COHOMOLOGICAL CORRESPONDENCE CATEGORIES

ANDREI DRUZHININ AND HAKON KOLDERUP

ABSTRACT. We prove that homotopy invariance and cancellation properties are satisfied by
any category of correspondences that is defined, via Calmeés and Fasel’s construction, by an
underlying cohomology theory. In particular, this includes any category of correspondences
arising from the cohomology theory defined by an MSL-algebra.

1. INTRODUCTION

Originally envisioned by Grothendieck, the theory of motives was set in new light by Beilinson’s
conjecture on the existence of certain motivic complexes, from which it should be possible to
derive a satisfactory motivic cohomology theory. This point of view ultimately led to Suslin and
Voevodsky’s construction of the derived category of motives DM(k) over any field & [Voe0OOb].
The basic ingredient of this construction is the category Cory of finite correspondences over k.
Finite correspondences define an additive category, and presheaves on this category—baptized
presheaves with transfers—are exceptionally well behaved. Indeed, presheaves with transfers carry
a very rich theory, satisfying fundamental properties such as preservation of homotopy invariance
under sheafification [Voe00a], and a cancellation property with respect to smashing with G,
[Voel0]. These results are crucial in order to obtain a good category of motivic complexes.

Shortly after Suslin and Voevodsky’s introduction of motivic complexes, a “nonlinear” version
of DM(k) was defined by Morel and Voevodsky [MV99] in the context of motivic homotopy theory.
In this more general setting, the motivic stable homotopy category SH(k) was constructed, most
notably via the Al-localization and the P!-stabilization process. The category SH(k) is equipped
with an adjunction

~* : SH(k) = DM(k) : 7. (1.0.1)

such that the image of the unit for the symmetric monoidal structure on DM (k) is mapped
to the motivic Eilenberg-Mac Lane spectrum HZ in SH(k) under .. In fact, this adjunction
exhibits DM (k) as the category of modules over the ring spectrum HZ (at least after inverting
the exponential characteristic of k) [RD0§|. Furthermore, the restriction of v, to the heart of the
homotopy t-structure on DM(k) is fully faithful. In fact, with rational coefficients, the category
SH(k)q splits into a plus part and a minus part, where the plus part is equivalent to DM(k, Q)
[CD19). Informally we can think of DM(k, Q) as consisting of the oriented part of SH(k)q.

Several alternative and refined versions of the category of correspondences have been introduced
in the wake of Suslin and Voevodsky’s pioneering work, many of which attempt to provide a
better approximation to the motivic stable homotopy category than DM(k). In particular, it is
desirable to construct correspondences that capture also the unoriented information contained in
SH(k). Examples include

e the category ZF. (k) of linear framed correspondences, introduced by Voevodsky and
further developed by Garkusha and Panin |[GP18a];
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° Kga_’ and Ky-correspondences, studied by Suslin and Walker in [Sus03; Wal96|;

e the category (Eak of finite Milnor—Witt correspondences, introduced by Calmes—Déglise—
Fasel [CF17; [DF17a]; and

e the category GWCory, of finite Grothendieck—-Witt correspondences defined by the first
author in [Drul8b).

To exemplify to what extent the above categories succeed in providing better approximations to
SH(k), let us mention that framed correspondences classify infinite P!-loop spaces |[Elm+18], and
the heart of the category DM(k) associated to Cory, is equivalent to the heart of SH(k) (with
respect to the homotopy t-structure) [AN19).

Along with the introduction of each new category of correspondences follows the need to prove
fundamental properties like strict homotopy invariance and cancellation in order to produce a
satisfactory associated derived category of motives. For the above examples, this is achieved in
[AGP18} |GP18b} [Sus03} [FO17; DF17a); Drul8c; Drul8aj. The aim of this note is to establish
these properties simultaneously for a certain class of correspondence categories, namely those that
are defined by an underlying cohomology theory (see Definition for the precise meaning).
This includes Voevodsky’s finite correspondences—which can be defined using the cohomology
theory CH* of Chow groups—as well as finite Milnor-Witt correspondences Cory, which are
defined using Chow—Witt groups CH . More generally, any ring spectrum E € SH(k) that is
an algebra over Panin and Walter’s algebraic cobordism spectrum MSL [PW18| gives rise to a
cohomological correspondence category.

1.1. Outline. In Section [2] we introduce the axioms for a cohomology theory A* needed to build
the associated category Corf of finite A-correspondences. The definition of the category Cor? is
given in Section [3] In addition we give in Section |3| a number of constructions in the category
Cor?. Most notably, Construction ensures that a regular function on a smooth relative curve
along with a trivialization of the relative canonical class gives rise to a finite A-correspondence;
this construction is used to define all the finite A-correspondences needed to prove strict homotopy
invariance and cancellation.

Section [4]is a brief comparison between our construction of A-correspondences and framed cor-
respondences. This is done by constructing a functor from the category of framed correspondences
Fr. (k) to Corj.

Sections [} [6] [7] and [§] are devoted to the proof of the strict homotopy invariance property of
homotopy invariant presheaves on Corﬁ. The proof breaks down into several excision results as
well as a moving lemma, each of which is treated in its own section.

In Section [9] we show the cancellation theorem for finite A-correspondences, following the
technique in Voevodsky’s original proof [Voel0].

Finally, in Section [10] we use the previous results to establish a well behaved category of motivic
complexes DM 4 (k) associated to the category Cor,?, and we show several properties expected
of this category. In particular, we define A-motivic cohomology in this category, and show that
DM 4 (k) comes equipped with an adjunction to SH(k) parallelling . Note that these
constructions are for the most part standard. For this reason we keep it rather brief on certain
formal aspects of the constructions, and refer the interested reader to, e.g., [Voe0Ob; MVWO06] or
[DF17a) for further details.

Appendix [A]is a collection of the geometric results used in the proofs of the excision theorems.

1.2. Relationship to other works. In the independent project [Elm+20|, the construction of
the category CorkE of Section is generalized to arbitrary ring spectra in SH(S) over a base
scheme S. Let us also mention that functors from the category of framed correspondences to other
correspondence categories have been considered by several authors. The original construction of a
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functor Fr, (k) — Cory, from framed correspondences to finite Milnor-Witt correspondences was
given by Déglise and Fasel in [DF17a]. In [Elm+20, §4.2], the functor of Déglise and Fasel was
refined to an hSpc-enriched functor ®: hCorr'” (Schg) — hCorr” (Schg) from the homotopy
category of the oco-category of framed correspondences to finite E-correspondences.

1.3. Conventions and notation. Throughout, the symbol k will denote a field, and the symbol
Gy := Spec(k([t,t71]) will denote the multiplicative group scheme over k. In certain sections we
will also need to put some restrictions on the field k; this will be stated in the beginning of the
relevant section.

By a base scheme we mean a noetherian scheme of finite Krull dimension. If S is a base
scheme, we let Smg denote the category of schemes that are smooth, separated and of finite type
over S. By an essentially smooth scheme we mean a scheme that is a projective limit of open
immersions of smooth ones. We denote the category of essentially smooth schemes by EssSmg. If
f: X — Y is a morphism in Smg (or EssSmg), we let wy :=wx/s ® f*w{,/ls denote the relative
canonical sheaf. Moreover, we may write simply wy for wxy y/x. In the case of smooth (or
essentially smooth) schemes X, Y € Smy, (or EssSmy) over a field k, we will often abbreviate
X xpY to X xY; Af to A" and P} to P". Throughout, we will let iy and #; denote the zero-,
respectively the unit section ig,i;: Speck — Al. If we for example need to emphasize that A2

(zy)
has coordinates (,%), we may for brevity denote this by A2 . This notation will in particular be

used in the tables in Sections [f] [6} [7] and

If £ is a line bundle on a scheme X and s € I'(X,.Z) is a section of £, we will denote
by Z(s) C X the vanishing locus of s. We say that a section s € T'(X,.%) is invertible if the
homomorphism Ox — % defined by s is an isomorphism.

We denote by Mape(X,Y) the mapping spaces of an oo-category &, and write [X,Y]¢ :=
mo Mapy (X, Y). If € is any category, we denote by PSh(%) := Fun(%°P, Spc) the oo-category of
presheaves on €, and for a ring R we denote by PSh(%; R) the oco-category of presheaves of R
modules on €. Moreover, we let PShy (%) denote the full subcategory of PSh(%’) spanned by
presheaves that carry finite coproducts to finite products [Lur09, §5.5.8].

1.4. Acknowledgments. We are grateful to Alexey Ananyevskiy, Frédéric Déglise, Jean Fasel,
Ivan Panin, and Paul Arne Ostveer for helpful discussions and comments. We would also like
to thank Marc Hoyois for explaining to us how to use the six functors formalism to construct
pushforwards.

Both authors gratefully acknowledge the support provided by the RCN Frontier Research
Group Project no. 250399 “Motivic Hopf equations”. The first author would also like to thank
“Native towns”, a social investment program of PJSC “Gazprom Neft”, for support.

Finally, we would like to thank the anonymous referee for several very helpful comments and
remarks.

2. TWISTED COHOMOLOGY THEORIES WITH SUPPORT

Let S be a base scheme. We denote by SmOpjg the category of triples (X,U,.%), where
X € Smyg is separated, smooth and of finite type over S, U is an open subscheme of X and
Z is a line bundle on X. A morphism (X,U,.%) — (Y, V,.#) in SmOp% consists of a pair
(f,@) of a morphism of S-schemes f: X — Y such that f(U) C V, and an isomorphism
a5 f*A. Note that there is an embedding Smg — SmOpI§ given by X — (X,2,0x).
For any (X,U,. %) € SmOpg, we will write iy for the inclusion iy: U — X and jy for the
inclusion jy: (X, 9,.%) = (X,U,%). In the case when U = &, we will often denote the triple
(X,2,.2) € SmOpY simply by (X,.2).
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Definition 2.0.1. A twisted pre-cohomology theory is a graded functor
A*: (SmOp%)°P — AbZ
which satisfies the following properties:

(a) (Localization) There is a natural transformation 9: A*(X,U,.¢) — A**1(U,i},.%) of
degree +1 which fits into an exact sequence

ANX, L) 0 AU, i2) & AUXL U, 2) DY A (X, 2).

(b) (Etale excision) Suppose that f: X — Y is an étale morphism of smooth S-schemes.
Assume moreover that Z CY is a closed subset such that f|p-1(z): f~'(Z) = Z is an
isomorphism. Then the pullback homomorphism

frrANYYNZ,.ZL) = ANX X\ f7H(2), [ 2)

is an isomorphism for any line bundle .Z on Y and any n € Z.

If (X,U,%) € SmOpIg, let Z := X \ U be the closed complement of U. We then write
AL(X, L) = A*(X,U,Z). The map ji;: A% (X, L) - A*(X,Z) is called the extension of
support-homomorphism.

Remark 2.0.2. Definition R.0.1]is but a twisted version of Panin and Smirnov’s definition of a
cohomology theory considered for example in [Pan09|, except that for our purposes we need not
assume the axiom of homotopy invariance. In the case of oriented homotopy invariant theories,
our definition coincides with Panin and Smirnov’s definition.

Remark 2.0.3. The axiom of étale excision in Definition implies that there is a canonical
isomorphism A} 1;, (X, .Z) = Ay (X, .Z) © A, (X,.Z), ie., that the cohomology theory A*
also satisfies Zariski excision. In fact, Zariski excision is enough to prove most of the results
below. The only places where we need étale excision are in the construction of the functor from
framed correspondences to A-correspondences in Section 4] and in the proof that A-transfers are
preserved under Nisnevich sheafification (Theorem . Furthermore, the latter case only
requires étale excision on local schemes. In Corollary we show that a homotopy tnvariant
cohomology theory satisfying Zariski excision will automatically satisfy étale excision on local
schemes.

Definition 2.0.4. Let A* be a twisted pre-cohomology theory. Suppose that we in addition are
given the following data:

(1) (Pushforward) For any morphism f: X — Y € Smg of smooth equidimensional S-schemes
of constant relative dimension d, and any closed subset Z C X such that f|z is finite, we
have a pushforward homomorphism

for AG(X,wp @ f*2) = AL S (Y, 2)

for any n > 0 and any line bundle .Z on Y.
(2) (External product) The cohomology theory is a ring cohomology theory, i.e., there is an
associative product structure

x: A% (X, L)@ AR (Y, M) — AL, (X xs Y, LR .M)

and a unit 1 € A°(9).

We say that a pre-cohomology theory A* equipped with the homomorphisms f, and the product
X as above forms a good cohomology theory if the following properties hold:
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(3) (Pushforward functoriality) The homomorphisms f+« are functorial in the sense that

id, =id, and if (X7, Ul,.,fl) (X, Ug,fg) (X3,Us, %3) are composable morphisms
in SmOpS finite on the supports Z; := X, \ U;, then the diagram

A 1z )(Xz,wg@)g L) L A"

o

A%I (Xlawf 02y f*ag/ﬂQ)

gf(Z 7 (X3, Z5)

is commutative. Here dy, dy and dyy are the respective relative dimensions of the
morphisms.

(4) (External product functoriality) The external product x commutes with pullbacks in
the sense that if f: (X, f*£) = (Y, %) and g: (X', 9*Z") — (Y, £’) are morphisms in
SmOpIS‘, then the diagram

AMY, L)@ AMY', L) —Z 5 AM(Y xg Y, L R.Z)

o [

AMX, f* L)@ AMX, g* L) —— AMTY(X xg X!, f* L R g L")

is commutative.
(5) (Base change) For any strongly transversal square (defined in Definition [2.0.6) that is
equipped with a set of compatible line bundles (defined in Definition [2.0.8) the diagram

’L

’ / n—d’ / /
sV == Ay X2

aﬁ Tox

ALY, ) ———— AL S(X, Z),

An

is commutative.

(6) (Projection formula) Suppose that f: X — Y and Z C X satisfy the hypotheses of (1),
and let W C Y be a closed subset. Let moreover . and .# be two line bundles on Y.
Given any two cohomology classes o € A%(X,wy ® f*.Z) and B € Ay (Y, A), we then
have

f*(a) — fp= f*(O[ ~ f*ﬁ)
(7) (Graded commutativity) For any a € A%(X,.Z) and 8 € A% (X,.%), we have
a— = {=1""(3— a).

Here (—1) € A°(S) is given as the pushforward (—1) := (idg, —1).(1); see Deﬁnitionm
Hence the ring A*(S) is (—1)-graded commutative.

Remark 2.0.5. The existence of an external product x as in Definition m (2) is equivalent to
the existence of a cup product —: A% (X, Z) ® A} (X, #) — A?}TZ (X, Z ® A); see [Pan09,
Definition 1.5] for further details on this.

Definition 2.0.6. Let

y' L xt
¢Yi l¢x (2.0.7)

y —L o X
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be a Cartesian square of smooth S-schemes. The square (2.0.7) is called transversal if the
corresponding sequence

is exact, where g := ¢x 04’ =i 0 ¢y. Note that for any transversal square, the isomorphism dey-
induces an isomorphism d¢y : ¢}w; — wyr.

A transversal square ([2.0.7) is called strongly transversal if one of the following two conditions
are satisfied:

e The morphisms ¢ and i’ are closed embeddings.
e The morphisms ¢x and ¢y are smooth and surjective.

Definition 2.0.8. Suppose that the square (2.0.7)) is strongly transversal. Then a compatible set
of line bundles on the square (2.0.7) consists of the following data:

e Line bundles .&, &', # , #' on respectively X, X', Y and Y.
e Isomorphisms of line bundles

a: ¢ &L = o v: it R w; = o,
Byt = M b (i) L Dwy — M
We furthermore require that 5o ¢3j-(7) corresponds to 6 o ((i')*(a) ® id,,,, ) under the isomorphism
Homo,,, (¢yi" L @ ¢y w;, #") = Homo,,, (') ¢% L @ wir, ")

induced by the canonical isomorphism ¢3j-w; = w;s for the transversal square.

3. COHOMOLOGICAL CORRESPONDENCES

We are now ready to extend Calmes and Fasel’s definition of finite Milnor-Witt correspondences
|CF17| to our setting:

Definition 3.0.1. Let S be a connected base scheme, and suppose that A* is a good cohomology
theory on SmOplg. Assume further that p: X — S is a smooth map of constant relative dimension
d. Denote by Ag(X/S) the set of admissible subsetﬂ of X relative to S—that is, closed subsets T’
of X such that each irreducible component of Ti.q is finite and surjective over .S via the morphism
p. The set Ay(X/S) is partially ordered by inclusions. As the empty set has no irreducible
components, it is admissible. If X is connected, we define the group of finite relative A-cycles on
X as
Co(X/S) = lim  AF(X,wx/s)-
TeAo(X/S)

If X is not connected, we may write X =[] ;X; where the X;’s are the connected components
of X. We then set C3'(X/9) := I, CH(X;/9).

Now let k be a field, and suppose further that S € Smy. Let Cor‘é1 denote the category whose
objects are the same as the objects of Smg, i.e., smooth separated schemes of finite type over
S, and morphisms defined as follows. Let X,Y € Smg, and suppose first that X and Y are
connected. We define the group of finite relative A-correspondences from X to'Y as

Corg(X,Y) := C{HX x5 Y/X).

Note in particular that Corg(X,S) = A°(X) for any X € Smg. If X or Y is not connected,
let X =][;X;and Y =[] ;Y; denote the connected components of X and Y. Then we put

I'Note that for any X,Y € Smy we have Ag(X X Y/X) = A(X,Y), where A(X,Y) is the set of admissible
subsets of X X Y in the sense of |[CF17, Definition 4.1].
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Corg(X,Y) := I, Cor (X;,Y;). If S = Speck, we refer to Cory (X,Y) simply as the group of
finite A-correspondences from X to Y.

Composition of finite relative A-correspondences is defined in an identical manner as [CF17,
§4.2]. Indeed, if o € Cora(X,Y) and 8 € Cora(Y, Z), we put

Boa:=(pxz)«Pxya — pyzB). (3.0.2)

Here we write pxy for the projection pxy: X XxgY xg Z — X XgY, and similarly for the
other two maps. An identical proof as that of |[CF17, Lemma 4.13] then shows that the groups
Coré(X ,Y') form the mapping sets of a (discrete) category Cor? whose objects are the same as
those of Smg. We refer to Corg as the category of finite relative A-correspondences. In the case
when S = Spec k, we refer to Cor,ﬁ1 simply as the category of finite A-correspondences.

Finally, we define the homotopy category @Q of Cor? as follows. The objects of @g are
the same as those of Cor’g7 and the morphisms are given by

Cora (X,Y) := Cor(X,Y)/ ~p

= coker (Coré(A}g xs X,Y) s, Cora (X, Y)>

——A
We write [a] for the class in Corg of a finite relative A-correspondence « from X to Y.

3.0.3. Graph functors. We define a graph functor v4 g: Smg — Corg1 similarly as [CF17, §4.3]:
the functor v4 s is the identity on objects, and if f: X — Y is a morphism in Smg, we let
Ya,s(f) :=1i«(1). Herei: T'y — X xgY is the embedding of the graph of f, and i, : A°(T'y, Op,) —
Al‘iime(X x s Y,wy) is the induced pushforward. If S = Spec k, we will write 4 for the graph
functor. We will often abuse notation and write simply f instead of v4 s(f).

3.0.4. Symmetric monoidal structure. Defining X Y := X II'Y turns Cor‘s4 into an additive
category with zero-object the empty scheme. Moreover, Coré is symmetric monoidal, with tensor
product ® defined by X ® Y := X xg Y on objects, and given by the external product on
morphisms.

Lemma 3.0.5. The category Corﬁ is a (discrete) correspondence category in the sense of [EK1Y,
Definition 4.1] (see also [Garl9, §2]).

Proof. This follows from [EK19, Proposition 4.5]. O

3.0.6. For S a smooth k-scheme there is a functor extg: Corj — Cora defined as follows. For
any X € Smy, let Xg := X x; S. Let X, Y € Smy; by working with one connected component at
a time, we may assume that X and Y are connected. By the universal property of fiber products
we have a morphism f: Xg xXgYs — X x Y, which induces a pullback morphism

fr A(%imy(X x Y, wy) — A(}ifri(};v)(XS x5 Ys, ffwy)

for any T € Ap(X x Y/X). As finiteness and surjectivity are preserved under base change we
have f~3(T) € Ao(Xs x5 Ys/Xgs). Moreover, the canonical sheaf wx/r pulls back over Xs to
wxg/s, and similarly for wy ;. Hence f*wxyy/x = wxgxsvs/xs- Since pullbacks commute with
extension of support, we get an induced map on the colimit

extg: COI",?(X,Y) — Cg‘(XS X Ys/Xs) = COI“?(Xs,Ys).
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It follows from the base change axiom applied to the diagram

XS XSYS XSZS m XS X5YS

fXYZJ( J{fxy

XxYx7Z 2 s XxY

that the map extg preserves composition of finite A-correspondences. Thus we obtain a functor
extg: Corj — Corg.

3.0.7. In the opposite direction there is a “forgetful” functor resg: Coré — Corjg4 induced by
pushforwards. Indeed, let X,Y € Smg. Then there is a Cartesian diagram

XxgV XYy X xY

|

Ag—" 38 x8,

where Ag C S x S denotes diagonal. Moreover, we have isomorphisms wxx sy ® i}yw)_(lxy =
Wiyy Zw; = wgl. Thus there is, for any T € Ap(X xsY/X), a pushforward homomorphism

(ixy)e: AP V(X x5 Y, wyys) = ARRE (X X Y, wy).

XY

Passing to the colimit, we obtain a map ress: Cora(X,Y) — Cory (X,Y). To show that this
homomorphism preserves composition in the category Corg, first note that the commutative
diagram

X xgY xgZ 2% X xY xZ

PXxg zl lpxz

XxgZ —%2 X%z
yields (ixz)«(Pxxsz)« = (Pxy)«(ixyz)«. By decomposing the morphism ixy 7z as
ixyz: X xs Y xs Z 255 X x Y xs Z 5 X xY x Z

and applying the projection formula twice, we obtain the claim. Hence the maps resg above
define a functor resg: Corg — Cory.

3.0.8. For any X € Smg, Y € Smy, and any admissible subset T' of X x Y we have a natural
isomorphism AS™Y (X x Y, wy) = A%ims s (X x5 Ys,wxxsys/x). These isomorphisms define a
natural isomorphism Corj (X,Y) = Corg(X,Ys). Similarly as in [CF17, §6.2] we deduce from
this that the functors resg and extg form an adjunction resg : Corg = Cor;€4 extg.

3.1. Examples of cohomological correspondence categories. Different choices for the co-
homology theory A* recover various known correspondence categories, as well as new ones. For
example, if A* = CH" is the theory of Chow groups, then the definition of Corf gives back
Voevodsky’s category Cory of finite correspondences. If the ground field k is perfect and of
characteristic not 2, then we can let A* be Chow—Witt theory, i.e., A* = CH . In this case we
obtain Calmes—Déglise—Fasel’s category Cory, of finite Milnor—Witt correspondences. On the other
hand, we can also define a good cohomology theory A* by letting A%(X,.Z) := H}(X, 1", .%7),
where I" is the Nisnevich sheaf of powers of the fundamental ideal. Then Cor‘,;1 is the category
WCory, of finite Witt-correspondences considered in [CF17, Remark 5.16]. Note that WCory, thus
defined differs from the category of Witt correspondences defined in [Drul6|; however, arguing
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similarly as in [BF18| one can show that the associated derived categories of motives are equivalent
after inverting the exponential characteristic of the ground field.

3.1.1. Algebras over MSL. More generally, we claim that any ring spectrum E € SH(k) that
is an algebra over MSL defines a cohomological correspondence category. Here MSL € SH(k)
denotes the ring spectrum constructed by Panin and Walter in [PW18].

In order to show this, let us first recollect a few notions from the formalism of six functors.
Let X € Smy, and suppose that i: Z C X is a closed subscheme. Let moreover p: X — Speck
be the structure map. We then have adjunctions p* : SH(k) = SH(X) : p, and ¢, : SH(Z) =
SH(X) :4". If ¢: £ — X is a vector bundle on X, let s: X — & denote the zero section. Recall
from [Hoyl7, §5.2] that this defines Thom transformations

¥€ 1= gus, : SH(X) = SH(X) : s'¢* = X7¢.
In fact, these functors are defined for any £ € K(X) [BH18, §16.2].

Definition 3.1.2 (|DF17b; Elm+20|). Let E € SH(k) be a spectrum and let X, Z be as above.
Let furthermore £ € K(Z). The {-twisted cohomology of X with support on Z and coefficients in
F is the space

Ez(X,€) = Mapgg ) (Lg, p-ir2%'p" E),
where 1, € SH(k) denotes the motivic sphere spectrum. The associated bigraded twisted
cohomology groups with support are then given as

EYI(X,€) = [Ly, SP9p, iy 284'p* El s -

Proposition 3.1.3. Suppose that E € SH(k) is an MSL-algebra. Let X € Smy, and suppose
that i: Z C X is a closed subscheme. For any line bundle £ on X, set

AL(X, L) = B (X,i* %)

Then A% (X,.Z) defines a good cohomology theory and hence a cohomological correspondence

category CorkE .

Proof. The proposition follows from the six operations on SH(k), as explained in [DF17b;
DJK18] or |[Elm+20]. Indeed, for the contravariant functoriality we refer to [DF17bl §2.2],
and for the definition of the cup product, see |[DF17b, §2.3.1]. The pushforward is given
by the Gysin map fi: Ez(X, f*¢ + Ly) — Epz)(Y,§), where Ly € K(X) is the cotangent
complex of f; see |[DJK18; [Elm+20]. In particular, for MSL we have the Thom isomorphism
YEMSL ~ $2rk&rkeyidet E—ONSL [BH1S, Example 16.29]. When € is a line bundle %, this gives
the pushforward f.: A%(X,w; ® f*%) — A}l(_zd) (Y,.%). For the base change and projection
formulas, see [DF17b, Proposition 2.2.5] and [DF17b, Remark 2.3.2]. O
3.2. Presheaves on Cory. Our basic object of study is the co-category PShy(Cory;Z) of
presheaves of abelian groups on Cor;4 that take finite coproducts to finite products. More generally
we may of course also consider, for any coefficient ring R, the co-category PShg(Cor,?; R) of
presheaves of R-modules. For notational simplicity we will however mostly work with R = Z.

Definition 3.2.1. The objects of PShy(Corj'; Z) will be referred to as presheaves with A-transfers.
A presheaf with A-transfers # € PShy (Corﬁ; Z) is homotopy invariant if for any X € Smy, the

map pr*: F#(X) = Z (X x A') induced by the projection pr: X x Al — X is an isomorphism.

3.2.2. The oco-category PShg(Corf; Z) inherits a symmetric monoidal structure from that on
Cor,’? via Day convolution. Moreover, the graph functor v4: Smy — Cor,? defines a “forgetful”
functor 42 : PShy(Cory'; Z) — PShx(Smy) given by 7A(.7) :=.% o v4. Similarly as in [DF17a,
§1.2], we deduce that the functor v admits a left adjoint 7% which is symmetric monoidal.
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3.2.3. Sheaves on Cor,?. For any Grothendieck topology 7, we define the co-category Sth(Cor’,?; Z)
consisting of those presheaves .# € PShy(Cory'; Z) such that 42 (%) is a 7-sheaf on Smy. The
adjunction (v%,72) above then defines an adjunction

A4 Shv,(Smy,) = Shv, (Cory; Z) : 424,

and the symmetric monoidal structure on PSh(Corf;Z) restricts to a symmetric monoidal
structure on Shv, (Cory'; Z).

3.2.4. In this text, we will almost exclusively work with the case when 7 = Nis is the Nisnevich
topology. We show below (see Theorem that the full inclusion i: Shvyis(Corp; Z) —
PShy(Corj'; Z) admits a left adjoint axis: PShy(Corj; Z) — Shvnis(Cor; Z). In particular, the
Nisnevich sheafification of a presheaf on Cor? comes equipped with A-transfers in a canonical
way. Hence we can make the following definition:

Definition 3.2.5. Let X € Smy, be a smooth k-scheme. Following the notation of [CF17], we let
ca(X) € PShy(Corj'; Z) denote the representable presheaf on Cory given by U +— Corj (U, X).
Moreover, we let

ZA(X) = anis(ca(X)) € Shvnis(Corp; Z)

denote the Nisnevich sheaf associated to the presheaf c4(X).

3.3. Correspondences of pairs. In the excision theorems of Sections [6] and [§| we are always in
the setting of a pair of schemes j: U C X, and we are led to consider the associated quotient
coker(j*: #(X) — Z(U)) for a given presheaf with A-transfers. In particular, if U = X and
j is the identity, then the associated quotient is zero. The notion of a correspondence of pairs
provides a natural setting to study these objects.

Definition 3.3.1. Let Corg’pair denote the category whose objects are those of SmOpg and
whose morphisms are defined as follows. For (X,U), (Y,V) € SmOpg, with open immersions
jx: U — X and jy: V — Y, consider the complex

Cora(X,V) Lo, Cora(X,Y) @ Corg (U, V) LN Cora(U,Y)

in which dy := ((jy)«,j%) and di := j% — (jy)«. We define the group Cor?’pair((X, U),(Y,V))
of finite relative A-correspondences of pairs as the homology of this complex, i.e.,

Corg,Pair((X’ U)7 (K V)) := ker dl/ im do.

In particular, if U = X, then Corg®((X,X),(Y,V)) = 0. We denote the elements of

Corg™((X,U), (Y,V)) by (a,8), where a € Cora(X,Y) and 8 € Cora(U,V). If § is im-

plicitly understood, we may write simply « instead of (o, 3). The composition in Cor’g’pai]r is

defined by (e, B8) o (7,6) := (o, S0 9). ,
Finally, we define the homotopy category @‘;"p‘“ of Corg

PAr a5 follows. The objects of

,pair

——A,pair A . .
Corg are the same as those of Coryg , and the morphisms are given by

——A,pair air
Corg ™™ (X, U), (Y, V)) := Cora P (X, U), (Y, V))/ ~a1
— coker (Cor?’pair(A}g xs (X, U), (Y, V) 275, cordPair((x, U), (Y, V))) .

Here Ak x5 (X, U) is shorthand for (A} xg X, AL x5 U). If (o, 8) € Cora™"((X,U), (Y, V)) is

a finite relative A-correspondence of pairs, we write [(a, 8)], or simply [«], for the image of (a, )
——A,pair

in Corg”  ((X,U),(Y,V)).
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3.4. Correspondences between essentially smooth schemes. We will frequently encounter
local-, and henselian local schemes, and we need to consider correspondences also between such
objects. The definitions and results below take care of this. We remind the reader that the
definition of an étale neighborhood can be found in Definition [A20.6]in the appendix.

Definition 3.4.1. Let X = lim X, € EssSmg be an essentially smooth S-scheme. Consider a
closed subscheme T = @Ta of X, where T, is a closed subscheme of X, for each a. Define

A%(U Xg X, UJX) = th%a (U Xg Xa,wxa).

Furthermore, for any U = @a U, € EssSmg, and for any X € Smg, we define

Corg(U, X) :== ligCorg‘(Ua,X).

Finally, for any X € Smg, any point x € X, and any U € EssSmg, we put

Corg (U, X3) := lim Corg (U, X').

Here the limit ranges over all étale neighborhoods v: (X', z) — (X, z) of z in X.

Lemma 3.4.2. For any X € Smg of relative dimension d over S, and for any henselian local
scheme U € EssSmg, we have

A‘Yi«(U Xs X,wX) = @A%I(U Xs Xx,wX) = @ A%;L(U Xg XQ}Z,(,UXJEL)
reX zeX

for any T € Ag(U xg X/U). Here x ranges over the set of all (not necessarily closed) points of
X, andTm Z:TXXXM' Th Z:TXXX;L.

x

Proof. Since U is henselian local and T € Ay(U xg X/U) is finite over U, it follows that T is

a semi-local henselian scheme. In fact, T = [ T!, where z ranges over the set of closed
z€T(0)
points in 7. Hence T = [[ T, and T = ][] T?, where x ranges over the set of all points
zeX rzeX
of X. In particular we have T, = T". We note that T! is semi-local henselian, but not

necessarily local. By Zariski excision, we obtain A% (U xg X,wx) = @, x AT (U x5 X,wx),
and A} (U xs X' wx) = A% (U x5 X,wx) for any open X’ C X containing . This implies the
first claim.

For the second equality, note that since the scheme T is semi-local henselian for any z € X, it
follows that T is isomorphic to its preimage under any étale neighborhood v: (X', z) — (X, ).
Hence it follows from étale excision that Ag}" (UxsgX,wx) = A%;L (Uxs X', wx), and consequently

A%;L (UxgX,wx)= A%;L (U xg X;L(,CUX;). So the second equality follows. O

Lemma 3.4.3. Let X € Smg be as in Lemma|3.4.2 Then, for any point x € X and for any
henselian local scheme U € EssSmg we have

Corg (U, X,) = lim AL (U x5 Xp,wx,),
TE.A()(UXle./U),(EEX
Cora (U, Xh) = lim AL(U x5 X[ wyn).

TGAo(UXng/U)@GX
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Proof. The first claim follows from the first equality of Lemma [3.4.2] by the following computation:
Corg(U, X;) = lim lim ALU x5 X' wx)
v TeAg(UxsX'/U)
= lim li @ Ad (U xg X wx,)
v TeAo(UxsX'/U) x'eX’ :
=lim (P lim AL(U x5 X1, wxr )
v arex’ TEA(UXSX', /U) ’
= lim lin ANU xs X, wx:) = AL (U x5 X, wx,).
v T€AY(UxsXL,/U)
Here v: (X', z) — (X, x) ranges over the set of Zariski neighborhoods of = in X. The second

equality of the claim follows in a similar manner from the second equality of Lemma [3.4.2] with
X, replaced by X!, and with v ranging over the set of étale neighborhoods of x in X. O

3.5. Constructing correspondences from functions and trivializations. From now on we
will assume that the base scheme S is the spectrum of a field k. Later on we will also have to put
more restrictions on k (e.g., infinite or perfect); the appropriate assumptions will be stated in the
beginning of each section where they are needed.

3.5.1.  We will now describe how to construct a finite A-correspondence from the data of a regular
function on a relative curve together with a trivialization of the relative canonical class. This
construction can be thought of as an analogous statement to the defining axiom of a pretheory in
the sense of Voevodsky [Voe00a], and will be used throughout.

Construction 3.5.2. Suppose that there is a diagram

c L a
pl X (3.5.3)
U X

in Smy, satisfying the following properties:

(1) p: C = U is a smooth relative curve, and g: C — X is any morphism.
(2) Z(f)=Z U Z', with Z finite over U.

(3) There is an isomorphism p: O¢ = we JU-
We can then define finite A-correspondences
divii(f)y € Corgy(U,C);  div*(f)}y € Cory (U,C);
diviy (f)? € Corpy(U, X);  div*(f)? € Corg (U, X)
as follows:
Let 'y denote the graph of the morphism f, with embedding is: I'y < C x A'. Consider the
pushforward homomorphism (if).: A%(Ty, Or; Quwi;) — Alqu (Cx A, Ocyp1), and let dT: Op1 =2

wa: be the trivialization defined by the coordinate function 7' on A'. Using the trivializations —dT'
and p we then obtain a homomorphism i, : A°('y,Orp,) — A%f(C x A weyar juxar). Consider

the image i.(1) € A%f(C X Al,WCXAl/UXAl) of 1 € A%(T'y, Or,) under the map i,.

Next we may pull back along the zero section, 7 Allf (C x Al wewpr juxar) = Alz(f)(C, weyu)-
Since Z(f) = ZI1 Z' we have Ay (C,we/v) = Ay (C,weyu) ® Ay (C,weyv) by Remark
We define the finite relative A-correspondence

divi(f)} € Corg(U,C)
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as the image of i,(1) € A%f (C x A',we a1 /p) under the composite homomorphism

A%f (C x Al,wc/U) Lo, Alz(f)(C,wc/U) — A1Z(C,wc/U) — Corﬁ(U,C).

Here the second map is the projection to the first coordinate, and the last map is the canonical
homomorphism to the colimit. By composing with the morphism g we obtain the finite relative
A-correspondence
divy(f)5? = g o diviy(f)Y € Corgr (U, X).
We readily obtain a nonrelative A-correspondence by applying the functor resy. More precisely,
we define
divA(f)%9 := g o resy (divir(f)) € Cori (U, X).

If it is clear from the context, we might drop the trivialization p or the map g from the notation.
Moreover, if Z = Z(f) and Z is finite over U, we may also abbreviate diVA(f)Z(f) to divA(f).

We think of diVA( f)'; as a divisor supported on Z whose multiplicity at each component of Z is
given by an A-cohomology class.

Lemma 3.5.4. LetC, Z, p, f and g be as in C’onstruction, Then diVA()\f)g”’g = div*(f),?
for any X € T(U, Op).

Proof. For any smooth U-scheme X, any closed subscheme Z C X, and any line bundle .Z on X,
define the automorphism Ax: A% (X,.Z) — A% (X, .Z) as the map induced by the automorphism
£ — £ given by multiplication by A.

Consider the homomorphisms

in: A%y, Or,) = Ap, (€ x Al wexarv),
M AY(Typ, Ory,) = Af,, (C X AL wesar )
in the constructions of div?(f)%9 and div*(Af)}*9. Let moreover i2* denote the homomorphism
i*: A%(Ty,Or,) = At (C x A weypijv)
given by the trivialization dT" ® Au. Define automorphisms
H*: A' xC = A xC, (T,z) (\T,z),
H A'xC—= A xC, (T,z)— (AT, 2).
Then H* '(Txs) =T, and H> ' (dT) = A~*dT. Hence
HY oM = (Agum) ™o il =i,
and the claim follows. O

Lemma 3.5.5. Let C, Z, p and f be as in (3.5.3)) and suppose that Z = Z1 U Zs with both Z,
and Zy finite over U. Then div?*(f)%? = div” (N7 + diVA(f)%;g.

Proof. The claim follows from the definition and Remark O

Definition 3.5.6. Let C, U, u, Z, X, p, f and g be as above and suppose that U’ C U
and X’ C X are open subschemes such that Z xy U’ C g~ (X’). Write f’ : and

g = g| Cxp U This data defines a correspondence of pairs

= f’CxUU’

(v ()52, divA ()52, 1) € Corf ™ (U, 1), (X, X")).

Suppose furthermore that 7: (C', Z’) — (C, Z) is an étale neighborhood (see Definition [A.0.6))
satisfying Z' xy U’ C v~ 1(X’), where v := gow. Then this data defines a finite A-correspondence
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of pairs div*(f)%" e CorfP*™((U,U"), (X, X")), where f = 7*(f) and fi := n*(p). If the
morphism 7 is implicitly understood from the context, we may sometimes abuse notation and
write simply div®(f)/%? for this A-correspondence.

Lemma 3.5.7. LetC, U, u, Z, X, p, f and g be as above and suppose that U.’ CUand X' C X
are open subschemes. If Z N g~ " (X \ X') = @, then div*(f)%? = 0 € Corf P*"((U,U"), (X, X")).

Proof. The correspondence div?(f)%¢ € Cor (U, X') defines the diagonal in the diagram

X — X

[N

U ——U.

Moreover, the vertical arrows in the above diagram define the correspondence of pairs diVA( Ny e
Cor{™P¥r (U, U"), (X, X")); it follows that div?(f)% factors through (X', X’) and is therefore
Z€ro. (]

Definition 3.5.8. Let U € Smj and suppose that A is an invertible regular function on U. We
can then consider the morphism (id, \): (U x U,wy) = (U x U,wy) in SmOpy. We denote by

(A) € Corg (U, U)

the image of idy € Corg (U, U) under the corresponding pushforward map (id, A),. In particular,
if A\ = —1, we will write ¢ for the finite A-correspondence € := —(—1) € Corj (U, U).

Example 3.5.9. Suppose that A* = E‘ﬁ*, so that Cor‘,;1 is the category of finite Milnor—Witt
correspondences. Then (\) € Corg (U, U) is the Milnor-Witt correspondence (\)-idy € évork(U, U)
given by multiplication with the quadratic form (\) € KY™W(U). In particular, the finite A-
correspondence € coincides with the usual € defined in Milnor-Witt K-theory.

Lemma 3.5.10. Let U, C, p, f and g be as in (3.5.3)). Suppose also that p induces an isomorphism
Z(f) 2 U, so that Z(f) defines a section s: U — C of p. Then the following hold:

(a) There is an invertible reqular function A on U such that divA(f)’g(gf) =goso(\) in
Corp (U, X).

(b) If moreover pu|z(y) = df , where df denotes the trivialization of the normal bundle Nz )¢
defined by f, then diVA(f)%’(gf) =gos.

Proof. (a) Let j: Z(f) = Ty, jr: Z(f) = C and iy: 'y — C x Al denote the closed embeddings.
Consider the following diagram consisting of two squares of varieties equipped with compatible
sets of line bundles (in which we have also included the relevant line bundles in the notation):

(Z(F), Ozp) "5 (Z(F),wzipy ) — 2 (Cowepw)

! b

id,
(Ffvorf) % (Ff7wrf/U) L (C X AlawCXAl/U)'

The first square is evidently transversal (and strongly transversal). To prove that the second one
is (strongly) transversal, it is enough to note that the homomorphism k[C][T] = k[C x Al] — k[C]
given by T — 0 takes the function f — 7T to f and induces an isomorphism

Nrjexar @ K[C x 0] = (f = T)/(f = T)* @ K[CI[T)/(T) = (£)/(£)* = Naz(s)jc-



COHOMOLOGICAL CORRESPONDENCE CATEGORIES 15

Hence the base change axiom gives us the following commutative diagram:

(i5)
A°(Ty,Or,) —r ATy, wr, u) — A%f(c x At wesarju)

i - i

K (Jr)«
AYZ(), Oz(p)) =5 AZ(f),wapyw @ wj) —25 A% p(Coweyu ® wig)

(jfv’/)* J/_dT
AlZ(f) (CawC/U)'

Here j* and if are defined via the canonical isomorphisms j*(wrf/U) = wzfyv @ wj and
iy (wWexat /u) = weyu @ wy, induced by the short exact sequences of vector bundles
0— Tz(f) — j*(TI‘f) — NZ(f)/I‘f —0

and

0 — Texo — ig(Texar) — Nexosexar — 0.
Moreover, the homomorphism iz (s is given as the composition of y|z() and the isomorphism
Jrwr, v & wz(y)/v @ wj; the homomorphism (4f)« is defined via the isomorphism J¥ (wip) = wj
induced by the canonical isomorphism I'y = C; and the diagonal homomorphism (jr,v). is
induced by some trivialization v: Ogzr) = wz(s)/u-

It follows from the construction that divA(f)’g(f) = —dT(ig(i¢)«p(1)). Since the diagram is
commutative we thus obtain diVA(f)%(f) = (jg,v)«j*(1) = so(\), where X is given as the fraction
of v and the canonical isomorphism wy s,y = Oy induced by the isomorphism p: Z(f) SU.

(b) A straightforward computation with isomorphisms of line bundles shows that (j). is
given as the product of the canonical isomorphism Oz(y) = wy(y),u with the invertible function
M|Z(f) ®df !, where df : Oz(f) = wz(f) v denotes the trivialization induced by the choice of the
generator — f of the ideal (f) = I(Z(f)). So A =1, and the claim follows. O

3.6. Some homotopies. We now give a computation with A-correspondences that will come in
handy later on, especially in the proof of Lemma |8.0.5

Lemma 3.6.1. Suppose that the base field k is infinite. Let U be an essentially smooth local
scheme over k and let X € T(U,Of;). Suppose that X = w? for some invertible section w on U.

Then (\) ~a1 idy € Cory (U, U). Similarly (\) ~p1 idv) € CorP¥* (U, V), (U, V) for any
open subscheme V C U.

Proof. Assume first that V = @ and A\(z) # 1, where z € U is the closed point. Let o := (A—1)71,
and define the regular function
t 14
hi=1—v)a(t -\ (t—1)+valt —w)? € T(G,, xUx A',0).
Keeping the notation of (3.5.3)) in mind, consider the following diagram:

Gm x U x Al — 5 Al

| KU

U x Al

Here the morphisms p and pr are the projections. We aim to apply Construction to this
diagram. To this end, notice that h is a polynomial in ¢ with leading term «, which is invertible
on U. Moreover, the substitution ¢ — 0 takes h to (1 —v)aA+vaw? = a), which is invertible too.
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Hence Z(h) C G,, x U x Al is finite over U x A!. Using the trivialization tdt of the canonical
class of G,,, we get from Construction a finite relative A-correspondence

0 := diviH(h)!PT € Corpr (U x AL, U).
Let ig,i1: U — U x Al denote the zero-, and unit sections. We then have
0 o ig = divir(a(t — \)(t — 1))1Pr

= divi (A= 1) (E = A)(E = D)LY + divib(—(1 = )7L = A (e — 1)

= (A) +(—1).
On the other hand,

0 o0 iy = divir(a(t — w)?)t¥ P = divit(aw ™ (t — w)?)PT,
where the second equality follows from Lemma Thus we see that
(A + (=1) ~a1 divir (ew ™ (t — w)?)®P" e CorfH(U, U).

We now construct yet another homotopy similar to the one in the proof of [GP18b, Lemma 13.15],
which is in turn inspired by |[Nes18, Lemma 7.3]. Put o/ := aw~!. Consider the regular function

t v

Wo=(1-v)dt—w?+vd(t—a Dtel(A xUx A',0),
along with the diagram
Al x U x Al -5 Al
| S
U x Al U
in which p’ and pr’ are the projections. As i’ is a polynomial in ¢ with leading term o', which is
invertible on U, it follows that Z(h') C Al x U x Al is finite over U x A'. Using the trivialization
dt of the canonical class of A', we then get from Construction a finite A-correspondence
0’ := divi (h)¥P" € Corft (U x A, U).
By definition of &/, the A-correspondence O’ satisfies
0’ oy = divi (o (t — w)?) 4P,
© oy = div(a/(t — o' "))
. —1\,\dt,pr’ . —1\,\dt,pr’

= divi(o/(t — o )t)Zt(ffa,,l) +divir (' (t — o )t)Zt(g

= 1)+ {=1).
Thus we see that

divi (o (t — w)?) 4P ~ s (1) + (—=1) € Cort(U, U).
Now, since divir (o (t — w)2)%Pr" = divit (o (t — w)2)HPT | we get

(A) + (1) ~ar (1) + (1) € Corg; (U, U).

Thus the claim follows from the fact that (1) = idy.

We have now proved the claim in the case A(z) # 1. In the general case when \ € T'(U, O5),
consider a function u € (U, Of) such that u(z) # w(z) ™! and u(z) # 1. Such a function exists,
since the base field is infinite by assumption. Then we have by the above that (Au?) ~4: idy and
(u?) ~41 idy in Corpr(U, U). Thus, since (Au?) = (\) o (u?), the claim follows.

So the claim of the lemma is done for V' = &. The case of a pair (U, V) with V # & follows,
since all the constructed homotopies are relative homotopies over U, i.e., they are elements of
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Corfh(U x A',U). Consequently all the homotopies defined are elements in Cory**"((U, V) x
Al (U,V)) as well. O

4. CONNECTION TO FRAMED CORRESPONDENCES

Using similar techniques as in Construction we can define a functor Y: Fr, (k) — Corj\
from the category of framed correspondences [GP18a) to the category Cori. See also [Elm+20)]
for an alternative approach using Thom classes |[Elm+20, Lemma 4.3.24].

Construction 4.0.1. Let ® = (Z,V, ¢;g) € Fr,(X,Y) be an explicit framed correspondence.
Thus Z is a closed subset in A" x X = A% (V,Z) — (A%, Z) is an étale neighborhood of Z in
A%; ¢ = (¢i), where the ¢;’s are regular functions on V such that Z = Z(¢); and g is a morphism
g:V — Y. For any unit A\ € kX we define a finite A-correspondence T (®) € Corj (X,Y) in the
following way.

Let dt: wy1 = Op1 denote the standard trivialization of the canonical class, and consider
further two trivializations gy, pto: wan = Oan given by py = (dt) ™ and pg = A\"uq. Let T denote
the graph I' € A% xx V = A" x V of the relative morphism ¥V — A% over X. Then there is a
canonical projection I' = A%. Denote by ix: X — A% and 4y: V — A" x V the embeddings
given by the zero sections. Let furthermore ¢': V — X X Y denote the product of g and the
projection to X. The following diagram summarizes the situation:

Y

dl
A" XV Y —— A% (4.0.2)

Lo

A" x X 2 X
We then define Ty (®) := ¢, (i3,(I'«(1))), where we use the trivialization p; of the canonical class
wpn, and the trivialization of wy,x defined by the pullback of uz along the étale morphism

YV = A" x X.

In other words, the finite A-correspondence Y »(®) is obtained as the image of i},(I',(1)) €
A% (V,wy,x) under the composition

ALV, wy x) — Corg (X, V) =5 Corp (X, V) 25 Corjt (X,Y)
in which the last map is given by composition with g.

Theorem 4.0.3. For each unit A € k*, Construction defines a functor Ty: Fr.(k) —
Cor{} that carries the framed correspondence o = (0,A',t,pr: Al — pt) € Fri(pt,pt) to (\) €
Corﬁ(pt, pt). Moreover, T factors through the category ZF (k) of linear framed correspondences.

Proof. Construction gives rise to a map T depending on the fraction A € kX of the two
trivializations of the canonical classes. To show that T is in fact a functor, we need to check the
following:

(1) Equivalent explicit framed correspondences give rise to the same finite A-correspondence.

(2) Let idx € Fro(X,X) be the identity morphism in the graded category Fr.(k). Then
T (idy) is equal to the identity morphism in the category Cory.

(3) For any ®; € Fr,, (X1, X5) and @5 € Fr,, (X2, X3), we have T (Pg 0 &) = Ty (P2) o
TaA(Dq).

(4) For any ® = (Z,V,¢;g) € Fr,(X1,X2) such that Z = Z; I Z,, we have T)(®) =
Ta(Z1,V,¢59) + Ta(Z2,V, 5 9).
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All points are straightforward from the properties of the cohomology theory A*. O

Remark 4.0.4. Note that Theorem on strict homotopy invariance of presheaves on Cor?
follows from the existence of a functor from framed correspondences to Corj along with the fact
that this theorem holds for framed correspondences by work of Garkusha-Panin [GP18b|. Below
we will however give an explicit proof not relying on framed correspondences.

5. INJECTIVITY ON THE RELATIVE AFFINE LINE

In this section we prove the following theorem, which is the first in a series of ingredients
necessary to establish strict homotopy invariance (Theorem [10.2.1)):

Theorem 5.0.1. Let U be an affine smooth k-scheme, and suppose that Vi3 C Vo C Ab are two
open subschemes such that A}J \ Vo and Vo \ Vi are finite over U. Let i: Vi C V, denote the
inclusion. Then, for any homotopy invariant presheaf with A-transfers % € PShE(Cor?; Z), the
restriction homomorphism i*: F (Vo) — % (V1) is injective.

5.0.2. We deduce Theorem from the following result, which ensures the existence of a left
inverse to ¢*:

Lemma 5.0.3. Suppose that Vi C Vo C A}, are open subschemes as in Theorem|[5.0.1 Then
there is a finite A-correspondence ® € Corj (Va, V1) such that [i o ®] = [idy,] € @ (Va, Va).
Proof. To prove the claim we must construct a finite A-correspondence ® € Corﬁ(Vg, V1) along

with a homotopy © € Cor’,?(Al x Vi, Vi) satisfying © o ig =i 0 ® and O o4y = idy,. To do this,
we will make use of the following functions:

Y (z,u) Y (z,u) A Y (z,u)
fEKA x V5] h€k[A x Vo x Al] g€ kA x Vy ]
f=y"+ay" '+ dan h=y"+by" by g=y" ey P4 e
h|A1xV2x0:f h|A1><V2><1:(y_x)g B
f|(A \V1)xuVa =1 h|(A \Va)xu Va =1 Il(a\Va) xu Va =(y—=)

9 (V2\V1) x UV2
Izy-2) =

The functions f and g can be constructed for any n big enough by using the Chinese remainder

theorem Having f and g we then put h:= (1 — A)f + Ay — 2)g. We now aim to apply
Construction to the regular functions f and h. Keeping the notations as in (3.5.3)), consider
the following diagrams:

T y—1x Yy
Vi xp Vo — Al Vo xp Vo U208 a Vs xu Vo xAl —hy Al
lﬂ l\ l\
V17 V2><A1

Here pri?, pr3? and pr, are projections. Since f, (y — z)g and h are monic polynomials in the
variable y, it follows that Z(f), Z((y — z)g) and Z(h) are finite over Va and Al x V5, respectively.
Hence Construction yields finite A-correspondences

@ = div (NYR € Corf (va, 1),

0’ = div*(h) 7 € Corjt (Al x V3, Vh).
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The properties of f and h above imply that
0 oig=1iod,
. . dy, r22 . dy, r2?
O oi = dlvA((y — a:)g)Zy(;_";) + dlvA((y — x)g)Z?’E;) 2,

Now, according to Lemma [3.5.10] the first summand in the last equality is equal to (v) €
Cori}(Va, Vi) for some invertible function v. Therefore, if we let ® := &+ — &~ where
— — . dy,pr2?2 —
dt = o (v, B :=divi((y — x)g)Zy(;s > o (v7h),
it follows that
. . dy,pr2? — . ——A
lidys] = div ((y — 2)9) 2% 0 (1) = [i 0 @] € Corp (Va, Va),

as desired. 0

5.0.4. We will need the following two particular cases of Theorem [5.0.1}

Corollary 5.0.5. Suppose that .F is a homotopy invariant presheaf with A-transfers over a
field k. Then, for any pair of open subschemes V3 C Vy C A,lv, the restriction homomorphism
F (Vo) = F(V1) is injective.

Corollary 5.0.6. Suppose that % is a homotopy invariant presheaf with A-transfers over a field
k, and let U be an open subscheme of G,, X G, such that the complement (G,, X G,) \ U is
finite over the first copy of G,,. Then the restriction homomorphism F (G, x G,,) — F(U) is
njective.

6. EXCISION ON THE RELATIVE AFFINE LINE

The aim of this section is the prove the following excision result for open subsets of a relative
affine line:

Theorem 6.0.1. Suppose that U € Smy, is an affine scheme, and let Vi C Vo C Al be a pair of
open subschemes such that Oy € V1. Let i: Vi C Vo denote the inclusion. Then, for any homotopy
invariant presheaf with A-transfers F € PShg(Cor,?; 7Z), the restriction homomorphism i* induces
an isomorphism

o

it F(V2\0p)/F (V2) = F(Vi\Ou)/F(V1).

Remark 6.0.2. By Theorem the restriction maps % (V;) — % (V;\0) are injective for i = 1,2,
which justifies the notation .7 (V; \ 0y) /% (V;).

6.0.3. To prove the above theorem, we will show that ¢* is injective and surjective, which amounts
to constructing appropriate correspondences of pairs up to homotopy. Let us first show that ¢* is
injective:

Lemma 6.0.4. Suppose that i: V C A%] is an open subscheme with Oy € V. Then there is a
finite A-correspondence of pairs ® € Cora ™ (AL, AL\ 0p), (V,V \ 0y)) such that [i o ®] =

. ——A,pair
lid(ay, a3 00)] € Corg ™ (AL, AL \ 0p), (A, Ay \ 0p)).
Proof. We need to construct a finite A-correspondence of pairs ® € Cor?’pair((Ab, AL\Op), (V,V'\

0y )) along with a homotopy © € Corf’pair(A1 x (AL, AL\Ov), (A}, AL \Oy)) such that ©oig = io®
and © oiy = id(Ab,Ab\Ou)' To do this, we will make use of the following sections:
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[t(): too] [t()i too] [t(): too]
sel| P! =, 0(n) ser| P! « x,0(n) ser| P! «,O0(n—1)
UxAl UxAlxAl UxAl

g’]P’lexAlxo =S §|P1><U><A1><1 = (to xtoo)s’
8}((P1><U)\V)><A1 =t §|oo><U><A1><A1 =ty 8/|oo><U><A1 = tg_l
Soxrar = the (to = Ttoc) 8l rnrsn = th (o = Ttoo) 8o =R
s’ Z(to—ateo)xU tho !

Since U is affine, it follows that O(1) is ample on P! x U x A! and P! x U x A! x Al. Hence,
for n big enough, Serre’s theorem ensures the existence of the sections s and s’ as above.
Having s and s, we then put §:= (1 — \)s + A(tp — 2te0)s’

It follows by Lemma that Z(s) and Z(3) are finite over U x Al and U x Al x A!
respectively. Let y := tg/ts be the coordinate on the affine line A’ C P!, and consider the
trivialization dy of the canonical class of A'. Let moreover p: A' xV — A}, denote the composition
of the projection onto V followed by the inclusion V' C A}, and let p': A’ x Al x U x Al — A}, x Al
be the projection onto the last two coordinates. Applying Construction [3.5.2] to the diagrams

YAl S/t a1 1 U S
V x At —= A At xUx A" x A* —= A
P \ p’l pry
T - T A T
Al v, Al x Al A},

we thus obtain finite A-correspondences
@' 1= div? (s /t5,) P € Corit ™ (Ag, Ab \ 00), (V,V\ 00),
©' = div*(5/t, )P € Cory ™ (A x (Ag, Al \ Ov), (Al AL\ 0p)).
It then follows from the properties of s and § above that
O oig=iod,
0’ 0iy = div*((y — 2)9) z(y—x) + div* ((y = 2)9) (),

where g 1= s'/t25! € k[A! x A' x U]. By Lemma[3.5.10] the first summand in the last equality is
equal to (v) for some v € k[A};]*. The second summand, divA((yf:z:)g)Z(g), is zero by Lemmam
since Z(g) N (0 x A! x U) = @. Now we define ® := ® o (v1) and © := 6’ o ({v71) x idp:
Then ©” 04y =ids1 a1\0,), and the claim follows.

!

O

6.0.5. The next step is to show surjectivity of i*:

Lemma 6.0.6. Suppose thati: V C A%] 1s an open subscheme with Oy € V. Then there is a
finite A-correspondence of pairs U € Cor?’palr((A}],Ab \ Ov), (V,V \ Ou)) such that [¥ oi] =
. ——A,pair

[id(v,v\om] € Cory ™ ((V.V\ 00), (V. V\ 0p)).

Proof. To prove the claim we need to construct a finite A-correspondence of pairs ¥ € Cor‘;’pair((AlU, AL\

0u), (V, V'\ 0pr)) along with a homotopy © € Cori ™ (Al x (V,V \ 0p), (V,V \ Opr)) such that
©oip=Voiand O oi; =idwy,1\0,)- We do this via the following sections:
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[to: too] [to: teo] [to: too]
seT| P! .,0(m)] ser|l P , ,,0mn)| ser'l P! .,0n-1)
UxAl \%4

vV xAl
g’]P’IXVXO =S §|]P’1><V><1 = (to_mtoo)s/
S|D><A1 :tg 5|D><V><A1 7t6l g/DxAl :tg(toi‘rtoo)il
J— o — 4N
8’0><U><A1 =to — ¥l 8’O><V><A1 to — Ttoo SI}OXV - tOO

__4n—1
S 2 (tg—wto) = Uoo

Here D := (P! x U) \ V denotes the reduced closed complement, g := s'/t"1 € k[A! x V], and
Z(ty — wtss) € P x V denotes vanishing locus of the section

to — e € T(P* x V,0(1)),

with [tg: too] being coordinates on P!, and z the one on V. Since U is affine, it follows that
O(1) is ample on P! x Al x U and P! x A! x U x A'. Hence Serre’s theorem [A.0.3] ensures the
existence of the sections s and s’ as above, provided n is big enough. Having s and s’, we then
put §:=(1—X)s+ A(to — wteo)s’.

Next, it follows by Lemma that Z(s) and Z(3) are finite over U x Al and V x Al
respectively. Let y := tq/ts be the coordinate on the affine line A* C P!, and let us use the
trivialization dy of the canonical class of Al. Consider the diagrams

x n - A 3/t
A AN Voxy V ox Al Lty pl
N S

T y T )\
AL v, V x Al V.

Here the map pr: A' x V. — V is the projection, while the map pr': A! x V x Al — A},
is the composition of the projection onto V followed by the inclusion V' C A};. Applying
Construction to these diagrams we get finite A-correspondences of pairs

W= div (s/th,) WP € Cor P (A, Ay \ 0p), (V,V\ 0p)),
0’ = div? (3/t2 )P € Cory P (A" x (V, V' \ 0p), (V, V' \ 0)),
The properties of s and s’ above imply that
O oip =T oi,
© oy = div* ((y — 2)9) 2(y—z) + div* ((y — 2)9) 2(9)-

By Lemma the first summand in the last equality is equal to (v) € Cor?’pair((V, v\
0v), (V,V '\ Op)) for some v € k[V]*. The second summand is zero by Lemma since
Z(g) N (0 x V) = @. Hence the A-correspondences ¥ := (v=1) o ¥’ and © := (v~1) 0 ©' have the
desired properties. O

Proof of Theorem[6.0.1 Lemma [6.0.4] and Lemma [6.0.6] immediately imply the claim for the case
of Vo = A};. In general, it follows that we have natural isomorphisms

F (V2 \ 0u)/F (Vo) 2= F (A \ 00) [/ F (Ay) = F(Vi\ 00)/F (V1),

which shows the claim. O
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6.0.7. Arguing similarly as in the proof of Theorem |6.0.1] we obtain also an excision result for a
nonrelative affine line:

Theorem 6.0.8. Consider the function field K := k(U) of some integral scheme U € Smy. Let
z be a closed point in AL, and let i: V4 C Va be an inclusion of two open subschemes of AL, such
that z € V1. Then, for any homotopy invariant presheaf with A-transfers # € PShy, (Cor,‘;‘; 7),
the restriction homomorphism i* induces an isomorphism

i': F(V2\ )/ F (Vo) = F(Vi\ 2)/F(Va).
Proof. The proof is parallel to the proof of Theorem All we need to do is to replace the
line bundle O(1) by O(d), where d := degy k(z); the section to € T'(PL, ,O(1)) by a section

AL >
v e D(PL, ,O(d)) such that Z(v) = z x Af; and the section ¢ by td. O
K

7. INJECTIVITY FOR SEMILOCAL SCHEMES
In this section we will assume that the base field k is infinite.

Theorem 7.0.1. Let X be a smooth k-scheme and let x1,...,x, € X be finitely many closed
points. Let U := Spec Ox 4,....», and write j: U — X for the canonical inclusion. Let Z — X
be a closed subscheme with x1,...,x, € Z, and let i: U\ Z — U be the immersion of the open
complement to the semilocalization of Z at the points x1,...,x.. Then, for any homotopy invariant
presheaf with A-transfers F € PShyx(Corj;Z), the homomorphism i*: F(U) — F(U\ Z) is
mjective.

7.0.2.  Theorem [7.0.1]is an immediate consequence of the following moving lemma:

Lemma 7.0.3. Assume the hypotheses of Theorem|7.0.1. Then there exists a finite A-correspondence
® € Corp (U, X \ Z) such that the diagram

commutes up to homotopy.

7.0.4. We prove Lemma [7.0.3] by constructing an appropriate relative curve C over U along with
a good compactification C of C. The desired finite A-correspondence will then be defined by using
certain sections on C.

Lemma 7.0.5. Assume the hypotheses of Theorem[7.0.1 Then there exists a diagram
x&ehetu
in EssSmy, satisfying the following properties:

(1) p: C — U is a relative projective curve, j: C — C is an open immersion, and the
composition p o j s smooth.

(2) The map poj admits a section A: U — C. By abuse of notation, we write A also for the
image of the morphism A.

(3) Let Z:=v"YZ) CC. Then Z is finite over U.

(4) D :=C\C is finite over U.

(5) The relative curve C has an ample line bundle Og(1).

(6) There is a trivialization p: Oc =N we U

Proof. We apply Lemma [A.0.7] with 7 =id: X — X. O
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Proof of Lemma[7.0.3. First of all we apply Lemma[7.0.5 Then it follows from Serre’s theorem
that there is an integer [ > 0 and a section d € I'(C, O(l)) such that D C Z(d), Z(d)NZ = &

and Z(d) is finite over U. For notational simplicity, let us redenote O(I) by O(1), and redenote
D := Z(d). Now our aim is to construct the following sections:

seT(C,0n)) FeT(Cx Al O(n)) s €T(C,0n)®.L(A)Y) §eT(C, L)

Z(s|zup) =@ 3lgyg =5 Z(s'|zupmia) = @ Z(6)=A
g|C><1 =s ® 0
§|D><A1 =S

To do this, let § be a section of Z(A) with Z(d) = A, and choose, using Lemma [A.0.3] an integer
n > 0 such that the restriction maps

I'(C,0n)®L(A)™) = T(ZIIDIA,O(n)® ZL(A)™1),
(€, O(n)) — (211 D,O(n))
are surjective. We can then find a global section s’ of O(n) ® Z(A)~! such that s'|zipra is

invertible. Let s be a lift of s’6|zup € T'(Z LI D,O(n)), and define 5:= (1 — A)s + As' ® §. We
now aim to apply Construction to the diagrams

s'®5/d™ 3/d"
€ x Al L a1

C /:; Al
s d’ﬂ,
POJ’J{ \ (pOj)XAll wr
U X,

U x Al X.

Here pr: C x A' — C is the projection. By Lemma [A.0.11} the vanishing loci Z(s) and Z(3) are
finite over U and U x A', respectively. Hence we obtain finite A-correspondences

P = divA(s/d")’é’(vs) —div(s' ® 8/d"™) 5y € Cor (U, X \ Z),

A~ m ﬂ)OrCXAl LA T\ sV 1
0 == div*(3/d") "¢ —divi(s' @§/d") L, oprp € Cory (U x A, X).
Then the properties of the sections above imply that ©’ oig = i 0 &', and Lemma [3.5.10 implies
that ©’ oi; = j o (v) for some v € k[U]*. Now let ® := ® o (v~1). Then © := O o (v1) gives
the required homotopy, satisfying @ oig =io ® and j = O o 4;. (]

8. ETALE EXCISION

In this section we assume that the base field is infinite. The main result of the section is the
following étale excision result for homotopy invariant presheaves with A-transfers:

Theorem 8.0.1. Let X € Smy and suppose that w: (X', Z") — (X, Z) is an étale neighborhood
of Z in X. Assume also that z € Z and 2’ € Z' are two closed points such that n(z') = z. Write
U := X, = SpecOx . for the corresponding local scheme, and similarly U' := X,. Then, for
any homotopy invariant presheaf with A-transfers F € PShg(Cor‘,j; Z), the map 7 induces an
isomorphism

T F(XN 2)/F(X2) D F(XUN Z2)] F(XL).



COHOMOLOGICAL CORRESPONDENCE CATEGORIES 24

8.0.2. The proof of Theorem [8.0.1] relies on some geometric input. Our main tool for this is
Lemma we refer the reader to the appendix for details around this construction.
Having Lemma [A70.7] at hand, we start out by showing that the map 7* is injective:

Lemma 8.0.3. Under the assumptions of Theorem there is a finite A-correspondence
® e Cory (U, X') satisfying mo ® ~u1 i, where i: U — X denotes canonical embedding.

Proof. Applying Lemma we obtain a morphism of relative curves w: C’ — C over U, with
compactification : C’ — C, and subschemes D, A, Z C C, D', A,,Z' CC’ as in Lemma
Let § € I'(C, Z(A)) be a section such that Z(§) = A. Our first aim is to prove that there is an
integer N such that for all n > N, there exist sections satisfying the following conditions:

SET(C,0(m) §eT@x ALOMm) s elE 0meZA))

5’@0:5 e =d@s
Z(s|p) =2 Z(| ) ) =pri(s)
s|z:5®5/ §|Z><A1:6®3/ Z(S/|z):®

Z(3)NZ(d) = o

In addition, we will require that Z(s) = Zy II Z| and that there exists a regular map [: Zy — C’
satisfying @ ol = idg,. Here pr: C x Al — C is the canonical projection.

To do this we start the following preparations. Let O¢/(1) := @*(O(1)). Then, since @ is
finite, Oc/(1) is an ample bundle on C’. Since w induces isomorphisms 2’ = Z and A, 2 A x¢ Z,
there is a section ¢’ € I'(2’,.¢’) such that Z(6") = A’, for some line bundle .’ on Z’. Since
Z' is a finite scheme over a local scheme U, Z’ is semilocal and any line bundle on Z’ is trivial.
Hence there is an isomorphism " = Oc/(m)| ;, for any m € Z. Similarly, since the subscheme

D’ C (' is finite over U, for any m € Z, the line bundle O¢ (m)|D, is trivial. Now, applying
Lemma to the morphism z5: €’ — C and the subschemes D’ and Z we construct, for some
m € Z, a section £ € T'(C’', O¢/(m)) such that there is a closed embedding Z(£) — C, and such
that Z(ffﬁ,l(z)) = A',. Define Zy :=w(Z(¢)) CC CC and put & := £(Z). Let ( € I'(C,¥)
be a section with Z(¢) = Z. Then Z(¢|,) = Az.

Using Serre’s theorem we can choose an integer N € Z such that for all n > N, the
restriction homomorphisms

I'C,0(n)®2L " =T(ZI1D,0(n) L")
I'(C,0(n)) = T((ZUA)IID,0O(n))

are surjective. Then, since Z IT D is semilocal, there is a section ¢’ € I'(C,O(n) ® £ ~1) such that
<’|ZHD is invertible. Define s := ( ® ¢’ € I'(C, O(n)).

Now choose a section s; € T'(C,O(n)) such that 31’A = 0 and 31’2 = 5. We then put
5 := (1 —X)s+ As;. Since slfA = 0, there is a section s’ € T'(C,0(n) ® £(A)~1) such
that s; = d ® s’, where § € T'(C, £(A)) satisfies Z(J) = A. Moreover, since by construction
Z(51|Z) =Ayz = Z((S’Z), it follows that s”z is invertible and so Z(8’| ) = @. Hence the desired
sections s, 5, and s’ are constructed. Moreover it follows by Lemma now that Z(s) and
Z(3) are finite over U and U x A respectively.

By construction, the morphism w induces an isomorphism between the closed subschemes
1(Zy) CC" and Z,. Since w is étale, it follows that w=1(Zy) = 1(Zy) 11 20. Hence we can define
an étale neighborhood @™ : (C'\ Zo,1(Z)) — (C, Zy) such that w™(Zy) = I(Z,). Consider the
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diagrams
ol g Cx Al L2 p
pojowi X (Poj)xAll yf
U X', U x Al X,

where pr: C x A — C is the projection. Applying Construction to these diagrams we obtain
finite A-correspondences

o = divA (w* (s/d") 5. W € Corf P (U, U\ Z xx U), (X', X'\ Z)),

Q' := divA(5/d™)"°P* € Corp P (Al x (U, U\ Z xx U), (X, X \ Z)).
It follows from the list of properties above, Lemma and Lemma that © 0y =io (v)
for some invertible function v € k[U]*. If we let ® := ® o (v~ 1) and © := ©' o (v~1), it follows
that © o4, = i. So to prove the lemma it is enough to show that © o iy ~41 7o ®.

Since T is finite, it is affine. Hence for some Zariski neighborhood V’ of [(Zj) in C"\ 20, the
restriction w|v is affine. Then, for some Zariski neighborhood V' of Z; in C, there is a closed
embedding c: V" C A" x V, where V" := V' N w1 (V), which is such that c¢(I(Zp)) = 0 x Zj.
Let fi1,..., fr € K[A" x V] be functions satisfying fi‘c(v”) =0and fi|,, , = where the z;’s
denote the coordinate functions on A". Fori =1,...,7, let ﬁ := (1 —M\)f; + Az; and consider the
closed subscheme Z(fl, ce ﬁ«) C A" x V x Al. Then the projection pr: Z(fl, cee fr) — V x Al
is étale over Zg x Al. Let W C Z(f1,..., f,) be a Zariski neighborhood of 0 x Z x A! such that
the restriction of the projection pry,: W — V x Al is étale. Furthermore, let ¢ be the pullback of

s/d™ from V to W, and let iy : V — C denote the open embedding. Applying Construction m
to the diagram

W —t 5 Al
1;><A1l VOLy OPryy
U x Al X,
we obtain a homotopy

divAPI e oty e Qord P (AL X (U, U\ Z xx U), (X, X \ Z))

connecting 7 o & = div* (w*(s/d"))® (©)v°% and O o iy = div* (s/d™)“". O
8.0.4. Before we move on to the surjective part of étale excision, we need the following lemma:
Lemma 8.0.5. Suppose that chark # 2, and let X € Smy. Let Z C X be a closed subscheme

and z € X a closed point. Write U for the essentially smooth local scheme U := X! = Spec (’);L(,Z,
and let X € k[U]* be an invertible regular function satisfying )\|ZXXU =1. Then

io (X ~pr i€ Corp P (U U\ Z xx U), (X, X\ Z)),
where i denotes the canonical morphism i: U — X.
Proof. Lift A to an invertible section on some affine Zariski neighborhood V' C X of the point
z € X. Then )\|ZXXV, =1 for some other Zariski neighborhood V' C V of z; shrinking X to V’

we may assume that A € k[X]* with )\|Z =1.

Consider the étale covering 7: X’ — X, where X’ = Spec k[X][w]/(w?—)). Let Z’ be the closed
subscheme of X’ given by Z' := Spec k[Z][w]/(w — 1), so that Z' =2 Z. Then (X', Z’) — (X, 2)
is an étale neighborhood. By Lemma [8.0.3] there exists a finite A-correspondence of pairs

& € Corf P (U, U\ Z xx U), (X', X'\ Z'))
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such that 70 ® ~y1 i in Corp P ((U,U\ Z xx U), (X, X \ Z)). On other hand, Lemmam
implies that

N om=mo (r*(\)) = mo (w?) ~u1 m € Cor P (X, X\ Z), (X, X \ 2)).
Hence i 0 (i*(A\)) = (M) ot ~p1 (M omo® ~p1 mod ~yn i, O

Lemma 8.0.6. Let i': U' = X!, — X' denote the canonical embedding. Then under the
assumptions of Theorem there exists ® € Cory (U, X') such that ® o ~y1 7.

Proof. Using Lemma we construct relative projective curves p': ¢ > U, " [
along with the other data related to the first two rows of the diagram .

Since U’ is essentially smooth, we have A” = U’. Moreover, since p”: C"” — U" is a smooth
morphism with fibers of dimension one, it follows that A” is a smooth divisor on C”. Hence it
is a smooth divisor on C as well and there is an invertible bundle .# (A") on C" and a section
5 €T, Z(A")) such that Z(6) = A”.

Since Z’ is finite over the local scheme U, Z’ is semilocal. Let §’ € k[Z'] be a regular function
such that ¢’ AL = 0, and such that ¢’ is invertible on the closed points of Z’ outside A’,. Then

the closed fibers of Z(¢') and A’, coincide. Now Z(¢') is finite over U since it is a closed subset
in Z’. Moreover, Ay is finite over U since A is isomorphic to the closed subscheme U X x Z in
U. Hence Z(§') = Az by Nakayama’s lemma.

Using the notations of Lemma define Oz (1) :=w@"(0O(1)) and Oz (1) := T @™*(O(1)).
Then, since O(1) is ample and 0,70 are finite, it follows that Oz (1) and Oz~ (1) are ample.
Serre’s theorem then tells us that there is an integer n € Z such that the restriction
homomorphisms

I'(C,0(n)) - T(2'1ID",0(n) o L(A")), (8.0.7)
r'(C",0(n) & Z(A") = T(2'I1D",0(n) ® L(A")) (8.0.8)

are surjective. As mentioned above, Z and D are finite over U, so it follows that Z’ and D’
and fD: OD/ i)

are semilocal, and moreover that there are trivializations £4: Oz — Oz(1)
O (1) ,,- Now using surjectivity of the map we find a section

— ¢®
D' gDn'

=z

s€T(C',0n)), s

_ ®
2 =0R&5", s

By the same reason as above there is some trivialization &5 : Oz~ 5 ZL(A")| 5, Then
by = @w*(8') and by = 6 ® &, " are two regular functions on Z” such that Z(by) = Z(by) = AY.
Hence there is an invertible function v € k[Z”]* such that @*(§')r = § ® &, ". Indeed, v is
uniquely defined by the equality b;v = b on the closed subscheme Z(I) C Z”. Here I := ker(m®'),
where m®? € End(k[Z"]) is defined as multiplication by b;. Moreover, the equality biv = by
implies that v is invertible on Z(I), and any lift of v to a regular function on Z” satisfies the
equality by = by as well. So it is enough to choose a lift such that v is nonzero at the closed
points of 2"\ Z(I).

Using surjectivity of the second map , we find a section

J D@, 0m) 0 28", s -

=z = 5/*(é-Z)@nVa 8/

pr =T (5" @9

-1

Note that the section d| ),

Then we have:

is well defined since A” N D" = @. Now define §:= (1 — X)s + As'.
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SET(@.0m) FeT@xALOMm) s €@, 0m) e 2(A) )

gcT’xo:w/*(s) ) Slom g, =0®s
(3|D/) =9 Z(s’D,,) = pr(@'(s)) ,
S}Z’XUZ:(S/@S/ Slgiym =0 Z(Sl‘z)zg

We now aim to apply Construction to the diagrams

¢ x Al 1z

s/d
POJJ(\ (p'"oj )XA\L Ypr

" x Al
Here pr: C” x Al — C" is the projection. By Lemma Z(s) and Z(5s) are finite over U and
U’ x A, respectively. Hence Construction yields finite A-correspondences
P = div?(s/d")""" e Cor (U, X),
Q' := divA(5/d™)™ W)v"oPr ¢ Cord (U x A', X').
Then, by construction,
Q' oig=d o,
O oiy = divA(§ @ s'/d)F, " +divi(@ @ s /dn) g0
By Lemma [3.5.7] we have
divA(3 @ s'/d") 5 4" = 0 € Corg P (U, U \ 7' xx U), (X, X'\ Z')).

Furthermore, Lemma [3.5.10{ tells us that div? (5 ® s’/d”) W) o () for some X € k[U']*.
Let w € k[U]* be an invertible function on U satisfying = ( )(z) = )\’( )~L. Define ® := &' o (w)
and © := ©' o (7*(w)). Then O oci; =i o (N - 7*(w)) and so Lemma [3.0.5| m yields the claim. O

Proof of Theorem|8.0.1, Lemmas and establish respectively injectivity and surjectivity
of the map 7*. O

8.0.9. We finish this section with a result on the interplay between Zariski excision, étale excision
and homotopy invariance for the cohomology theory A*.

Corollary 8.0.10. Suppose that A* is a graded presheaf of abelian groups that satisfies all
properties of a good cohomology theory except the étale excision axiom. Instead, assume that
A* satisfies Zariski excision and homotopy invariance. In other words, for any X € Smy, any
line bundle £ on X, any open subscheme j: U C X and any closed subscheme Z C X such that
Z C U, the maps

pri: A™(X,.%) =N A™(X x Al pr* 2),
55 ANX, X\ Z,.2) S ANU, U\ Z,5* %)

are isomorphisms.

Then A* satisfies the étale excision axiom on local schemes. In other words, for any X € Smy,
ZCX, 7 (X',2') = (X,2), 2€ Z and 2’ € Z' as in Theorem[8.0.1], the morphism 7 induces
an tsomorphism

AN (XL, XL\ Z.) = AY(XL, XL\ ZL).
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Proof. Consider the category Cor’,;1 of correspondences built from A* in the sense of Definition
First of all we see that the proofs of Lemmas and (as well as Construction [3.5.2)) do

not use the étale excision axiom for A*. Thus we have morphisms ®;, ®, € Corj (U, X') such that
mo®, =i, and @, om =4'. Then ®; induces a right inverse A*(X’,, X/, \ Z.,) = A*(X., X, \ Z,)
to ¥, and ®,. induces a left inverse. ([l

9. THE CANCELLATION THEOREM

In this section we show the cancellation theorem for A-correspondences by suitably adapting
Voevodsky’s proof for the case of Cory, [Voel0|; see Theorem For the sake of brevity we
will omit the steps that are identical to Voevodsky’s original proof, and rather focus on the details
that are specific to our situation. We refer the interested reader to [Voel0] for the remaining
formal aspects of the proof.

Definition 9.0.1. The Karoubi envelope of Cor,? is the preadditive category whose objects are
pairs (X, p) with X € Smy, and p € Cor? (X, X) an idempotent. The morphisms are given by

Cor (X, p), (X',p')) = im (cor;;‘(x, X7y 2eOer, oo (x, X’)) .

Any object X € Smj can be considered as an object of the Karoubi envelope of Corf by
X — (X,idx). By abuse of notation, we will write Corj also for the Karoubi envelope of Cory.

Definition 9.0.2. Define X A\G/! := ker(pr;: X xG,,, — X) as an object of the Karoubi envelope
of Corj}. Let pr: GX2 — G2 denote the canonical projection, and let t: G2 — GX2 denote
the canonical injection. Note that pr o/ = idga2. The external product on A-correspondences

defines a functor (=) AGA!: Corj — Corj' given by X — X AGAL, a — a x idga1. Furthermore,
for any X € Smy, we let c4(X) A GA! denote the presheaf U — Corpg (U A Gy, X A Gp).

Lemma 9.0.3. Let 7% : GX2 — GX2 denote the twist automorphism given by 7(x1,z2) := (x2,71),
and let

™ i=prt orX 0N G2 — G2
Then 7" is A'-homotopic to e = —(—1) € Corp (GA2,GA2).

Proof. Let (x1,72) denote the coordinates on G2. Denote by A C G2 the diagonal, and by
A C G? the anti-diagonal, i.e.,

A= Z(za; = 1), A= Z(zyxy —1) C GX2

Let us first show that pr” o7 0 j ~1 €0 j, where j: GX2\ (AUA) — GX2 denotes the inclusion
and € = —(—1) € Corj (GX2,GX?). To do this, consider the diagram

t 1 T2 —~
Gy X((Gyy X G\ (AUAR)) — L a2
P\L \
(G,, x G.)\ (AUR) G, x Gy,

in which g(t,x1,12) := (t,z122t~1). Then p is a smooth relative curve whose relative canonical
class is trivialized by dt. Applying Construction to this diagram we obtain a finite A-
correspondence

divA(f)%9 € Cor (GX2\ (AU A),GX?)
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for any regular function f whose vanishing locus Z is finite over G2\ (A U 3) For simplicity,
let us skip dt and g in the notation. Then the required A'-homotopy is given as follows:

(7 +(=1))oj

_ (divA((t — 1) (= 22)) 2(1—ag) + AVA((E — 21)(t — :vg))Z(t_ml)) ojo{(zs—21)"")

= divA((t —21)(t — 22)) 0 j o {(2 — 1))

~oar divA((E — z120)(t — 1)) 0 j o (20 — 21)7h)

= (divA(t = 212)( = 1)) 701y + AVA(E = 2322) (6= 1) 20-01m2) ) 0 © {2 = 21) )
= (1 4 v2) 0io (1 —zaa)(zy — 1) 1) € Cor (GX2\ (AUA),GX2).

Here vy: G2 — G2 is the morphism (x1,72) + (2172, 1), while v5: GX2 — GX2 is defined by
(z1,22) — (1, z125). Since pr’ ovy = 0 and pr ovy = 0 in Corg (GX2\ (AU A),GA2), it follows
that

pr’ o(7* + (—1)) 0 j = 0 € Cory (GX2\ (AUA),G)2).
Now Corollary yields that

prto(t* +(-1))=0¢ @?(Gﬁf,@fﬁ), (9.0.4)

A .
since Cory, (—, GA?) is a homotopy invariant presheaf with A-transfers. Finally, since

e=—pr’o(—1) o € Cori (G2, G/?),
we get the claim upon composing (9.0.4) with (. O

Definition 9.0.5. Let G,, x G,, have coordinates (t1,t2). For any n > 1, define the functions
> 9n € k[Gm x Gm] by

gl =t +1, g, =17+t
Moreover, let ZF denote the support of the principal divisor Z(g;*) on G,,, x G,, defined by g*.

Remark 9.0.6. The functions g, /g, differ by a sign from Voevodsky’s functions g, defined in
[Voel0| §4]. However, the same proof as that of [VoelO, Lemma 4.1] goes through to show that
for any closed subset T of G,,, x X x G,, X Y finite and surjective over G,, x X, there is an
integer N such that for all n > N, the divisor of g;" /g, intersects T properly over X, and the
associated cycle is finite over X. The only reason for our choice of functions is to make the finite
A-correspondence in Lemma homotopic to (1), and not (—1). Of course, in the situation of
[Voel0] this choice does not matter, as Voevodsky’s correspondences are oriented.

Definition 9.0.7. Let Y € Smy, and recall from Definition [9.0.2] the definition of the presheaf
ca(Y) AGAL Given any integer n > 1, we will construct maps of presheaves

0
ca(Y) ﬁpn ca(Y) /\G,/,\ﬁb1

as follows.
Let X € Smy, and let 7" be any admissible subset of X x Y. Then the homomorphism

0: AT™Y (X x Y,wy) = AFEIEL (X X Gy X Y X Gy wy xc,,)

is defined by
0:=(—) xidg, = (=) x A1),
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where A: G,, = G,, x G,, is the diagonal. Since for any admissible T' in X x Y the subset
T x A(G,,) is admissible in X x G, X Y x G, the map 6 is well defined. It follows that 6
induces a map of presheaves 0: c4(Y) — ca(Y) A G)L. On the other hand, the map

pn: ARRYFLHX % Gy X Y X Gy wy xa,,) — Agjgl(gguzg)(x X Y,wy)
is defined in the following way. By applying Construction to the diagram

t1
me *>A1

o,

we obtain finite A-correspondences div® (g¥) € Cor,‘?(Gm, Gyn). We then define p,, by the formula
pu 1= p.((2) = 0 (divi(g) — divi(g7)) ),

where p and q are the projections

’H’L

p: X XGp XY XG> X XY, ¢: X XG,, XY X Gy, = Gy, X Gy

Thus p,, is defined whenever the subset TN (Z,7 U Z;,) is admissible in X x Y. Now, note
that for any f: X’ — X and ® € AZ™Y (X x G,, X YV X G, wyxg,, ), the element p, (f*(®))
is defined whenever p, (®) is defined, and p,(f*(®)) = f*(p.(P®)). Secondly, for any &, ¥ €
AFmYHL(X % Gy X Y X Gy wy xa,,) the element p,(® + ¥) is defined whenever p,,(®) and
pn(¥) are defined and p, (P + ¥) = p,,(®) + p,,(¥). In this regard we refer to p, a partially
defined map of presheaves.

9.0.8. The maps p, form an exhausting sequence of partially defined homomorphisms in the
sense that for any finite subset F' C Corj (X AGn, Y AG,,), there is an integer N (F) such that for
all n > N(F), pn(«) is defined for all o € F. Indeed, this condition is satisfied by Remark

Lemma 9.0.9. Let ¢': G,, x G,,, — Speck denote the projection, and let A: G, = G, X G,,
be the diagonal. Then there is an A'-homotopy

¢, (& (divA(A7(91)) — divA(A%(g))) ) ~ar (1) € A°(Speck. Ospeck).

Proof. We deduce the claim from the following computation:

oL (A (divt(a*(g) - divi(a*(g,))) (9.0.10)
= div? (A (g)P — divA (A% (g )P (9.0.11)
. A A al A rh
= div? (A (g — divi (A (g )Pr (9.0.12)
Al
= divA(t" + 1 )me divA(E" + 1) ) (9.0.13)
I‘Al I‘A:
o VA )0 — v 1) (9.0.14)
rA“l
= divA (" + )0 = (1), (9.0.15)

Here the homotopy (9.0.14) is given by t" + At + (1 — \) € k[A! x Al]. O
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9.0.16. We are now ready to prove the cancellation theorem for A-correspondences.

Theorem 9.0.17. For any X,Y € Smy, the map 6 = (=) A G induces a quasi-isomorphism
of complexes of presheaves with A-transfers

C.(0): Corp(A® x X,Y) ~ Corp (A* x X) AGALY AGAY).
Here A® denotes the standard cosimplicial scheme over k, whose n-simplices A™ are given by
Specklzg, ..., xn]/ (>, i — 1).

Proof. The proof follows the same approach as Voevodsky’s cancellation theorem for the category
Cory, [Voel0]. Thus many aspects of the proof will be the same as those of Voevodsky’s proof,
and we will therefore focus on the details that are specific to our context.

To prove that C,(6) is a quasi-isomorphism it is enough to show that the maps p,, and 0 are
inverse to each other up to natural A'-homotopy. To this end, first note that the functions g;"
and g,, enjoy the following properties:

(1) g;HA =t"+at" '+ Fapat+1,and g, | ="+ bit" T -4 by ot? + ¢ (in fact,
gl =t"+1and g |, =t"+1);
(2) g;_|Gm><1 = g;‘(}mxl 7& 0.
Let p and ¢ be the projections

p: X XGp XY XG> X XY, ¢: XxG,, XY xG,, = G, Xx Gp,.

Moreover, denote by p’: X x Y — Speck and ¢': G,,, x G,,, — Speck the structure maps. Thus
we have a pullback square

X XGm XY XGpy —25 Gy X Gy,
/| |«
XxY —2 5 Speck.

Property (1) along with Lemma then implies that the composition p,, o 8 is Al-homotopic
to the identity, by the following computation:

pe (0 x A1) = g* (divA(g) = divi(g:))) (9.0.18)
=p.(p*(@) — ¢ (A.(1) — (aivA(g) - div(g,)))) (9.0.19)
—a—p. (q* (A*(l) - (divA(g;) - divA(g;))) (9.0.20)
= a— ()" (d.(8.() = (aiv*(g) - divi(g)))) (9.0.21)
—a— ()" (¢ (A (av* (A" (g)) - div*(A*(9))) ) (9.0.22)
o — ()" (1)) (9.0.23)

= (9.0.24)

Here the equality follows from the projection formula, follows from base change
applied to the diagram above, and the homotopy (9.0.23) is given by Lemma

Similarly, property (2) implies that for any o € Corj (X,Y), the classes p,((a x idg,, ) 0 ix),
pn(ty o (a x idg,,) oix) and p,(iy o (o x idg,,)) are equal to 0 up to natural homotopy, where
ix: X - X xG,, and iy: Y — Y x G, denote the morphisms given by the rational point
1: Speck — Gy,. Thus we see that p, o 0 ~41 idc, (v)-

Finally, Lemma implies that p, is also right inverse up to Al'-homotopy by the same
argument as [VoelO, Theorem 4.6] (see also [AGP18| Lemma 7.5]). O
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10. THE CATEGORY OF A-MOTIVES

In this section we assume that the base field k is infinite, perfect and of characteristic different
from 2.

10.1. Nisnevich localization.

Theorem 10.1.1. The category of Nisnevich sheaves with A-transfers is abelian. The Nisnevich
sheafification Fnis of any presheaf with A-transfers F is equipped with A-transfers in a unique
and natural way, and there is a natural isomorphism

ExXtShy . (Cortz) (L4 (X)), Prvis) 2 Hygio (X, Pris)-
Proof. By [Drul8b|, Theorem 3.1] it is enough to show that Cory (U, X)) = @D, x Corj (U, X1,

where x € X ranges over the set of all (not necessary closed) points. Let dx denote the dimension
of X. Then we have

Corp (U, X) = lim AIX(U x X,wx)
TeAo(UxX/U)
o li P A% (U x X wxn)

TEA(UXX/U) zeX

=@  lm AU xX]wx) = @ Cor (U, XD,
z€X TE€A(UXXE/U) T€EX
where the isomorphism in the second row is given by Lemma [3.4.2] and the isomorphism in the
last row follows from Lemma [3.2.3] O

Remark 10.1.2. The category of finite A-correspondences Cor‘,;1 is a strict V-category of correspon-
dences in the sense of [Garl9, Definition 2.3], and a V-ringoid in the sense of [GP14) Definition
2.4]. So, alternatively, Theorem can be proved by using the technique of |[GP14]. Note also
that the proof of Theorem could be obtained by following the original approach of Suslin
and Voevodsky [Voe00a], that is, showing that the cone of the morphism ca4(U*) — ca(U) is
acyclic. Here c4(U*®) is the Cech complex associated to a Nisnevich covering i — U of a smooth
k-scheme U.

10.2. Strict homotopy invariance.

Theorem 10.2.1. Let .# € PShy(Cori;Z) be a homotopy invariant presheaf with A-transfers.
Then the associated Nisnevich sheaf Fyis 18 strictly homotopy invariant, i.e., the projection
p: X x Al = X induces an isomorphism

P Hio (X, Pris) = Hig (X x AL, P
for all X € Smy, and all n > 0.

Proof. The theorem is a consequence of the injectivity and excision theorems proved in Sections
[6] [7] and 8l The deduction of strict homotopy invariance from these results is formal; see for
example [GP18b] or [Drul8c]. O

10.3. Effective A-motives.

Definition 10.3.1. The oco-category DM (k) of effective A-motives is the localization of the
derived category D~ (Shvyis(Cory; Z)) with respect to the morphisms of the form X x A! —
X. Let M¢f: Sm;, — DM (k) be the functor defined as the composition of the localization
D~ (Shvis(Cory; Z)) — DM (k) with the functor Smj — D~ (Shvyis(Cory; Z)) given by
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X = Za(X)[0]. For any X € Smy, we refer to M (X) as the effective A-motive of X. If
X = Spec k, we abbreviate M (Speck) to Z 4. Finally, we define the Tate object Z4(1) as

Z4(1) := cofib(Za — M(G,,))[-1],
where Z 4 — Mff(((}m) is the map induced by the rational point 1: Speck — Gy,.
10.3.2. Note that there is a symmetric monoidal structure on DMi‘H(kJ) inherited from that on
Shvyis (Cory'; Z), satisfying M (X) @ M (V) ~ M (X x Y). The motive of a point, Z,, is

then the unit for this monoidal structure. For any n > 1, we can use the monoidal structure to
define Za(n) := Z4(1)®".

Theorem 10.3.3 (cf. [MVWO06, Theorem 14.11]). The oo-category DM (k) of effective A-
motives is equivalent to the full subcategory of D™ (ShVNiS(Corf; 7)) spanned by motivic complexes,
i.e., complexes whose cohomology sheaves are strictly homotopy invariant.

Theorem 10.3.4 (cf. [MVWO0G6, Proposition 14.16]). Let X € Smy, and let #* be a motivic
complex. Then there is a natural isomorphism

[MZH(X)7y.[i”D—(ShVNis(Corg‘;Z)) > Hio(X,.7°)
for each i > 0.

10.4. The category of A-motives. As in the classical case, we obtain the category DM 4 (k)
of A-motives via a stabilization process with respect to tensoring with the Tate object.

Definition 10.4.1. The oo-category DM 4 (k) of A-motives is obtained from DM (k) by ®-
inverting Z4(1). There is then a canonical functor £ : DM (k) — DM 4(k), and we define
the functor M 4: Smy — DM 4(k) as the composition of M‘ff and X°°.

10.4.2. It follows similarly as in [DF17a] that DM 4 (k) is a presentably symmetric monoidal
stable co-category equipped with an adjunction £°° : DM (k) = DM 4 (k) : Q.
10.4.3. The following result is a consequence of the cancellation theorem for A-correspondences:

Theorem 10.4.4. The canonical functor £°°: DM (k) — DM (k) is fully faithful, and for any
X € Smy, and any motivic complex F* € D~ (Shvyis(Cory; 7)), there is a natural isomorphism

[MA(X), 527l pma k) = Hio (X, Z°).

Definition 10.4.5. Let X € Smy. For any pair of integers p,q € Z, we define the A-motivic
cohomology of X in bidegree (p,q) as H}*(X,Z) := [Ma(X), ZA(q)[p]]DM A (k)-

10.4.6. The adjunction ~% : PShy(Smy) = PShy(Corj; Z) : 42 descends to an adjunction
v SH(k) = DMy (k) : y2 (10.4.7)

of stable co-categories, which allows us to compare DM 4 (k) with the motivic stable homotopy
category SH(k).

Definition 10.4.8. Denote by 1 € SH(k) the motivic sphere spectrum. In the adjunction
(10.4.7) above, let HZ 4 € SH(k) denote the Eilenberg-Mac Lane spectrum HZ 4 := v~ (1).
Lemma 10.4.9. The spectrum HZ 4 is an Ex-ring spectrum in SH(k).

Proof. As the right adjoint 72 is lax symmetric monoidal, it follows that it preserves £,.-algebras.
Now the left adjoint 7% is symmetric monoidal, so 7% (1) is the unit in DM 4 (k) and hence an
Exo-algebra. We conclude that HZ 4 = VA’YZ(]l) is an E,-ring spectrum. (I

*
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10.4.10. The cancellation theorem for A-correspondences implies that HZ 4 is an Qp-spectrum
in SH(k) which represents A-motivic cohomology. More precisely, for any X € Smy, and any pair
of integers p, ¢, there is a natural isomorphism [X3° X, XP9HZ Algu k) = HYY (X, Z).

10.4.11. The combination of Lemma and |EK19, Theorem 5.2] shows moreover that in the
above adjunction (|10.4.7)), the right adjoint is monadic:

Theorem 10.4.12. Let e denote the exponential characteristic of k. Then there is an equivalence
of presentably symmetric monoidal stable co-categories

Modgyz,[1/¢)(SH(E)) =~ DM (k,Z[1/€]),
where Modygz ,1/¢)(SH(E)) denotes motivic spectra equipped with an action from HZ[1/e].

Remark 10.4.13. Recall that the category SHeH(k) of effective spectra is the stable subcategory
of SH(k) generated under colimits by P!-suspension spectra of smooth k-schemes. We note that
Bachmann and Fasel’s effectivity criterion [BF18| Theorem 4.4] applies in our setting, showing
that the spectrum HZ 4 € SH(k) is effective. G. Garkusha and I. Panin communicated to us
orally that they proved this result independently using the category ZF. (k) of linear framed
correspondences.

APPENDIX A. GEOMETRIC INGREDIENTS

In this section we summarize the geometric facts and constructions used in the text. In
particular, we formulate a version of Serre’s theorem on the existence of sections satisfying
relevant properties, which is used in the proofs in Sections [0} [7] and We then provide the
construction of the relative curves used in Sections[7] and 8 Finally, we formulate a few lemmas
that imply the finiteness conditions on the vanishing loci of the functions constructed in Sections

[6] [ and [§]

All schemes considered in this appendix are assumed to be noetherian and separated.

Proposition A.0.1. For any étale morphism e: U =Y there is a decomposition U 5 X Ly
with pow = e, in which u is a dense open immersion and p is finite.

Proof. This follows Zariski’s Main Theorem [Har77, IIT Corollary 11.4]. O

A.0.2. Serre’s theorem. The following lemma is a consequence of [Har77, IIT Theorem 5.2], and is
used in Sections [6] [7] and [§] In the text we refer to this result simply as Serre’s theorem.

Lemma A.0.3 (Serre). Let O(1) be an ample invertible sheaf on a scheme X, and £ be an
invertible sheaf on X. Then there is, for any closed subscheme Z C X, an integer N € Z such
that the restriction homomorphism I'(X, Z (1)) — I'(Z, £(l)) is surjective for alll > N. Here
L) :=ZLo0(0).

Example A.0.4 (Chinese remainder theorem). Let U be an affine scheme. Suppose that Z C A},
is a closed subscheme, and that v € Oy is a regular function on Z. Then, for all large enough n
there is a monic polynomial f € Oylt] = OA%; of degree n such that f‘z = .

A.0.5. Construction of relative curves. We now formulate the construction of relative curves used
in the proofs of the étale excision theorems. For the proof we refer to [Drul8c, Lemma 3.7].
Before stating the result, let us first recall the notion of an étale neighborhood:

Definition A.0.6. Let X be a scheme and suppose that Z C X is a closed subscheme. If
m: X’ — X is an étale morphism and Z’ C X’ is a closed subscheme such that 7 induces an

isomorphism Z’ —s Z, then we say that 7: (X', Z') — (X, Z) is an étale neighborhood of Z in X.
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Lemma A.0.7 (|Drul8c, Lemma 3.7]). Let k be a field and let X be a smooth k-scheme. Suppose
we are given a closed subscheme Z C X along with an étale neighborhood w: (X', Z') — (X, Z) of
Z in X. Let moreover z € Z and 2’ € Z' be closed points such that w(z') = z, and write U := X,
and U’ := X/, for the corresponding local schemes. Then there is a commutative diagram

1 11

v e
i

|, =k

Ul o? oY, x
UP

(J: j J J
in Smy, such that the following properties hold:

P

(A.0.8)

c—25X

(1) p, p/, p’ are relative projective curves; j, j', j' are open immersions; w, w’ are étale;
EH, ﬁ’/are finite; and po j, p' o3, p" oj"” are smooth. Moreover, C" = C' xy U’;
= C xyU’; and there are trivializations of the relative canonical classes p: Oc¢ = we i
C C U’ d th trivializati the relati ical cl Oc = wey
and p': Ocr = wer -
(2) The schemes Z :=v=(Z), 2" :=v'"YZ') and Z" :=v"""(Z) are finite over U and U’,
respectively.
ere are closed subschemes Az C Z, - an - such that p, p' and p
3) Th losed subsch Ay CZ, AN, CZ and A, CZ" h that " and p"
induce isomorphisms w: Ay 2 7' xx U, w': AL, 2 Z xx U and w": A}, 2 Z' xx: U'.
1 ZxxU ! Z/XXU 1

_ -1 -

Moreover, v|z ow™ " = pry , Vg ow'™ =T, opry , and v"|,, ow"T =
Z/XX/U/

pry, .

(4) There are closed subschemes A C C and A" C C” such that Axy Z = Ag, A xy Z' = Al
and such that p and p" induce isomorphisms p’A: A2U and p”|A, : A" U'. Moreover,
the compositions v Op’; and v Op”’;/l are equal to the canonical morphisms U — X and
U — X', respectively.

(5) The schemes D := C\ C, D' := c \C’" and D" := C"\ C" are finite over U and U’
respectively. Furthermore, D" = %'~ (D), and D' 2 @~ 1(D).

(6) There is an ample line bundle O(1) on C and a section d € I'(C, O(1)) such that Z(d) = D.

A.0.9. Finiteness of vanishing loci. The following lemmas are used to prove that the zero loci of
the functions constructed in Sections |§|, |Z| and [§| are finite over the relevant schemes.

Lemma A.0.10 ([Drul8c, Lemma 4.1]). Let U be a local scheme, and let © € U denote the
closed point. Suppose that the residue field k := k(x) is infinite. Let

5 SN Ny

N

e p’ and p are projective morphisms of relative dimension one;
e i is a closed immersion, and
e m and p’ oi are finite.

be a commutative diagram such that

Suppose furthermore that we are given the following data:

e an ample line bundle O(1) on C’;
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e a section d € T'(C’',O(1)) such that Z(d) C D’;

e an invertible section so € T'(D',O(1));

e a closed subscheme Z C C satisfying Z2' N D' = @, where 2" :== 1= 1(Z) C C’;

e a section sz € T'(Z',0(1)) such that w induces an isomorphism Z(sz/) 2 n(Z(sz’)).

Then there is an integer L € Z such that for all | > L, there is a section s € T'(C’, O(1)) satisfying
(]_) S|D’ = Séo’ S|Z’ B Szldlfl’-
(2) 7 induces an isomorphism Z(s) = nw(Z(s)).

Lemma A.0.11. Let U be a scheme and suppose that C — U is a projective morphism of pure

dimension one. Let £ be an ample line bundle on C. Then, for any pair of sections d,e € T'(C, &)
such that Z(d) N Z(e) = @, the vanishing loci Z(e) and Z(d) are finite over U.

Proof. We prove that Z(e) is finite over U; the case of Z(d) follows by symmetry. Since C is
projective over U, the same holds also for the closed subscheme Z(e). As C is of pure dimension
one, it follows that Z(e) is finite over U unless Z(e) contains at least one irreducible component
C of the fiber C x ¢ « for some point = € U. But since . is ample, .Z | o 1s nontrivial and hence

Z(d|C) # @. So Z(e) cannot contain an irreducible component of the fiber C x¢; . O
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