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1. Introduction

One long-standing challenge in nuclear physics is to pre-
cisely determine nuclear properties at excitation energies above
the discrete region and up to the particle threshold(s). This
region is often referred to as the quasicontinuum and repre-
sents an excitation-energy range where the quantum levels are
very closely spaced. That leads to a significant degree of mixing
(complexity) of their wave functions, but they are still not fully
overlapping as in the continuum region. For the quasicontinuum,
it is fruitful to introduce average quantities to describe the excited
nucleus: instead of specific levels, the level density p(E) as a
function of excitation energy E, is used, and instead of specific
reduced transitions strengths B(XL) between a given initial and
final state, the average decay strength represented by the y-ray
strength function (y SF) is applied.

In addition to their key role in describing fundamental nuclear
properties, both the level density and the y-ray strength function
are vital components for calculating cross sections and reaction
rates for explaining the nucleosynthesis of heavy elements in
astrophysics [1,2]. The ability to calculate cross sections may also
help in the design of next generation nuclear reactors, where
direct cross section measurements are missing or have too high
uncertainties for the given application [3-6].

The Oslo method [7-10] allows for extracting the level den-
sity p and the ySF simultaneously from a dataset of particle
y-ray coincidences. It has been implemented in a collection of
programs known as the oslo-method-software [11], and the
analysis has been successfully applied to a range of nuclei in
widely different mass regions [ 12-15]. However, the Oslo method
consists of several non-linear steps. This makes an analytical
propagation of statistical and systematic uncertainties very dif-
ficult, and thus hampers a reliable uncertainty quantification for
the final results. The statistical uncertainty propagation from
unfolding the y spectra and the determination of the primary
y-ray distribution has so far not been addressed in a fully rigorous
way. In lieu of this, an approximate uncertainty estimation has
been used, which is described in Ref. [10]. Moreover, uncertain-
ties related to the absolute normalization of the level density
p and ySF have been discussed in Ref. [16], but there was no
automatized way to include this in the final results. Approximate
ways to include normalization uncertainties have been suggested
and used, see e.g. Ref. [17], but they do not account for correla-
tions between parameters as they were not available within the
oslo-method-software.

In this work, we approach the problem of uncertainty propa-
gation using a Monte Carlo technique. By generating an ensemble
of perturbed input spectra, distributed according to the exper-
imental uncertainties, and propagating each ensemble member
through the Oslo method, we can gauge the impact of the count
statistics on the final results. The resulting level density and
y-ray strength function have to be normalized to external data.
We have implemented a new simultaneous normalization for
both quantities, thus preserving all correlations between them.

In the following, we present OMpy, the new implementation
of the Oslo method. We discuss the various steps of the method
and present our new uncertainty propagation and normaliza-
tion routine. The code is tested by the analysis of a synthetic
spectrum. The capability of the new method is illustrated by
applying it to experimental data and a comparison to the previous
implementation.

2. Usage of OMpy

OMpy is designed to facilitate a more complete uncertainty
propagation through the whole Oslo method and at the same time
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simplify the user interface and enhance the reproducibility of the
analysis. This section will focus on the latter two goals. OMpy, as
well as all the Jupyter notebooks and datasets used to create the
figures in this article, is available online [18,19].

The documentation of the interface of OMpy is created au-
tomatically from its source code with the sphinx-auto-modapi
package and is available from ompy.readthedocs.io. A detailed ex-
ample of the usage is provided in the gettingstarted Jupyter
notebook. Taking a step beyond just listing the version num-
ber, we have set up a docker container to ensure also the
reproducibility of the software environment in which the user
runs the analysis. The notebooks can be run interactively online
without installation through Binder [20], although a limit on the
available computation power can lead to considerable computa-
tion times for cases with large ensembles. For larger calculations
we recommend the Code Ocean [DOI follows with publication]
capsule.

As most operations within the Oslo method will require work-
ing on binned quantities like y-ray spectra or level densities, or a
collection of spectra into matrices, we have created the Vector
and Matrix classes. These store the count data as one- or two-
dimensional NumPy [21,22] arrays, together with an array giving
the energy calibration for each axis. The classes also contain a
collection of convenience functions e.g. for saving and loading
files to disk, rebinning and plotting.

3. The Oslo method

The starting point for the Oslo method is an Ey-E,, coincidence
matrix, i.e. a set of y-ray spectra each stemming from an identi-
fied initial excitation energy E,. A standard way to construct this
input matrix is from coincidence measurements of y rays and
charged ejectiles following inelastic scattering or transfer reac-
tions with light ions. An array of y-ray detectors measures the
energy E, of the emitted ys, while a particle telescope determines
the excitation energy E, using the energy deposited from the
outgoing charged particles. (For a detailed description, see e.g.
Ref. [16] and references therein.) Recently, other methods have
been developed that obtain the coincidence matrix from y rays in
B-decay [23] or in an inverse kinematics setup [24]. An example
of a coincidence matrix for %Dy from a standard Oslo method
experiment [13,25] at the Oslo Cyclotron Laboratory is shown in
panel (a) of Fig. 1.

The first step of the Oslo method is to unfold, i.e., deconvolute
the y-ray spectra for each excitation energy to compensate for
the detector response (Compton scattering, pair production, etc.).
This is implemented in the Unfolder class using an iterative
unfolding method described in Ref. [26]. We reiterate the main
points of the procedure in Appendix A. There we also describe a
routine to select the best iteration, which has already been imple-
mented in the oslo-method-software but not yet published
elsewhere. The unfolded 54Dy spectrum is shown in Fig. 1(b).

The second step is the determination of the first-generation,
or primary, y-ray spectrum for each excitation energy. In the
FirstGeneration class an iterative procedure is applied as de-
scribed in Ref. [27]. We recapitulate the procedure in
Appendix B, including a small addition to minimize fluctuations
in higher order iterations. The resulting first-generation y-ray
matrix is shown in panel (c) of Fig. 1. The main assumption of the
first-generation method is that the y-ray spectra following the
populations of levels within the excitation energy bin E, by the
inelastic or transfer reaction are the same as when this excitation
energy bin is populated via y-ray decay from higher lying lev-
els [16]. Although this is plausible at first sight, it requires that the
spin-parity distribution of the populated levels is approximately
independent of the excitation energy [16,28].
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The next step of the Oslo method consists of fitting the first-
generation spectra by a product of two one-dimensional
functions, namely the nuclear level density p(Ey) and the y-ray
transmission coefficient T(E, ). The method relies on the relation

P(Ex, E, ) o< p(Er = Ex — E, )T(E,), (1)

where we look at deexcitations from an initial excitation energy
bin Ey to the final bin Ef, such that the y-ray energy is E, = E, —
Es. Here, P(Ey, E, ) is a matrix of first-generation spectra FG(E, ),
normalized to unity for each E, bin.2 Furthermore, if we assume
that the y decay at high E, is dominated by dipole radiation, the
transmission coefficient is related to the dipole y-ray strength
function f(E, ) (or ySF) by the relation

T(E,) = 2wE f(E, ). (2)

A derivation of Eq. (1) is shown in Appendix C, where the main
assumptions underpinning this decomposition are:

e The compound nucleus picture: We assume that the y decay
from an excited nuclear state is independent of how the
excited state was formed. This goes back to Bohr’s the-
ory for compound nuclei [29] and is supported by many
experiments [13,30-37].

e Dominance of dipole radiation: It is assumed that the decay
is dominated by dipole radiation. This is strongly supported
by data and theory, see e.g. Refs. [37-48].

e The generalized Brink-Axel hypothesis: The y-ray strength
function f(E, ) is independent of the initial and final states,
i.e., it is the same for excitations and decays between any
initial and final states that are separated by the energy E,
[41,49-55].

e The population cross-section: To obtain the “summed” level
density p(Ef) = Z] p(Ef,J) in Eq. (1) the population cross-
section has to be approximately proportional to the intrinsic
spin distribution g(Ey,J) (and we assume parity equilibra-
tion, i.e. p(Ex,J,®m = +) = p(E,J,®m = —)). When the
employed reaction is very spin selective, like in S-decay, a
weighted sum of the level densities is obtained instead, see
Eq. (C.14).

Finally, we have to normalize the nuclear level density p(Ey)
and y-ray strength function f(E,) (or equivalently, the y-ray
transmission coefficient 7(E, )). It was shown by Schiller et al.
[10] that the solution to Eq. (1) is invariant under a Lie group
G of transformations by three continuous real valued parameters
A,Band a:

p(Er = Ex —E, ). f(E,) — Ae”5 p(E;), Be"Er f(E, ). (3)

However, we stress that the degrees of freedom are limited to
those given by G — i.e,, all shape features of p and f beyond the
exponential prefactor given by G are uniquely determined by the
fit. It is important to note that the o parameter, which influences
the slope (in a log plot) of the functions, is common to o and
f. Hence, their normalizations are coupled together in the Oslo
method. To obtain the physical solution, the level density and
y SF need to be normalized to auxiliary data. Typically, one uses s-
wave resonance spacings, Dy, from neutron capture experiments
as well as discrete levels to fix the level density normalization,
and augment this by average total radiative width data, (I7,), to
normalize the ySF. This will be discussed in more detail in the
next sections.

2 Note that we follow the standard notation for the Oslo method, where
P(Ey, E, ) is the conditional probability p(E, |Ey) for the first y-ray transition with
energy E, to come from an initial excitation energy Ey.
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4. Uncertainty propagation by ensemble

We use an approach based on the Monte Carlo (MC) technique
to estimate the statistical uncertainties in the Oslo method by
creating an ensemble of randomly perturbed copies of the dataset
under study. To illustrate the method, we have chosen an ex-
perimental dataset for '%4Dy. The data was obtained in Ref. [25]
and we will compare our results to the reanalysis published
by Renstrgm et al. [13].

The random variables are the experimental number of counts
in each bin i in the raw E,-E, coincidence matrix R. We assume
that they are independent and follow a Poisson distribution with
parameter ;. The Poisson distribution P, is given as

)\'kef)u
k! )

We take the number of counts k; in bin i of R as an estimate for the
Poisson parameter A;. Note that it is an unbiased estimator for A;,
since the expectation value (k) = A.To generate a member matrix
R, of the MC ensemble, the counts in each bin i are replaced
by a random draw from the distribution 7. By this procedure,
we obtain Ne,s matrices representing different realizations of the
experiment. Defining 7; = (r,.(”, rl.(z), ce ri(NE“S))T as the vector of
all Neys realizations m of bin i we can calculate the sample mean

{ri),
1 Nens
(f)y=—> ", )

1
ens =1

Py = p(k|r) =

and standard deviation oj,

-l Nens

o= | o (K- @) ©)

=1

Of course, in the case of the raw matrix R, the standard deviation
is trivial because it is given by the Poisson distribution (¢ =
/). But the technique also allows us to estimate the standard
deviation at later stages in the Oslo method — after unfolding,
after the first-generation method and even after fitting the level
density and y-ray transmission coefficient. In Fig. 1 we show the
relative standard deviations o ; = 0;/r; in the raw (d), unfolded
(e) and first-generation (f) matrices of the 4Dy dataset based on
Nens = 50 ensemble members.

It should be noted that we usually analyze spectra with a
(possibly time-dependent) background. In this case we measure
two raw spectra, the total and the background spectra, which
independently follow a Poisson distribution. In OMpy, both spectra
can be read in and perturbed independently. The background
subtracted spectra R’ are then generated for each realization.
When the number of background counts are large enough, this
may lead to bins in R’ with negative number of counts. With
the current default, these are removed before further processing
at the cost of a potential bias towards higher level densities p
and strength functions f (see the discussion in Section 7). The
generation of the all ensembles matrices (including application
of the unfolding and first-generation method) is handled by the
Ensemble class.

5. Decomposition into level density and y-ray strength func-
tion

With the first-generation matrices and their standard devia-
tion at hand, we may proceed with the fitting of p and 7 for
each ensemble member. First, we select a suitable bin size AE,
typically 100-300 keV depending on the detector resolution, and
rebin the first-generation matrix along both the E and E, axes
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(a) raw (b) unfolded (c) first-generation
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Fig. 1. Raw (a), unfolded (b) and first-generation (c) matrices for the '®*Dy dataset [13,25], as well as the respective relative standard deviation matrices (d-f)
obtained with the ensemble propagation technique for Ne,s = 50 realizations. The dashed lines in panel (c) highlight the fit limits for p and f.

to this bin size. The matrix of experimental decay probabilities
Pexp(Ex, E, ) is obtained by normalizing the spectrum in each E
bin to unity. For the fit of p and 7, we take the function value
in each bin as a free parameter. For a given pair of trial functions
(p, T), the corresponding matrix Pg(Ey, E, ) is constructed by

Pie(Ex, Ey ) = Cgp(Ex — E, )T(E,), (7)

where (g, is a normalization coefficient so that
ZEV Pre(Ex, E,) = 1 VE. We fit Pg by a x? minimization ap-
proach, minimizing the weighted sum-of-squared errors

X2 _ Z (Pexp(Evay) _Pﬁt(Evay))z ) (8)

EvEy UPexp(EX7 Ey)

It is important to use a weighted sum rather than simply a sum
of the residuals, to suppress the influence of bins with large un-
certainties. This in turn makes uncertainty estimation important.
As already mentioned, a shortcoming of the original Oslo method
implementation [10] in the oslo-method-software has been
the estimation of the uncertainty op,,, (Ex, E, ) in the denominator
of the x? fit. Due to the lack of a complete statistical uncertainty
propagation, one has had to resort to an approximate uncertainty
estimation. It was based on a Monte Carlo scheme similar to
the present work, but where only the first-generation spectrum
is perturbed as if each entry was direct count data. This is dis-
cussed in detail in Ref. [10]. In OMpy, we have access to a proper
uncertainty matrix op,,,. We checked that most bins of the first-
generation matrices approximately follow a normal distribution.
However, they are distributed with a larger and varying standard
deviation as compared to what one would have received if the

first generation entries were count data directly and followed the
expectation value (k) = A. The approximate adherence to the
normal distribution justifies the use of a x? minimization as a
likelihood maximization.

The x? minimization is carried out by numerical minimization
in the Extractor class. This is a different implementation than
in the oslo-method-software, where the minimum is found
by iteratively solving a set of equations to obtain a solution
satisfying dx2/dp = 0, 3x2/dT = 0 for each bin of p and
T [10]. After testing several off-the-shelf minimizers, we have
found that the modified Powell's method in the SciPy package
works well [56,57].

The normalized first-generation matrix P(Ey, E, ) is compared
to the fitted matrix in Fig. 2 for one ensemble member of the
164Dy dataset. In Fig. 3 we show the corresponding level density
p and y-ray strength function f, where the latter is obtained from
T using Eq. (2).

5.1. Testing the sensitivity on the initial values

The presently used minimization routine requires an initial
guess for the trial functions (p, 7). In principle, the choice of
the trial functions may have a significant effect on the results if
the minimizer is prone to get caught in local minima. Ref. [10]
proposes to set the initial p to a constant, arbitrarily chosen as
1, for all excitation energies Ey, and 7(E, ) as the projection of
Pexp(Ex, E, ) on the E, -axis. In OMpy, we have implemented several
choices to test the stability of the solutions towards other initial
guesses. For the cases shown here, no significant impact on the
final results was observed.
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Fig. 2. One realization of the normalized first-generation matrix P(E, E,) (a)
compared to its fit (b) by the product of the level density p(Ey) and ySF f(E,)
(see Fig. 3). The dashed line indicates the maximum y-ray energy E, = E,.
Counts to the right of this diagonal are due to the detector resolution or noise
only and have been excluded from the fit. Note that panel (a) is similar to
Fig. 1c, but rebinned to 200 keV and for one realization instead of the mean of
the ensemble.

Our default choice for the initial guess on p has been moti-
vated by a long lasting discussion on whether the level density
p follows the back-shifted Fermi gas (BSFG) equation [58,59] or a
constant temperature (CT) model [59,60] below the neutron sepa-
ration energy S,, see Ref. [61,62] and references therein. In recent
years, the results of the Oslo method have strongly suggested a
close-to CT-behavior. As this is equivalent to the initial guess for
p in Ref, [10] (after a transformation G (see Eq. (3)), we set the
default initial guess to a BSFG-like solution. More specifically, we
draw from a uniform distribution centered around a BSFG-like
initial guess for each ensemble member. Fig. 3 demonstrates that
the resulting fit is still best described by the CT-model, but it is
now very unlikely that this is due to a failure of the minimizer.
The initial guess for 7 is still chosen as in Ref. [10], but with the
same randomization with a uniform distribution as for the level
density p.

Besides the two alternatives named above, we have also tested
a rather exotic initial guess for p given by a quadratic function
with a negative coefficient for the second-degree. This contrasts
any expectation that the level density p increases as a function
of the excitation energy E,. However, even for this choice, the
solution is stable.
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Fig. 3. Level density p(E,) and ySF f(E,) = T(Ey)/(27rE3) from the fit in Fig. 2.
No transformation has been applied to the fit. Even though the initial guess for
p was chosen from a BSFG-like function, the results are better described by the
CT model above ~2 MeV. The initial guess is shown before the randomization
with a uniform distribution.

5.2. Uncertainty estimation

Given the degeneracy of the x?, it is nontrivial to estimate
the uncertainty in the solutions of p and 7. The oslo-method-
software implements the approach of Ref. [10], where the un-
certainty is estimated from the standard deviation of the
solutions (o™, 7(™) for each realization of the first-generation
matrix Pé?g. This may lead to erroneously high uncertainties,
as any transformation G gives an equally good solution to a
given Pé)'("p) To illustrate this, we could imagine that the PéTp)'s
only differ by a very small noise term. Due to the noise term
the solutions will not be identical. In addition, we recapitulate
that any given Pé,'?p) can be equally well fit by p as with any
allowed transformation G such as 10p or 100p. Instead of a
negligible standard deviation one receives a standard deviation
solely based on the degeneracy of the solutions. So far, we have
observed that the minimization results are more stable as one
might expect for the scenario outlined here (provided that the
initial guess is not randomized). This is probably due to the way
the minimizer explores the parameter space. Nevertheless, for the
standard usage of OMpy we provide the functionality to estimate
the uncertainty of solutions p and 7 after normalization of each
ensemble of (o™, 7{M), This will be explained in more detail in
the next section.

5.3. Fit range

Using the Oslo method we have to restrict the fit range for
the P(Ey, E, ) matrix. The area below E;“i“ exhibits discrete transi-
tions, thus does not adhere to the statistical nature of the y-ray
strength function f and is therefore excluded. To remain selec-
tive on the y-decay channel, we can only use P(E,, E,) up to a
maximum excitation energy Ey** around the neutron separation
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energy S,. Finally, we also constrain the minimum y-ray energy
to E;m“, which usually attributed to a deficiency of the unfolding
or first-generation method for low y-ray energies. The limits are
highlighted in Fig. 1(c) and only this valid region of P(E,, E, ) is
sent to the minimizer.

6. Normalization of p and ySF

At first glance, the results bear little resemblance to a level
density or ySF. That is because the fit has not yet been normal-
ized. Thus, the solution shown in Fig. 3 is just one of an infinite
set of solutions to the fit. In this section we will discuss how
auxiliary data can be used to find the transformation G that gives
the physical solutions.

6.1. Auxiliary experimental data

For the level density p, there are often two different types of
auxiliary datasets available. At low energies, the discrete levels
are known from spectroscopy. They can be compared to the
fitted level density from the Oslo method after applying the same
binning. One can also account for the detector resolution by
applying e.g. a Gaussian smoothing to the histogram. At higher
excitation energies, typically ~1-3 MeV, the spectroscopy data
fails to resolve all levels [61]. The user will thus have to set a
sensible region in the low energy regime for the comparison.

The second piece of information stems from neutron reso-
nance experiments, e.g. the average s-wave resonance spacings
Do. They provide information about the level density p(Ex =Sy, J;
=+ 1/2, m) at the neutron separation energy S,, where J; and m;
are the ground-state spin and parity of the target nucleus, i.e. the
A — 1 nucleus [61]. With the Oslo method we obtain the total
level density p(Ex) = ZM p(Ex, ], ). If one knows the fraction
of J; &+ 1/2, m levels, one can estimate p(S,) by from Dy by [10]

1 2

Do 8(Ex. Ji + Y2) + 8(Ex.Je — 1/2)
where g(Ey, ], ) is the spin-parity distribution of the nucleus at
E, and the factor of 2 comes from the assumption of equiparity,
i.e. g(Ex,J, m) = g(Ex,])/2. Note that the J; — 1/2 term vanishes
for J; = 0. For the spin-parity distribution g(Ey, I) it is common
to use a form proposed in Ref. [63, Eq. (3.29)]; however the exact
parametrization is a major source of systematic uncertainties in
the normalization, thus several suggestions are implemented in
OMpy.

The usage of p(S,) for the normalization is further complicated
by restricted fit-regions for P(Ey, E, ) (see Section 5.3). These limit
the extraction of the level density p up to E;“aX-E;“‘“, which is
often about 1-3 MeV below S,,. Consequently, we cannot directly
normalize the fitted level density p to p(Sn) obtained from Dy. To
utilize this information, we have to extrapolate p and compare
the extrapolation at S,. The exact form of the extrapolation is
another systematic uncertainty. Generally, the constant tempera-
ture (CT) model [63] fits well with the level density data obtained
from the Oslo method [64],

1 E, — E,

pcr(Ex) = T SXP——
where the temperature T and the energy shift Eq are free param-
eters of the model. We obtain them by a fit to p in a suitable
energy range.

The convolution of the level density p and y-ray strength
function f (or equivalently 7) can be further constrained by
the average total radiative width (I7,(S,)) from neutron-capture

(9)

o(Sn)

) (10)
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experiments (see e.g. Ref. [61]) on a target nucleus with ground-
state spin J; using the following equation:

D, Sn

(LS = 5 | dE, [f(Ey)Eip(sn—Ey)

0

Jit+1
x Yy g(sn—Ey,Jf)}, (11)

Ji Jr=li—11

where the first sum runs over all possible residual nucleus spins
Ji» i.e. from min |J; & 12+ ¢| to J; + /2 4+ £ and the second sum
runs over all final spins J; accessible with dipole radiation starting
from a given J;. Often only s-wave information is available, corre-
sponding to £ = 0 in the notation above, and the measurements
are performed with low energy neutrons, such that E, ~ S,; for
brevity it is then common to write (I7,) for (I7,,(S,)). A derivation
of Eq. (11) is given in Appendix D. Currently, we approximate
(I',) using the integral involving the level density o for all ex-
citation energies E,, although the integral at low energies can be
replaced by a sum over decays to the known discrete levels for
more precise calculations. Note that we also have to extrapolate
the y-ray strength function to be able to use this equation. Due
to its shape, a log-linear function is often fitted to the results.

6.2. Likelihood

In the following, we will define the likelihood £(#) that is
used to find the proper normalizations. Let £;(#) denote the
likelihood for a given solution (p, 7) of Eq. (7) to match the
normalization information i (i.e. discrete levels, Dy, (1)) after the
transformation G with the parameters § = (A, B, @). Due to the
extrapolation of the level density o mentioned above, we have to
introduce two nuisance parameters T and Eg, so we extend 6 to
include (A, B, «, T, Ep). To reduce the computational complexity,
we extrapolate the y-ray strength function by the best-fit values
for a given set of transformations («, B). The total likelihood £(8)
is then given by

c(0) =[] cito). (12)

We assume that the experimental Dy and (/7,) data are normal
distributed, thus maximizing the log-likelihood is equivalent to
minimizing a sum of x?’s. Note that the measurement of the
discrete levels is of course not stochastic; however, the count data
we use to determine p for the comparison is. More explicitly, we
have

1
In£i(0) = Ki— 5 3 xi (13)
i
- — 0 o (0)) 2
Xgiscrete _ Z (,Oj,dlscrete — /Oj,Oslo( )> , (14)
» j
J
2
2 DO,exp - DO,CT(o)
O S —
0,exp
2
pj.ct — Pj,oslo(#)
_ ), 15
S o
2
2 (Fy)exp - (ry>0510(0)
Xiry)y = ( pu > (16)
(I'y Jexp

where K; = In(1/(2mo;)) is a constant as long as the standard
deviation(s) o; does not depend on . The subscript exp denotes
the experimental data. The sums in Eq. (14) and (15) run over
all data points used in the evaluation, and for XE2>o we invert
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Eq. (9) to obtain Dy from the level density (extrapolated with the
CT model). The second term of Eq. (15) arises due to the fit of the
nuisance parameters of the CT model (T, Ey) to the Oslo method
data, here labeled pgsjo.

As discussed in Section 5.2, the degeneracy of the solutions
p and f prevents us from directly inferring their parameter un-
certainties in the fit of the first generation matrix Pey,. However,
clearly the data points of p and 7 have a statistical uncertainty
that should propagate to inform the posterior distribution of 6.
We choose to model this by setting o; somewhat arbitrarily to a
relative uncertainty of 30%. We propose to test the implications in
a future work e.g. by comparing inferred Dy’s for datasets where
Dy is known but on purpose not included in the x? fit of Eq. (15).
Note that with this specification of the standard deviations o}, the
K; become #-dependent:

1 1
K; = In— = In .
' 2}: J2ma; 2}: V27 X 0.3p).0510(0)

The likelihood can easily be extended if other information shall be
taken into account. In several recent works on the Oslo method,
experimental data on (I7,) was not available, but roughly es-
timated from systematics (see e.g. Ref. [17,65]). With the new
possibilities of OMpy we would instead recommend to constrain
o« and B by adding a term to the total likelihood that describes
the match with other measured strength function data (usually
above S,).

(17)

6.3. Implementation

We sample this likelihood with the Bayesian nested sampling
algorithm MultiNest [66,67] using the PyMultiNest mod-
ule [68]. For a more efficient calculation, we first find an approxi-
mate solution (more accurately the maximum-likelihood estima-
tor) @ with the differential evolution minimizer of SciPy [56,69].
This is by default used to create weakly informative priors for A, B
and « and T. For A and B we use a normal distribution truncated
at 0 (negative values of p or f are not meaningful), a default mean
w given by @ and a broad width of 10u. For « and the nuisance
parameter T (entering through the level density extrapolation
model) we use log-uniform priors spanning one order of magni-
tude around 6. For the second nuisance parameter Ey we choose
a normal distribution with mean 0 and width 5 MeV, which is
truncated below (above) -5 and 5 MeV, respectively. The latter
choice is well justified regarding the range of reported values of
Ep in Ref. [70].

This simultaneous normalization is implemented in the Nor-
malizerSimultan class, which relies on composition of the
NormalizerNLD and NormalizerGSF classes handling the nor-
malization of the level density p and y-ray strength function
f. To facilitate a comparison with the oslo-method-software
calculations, one can also run a sequential normalization first
using Eq. (14) and (15) through NormalizerNLD and then the re-
sulting p as input to the normalization through NormalizerGSF,
see Eq. (11). It should be stressed though that the normalization
through the likelihood calculations in OMpy will still differ from
the approach taken in the oslo-method-software. The latter
allowed only to receive best-fit estimates of the transformation
parameters A, B and «. Any subsequent uncertainty estimation
due to the normalization itself was up to the users. We also note
that an advantage of the simultaneous approach is that one ob-
tains the correlations between A, B and « such that uncertainties
in the normalization of p directly propagate to the estimation
transformation parameters for f.

From the MultiNest fit we obtain the posterior probability
distribution for the parameters 6, given as (equally-weighted)
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samples 6;.> The normalization uncertainty for the solution (p™,
fm) of the realization m can then be mapped out by creating
a normalized sample (p™, f(™); for each 6; using Eq. (3). By
repeating this procedure for all realizations m of the ensemble, we
also recover the uncertainty due to the counting statistics. This is
performed in the EnsembleNormalizer class.

7. Systematic uncertainties

The previous sections described the necessary tools to eval-
uate the statistical uncertainties due to the counting statistics
and the normalization procedure. It is important to keep in mind
that there are also systematic uncertainties linked to the analysis,
which are summarized below:

(a) Removal of negative counts in raw matrix: When subtracting
the background from the raw matrix, we often receive a
matrix with negative counts in some bins. This is clearly
linked to the Poisson statistics in regions with a low signal
to background ratio. If one simply removes the negative
counts, one potentially biases the mean of the level den-
sity and y-ray strength points derived from these bins.
It was previously observed that negative counts in the
raw matrix can cause technical challenges in the currently
implemented unfolding method, with some bins obtaining
extreme negative values after several iterations. For the
background subtraction, it might be a more reasonable fix
to redistribute the negative counts to bins within the res-
olution. This is implemented by Matrix.fill_negative
as an alternative to the default method, Matrix.remove_
negative, which removes all negative counts. For the
164Dy, there is a high signal to background ratio, thus
the background subtraction does not have this problem.
In cases with a worse background ratio, both methods
could be compared. If they result in significant differences,
further analysis is needed to find the optimal procedure.

(b) Removal of negative counts in unfolded and first-generation

matrix: The unfolding and first-generation methods can

result in negative counts which cannot be linked to the

Poisson statistics any longer. It is thus not clear whether

it is better to keep the negative counts or to redistribute

them in the fashion described above. Again, the problem
was negligible in the '®4Dy dataset, but has to be treated

carefully if the methods lead to more bins with such a

behavior. To retrieve the matrices before removal of the

negative counts, the user can simply replace or deacti-
vate the remove_negative methods of the Unfolder and

FirstGeneration classes.

Unfolding method: There are two main sources of system-

atic uncertainties, the iterative unfolding method itself,

and the detector response functions. The latter can be
gauged by obtaining an ensemble of different detector re-
sponse functions that capture the breadth of physically
reasonable configurations (e.g. auxiliary software such as
GEANT4 [71]). Each member of the raw matrices R(™ is
then unfolded with one (or each) of the different detector
response functions. The former uncertainty is more diffi-
cult to quantify. In this special case, alternative methods
exist already and one approach could be to implement an
alternative unfolding algorithm (e.g. Ref. [72]). The oslo-
method-software attempts to quantify the systematic
uncertainty from unfolding and the first-generation ma-
trix following an ad hoc numerical procedure described

—~
)
~—

3 For brevity, we drop the index m on @, but the normalization is performed
for each realization m individually.
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in Ref. [10]. A proper treatment that pays tribute to the

full complexity of the problem is outside the scope of the

present work.

Population cross-section: As mentioned in Section 3, the

first-generation method assumes that the spin-parity dis-

tribution of the populated levels g,o, is similar for the
whole excitation energy range studied. At best, g,op ap-
proximates the spin-parity distribution g of the levels in
the nucleus itself. This is often believed to be the case
for low and mid-mass nuclei, where the beam energy is
chosen such that the compound cross-section dominates
over the direct cross-section. More details can be found in

Refs. [16,73] for challenges if the intrinsic spin-parity dis-

tribution g(E,, J, ) is very different from the (normalized)

population cross-section gpop(Ex, J, 7).

(e) Decomposition and the Brink-Axel hypothesis: The decompo-
sition of the first-generation matrix into the level density
p(Ex) and y-ray strength function f(E, ) relies on a gener-
alization of the Brink-Axel hypothesis [49,50], where the
strength function is assumed to be approximately inde-
pendent of E,, ] and 7 (see Eq. (C.5)). The validity of
the assumption has been tested within the Oslo method
by comparison of the y-ray strength function f extracted
from different initial and final excitation energy bins, see
Refs. [51,52] and references therein for further works.

(f) Intrinsic spin-parity distribution: Both the normalization of
the level density p at S, via Dy and the absolute scaling of
the y-ray strength function via (I, ) rely on the knowledge
of the intrinsic spin-parity distribution g(E,J, w) of the
nucleus, see Eqs. (9) and (11). It is difficult to measure the
spin-parity distribution g(Ey, J, 7r) in the (quasi)continuum
and there are various different empirical parametrization
and theoretical calculations, see e.g. Refs. [59,70,74,75] and
Refs. [76-79] respectively.

(g) Lack of Dy and (I',): In several recent cases where the
Oslo method has been applied, experimental values of Dy
and/or (I',) were not available, see e.g. Refs. [13,17,37,65].
In these works, Dy and/or (I',) were estimated from the
values of nearly nuclei. With OMpy it is now easier to
adopt the normalization procedure via the likelihood £(8)
in Eq. (12) instead. One can either remove terms where
the experimental information is missing, allowing for a
larger degeneracy of the solutions, or add different con-
strains, like a measure of how well the y-ray strength func-
tion f(E, ) matches other measured y-ray strength function
data, which often exists above S,,.

(h) Bin sizes and fit ranges: Several decisions have to be made
on the bin sizes and fit ranges, for example in the normal-
ization of the level density p to the known level scheme,
see Section 6.1. The user can test different sensible regions
for this comparison.

—
o
=

In this work, only the impact of the negative counts, items
(a) and (b) have been studied. In many cases it is challenging to
evaluate the impact of the assumptions on the data. Whenever
the uncertainty is linked to models, algorithms, parameter sets
or alike, and alternative choices exists (items (c), (d), (f), (h)), it
is possible to utilize OMpy’s error propagation functionality. This
was illustrated for the unfolding of the data in item (c). More
information on items (e) and (f) can be found in Ref. [16].

8. Discussion and comparison
In Fig. 4 we show the level density p and y-ray strength

function f of 184Dy resulting from the simultaneous normalization
of Nens = 50 realizations. Each realization m is transformed
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with Neamp = 100 samples from the normalization parameters
0;. The combined uncertainty of the normalization and counting
statistics is visualized through the 16th, 50th, and 84th per-
centiles which together form the median and a 68% credible
interval. Additionally, we show one randomly selected sample
(p™, fM)y; including its extrapolation. The results are compared
to the analysis of Renstrem et al. [13] which used the oslo-
method-software, and we display both the uncertainty that
is quoted due to the counting statistics and the total uncer-
tainty, that includes the normalization. Note that we discussed
in Section 5.2 that this split into the uncertainty due to count-
ing statistics and due to normalization is, strictly speaking, not
possible - hence, the quoted decomposition is an approximation.

It is gratifying to see that overall, both analyses provide sim-
ilar results. In Fig. 4a, the level density below ~2 MeV exhibits
the same structure of bumps attributable to the discrete level
structure, and at higher E, the curves are practically identical.
Similarly, for the ySF in Fig. 4b, the data is mostly compatible
within the error-bars. The median of the results from OMpy has
slightly steeper slope and the uncertainties are somewhat more
evenly distributed across the whole energy range.

Some deviation between the results is expected due to the
different fitting method and software implementations. More-
over, different fit-regions may lead to different estimations of
the normalization parameters 6, which in turn give different
slopes (and absolute values) for p and the ySF. Usually, there
will be several sensible fit-regions. With OMpy, the user could
create a wrapper that loops through the different fit-regions. The
mean and spread of the results can be analyzed using the same
ensemble based approach as above.

Another way to verify the results of OMpy is to simulate
decay data for a given p and the ySF and compare these to the
analysis with OMpy from the simulated data. We have used the
Monte-Carlo nuclear decay code RAINIER v1.5 [81,82] to create
decay data from a '%4Dy-like nucleus. To create an artificial level
scheme, we used the first 20 known discrete levels [61] and for
higher energies created levels following the CT model and spin-
distribution described in Renstrem et al. [13]. The ySF has been
modeled with the parameters from the same publication. Then,
we simulate the experiment by populating 2 x 10° levels below
Sn and recording the decay ys for each event. For simplicity, we
have assumed here that we populate the levels proportionally
to the intrinsic spin distribution of the nucleus. Finally, we use
the response functions of the ®4Dy experiment to convert the
recorded y rays to a matrix of synthetically generated events
that substitute the experimentally determined raw matrix in the
further analysis with OMpy. The full setting file can be found with
the supplementary material online.

In Fig. 5 we compare the results of OMpy to the input level
density p and ySF from RAINIER. The fitted level density p
slightly over-pronounces the structures of the discrete levels at
low excitation energies. From a practical point of view this is not
a significant problem, as the Oslo method is used for an analysis
of the quasicontinuum region, so at energies > 2 MeV. There, we
observe a perfect match between the input and the fitted level
density. The resulting ySF is in very good agreement with the
input ySF. There are small deviations at the lowest and highest
energies that can easily be understood. The apparent discrepancy
of the input ySF below ~2 MeV can be explained by a failure of
the first-generation method due to strong populations of discrete
states and is directly visible in the comparison of the unfolded
to first-generation matrix (see supplementary material online).
The region could have been excluded from the comparison, but
we aimed for the same extraction region as for the experimental
164Dy dataset. The mismatch propagates to a wrong extrapolation
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Fig. 4. Extracted level density p (a) and ySF f (b) for '4Dy. The fit is similar to that shown in Fig. 3, but the normalization according to Eq. (3) has been applied. We
display the median and 68% credible interval obtained from the counting and normalization uncertainties (orange line and blue shaded band, respectively) together
with one randomly selected sample of p and f (blue dots). The median and 68% credible interval for the extrapolation is given by the green line and shaded band.
In addition, the extrapolation used together with the random sample is indicated by the dashed line. The data points within the gray area denoted fit limits are used
for the normalization and extrapolations, such that we match the binned known levels (black line) [80], p(S,) calculated from Dy [61] (and (I7,) [61]). The results
are compared to the analysis of Renstrem et al. [13] which used the oslo-method-software, displaying both the uncertainty that is quoted due to the count
statistics (inner error bar) and the total uncertainty, including the normalization (outer error bar) (see text for more details). (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 5. Extracted level density p (a) and y'SF f (b) from synthetic data for a '®4Dy-like nucleus. In the quasicontinuum region the analysis with OMpy (labeled results)

agrees well with the input level density and y-ray strength function model.

of the y SF towards lower energies. The two resonance-like struc-
tures at ~6 and 7 MeV over-compensate for the mismatch of the
level density at the lowest excitation energies.

One of the main motivations for OMpy was to improve the
uncertainty analysis in the Oslo method. Throughout the article
we have highlighted several improvements to the theoretical
framework for propagating the uncertainties compared to the
oslo-method-software. The most fundamental source of un-
certainties in the analysis is the count statistics. For each experi-
ment a balance between the run-time costs and the possibility to
gather more data has to be found. Therefore, we find it instructive

to study the impact of a reduced number of counts for the 54Dy
experiment. We create a new raw matrix, which we draw from a
Poisson distribution with a mean of 1/10th of the original data (an
arbitrary choice corresponding to 1/10th of the run actual time)
and otherwise perform the same analysis as above. Both analyses
are compared in Fig. 6, and overall we find a good agreement of
the median values.

There is one major difference in the analysis that leads to
different uncertainty estimates. In the case with the reduced
number of counts we have to use a lower maximum excitation
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Fig. 6. Similar to Fig. 4 we show the extracted level density p (a) and ySF f (b) for the '®*Dy experiment, but here it is compared to a case with only 1/10th of
the data. The level density p (a) and ySF from the case with reduced number of counts have been scaled down by a factor of 5 in the plot to facilitate the visual
comparison with the original analysis. For each case, one randomly selected sample including its extrapolation is shown in addition to the median and a 68% credible

interval.

energy EJ™ in the fit to P(Ey, E,). As a consequence, the ex-
tracted level density ranges only up to about 4.5 MeV instead
of 6.5 MeV, increasing the uncertainty in the determination of
the normalization parameters. The increased uncertainty of the
slope parameter « is directly visible for the level density p. For
the ySF we additionally require a suitable fit to the experimental
(I,), so a different slope « will also affect the absolute scaling
B. This results in the normalized ySFs tilting around a y-ray
energy of about 5 MeV, where the exact location of the tilting
point depends on the nucleus. The normalization uncertainty thus
leads to increasing relative uncertainties of the ySF for lower
y-ray energies E, . This contrasts to the naive expectation that the
relative uncertainties should increase with E,,, as the number of
counts that determine each y SF bin decrease. Finally, we foresee
that the updated framework for the uncertainty analysis may
have a significant impact when further processing of the results
from the Oslo method. An example of this is given in Renstrem
et al. [13], where the authors fit of the strength of the peak at
~3 MeV in the ySF which assumed to be a M1 scissors mode.

9. Extension of OMpy

OMpy is written with modularity in mind. We want it to be
as easy as possible for the user to add custom functionality and
interface OMpy with other libraries. For example, in Section 7
we discussed that it may be of interest to try other unfolding
algorithms than the one presently implemented. To achieve this,
one just has to write a wrapper function with the same return
structure as the callable Unfolder class. Then one provides the
new wrapper to Ensemble instead of the Unfolder class and all
matrices will be unfolded with the new algorithm.

It is our hope and goal that OMpy will be used as much as pos-
sible. Feedback and suggestions are very welcome. We encourage
users who implement new features to share them by opening a
pull request in the Github repository.

10. Conclusions and outlook

We have presented OMpy, a complete reimplementation of the
Oslo method in Python. The capabilities of the code have been
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demonstrated by comparison with a synthetic dataset modeled
with the decay code RAINIER. We have also compared OMpy to
the analysis for %Dy with the previous implementation of the
Oslo method, the oslo-method-software and in general find
a good agreement. However, we have refined the uncertainty
quantification of the analysis using an ensemble-based approach.
We are now able to simultaneously take into account statistical
uncertainties from the counting statistics and the normalization
to external data and preserve the full correlation between the
resulting level density p and ySF.
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Appendix A. Unfolding

Here we explain the unfolding technique presented in
Ref. [26], which is used both in the original Oslo method imple-
mentation in the oslo-method-software and in OMpy. Let the
detector response be modeled as a conditional probability density
function

p(E}/ |E}// )7

encoding the probability that a y ray with true energy E/, is
detected with energy E, . Given a true y-ray spectrum U(E, ), the
folded spectrum F(E,), i.e. the spectrum seen by the detector, is
then given by

F(E,) = / p(E, |E,)U(E},)dE,,.

(A.1)

(A.2)
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By discretizing into energy bins of width AE,, it becomes a matrix
equation
F=PU, (A.3)
where P is the response matrix of discrete probabilities Py =
p(E,,,k|E/yq )AE, . The unfolding procedure amounts to solving this

equation for U. However, a straightforward matrix inversion is
ill-advised, as it will often lead to singularities or produce large,
artificial fluctuations in U [83,84]. Instead, the approach taken in
the Oslo method is to use an iterative technique that successively
approximates U. Letting R denote the measured spectrum, the
algorithm is

1. Start with a trial function Uo = ﬁ at iteration i = 0
2. Calculate the folded spectrum F = PU

3. Update the trial functlon to U1 = U, + (R F,)

4, Iterate from 2 until F ~R.

Note that the oslo-method-software uses a custom tailored
combination of the additive updating procedure of step 3, and
a ratio approach, Uiy = U; o (R @ F;), where the Hadamard
products stand for an element wise product. We obtain equally
good results by adopting only the additive updating in OMpy. The
updating procedure may sometimes lead to a negative number of
counts in the unfolded spectra. For negative counts close to zero,
it is not clear whether these should be kept or discarded, as it is
not clear whether they originate from the statistical nature of the
data. In some cases, one observes some bins with large, negative
counts which hints at a failure of the method. These cases should
be analyzed carefully before the results are processed further. The
current default is to remove the negative counts at the end of the
unfolding.

A too large number of iterations does not improve the results
significantly, but introduces strong fluctuations in the unfolded
spectrum. After the publication of Ref. [26] a criterion for step
4 has been added to the oslo-method-software, which is
also used in OMpy. A predefined number (usually around 30-
200) iterations is run and the best iteration is selected based
on a weighted sum over each vector element of the root-mean-
square error of F; — R and the relative level of fluctuations in U;
compared to the fluctuations of the raw spectrum R. The relative
fluctuations are estimated as |(U;; — (U;))/ (U |1, where (U;) is a
smoothed version of the spectrum Us.

In addition to this, the user can choose to use a further re-
finement to the unfolding method known as Compton subtrac-
tion [26]. It is used to further control the fluctuations in the
unfolded spectrum. The basic concept behind it is to use the pre-
viously unfolded spectrum to decompose R into parts correspond-
ing to the full-energy, single and double escape and annihilation
peaks, and the “rest” which comes from Compton scattering and
similar processes. Each of these parts, save for the full-energy
peak, are then smoothed with the detector resolution before they
are subtracted from R. The resulting spectrum normalized to
maintain the number of counts. The idea is that this should give
an unfolded spectrum with the same statistical fluctuations as in
the original spectrum R.

Appendix B. The first-generation method

In this appendix we describe the idea behind the first-
generation method of Ref. [27] and its implementation in OMpy.
Let FG(E, )g, denote the first-generation y-ray spectrum, i.e., the
intensity distribution of y-ray decay from a given excitation
energy E,, as function of y-ray energy E,. Generally, the nucleus
will decay from E, down to the ground state by emitting a cascade
of y rays, which forms the total y-ray spectrum. The total, or all-
generations y-ray spectrum, denoted AG(E, )g,, can be viewed as
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a superposition of the first-generation spectrum and a weighted
sum of the all-generations spectra of excitation energies below,

AG(E, )i, e+ Y w AG(E, ) (B.1)

E/ <E,
x (AG(Ey )y )

= FG(E £, N(EL)

Here, w(E,)g, is a weight factor that gives the decay probability
from E, to Ej, and n(E, ), is a normalization factor which corrects
for the varying cross section to populate the E;, bins. Note that the
normalization factor n(E,)g, times the all-generations spectrum
AG(E, )z, gives the spectra of y rays (AG(E, )g;) emitted from the
E;, bin for each single population.

Normalization and multiplicity estimation

The normalization factor n(Ej,)g, can be estimated from the
singles spectra S(Ey), which contain the number of reactions
populating the excitation energy bin Ey and thus the number of
y-ray cascades out of this level,

S(Ex)

n(E,)g, = .

(B SE)

However, usually it is determined from the total y-ray spectrum
by the relation

(M(E}))N(Ex)
(M(Ex))N(Ey)’
where (M(E,)) and N(Ey) denote the average y-ray multiplicity
and the total number of counts, respectively, at excitation energy

E,. This reformulation uses the fact that S(Ey) = N(Eyx)/M(Ey). In
OMpy there are two ways to determine the average multiplicity

(B.2)

n(Ey)g, = (B.3)

(M(Ey)). The initial idea, the total multiplicity estimation is given
in Ref. [7] as
Ex
(M(Ex)) = —, (B4)
TE,)

where (E,) is the weighted-average y-ray energy at excitation
energy E,. Due to the detector threshold, we are usually not able
to measure all y rays, and this will artificially increase (E,). To
solve this problem, a statistical multiplicity estimation has been
added to the oslo-method-software and is adapted in OMpy.
The underlying idea is that in heavier nuclei, like in the rare-
earth region, y rays from entry states at higher excitation energy
will decay down to the yrast-line, where it enters at an energy
denoted here as Eyn.. From there, the y rays follow a non-
statistical decay to the ground state. For heavy nuclei, there are
many levels at low excitation energies, such that it is assumed
here that the yrast transitions will proceed with many y rays of
so low energy, that they are usually below the detector threshold.
In that case, we can replace the excitation energy in Eq. (B.4) by
the apparent excitation energy Ey = Ex — Eyrast. A challenge in this
method is to correctly estimate the entry energy Ey .. Thus we
recommend to use the total multiplicity estimation whenever the
experimental conditions allow for it.

Weight function and iteration
The weight function w(E;) encodes the probability for the

nucleus to decay from E, to Ej, and is in fact nothing but the
normalized first-generation spectrum for Ej,

FG(Ex — E!
w(Ey)g, = PO — Eee ,X)E*. (B.5)
>, FG(E) ),
By rewriting Eq. (B.1), we obtain
FG(Ex — E; )k
FG(E, )r, = AG(E, )g, — n(E, )XixAG(E e/ (B.6)
v JE v JE, Eé E, ZE’ FG(E/ )k, Ex
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This is a self-consistent set of equations for the FG spectra, which
we solve by an iterative procedure, starting with a set of trial
functions FG(E, )g, and iterating until convergence is reached. In
OMpy, the trial functions are chosen as constant functions, i.e.
with the same value for all E,. In the original implementation
of the first-generation method, the trial functions are instead
chosen based on a Fermi gas level density model [61,85]. We
have checked with OMpy that this gives identical results as with
constant functions. The iterative procedure may sometimes lead
to a negative number of counts in the resulting first generation
spectra. As for the unfolding method, it is not clear whether
they originate from the statistical nature of the data or from
inaccuracies in the iterative procedure. The current default so-
lution in OMpy is to remove negative bins from the obtained FG
spectra. However, as described in Section 7, the user can choose
to rather redistribute the negative counts to neighboring bins
using the Matrix.fill_negative option. In cases where a few
bins obtain large, negative counts, we advise the user to carefully
analyze the results before processing them further.

Based on the development in oslo-method-software a
small variation was added to OMpy to ensure better convergence
for higher iteration numbers. Starting from iteration 5, each iter-
ation i of the FG spectra is calculated at FG; = 0.7FG; + 0.3FG;_1,
where FG is the spectrum from the analytical solution of (B.6).
This is comparable to a fixed learning rate in machine learning
algorithms.

Appendix C. Derivation of the Oslo method equation

Here, we derive the relationship between the distribution of
primary y rays, and the strength function and level density. The
derivation is based on Weisskopf [86, p. 214-217], and Blatt and
Weisskopf [87, p. 342, 649], but generalizes the equations to take
into account angular momentum conservation. This corresponds
to the Hauser-Feshbach theory of statistical reactions [88], but
we apply several simplifications, like the Brink-Axel hypothesis,
such that we can arrive at the Oslo method equation, Eq. (1).

We start with Bohr’s independence hypothesis [29] for the
cross section ¢ in a nuclear reaction a + A — CN* — ¢+ C.2
Let us denote all quantum numbers of the entrance channel, the
compound nucleus and the exit channel by «, i and f, respectively.
The cross section is then given by [29,87, p. 342]

o(a, f) = oen(a@)Gen(i, f),

where the compound nucleus formation cross-section ocy de-
pends only on the entrance channel «. Following Bohr, the decay
probability of the compound nucleus Gcy depends only on the
branching ratios of the compound nucleus level i to a specific
channel f, but not on the entrance channel. In the Oslo method,
we select only excitation energies E, below the particle separation
threshold, so the compound nucleus can decay by y-rays only.
The decay probability Gey of the state i is then simply the y-ray
branching ratio to a specific final state f with energy E; and the
spin-parity ]]Z’,
oy = =)
Iy

where I',(i — f) is a partial, and I, = Zf
radiative width for the level i.

The spectrum of the decay radiation n(i, f)dE; from the com-
pound nucleus level i is then given by the summation (or inte-
gration) of o(a, f) over an interval dE; (up to a constant due to

(C.1)

(C.2)

(i — f) is the total

4 More precisely, we assume that our reaction, e.g. a (d, p) reaction, leads to
a compound nucleus CN*, which subsequently decays by y-ray emission.
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the flux of a and density of A which would cancel out later):

n(i, f)dEy = Z o(a,f) = oen(a) Z M

, , r,
f in Ef f in Ef

I
= ocn(@) Z 7( y(};? f)
y

XL
fXL E )EZL+1
= UCN o Z (EX ]ﬂ)pavail(Ef)

fXL (E )
= Coz.i Z (L})/ E§L+]pavail(Ef)y
XL 14

where pavai is density of accessible final levels at Ef, Co-i is
a constant that depends only on the entrance channel (which
determines the compound nucleus state i), and we have re-
placed the average partial radiative width (I,(i — f)) by y-ray
strength-function® fy;.

The y-ray strength function fy; for a given multipolarity XL and
for decays from an initial level i to final level fis defined as [89]

(Myxi(Ex JT Ey JF))
E2L+l
Y

;Oavail(Ef )

(C.3)

IO(EX7]7 7'[) (C4)

fXL(EXs]iﬂs Eyv]fﬂ) =
where (---) denotes an average over individual transitions in
the vicinity of Ey (in practice defined by the energy binning
resolution). This can be simplified using the dominance of dipole
radiation (L = 1) and a common generalization of the Brink-Axel
hypothesis [49,50], where the strength function is assumed to be
approximately independent of E,, J and 7,

dip ole
> falEeJT By JF) R filE T Ey )
XL
Brink-Axel
~ fi(E,) (C5)

where we define the total dipole strength function f; as the
sum of the electric and magnetic dipole strength, fr1 and fy,
respectively, fi = fg1 + fu-

If we again use the dominance of dipole radiation in Eq. (C.3)
(which leads to I, ~ '=1) and assume parity equilibration of
the level density, i.e. p(Ex,J, +)~ p(Ex,J, —) we can write

n(i, f)dEs ~ Cy iE,

Jr=li+1 Jr=li+1
fe1(Ey) fin(Ey)
e > pErJr —m) + T, > p(ErJr. )
Jr=li—1 Jr=i—1
Jr=li+1
= C, EXfi(E,)) Y p(Er.Jr eq), (C6)
Jr=li—1

where p(Ey, J, eq) denotes the level density of one parity, the
notation emphasizing the assumption of parity equilibration® and
C(;J = Cy,i/T;,. We may write the partial level density p(Ey, J, eq)
as

1
p(EXajv eq) = Eg(E)h])p(Ex)v

Where g denotes the intrinsic spin distribution of the nucleus and
Zj,, (Ex, ], ) is the “summed” (or “total”) nuclear level

(C.7)

5 To keep standard notation we will denote both the y-ray strength function
and the final level by f. It should be clear from the context what we refer to.

6 The selection rules dictate that dipole radiation changes the angular
momentum J by at most one unit. For M1, the parity is unchanged, while for
E1 it flips. This determines the density of available final levels for the decay. In
the case of J; = 1/2 the sum runs over J; = {1/2, 3/2}, and in the case of J; = 0,
the sum only runs over Jf = 1, since ] = 0 — J = 0 transitions are forbidden.
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density. With this, we can further simplify the sum over the final
levels in Eq. (C.6):

Jr=hi+1
> o(E.Jyp. eq) (C8)
Jr=li—1
Jr=lit1
o(Er) __ 3p(E)
= T} ;1g(EfJf) . Tg(Ef,]i),
s =li—

which is a good approximation except for the case of J; = 0 (and
Ji = 1/2), where the selection rules allow only transitions to Jf = 1
(Ji = {1/2, 3/2}) states.

Next, we write n(i, f)dE; more explicitly as I(E;, J",E,) and
exploit probability conservation,

I(Ei. )T, Ey)
ZEV I(Eiu,jn’ E}/)

= C 7 ESfi(E, )p(Ei — E, )g(Ei — Ey , ;)

where Pj, .(E;, E,) is the probability to decay from an initial
excitation energy bin E; with a y ray of energy E,, the sub-
scripts J; and s; limit the initial levels to of a given spin and
parity, respectively, and C, J is a normalization constant. Note
that the normalization constant C, ; cancels out (which includes
compound nucleus cross-section O‘CN, the total radiative width I,
and the density of intrinsic levels p(E;, J)).

The final step is to generalize this equation for the case where
levels of different spins and parities are populated. Naively, we
may just sum over the decays P]zr from all initial levels J

2Py Zg
7

Py (Ei. Ey) = (€.9)

~ CEEyfl(E E}/v.]l

= CiE,f1(E, )p(Ei — Ey), (C.10)

from which we would already recover the standard Oslo method
equation for a suitable normalization constant Cg,. However, we
have to note that the normalization constants C, J in Eq. (C.9)
depend on the spin and parity, and cannot be factored out. As
we will see, this can be solved under the assumption that the
cross-section ocy to create the compound nucleus at different
spin-parities J is proportional to number of levels in the nucleus
(i.e. it is not spin-selective, but proportional to intrinsic spin
distribution),

oen(a = Ei J7) = oen(Ei)p(Ei, Ji, i)

= ocn(Ei)p(E)g(E;, Ji, mi).

Using Eq. (C.6) to (C.8), the (cross-section weighted) sum over the
decay spectra from all populated levels is

I(Ex Ey) = Y I(Ex By, J7)
i

(C.11)

ocn(Ei)p(Ei, Ji, i)
pr(Ei,]i, T[i)

I

oen(E) 3p(E)
~ = hEE = ;g(sx,m

fl (Ey )Ei pavail(Ef)

_ GCN( i) (E )
ar, !
In principle, we also have to average over the excitation energy

bin E,. However, as the level density p and the total average

p(Ex — Ey). (C.12)
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radiative width I, are assumed to vary only slowly with energy,
this will not lead to any changes in the equation above. The
normalized spectrum is given by

I(Ex, Ey)
>, 1B Ey)

for a normalization constant Cg, that depends only on the excita-
tion energy.

In the case of a more spin-selective population of the com-
pound nucleus, like in B-decay one receives a weighted sum
of the level densities. If we denote the normalized population
of the levels per for each excitation energy by gpop(Ex.J, m) =
ocn(Ex, J, ﬂ)/zj,, ocn(Ex, J, ), Eq. (C.12) can be generalized as

P(E, E,) = = Cfi(E, E2p(Er = Ex—E,). (C.13)

P(Ey, E,) (C.14)

ngop(EXaj 7T )

= Cefi(E) )E; plEf = Ex — E )
X

In summary, we have shown that the Oslo method equation
arises naturally from the Bohr’s independence hypothesis for the
compound nucleus under the assumption of i) the dominance of
dipole radiation, ii) parity equilibration of the level density and
iii) a compound nucleus cross-section ocy that is proportional to
the spin distribution of intrinsic levels.

Appendix D. Calculation of (I7,)

In this appendix we derive Eq. (11) used to calculate the aver-
age total radiative width (I",) from the level density p and y-ray
strength  function f. The derivation is based on
Eqs. (7.19-7.23) in Ref. [87] and p. 106 in Ref. [50]. It bases on
the same arguments as Appendix C, but for ease of readability,
we reiterate the main points.

The radiative width I', denotes the probability for a state to
decay by y-ray emission. In the multipolar expansion it is written
as

Fy:Z(FEL‘i‘FMLL

L

(D.1)

where EL and ML denote the electric and magnetic components of
the radiation of order L, respectively. To simplify the derivation,
we will now assume the dominance of dipole radiation, such that

Iy, =g+ N (D.2)

We will continue with the derivations for the E1 radiation, but
similar equations hold for M1. Analogously to Eq. (C.3), we can
express Igq as the sum of the partial decay widths Iy ;s from
the initial level i to allowed final levels f,

Ie1 =Ty p1(Ex, i, mi) = Z TE1isf,
f

where the initial level is at the excitation energy E, and has the
spin J; and parity ;. The angular momentum and parity of the
final states are given by the usual selection rules.

We now rewrite the partial widths Ity s in terms of the

(D.3)

strength function f, using the definition of f, Eq. (C.4), and the
generalized Brink-Axel hypothesis, Eq. (C.5),
fer(Ey )E
Tiis Te(E, E)) = ——— 1 D.4
E1,imf = (TE1(Ey, Ex)) o) (D.4)

where p(Ey, J;, m;) is the density of the initial levels, and the
energy difference to the final state(s) is given by E,, = Ex — Ey.
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Next, we replace the sum in Eq. (D.3) by an integral, where
we note that the number of partial widths (I%1(E,, Ex)) is pro-
portional to the level density at the final states

ZZ’O(EX -
I/

such that the average total radiative width (I, g1(Ey, Ji, 7)) is
given by

(Fy,El(EX7.]i7 7T,))

E,.Jp: 7). (D.5)

(D.6)

Ex
= [ de e B Y 3 ol By )
0 o7
B fey(EE3
= [ dE, ——~ p(Ex — Ey, Jr, 7))
./o VP(EXv]i»ni)jf:%” T

where the E1 operator requires a change of parity for the final
state, here denoted as ;. The same selection rules as given in
footnote 6 have been applied, but we do not use the approxima-
tion of Eq. (C.8), as many nuclei have a initial spin J; of 0 or 1/2.
Further, we assume parity equilibration of the level density, i.e.

p(Ex,J, +) ~ p(Ex, ], —), and express the level density p(Ey, ], )
through the spin-distribution g(Ey, J), Eq. (C.7),
1
I, g1(Ex, Ji, i) = ———— D.7
( y,El( x> Jis 70i)) o(E. i 71) ( )
E, Ji+1
* 8(Ex —E,. Jr)
xf B E2 0B — ) Y B2 N
0
Jr=li—1

At this point, to obtain the expression for M1 radiation, one only
needs to exchange the E1 strength function fz; by the M1 strength
function fy;;. Using Eq. (D.2), we find

1

(Fy(ExJi’Tfi)) = m

(D.8)

Ex
X / dE, | [fer(Ey) + fu1(E,)]E; o(Ex — E,)
0

Jit+1

x Y gk

Jr=li—1|

This is equivalent to Eq. (2.11) in Ref. [89] under the assump-
tions listed above. One can determine (I, (Ey, Ji, 7r;)) from neutron
capture experiments, where usually slow neutrons are used, thus
E, ~ S,. This is shown e.g. in Ref. [90], but we will repeat the
derivation to get a comprehensive picture. The intrinsic spin of
the neutron is 1/2, so with capture of order £ on a target (denoted
with the subscript t) the entry states in the residual nucleus have
the possible spins J; = J; & 1/2 & ¢ and parity m; = m,(—1)*. For
s-wave capture on a target nucleus with J; = 0, there is only
one possible J;, and we can directly compare the experimental
measurements to the calculations using (D.8). For J; > 0, often
only the average over all resonance of different J; is reported.
Using the level density p(S;, J;) of the accessible J;’s, we find

- Eyv]f)

Z] (Sns JiNTy (Sns Jis 71i))
Iye(Sn)) = D.9
( y(( )) Z] Sn,]l ( )
D Ji+1
=5 dEy FEE S —ENY 3 a(Sh—Eyp) |-
0 B =il

where we substituted ZJ p(Sn, Ji) by the average neutron res-
onance spacing D; and used the assumption of the dominance
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of the dipole decay to rewrite the sum of the average M1 and
E1 strengths as f(E, ). Note that transitions for the highest y-ray
energies go to discrete states, not a quasi(-continuum). Thus, this
integral is an approximation, and more precise calculations could
distinguish between a sum over transitions to discrete states and
the integral for the (quasi-)continuum region.
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