INDEPENDENT INCREMENT PROCESSES: A
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ABSTRACT. We observe a multilinearity preserving property of conditional ex-
pectation for infinite dimensional independent increment processes defined on
some abstract Banach space B. It is similar in nature to the polynomial pre-
serving property analysed greatly for finite dimensional stochastic processes
and thus offers an infinite dimensional generalisation. However, while poly-
nomials are defined using the multiplication operator and as such require a
Banach algebra structure, the multilinearity preserving property we prove here
holds even for processes defined on a Banach space which is not necessarily a
Banach algebra. In the special case of B being a commutative Banach algebra,
we show that independent increment processes are polynomial processes in a
sense that coincides with a canonical extension of polynomial processes from
the finite dimensional case. The assumption of commutativity is shown to
be crucial and in a non-commutative Banach algebra the multilinearity con-
cept arises naturally. Some of our results hold beyond independent increment
processes and thus shed light on infinite dimensional polynomial processes in
general.

1. INTRODUCTION

An R-valued process (X (t))i>0 is said to be a polynomial process if for every
polynomial p of degree n, there exists another polynomial ¢ of degree at most n
such that E[p(X (¢)) |Fs] = ¢(X(s)) for every ¢ > s > 0. The polynomial ¢ may
have deterministic time-dependent coefficients. Examples of polynomial processes
in R are affine processes or the multidimensional Jacobi process, among others (see
Ackerer, Filipovi¢ and Pulido [I] for an application of the Jacobi process to stochas-
tic volatility). Polynomial processes with values in the Euclidean space R¢,d < oo,
or subsets thereof have received much attention recently especially due to their ap-
plications in financial mathematics. We refer the reader to Cuchiero, Keller-Ressel
and Teichmann [9], Filipovi¢ and Larsson [I3] and Foreman and Sgrensen [I4], and
the references therein for an analysis and application of these processes and an
overview of the existing literature.

In the present paper we lift the notion of polynomial processes to general Banach
spaces with a particular focus on independent increment processes. We thus show in
a first instance how polynomial processes can be extended to an infinite dimensional
setting and shed light on the special role commutative Banach algebras play in this
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context. We introduce a multilinearity preserving property for processes in a general
Banach space and a polynomial preserving property for processes with values in a
Banach algebra.

To explain our approach in slightly more detail, let £,, : B® — B, n € N, be a
multilinear map on B, the product space of n copies of the Banach space B. We
say that a B-valued stochastic process (X (t)):>0 is a multilinear process if for every
n € N and every multilinear map L,,, it holds that

E[Ln(X(t), ..., X () |F] =Y Mi(X(sit),..., X(s:1))
k=0

for all t > s > 0. Here, for 1 < k < n, M} are again multilinear maps, now on
B¥ and M, € B is a constant. Further X (s;t) is an Fy-measurable random vari-
able with values in B. Often this is simply X (s), and moreover, the multilinear
maps My, may be depending (deterministically) on ¢ and s. This of course includes
the representation for monomials (and by linearity also polynomials) by defining
Ly, :B" — Bby L,(z1,...,2,) = 1+, if a designated multiplication in B is
defined. The multilinearity property thus extends naturally the idea of the polyno-
mial property in that moment like quantities of (X (¢));>0 can be easily calculated.
The structure, however, does not focus on the particular moments arising from the
designated multiplication operator.

Our first main Theorem (8| shows that independent increment processes (and
variants thereof) in a Banach space are multilinearity preserving processes. If the
Banach space has a multiplication defined and forms a Banach algebra, we show
in Theorem and Proposition that they are also (generalized) polynomial
processes. Moreover, in Proposition [[3] we show that in most cases, the multilinear
preserving property allows to calculate conditional expectations even of multilinear
forms in contrast to maps, a property crucial for applications. As auxiliary results
we derive several specific properties of conditional expectations in (possibly non-
commutative) Banach algebras, which might be of independent interest.

Applications: There is a range of possible applications for our results. We work
out two of them in more detail. First, we show how the multilinearity property
comes in handy to calculate conditional moments of the norm of the process. The
efficient calculation of moments is important for instance in order to determine
population parameters in statistical estimation. Second, we apply our results to the
pricing of options on commodity forwards when the entire forward curve is modeled
as an element in the Filipovié¢ space (see for instance Benth and Krithner []). In this
setting a commutative Banach algebra can be defined by pointwise multiplication
of the forward prices and we exploit the generated polynomial structure for pricing
options on forwards. This leads to an easy to calculate formula for pricing European
options on the forward price.

Additionally we show how processes whose values are measures can be treated,
linking our analysis and definitions to the work of Cuchiero, Larsson and Svaluto-
Ferro [10]. Examples of relevance for non-commutative Banach algebras include
matrix-valued stochastic processes or more general processes of linear bounded
operators where multiplication is the concatenation of operators. These cases cover
infinite-dimensional stochastic volatility models (see Benth, Riidiger and Siiss [5]).

The outline of the paper is as follows. In Section [2] we introduce our notion of a
multilinear process and prove our first main results for processes with values in a
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Banach space. In Section [3] we restrict the state space to be a commutative Banach
algebra and analyse polynomial versus multilinear processes. We pay special atten-
tion to the Ornstein-Uhlenbeck dynamics. Finally, in Section 4] we provide several
possible applications of our results. The Appendix [A] contains some important aux-
iliary results about conditional expectation in Banach spaces and algebras, which
we could not find in the literature.

2. MULTILINEAR MAPS AND MULTILINEAR PROCESSES

In this section we study stochastic processes with values in a Banach space
B which possess certain stability properties with respect to ”polynomials” and
conditional expectation. We introduce polynomials via certain multilinear maps,
that are defined next:

Denote by B¥ = B x --- x B the product space of k € N copies of B equipped
with the norm | - ||x := supj<;< || - ||. The product space B* becomes again a
Banach space. We introduce the following definition of k-linear maps, that will
play an important role in the sequel:

Definition 1. We say that L, : B¥ — B for k € N is a k-linear map if it is

linear in each argument in the sense that for any x1,x2,..., 25,y € B and a,b € F
Ly(21,...,2j-1,02; + by, Tji1,...,Tk)
=ali(x1,...,28) + 0Lp(z1,... s T—1, Yy Tjply e - , Xk)
for each j = 1,... k. A k-linear map Ly is bounded if there exists a constant

K > 0 such that
Lk, )| < Kzl - [l

for all x1,...,x, € B. We denote the space of bounded k-linear maps by Li(B).

Notice that Ly (B) = L(B), the space of bounded linear operators. Often we will
call a k-linear map simply multilinear without specifying the dimension.
A k-linear map Ly induces a k-monomial My : B — B by

(1) Mk(a:) = ﬁk(a:,...,a:).

If L, € Li(B), we see that || My, (z)| < K||z|/¥, and we denote the set of all such k-
monomials by My (B). Of course, M;(B) = L(B), the space of bounded operators.
Additionally, we define My(B) := B for completeness. My(B) will play the role as
the space of ”constants”, or, zero-order monomials. We remark that My(B) is a
vector space over the same field as B. We have the following result showing that
the monomials are locally Lipschitz continuous on B:

Proposition 2. If My € My (B), then for any x,y € B
[Mi(x) = M)l < Clzll, [yIDllz = yll

where C(||z||, ||y]]) = KZle llz||*=#|y||*=t for some positive constant K.

Proof. We notice that for k = 1, My € L(B) and therefore Lipschitz continu-
ous. Let therefore k > 2. As My € My(B), we have for x € B that My(xz) =
Li(z,...,z) for a bounded k-linear map, £ € Ly(B). By adding and subtracting
Li(y,...,y,x,...,x), where y € B goes successively through all the k£ — 1 first
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coordinates, we find from the triangle inequality and the multilinearity property of
£ka

[Mi(z) = M)l = ILk(z, ... 2) — Li(y,- -, Y)l

<\ Lg(zy...,2) — Lx(y,z,...,2)|
+1Lk(y, 2, ) — Li(y, y, 2,y ..., T)||
HLe(y, -y, 2) = Li(y, - y)|

=Lk(z—y,....z)|
+1Lk(y, z =y, ..., 2|
+ 1Lk (y, -y, — )l

< Kllz —yllllz|*~ + Klylllz =yl + ...
+ Klyl e -yl

The last inequality follows from the boundedness of £j. The result follows. O

Let (X(t))t>0 be a B-valued stochastic process, that is, a family of B-valued
random variables X (¢) indexed by t > 0. In the following we shall be interested in
the conditional expectation My (X (t)) given Fy for ¢t > s > 0 where My, € My(B).
More specifically, we want to define and study processes (X (t)):>0 where for any
My, € M(B) there exists a family of jth-order monomials M; € M;(B) with j < k
such that

k
(2) E[M(X (1) | F] = Y M;(X(s:t)),
j=0
and where X (s;1) is some strongly Fs-measurable random variable. As we see, we
are interested in processes which preserve the ”polynomial” order, as the monomials
on the right hand side are not exceeding k in their orders. Moreover, the jth-order
monomials M are allowed to depend (deterministically) on s and ¢, however, we
do not state this explicitly to lessen the notational burden.

A minimal requirement for studying (2)) is that M (X (¢)) is Bochner integrable.
As X(t) is strongly measurable and My, is continuous by Proposition 2| it fol-
lows from Lemma [21| in Appendix [A] that M (X (¢)) is strongly measurable. We
introduce the following assumption:

Assumption 3. The process (X(t))i>o0 has finite moments of all order, i.e., for
any n € N, E[|| X (¢)]|"] < oo for all t > 0.

Since we have | My, (z)|| < K||z|/*, it follows under Assumptionthat M (X (¢))
is Bochner integrable, and in particular the conditional expectation in exists.
In the study of polynomial diffusions in R*, a moment assumption is usually not
needed and follows for polynomial processes from E[|| X (0)||"] < oo for all n (see
Thm. 3.1. in Filipovié and Larsson [I3]). For general state space and driving noise
however, we will need it.

As a simple example, let us look at the case B = R and the function M, : R -+ R
given by My(z) = z¥. Then one easily observes that My is induced by the k-

linear map L : Rx --- xR = R, (z1,...,2) = @1 -+ - xk. In Cuchiero et
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al. [9] and Filipovi¢ and Larsson [13], a real-valued F;-adapted stochastic process
(X (t))¢>0 is called a polynomial process if for any n € N, E[(X ()" | Fs] = qn(X(s))
for some polynomial g, of degree at most n. We will later see that k-linear maps
arise naturally when dealing with polynomials in possibly non-commutative Banach
algebras.

Next, let us define multilinear processes:

Definition 4. Let (X (t))i>0 be a B-valued stochastic process and (X (s;t))o<s<t<oo
a family of B-valued random variables, such that X (s;t) is strongly Fs-measurable.
The process (X (t))i>0 s said to be a multilinear process with respect to the
family (X (s;t))o<s<t<oo if for any k € N and My, € My (B), there exists a family
of jth-order monomials M; € M;(B), j <k, such that for all s <t it holds,

k
(3) EMR(X (1) [ Fa] = > M;(X(s;1)).

Jj=0

Note that if we take a linear combination of monomials up to order k € N,
that is, Py := Z?:oijj for p; € F and M; € M;(B) for j =0,...,k, we find
by the vector space structure of M;(B) that Py can be represented by a sum of
monomials up to degree k. Hence, we can use a linear combination of monomials
in the conditional expectation defining a multilinear process in Definition [4]

Remark 5. Instead of considering E[My (X (t)) | Fs] with My, € My, (B) one could
consider a k-linear form Ly : B¥ — F and their expectation E[My(X (t))|Fs]. We
show in Proposition |15 that when B is a Hilbert space and the process (X (t))i>o0
is multilinear, then the representation of k-linear forms follows for multilinear pro-
cesses. Therefore the multilinearity property is stronger and we consider it here.
Moreover, if a dedicated multiplication operator exists then it is a bilinear form and
the notion of polynomials is more naturally extended in this setting.

We notice that in Definition[4] we claim the existence of a family of Fs-measurable
random variables (X (s;t))o<s<t<oo, rather than using X(s) as argument on the
right-hand side in . As we will see in Example [7| this allows us to show that
mild solutions to certain stochastic partial differential equations as the Ornstein-
Uhlenbeck process are polynomial processes with respect to a smart choice of
(X (85t))o<s<t<oo- To capture these processes also our following definition of inde-
pendent increment processes is a rather generous one and even for the case B =R
includes processes which are not independent increment processes in the conven-
tional sense. We define independent increment processes on general Banach spaces
as:

Definition 6. The process (X (t));>o s called an independent increment process
if
(1) X(t) is strongly Fi-measurable for any t > 0,
(2) for every t and every s < t, there exists a decomposition of X(t) into a
strongly Fs-measurable part XI(s;t) and a part X (s;t) that is independent
of Fs such that X (t) = X+ (s;t) + X! (s;1),
(3) all moments of || X+ (s;t)|| and || XV (s;t)| are integrable.

Applebaum [3] defines a Lévy process on a separable Banach space as a B-valued
stochastically continuous process (L(t));>o which is F;-adapted, the increments
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L(t)— L(s) are independent of Fy for any ¢t > s > 0 with distribution only depending
on t — s, and having cadlag paths. In view of Definition [6] (L(t))i>o will be an
independent increment process with L*(s;t) := L(t) — L(s) and Lll(s;t) := L(s)
as long as all moments of ||L(¢)|| are integrable for any ¢ > 0. Property (3) in
Definition |§| follows by the fact that L(t) — L(s) 4 L(t — s) by definition of the
Lévy process. The canonical example of a Lévy process is the Wiener process. In a
separable Banach space, Fernique’s Theorem (see Peszat and Zabczyk [I7]) ensures
the moment condition (3) in Definition [6] for a Wiener process. Also note that
Property (3) in Definition [6] implies especially that E[||X (¢)[|"] < oo for all n € N.
We now provide a more interesting example of an independent increment process
according to Definition [6]

Example 7. Let (S;)i>0 be a Co-semigroup on B and (W (t))i>0 a B-valued Wiener
process. By Fernique’s Theorem all moments of ||W(t)|| are finite. Consider the
stochastic process (X (t))t>0 given by

(4) X(t) = / S, 0 dW(s).

As (W (t))i>0 in particular is square-integrable, it follows that the stochastic convo-
lution (X (t))i>0 s a well-defined Fi-adapted process in B (see Applebaum [3] and
Peszat and Zabezyk [17]). Moreover, it is known (see again Applebaum [3] and Da
Prato and Zabczyk [18]) that (X (t))i>0 is a mild solution of the stochastic evolution
equation

(5) dX () = AX () dt + dW (t)

where A is the (densely defined) generator of (St)i>0. Furthermore, (X (t))t>0 is
a symmetric Gaussian process and by Fernique’s Theorem all moments of | X (¢)||
are finite.

We decompose X(t) in into X1t(s;t) = fStSt_udW(u) and Xl(s;t) :=
Jo St—udW (u). We find that X*(s;t) is independent of F, and Xll(s;t) is Fi-
measurable and thus (X (t))i>0 s an independent increment process. Processes of
the form are relevant in financial mathematics. We provide an example from
commodity markets later in the application section, Sect. [})

Theorem 8. Suppose that (X (t))i>0 is an independent increment process and let
My, € My(B). Then there exists a family of jth-order monomials M; € M;(B),
0<j <k, such that

k

(6) EMi(X (1) | F] = M;(X(s:1))

7=0

for any s < t, where the M;’s depend on s and t. In other words, (X (t))i>0 is a
multilinear process with respect to (X!(s;t))o<s<t<oo-

Proof. For k = 0 the claim is trivial, so assume that k > 1. Let £y € Li(B) be such
that My (v) = Lg(v,...,v). Recall by Definition @that X(t) = X*(s;t) + Xl (s5)
for all 0 < s < t < oo, where X (s;t) is strongly F,-measurable and X (s;t) is
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independent of F5. Thus we get from multilinearity of Ly,

Mp(X (1) = Le(X(1), ..., X(1))
Lip(XE(s;t) + X (s;0), ..., X (s:1) + X(s5))
Lro(XV(s;8), X (s:t) + XV (s50), ..., X (s50) + XN (s:1))

+ Le(X(s;t), X (s5) + X(s50), ..., X (s;8) + X (s50)).

Continuing like this over the remaining k£ — 1 arguments one can decompose the
above expression into a linear combination of 2¥ terms of the form

Le(Yja, - Yik)

for 1 < j < 2F with Y;; € {X*(s;t), X/ (s;t)}, and there are exactly (fl) terms j
for which #{Y;; |[Y;: = X!l(s;t)} = n.

Let us look at a particular term where X! (s;t) appears in the first two arguments.
Introduce the function Ly : B x B — B defined as

‘C2,1(y1a 292) = E[‘Ck(yla ?/%XL(S? t)? <. aXL(S; t))]

The subscript (2,1) denotes that Lo is the function related to the first term
in which X| s;t) appears twice, where the ordering is irrelevant. In view of
Proposition [23| in Appendix let f(z,y) = Lix(y,y,,...,2), X = X (s;t) and
Y = Xll(s;¢). Then, o(X) = o(X*(s;t)) and F, are independent, and Y = Xl (s;¢)
is strongly Fs-measurable. First, we show that (z,y) — f(z,y) is continuous: In-
deed, for (z,y),(u,v) € B x B, we find by triangle inequality and Ly € Ly(B)
that

I1f(u,v) = flz9)ll = [[Lr(v, 0,0, ... u) = Le(y,y, @, ..., 2]
< |Lg(v,v,u,...,u) — Lr(y,v,u,...,u)
+ |1 Lk(y, v, 0, ..y u) — Ly, y, u, ..., u)]|
+1Lk(y, gty ..y u) — Li(y, Yy, yu, ..., u)|

+\1Lk(y, g,y zyu) — Li(y, y, 2,y .., 2) ||
=Le(v =y, 0,0, u)| + [[Lk(y, v — yu, ... u)|

+ 1Lk (Y, y,u — x,u, .. u)|

J'_ -

+ |1 Lk(y,y, 2y u — )|
< Ko —ylllvlllul*=2 + Kllylllv -yl o] *?

+ KlylPPllu — x| flal 72 + -+ Kllyl*[lu — | [l«]
= KJul* (o]l + lyIDllv =yl

k-3

+ K ylPQ Nl ull ) [l — ||

n=0

Thus, (z,y) — f(x,y) is a local Lipschitz continuous map from B x B into B.
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Continuity implies that f(X,y) is strongly measurable (see Lemma [21| in Ap-
pendix. Since

(7) 1F (X9l < Kllyl*|1X]"

it follows that f(X,y) is Bochner integrable by the finite moments condition on
X = |[W(s;t)||. Furthermore,

(8) IF X < KNYIPIX)E2 < K )P X )2 = 2

provided that ||Y]| < ||Y|| and therefore the bound in (30) holds. Again using
it follows that [[E[f(X,y)]l| < Klly|I*E[[| X||*~?] and

IELf (X, )],y | < KIVIPE[IX|"?) < K|V |PE[|X]*?) = Z

provided that ||Y]| < ||Y|| and the bound in (29) holds. Moreover, appealing to the
fact that £y € Li(B) and Bochner’s inequality together with the finiteness of all
moments of || X||, we find by using similar arguments as above that y — E[f(X,y)]
is locally Lipschitz continuous. Thus we can apply Proposition 23] in Appendix [A]
and conclude that

£2,1(XH (S; t)v XH (S; t)) = E['Ck(yv Y, Xl(‘g; t)a ce Xl(s; t))]y:X” (s5t)
= B[k (X (s;0), XI(s:8), X (s30), ..., X (s30)) | Fi).

By linearity of the expectation operator along with multilinearity of Ly, the function
L21(y1,y2) is bilinear and indeed an element of Ly(B). The same argument applies
to the other (’2“) —1 terms Lo, ... ,627(5) with X (s;t) appearing twice. Since the
sum of bilinear maps is bilinear we can define the bilinear function:

) )

Loy, y2) = Y L24(y1,2)

i=1

and Ms(y) := Ls(y,y) € Ma(B). In the same way the other functions A (X (s;t))
can be defined for j € {1,3,...,k} and the representation @ follows. Thus, the
theorem is proved. [

We next observe that elements of My(B) share similar characteristics as the
monomials on the real line. In fact their (k + 1)-th Fréchet derivative vanishes.

Proposition 9. Assume for k € N that My, € My(B) is induced by Ly, € Li(B).
Then the n-th Fréchet derivative D" My, : B — Ly, (B) is given by

(9) D" My (u)(hi, ... hy) = > Li(x1,... o)
z;€{u,h1,....,hn}

#{i|zi=h;}=1
1<j<n

forn=1,... k and D*"* My, (u)(hy,...,hxs1) = 0.
Proof. We have My (u) = Li(u,...,u). Using the chain rule for the Fréchet deriv-

ative we then get that

k
DMy (u) =Y Vili(u,...,u)- 1.
i=1
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To calculate V;Li(u, ..., u), observe that since Lg(u+ hy,...,u) — Lx(u,...,u) —
Li(h1,...,u) = 0 by multilinearity and therefore by the definition of the Fréchet
derivative

1Lk (u+ hy,u, ... u) — Le(u,u, ..o u) — Lg(hy,u, .. u)|

10yl Bl "
Hence, V1 Li(u, ..., u)(h1) = Lr(h1,u,...,u), and more generally V; Ly (u, ..., u)(h1) =
Li(u,...,u,hy,u,...,u), where the entry h; is in the i-th coordinate. It follows
that,
DM (u)(h1) = Z L1, zp).
z; €{u,h1}
#{i|zi=h1}=1

Clearly DM}, maps from B to Ly(B) = L(B).
The claim now follows by induction: assume that @[) holds for n < k. We pick
the term L (u,...,u,hy,...,hy,) from the sum in @D Then

k—n
DLkt by ) (hnga) = Y Vily(u, o u by, i) (B)
=1

=Lk (hng1,Uy ..oyt by, hy)
+ Lr(u, b1, Uy oyt hyy e By
+ cee
+ Li(uy .o u ey, hyy oo hy)
and similarly with all the other terms in (9)). We can then compute DD" M, =
D"1L;, from which the representation (9)) follows for n + 1. Directly from this

representation one observes that D" M, can be seen as a map from B to L, 11(B).
Finally, D¥ My (u) is constant and therefore D*+1 My (u) = 0. O

In view of this result, it is fair to call the elements in My (B) monomials, as we
have done.

Corollary 10. Assume for k € N that My, € My (B) is induced by Ly, € Li(B).
Then the n-th Fréchet derivative D" My, : B — L, (B) is symmetric for any 2 <
n <k, ie.

(11) D" My (u)(hy,... hy) = Dn./\/lk(’u,)(hg(l), RN hg(n))

for any permutation o € S,,, where S, denotes the set of permutations on {1,...,n}.
Proof. We can rewrite @[) as a double sum where we first fix the appearance of
the v and then sum over those terms with u in the same coordinate. Again for

notational simplicity we look at the specific one with the u fixed to be in the first
k — n coordinates and we find that

E L, ... u,x1,...,Ty,)
zi€{h1,....,hn}

1<j<n

= Z Lk(uv s 7uaha(1)a .. aha(n))
oESy,

and therefore the expression is symmetric. The same argument works for any
fixed positions for the u’s and there are (Z) possible ways to fix them. Therefore
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D" My, (u)(hi,. .., hy) is the sum of (*) symmetric functions and is therefore itself
symmetric. ([

We immediately get the following Corollary which will be important later for
polynomials in Banach algebras.

Corollary 11. Let B be a Banach algebra and L € L(B). Define the k-th order
monomial My,(u) := L(u*). For n <k, the n-th order Fréchet derivative D" M, :
B — L,(B) of My, is given by

(12) Dan(u)(hhahn) =L Z Ty Tk
a:ie{u,hl,“.,hn}

#{i|wi=h;}=1
1<j<n

Furthermore if B is commutative, then the expression simplifies to
k!
(k—n)!
Proof. The monomial My, is induced from the multilinear map Ly, : (uq,...,ux) —
Llug----- ug). Then directly follows form Proposition [0} If B is commutative,
then all terms appearing in the sum in are equal. In fact there are (i) ways
to fix the appearance of the u and then n! ways to distribute the hy,..., h, in the

remaining positions. So altogether there are ﬁ equal terms and follows. [

(13) D" My (u)(hy, ... hy) = L (hy - hpuhm).

2.1. Multilinear forms. In this section we shall elaborate a bit on multilinear
forms which map into the field F instead of the Banach space B. We first give a
precise definition:

Definition 12. We say that L}, : B¥ — F for k € N is a k-linear form if it is

linear in each argument in the sense that for any x1,x2,...,2k,y € B and a,b € F
Li(z1,...,zj-1,05; + by, xj41,...,2k)
=aly(z,...,26) +0Lk(21, ., Tj—1, Y, Tjg1, - - -5 Th)
for each j = 1,... k. A k-linear form Ly is bounded if there exists a constant

K > 0 such that
[Li(z1,. o zp)| < Kz |- [l
for all z1,...,x), € B. We denote the space of bounded k-linear forms by L} (B).

Notice that L5(B) is the dual space of B. A k-linear form L induces a k-
monomial My, : B — F by

(14) My(z) = Li(a, ..., z).

If L), € LE(B), we see that |[My(z)| < K||z||*, and we denote the set of all such
k-monomials by M; (B). We use the convention that M (B) = F. Observe that
M (B) = Li(B).

We show that the multilinearity preserving property implies that also monomials
arising from multilinear forms are preserved. We use this result in Section [ for the
calculation of conditional moments for Hilbert space valued stochastic processes
but the result might be of independent interest.
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Proposition 13. Let B be a Hilbert space with inner product (-,-). Let (X (t))i>o0
be a multilinear B-valued process with respect to the family of B-valued random

variables (X (s;t))o<s<t<oo- For every k-monomial My, € M} (B), there exist j-
monomials M; € M;F(B),j =0,...,k such that

E[M (X ZM

Proof. Let My, € M{(B). Choose z € B with |z||p = 1. Define the k-monomial
M; € My(B) by Mj(z) := zMy(x). Then there exist Mj € M;(B) for j =

., k such that
E[M:(X Z M (

Clearly, M := (M(z), z) defines an element in M} (B). Now observe that
EIM (X ()| Fs] = (E[ME(X (1)) Fs], 2)

k
= <Zﬂjz(X(S, t))v Z>
.
=D M;(X(s:t))
j=0

3. MULTIPLICATIVE MAPS AND POLYNOMIALS

We shall now focus on Banach spaces B that are also Banach algebras. We recall
that when B is a Banach algebra, there is a multiplication operator - : B x B — B
defined such that (B, +,-) is an associative F-algebra and ||z - y|| < ||z|| - ||y|| for
any =,y € B.

Suppose that (X (t));>0 is an independent increment process in B (see Defi-
nition @, and recall the decomposition X (t) = X+ (s;t) + Xll(s;¢) for any 0 <
s < t. According to Theorem |8 (X (¢));>0 is a multilinear process with respect
to (X”(S;t))ogsgt<oo, ie., for every My € My(B),k € N, there exist M; €
M;(B),j=0,...,k such that

k
(15) E[M(X (1) | Fs] = Z (X (s;1))

=0

for all 0 < s < t. We now look at the partlcular case of My(z) = giand address
the question under which conditions the induced j-order monomials M; in (L5) are
of polynomial type as well.

Lemma 14. Assume that B is a commutative Banach algebra. Then for all 0 <
s<t

E[X* () | Fu] = qr(X(s;1))

2
— ;::0 (fl)E[(Xl(s; Nars

with
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Here, we use the convention that 2° = 1 € F, that is, the term bz’ = by € B.

Proof. Let k € N. By the binomial formula, we find for s <t

k

X4(0) = (s + X s = 3 (B) (e s (o s

n=0

We get by Fi-adaptedness of the process and Lemma (Appendix that (X! (s;t))™
is strongly Fs-measurable for all n < k. From Proposition [26] (Appendix ,

k

SECUIESED 3l (4 ST BN

n=0

Z( ) (X (s 0)h | F] (X (s )"

i( JEIOr o)) (i)

In the last step, we used that X (s;t) is independent of F, and in the first step
Lemma [22| (Appendix [A]). Thus, the lemma follows. O

If B is commutative, define a polynomial p; : B — B of order k € N, as

k
(16) pk(l’) = Z bnxn >
n=0

where (b,)E_, C B and with the convention that 2° = 1 € T, i.e., bpz® = by € B.
If x € B, we find

k()] < Z [bnllflz]" < oo

by the triangle inequality and Banach algebra norm. We denote the space of poly-
nomials in B of order k by Poli(B). If B =R, Pol,(R) is the space of polynomials
on the real line of order k.

From Lemma [14]it is simple to see that in a commutative Banach algebra

k
Elpk(X (1) [ Fs] =D bnan(X(s:1)) = G(X (s:8))

n=0

for any k € N and 0 < s < t, where g € Poly(B) is given by

-3, Z(]) (X ()"

n=0 7=0
This motivates a definition of a polynomial processin a commutative Banach algebra
B:

Definition 15. Let (X (t));>0 be a B-valued stochastic process where B is a Ba-
nach algebra. Furthermore, let (X (s;t))o<s<t<co be a family of B-valued random
variables, such that X(s;t) is strongly Fs-measurable for all 0 < s < t. The
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process (X (t))i>0 is said to be a polynomial process with respect to the fam-
ily (X(s5t))o<s<t<oo if for all s < t, k € N and every polynomial pi, € Poly(B)
there exists a polynomial ¢, € Pol,(B), m < k such that

Elpk(X () [ Fs] = qm (X (s;1))-

Note that the coefficients of ¢,,, may depend on the times s and t. We summarize
our findings from above in the following Theorem.

Theorem 16. Assume that B is a commutative Banach algebra. Then the inde-
pendent increment process (X (t))¢>o defined in Deﬁnition@ is a polynomial process
with respect to (X”(S;t))ogsgt<oo-

Observe that any b € B gives rise to a multiplication operator B 3 x — bx € B,
being a bounded linear operator. Hence, the above definition of polynomials may
be viewed as a special case of more general polynomials with b, € L(B), as we
define next. Define a generalized polynomial Py : B — B of order k € N, as

k
(17) Pr(x) =Y Bu(a"),

where (B,,)k_, C L(B) and By € B is a constant reflecting the fact that 2° = 1 € F.
If x € B, we find
k
1Pu@)ll < 3 Buloplle]” < o0
n=0
by the triangle inequality and Banach algebra norm. Here, ||B,]lop denotes the
operator norm of B,,. We denote the space of generalized polynomials in B of order
k by gPol,(B). If B =R, gPol, (R) = Poli(R) is the space of polynomials on the
real line of order k.
We define the following

Definition 17. Let (X(t))i>0 be a B-valued stochastic process where B is a Ba-
nach algebra. Furthermore, let (X (s;t))o<s<t<co be a family of B-valued random
variables, such that X (s;t) is strongly Fs-measurable for all 0 < s < t. The process
(X (t))t>0 is said to be a generalized polynomial process with respect to the
family (X (s;t))o<s<t<oo of for all s < t, k € N and every generalized polynomial
Pi € gPol,.(B) there exists a generalized polynomial Q,, € gPol, (B), m < k such
that

E[Pe(X (1)) [ Fs] = Qm (X (s;1)).

Note that in DefinitionI5] and [[] we do not assume that B is commutative. The
name generalized polynomial process is justified by the following Proposition which
states that every polynomial process is also a generalized polynomial process.

Proposition 18. Assume B is a Banach algebra, and (X(t))i>0 s a polynomial
process in B with respect to the family (X (s;t))o<s<t<oo- Then (X (t))i>o0 is also a
generalized polynomial process in B with respect to the family (X (s;t))o<s<t<oo-

Proof. For k € N, let Py, € gPol,,,(B) with

k
(18) Pr(x) =Y Ba(a").
n=0
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Because (X (t))i>0 is a polynomial process with respect to (X (s;t))o<s<t<oo, it
follows that for each 0 < n < k there exists a Gy,(n) € Poly,(n)(B) for m(n) < k
such that for any s <t

m(n)

(19) E[(X(#)" [ Fs] = gm@m) (X Z b, (X

m(n) C B. Tt follows using Lemma [20| that
E[B (X (1)") | Fs] = Ba(E[((X(£))") | Fs])

= Bu(Y by (X(51))7)

.....

Jj=0

with B‘Vn’j € L(B) being defined by B 3 = — B, (b njx) € B. Define the gener-
alized polynomial Qs € gPols (B) by Qam(x) = zn Ozm(") B, jz? with m =
maxo<n<k M(n) < k. The result follows.

O

To see that the opposite does not hold in general we return to Example [7] and
now assume that B is a separable Hilbert space With a commutative algebra defined.
As before we decompose X (t) as defined in into X1 (s;t) f Si—udW (u)

and XI(s;t) :== [J Si—udW (u) where X (s;t) is 1ndependent of f and Xl(s;t) is
Fs measurable Hence, (X (t))¢>0 is an independent increment process in B and by
Theorem [16] it holds for any k € N and s < ¢

k

BLC0 1 70 = 3 (&) (i) i)

n=0

Hence, as expected, (X(¢)):>0 is a polynomial process with respect to the family
(X(s;t))0<s<t<co- Let us analyse the situation a few steps further: From the
semigroup property of (S;)¢>0, we find that

X(s:t) = S, / SuwdW(u) = Si_ X (5).
0

Thus,

k i k 1 k—n n
E[X <t>|fs]—z( )E[(X (51 )F"1(S1 o X (5))™

n
n=0

Now, assume (S;)¢>0 is an algebra homomorphism so that Sy(z - y) = (Siz) - (Siy)

for any z,y € B. Then (S;x)" = S;2™ for all n € N and we find

k

(20) E[X"(t) | Fs] = Z (i)EKXL(S?t))k”]StSX”(s).

n=0
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This shows that (X (¢))¢>0 is a generalized polynomial process with respect to the
family (X (s))o<s<t<oo. This is in line with the definition of finite-dimensional poly-
nomial processes (see Cuchiero et al. [9] and Filipovié and Larsson [13]), and the fact
that we can establish the generalized polynomial preserving property of the pro-
cess with respect to itself is significantly stronger and more applicable than merely
in terms of some family of Fs-measurable random variables. On the other hand,
(X (£))¢>0 is in general not a polynomial process with respect to (X(s))o<s<t<oo,
as the coefficients on the right hand side of are elements in L(B). In fact,
when B is a function space with multiplication defined point-wise and &; is the
shift operator (such an example is considered in more detail in Section , then
for instance E[X (t) | Fs] = Si—sX(s) = X(s)(t — s + ). However, if (X (t))i>0
is polynomial, then for every y := t — s there must exist a,,b, € B such that
EX ()| Fs] = X(s)t—s+-) = X(s)(y+ ) = ayX(s)(-) + by. Since S is
linear we may conclude that b, = 0. Then evaluating at 0 leads in particular to
X(s)(y) = ay(0)X (s)(0) This implies that X (s)(-) is measurable with respect to the
sigma algebra o (X (s)(0)). However, this cannot be the case if the driving Wiener
process (W(t))¢>o is varying with x. This provides us with an example of a process
that is generalized polynomial but not polynomial.

It is worth emphasising that the above analysis shows that, in general, stochastic
convolutions as in are polynomial processes with respect to (S;—s X ($))o<s<t<oco-
Indeed, they are generalized polynomial processes with respect to (X (s))o<s<t<oo
when the semigroup is a homomorphism, but not necessarily polynomial with re-
spect to the same family. Hence, the extension of Ornstein-Uhlenbeck processes to
infinite dimensions as in is not straightforwardly preserving the natural poly-
nomial property from the finite-dimensional case.

The class of processes defined in is of interest from the application point
of view. Stochastic evolution equations like the Ornstein-Uhlenbeck process in
appear in many applications, for example as the heat equation in random media (see
e.g. Walsh [20]) or as the dynamics of forward prices in finance and commodity
markets (see e.g. Benth and Krithner [4]). We return to the latter in the next
Section.

3.1. Counterexample: non-commutative case. Consider the case when B is
a non-commutative Banach algebra. Then the binomial formula used in the proof
of Lemma and later above does not hold. For example, if (X(¢));>0 is an
independent increment process in B, we find for ¢ > s that
E[X?(t) | Fo] = E[(X*(s;0))° | Fo] + BU(X(5:))2 X U (s 8) | F]
+E[(X(56) X (s58) (X (s58)) | Fo] + E[(XH(s56))(X (554)) | F]
+ E[X N (s;) (X (5;0)? | Fo] + E[X (55 ) (X +(s50) X (55 8) | Fo
+E[(X(s;6)2(XH(s54) | Fo] + E[(X (s:8))% | F]
= E[(X"(5;))°] + B[(X " (s;))*] X (s:1)
+FE[(X (550) X (s56)(X(s58)) | Fo]
+E[(X (s t)[(X(s5))? + X V(s )E[(X*(551))°]
+ (X (s;0)*BI(X (s5))] + (X (51))°
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after appealing to independence and measurability using Lemmas [22] and [26] (Ap-
pendix. It is not immediately clear how to deal with the term involving the condi-
tional expectation of X1 (s;¢) X (s;) X+ (s;t), and thus how to express E[X>(t) | F]
as a polynomial in X/l(s;t).

Using Proposition [23| (Appendix , we know that

E[(X*(s:4)) X (s;6) (X (s:4)) | Fo] = (X (s:6)y(X(558)) ]y x0 (5209

and observe that B > y — E[(X1(s;t))y(X*(s;t))] € B is a linear function.
Furthermore, it is bounded as

B (s56)y(X (55 )] < E[IX ™ (5:)y(X(s5))]]
< B[ (s )y (s )]
= [lyE[ (X (s:0)]]-

—_~ o~

Altogether this means that
E[X*(s;t) X (s:0) X (s:0) | Fo] = £(X(s;1))

for the bounded operator £ € L(B) defined by y + E[X*(s;t)yX*(s;t)]. To show
that in fact £ is not a (left)-multiplication operator we look at the vector space
R2?*2 of 2 x 2-matrices equipped with a sub-multiplicative matrix norm and the
usual matrix product. This space is well-known to be a non-commutative Banach
algebra. Let now (L;;(t))i>0 for i, = 1,2 be 4 independent copies of the real-valued
Lévy processes (L(t));>0 with finite moments of all orders. Then

Liu(®) Lus(t)
X(t):(Lgl(t) LQQ(t))’

defines an independent increment process in the space of 2 x 2-matrices. It follows

that
Ag: L AL
XJ_ ) = s,t4/11 s,t4412
(5;%) (As,tL21 Ag Lo

where Ag;L;;(t) = Li;(t) — L;;(s) for s < t. Choose now
0 1
(0 1)
‘We obtain that

= (giainy saire) =1 0) =

if L is such that E[L(t)] = 0 and s < t such that E[(A,;L)?] = 1, where A, ;L =
L(t) — L(s). However, one easily verifies that no matrix a € R?*? exists with
ah = g.

This shows that the independent increment process (X (¢)):>0 is not a polynomial
process in a non-commutative Banach algebra B. This is very different from the
commutative case, where we recall from Theorem that independent increment
processes are polynomial processes.

Motivated by the above derivation, we may ask the question whether (X (t)):>0
is a generalized polynomial process. However, this is also not the case as can be
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seen by looking at E[X5(t) | F4]: Similar calculation as above yields one term of the
form

E[X (s ) X (s;) X (5:0) X (5;) X (s58) | Fi]
= E[X " (s;6)yX (55 )y X (558)]y= x11 (s20)
and the question is whether this expression can be written as Lo((X(s;1))?) +

L1((XI(s;¢))) +b for some Ly, Ly € L(B),b € B. Let us assume that this is indeed
the case, that is,

F(y) = E[XT(s;0)yX " (s;0)yX " (s:0)] = La(y®) + L1(y) +D.
By Proposition [0] we know that
D?f(y)(ha, ha) = E[X " (s;0)ha X (s 1)ha X (53 1)]
+ E[X 1 (s;)ha X (s;8)hy X (s51)]
and by Corollary [T1] that
D*(L5(y?))(h1, ha) = La(h1ha) + La(hahy).

and D?(L1+b) = 0. If f(y) = L2(y?)+L1(y)+b then of course also their derivatives
agree and

D?f(y)(h1, ha) = D*(La(y?))(ha, ha)

10 0 0
mi=(g o) te=(0 1)

and first observe that hy - ho = hg - hy = 02 with 04 being the 2 x 2-matrix of zeros,
then D?(L3(y?))(h1,ha) = L2(02) + L2(03) = 05 independent of the specification
of (X (1)20.

With the same choice for (X (¢));>0 as above we derive,

D*f(y)(hy, ha)
2E[A, . L]? E[AsL]? + E[(A,L)2E[A, L]
(E[As,tLF’ +E[(As 1 L)?|E[A, L] 2B[A; (L) ) 7o

for every hi,ho € B.
‘We now choose

whenever E[L(t)] # 0. Choosing now a real-valued Lévy process with mean un-
equal to zero yields a contradiction to D?(Ls(y?))(h1,h2) = 02. So, in general
independent increment processes fail to be even generalized polynomial processes
in a non-commutative Banach algebra. This shows that even for general Banach al-
gebras one must introduce monomials in My, (B) as the structure preserving class to
extend the notion of ”polynomial processes” to infinite dimensions, and not merely
polynomials nor generalized polynomials.

4. APPLICATIONS

In this section we want to elaborate a bit more on some of the possible applica-
tions.
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4.1. Calculation of moments. For multilinear processes in Hilbert space we can
compute conditional moments of the norm of the process. To this end, suppose B
is a Hilbert space with inner product (-, -). Define for k € N,

‘CZk(Ihyla s 7Ik7yk') = <$1a y1> e <xka yk>
Lo is a multilinear form, which is obviously bounded. We have
Mo () := ]| **

for any * € B. Thus, if X is a multilinear process with respect to the family of
B-valued random variables (X (s;t))o<s<t<co, then by Proposition

2k
E[IX (0] | Fl] = EMai (X (8) | F]] = Y M;(X(s;1)),
j=1

for some jth-order monomials ﬂj :B —> K, j=1,...,2k. So, we can compute
even moments of the norm of X in terms of multilinear forms operating on X (s;t)
of order at most 2k, where X (s;t) is Fs-measurable.

For the odd moments, we note that for £k = 0,1,2,..., it obviously holds that
2k+1=a(k) x (2k+2) for a(k) = (2k+1)/(2k +2) € (1/2,1). One has that (see
Applebaum [2], page 80)

ua(k) — Oé(]f) > _eTum x—a(k)—l -
ey ), 0 !

Thus, we find the representation

Oé(k) o _ Elexo(—z 2k+2 x_l—a(k) "
(k))/o (1 = Efexp(—z || X (t)[I**"*) | F]) d

E[| X ()|**+! | Fo) = T — (k)

Doing a series representation of the exponential function inside the integral on the
right hand side, we find that

|2£(k+1) |.7::5]d1)

! S (—1)f
BIX O 1 7] = s [ 3 e Bl )
=1

Thus, we can use the multilinear property of a process (X(t));>0 to compute an
integral of an infinite series of even moments to find any odd moment of || X (¢)]|.
Whether above formula is useful depends of course on the particular situation and
possible closed form alternatives.

We remark that the Ornstein-Uhlenbeck process driven by a Wiener process
considered in Example [7]is Gaussian and if B is a separable Hilbert space we may
calculate || X (¢)[|* = Yoo (X, e;)?, where {e;}ien is an orthonormal basis for B.
Hence || X (¢)||?F = i k(X ei1)?...(X, ei)?. By the Isserlis-Wick theorem the
2k-mixed moments E[(X e;1)2...(X, e;x)?] may be calculated explicitly from the
covariance operator of X (¢). As above one may then calculated the odd moments
from the even moments. Even in the Gaussian case however, it is not clear how to
calculate conditional moments and above proposed procedure may be used.

In case the space B is a Banach algebra, we may calculate E[X (¢)* | F,] by
Lemma for (generalized) polynomial processes. To the best of our knowledge
calculations of moments of this form have not been investigated yet.
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4.2. Applications to commodity markets. A forward contract is a financial
arrangement where the seller promises to deliver an underlying commodity (like for
example oil, coffee, aluminium or power) at an agreed price at some future time
point. Entering such a contract at time ¢t > 0 where delivery takes place at time
t+x,z > 0in the future, we denote the agreed forward price by f(t,z). It is known
(see Benth and Krithner [4]) that ¢ — f(¢,-) can be interpreted as a stochastic
process with values in some Hilbert space of continuous functions on R, solving
(mildly) the stochastic partial differential equation (5 with A = §/0x. This model
is a special class of a more general stochastic partial differential equation dynamics,
belonging to the Heath-Jarrow-Morton modelling paradigm (see e.g. Filipovié [12],
Geman [I5], Carmona and Tehranchi [§] for more on this, including the case of
forward rates in fixed-income markets).

Following Benth and Kriithner [4], a natural state space of the forward price
curves is the Filipovié space (see Filipovi¢ [12]). The Filipovié¢ space H,, is defined
for an increasing, continuous function w : Ry — [1, 00) with w(0) =1 to be the set
of functions

(21) H, = {g cACRLR): [ ula)g (o)d < 00}7

where AC' (R4, R) denotes the set of absolutely continuous functions from Ry to R.
The scalar product (g1, 62) = g1(0)g2(0) + o w(x)g}(2)gh(x)dz for g1 g2 € Hi,
makes H,, a separable Hilbert space with norm ||g||2, = |{g,g)|. As already ob-
served in Benth and Kriihner [4] assuming w=! € L'(R,), the pointwise multipli-
cation defines an algebra on H,, and with the new norm |- |y := ¢| - |w, Where

¢ = \/1 +8(1+ [,  w™(x)dx) the space H, is actually a commutative Banach

algebra.

On the commutative Banach algebra B = H,,, we have that the shift operator
Sig = g(- + t) defines a Cp-semigroup being a homomorphism. Moreover, the
generator of (S;);>o is the derivative operator 9/9z. Thus, in light of the discussion
in Section (3| the forward curve dynamics (f(¢,-))i>0 is given by the stochastic
convolution process , and recalling , will become a generalized polynomial
process on H,, with respect to (f(s,-))o<s<t<oo- I representation , we will
have X (s;t) == f: Si—ydW (u) with S; being the shift operator. In addition it is
also a multilinear process with the same decomposition.

Let us give an application where the generalized polynomial property comes in
handy. In commodity markets, options on forwards are popular risk management
products. Let us consider a general payoff given by a measurable function h : R -+ R
on the forward with delivery time x. At time ¢, the holder can exercise the option
yielding a payment

h(f(t, z)).
The most prominent example is h(z) = max(z — K,0) for a standard call option.

Let 4, denote the evaluation map at > 0. It is shown in Filipovi¢ [I1] that 4, is
a bounded linear functional on H,,. Thus,

h(f(t, ) = h(62 (1)),
and the price of the option at time s <t is given by
(22) P(s,t) =E[h (62 f (1)) | Fi]
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assuming zero risk-free interest rate (see Benth et al. [6]). Assume now that there
exists a polynomial representation of h,

(23) h(z) = Z hiz'.
i=0

For continuous functions such approximation is guaranteed by the Weierstrass Ap-
proximation Theorem by using Bernstein polynomials. Let further

(24) P(s,t) = 3 hE (6. £()'| 7]
=0

As §, is a linear functional on H,,, using that d,(g - h) = 6.(g)d.(h) for any
g,h € Hy, we can apply a modified version of Lemma [20] to show that

It follows from that

P(s,t) = Y hd,E[f(t)'| Fi]
=0

= S SB[ (s ) + X ;00| 5

i=0
= Z hi <Z (;) 6.(E [(XL(Sﬁ))i_k])fstrtsfi(5)>
=0 \k=0

where we have used that ,(g-h) = 0,(g9)d5(h) for any g, h € H,, and §,S; = 0,4 for
every x,t > 0. Note that the quantities 6,4 f*(s) = fi(s,z+t—s),1 < i < 0o can
be read off from the observed forward curve f(s) at time s. Choosing a sufficiently
large cutoff n, an approximation for the price of the option is given by

7

P(s,t) = ; h; (Z (;) 0, (E [(XL(S; t))lk])> fi(s,z+t—s).

k=0

In some cases E [(X*(s;t))""*] may be calculated explicitly as for example if
(X (t))¢>0 is the Ornstein-Uhlenbeck process studied in Example (7} In other cases
the calculation of E [(X*(s;))"""] requires numerical techniques. However, these
quantities need to be calculated only once in order to evaluate a whole trading book
with options maturing at the same time.

A similar representation can be found if the option holder can exercise the option
to receive a payment

h(f(tvxl)? f(t’x2)7 SRR f(taxn))

with delivery times 0 < 7 < 29 < -+ < z, and h : R®™ — R a measurable
function. This generalization covers the important example of a spread option
on two forwards with different delivery times (calendar spread option) in which
case n = 2 and h(z1,22) = max(z; — 22,0). For these more complicated options
one has to use the fact that (f(¢,-))i>0 is a multilinear process with respect to
(X” (5; t))0§s§t<oo-

Remark 19. Recall the definition of the process (X (t))i>0, which was the basis for
the previous example, based on the stochastic partial differential equation (@ To
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allow for a wider range of applications, it would be interesting to analyse processes
(X (£))t>0 given as the mild solution of the stochastic partial differential equation

(25) dX(t) = AX(t) + a(t, X (t)) dt + b(t, X (t))dW (¢)

where A is again a (densely defined) generator of a Co-semigroup (St)i>0 and a :
Ry x B — B,b: Ry x B— L(B,B). Here B is the noise space (possibly equal to
B) and (W(t))i>0 is a Wiener or Lévy process defined on B. Such equation has

under appropriate conditions a mild solution (see for instance Theorem 4.5. (1) in
Tappe [19]) given by

(26) X(t)=SX /st sals, X (s) ds—i—/St Jb(s, X () AW (s).

An interesting question for future research is then to find out if there exists a family
(X (85))o<s<t<oo 0Of B-valued random variables, such that X (s;t) is strongly Fs-
measurable and such that (X (t))i>0 is a multilinear or (generalized) polynomial
process with respect to the family (X (s;t))o<s<t<oo-

4.3. Some other choices of Banach spaces. A canonical example of a separable
Banach space is the space C(]0, 1]) of real-valued continuous functions f : [0,1] = R
equipped with pointwise product and uniform norm |f|e := sup,¢jo 17 [f(#)[- This
is also a commutative Banach algebra, and we notice that it is the path space of
Brownian motion.

Another classical separable Banach space is LP(R?), the space of p-integrable
functions on R? for p,d € N. As is well-known, L?(R?) is a Hilbert space and also
possible state-space for Gaussian random fields. One can define a multiplication
for f,g € L'(R?) by the convolution product, i.e.

(27) e /f — 2)g(y)dy

This turns L'(R?) into a commutative Banach algebra. A possible application
could be stochastic processes taking values in L(R) being probability densities,
e.g. being non-negative integrable functions with unit mass.

Another classical Banach algebra is the space of bounded linear operators B =
L(C) on the Banach space C, equipped with the operator norm. The space B forms
a non-commutative Banach algebra under the standard operator product. If C is
separable Hilbert space, one can consider the subspace of Hilbert-Schmidt operators
Lys(C), which becomes a separable Hilbert space and in addition a Banach algebra.
In Benth, Riidiger and Siiss [5] and Benth and Simonsen [7] positive-definite Hilbert-
Schmidt-valued Ornstein-Uhlenbeck processes have been defined and studied in
the context of stochastic volatility models in infinite dimensions. These volatility
models become multilinear processes.

Let (E,&) be a measurable space, and denote by M(FE) the space of all finite
signed measures. Equip M(FE) with the total variation norm, |v|tv = |[V|(E)
for v € M(E). It is known that (M(E),|| - |[Tv) is a Banach space. Define the
convolution product of measures as

veud) = [ 1a@spvldonutan) = [ va-puti)

for v, € M(E) and A € €. Since |[v * plvv < [[v[lrv]plrv, (M(E), || - [y, *) is
a Banach algebra which obviously is commutative. A polynomial py € Poly(M(E))



22 FRED ESPEN BENTH, NILS DETERING AND PAUL KRUHNER

will be of the form py(p) = Zﬁ:o v * p*" for (v,)E_y C M(E). These polynomials
are built up from the monomials p*”. Cuchiero, Larsson and Svaluto-Ferro [10]
define polynomial processes on M(FE) introducing monomials as follows: Let g :

E* — R be a continuous symmetric function. A monomial of degree k& € N is
defined as

M(E) > v+ (g, V%) := /Ek g(x1, ..., xp)v(der) - - v(day)

We notice that for any A € £, we have that
v*F(A) = /k Ta(zy + -+ zp)v(dey) - v(deg) = Ta(zy + -+ 23), 05).
E

Although the function (x1,...,z%) > Ta(z1 + -+ + x%) is obviously not continu-
ous, it is a bounded measurable symmetric function which is linking our definition
of polynomial processes on M(E) to the one of Cuchiero, Larsson and Svaluto-
Ferro [10].
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APPENDIX A. SOME AUXILIARY RESULTS ON CONDITIONAL EXPECTATION IN
BANACH SPACES

Let B be a Banach space over a field IF, which can be either R or C. We denote the
norm by ||-|| and by B(B) the Borel o-algebra of B. Further, L(B) denotes the space
of bounded linear operators on B. Let (2, F,P) be a probability space equipped
with a filtration (F;);>o. Following the usual terminology (see e.g. Def. 1.4 in van
Neerven [16]), a B-valued random variable X is a mapping from €2 into B which
is strongly measurable, that is, there exists a sequence of simple random variables
X, = > Ipa; where F; € F, 2; € B,i = 1,...,n,n € N such that X,, - X
in B pointwise when n — oo. Here, we use the notation I : Q& — {0,1} as the
indicator function on a set F' € F. If B is separable, then strong measurability is
equivalent to measurability in the sense that X ~1(A) € F for any A € B(B). As
a consequence of the approximation X,, — X a random variable X takes values
in the closed separable subspace B, := span Upen ran(X,), the closure of the
subspace spanned by the ranges of the X,,.

In van Neerven [16], a mapping X : Q@ — B is said to be strongly P-measurable
if there exists a sequence of simple random variables X,, such that X,, —» X in B
P —a.s as n — co. However, in view of Prop. 1.10 in van Neerven [I6], there exists

a version X which is strongly measurable of any strongly P-measurable random
variable X, and vice versa. Thus, in our analysis we will always choose the strongly
measurable version of a random variable, and therefore stick to the notion of strongly
measurable throughout.

A random variable X where E[||X||] < oo is said to be Bochner integrable with
respect to P, and we define E[X] to be the Bochner integral (see e.g. Ch. 1§1 (J)

of Dinculeanu [I1])
/ X dP

Moreover, E[X] € B and ||E[X]| < E[|X]|]. Given a o-algebra G C F and a
Bochner integrable B-valued random variable, we define the conditional expectation
E[X | G] as the strongly G-measurable random variable satisfying

(28) /GE[X|g]d]P’:/GXdIP

for all G € G (see Def. 38 in Ch. 1§2 of Dinculeanu [1I]). Thm. 50 and Prop. 37
in Ch. 182 of Dinculeanu [II] show that the conditional expectation exists and is
unique P — a.s..

The next result shows that (conditional) expectation commutes with bounded
linear operators:

Lemma 20. Suppose that X is a B-valued random variable which is Bochner in-
tegrable and L € L(B). Then LX is a B-valued random variable which is Bochner
integrable, E[LX] = LE[X] and

E[LX|G] = LE[X | ]G]
for any G C F.
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Proof. Since there exists a closed separable subspace B, C B with P[X € B.] =1,
we know that also the range of L is separable. Now, the statement is given in
Peszat and Zabczyk [17, Proposition 3.15(ii)]. O

As the following Lemma shows, if f : B — B is continuous, then f(X) is strongly
measurable whenever X is. This is stronger than the first claim in the Lemma
above. Indeed, the more general result holds:

Lemma 21. If f : By — B is a continuous map between two Banach spaces By
and Ba, then f(X) is a strongly measurable Bg-valued random variable for any
strongly measurable By-valued random variable X .

Proof. For any sequence of simple random variables X,, converging to X, we have
that f(X,) is converging to f(X) by continuity. If X,, = > " | Ip,z; for disjoint
sets F; € F (we can always do this by redefining the sum), we find f(X,) =
S Ip, f(x;), which shows that (f(X,))nen is a sequence of simple random vari-
ables converging pointwise to f(X). Hence, f(X) is strongly measurable. |

Choosing B = By and By = R, we find that | X]| is a measurable real-valued
random variable when X is a B-valued strongly measurable random variable. This
is true since = — ||z|| is a continuous map, as the triangle inequality shows that
Izl < llz =yl + llyll and [[y[| < ||z —yl| + =], and therefore [||z]| —[lyl[| < [ —y]|.

Let us focus on the concept of independence for B-valued random variables. We
recall that X is independent of a o-algebra G C F if the two sets X ~1(A) and G € G
are independent for all A € B(B) and G € G. If f : B — B is a measurable map, it
follows that f(X) is independent of G whenever X is independent of G. This is so
because for any A € B(B), (f(X))"}(4) = X 1(f~1(A)) and f~1(A) € B(B) as
f is measurable. Moreover, if in addition f is continuous, we see from Lemma
that f(X) is a strongly measurable random variable being independent of G. As a
particular case, assume that B is a Banach algebra, that is, B is equipped with a
multiplication operator - : Bx B — B such that (B, +, -) is an associative F-algebra
and ||z - y|| < ||z|||ly|| for any z,y € B. Consider the map f: B 3 x + 2? € B. By
the norm property in a Banach algebra,

=2l = lle(@ —y) + (@ =yl < (]l + Dl -yl

it follows that f is continuous. Thus, we see that X2 is independent of G whenever
X is independent of G. By induction, we have that X* is independent of G whenever
X is independent of G for any k € N.

We have the following result on conditional expectation of independent random
variables:

|2

Lemma 22. If X is a B-valued Bochner-integrable random variable which is inde-
pendent of the o-algebra G C F, then

E[X |G] = E[X].
Proof. Since X is Bochner-integrable there is a separable closed subspace B, C B

such that P[X € B.] = 1. Consequently, we may assume that B is separable. The
statement is given in Peszat and Zabczyk [17, Proposition 3.15(v)]. O

In our analysis, a "freezing property” of conditional expectation is important.
To this end, we equip the product space B x B of the Banach space B with the
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max-norm, i.e., for any x = (z1,22) € B x B, ||z||2 := max;=1 2 ||z;||. Then, B x B
is a Banach space again.

Proposition 23. Let G C F be a o-algebra and X a B-valued random variable
independent of G. Let further Y be a B-valued random variable which is strongly
G-measurable and f : BXx B — B continuous. Assume f(X,y) is Bochner integrable
for every y € B and y — E[f(X,y)] is continuous, and moreover that there exist
positive R-valued random variables Z, Z with E[Z] < 00, E[Z] < 0o and

(29) [ELFCX )]s < 2
(30) IF X)) < Z,
for every B-valued random variable Y such that |Y| < ||Y|| a.s., then

E[f(X,Y)[G] = E[f(X,y)]y=v-

Proof. First, by Lemma we note that continuity of f implies that f(X,Y") and
f(X,y) are strongly measurable for any y € B (using Bo = B and By = B x B or
By = B). Choosing Y =Y in (30), we find that E[|| f(X,Y)|] < E[Z] < oo, and
therefore f(X,Y’) is Bochner integrable.

We need to show that Elg f(X,Y)] = E[IE[f(X,y)|y=y] for any G € G. For
this, let G € G and recall that since Y is strongly G-measurable, there exists a
sequence of G-simple random variables Y,, = > I | y;la, with y; € B and 4; € G
such that Y,, — Y pointwise. Moreover, by Thm. 6 in Ch. 1§1 C of Dinculeanu [11]
we can choose Y, such that ||Y, || < ||Y]|. We also notice that the we can select the
sets Aq,..., A, to be disjoint, as we do. We see that

=1

and by assumption (30), we calculate

0o > E[|f(X,Y,)|] = ZHA (X yi)l]

E[

(X, )l

|

N
Il
—

PLADE[| (X, wi)l]-

Il

I
—

K2

In the last equality we used the fact that || f(X,y;)| is independent on G, as f and
| - || are continuous functions and X is independent of G by assumption. In partic-
ular, this shows that E[|| f(X,v:)||]] < oo, and hence f(X,y;) is Bochner integrable.
Therefore, by Lemma [22] it follows that

(31) Elf(X,4:)] = E[f(X,y:) | ]
On the other hand,

E[f(X,y)]y=y, = Z]IAIE (X, 55)).
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Hence, E[f(X,y)]y=v, is strongly G-measurable and Bochner integrable since, from
norm inequality of Bochner integrals and assumption

E 3 LB (X ymn]

=1

EEf (X, 9)ly=v. [l =

P(A)ELf (X, ya)ll

I

s
Il
-

NE

PLADE[]f (X, )]
SVl < o0

-
Il
_

E[

Thus, we calculate

E[IcE[f(X, y)]y=v] lZHGHA fX, yz)]]

= Z lena,ELf (X, )]

n

= Z E[]IGQAif(X7 yl)]

= E[]IGf(Xa Yn)]a
where the third equality uses and the defining properties of conditional expecta-
tion. To see that in fact E[I¢E[f(X,y)],=v] = E[l¢ f(X,Y)] we need to show that
limy, o0 E[IGE[f (X, y)]y=v,] = EIGE[f(X,y)]y=y] and lim, o Ellg f(X,Y,)] =
E[lgf(X,Y)]. For this note that since f is continuous, Igf(X,Y,) — Igf(X,Y)
when n — oo. As ||Y,]| < ||Y||, we have

e f (X, Yo)ll < Tallf (X, Ya)ll < Z
and thus from dominated convergence it follows that
lim El6 (X, Y,)] = Ellaf(X,Y)

For the other limit, we have from the continuity assumption on y — E[f(X,y)]
that IcE[f(X,y)]y=v, — IcE[f(X,y)]ly=y pointwise in B. Furthermore, by as-

sumption
IGELf (X, 9)ly=v.. | < IclE[f (X, y)ly=v. | < Z

Then, by dominated convergence, we obtain
Jim E[IE[f (X, y)ly=v,] = ElleE[f (X, y)ly=v],
and the proposition follows. O

Remark that condition is only used once, to obtain a uniform bound on
IE[f(X,y)]y=v,||. Further, the continuity assumption on the function y — E[f(X,y)]
is only used to have pointwise convergence. Both are used only in connection with
concluding the final limit in the proof above.

In the remainder of this appendix we will focus on the case when B is a Banach
algebra, and in particular show the following fundamental property for conditional
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expectation: Let G C F be a og-algebra and Y a G-strongly measurable B-valued
random variable, then

E[Y X |G] = YE[X|G],E[XY |G] = E[X |G]Y

where X is a B-valued random variable, with X, Y. X and XY such that the
conditional expectations are well-defined.
First, we show a Lemma which will become convenient:

Lemma 24. Let (S,%, 1) be a measure space and B a Banach algebra. Suppose
F:(S,X,u) — B is p-integrable (that is, Bochner integrable with respect to 1) and
g € B. Then gF and Fg are u-integrable, and

[3 9F () pu(ds) = g /S F(s) plds) /S F(s)gulds) = [ F(s)n(ds)g

S

Proof. Define the continuous linear maps

Ly:B— B,b~ gb,
Ry :B — B,b—bg.

Then we find

[ Feantas = [ Rypeutas =R, ([ Feutas)) = [ Feutasys
Similar with £,. O

The next Lemma shows that measurability is preserved under the product op-
eration in the Banach algebra:

Lemma 25. Let G C F be a o-algebra, and suppose that Y and Z are two strongly
G-measurable B-valued random variables and that B is a Banach algebra. Then
YZ and ZY are strongly G-measurable B-valued random variables.

Proof. The pair (Y, Z) is strongly B x B-measurable and the multiplication  on B
is a continuous map from B x B to B. Thus, Lemma [21] yields that YZ = n(Y, Z)
is strongly G-measurable. O

We come to our final result of this appendix:

Proposition 26. Let B be a Banach algebra and G C F a o-algebra. Assume that
X and Y are two B-valued random variables where Y is strongly G-measurable, X
is Bochner-integrable and || X ||||Y]| is P-integrable. Then

EYX|g)=YE[X|g], E[XY|g]=E[X|d]Y.

Proof. First, || XY < || X|||IY]] and ||[YX]|| < [|[Y]|||X]|, so both XY and Y X are
Bochner integrable, and moreover, the conditional expectations of XY and Y X
with respect to G are well-defined. By assumption, the conditional expectation of
X with respect to G is also well-defined.

By definition of the conditional expectation, E[X | G] is strongly G-measurable,
and thus by Lemma [25] YE[X | G] is G-strongly measurable. Let Y, = " | y;la,
with y; € Band A; € G fori = 1,...,n be a sequence of G-simple random variables
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such that Y,, — Y pointwise and by Thm. 6 in Ch. 1§1 C of Dinculeanu [II],
Y]] < ||Y]]. Let G € G be an arbitrary set. We find

E[l¢Y, X] = ZE[H(;]I A, i X]
i=1

= Z yiE[lgna, X]
= Z YiE[lena, E[X | G]]
= E[lgla,y:E[X |G]]
— EllcY;E[X | 0]

In the second and fourth equalities we applied Lemma and in the third the
definition of the conditional expectation. Now,

IeYa X[ < LellYa | IX] < IYIIX] € L (P)

by assumption. Thus, as Y, X — Y X, it follows by dominated convergence that
E[l¢Y,X] — E[I¢Y X]. On the other hand,

MY BIX |G| < Tcl[Yal[E[IX] 1G] < [YE[]X]|S]-

a.s., by Jensen’s inequality (Property 44 in Ch.1§2 H of Dinculeanu [I1]). As Y
is strongly G-measurable, it follows from Lemma [21] that ||Y]| is a real-valued G-
measurable random variable. From the properties of conditional expectation for
real-valued random variables

E[YIE[XI16]] = EE[Y X161 = B[V X]] < oo

by assumption. Hence, ||Y||E[||X|||G] is P-integrable, and since obviously it holds
pointwise that 1Y, E[X | G] — [cYE[X | G] we find by dominated convergence that
E[lcY,E[X |G]] — E[IcYE[X | G]]. We can therefore conclude

ElcYE[X|G)) = lim E[l6Y,E[X |G]] = lim EllcY,X] = ElsYX].

Hence, the first result of the Proposition is proven. The second part follows in the
same manner. O
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