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Abstract

We consider the problem of identifying a mixture of Gaussian distributions with the
same unknown covariance matrix by their sequence of moments up to certain order.
Our approach rests on studying the moment varieties obtained by taking special secants
to the Gaussian moment varieties, defined by their natural polynomial parametrization
in terms of the model parameters. When the order of the moments is at most three,
we prove an analogue of the Alexander—Hirschowitz theorem classifying all cases
of homoscedastic Gaussian mixtures that produce defective moment varieties. As a
consequence, identifiability is determined when the number of mixed distributions is
smaller than the dimension of the space. In the two-component setting, we provide
a closed form solution for parameter recovery based on moments up to order four,
while in the one-dimensional case we interpret the rank estimation problem in terms
of secant varieties of rational normal curves.
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Foundations of Computational Mathematics

1 Introduction

In the context of algebraic statistics [19], moments of probability distributions have
recently been explored from an algebraic and geometric point of view [1,4,11,13].
The key point for this connection is that in many cases the sets of moments define
algebraic varieties, hence called moment varieties. In the case of moments of mixture
distributions, there is a natural correspondence to secant varieties of the moment
varieties. Studying geometric invariants such as their dimension reveals properties
such as model identifiability. One of the main applications for statistical inference is
in the context of the method of moments, which matches the distribution’s moments
to moment estimates obtained from a sample.

Gaussian mixtures are a prominent statistical model with multiple applications (see
[3] and references therein). They are probability distributions on R” with a density
that is a convex combination of Gaussian densities:

MIN @, =) ) + -+ Ak N (e, 50 (0 (D

where i1, ..., ux € R" are the k means, X1, ..., Xy € Sym?(R") are the covariance
matrices, and the 0 < X; < 1 with A1 4 - -- + Ax = 1 are the mixture weights.

The starting point is thus the Gaussian moment variety G, 4, as introduced in [4],
whose points are the vectors of all moments of order at most d of an n-dimensional
Gaussian distribution. The moments corresponding to the mixture density (1) form
the secant variety Seck(G,.4), and identifiability in this general setting was the focus
of [5].

In this work, we study special families of Gaussian mixtures, called homoscedastic
mixtures, where all the Gaussian components share the same covariance matrix. In
other words, a homoscedastic Gaussian mixture has a density of the form

k
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where the Gaussian probability densities f, N, 5)(X) have all different means pu; and
same covariance matrix X. The moments, up to order d, of homoscedastic Gaussian
mixtures are still polynomials in the parameters (the means and the covariance matrix),
and form the moment variety Sec,fl (Gn.q)- This is a set of special k-secants inside the
secant variety Seci (Gy.4)-

The main question we are concerned with is: when can a general homoscedastic
k-mixture of n-dimensional Gaussians be identified by its moments of order d? More
precisely, denote by (H),f « the parameter space of means, covariances and mixture
weights for homoscedastic mixtures, and the moment map by

My a: O — Secf (Gr.a). ?3)

The mixture parameters of a point on the moment variety Sec}:’ (Gn.4) can be uniquely

recovered if the fiber of the moment map (3) is a singleton up to natural permutations
Elo [y
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of the parameters. If this happens for a general point on the moment variety, we say
that the mixture is rationally identifiable from its moments up to order d. If the fiber of
a general point is finite, we say that we have algebraic identifiability. The parameters
are not identifiable if the general fiber of the moment map has positive dimension.

If the dimension of the parameter space is larger than the dimension of the space of
moments, then one may expect any moment to lie on the moment variety. Clearly, the
fiber of the moment map must have positive dimension and we cannot have identifiabil-
ity. We therefore distinguish the unexpected cases: when the dimension of the moment
variety is less than the dimension of both the parameter space and the moment space,
then we say that the moment variety Secf (Gn.a) is defective. In particular, defectivity
implies non-identifiability.

We illustrate with an example:

Example 1 Letn = 2,k = 2and d = 3. Thatis, we consider moments up to order three
for the homoscedastic mixture of two Gaussians in R?. The Gaussian moment variety
G» 3 is 5-dimensional with 2 parameters for the mean vector and 3 for the symmetric
covariance matrix. The parameters for the homoscedastic mixture are two mean vectors

ny = HIT) and ny = Kl , the common covariance X = 11912} 4nd the
12 22 012 022

mixture weight A of the first component, in total 2 x 2 4 3 4 1 = § parameters. On
the other hand, there are 9 bivariate moments up to order 3. Explicitly, the map is:

myo = A1 + (1 — Ao

mo1 = A1z + (1 —Muxn

mao = iy +o1) + (1= D3 +o11)

mox = A(igy +022) + (1 = M(uz, + 02)

mip = A(riprz +o012) + (1 — A) (21 22 + 012)

m30 = Ay + 3o1111) + (1= 2) (13, + 3011021)

mo3 = A1y, + 302112) + (1 — M) (3, + 3022022)

may = M iz + ot + 2012011) + (1 — L) (U3 22 + 011122 + 20121421)
miy = Mpiipdy +onpnn + 20121012) + (1 — L) (U213, + 0201 + 20121422)

Since there are more moments than parameters, one would expect that the mixture
parameters can be recovered. However, the dimension of Secg (G2.3) equals 7. This
is one less than the expected dimension of 8. Therefore, it is defective and there is no
algebraic identifiability. This means that the method of moments is doomed to fail in
this setting. However, if one measures moments up to order d = 4, it is possible to
uniquely recover the mixture parameters.

As is often observed [1,4,13], a change of coordinates to cumulants tends to yield
simpler representations and faster computations. This is the case here and hence we also
study the cumulant varieties of the homoscedastic Gaussian mixtures. For Example 1,
the moment variety in cumulant coordinates is simply the cone over a twisted cubic
curve (see Example 5). This is not a coincidence, as is shown in Sect. 3.

Our main results, Theorems 2 and 3, identify the defective homoscedastic moment
varieties when d = 3 and show that the homoscedastic moment variety is not defective

EOE';W
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when £k < n + 1. These are analogues of the Alexander—Hirschowitz theorem on
secant-defective Veronese varieties [2].

This paper is organized as follows: In Sect. 2 we present the connection between
moments and cumulants. The moment varieties corresponding to homoscedastic mix-
tures are defined in Sect. 3. In Sect. 4 we give general algebraic identifiability
considerations and do a careful analysis of the subcases d = 3,k =2 and n = 1.
Finally, we conclude with a summary of results and list further research directions.

2 Moments and Cumulants

To get started, we make some remarks about moments and cumulants from an alge-
braic perspective. To a sufficiently integrable random variable X on R”, associate its
moments My, .. q4,[X]and cumulants «,, .. 4, [X] through the generating functions in
Rlluq, ..., u,l:

My = Y ma.. an[X]“l ”
uf u”” @
Kx(u) = Z Ka, [ X]— 1 —

,,,,,

The information obtained from moments is equivalent to that from cumulants, since
they are obtained from one another through the simple transformations

My (u) = exp(Kxu)),  Kx(u) =log(Mx(u)) )

which are well-defined, because the 0-th moment is always one, whereas the O-th
cumulant is always zero: mo[X] = 1, ko[X] = O for every random variable X. In
particular, moments and cumulants take values in the affine hyperplanes Afy and A,If
of R[[uy, ..., u,] defined by

Ay ={mo=1}, Ay = {ko=0}. 6)
We call these hyperplanes the moment space and the cumulant space.

Taking only moments up to order d, replace the ring R[[u1, .. ., u, ] of power series
with the truncated ring R[[u 1, ..., u, 0/ (uy, .. un)‘“rl and everything goes through.
In particular, there is an analogous definition of the affine hyperplanes AM and AK
which we also call moment space and cumulant space.

Example 2 (Dirac distribution) Let © = (i1, ..., ;) in R" be a point. The Dirac
distribution §,, with center u on R" is given by

/R F@800) = (). @
Fol:'ﬂ
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If X is a random variable on R" with this distribution, its moment-generating function
is
An

a
up ..Uy

My (u) = F[e"X] = eI = Soouft ®)

arl...a,!’

The moments of X are monomials evaluated at i«. On the other hand, for the cumulant
generating function

Kx(u) =log Mx () = loge" " = u'pn = pyuy + - + pnltn, 9)

the linear cumulants coincide with the coordinates of 1, and the higher order cumulants
are all zero.

This has an immediate translation into algebro-geometric terms: the parameter
space for all Dirac distributions is the space R”, and the image of the moment map of
degreed, M : R" — AQ’{ 4 1s the affine d-th Veronese variety V,, ¢ C A% 4- On the other
hand, the image of the cumulant map K : R" — A,’i 4 18 the linear subspace given by

{ko = k3 = --- = k4 = 0}, where «; is the degree i-part of an element in A,’id.

Example 3 (Gaussian distribution) Let © € R"” be a point, and X € Sym2 R" an
n x n symmetric and positive-definite matrix. The Gaussian distribution on R* with
mean u and covariance matrix X is given by the density

o 2= T x—p) (10)

!
S 2)) = —mmss

If X ~ N(u, X) is a Gaussian random variable with these parameters, its moment-
generating function and cumulant-generating function are given by

, 1
My () = e HHau'Zu g = '+ Su' Su, (11)

The Gaussian moment variety G, 4 < /Ag” d consists of all Gaussian moments up to
order d. Observe that the corresponding cumulant variety is given simply by the linear
subspace {k3 =--- =k4 =0} C A,Ifd.

While our focus is on Gaussian distributions, our approach applies to general loca-
tion families that admit moment and cumulant varieties. We illustrate this with the
next example.

Example 4 (Laplace distribution) The (symmetric) multivariate Laplace distribution
has a location parameter € R" and a covariance parameter X, a positive-definite
n x n matrix. Its density function involves the modified Bessel function of the second
kind (see [12, Chapter 5]), but it can be defined via its simpler moment generating
function:

exp(u’ 1
Myt = 22U ) = ulp— log (1 - -u'2u> (12)
I —su'Xu 2
EOE';W
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with radius of convergence such that |u’ Xu| < 2.

Moments and cumulants up to order d = 3 match with the Gaussian case. Also
note that when ¥ = 0, the Dirac moment generating function is recovered. However,
when d > 4, the Laplace cumulants are no longer a linear space in the cumulant space.

The multiplicative structure of the power series ring R[[u1, - - - , u,, ]| makes it par-
ticularly suitable to independence statements with respect to moments. Indeed, if X, ¥
are two independent random variables on R", then

Myqy () = E[e” X+ ] = E[e" Xe V) = E[u'X] - E[u'Y] = Mx(u) - My (u).
With cumulants it is even simpler: it holds that
Kxiy(u) =log(Mxyy) = log(Mx) + log(My) = Kx(u) + Ky (u).

The group of affine transformations Aff(R") acts naturally on both moments and
cumulants: indeed, for any A € GL(n,R) and b € R" and a random variable X on
R,

Maxsp@) = Max (@) - My(u) = E[e"4X] - E[e"?] = e"? - My (A"n)
and
Kax+5 ) = log(Max+5()) = log(e? Mx (A'w)) = u'b + Kx(A'u).

In particular, note that translations correspond simply to translations in cumulant coor-
dinates, whereas they induce a more complicated expression in moment coordinates.

3 Homoscedastic Secants

When Karl Pearson introduced Gaussian mixtures to model subpopulations of crabs
[18], he also proposed the method of moments in order to estimate the parameters. The
basic idea is to compute sample moments from observed data, and match them to the
distribution’s moments expressed in terms of the unknown parameters. The method
of moments estimates are the parameters that solve these equations. This is a classical
estimation method in statistics; a good survey is [16], and a recent ‘denoised’ version
for Gaussian mixtures is [21].

The method of moments is very friendly for mixture models because computing
moments of mixture densities is straightforward, since for every measurable function
g:R"—>R

k k
/[R g(x) <Z)»if(u,-,>:,-)(x)) dx = Z?»i/ 8(X) fiu;, ) (x)dx, (13)

i=1 i1 “R
Eol T
QA
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and thus, the moments are just linear combinations of the corresponding Gaussian
moments.

As hinted in the introduction, this discussion can be rephrased in geometric terms:
letG, a4 C AQ’{ d be the Gaussian moment variety on R” of order d. Then, the moments
of mixtures of Gaussians are linear combinations of points in G, 4, so that their cor-
responding variety is the k-th secant variety Seck (G, ).

The densities of homoscedastic Gaussian mixtures, where the Gaussian components
share a common covariance matrix, have the form:

M S, 2) (X)) + -+ Ak fuy, 2) () (14)
where the 1; € R are the mean parameters, the ¥ € Sym?R” is the common

covariance parameters, and the A; € R with A; 4+ --- + Ay = 1 are the mixture
parameters. Thus, the parameter space for homoscedastic mixtures is

n k = ([Rn)Xk [Rk—l x Sym2 [Rn

(15)
={((/’Ll’-"’uk)a()"1""5)"]()’2)|)"1 +"+)\'k - 1}7
and it has dimension
1
dim@sznk+k—1+@=(n+1)(k+%)—1. (16)

The moment map for homoscedastic mixtures is then an algebraic map
. 0H M
Mﬂ,k,d . @n,k - An,d'

Points on the image, the moments of homoscedastic mixtures, are linear combinations
of points in G, 4 C Aff d which share the same covariance matrix.

Definition 1 The homoscedastic k-secant variety, denoted Secf (Gn.4), is the image
of the moment map M,, i 4. The fiber dimension Af «.q 18 the general fiber dimension
of the map My, « 4,

Al g =dim @, — dim Sec/ (Gy.4). (17)

We say that Secf (Gn.a) 1s algebraically identifiable if A:Zk 4=0.

The feasibility of the method of moments is based on computing points on the
fibers of the moment map M, ; 4. Algebraic identifiability of Sec,f’ (Gn.4) means that
a general homoscedastic Gaussian mixture in the homoscedastic k-secant variety is
identifiable from its moments up to order d in the sense that only finitely many Gaussian
mixture distributions share the same moments up to order d, whereas we reserve the
term rationally identifiable if a general fiber consists of a single point, up to label
swapping. In case the general fiber is not finite, then it is positive-dimensional, there
is no identifiability of the parameters from the moments up to order d, and a higher
order is needed for identifiability (cf. Remark 4 and [4, Problem 17]).

FoE'ﬂ
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Since the dimension of Sec,‘;’ (Gn.q) is always bounded by the dimension of the
ambient space Ai’_’ 4> there is a simple estimate for the fiber dimension:

Lemma 1 Foralln,d,k it holds that

n n+d
A,ﬁ’,k,dzmax{(n+1)(k+§)—< ) ),o}. (18)
Proof The moment space Ag’[ 4 1s an affine hyperplane inside the vector space
RMlu1, ..., unll/(uy, ..., un)d+1; hence, it has dimension
im AM i d+1 n+d
dim A, = dim R[[ur, ..., unJ1/ @y ooy un)™ — 1= J —1. (19
Since Sec’ (Gn.q) € A%d, note that
Al g =dim @l —dim Sec” (G, ) > dim ©,", — dim A}/, (20)
which is exactly the inequality in the statement. O

We expect that in general situations the inequality (18) is in fact an equality. Hence,
define the defect to be

n n+d
(ka,d = Arlz{k,d — max {(" +1 (k + 5) - ( 4 >0} 21)

We say that Sec’ (Gn.a) is defective if 8/, | > 0. As observed earlier, defectivity
implies non-identifiability.

3.1 Cumulant Representation

Let us explore how homoscedastic secants become simpler in cumulant coordinates,
and how this representation can be used to check identifiability.

First, rephrase the situation in terms of random variables: let Z = Zyx be a
Gaussian random variable with mean 0 and covariance matrix X, and let B =
By, ....i0), (0,0 an independent random variable with distribution given by a mix-
ture of Dirac distributions:

A1y (X) + -+ Ay, (X). (22)

Then, the random variable Z + B has density given by the homoscedastic mixture
(1). Moreover, if m = 1Ay + - - - + ik is the mean of B, we write B = A + m,
where A is a centered mixture of Dirac distributions.

One can compute cumulants of this random variable as follows:

1
Kpiz(u) = Kpu)+ Kz(u) = Ka(u) +m'u + EutZ'u (23)
Elol:;ﬂ
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and this suggests to parametrize the homoscedastic secants in cumulant coordinates
as follows:

1
K: 00, xR" x Sym*R" — AK . (A,m, 2) > Ka(w) +m'u + EutZu
(24)

where @2 « parametrizes the centered mixtures of Dirac distributions

@,(,),k={(Ml,.--,uk),(Kl,---,kk)IMMl+--~+)»kuk=0, M+ =1)

The cumulant homoscedastic secant variety log(Secf? (Gn.a)) is the image of the map
K. Since in this variety, one can freely translate by the elements in R” and Sym?(R"),
the first cumulants and the second cumulants can take any value. The constraints are in
the cumulants of order three and higher. We summarize this discussion in the following
lemma.

Lemma2 Let Af ;13 be the space of cumulants of order at least three and at most d,
let

Pnid: OF — MDA Ka)s + Kaa + -+ Kawa  (25)

be the cumulant map and let C 2 ¢ g denote the closure ¢y i a (@2 ). Then, the cumulant
homoscedastic secant variety 10g(Sec,f1 (Gn.q)) is a cone over Cg td

Remark 1 In particular, the equations for the cumulant homoscedastic secant variety

log(SecH (Gn.q)) inside Arlf 4 are exactly the same as the equations for Cn0 g Inside
K,3
A )

n,d
The fiber dimension A f &4 €an also be computed as the fiber dimension of the map
¢n,k,d .

Lemma 3 The fiber dimension A,ffk,d is equal to the fiber dimension of ¢, k4. In other
words

Al =dim@), —dimCY, ;= (k- D(n+1) —dimCy ;. (26)

Proof The fiber dimension is the difference dim @fk—dim log(Sec,{" (Gn.q)). We know
that @nHk = @r(l)k x R" x Sym2 R"™. Moreover, Lemma 2 says that log(Sec}j (Gn.a))
is the cone over Cg’k,d, which is precisely R x Sym? R" x Cg’k,d, so that the first

equality follows. For the second equality, the dimension of @3’ & can be computed as
nk+k—1—n=m+ 1)k -—1). O

Example5 (n = k = 2, d = 3) Revisiting Example 1 from the introduction, we con-
cluded that Secfl (G23) C Ag’g = A% is expected to be a hypersurface but it is actually
FolCT
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of codimension 2. The ideal of Secg (G2.3) is Cohen—Macaulay and determinantal
(generated by the maximal minors of a 6 x 5-matrix) as described in [4, Proposition
19]. The homoscedastic cumulant variety log(Secgl (G2.3)) is defined by the vanishing

of the 2 x 2 minors of
kao ka1 k12
kot ki ko)’

Note that indeed the first- and second-order cumulants kg, ko1, k20, k11, k2 do not
appear in the equations above, so that the cumulant variety is the cone over the twisted
cubic curve.

Remark2 To estimate the mixture parameters from the cumulants, it is enough to
consider the map ¢, x4 of Lemma 2. Indeed, suppose that we have a homoscedas-
tic mixture with parameters (((Aq,...,Ar), (U1, ..., LK), m, X) € @Sk x R" x

Sym? R” and suppose that its cumulants are known, so that in polynomial form

k1) =m'u
1
Kko(u) = Kaq(u)y + EutZ‘u

k3(u) = Ka(u)s . 27
ka(u) = Ka(u)q

Then, to recover the parameters one can first try to recover the A; and the w; from the
cumulants of order three and higher, and then compute m and X' from the cumulants
of order one and two.

3.2 Veronese Secants

We briefly observe that we can recast the above discussion in a way that makes appar-
ent the connection to mixtures of Dirac distributions and, hence, to secants of Veronese
varieties. To work with classical secant varieties, this time we work in moment coor-
dinates. Now, every homoscedastic mixture is the distribution of a random variable of
the form Z + B, where B is a mixture of Dirac distributions and Z is a centered Gaus-
sian of covariance ¥, independent from B. Thus, the moment generating function of
this variable is

My p(u) = Mzu)Mp(u) = 2 Z* . Mp(u). (28)

Therefore, the role of the covariance parameter is decoupled from the others: In par-

ticular, for ¥ = 0, one obtains the moment variety for mixtures of Dirac distributions.

When restricting to moments M (1), of degree at most d, this is precisely the k-secants

to the Veronese variety Secy(V,,4). The additive group Sym2 R™ acts on the moment
Elol:;ﬂ
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space A, by
Sym?R" x AM, — M (2, M(u)g) > e Mg (29)

and so (28) says that Secf (Gn.q) is the union of all the orbits of the points in Secy (V. 4)
under this action.

This is useful because we can exploit well-known results on secants of Veronese
varieties to address identifiability. First, let AK k.d denote the fiber dimension of the

k-secants to the Veronese variety Secy(V, 4) € Aﬁ” 4 by definition, this is

AY 44 = nk 4k — 1 — dim Seci V. a). 30)

A basic estimate for the dimension of Seci (), 4) is given by the dimension of the

ambient space dim AY | = (";d) — 1, hence

A}ihdzmax{(njtl)k—(nzd),O} 31)

so that we can define the defect of the k-secants to the Veronese variety as
+d
8V a = Anv,k’d—max{(n—i-l)k—(nd ),o}. (32)
This number was famously computed by Alexander and Hirschowitz [2], see also [7]:

Theorem 1 (Alexander-Hirschowitz) The defect for the Veronese variety is always
zero, except in the following exceptional cases

d=22<k<n A,]f,kl:@
n=2d=4k=5 854 =1

n=3d=4k=9 8Y94=1

n=4,d=3k=17 8 75=1

n=4,d=4rk=14 8 14s=1 (33)

Moreover, for a general point M (u) € Seck(V,.q4), consider the closed subset of
Sym? R” given by

D(M) ={X € Sym2 R |e%”’2“ - M) € Secky(Vn.a)}- (34)
We have the following relation between the fiber dimensions (17) and (30):

FolCT
H_ A
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Proposition 1 It holds that
Alia = A q +dim D(M) (35)

where M € Secy(Vy.q) is a general point.

Proof By the previous discussion, the moment map for homoscedastic mixtures factors
as a composition of two surjective maps

O — Sym*(R") x Seck Vu.a) — Secy! (Gn.a)- (36)

Hence, the fiber dimension of the composite map is the sum of the fiber dimensions
of the two factors. For the first one this is A,‘l} . g» SO it remains to consider the second.

Denote the second factor by p: Symz([R”) x Seck(Vn.a) — Secf(V,,,d) and let
(Xy, M,(n)) € Symz([R") x Seck (Vy.q) be a general point. The fiber is

P~ (0 (o, My@) = [ (2, M) |3 5 M) = 30 - b, w)}
= {(Z, M(u)) | M(u) = e2* o= . pp ()}
(% e Sym2(R") [e2 Eo= D . M) € Seck (Vn.a))

— %, — (X' e Sym2(R") |2 " . M, (u) € Seck (Vu.a))
=pX(M,),

concluding the proof. O

Remark3 In the range (n + 1) (k+2) < ("19) where we expect identifiability
for homoscedastic Gaussian mixtures, we see that AY’Z kd = 85 k.d’ and Alexander—

Hirschowitz says that AX kd = SX r.a = 0. Hence, Proposition 1 yields

81 4 = dim D(M) (37)

4 Moment Identifiability

Now we start to determine identifiability in various cases. To do so, it is convenient
to change notation slightly. Up to now, we have identified moments and cumulants
with their corresponding generating functions. In the next sections, it is useful to
identify the parameters with polynomials as well. We replace the location parameter
w = (1, ..., lby) with the corresponding linear polynomial u’ ;t = piuy+- - -+, lty
and we replace the covariance parameter X' with the quadric %u’ Yu. Of course, the
two representations are equivalent, but the polynomial formalism is better suited to
the cumulant space and the moment space. In particular, the linear polynomials live
in the dual vector space V = Hom(R", R), whereas the quadratic polynomials live in
Sym? V.

Elol:;ﬂ
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The next inequality reflects the fact that increasing the order of moments (or cumu-
lants) measured results in better identifiability:

Lemma 4 The fiber dimensions of general fibers of M, .qa and My, i a+1 satisfy:
H H
Apkd Z Ankd+1- (38)

Proof By definition, the fiber dimension A f &4 1s the dimension of a general nonempty

fiber of the moment map M, x 4: @fk’ 4 A% ;- However, this map is the composi-

: . oH M et M M
tion of the map My xa+1: @, ;, = A, ;. and the projection map A, | — A7,

that forgets the moments of order d + 1, so the conclusion follows. O

Remark 4 Since Gaussian mixtures are identifiable from finitely many moments (see,
e.g., [4]), the sequence

H H H H
An,k,l = An,k,Z E An,k,d = An,k,d+l Ea
must stabilize at O for some large enough d.

The following observation is less trivial. It allows a reduction to the case n = k — 1.

Proposition 2 Suppose thatd > 3 andn > k — 1, then
H H
Apkd = A1 ka- (39)

Proof Use Lemma 3, which says that the fiber dimension A,’Z k.a 18 equal to the fiber
dimension of the map

Pnsa: O — A, (40)

This dimension can be computed by looking at the differential of the map at a general
point. The parameter space is defined as

k k
6l = {((M,...,xk), (Liv. L) € REx VR Y "0 =1, ) " wiL :0}.

i=1 i=1

Let p = (A1, ..., 2), (L1, ..., L)) € @Sﬁk be a general point. Then, the tangent
space to @;(1) « at the point is given by

k k
T,0,, = {((ei){;l, (H)_) e REx VR[> e =0, ) (eiLi + A Hy) = 0} :
i=1 i=1

The fiber dimension of ¢, x 4 coincides with the dimension of the kernel of the
differential d¢, x 4 at the general point p. In particular, since the point is general
and n > k — 1, we can suppose that L; = u; fori = 1,...,k — 1 and that all the

FoC
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A; are nonzero. In particular Ly is a linear combination of uq, ..., ux_1. Now, we
claim that if ((eq, ..., &), (H1, ..., Hy)) is in the kernel of d¢, r 4 then the only
variables appearing in the H; are uj,...,ui—1. If this is true, then we are done,
because the kernel of d¢, i 4 coincides with the kernel of d¢y—_1 x4 at the point
(s h) (Lys e L)) € O

To prove the claim, observe that the map is given by the cumulant functions ¢, x 4 =
(k3, K4, ..., Kkq), so the kernel of d¢, 4 equals the intersection of the kernels of the
dii fori = 3,...,d. Therefore, it is enough to prove the analogous claim for the
kernel of the differential d«3 of k3. Since the first moment is zero by construction, the
third cumulant coincides with the third moment

K3 = L3+ 4 AL (41)
Hence, the differential is the linear map
k

dics p: TyO8 , — AXD. ((er. ... &), (Hy, ... Ho) v Y (3hiHi + & L)L}

i=1

and if ((eq, ..., €r), (Hy, ..., Hy)) is in the kernel, then it must be that
k
> hiL}=0.  whereh; =3 H; +¢L;. (42)
i=1

Since A # 0, this is equivalent to Zle hi(AkLi)z =0andsince A\ Li+---+Ar Ly =
0, we see that

2
k k—1 k—1 k—1
D hiOaLi)* = hiGaLi)* + i OaLi)® =Y hi(Li)® + hy (Z AI-Li)
i=1 i=1 i=1 i=l
k—1
=3 Othi + 3Fhi)LF +2h | > nidLiL;
i=1 I<i<j<k—1
By assumption L; = u; fori = 1, ...,k — 1, so this last expression is equal to zero
if and only if
k—1
> Oghi +3ihout = =2h | > didjuuy | (43)
i=1 I<i<j<k-1
If this is true, then hj uses only the variables ujy, ..., u;_;. Indeed, if some other

variable, say y, appears in /i, then on the right-hand side there is the monomial yuu2,

while there is no such a monomial on the left-hand side. Likewise, if the variable y

appears in one of the h; fori = 1, ..., k — 1: then on the left-hand side there would
Elol:;ﬂ
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be a monomial of the form yul.z, while there is no such monomial on the right hand
side.

Hence, the h; are polynomials in the uq, ..., u,, and, by definition of the h;,
it follows that the same holds for the H;. This proves the claim and the result
follows. O

4.1 Moments Up to Orderd = 3

When d = 3 we determine the defect Sf 1.3 and the fiber dimension Af;{ k.3 of the map
Onk3: @,?’k — Ar[i’;

for each n and k, and use Lemma 3. When d = 3, the space Afﬁ ’33 is identified with

the space Sym?® V of homogeneous polynomials of degree three, and as noted in the
proof of Proposition 2, the third cumulants coincide with the third moments, so that:

Gnk3: Op = Sym> V. ((L1,.... L) (hry oo h)) > ALY + -+ MLy

0 .
We compute the closure C;/, 5 of the image.

Lemma5 The set Cg &3 I8 the Zariski closure of

(Hi(w)> + -+ Heu)* | Hi(u), ..., H(u) € R" linearly dependent }.  (44)
Proof Recall that
O = (L)), 0D))) € VEX RNA 4+ de = LA Ly + -+ + AL = O}

To compute the Zariski closure, suppose that all the A; are strictly positive, so that in
particular we can write

Li=-2p - 2 (45)
Since cubic roots are well defined over R,

3
A Ak—
MLY 4 g = ML+ o+ o1 Ly — (A—iL1+"'+%Lk—l>
=H}+- -+ H | + H}

35\ 2
where H; := J/A;L; fori =1,...,k —1,and Hy := —Zf:ll (ﬂ) H;, using the

N
(YN - - . 3
equality Mgy = T +/Ai. In particular, this shows immediately that ALy +
ceet Ak L,% can be written as a sum of cubic powers of linearly dependent linear forms.

FolCT
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For the converse, let Hy, . .., Hy be linearly dependent linear forms. For the Zariski
closure, it suffices to assume that Hy = —B1H; — - - - — Br—1 Hx—1 for some general
Bi, ..., Br—1 € R strictly positive. So we want to write

I\
1
Bi=\3 (46)
Ak
for some positive A1, ..., Ax € R such that Ay 4+ --- + A = 1. Given such A;, the

above computations yields

HY 4+ 4+ H} =ML+ + ML, (47)
where L; = E/L)THI. fori = 1,...,k—lande=—i‘—iL1 —~--—}%Lk71,sothat

ML+ 4+ )\;(Lk = 0, as wanted.
To conclude, it remains to show that Eq. (46) have a solution: these equations are
equivalent to

B = A fori=1,....,k—1. (48)
L= = =2
Observe that the square roots are well defined since §; > Oforalli = 1,...,k — 1.
Moreover, if (A1, ..., Axk—1) is a solution to (48), then it is easy to see that all the X;
must be strictly positive: indeed, since the 8; are positive, A; and 1 — A} — -+ — Ap_1
have the same sign. Thus, if one of the A; is negative, then all the A; are negative, but
thenl — Ay —--- — Ar—1 > 0 which is absurd.

Now, setting b; = 4/ ,8,-3, rewrite the equations as the linear system

1+b; by by ... by M by

by 1+by by ... by A2 by

b3 by 1+b3... b3 A3 — b3 ) (49)
bi—1 b1 br—1 ... 14+ by Ak—1 br—1

The matrix determinant lemma gives that det(I+b-17) = 1+1Tb=14+by+- - -+bj_1,
which is positive since the f; are positive. This means the system (49) has a unique
solution. o

Remark 5 The proof of Lemma 5 actually gives more: indeed, it shows that the image
of the positive part

OV ={((L1. ... L), G i) € OF 4|2 > Oforalli = 1,.... k),

which is the one relevant in statistics, coincides with the set of sums {H; w3 +

-+ Hy(u)?}, where the H; are positively linearly dependent, meaning that there are
Elol:;ﬂ
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coefficients B, ..., Br > 0 such that
BiH1 + -+ BrHy = 0. (50

Remark 6 The set of sums of cubes of k dependent linear forms has a natural interpre-
tation in terms of the projective Veronese variety: indeed consider the third Veronese
embedding of P(V) = P!

v3: P(V) < P(Sym> V), [L]~ [L]. (51)

For each (k — 2)-dimensional linear subspace [T < P! let Seci(v3(IT)) <
P(Sym?> V) be the k-th secant variety of its image v3(/T). Then, by Lemma 5, the
variety C’?’ 1.3 1s the affine cone over the union of these secants:

Chi3=Cone [ [ Sec*(stmy|. (52)
ngDDn—l

We compute the dimension of this variety, dividing it in the cases k < n + 1 and
k>n+1:

Proposition3 (i) Ifk > n + 1, then

2
dim €%, ; = min {kn, <” ;r )} (53)

except in the case n = 5,k =7, where dim Cg’7’3 = 34.
(i) Ifk <n+1, then

Al s=2. aAfh;=2 all,,=1 (54)
and when k > 5,
Al 3=0. (55)

Proof (i) Since k > n + 1, Remark 6 shows that C 2’ K3 is the cone over the k-th secant

variety Seci (v3(P"~1)). The dimension of this variety is computed by the Alexander—
Hirschowitz theorem, so that

2
dim €0, ; = min {kn, (” N )} (56)

with the single exception of n = 5, k = 7, where the dimension is one less than the
expected, hence dim ngj = 34.

EOE';W
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(ii) Since k < n + 1, Proposition 2 shows that A,’l{m = Af—l,k,y Hence, for
k = 2,3, 4 we see directly from Table 1 that

A s=2, Afyy=2 Af;=1 (57)

For k > 5 instead, we follow the proof of Proposition 2 and show that the differential
of Pr—1x3: @E—l,kﬁ — Sym3 V at a general point is injective. For this, consider
the kernel of the differential at a point p = ((A1, ..., Ax), (L1, ..., Lg)). It consists
of elements ((e1, ..., &x), (Hi, ..., Hy)) € RF x V¥ such that &] + --- + g =
O,e1L1+ -+ ex Ly +AH + -+ A Hy =0and

k—1
ZEiL%—kZh Z )Li)\.jLiLj =0, (58)
i=1

I<i<j<k—1

where ¢; = A7(3A;H; + & L;) + A?(3hcHy + exLy) and h = 3AiHi + & L. Now

choose the specific point p given by A; = % foreachi = 1,...,k, L; = u; for
i=1,...,k—1and Ly = —u1 — --- — ux—1. Then, the above equation becomes
k—1 )
Z&u?—i—k—z-h- > wiuj | =0. (59)
i=1 I<i<j=<k—1

Letus write h = hjuy + --- + hr_jur—1. Then, in (59), the coefficient of u,upu.
is k%(ha +hp+he)foralll <a <b <c<k—1.Hence

hg+hp+h.=0, foralll <a<b<c<k-1 (60)

Letl <a <b <c <d < k— 1 be any four distinct indices between 1 and k — 1.
Then, the previous equations translate into the linear system

11 1 0\ [ha

110 1| |h|_

1o o1 1|]nl=" 1)
01 1 1) \ha

The matrix appearing in the linear system is invertible, so h, = hy = h, = hg = 0.
Since this holds for an arbitrary choice of four distinct indices, it follows that 4 = 0.
Now, relation (59) tells us that Z;:]l u?ﬁi = 0, butsince u%, R ”%71 form a complete
intersection of quadrics, they do not have linear syzygies, which implies that £; = 0
for each i. From the definitions of ¢; and £, it follows that 3XA; H; + ¢; L; = 0 for each
i but then the other two relations ) ; &; = 0 and ) ;(A; H; + &;L;) = 0 imply that
H; = 0, &; = 0 for all i, which is what was needed. m|

Now we are ready for a complete classification of defectivity when d = 3.
FoC'T
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Table 1 All instances of

defective varieties Sec]{{ (Gn.3) k d par N P dim s -
forn=1,...,7withd =3 1 1 3 3 2 2 0 0
1 2 3 3 3 3 0 1
2 2 3 8 9 8 7 1 1
2 3 3 11 9 9 9 0 2
3 2 3 13 19 13 12 1 1
3 3 3 17 19 17 15 2 2
3 4 3 21 19 19 19 0 2
4 2 3 19 34 19 18 1 1
4 3 3 24 34 24 22 2 2
4 4 3 29 34 29 27 2 2
4 5 3 34 34 34 34 0 0
5 2 3 26 55 26 25 1 1
5 3 3 32 55 32 30 2 2
5 4 3 38 55 38 36 2 2
5 5 3 44 55 44 44 0 0
5 6 3 50 55 50 50 0 0
5 7 3 56 55 55 54 1 2
6 2 3 34 83 34 33 1 1
6 3 3 41 83 41 39 2 2
6 4 3 48 83 48 46 2 2
6 5 3 55 83 55 55 0 0
6 6 3 62 83 62 62 0 0
6 7 3 69 83 69 69 0 0
6 8 3 76 83 76 75 1 1
6 9 3 83 83 83 81 2 2
7 2 3 43 119 43 42 1 1
7 3 3 51 119 51 49 2 2
7 4 3 59 119 59 57 2 2
7 5 3 67 119 67 67 0 0
7 6 3 75 119 75 75 0 0
7 7 3 83 119 83 83 0 0
7 8 3 91 119 91 91 0 0
7 9 3 99 119 99 98 1 1
7 10 3 107 119 107 105 2 2
7 11 3 115 119 115 112 3 3
7 12 3 123 119 119 119 0 4

The column ‘par’ denotes the number of parameters and ‘exp’ the
expected dimension
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Theorem2 For d = 3, the defect S,fkj = 0 for any k and n, with the following
exceptions:

—n>kandk =2, where 8,11'{2’3 =1.

— n>kandk = 3,4, where 8}, ;=2.

—n=>5and k =7, where 557’3 =1.

—n>4andn+1 <k§"2+2+%where8}fk73=k—n—l.

2 2 2
- n >4 and V2 +g"+6 <k < ATz +g”+2 where 85,{ s=n (—" +gn+2 — k).

Proof First consider the case when n > k: then Proposition 3 applies. It is straightfor-
ward to check that 8;{ k3 = A ,f[ kod> from which the statement of the theorem follows.
For the cases where k > n + 1, start with the exceptional case n = 5,k = 7:
Proposition 3 gives that dim ¢n,k,3((~)§)’7) = 34, and Lemma 3 yields Agm = 2 and
8 =1
Now, consider the other cases: Proposition 3 gives that

dim ¢y £ 3(Bpx) = min {nk, (” ;r2>} (62)

and then Lemma 3 shows that

AP =(k=1)(n + 1) — min {nk, (" + 2)}

3
:max{k—n—l,k—n_1+n<k_’lz‘f‘:)’+‘f‘2>}
so that
(kaﬁ:max{k—n—l,k—n_1+n<k_”2+3++2>}
_maX{O,(n—i—l)(k_nzHTnM)}‘

.. . 2 2
Suppose first that n = 1, 2, 3: this impliesk > n 4+ 1 > +é"+6 > I +2"+2 so that

2 2
3 2 2 6
8£fk,3:k_n_1+n(k_%)_(HH)(,C_%)ZO.

2 2
Now, suppose thatn > 4. Then5 <n+1 < = *%”Jrﬁ <=n +é”+2 and there are three

A . 2
possibilities for k: if k£ > %, then

2 2
3 2 2 6
5;{,6’3:;(_,1_1”(;(_%)_(Hl)(k_ﬂ):o.

6 6
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. 2 2
If instead % <k< %, then

2 2
2n+6 3n+2
8y =k—n—1—@+1) (k- TEE0) o (MRTE ) (63
o 6 6
which is strictly positive. Finally, if n + 1 <k < "ZLJ%, the defect is
Ss=k—n—1, (64)
which is positive if and only if k > n 4 1. O

As a consequence, identifiability can be characterized whenever k < n + 1:

Theorem 3 Suppose k < n + 1. If k > 5 then a general homoscedastic mixture is
algebraically identifiable from moments up to order 3. If instead k = 2, 3, 4, then a
general homoscedastic mixture is algebraically identifiable from the moments up to
order d = 4.

Proof When k > 5 this follows immediately from Theorem 2 and Lemma 4. If instead
k = 2, 3, 4, thanks to Proposition 2, it is enough to set n = k — 1 and check the first d
for which we have identifiability: these are a finite number of cases that can be done
by direct computation (e.g., in Macaulay?2 [9]), and we find that suchad is4. 0O

4.2 Mixtures with k = 2 Components

When k = 2 we characterize the rational identifiability as well. Since the case d = 3
is already covered, consider only d > 4.

Theorem 4 The homoscedastic secant variety Secgl (Gn.a) is algebraically identifiable.
Ifd > 5, the homoscedastic secant variety Secf’ (Gn.q) is also rationally identifiable.

Proof By Lemma 3 and Remark 2, it is enough to consider the parameter space given
by @,(,),2 ={((L1, L2), (A1, A2)) | M + Ax =1, ALy + A2L> = 0} and the map

Pna: O, — €O, bl (65)

In order to compute the general fiber of this map, note that since d > 4, it follows
from Theorem 3 and its proof that the map has finite fibers. Hence, it is enough
to restrict a general fiber to the open subset Ap # 0. There we may assume Ly =
== —lf—IMLl. We thus compute the fibers of the induced map

Fuoa: Vx R\{1}) = A7 (L.A) = duoa ((A, 1—2), <L, —&L)) :

In explicit terms, this map is given by the terms from degree 3 to degree d of the
logarithm log(rer + (1 — A)e_ﬁL ). A computation shows that the first terms are:

A
log(e™ + (1 —0)e 715 = AOILY + fLO)L + 5L + ...
EOE';W
@ Springer Lﬁjog



Foundations of Computational Mathematics

A= a1 —22) A= a1 = 6n(1 = 2)

f3(h) = el —)p fah) = 24— 1) ,
(1= a1 = 22)(1 = 122(1 — 2)

50 = 12001 — 13 . (66)

Now suppose that d = 4, and let L € V and . € R\ {1} be general elements. In
fact, it is enough to assume L # 0 and A # O, 1, %, so that k3 = f3(A)L3 # 0.
In order to compute the fiber of the point (k3, k4) = Fy 2,4(L, A), first observe that

k3 = f3(M)L3 = (JF3(h0)Lo)? and that the polynomial Lo := /f3(A)L can be
computed explicitly: from the expression

K3 = /<300,_0u? + K03()._()M% + -4 Koo_,o3u§, + (terms with mixed monomials )

then one obtains
Lo = JKk300.0 - u1 + k0300 - 42 + ... + Jk00.03 - Un- (67)

In particular, L = f3 (k)_%Lo, so that the equation k4 = f4(1)L* translates into

M = % Observe that a := % is a constant that can be computed explicitly by
)3 0 0

comparing a single nonzero coefficient of Lg with the corresponding coefficient of x4:
for example, if J/k300.0 # 0, then

K400..0

a=———-—. 68
(/300.0)* (%)
Now, the equation 2% = 4 is equivalent to jj: Ei;i = a, or more explicitly
f3()3
3 1—61(1 — )3
( ( ) 3 69)

32 ad—nd—ard—n2 ¢

Note that this expression is invariant under exchanging A with 1 — A, as is expected from
the symmetry of the situation. Hence, set y := A(1 — A) and rewrite this expression
as

3 (1-6y) 5
32 yd—dp? 7o

This is a cubic equation with three possible solutions for y, which means there is

no rational identifiability. In order to get such, consider also the cumulants ks of

order 5: this adds the data k5 and the condition x5 = f5 (X)L In the above notation
1

L = f3(A\)~3 Lo, sothatthe condition ks = f5(1)L> becomes ffi% = %.As before,

3(2)1 0

we see that b := 2—58 is a constant that can be computed explicitly by comparing a
FolCTM
LI o

@ Springer Lﬁjog



Foundations of Computational Mathematics

single nonzero coefficient of Lg with the corresponding coefficient of «5: for example,

if 3/k300.0 # 0, then

K500..0

e 71
(/x300.0)° 71

3
LA)S = a is equivalent to L) b3, or more explicitly, as

, 7093 £OP
above, with the substitution y = A(1 — 1),

Now, the equation

15 (1—6y) 3
128 y(1—yp)3(1—12y)

(72)

Hence, rational identifiability is obtained if the two Eqgs. (70) and (72) have a unique
common solution y. This means that the map R --» R2, y — (g(y), h(y)) is gener-
ically injective. This map extends to R — P? via

IR PN PR S St a2 el — an (] — 3
[32(1 6y)" (1 = y)"(1 = 12y), 701 = 6y)"(1 —4y)%, y (1 —4y)(1 — )" 12)/)],
i.e., a map defined by polynomials of degree 7. It is generically injective if and only
if the closure of its image is a plane curve of degree 7. This can be verified with
Macaulay?2 [9]: the resulting curve is given by the equation

849346560x°y2 — 679477248x*y3 — 29491200x7 yz + 2674483200x* y27 — 2439217152x3y3;
+256000x7 7% + 79744000x* yz2 + 2415168000x3 %22 — 2616192000x%y3 72
+499500000x2y2z3 — 406500000xy°z> + 474609375y % = 0.

O

Even though there is no rational identifiability above when d = 4, it is worth noting
that in a purely statistical setting, y can be recovered uniquely, as seen below.

Corollary 1 For k = 2, the statistical mixture parameters can be recovered uniquely
with moments up to order d = 4.

Proof This is equivalent to saying that the Eq. (70) has a unique statistically relevant
solution in ¥y = A(1 — A). Note that since A € (0, 1) \ {%}, we have that y € (0, %).
Consider the real valued function coming from (70):

J3(1—6
aty) = A= 60) (73)

2V -4y

Its derivative, a’(y) = is always negative for 0 < y < }1

_ 1
2336y (1—4y) /4y (1-4y)2
so that the function a(y) is strictly decreasing and, in particular, injective in this

statistically meaningful interval (Fig. 1).
Eo oy
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Fig. 1 Plot of the real-valued function a(y) in (73)

The corresponding inverse is given by the cubic equation in y

3
(256a° 4 324)y> — (1284> + 162)y? + (164> + 27)y — 5 =0 (74)

The discriminant of (74) is A = —3072a°(64a> + 81). It is zero precisely when
373 3f

a = —=f=, which corresponds to the horizontal asymptote of a. If a < — , there
are3 real solutions, but one is negative and the other one is larger than + 7- The remammg
solution is also the unique real solution when a > —3“—[, given explicitly by
_ 4a3 n n 1 (75)
V=3, T 3643 +81) ' 6

1
1 = (—4096a° — 10368a° — 6561a> + 9v/262144a15 + 995328412 4 125971249 + 531441a6)3 .
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This proof gives an explicit algorithm to recover the parameters of a homoscedastic
mixture of two Gaussians from the cumulants up to order four.

Algorithm 1: Recovery of parameters for a homoscedastic mixture of two Gaus-
sians.
Data: Data coming from a homoscedastic mixture of two Gaussian distributions.
Result: The parameters A1, A2, (1, 42, 2 of the mixture.
begin
Estimate the mean vector «;
Estimate the covariance matrix «7;
Estimate the principal third cumulants «300..0, £030..0; - - - s K00..03;
For one of the principal third cumulant that is nonzero, estimate the
corresponding fourth cumulant: in the following, we assume that «309.0 7 O,
so that we estimate k400..0.;
Compute g = —<4%.0

Y008
Compute y as in (75);
Compute the two solutions Aq, Az of A(1 — X)) = y;
Compute ) = f3()»1)_%(\3/l<300.40, JK030.05 - - - » /K00.03) and p = %lﬂl-;
Compute p1 = ) + k1 and pr = p5 + K15
Compute X = 2(k2 — (Mp1 + op2) (Mpr + Aapt2));
end

Observe that this algorithm needs all the cumulants of order one, all the cumulants
of order two, n cumulants of order three, and one cumulant of order four. Hence, it
needs in total n + "("—ZH) + n + 1 cumulants.

Remark 7 We have seen in Remark 6 that Secg (Gn.q4) in cumulant coordinates is a
cone over C,(l)’z’ 4 S Afi ;13. Up to taking the Zariski closure, the proof of Theorem 4
shows that C,? » 4 18 the image of the map

Fpoa:V xR\ {1} > &80 (L) = 3L + faG)L* + 5L + feILE + ...

For A constant we get a projected d-th Veronese variety of V. If instead L
is constant, then we get a rational curve given by a linear combination of

(3, fa@), ..., fa(r)).

4.3 The Univariate Casen = 1

We use the standard notation o2 for the variance ¥ = (o1;) whenn = 1.
For n = 1, the moment variety Sec,f (G1.q) is never defective. The moment map

. H M
My g2k @l,k — A1,2k

is finite to one. In the statistics literature, it is known that in the case of homoscedastic
secants, one may recover mixture parameters from given moments (i.e., compute the
EOE';W
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fiber of the map above), with an algorithm closely related to the well-known Prony’s
method [20]. This procedure was introduced by Lindsay as an application of moment
matrices [15] and we briefly recall the algorithm here.

First, how does one recover the locations p; and weights A; of the k components of a
Dirac mixture from 2k — 1 moments? This is known as the quadrature rule and it works
as follows. Given the moment sequence m = (m1, ma, ..., ma,—1) one considers the
polynomial resulting from the following (k + 1) x (k + 1) determinant

1 my ... mpq 1

my mp ... mp 1t
Pi(t) =det | . e (76)

k
My Mpgy1 ... Mog—1 1

The k roots j11, (2, . . ., g of Pr(t) are precisely the sought locations. This follows
since the equations of the secant varieties of the rational normal curve are classically
known to be given by the minors of the moment matrices. For a modern reference see
[14].

Once the locations are known, the weights A; are found by solving the k x k
Vandermonde linear system

1 1 ... 1 A 1

m1o M2 .. Uk A2 mi

. . = } . (77)
M’f_l p,];_l ,u],i_l Ak Mi—1

Back to the Gaussian case, if we knew the value of the common variance 02, we can

reduce to the above instance. In terms of the Gaussian moment generating function:
—Lo2y2 L
e 27" Mx(u) = e, (78)

Hence, the Dirac moments 7 on the right hand side are linear combinations of the
Gaussian moments m. Explicitly, for 1 < j <2k — 1

Lj/2] i
~ : 2i
m;(o) = —————— ——— M ;j_;0" . 79
i) Z(; (—2)i(j — 20 .
Applying the quadrature rule to the vector m = (my, ma, ..., nar—1) would allow us
to obtain the means @y, o, ..., (k.
However, o is unknown. To find an estimate for o we consider the first 2k moments
m= my,my,...,my). Ifm = (m,moy, ...,my)comesfrom a mixture of k Dirac
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measures, then

1 my ... my_y my

my my ... M Mgyl
Dy =det| . . . =0. (80)

M Mg .. Mog—1 Mok

One thus treats o as a variable and substitutes expressions (79) into (80). This results
in a polynomial Dy (o) of degree (szrl) in 0% and the estimator 67 is obtained as its
smallest non-negative root [15, Theorem 5B]. So the algebraic degree for estimating
2is (*11). With o2 specified, one proceeds as above.
More generally, the discussion under (28) shows that the moment variety
Secf (G1.,4) with k < d/2 is a union

Secy! (Gr.a) = | Seck (V7).
o

where Vl" d is the translation of the moment curve V| 4 by the variance o2 as defined
by the Gaussian moments. The secant variety Seci (V{ ;) is defined for each o by the
(k+ 1) x (k + 1) minors of

1 my ...mg_x—1 Mmg—i
My My ... Rg—k Ma—jg1

Mpg=1| . . . . 81
My Mgyl ... Mg_1 Mg

As soon as the k-th secant variety of a smooth curve is not linear, the curve can be
recovered as the singular locus of highest multiplicity in the secant variety. Therefore,
since curves Vﬁ 4 are distinct, their k-th secant varieties are distinct as well, as long
as the latter are not linear. In particular, since the variety Secy (V") has dimension
2k — 1, it follows that the union Secf (G1.4) has dimension 2k. Given the moments m;
up to degree d of a point on a homoscedastic k-secant, the (k + 1) x (k + 1) minors of
My q are polynomials in o2 with a zero at the common variance. Given the variance,
the means can be inferred as above.
Whend = 2k+ 1, then the variety Secf (G1.4) C A{V,IZk 41 is a hypersurface, defined
by the resultant of (k + 1)-minors of M} 4, the polynomial obtained by elimination of
2 in the ideal defined by the (k + 1) x (k 4+ 1) minors. Denote this polynomial by
Poj41. Itis a polynomial in my, ..., mogy1 (OT k3, K4, . .., kK2k+1). For example,

P; =«k3 = Zm? — 3m1m2 + m3,
Ps = 108«Y — 32u3ic; + 36K3 K45 — K4K5 + Kgicg’
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Proposition 4 The polynomial Psj1 is homogeneous of total degree

k+2\[(k+1
2 2
in the multigraded weights degm; = degk; = i.

Proof Let
A= x A

where o is the last coordinate, and consider the projective closure P of A. Then,
the matrix (81) defines a map between vector bundles £ and F' on A. The vector
bundles E and F and the map extends to P; E extends to a sum of line bundles
E = Op ® Op(—1)® ..., Op(—k), while F extends to a sum of line bundles F =
Op®O0p(1)®...,Op(k + 1). By the Thom—Porteous formula, [8, Theorem 14.4],
the degree in P of the rank k locus of the map is given by the Chern class

- . k+2\/k+1
oo 7)1

since the Chern polynomials of E and F in are
c(Ey=(0—=0)(1=2t)...(1 —kt)
and
c(Fy=0+01+20)...(14 (k+ D).

This rank k locus has codimension 2 and its intersection with A is projected to the
hypersurface defined by P4 in M/,Izk +1- The coordinate o appears only in even
degree in the equations defining the rank & locus, so the projection to A’K’Zk Lis2: 0,
so the degree of P41 is half the degree of the rank k locus. O

Question 1 Tt would be interesting to understand better the structure of the polynomials
P41, €.g., is there a closed form expression for all k?

If Pyj4+1 vanishes on aset (my, ..., mok4+1) of moments, and P>;41 does not vanish
on (my,...,my41) forany ! < k, then the moments lie on a homoscedastic k-secant
but not on any / secant for / < k. Therefore the polynomials P;41 may be used to
estimate the number of components in a homoscedastic Gaussian mixture (compare
to the rank test proposed in [15, Section 3.1] for the known variance case).
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5 Conclusion

We have completely classified all defective cases for the moment varieties associated
with homoscedastic Gaussian mixtures whenever k < n + 1,d = 3,k = 2 or
n = 1. The question concerning a complete classification for all n, d, k remains open,
although our computations did not reveal any further defective examples.

Our identifiability results also cover special structures in the covariance matrix, by
Remark 2. For example, a common mixture submodel involves isotropic Gaussians,
which means that the covariance matrix is a scalar multiple of the identity, ¥ = o 1.
The k-means algorithm used in clustering can be interpreted as parameter estimation
for a homoscedastic isotropic mixture of Gaussians. In [10], Hsu and Kakade consider
the learning of mixtures of isotropic Gaussians from the moments up to order d = 3
when k < n + 1. They prove identifiability for the homoscedastic isotropic submodel
(see [6, Theorem 3.2]), and in order to solve the moment equations, they find orthogonal
decompositions of the second and third order moment tensors.

On the other hand, in [17] Lindsay and Basak proposed a ‘fast consistent’ method
of moments for homoscedastic Gaussian mixtures in the multivariate case, based on
a ‘primary axis’ to which the one-dimensional case presented in Sect. 4.3 is applied.
This means that the method uses some moments of order 2k. Knowing that in some
cases there are explicit equations for secant varieties of higher dimensional Veronese
varieties [14], an alternative method with minimal order based on these should be
possible.

Finally, a similar approach can be made to study moment varieties of homoscedastic
mixtures of other location families. In the case of Example 4, we saw that Gaussian
moments and Laplacian moments coincide up to d = 3. This means that Theorem 2
applies verbatim to homoscedastic mixtures of Laplace distributions.
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