

Take the solution of $(z) = , it is preferred to divide by

Substituting ¢ (z) in to the boundary condition (3.32) will lead to

coshk(z+h)

~ _ — 2 2 i
p(z) =C b where k = \/kZ + k% is the wave number.

The equations (3.29) and (3.31) then give the following linear system

—iw - .
EI M = (0
<? k*+prg — paw® —psiw coth(kh)) (C) (0) (3.34)

Finally, to avoid trivial solution, the determinant of coefficient matrix must be zero,
which will therefor give the dispersion relation for a beam over fluid,

El

——k® + gk
2 prb

w* =
P2k + coth(kh)
Pr

3.3 Transverse waves in a plate:

This section presents a discussion of transvers waves in plates under no load, and
plates placed over fluid. Plates are plane structural elements that have small thickness
compared to the planer dimensions.
Finding the equations of motion in order to model the dynamics of a plate, some
simplifying assumptions are used.

e The plate is not subjected to any in-plane forces when it is under transverse

vibration, which means that the neutral fibres in the plate remains unstrained

e There is no shear deformation in the z-direction (Kirchhoff hypothesis)

e During the transverse deflection of the plate the slopes remain small

e Plate thickness is constant

Consider a plate of thickness a laying in the x-y plane, and it deflects in the z-

direction. Take a differential element from this plate, the stresses acting on this
element are the normal stresses oy, gy,, and shear stresses gy, 0y, 0.
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Fig 5. Stresses on infinitesimal element

In order to have a two-dimensional model, integrate over the thickness.

¢

OQ + _5.::5— ‘l‘a

| /,'/ 6
1 |/
G +d0x dx 1y ”3 E ua'aA‘)
Ny 3Ny 15k Ny + V1% d
45 | TR
~ Mw“"*‘"dl .&

xX
Fig 6. Force resultants on infinitesimal element
The stress resultants per unit length due to the normal stresses are
e 4/
x = f Oxxdz; Ny = f Oyy 47 ; (3.35)

In plane normal stress resultant per unit length due to shear stress is

>
ny = f Oxy dz (3.36)
Y
Out of plane shear stress resultants per unit length are
%2 %2
Qx = f Oy, dZ ; Qy = f Oyz dz; (3.37)
Y Yy
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Fig 7. Moment resultants on infinitesimal element

Moment resultants per unit length are

/s 2 /2
Mx = .f ZOyxx dZ; My = -]- Zo-yy dZ; Mxy = f Zo-xy dz (338)
-ay, -a, ~Y,

Hooke’s law is to be used next in order to find a relation between the stresses and
strains. Hooke’s law is also known as the law of elasticity, it states that for relatively
small deformations of an object, the displacement or size of the deformation is directly
proportional to the deforming force or load [22].

The relation between stresses and strains is then
E E
Oxx =7 _2 e +veyy ] oy = 1—2 [vexr + ] (3.39)

E
Ty STy

&xz = &, = 0 there is no shear deformation of the element along the z-direction
(Kirchhoff hypothesis).

E is Young’s modulus and v is Poisson ratio.
Next, the strain in terms of the deflection of the plate is calculated from the geometry
of deformation of the plate as shown in figure 8.

tand = Z—Z = sin® = 0( for small angleb) the location of a point from the neutral

surface.
The deflection in the x-direction and the y-direction can approximately written as

an(x,y,t an(x,y,t
_Zn(y). Zn(y)

= cv(x,y,z,t) = — o

u(x,y, z,t) =
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Fig 8. Geometry of deformation
Then, the strain field will be
_du_ 3%
frx T 5y T TP ax2
ov 9%n (3.40)
gyy = @ = —Za—y2
_Ou  Ov 0%y

Exy = @4_& - _Zaxay
Clearly, the strains are linear in the z-direction, then the stresses in equation (3.39) are
also linear in z- direction. Consequently, the normal stress resultants Ny, N,,, Ny, in
equations (3.35) and (3.36) will go to zero, and the non-zero remaining resultants are
the shear and moment.
The moment resultants can be calculated by substituting equations (3.39) and (3.40) in
the moment resultants expressions in equation (3.38) and doing the integration
2
M, = Z0yy dZ
Y

a/z E
= f—a/z z (—1 3 [sxx + vsyy] )dz

/2 E [0%n  0%n]
= 2| _ d
f_a/zz < 1—v2|0x? + VayZ_ > z

Ea® [0%n 9?7
= - +v
12(1 —v?) [0x? dy?

Then,
0%n d%n
Mx =-D W + Va_yzl
ot o7 (3.41)
My = — —tv—
ayz 0x2
M,, = —-D(1—v) 07
xy = V) axay
. - - - Ea3
D is the flexural rigidity of the plate D = 12(1—v2)
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Altogether, the equations of motion can be written as

Transverse dynamics

o _ 00,

dxdy — Y dyd +6Qxdxd
padxdy =5 = 3y yax =~ y (3.42)

Rotational dynamics

Rotation about the y- axis

02 <6r1) __OM, My,

moz\ax) = ox oy T & (3.43)

Rotation about the x- axis

0% (dn\ _ OM, OM,,
m&ﬂ&)‘%?‘ax+% (3.44)

. . . . pa®  pad
Where, I,,, is the moment of inertia per unit area I,,, = - T

Using equations (3.43) and (3.44),Q, and Q,, in equation (3.42) can be written as

function of deflection of plate and moments.
Finally, the equation of motion of a plate can be written as

0%n 9%n
paF—ImVZF+DV4n =0 (345)

If the moment of inertia per unit area I,,, was small, equation (3.45) will reduce to

2

Ui
paw + DV =0 (3.46)

Assume that the solution of equation (3.45) is of the form n(x,y,t) = Ae!kr-t)
k is the wave vector
r is the position vector

w is the angular frequency

Dk*

Then the dispersion relation is w? = ——
pa+lk

In case of presence of distributed load on the plate such as lateral pressure q(x,y,t),
that is force per unit area, the equation of motion (1.45) will be of the form
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0%n 0%n
pam—ImVZW+DV4n+q(x,y,t) =0 (3.47)

Just like the process done to the beam, suppose that the plate is situated on a fluid such
that the force q(x, y, t) is the fluid pressure on the plate. In order to find the dispersion
relation for a plate over fluid, the only difference will be in the dynamic condition.

The dynamic condition on the interface between the fluid surface and the plate is

0% ,0°n . 1%
paw—ImV W+DV n+pfa+pfgn=0at2=0 (3.48)

After finding the solution for ¢ (z), equations (3.27) and (3.48) give the following
linear system

—iw —k 5 0
m\ —
(pfg — paw? — ILyw?k?* + Dk* —priw coth(kh)) (C) - (0) (3.49)

Finally, to avoid trivial solution, the determinant of coefficient matrix must be zero,
which will therefor give the dispersion relation of a plate over fluid

D

2 _ Pr

PAy 4 Im s 4 coth(kh)
Pr Pr

k> + gk

3.4 Dispersion relations plots:

In the previous three sections, dispersion relations for string, Euler-Bernoulli beam,
beam over fluid, plate and plate over fluid were found. Now, in order to discuss those
dispersion relations further, plots for the angular frequency versus the wavenumber for
the structural elements studied are represented below. The plots are created using
MATLAB codes, the vertical axis shows the angular frequency(1/s) and the
horizontal axis represents the wavenumber(1/m).

To start by the dispersion relation of the string which is given by

w= |[—k
H
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In the graph above, the value of the angular frequency increases proportionally to the
value of the wave number. The dispersion relation above shows that the transverse

waves in string are non-dispersive, since the wave number and angular frequency are
proportional. As well as string dispersion relation is isotropic because waves behave
equally in all directions, meaning that the dispersion relation depends on the value of

Dispersion relation of transverse waves in a string

-6 F x\

i

25 30 35 40 45
k

50

plot 2. Dispersion relation of transverse waves in a string

wavenumber and not the wavenumber vector.

Secondly, the Euler-Bernoulli beam dispersion relation

plot 3.

El

w=+ |—k?

40 T T T T T T T T T

30

10 fﬁ;fxfff

-20

-30

25 30 35 40 45
Kk

10 15 20

Dispersion relation of transverse waves in Euler-Bernoulli beam
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For the Euler-Bernoulli beam, the graph presents the positive part of a parabola since
the value of wavenumber is positive. Obviously, the wavenumber and the angular
frequency are not proportional, then the dispersion relation is dispersive, and the speed
of wave propagation is not constant.

Before getting into the Euler Bernoulli beam over fluid it is important to show the
dispersion relation of infinite depth gravity waves to illustrate the competition between
the two behaviours; gravity waves and the beam placed over fluid.

Dispersion relation of infinite depth gravity waves
w? = gk

dispersion relation of infinte depth gravity waves

0 \\
15 Ee W
—
o0t S
.25 '
O 5 10 15 20 25 30 35 40 45 50

plot 4. Dispersion relation of infinite depth gravity waves

Further, Euler Bernoulli beam situated over fluid dispersion relation

EI
— k> + gk
2 _ pfb J

Pek + coth(kh)
Pr
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plot 5. Dispersion relation of transverse waves in free Euler-Bernoulli beam and Euler-
Bernoulli beam over water

In the above graph, both dispersion relations for the free Euler-Bernoulli beam (dashed
line) and Euler-Bernoulli beam over fluid are presented in order to make it more
obvious how the Euler-Bernoulli beam behaves when placed over fluid. At low
wavenumbers, that is high wave length; the behaviour of gravity waves leads, and the
presence of the beam has less effect. However, as the wavenumber rises the behaviour
of beam leads, after an inflection point is observed at k approximately equals
36.5(1/m). After this point, as the wavenumber increases the angular frequency
increases similar to the free beam.

Last but not least, the dispersion relation of the plate
4
2 _ Dk
pa + Ik?
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plot 6. Dispersion relation of transverse waves in plate

The behaviour of free plate is similar to that of the Euler-Bernoulli beam. Also, here
the dispersion relation is dispersive, and the speed of wave propagation is not constant.

Finally, the dispersion relation of plate over fluid

D
= k> + gk
Pr g

2

P 4 Im s o cothkn)
Pr Py
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k

plot 7. Dispersion relation of transverse waves in free plates and plates over fluid
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For the plate, a competition between two behaviours is observed just like what was
observed in the behaviour of the beam. At low wave numbers, that is high wave
length; the behaviour of gravity waves leads, and the presence of the plate has less
effect. However, as the wave number increases the behaviour of the plate leads, after
an inflection point is observed after k = 50(1/m).

The inflection point in the beam was detected at smaller wave number (at k
approximately equals 36.5(1/m)) than that of the plate.

It should be noted that the material properties have an obvious impact on the curvature
of the dispersion relation graph.
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Chapter 4

Nonlinear dispersion relation for transverse waves in
Euler-Bernoulli beam

In the previous chapter, the wave equations for string, Euler-Bernoulli beam and plate were
found. Then, we assumed that the plate and the beam were placed over a fluid and the
dispersion relations for those wave equations were discussed. Up to this point, we were
concentrating on the linear parts of equations in order to find linear dispersion relations for the
structural elements. In this chapter, Euler-Bernoulli beam will be studied, where nonlinear
terms will be included which will influence the dispersion relation found previously.

4.1 Governing equations, normalization

It is useful to start by recalling the equations that describe the fluid motion (when the
beam is placed over it) for potential flow used in the previous chapter.

The continuity equation for incompressible fluid
V2p=0 at —h <z<n (4.1)

The kinematic bottom condition

9% _ 0 at z=—h
9zt ZT (4.2)
The kinematic surface condition
an GY, (4.3)

—+ Vp.Vn =23, atz =n
The dynamic surface condition

dp

1 0%n(x,t)\ EId*n(x,t) (4.4)
Py {E +5(Vp)* + gn} + (paT> +—— =0

b ppe atz =1n

Now, we need to scale (normalize) with respect to a characteristic wave field that have
the following features

k. is a characteristic wave number

w, s the characteristic angular frequency
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a. is the characteristic amplitude for the surface elevation
Thus, we can define a characteristic steepness which is given by € = k.a..

At this time, normalization can be carried out as follows

wea
¥,z =k (0,y,2); t' =wct n=acn;¢=—"
pa __1p'al  EI _ w? E'T
Pr ke P’f ' psb kc® P’fb’

=k.h ;

¢ g=

c

Substitute the normalized quantities in equations (4.1-4.4), then the normalized equations
will be as follows

The continuity equation for incompressible fluid

V2’ =0 at —h'<z' <en' (4.5)

The kinematic bottom condition

dgp’ _ D
Fr 0 at z' =—h (4.6)
The kinematic surface condition
on' ap’ 4.7
aTZ, + 6V’<p’.V’n’ = af[ at Z, — 67’]’ ( )
The dynamic surface condition
' ) p'a' 0%y’ E'I' %D (4.8)
+g'n" + =0atz=
at’ 9+ g P at'? p'b" ax’* 7

For simplicity, we will drop the primes in the equations keeping the steepness e.
Assuming that the steepness is considerably small, e < 1, then, the next step is to carry
out Taylor- expansion about z = 0 such that for any function f(z)

F@) = FO) +en () + et L (@) +-- “9)

And we get within the first three orders

The continuity equation for incompressible fluid
V2p=0 at —h <z<0 (4.10)

The kinematic bottom condition
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The kinematic surface condition

dan -l do
E+EV;[).VT]+E nvg—Z.Vr]—£+
¢ 1 , 0%
—_— —_ _— t =
enazz+26n 373 atz=0
The dynamic surface condition
6(p+ 62(p+12263<p +1(V )2+ eV Va<p+ +'Oaa277
at " T azar T2° 7 Bzzar T 2SN T NO NG, TN, B
El 9*n(x,t
—L“)ZOCLtZZO
prb  0x

4.2 Regular perturbation

(4.11)

(4.12)

(4.13)

After normalizing the governing equations of the system, we can now apply regular

perturbation expansions in order to solve the above equations

n=1;+en, +ein;+

=1 +tep, +eps+

Then the equations will be of the form (perturbing to the third order)

The continuity equation for incompressible fluid
V2p,=0 at —h <z<0
The kinematic bottom condition

0
%antz:—h
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(4.14)

(4.15)

(4.16)

(4.17)



The kinematic surface condition

My ey 2 O 4.18
atl te atz + € ot +aEV(P1V7]1 + EZV(pZ.VT]I + EZV(pl_Vnz ( )
0 .

v
2 +EZI 9z oz €3z € oz
0% 0% 0%¢, 1 0°¢q

522 T G tem Gy taetnt S atz=0

6<p1 0<p , 093

+en,

The dynamic surface condition

FTIRFT: 66t+n166t €1z 370t T €M 00

1 6(,01
to €Mt g oo

{a(pl 095 o003 0’0, ,  0%¢, 0%,

+= €(V<P1)2 + €2V,. Vo,

9
+ € mV%-V% + gn +egn, + 529773} + (4.19)
a (9?2 92 02

p{ o, 9% n3}+

Pr

ot? € ot? ot?
El {04771 a*n, 254773

+ =0 atz=0
peb | 0x* " oxt '€ 6x4} e

4.3 Second order problem and resonance analysis

In chapter three, we assumed a monochromatic elementary wave solution given in
equation (3.30). Depending on the matrix (3.34), a nontrivial solution will be as
follows

_d dC= wd
=75 an ‘%2 (4.20)

Note that d is a complex amplitude. The matrix (3.34) has one zero eigen value, then
the nontrivial solution (4.20) depends on precisely one free complex amplitude d.
Due to the linearity of the first order problem, the principle of superposition can be
used in order to form a general solution for an irregular sea as a sum of
monochromatic waves.

For a discrete superposition we have

1 .
_ kix—w;
ni(x,t) = > E dfel( 1x-0t) (4.21)
Jj
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1 “wj cosh k (z+ h)) ,
rt) == d. i(kjx-wjt) (4.22)
o) =5 Z K smh(k n  °

d; are complex amplitudes, and each pair of wave vector k; and w; satisfies the

dispersion relation found for the Euler-Bernoulli beam over fluid. The sum over j
should include complex conjugates in order to have real surface elevation.

Second order problem
The leading order problem (linear) was solved in the previous chapter.
Now regarding the second order problem( 1), the equations will be

The continuity equation for incompressible fluid
Vip,=0 at —h <z<0 (4.23)
The kinematic bottom condition

00;

oz _Qatz=-h (4.21)

The kinematic surface condition

on, _ % 0%, 4.22)

The dynamic surface condition

99, 0%,

¥ +"1aat+ (<p1) + 912
pa (9°n, +E1 a*n, “ 0 atz=0 (4.23)
prlae T o) T T

Rearranging the equations above and substituting the solutions in (4.21) and (4.22) we
will get the following
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The continuity equation for incompressible fluid.
Vip, =0 at —h <z<0 (4.24)

The kinematic bottom condition

dp,

The kinematic surface condition

07]2_0<p2: 02(P1_V v (4.26)
ot 0z M ggz VPV

1 k. k .
= ZZ —iw; (Jk—,l + k,-) coth(k;h) d;d,e!(Kirx=2j1t)
Jj,l

atz=20

The dynamic surface condition

00z o\ P27 E1O™,
at gr]Z I atZ b ax4 (427)
62(P1 )
="M G50 2 VeV
1 wiw; (ki. k ,
= ZZ w? - 12 ! ( ,léjkll coth(kjh) coth(k;h) — 1) djdlel(K,-,z-x—nj_lt)
1
atz=0

Where, K]',l = kj + kl and ‘Qj,l = wj + w;.

Nonlinear Resonance analysis

Indeed, at this time we should check if resonance could occur at the second order.
Namely if two waves with wave numbers k, and k, are present at a certain time
instant, then the nonlinear interaction between them will produce a wave with wave
number k5 such that k; = k; + k,. The produced wave frequency w5 will be
equivalent to the sum or difference frequency ws; = w,; + w, where the signs + occur
together. If the latter is satisfied, meaning the sum or difference of frequency equals
to w5 which is the natural frequency of the k; wave, then ks wave is excited at its
natural frequency and the resonance can occur.

Now, we can write the resonance conditions as follows
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{ik3 =k, k,
ia)3 = 0)1 i (1)2 (428)

In case of presence of solutions for the above equations, resonance may take place. In
order to make the calculation easier we will use plus sign instead of + signs in
equation (4.28).

Special case: Three wave resonance of two unidirectional waves

One special case for the Euler-Bernoulli beam situated over fluid is assuming that
k, = k, and the depth is infinite. This configuration was made by Wilton for
capillary-gravity waves, where waves were commonly called Wilton’s ripples, after
Wilton (1915), although they were previously described by Harrison (1909).
We have
k; =2k,
w1+ wy; = 2w, = w3 (4.29)

Substituting the dispersion relation for Euler-Bernoulli beam situateded over fluid in
to the resonance condition, hence the condition will be as follows

EI EI

, pf—bkl5 + gk, ) 32pf—bk15 + 2gk, (4.30)
pa - pa
Bk, +1 2k +1
Pr 1 Pr 1

The table below represents the properties of the Latex sheet

Property of sheet Latex
Thickness [mm] 0.2
Width [mm] 1
Density [%] 960
E-module [%] 0.0015

Table 1 Properties of Latex sheet
Assume that the fluid is water with density pr = 1000 k—g3 and acceleration of gravity
m

m

Subsituting the values presented in table 1 into equation (4.30) yields to a fifth order
polynomial. After solving for k, five roots were achived, one positive real root, two
negative real roots and two complex roots.

42



The positive real root found means that resonance condition is satisfied and resonance
could occur. Consequently, slow modulation scales should be considered in order to
have a non sacular solution.

4.4 Resonant interaction equations

Resonant interactions occur when a simple set of criteria coupling wave-vectors and
the dispersion relation are met [15]. In the previous section we proved that resonance
could occur, then we are forcing the linear system by its own natural frequency. The
investigation of resonant interaction equations is popular in many fields, and it has
numerous applications in engineering, medicine, etc. The theoretical analysis that
leads to finding the resonant interaction equations will be presented in this section.
Here, the multiple scales perturbation expansion will be used in order to arrest the
unbounded growth in the solution. As mentioned in chapter 2, the technique is based
on letting the amplitude 7 and @ vary slowly, much slower than the natural oscillation
of the harmonic oscillator. To achieve the latter, the complex amplitudes of the
leading order solution should be modulated using slow scales as follows t; = et and
X, = €Xy.

Then, n and ¢ will be as a function of ( t,, t;, X , x1). Time and derivation is made
by the chain rule as follows

4_9 9. (4.31)
dt — dt, 0t
And
d? 9 9 2 92 92 (4.32)
e s ) B AR T e

Similarly, the position vector derivation is performed. After applying time and space
modulation to the kinematic and dynamic surface conditions (4.12) and (4.13)
respectively we will get the following

The kinematic surface condition

on on 09, % (4.33)
—_— —_— V.V 2pV——.Vnp = —
dt, Car, TEVe-vn eV V=5,
?¢p 1, ., 03%
+6T] ﬁﬁ'zé n ﬁ atz =20

The dynamic surface condition
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1
€n + = €e%n? L4 + = €e(Vp)?

Rl o %¢ 0% 1 03
- teEs—ten
dt, oty 0zdt, d0zdt, 2 0z%0t, 2
0
+ €2nVe. Va—(g + gr]} + (4.34)
a(0? 02 02
p—{ 772 + 26—l g2 Z} +
pf ato atoatl atl

ELIO™ 4e 01 ) _ o arpzo
prb (0x,* “oxdox) - 7T

The suitable way to solve the above equations is to apply a regular perturbation
expansion as shown in equations (4.14-15) . Equations (4.33) and (4.34) are then

The kinematic surface condition

(4.35)

(6771 N a’h)

. (6772 6772)
at, | - at,

+ €

2 (% ons
at, €t

3ty +e€ at1> + eVe,.Vn,

2 2 a(pl
+€e“Vp,.Vn, + €“V,.Vn, + € nlva—.an

01 g, 26(.03

9z oz T oz
62()01 2 a P1 62902 1 2.2 63901

2
972 TE€M2 Gz T 5 o +3

+eny

The dynamic surface condition

+ + €? + —
9ty | oty | © 9t at,  Cat) T ™ Bzae,
029, 2 0%, 2 0%,
dzot, €M a at, T ™ 3201,

{afpl 09, 6<p3+ (5<p1 0<pz> 0%¢,

+ €21,

Lo 2 P 2, .2 (4.36)
2 €’ny® EP Zat += E(V<P1) +€°Vp,. Vo, '

0z
a (92 0?2 0?2 0?2 02 02
P { 771+e 772+e2 773+2e N g2 2 | 2 7721}+
prlat,> at,° dt, dtydty dty0ty at,
{64771 0", 0*n; a*n, 9%,
prb

+e*mV vai+ + + €2 +
E"N1IVPy. gni1 T €GNz T €°gM3

—~+er— +4e + 4€?
Ix,*  9xy* dx,* 0x930x, 0x¢30x;

}=0 atz=20

The modulated first order problem will be exactly the same as the one solved in
chapter 3, for that we are not going to re-mention it here. But the fundamental
difference now is the assumption that complex amplitudes are modulated. Assume
now that the solution of the above equations is of the following form
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(520) - (oo

then, the nontrivial solution will be as follows

_ d(xq,t1) and C = _igd(xptﬂ
=" -~ Y% 2 (4.38)

Note that d(x,, t;) is a complex amplitude that depends on x;and t;. Linearity of the
first order problem, permits the employment of the principle of superposition forming
a general solution for an irregular sea as a sum of monochromatic waves.

For a discrete superposition we have

n,(x,t) = lz d:(x,,t )ei(kj.xo—wjto)
1\Ay 2 - J 1,01 (439)
j
wj cosh k (z+h)) .
, i(kj.xo—wjto) 4.40
AR ZZ Can(ony GG el (4.40)

d; (x4, t;) are complex amplitudes, and each pair of wave vector k; and w; satisfies

the dispersion relation found for the Euler-Bernoulli beam over fluid. The sum over j
should include complex conjugates in order to have real surface elevation.

Modulated second order problem ( )

The second order problem( €1) after time modulation and regular perturbation, the
equations will be

The continuity equation for incompressible fluid

0%¢, 0%¢, (4.41)
29, = H, = —2 -2 —h
Vi z 0x90x, 0yo0y, at <z<0

The kinematic bottom condition

¢,

The kinematic surface condition
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on, an, a(pz 920, B
(a_tl)+(ato)+v‘/’1 v, = 9z T ¥ atz=10

After rearranging we will get,

an, 0@, on, 62<P1
e %2 _p _ T _g,. P9 tz=
at, oz 2T gy, VerVmtm 5y atz=0

The dynamic surface condition

+

0p, 09, 0? @1
+ 11
dat, 0ty 6 z0t,

1
+5 (Vo,)* + 9772} +

a*n, a*m
4 = =
+ orb {69604 + Ix30%, 0 atz
After rearranging we will get,

09, } pa {0 772} EI {04712}
+ +— + =
{at g1z prlat,?)  prb (0x,*

0 02 1 92 El 0*
G, = — P1 P1 2 (Vop,)? pa 071 U5

atz=20

We arranged the equations in a way that all the second order unknows are on

the left-hand side, and the forcing is at the right-hand side.

In order to solve this problem, let n, and ¢, be of the form

3
! i(5)
T]l(x,t) :EZAllj(xl,tl)e IV +c.c
=

1 3 wj cosh k(z+h)) ©)
Tt =—Z A i(xq,t)e\%i) +c.c
@,(1,1) 2 4 k Slnh(k h) 1,]( 1t1)

Where, 6; = (k]-.xo w]to) forj =123

Then,

3
w; cosh (k;(z + h) o
H, = _Z ] ( ] )k-aAl'Jel(ef) +c.c

k;sinh(kjh) 7 0x
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at, " 9zat, 2 pr 0todt; pyb0xy30x,

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)



Taking out just one harmonic
wy cosh(ky(z + h)) IR

H, = — (61)
2 kysinh(k;h) L ox, tec
0m 0* 0" ¢P1
F, = _a_tl_V‘P1 V771"‘771 572
= ; 6;1] e (0])
= oh
1 3
—= ik, k AlmAln ™ coth (k,,,h)e!@m*0n)
4 k.,
mmn=1
1 3
-3 Z il ey s 7 O ()=
mmn=1

1 .
* 4 Z —lwpkyAimA;ncoth (kph)e!Om+n)

mmn=1
L : {Om—6n)
+Z Z lwpkyAy mAi pcoth (k,h)et"m="n) +c.c
mmn=1
Taking out just one harmonic

_ 104 gy,

=% ‘lk3 ey gl g 93 coth (kyh)ei®a=62)

L * i(63—62)
+le2k2A1,3A1,2C0th (kyh)e'"s™%2) 4+ c.c
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0 0% 1 0° EI 9%
P1 P1 - (Vg,)? —Zﬁ M1 _4 M1

at, ™ 9zat, 2 pr 0t,0t;  prb 0x,30x,

GZ=_

3
1 (1)] OAL]- i(@')
= —E E —L?a—tlcoth (k]h)e J

(4.49)

mn 1 mmn=1

1
~ = z K111 7 coth (k) coth (kyh)e 00

mnl

1 (0 —64)
Z K114 7 coth (k) coth (k) !On =0

mnl
3 3

) 1 )
—a _wmwnAl,mAl,nel(9m+9n) - g z wmwnAl,mA;,nel(em_en)

mn=1 mmn=1

3
_&2_- 941 Li(6)) _ Z_ £i(6)
or lwj——— 6t1 fb lk] f 6 x W+ c.c

j=1
Taking out just one harmonic

=—j—

G, =
272k, Ot 1 )
—§k3.k2A1,3A12k 0 coth (ksh)coth (k,h)ei(6a=02)

, 1 ,
= coth (ky)e' @) + 2 wiAy 5 4] pe'®5=%)

a d0A .
- g (1)3(1)2141 3A; 281(93_92) + p_ i(l)l L1 81(91)

Pr dty

12 L g, S i
prb 1 Gx, ¢

If we are only interested with n, and ¢, of the following forms (first harmonic)

6 +c.c

1 (0
Ny = EA2,1(x1,t1)el( Vtc.c

1 w, cosh(k1 (z + h))

02(nt) = =2 i — 2

Ay 1(xy,t)et®) +c.c

Then, the equations above will be

Continuity equation

o cosh(k1 (z+ h))
sinh(k,h)

w; cosh(ky(z+h)) 9444

" kysinh(ksh) Y oxg

1 .
Tk (k% — k¥)Az1e"®) + c.c (4.50)

el®) 4 c.c
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The kinematic surface condition

1 1 @ sinh(ky(z + h)) .
—_ 7 A 1(91) 1 A i(61) .
2t 2 sinh(kh) 21€ tec (4.51)
104 1
= L1 1(9 ) + —lk3 kZAl 3A k_el(93 62)
3

"2 0t

1 * 1(03—03)
+ lezszlsAl,zel 372 +c.c=0atz=0

The Dynamic surface condition

1/  w? pa El 0
P (‘lk_1+ 9=t pf_b"f>A2'1el( Ve (4.52)
1 w,04 1
Eik—l allcoth (kih)e'® + 2 wiAy 347 %570
1 0ty
1 1 i(63-06,)
—§k3 k2A13A12k . coth(ksh) coth(k,h) e*'¥37%
1 . JdA
_Z i0:-0,) 4 ;P2 ZOLL Licen)
8w3w2A13A12e +lpf w1 at, e
EIl JdA .
+ 2—ik k;. LLei) 4 ¢ ¢
prb 0x4

Obviously, the assumed solution for the second order problem is not adequate for this
problem, for that we should find a solvability condition that prevents the unbounded resonant
growth. The homogeneous version of the boundary value problem has n,(x, t) and ¢, (r,t) as
a nontrivial solution. Then, the inhomogeneous problem must satisfy a solvability condition,
which follows by applying Green’s theorem, to n, (x, t), @, (7, t), n,(x, t) and ¢, (r, t)[3].
The identity used here is Green’s second identity.

Green’s second identity
Let f and g be twice continuously differentiable functions in the control volume V,
then

||| 729 = g7*sav = (179 - grf).mas 59

In the case we are studying, let f = ¢, (r,t) and g = @, (1, t)
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Notice that from the continuity equation of the first two orders of the problem, we know that
V2f =729, =0
And
Vg = V%@, = Hy(¢1)

Then the second factor of the right-hand side of the identity will cancel out. Regarding the
left-hand side of the identity, it will only have contribution at the free surface, that is at z =
0. Also, for the right-hand side we will focus only on the z-direction

Then the whole equation will be of the following form

0 09, 094
fh§01H2 (p)dz = [9015 — @2 9z o (4.54)

We know from the kinematic surface condition of the modulated second order problem that

0@, 0n, on, 0ny 62<p1
22 g =2 T, Uy — g —
9z oty 2Tty T, TPV T 5 (4.55)

From the dynamic condition we can find that

d¢, . pad’n, EI d'n,
ato = GZ gnz pf atoz pfb ax04
09, ¢, 1 , . pa 9°n (4.56)
= %6, ™ azar, 2 VeV T ZEatoatl
EI 9*n, pad?n, EI d*n,
T pboxgtox; I p ot prboxg”

From the assumed solution for the second order problem, we have

. i 09,
= —iw,Q, then @, = w_la_to

09
dt,

As well as, from the kinematic condition in first order problem we have

01 _ 0m
dz 0t
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After substituting the above expressions into the right-hand side of Green’s formula (4.54),

the factors including n, (x, t) and ¢, (1, t) will cancel out, and consequently we will then get
the following

Concerning the left-hand side of equation (4.54)

0
f p1H,(@4)dz
—h

D
d
fary

Il
,—d&—\

EEE

)( paazm El 6“'nz>}
gm ¥ Pfatoz prb ox,*

v )< pad’n  EI 64772)}
@Q1-Vq gm — p; ato ,Ofb 6x04

(
< >< N pa d°n, N El 64772)}
Fre T pr 0ty prbaxy* (4.57)

onq\ (094 62<p1 1
—(V 2
( 6t0)<6t1 T Gzar, T2 VeV

Q)
~
[y

+ +
r-’“—\f*-’*—\r-—“—\

g

1

a*n,
4— tz=0
prb 6x036x1>} az

T
~

0
j_ ¢1H3(p1)dz (4.58)

2k, h + sinh (2k, h)
4k, sinh? (k)

2

2k2

L g,V 4, 1A11< ) [e211 + %] + c.c
As k4 h tends to infinity, and by using L’Hopital’s rule [25], we can find that

(Zklh + sinh (Zklh)) 1
4k,sinh2(k,h) ) 2k,

After finding the derivatives in the right hand-side of equation (4.57), picking out just the
second harmonic (all the factors that include e2:1), the overall equation is then
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[ w? i 04,4 (1 1pa 1 EI 1w? (4.59)
ZEkllell —16—t1<z ZE(H% +Z?ki} +Zk—1>
i I )
w—1<ﬁw1k1k1.V1A1 1)
AL w3 pa , EI .
= 0)_1 §k3 k, s <—g _Ewl +pf_bk1>A13A1zl
i pa 1 .
+a)—1 §a)2k2 <g — w7 +pfbk1>A13Alzl
- L -_iAl 3A’iz(‘)%(‘)1 + LAI 3A§2<‘)1w2w3@
wl 8 77 16 = ksk,

l
+ EA1_3A’{_2w1w2w3]
Rearranging the above equation will lead to following, and assuming coth(k,h) = 1

aAl'l

at, + Cgl-V1A1_1 = a1A1,3A§,2 (4.60)

Similarly, we will get the two other interaction equations and the set of equations will be as
follows

aAl'l "
at, +¢g1. V1411 = a14;1 345, (4.61)
aAl’Z "
ot +c¢g,. V1A, = a1 41347 4
1
3A1,3 .
3t +¢g3. V1413 = 141147 3
1
Where,
EL s B, 52)
€9; = El El a 1 El a 1
=k + 2(—k4+ )(p—+—> Zk?(—k4+ )(p—+—>
prp s 9 =o' I T, AV N AV 7

The group velocity can also be expressed in a factorized form

EL s (, 00
=1 (4pfkj+5)

3/2
pa,. (EL 4 )
2 (24 +1) jk, £kt +g
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Knowing that

And
1 | i ) pa El
a; = k,.k m( ——w2+—k4)
] imﬁ .+ﬂk4+‘“_12>{(2 M\ b
prd Pk

Where, j=1,2,3; m=1,2,3 and n=1,2,3.
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Chapter 5

Nonlinear dispersion relations for transverse waves in a
plate

In this chapter, we will go through same process as the previous one, but here the studied
structural element will be a plate. In fact, the plate case is more interesting since ice sheets can
be modelled as plates.

5.1 Plate governing equations, normalization
To begin with, the governing equations

The continuity equation for incompressible fluid

V2p=0 at —h <z<n (5.1)

The kinematic bottom condition

do
Fri 0 at z=—h
The kinematic surface condition
on dp (5.3)
E+V¢.Vn =37 atz =n
The dynamic surface condition
dp 1 0%y 0%n (5.4)
pf{E+E(V<p)2 +gn}+paﬁ—1m|72F+DV4n =0atz=n

The normalization process is similar to that of the beam, here we will add the flexural
rigidity and the moment of inertia per unit area factors

Im _ 1 Ln ., D _w?D

pr kSp'sT pr kS p'f

Introducing the normalized quantities in equations (5.1-5.4), then the normalized
equations will be as follows
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The continuity equation for incompressible fluid

V%' =0 at —h'<z' <en'

The kinematic bottom condition

The kinematic surface condition

! !

ot’
The dynamic surface condition

az'

a(p, 1 1, 1\2 I
W-FEE(V(,O) +gn +

an + eV V' = i at z' = en

/a/az 12 I Iaz ! DI
e eV = 0atz =1
plpot? plpat? p

(5.5)

(5.6)

(5.7)

(5.8)

After dropping the prime for simplicity and keeping the steepness €, applying Taylor’s-
expansion about z = 0 similar to equation (4.9) in the previous chapter, the first three

orders of the governing equations will be

The continuity equation for incompressible fluid

V2p=0 at —h <z<0

The kinematic bottom condition

ago_

aZ—Oatzz—h

The kinematic surface condition

an 2. o 09 d¢

E+€V2¢.Vn+e nV??—Z.Vn—E+
27 1 d2°¢@

67’]@4‘5627]2@ atz=10
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The dynamic surface condition

dp ¢ 1 , ., 0% 1 Gl pa d’n (5.12)
- - ~e(Vg)? + €2nVp.V— ——
{6t+€n626t+26 M apg T2V T VeV gt o
Im _,3%n D
—ﬁVz—Z+—V4n=0atz=O
pr 0% py

For significance, we will not state the regular perturbed problem and the second order
problem here, but resonance analysis for the plate will be stated. The regular
perturbation of the above equations will be stated in section 5.4 since it will be utilized
there.

5.2 Resonance analysis for Plate over fluid

In this section, we will study the existence of unbounded resonant growth if three
waves can resonate in a triad.

The resonance conditions are

{ik3 = k1 i kz
i(l)3 = W + (O] (513)

The fulfilment of the above conditions means that resonant growth is expected. Also,
here the positive sign will be considered to simplify the calculation.

General case for nonlinear resonance condition
Consider the following confugration

Fig 9. Resonance triad configuration
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Let 0 be the angle between k; and k,, then the wave vectors will be represented as
follows

k, = k(1,0) , k, = (acos 0, asin 0), ks = (k + acos 6, asin 0)

Substituting in the resonance condition for infinite depth, will give

D D D

Ek;’ + gk ) Ekﬁ + gk, . Ekf + gk, (5.14)
pa Im 3 B pa Im 3 pa Im 3
—k,+k"4+1 =k +2k"+1 =k, +2k,"+1
Pr 3 Pr 3 Pr 1 Pr 1 Pr 2 Pr 2

Rearranging the equation and using the properties of Latex sheet found in Table 1.
Note that the Possion’s ratio for the plate v = 0.5. Assuming that the fluid is water
with density pr = 1000 % , acceleration of gravity g = 9.81 sz

The resonance condition will then be a polynomial function of k, « and cos 6.
Solving for the value of cos 6 for fixed values of k and « , will lead to at least one
real root. Resonance will occurr if cos 0 is smaller than 1.

k is the wave vector that will be produced due to the interaction of waves one and
two having the wave numbers k; and k, respectively.

30

k,=0.5

20 AL — it
R pré k=15

i k,=2

/ k,=2.5

330

plot 8. Solutions for resonance condition
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It is important to note that an extended comprehension of the results will be done in
chapter 6, the solutions for resonance in elastic plate triad will be compared with the
outcomes found by McGoldrick (1964) for capillary-gravity waves.

5.3 Resonance interaction equations

The risk of occurrence of resonance shown in the previous section, means that the
linear system is forced by its own natural frequency. The importance of the resonance
interaction equations in the elastic plate waves and the popularity of the technique
required the analysis in this field.

Also, for the plate, we will use the multiple scales perturbation expansion in order to
arrest the unbounded growth in the solution. The kinematic and dynamic conditions
will then be

The kinematic surface condition

on an do, do (5.15)
—+e—+eVp.Vn+enV——Vn = —
oty | Car, eV Y =gy,
0? 1 3
+677—(p+—62 229 4iz=0

d0z2 2 1 0z3

The dynamic surface condition

o o %¢ , 0% 1, 0% 1 "
{6_1:()+66_1:1+En azot, € M azae, Y267 az70r, T2V
+ e2nVv Va_<p+ +
nVp.V——1+gn
a (82 92 92
p_{ T h2ed e '72} (5.16)
pf ato atoatl at1

Im (5 0% , 0% a°n
— V2 — + 2¢V 2€V,.V
{ ’ et 6t06t1+ €ro 16t02

D
+p—{v04n +4€V,*V,.Vin} =0 atz=0
f

Subsequently, apply now regular perturbation expansion as shown in equations (4.14-
15). The two surface conditions will be
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The kinematic surface condition

G eae) +e G+ ea) v (G o5+ voun o
+ €2V,.Vn, + €2Vp,.Vn, + € nlv%.vnl
%9, ] aZ@J:pE ” Eaz?pzz 1 %91
+en, Py + €%n, 52 + €%n, Py +§62U12? atz=0
The dynamic surface condition
(e +e e +6223f; +e<2‘§; ‘:5) -n g 255‘;;

+ €2V@,. Vo, + €?n,V V%+ + + €? +
EVPR. VP T ETNIVP,. 97 gnis T €GN, T €°gN3

a(0? 02 ,0? 92 92 52
p_{ 7721+ le + €2 n23+26 T + 2€? T + €2 7721}
,Df ato a ato atoatl atoatl atl
,0%n d%n d%n }
m 2 1 1
- + 2€V,2 + 2eVy. Vi —=
Pr { ato’ °oteat, T gty

+p—{v0 M+ €eVo'n, + 4€V°Vo.Vyny} =0 atz=0
f

Now, we have the modulated perturbed problem, we can extract the modulated
second order directly since the first order is the linear problem solved in chapter 3.
Using the assumed solution stated in equations (4.37-40).

Modulated second order problem ( e!)
The continuity equation for incompressible fluid
%9, %9, (5.19)

V2, =H, = =2 -2 t —h<z<0
2 2 0x00x; Y00y, ¢ ‘

The kinematic bottom condition
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The kinematic surface condition

0Ny on, _ 09, 920, B (5.21)
(a—tl)+(a—%)+vfpl-vn1 —E‘F?’]l 572 atz=20

After rearranging we will get,

on, 0@, ony 9%
at, 9z 2T gy, VerVmtm 55 atz
The dynamic surface condition
0p 091 0% 1 _ ., pa(d®n,  9*m
= — 2
{ato T o6, T az0r, T2 (VO T M F o 9t |+ “ate0r, (5.22)

Im{ 262712 2 52771 az771}
——Vy ——=+ 2V + 2V,.V;—=
0 2 0 atoatl 0 latoz

Dy 2 _ _
+p {Vo*n, +4V,%V.Vym} =0 atz=0
f

After rearranging we will get,

7 pa (0°n I 9%n D
{_2"'9772}"‘—{ =V 5t +—{Vo'n2} =
dty P

pf atoz pf atoz
09, %0, 1 pa 9*ny I 0°n
G2==%, "My —>(Vp)* —2— + 2V
1 z0t, 2 pr 0ty0t, Py dty0t,
I GE D
+ zﬂvo.vl—nz1 —4—V,?V,.Vqn; atz=0
Py dt, Pr

Green’s second identity

Following, we will be applying Green’s second identity in order to find the interaction
equations. The application of the identity will be same as that used for the beam. So,
we will use equations (4.53-55). Despite, the dynamic surface condition is different
from that of the beam.
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Here we have

0 ad? I 0?2 D
%) p "2+ﬁv02 7722__ 04772
Pr dt, Pr
a(pl 62§01 1 2

— - = -2
at, ™ azar, 2PV

pa 9%,
pf 6t06t1

I, 0%n, D_,
Vo ——+2—Vy.Vi—5 —4—V,°V,.V
iy 0 9t 01, p; 0 161:02 p; o Vo-V1M1

pad’n, I a’n, D
— éf P———V'n, (5.23)

From the assumed solution for the second order problem, we have

992 = —iw,@, then ¢, = L 902
dt, 192 P2 w; 0ty

As well as, from the kinematic condition in first order problem we have

991 _ 0m
dz 0t

The substitution of the above expressions into the right-hand side of Green’s formula
(4.54), factors that include n,(x,t) and ¢, (r,t) will cancel out, then Green’s identity
will be as follows
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0
f_h p1Hy(9q)dz (5.24)

i (0n L 6277 I 0’n; D
{_ (_1) ( —gn + - v02 21 - _V04771
w1 atl pf ato pf ato pf

a d? I 02
(gm pa 771+mv2 M

0 2

i
+1—(Ve,.V L
{w (Vg1.V14) 0 962 o o

1

f
L 62(p1)< paa n Im 262771 D 4 )}
+— ——V +—V
{w1 (771 922 gni + Pf ato Pf 0 6t02 Py oM

i 0 d 92
_{_(_ TI1)< (P1+n P1 +§(V(p1)2

w, \ dty/\at, 't azat,
I 92 D

2y, v, 2 4 42y, 2y,. v, )} atz=0
Pr aty> Py

The left-hand side of equation (5.24) is same as that for the beam. After finding the
derivatives in the right hand-side of equation (5.24), picking out just the second
harmonic (all the factors that include e?:91), the overall equation is then

[ w? i (1 1pa 11, 1D 1a)1 0A;1
—k,.V,A —g+-——w?+-——k?w? +-——k? :
R w1<4g S A T (5.25)
i 11, 3 D
— =i+ —wk? | k,.V,A
w1< prwl fwl 1> 1- V141
i | W3 pa Ly,
=—|=ka. k -g—— 2——k w? k4>A A l
w1832k Py f11 f1 1,3412
i|i pa Ly,
4+ —|=w,k ——wt——k kA, A%
o _80)2 2<g ,wal ps p; 1) 1,3 12]
ir i . o i k. k,
- _(U1 __§A1,3A1,2w2w1 + 16A1 3A] W1 WL W3 Kk,

+ EA1,3A’£,2(U10)2(U3]

Rearranging the above equation will lead to following, and assuming coth(k,h) = 1

aAl,l *
3, +¢g1. V1411 = ;A1 347, (5.26)

Similarly, we will get the two other interaction equations, then set of equations will be as
follows
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aAl,l
dat

+¢g,.V1411 = a1 A1 347,

1
aAl’z N
ot +¢9,. V141, = 14413474
1
6A1’3 N
ot +¢g93. V1413 = @141 14713
1

Where,

the expanded form of cg; is

D D
f f
YDy Lk ) (B g v )
J
"2 Rk g) (B g+ D)
7 \ps 11 pr pr7 K
ﬁgkjw]
Do) (2 i + 1)
(pka +9) (ot ok
Z Im 5
prpr 7
D) (&4 kg + 1)
(Pf it pf+pfk]+kj
Knowing that
D 4
@ %+Iﬂk2+l
pr Pl K

cg; can also be expressed as follows

D pa I I
—k4<4—k-+2ﬁk?+5)—2ﬂ K3 +
prl \"pr 7 Tpp ps 9% 9

j =

I 3/2 D
z(ﬂk-+ﬂk3+1) k-(—k4+ )
pr? pr i\ps' T
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The interaction coefficients a; are,

( |/, 5.29
1 {(l a)m< pa (5.29)

a = 5 sk kn7—| -9 ——w;
Pa 2 Imyz 2 D4, @) (\2 km Pr
<g+pfwj +pfkjwj +,0fkj + kj)

I D
- 2 kPw? + —kf)

Pr Pr

i pa I D

k = 2__k2 2 _k4

+(2wn n(g oy T T

2 4
Where, j=1,2,3; m=1,2,3 and n=1,2,3.

i, [ k. k, i
— | —swhw; + - wjw, 0y + — W W Wy

5.4 Nonlinearly forced response

So far, we have discussed the case where K;; and (2;; are non-zero and satisfy the
dispersion relation. The system is then forced with its natural wave solution, which
will eventually lead to resonance. To avoid this problem, we added slow scales x; =
ex and t; = et and found the resonance interaction equations.

In this section we will take into consideration the case where K;; and £;; are non-

zero and does not satisfy the dispersion relation.
At this time, and for its importance we will state the regular perturbation of the
governing equations (5.9-12)

The continuity equation for incompressible fluid
V2p,=0 at —h <z<0 (5.30)
The kinematic bottom condition

99,

5, datz=-h (5.31)

The kinematic surface condition

d d d 5.32
antl +€ antz + €2 an; +eVp,.Vn, + €2V, Vn, + €2V @,.Vn, (5:32)
d¢, ¢, P d¢3
2 _ 2
+e“nV aZ.an aZ+eaz+e Ep
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+ =€2n,? T(p atz =10

The dynamic surface condition

6(p1+ea(p2+e 6<p3+ 0%, 42 az(P1 0%,
ot ot ot M gy at "2 5r0c T €M B0t
1 6 01
+26 m° 37 26t+ €(V<P1)2+62V<P2 Vo,
d
+e€ mV%-V% + gn +egn, + 529773} + (5.33)
a (02 02 02 I 02 02
pa 7721 € ZZ+62—Z3 - V2—7721+6V2—22

D
p—{V4771 +eVin,} =0 atz=0
f

And the second order kinematic and dynamic equations will be
The kinematic surface condition
on, 0@, ik (5.32)

P1
Pt oz V.V + 14 3,2 atz =0

The dynamic surface condition

99, pad’n, Imvzaznz D

— V4
T +gTIz+p oz p, atz Py M2 (5.33)
%9,
—— — 2 =
- 5701 (V§01) atz =0

We assume that the particular solution due to each product term {j, [} above will be
bound or forced non-free simple harmonic waves,

N2j1(X, t)) < f2j1 ) (K, 1x—0,)
=1 e il Il
<<P2j,z(7'» t) ©2j,(2) (5.34)
We can find the solution of §,;,(z) from equations (5.30) and (5.31).
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N2j1 =

coshK;;(z + h)
$2j1(2) = Cqj, :
1 1 sinh (Kj,lh) (5.35)

Where K;, is |Kj|, for deep water (h — oo) the limiting behaviour of §,;, =
Czj,le’(irlz. At this time, after substituting the assumed solution in the left-hand side of
the kinematic and the dynamic boundary conditions (5.32-5.33) respectively. Also
substituting the first order solution in equations (4.21-22) to the right-hand side of
(5.32-5.33) respectively. We will have the following,

—i0), —Kj,

f2j
pa I D _ < 1 )
g — _.Qj'lz + ﬁl{j,lznj,lz + El{j'l‘l —l.Qj,lCOthK'j,lh CZj,l

o (954 VE
_ Lwj kj J )Y %
_Z_ijl k]kl - _ 4
\“’J 2 \Khy Ft 1 /

Where, F; is denotes coth(k;h) similarly for F;. The pair K;; and (2;; does not satisfy
the dispersion relation, then the determinant of the coefficient matrix is non-zero (the
matrix is not singular). Consequently, the matrix (5.32) can be solved straight
forward.

Then 7),;,and C,;, will have the following forms

(5.32)

(1)](1)[ k]kl d]dl

10 cothK; h —i kj'klkF K 2 FF, —1
—i j'lCOt 1 —le k—j+ i | £ + j L a)j —T W i — T

a I D
- j'ZZCOthI(}"lh - Kt]',l (g — Z_fﬂj'lz + ﬁl(j,lzﬂj,lz + El(j}lll-)

i kkl i (OO kkl ddl
I

a D
_Qj’IZCOthI(j’lh - I(j,l (g - Z_f[)j’lz + ﬁlg,lzgj,lz + Ekvj,l‘})

Coji =

Noting that
D

— pa 2 1 2 2 4
B—(—g NPYRC T ;7;19,1 Q" =5 K )
It is essential to note here that 7#,;, is the analytical solution for the group line, that is
the zeroth harmonic in the plot 1, in section 1.1. One more case exists, where K ; or
£2; , is zero, the second order solution will not be a propagating wave. We are not

j
going to discuss this case in this thesis.
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Chapter 6

Discussion

In this chapter, we will discuss the theoretical results attained during this study. First, we will
take a brief look at the linear dispersion relations found in chapter 3. Secondly, the resonance
analysis made for the beam and the plate is to be interpreted. Thereafter, a discussion of the
beam and plate interaction equations found in chapter 4 and 5 is to be held. In the last section
we will discuss the non-resonant interactions.

6.1 Linear dispersion relations

In chapter 3, the linear dispersion relations for the string, beam and plate were derived.
For small thickness of the beam and the plate, the plots in chapter 1 showed that at low
wavenumbers, the behaviour of gravity waves wins, then as the wave number
increases, the elastic contribution become stronger and dominates after an inflection
point. The wave length where the change of behaviour occurs is highly affected with
the elasticity of the structural element. As the stiffness of the structural element
increases the point of inflection will be detected at higher wavenumber. The results
found where compatible with theoretical predictions, where a structural element is
coupled with the hydrodynamics of inviscid incompressible flows [14].

6.2 Resonance

Through the resonance analysis held in chapters 4 and 5, it has been proven that
resonance could occur due to three wave interactions in case of fluid covered by
elastic sheet, and deep-water assumption. The existence of non-colinear triads for the
plate case, means that short-crested wave field could be detected.

The resonance investigation showed that there exists a minimum value for k, where
the resonance could occur. The latter agrees with other studies such as Resonant
interactions among capillary-gravity waves, which was held by McGoldrick (1964),
and the study made by Phillips (1960) [15].

Following, a comparison is made between solutions of resonant triads for hydroelastic
plate waves (plot 8) and capillary-gravity waves. The values of k; studied range
between 0.5m ™1 and 3m ™1, where the minimum values for k, , (k; min) range
between 13m~1 and 50 m ™1, respectively. That is to say the value of k, ,,;,, increases
with the increasing value of k;. Unlike, the behaviour of resonant triads in case of
capillary-gravity waves (McGoldrick -1964), where the minimum values for k.,
decreased with the increase of the values of k;. In the capillary gravity waves, k, j,in
ranged between 1.5m ™1 and 0.1m™1, for k, equals 1/3 and 3, respectively.

Another difference between capillary-gravity waves and hydroelastic waves is that the
values of k, ;i in hydroelastic waves is higher than that of capillary gravity waves.
Higher values of k, ,,in in hydroelastic waves could be due to the presence of the
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elastic modulus E and the plate density p, which have considerably bigger values than
the surface tension coefficient present in the resonance condition for capillary-gravity
waves. The presented contrasts demonstrate an important difference between capillary
gravity waves and elastic plate waves. The polar plot below presents solutions of
resonant triads of capillary-gravity waves.

K. . 3 8- 2y} 3

50

30

30

50"

plot 9. Resonance solutions for capillary-gravity waves (McGoldrick-1964).

6.3 Resonant interaction equations

By definition, the resonant interaction is the interaction of three or more waves, which
takes place when a certain configuration of wave vectors and dispersion equation are
met. Resonant interactions can lead to wave instability, which in its turn will create
turbulence, and high-dimensional chaos [15]. In the last decades, the interaction
equations was popular due to their importance and the simplicity of the criteria. A. V.
Marchenko studied the stability of flexural-gravity waves and quadratic interactions,
where he used a numerical solution of the interaction equations to prove that in case of
presence of resonant triad, the resonating waves may be strongly amplified [23]. The
significance of the resonant case made interesting to be investigated in this thesis. The
presented investigation is theoretical, but in fact it is remarkably close to experiments
made in the laboratory. In (2019), experiments was held by Ingrid Olsen where
irregular surface waves on water were sent into a region where the water was covered
by an elastic sheet that was supposed to resemble ice [17]. Measurements were made
of the surface elevation with good spatial resolution such that 2D Fourier analysis in
time and space was possible. To illustrate the theoretical analysis held in this thesis,
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we will present figures resulting from the latter described experiment and similar
experiment held by Yiyi Whitchelo (2021).

Latex [Tp=1.1)

80121

k/k
p

plot 11. Logarithmic scales spectrum plot for Latex sheet with 0.25mm thickness Whitchelo
(2021)

In plot 10, the black dashed lines show linear dispersion relation and its harmonics up
to the third order, the innermost is the first harmonic, which represents the linear
dispersion relation. The curve above it is the second harmonic, and the straight line
coming out of the origin is the zeroth harmonic, it is also known as the group line.
Note that this plot is a reproduction from Olsen’s thesis, the black dashed line will be
more obvious on screen than on paper.
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In this research, the need of Green’s second identity is to the extent that the waves that
occur on the dispersion relation (first harmonic) are forced by their own natural
frequency. This will lead to resonant growth. To arrest the growth, a solvability
condition is imposed on the forcing that we have on the right-hand side of the
governing equations in the nonlinear system. The solvability condition is the set of
interaction equations derived in chapter 4 and 5 for beam and plate, respectively.
Using Green’s formula, we get a relationship between the three waves of the resonant
triad, combined per wise in quadratic products.

Now we will move into a closer look at the interaction equations. Regarding the group
velocity term, one of the observations in the experiments held by Olsen (2019) is that
the group velocity increases gradually as wave propagates into the elastic sheet. The
latter can be proven theoretically, using the interaction equations. We can see that the
group velocity is highly affected by the elastic material properties present in its own
form and in the interaction coefficients. Since the elastic material properties such as
elastic modulus E and density p substantially have bigger effect than the surface
tension coefficient present in the group velocity form of free surface waves, then the
group velocity of elastic waves will be higher than that for free waves. To add, from
the equation of cg, it is intuitive to say that for lower wavenumbers, then longer
waves, the group velocity is higher in elastic sheet.
During wave propagation the energy flux is conserved, then if the group velocity
increases, this means that the wave amplitude will decrease. This is also consistent
with the experimental results showing attenuation of amplitudes in the hydroelastic
waves.
In case of three wave resonance, the interaction coefficients a; present in the
interaction equations will identify the direction of energy transfer between waves in a
resonating triad. The energy sharing between three wave modes is complicated, it can
be periodic back and forth, or it can go asymptotically in one direction [17]. In reality,
the presence of a whole continuum of different resonant triads makes the situation
more challenging. The study A criterion for nonlinear wave stability by K.
Hasselmann suggests that shorter waves have tendency to share their energy with
longer waves [24].

6.4 Nonlinearly forced response

In the non-resonant case, the second order problem can be solved precisely, since K
and (2;; are non-zero and does not satisfy the dispersion relation. In section 5.4, the
second order problem was solved analytically and the equations of 7,;,and C;;,
where stated. In fact, 7, ; is the analytical solution for the group line, that is the zeroth

harmonic in the plots 11 and 12. Although the zeroth harmonic may look like a
straight line, it is probably a cloud of a certain structure that looks like a straight line,
having the slope of the group velocity of the principal wave component. The intensity
of the cloud differs depending on the products of the two complex amplitudes
interacting with each other. This means that the intensity of the cloud is not the same
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in all locations. The analytical formulas of 7),;,and C;, calculated in section 5.4
predicts the distribution of intensity within the group line.

In fact, the non-resonant equations calculated in section 5.4 corresponds to the
equations (12-14) in the study Interpretation and observations of ocean wave spectra
by Krogstad and Trulsen (2010) [26]. In the latter study, the nonlinear Schrodinger
equation and its generalizations approach was used. Below is a plot presented by
Krogstad and Trulsen (2010) for an example of the first and second order (k, w)-
spectrum for unidirectional waves. This plot is actually a solution of equations (12-14)
in the preceding paper, and it is similar to the experimental observations. The
analytical solution derived in section 5.4 can be used to produce a similar plot and to
investigate the structure of the group line.
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plot 12. First and second order spectra for unidirectional waves (Krogstad and Trulsen
(2010))
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Chapter 7

Conclusion

7.1 Conclusion

‘Since a general solution must be judged impossible from want of analysis, we must be
content with the knowledge of some special cases, and that all the more, since the
development of various cases seems to be the only way of bringing us at last to a more
perfect knowledge’ [18]. This thesis is a theoretical investigation for transverse waves
in fluid covered by an elastic sheet. The governing equations of a plate and a beam
placed over fluid systems was derived and studied for the linear and second order
nonlinearity. Resonance investigation was performed and the resonant interaction
equations for beam and plate was derived. For the non-resonant case, the particular
solution was obtained for the plate over fluid. Resonance analysis showed that
resonance could occur due to three wave interactions in hydroelastic waves, for deep
water assumption. The resonance behaviour of waves in elastic sheet covering fluid is
different from that for capillary-gravity waves, in regards of increasing value of k; ,,,in
with the increase of k,. To add, the presence of elastic properties of the sheet leads to
higher values of k, than that for capillary gravity waves. The group velocity of elastic
waves is higher than that of free waves and it increases with the increase of the wave
length. Effects of elasticity leads to lower amplitudes of elastic waves than that of free
waves. The zeroth, first and second harmonic presented in by Olsen (2019) were
detected during the investigation. The presence of elastic parameters in the interaction
coefficients means that the value of the bending stiffness influences the nonlinear
interactions happening. Studying the non-resonant case leads to finding the analytical
solution of the group line. It is concluded that the group line probably have a cloud
structure looking like a straight line. Last but not least, the hydro-elastic waves are
highly affected by the stiffness of the covering sheet. Finally, the investigation of fluid
covered by elastic sheet case made us more knowledgeable about the resonant and
non-resonant interactions of hydro-elastic waves.

7.2 Further work

Future investigation is the quantitative comparison between the predicted formulas of
fzj.and C;; derived in chapter 5, with the structure of the group line in the
experimental plots (plots 10- 11). In the experiments, the spectrum used to simulate
the data file of surface elevation is the JONSWAP-spectrum. The structure of the
group line can be computed by inserting the frequencies and the wavenumbers from
the latter spectrum into the analytical solution ;. A plot similar to that found in the
study Interpretation and observations of ocean wave spectra by Krogstad and Trulsen
(plot- 12 in this thesis) is to be computed. In this thesis, the concern was about how
the group line manifests in surface elevation, the next step can be to investigate how it
manifests in velocity. In particular, if it implies enhanced mass transport into ice-
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covered water faster than we would have preferred due to environmental concerns.
Besides, a similar analytical investigation could be done for sheets with different
properties in order to emphasize the effect of elasticity on the waves.

73



Bibliography

[1] Wikipedia URL:https://en.wikipedia.org/wiki/\Wave

[2] Vernon A. Squire, Ocean Wave Interactions with Sea Ice: A Reappraisal
Annual review of fluid mechanics Vol.52:37-60(volume publication date January
2020)

[3] Chiang C. Mei. The Applied Dynamics of Ocean Surface Waves. World
Scientific 1989

[4] Richard P. Feynman, Robert B. Leighton, and Matthew Sands, The Feynman
lectures on physics, Vol. | (Basic books, 2011).

[5] Jean-Christphe Ono-dit-Biot, Miguel Trejo, Elsie Loukiantcheko, Max lauch,
Elie Raphaél, Kari Dalnoki-Veress, and Tomas Salez , Hydroelastic wake on a thin
elastic sheet floating on water(June 4,2019)

[6] Antony K. Liu and Erik Mollo-Christensen, Wave Propagation in a Solid Ice
Pack (August 16, 1987), Journal of physical oceanography, 1988, VVol.18 (11),
p.1702-1712

[7] Ingrid Olsen, Waves in elastic material Irregular wavefield propagating from
open water into water covered by an elastic sheet. (Master’s thesis, spring 2019)

[8] Karsten Trulsen. Nonlinear theory. Lecture notes MEK 4350. August 2019.
URL: nonlinear.pdf (uio.no)

[9] Karsten Trulsen. Elementary description of waves. Lecture notes MEK 4350.
August 2019. URL: waves.pdf (uio.no)

[10] J. David Logan. Applied Mathematics 4" edition. Copyright 2013 John Wiley
and Sons, Inc.

[11] Wikipedia. Method of multiple scales URL: Multiple-scale analysis -
Wikipedia

[12] Carl M. Bender, Steven A. (1999), Advanced mathematical methods for
scientists and engineers, Springer , pp.544-568

[13] Wikipedia. Green'’s identities. URL: Green's identities - Wikipedia

[14] Jean-Christophe Ono-Dit-Biot, Elsie Loukiantcheko, Max Lauch, Elie Raphael,
Kari Dalnoki-veress, et Hydro elastic wake on a thin elastic sheet floating on water.
Physical Review Fluids, American PhysicalSociety.2019,4(1),
10.1103/PhysRevFluids.4.014808.hal-02146132

74


https://en.wikipedia.org/wiki/Wave
https://www.uio.no/studier/emner/matnat/math/MEK4350/h20/pensumliste/nonlinear.pdf
https://www.uio.no/studier/emner/matnat/math/MEK4350/h20/pensumliste/waves.pdf
https://en.wikipedia.org/wiki/Multiple-scale_analysis
https://en.wikipedia.org/wiki/Multiple-scale_analysis
https://en.wikipedia.org/wiki/Green%27s_identities#Green's_second_identity

[15] Lawrence F. McGoldrick, Resonant interactions among capillary -gravity
waves, J. Fluid Mech. (1965), vol. 21, part 2, pp.305-331

[16] Wikipedia. Resonant interaction.URL: Resonant interaction - Wikipedia

[17] Alex D. D. Craik, Wave interactions and fluid flows,Cambridge University
press (1985).

[18] Leonhard Euler, Principes généraux du mouvement des fluides, (1755)

[19] Harrison, W. J. 1 909. The influence of viscosity and capillarity on waves of
finite amplitude. Proc. London Math. Soc. 7: 107-2

[20] Wilton, J. R. 1915. On ripples. Phil. Mag. 29: 688-700

[21] Phillips, O. M. 1 960. On the dynamics of unsteady gravity waves of finite
amplitude. Part I. The elementary interactions. J. Fluid Mech. 9: 1 93-2 17

[22] Britannica, The Editors of Encyclopaedia. Hooke's law. Encyclopedia
Britannica, 13 Jan. 2020, https://www.britannica.com/science/Hookes-law. Accessed
29 March 2021.

[23] Marchenko, A V, Stability of flexural -gravity waves and quadratic
interactions Fluid dynamics, 1999-01, VVol.34 (1), p.78-86

[24] Hasselmann, K, A criterion for nonlinear wave stability. Journal of fluid
mechanics, 1967-12-22, Vol.30(4), p.737-739

[25] Taylor, A.E, L Hépital’s Rule. The American mathematical monthly, 1952-01,
Vol.59(1), p.20

[26] Harald Elias Krogstad, Karsten Trulsen. Interpretations and observations of
ocean wave spectra. Ocean dynamics,2010-08, VVol.60 (4), p.973-991.

75


https://en.wikipedia.org/wiki/Resonant_interaction
https://www.britannica.com/science/Hookes-law.%20Accessed%2029%20March%202021
https://www.britannica.com/science/Hookes-law.%20Accessed%2029%20March%202021

