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ABSTRACT. In this paper, we consider option pricing in a framework of the fractional Heston-type model
with H > 1/2. As it is impossible to obtain an explicit formula for the expectation Ef(S7) in this case,
where S is the asset price at maturity time and f is a payoff function, we provide a discretization schemes
Y™ and S for volatility and price processes correspondingly and study convergence IEf(S';E) — Ef(ST)
as the mesh of the partition tends to zero. The rate of convergence is calculated. As we allow f to be non-
Lipschitz and/or to have discontinuities of the first kind which can cause errors if St is replaced by 5‘52
under the expectation straightforwardly, we use Malliavin calculus techniques to provide an alternative
formula for Ef(S7) with smooth functional under the expectation.

1. INTRODUCTION

Despite its significant historical and theoretical value, the classical Black-Scholes model does not ex-
plain numerous empirical phenomena that can be observed on real-life markets, such as implied volatility
smile and skew. In order to overcome this issue, [I9] and, later, [I7] introduced stochastic volatility
models that emerged into an essential subject of research activity in financial modeling nowadays.

To illustrate the range of existing models (without trying to list all possible references), we recall the
approaches of [24], [4, 5], [11], [22], []8], [33], [1] and so on.

A separate class of stochastic volatility models are those based on fractional Brownian motion. They
allow to reflect the so-called “memory phenomenon” of the market (for more details on market models
with memory see, for instance, [3 [13, B5]). In this context, we should also mention [7, @] [10] and [6].

In the present paper, we consider evaluation of the expected option payoff in a framework of the
fractional modification of the Heston-type model, namely a financial market with a finite maturity time
T that is composed of two assets:

(i) a risk-free bond (or bank account) B = {By, t € [0,T]}, the dynamics of which is characterized by
the formula

(1) B, =¢eM, tel0,T],
where A € R represents the risk-free interest rate;

(ii) a risky asset S = {S;, t € [0,T]}, the evolution in time of which is given by the system of stochastic
differential equations

(2) dSt = /,LStdt + U(Y})Stth,
1 (k Voo
(3) dY; = 5 (Yt ayt) dt+dBf!, tef0.1],

with non-random initial values Sp,Yy > 0. Here the process W = {W;, t > 0} is a standard Wiener
process, u € R k,0,v > 0 are constants, o: [0,00) — [0,00) is a function that satisfies some regularity
properties that are listed below and B = {BF, t € [0,T]} is a fractional Brownian motion with the
Hurst index % < H < 1, which corresponds to the “long memory” case. W and B are assumed to be
correlated.

E-mail addresses: antonyurty@gmail.com.
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The process Y was extensively studied in [30, B1I] and, for the case of kK = 0, in [29]. Note that,
according to [32], the process Y exists, is unique and has continuous paths until the first moment of zero
hitting. Moreover, in Theorem 2 of [30] it is shown that in the case of x > 0 and H > % such process is
strictly positive and never hits zero, therefore exists, is unique and continuous on the entire [0, T7].

Such choice of the volatility process can be explained by the fact that Y can be interpreted as the
square root of the fractional version of Cox-Ingersoll-Ross process. Indeed, according to [30], Theorem 1,
the process X = {Y?2(t), t € [0,T]} satisfies the stochastic differential equation of the form

(4) dX; = (k — 0Xy)dt + v/ X dBY, Xo=Y¢ >0,

until the first moment of zero hitting, where the integral f(f VX.dBH is considered as the pathwise limit
of the sums

X, + X
(5) > B - B,
k=1
as the mesh of the partition 0 =ty < t; < ... < t, =t tends to zero.

Note that, due to Kolmogorov-Chentsov theorem, fractional Brownian motion B¥ has a modification
with Holder continuous paths up to order H. Hence, from the form of the equation , the process Y
also has a modification with trajectories that are Holder-continuous up to order H. Therefore, in the
case of H > %, the sum of Holder exponents of the integrator and integrand in the integral

t t
(6) / VX dBH = / Y. dBH
0 0

exceeds 1 and, due to [36], the corresponding integral exists as the pathwise limit of Riemann-Stieltjes
integral sums.

It should also be mentioned that for the case of H < 1/2, the process Y can hit zero and it is not clear
whether the solution exists on the entire [0, 7] (see [31] for more details). Therefore, we will concentrate
on the case H > 1/2. For more information on markets with rough volatility see, for example, [I5] or
[23].

An analogue of the model , was considered in [6] with fractional Ornstein-Uhlenbeck process
instead of Y. However, Ornstein-Uhlenbeck process can take negative values with positive probability
which is a notable drawback for a stochastic volatility model.

Note that in many cases it is impossible to calculate Ef(St) (with f being a payoff function) for option
pricing analytically, so numerical methods should be applied. Therefore it is required to provide a decent
discretization scheme for St and prove the convergence

(7) Ef(S7) — Ef(Sr), n — 0o,

where S™ is a discretized version of the process S. It should be emphasized that in this paper we allow f
to be non-Lipschitz and/or to have discontinuities of the first kind. It means that the values f(St) and
f (S”{,l) can differ significantly, even if St and S% are close, which can cause errors if St is replaced by
5‘},1 under the expectation straightforwardly. In order to overcome this issue, we provide an alternative
formula with smooth functional under the expectation. In such framework, we also give the rate of
convergence @

It should be clarified, however, that we concentrate on expectation with respect to the objective
measure (i.e. consider a functional & la the one from [I] or [I6]): such approach is more convenient as it
allows to determine the rate of convergence even in the case when f is non Lipschitz. Furthermore, it
should be mentioned that the market with the risky asset defined by 7 is arbitrage-free, incomplete
but admits minimal martingale measure (see Section , so our choice of the objective measure framework
is also due to the fact that it is not clear which matringale measure to choose in pricing. In order to
model the volatility Y, we use the inverse Euler approximation scheme studied in [I§].

The paper is organized as follows. In Section [2|, we describe main assumptions concerning relation
between the Wiener process and the fractional Brownian motion as well as volatility function o and payoff
function f. In Section |3} several important properties of both price and volatility processes are presented
and the arbitrage-free property is discussed. In Section [4] we apply the Malliavin calculus techniques,
following [1] and [@], to obtain the formula for Ef(St) that does not contain discontinuities (which are
allowed for the payoff function f). In Section [5| we study the rate of convergence Ef (g%) — Ef(St),
where S™ is based on inverse Euler approximation scheme for fractional CIR process presented in [I8]. In
Section [6] we give results of numerical simulations for different payoff functions f. Section [7] contains the
proofs of all results of the paper. [A]is devoted to several well-known results from the Malliavin calculus
used in this paper.
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2. MODEL DESCRIPTION AND MAIN ASSUMPTIONS

Consider the market with risk-free asset B given by and risky asset .S, the dynamics of which is
described by stochastic differential equations , .
Denote

t
(8) K(t,s) = cHs%*H/ w73 (u— )7 2 dul, oy,

H2H-1) \Y?
(9> CH = 1 )
B(2-2H,H - 3)
where B(-,-) is the Beta function. Then, according to [25], the process BY = {B}! ¢ € [0,T]} given by

t
(10) BtH:/ K(t,s)dVy, te][0,T],
0

where V = {V;, ¢t € [0,T]} is a Wiener process, is the fractional Brownian motion with Hurst parameter
H.

The processes W and B from , (3) are assumed to be correlated and the form of the dependence
is defined on the basis of representation ((10)) as follows.

Assumption 1. The processes W and V from and correspondingly are correlated in the following
way:

(11) EW,V, = pt, te€[0,T],

with some constant p € [—1,1].

Remark 2.1. Assumption means that Wy = pV; + /1 — p2f/t, t €[0,T], where V is a Wiener process
independent of V.

Remark 2.2. In what follows, we consider the natural filtration generated by the pair of processes (V, f/)
The function o: R — R is assumed to satisfy the following conditions.

Assumption 2. For some constant C, > 0:

(i) there exists such omin > 0 that for all x € R: o(x) > omin > 0;

(ii) o has moderate polyniomial growth, i.e. there is such q € (0,1) that

) o(z) <Co(1+2|7), zeR;

(ili) o is uniformly Holder continuous, i.e. there is such r € (0,1] that
(13) lo(z) —o(y)| < Colz —yl", zyeR;

(iv) o is differentiable a.e. w.r.t. the Lebesgue measure on R and there exists such ¢’ > 0 that
(14) o'(z) < Co(1+|2]7) aee.

Remark 2.3. 1) Item (i) in Assumption@ is required for theoretical calculations as we will divide on o
in what follows.
2) Item (ii) is necessary to ensure the finiteness of expectations of the form

(15) e { to(YS)dWSH

in case if the Wiener process W and the fractional Brownian motion BH from and are correlated
(see Remarkfor discussion). Note that in standard Heston model moment explosions may appear as
well, see e.g. [2].

3) (ii) follows from (iii) in the case of r < 1, while in (iii) we also allow r = 1.

In the framework above, we consider an option with a measurable payoff function f : Rt — R¥
depending on the value St of the stock at maturity time 7" which satisfies the following properties:
Assumption 3. For some constant C, > 0:

(1) f is of polynomial growth, i.e. there are such Cy >0 and p > 0 that

(16) f(x) < Cp(1 4 aP).
(ii) f s locally Riemann integrable, possibly having discontinuities of the first kind.

Remark 2.4. In what follows, we will denote by C' any positive constant that does not depend on time
variable or diameter of the partition and the exact value of which is not important. Note that C may
change from line to line (and even within one line).
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3. MODEL PROPERTIES

3.1. Properties of stochastic volatility process. In what follows we will require an auxiliary result,
presented in Corollary 2.2 of [31].

Theorem 3.1. Forall H € (%, 1), T > 0 and p > 0 there exist non-random constants C, = C1 (T, p, Yo, k,0) >
0 and Cy = Co(T, p,0,v) > 0 such that for all t € [0,T]:

(17) YP <Cy +Cy sup |BHJP.
s€[0,T]
Furthermore,
(18) sup EY} < oo.
te[0,T)

The next result is crucial for obtaining discrete approximation scheme for the process Y and was
presented in [I8].

Theorem 3.2. Let p >0 and k, 0, v and T be such that for all t € [0,T]:

t .2
(19) f»iexp{it} >HQ2H-1)(p+ 1)/ l;exp{ej} It — |2 ~24s.
0

Then there exists a constant C = C(T,Yy,0) such that

1
(20) sup E{ p] <C.
te[0,T] Y,
Remark 3.1. Condition is satisfied if, for example,
2K

See Remarks 3.1 and 3.2 in [18] for discussion.

Note that condition involves T' and does not guarantee the existence of the inverse moments on
whole R;. However, the following result concerning the integrated inverse moments of the volatility
process Y holds true.

Theorem 3.3. Let 5 € (O,min{l, VQHT%}) Then, for all0 <tqg <t <T:

b 4 1 20 [*
22 E / du} < E(Y} P -} %) + 7/ EY,!Pdu < .
22) [ 1o YatP k(1 —B) T o) K Jt,

Theorem 3.4. Let 3 € (O,min{l, W"ZH,I}) Then, there exists such C = C(k,0,v,T,3) > 0 that for
any 0 <s<t<T:

(23) E|Y; — Y,['*P < C|t — s|°.

Remark 3.2. Let p > 1 and for all t € [0,T):

ot % 0
(24) kexp{ — ¢ > H(2H — 1)(1 +p)/ V—exp sl |t — s> 2ds,
2 ) 2 2
e., due to Theorem[3.3,
1
(25) sup E v7 | <o
t€[0,T] t

Proceeding just as in proof of Theorem and taking into account that
(26) pl]E/ —du<Ct75)

we can easily obtain that

(27) E|Y; — Y, P < C|t — s[PH.



APPROXIMATING EXPECTED VALUE OF AN OPTION WITH NON-LIPSCHITZ PAYOFF IN FRACTIONAL HESTON-TYPE MODEL

3.2. Properties of the price process. Now let us consider several properties of the price process S
defined by the stochastic differential equation .

Theorem 3.5. 1. For any x >0 and g € [0,2):
(28) Eexp<z sup [Y;|9 7 < oc.
t€[0,T]

2. Equation has a unique solution of the form

t ¢
(29) Sy = Spexp {ut +/ o(Ys)dW, — %/ gQ(YS)ds} .
0 0

Remark 3.3. As it was mentioned in Remark presence of function o in , the choice of which is
restricted by Assumption[d, is required to ensure finiteness of the moments of the form

(30) E {exp {/Ota(Ys)dWsH .

Note that Assumption[d (i) and (ii), does not allow o to be linear function, i.e. we do not consider
straigthforward modification of the Heston model of the form

(31) ClSt :/L;S’tdt—FO'}/tStth,
1/ k v
2 Y, === —6Y, —dBH T
(3) dt 2(1/; 0t>dt+2dta tE[O, ],

where u € R, K, 8, v, 0 > 0 are constants.

However, in case of independent W and B, i.e. when p =0 in Assumption it is easy to see (e.g.
by conditioning on Y and solving the conditioned equation) that equation has a unique solution of
the form

t 2t
(33) Sy = Spexp {,ut + 0/ Y, dWg — %/ ys2ds} .
0 0

Moreover, ES; < oo for allt € [0,T), because the process S’, such that

~ t 2 t
(34) S, = exp {0/ Y. dW, — %/ yfds} ,
0 0

18 a mon-negative local martingale and, therefore, a supermartingale.

3.3. Arbitrage-free property and incompleteness. For the market 7, we can obtain the fol-
lowing result which is similar to the one in [6], Theorem 4.

Theorem 3.6. Let the function o satisfy Assumption @ Then the market 7 has the following
properties.

(i) It is arbitrage-free and incomplete.
(i1) Any probability measure Q such that

T T 2 T
(35) % = exp {/0 m(s)dVs —|—/O 772(s)d‘~/s — %Z/o nf(s)ds} ,

where n;, © = 1,2, are non-anticipative, bounded and satisfy the condition

(36) pni(s) + /1= p?na(s) = j(_Y/;

is a martingale measure.

(#i1) Taking 1 = p% and ne = /1 — p? (;\(;,“), we get the minimal martingale measure.

4. OPTION PRICING IN FRACTIONAL HESTON MODEL

In this section, we will use the tools of Malliavin calculus to obtain the formula that can be used for
computation of Ef(Srt).

Consider two-dimensional Wiener process (V,V), where V is given in Volterra representation
and V is defined in Remark Denote by (DV,DV) the stochastic derivative with respect to the
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two-dimensional Wiener process (V, V) and recall that K is the kernel from representation . Denote
also

1 t t
X; =log S; = log S + ut — 5/ o?(Yy,)ds +/ o (Y,)dW,
0 0

(37) .
1
:10g50+ut—§/ (Y)ds+p/ Y )dVs ++/1—p /
0

Lemma 4.1. (i) The stochastic derivatives of the fBm B are equal to
(38) DYBf' =0, DJB{" = K(t,u)lpg(u).

(ii) The stochastic derivatives of the volatility process Y are

DY, =0,
(39) /
DYY, = | K(t,u) /K s, u)h(s)exp —/h(v)dv ds| Ljo4(u)

where h(s) == % (YLSQ + 9). (

(iii) The stochastic derivatives of X are equal to
DYX,=+/1- p2o(Yu) g (u),

(40) Dy X, = ( - /ut o(Yy)o! (Ys) DY Yids

_|_/ (Y)D Y. dWs + po(Y, ))1[015]( )-

Denote
(41) o) = 5), F)i= [ 1 6= [Coaz wzoyck
and consider a random variable
(42) Zp = /OT o~ H(Y,)dV,.

Note that, due to Assumption |2} (i), Zr is correctly defined.
Theorem 4.1. Under Assumptions[3 and[3, the value Ef(St) =Eg(Xr) can be represented as

(43) Eg(Xr) = E(G(Xr)Zn),
or, alternatively,
(44) Ef(ST)zJE(F(SiT) <1+ZTT)>

5. INVERSE EULER APPROXIMATION SCHEME FOR THE VOLATILITY AND PRICE PROCESSES

Let 0 =t < tf < .. < t" =T be an equidistant partition of the interval [0, T], tI' = L A, :=
ABH | = Bﬁ — B{il and consider the approximation scheme of the form

. . Y+ SABH, + \/ (Vi + 5ABEL,)? + kA2 + 0A,)
( ) t2+1 - 2 + eAn
where we put Y} = Ytﬁg for t € [V;2 i Y%

Note that approximations given by D are strictly positive and it is easy to verify that in points of
partition they satisfy the following difference equation:

¥% _vn 1 K Y v H
(46) Yir,, =Y +35 T i, | Ant+ 5ABg-
k+1

Approximations of the form were presented and studied in [I§].
Using Theorem 4.1 from [18], Remark [3.2] and the fact that

(47) EY; — V[P < 227N (EIY; — Yip [P + E[Yyy — VD),
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we obtain the following result concerning the convergence rate of these approximations.

Theorem 5.1. Let n > 2, p > 2 and parameters 0, k,v > 0 are such that for all t € [0,T):

ot b2 0
(48) K €xXp {2} > H(2H - 1)(3p+ 1)/ %exp {25} |t — s|2H~2ds.
0
Then there exists such C = C(T, H,p,Yy,0,k,v) > 0 that
(49) sup E|Y; — V'[P < CAPH,
te[0,T)

Remark 5.1. Condition is a sufficient condition for finiteness of the inverse moments of Y of order
3p, namely for

(50) sup E [1} < oo,

tel0,T) Yt3p

Three approximations of the volatility process Y trajectories given by the formula with T =1,
k=1,0=1v=0.14,Yy =1, H=0.7 and A,, = 0.0001 are presented on Fig.

1.02
|

Y
1.00
1

0.98
L
z
7
2}
<
=
%
<=
3
;E

0.0 0.2 0.4 0.6 0.8 1.0

FI1GURE 1. Three sample trajectories of the process Y obtained by approximation scheme
@5); T=1,k=1,0=1,v=014, Yy =1, H = 0.7 and A,, = 0.0001. Note that the
used approximation scheme preserves positivity of Y.

Denote
1 t t
(51) X, = log S = Xo + ut — §/ o2(Y,)ds +/ o (Y,)dW,,
0 0
where X := log Sy, and consider the discretized process
= k-1
Xy = Xo +puty — 5= > 0 (Vi) + Y _o(Vi)AW;
(52) 3=0 j=0

Lo v
= Xo+ ut} — 5/ (V1) ds +/ c(VMYAW,, k=1, ..m,
0 0
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where AWJ = Wt;}+1 - VV,&;L

Before going to the main theorem of the paper, let us prove several auxiliary results.
Theorem 5.2. Let p > 1. Then, for all H € (0,1):
(53) sup sup E(Y")P < co.

n>1te[0,T)

Remark 5.2. Note that approximations (see Flig. @) are correctly defined for H < 1/2 and Theorem
holds for an arbitrary Hurst parameter as well. However, for H < 1/2 behaviour of Y™ as n — oo
remains obscure.

1.05
|

0.90
|

0.0 0.2 0.4 0.6 0.8 1.0

FIGURE 2. Three sample trajectories of the process Y" for H = 03, T =1,k =1,
6 =1,v=014, Yy = 1 and A, = 0.0001. Note that the result of Theorem [5.2] holds
in the case of H < % as well, but the question of convergence of such approximations as
n — 00 remains obscure.

Corollary 5.1. Approximating processes Y™ have bounded exponential moments, i.e. for any x > 0 and
o< 2:

(54) sup E exp {x sup (}A’t")g} < 0.
n>1 t€[0,T)

Remark 5.3. Basing on Theorem C’omllary and Assumption@ (ii) and using the same argument
as in the proof of Theorem (3.5, it is easy to verify that for any m € Z:

R m
sup sup E (St”) < 00,
n>1te€[0,T)

t R 1 t R
sup sup Eexp {m (/ oY) dW, — —/ aQ(YS”)ds)} < 0.
n>1t€[0,T)] 0 2 0

Theorem 5.3. Let n > 2 and conditions of Theorem[5.1] hold for p = 4. Then, under Assumption [3,
there exists a constant C' such that

(56) E|Xp — X722 < CcAZH

(55)



APPROXIMATING EXPECTED VALUE OF AN OPTION WITH NON-LIPSCHITZ PAYOFF IN FRACTIONAL HESTON-TYPE MODEL

(57) E|Zp — ZR* < OAZH
where Z} := fOT o~ (Y™)dV,.
Lemma 5.1. Let n > 2 and conditions of Theorem[5.1] hold for p = 32. Then, under Assumptions[ and
[3, there exists such Cr > 0 that
.2

F(5r)  F(57)

St S’%
Theorem 5.4. Let n > 2 and conditions of Theorem[5.1] for p = 32 hold. Then, under Assumptions[3

and@
F(52) zn
(59) S‘;T (1 - TT>

(58) E < CpAf.

Ef(S7) —E < CATH,

6. SIMULATIONS

In this section, we use the discretization scheme studied previously to estimate Ef(St) for several
payoff functions f. In all simulations we use T'=1, k =1, § = 1 and v = 0.14 to make sure that for all
H € (1/2,1) the following condition is satisfied for p = 32:

2Kk
V2HT2H-1’
which is sufficient for Theorem to hold true. For simplicity, we also consider everywhere the case
=05, p=0and o =05 (x+0.01)"".

Remark 6.1. In our approach, we assume that the path of fractional Brownian motion is given in
advance, so that the used approzimation scheme for yn is, in fact, a transformation of the latter. For
simulation of a fractional Brownian motion, we refer to [12, 34, 20]. In what follows, we generate a
fractional Brownian motion using the code presented in [21] and implemented in R in the package somebm.

(60) 3p+1<

In Tables 1-3 we present descriptive statistics of Monte-Carlo estimations of E [F(S T (1 + %)} (and,

n

T
therefore, Ef(St)) for different functions f and different partition sizes A,. On Fig. |3] (a)—(c), the data
are visualized in the form of box-and-whisker plots. In each case, 1000 Monte-Carlo estimates of the
expectation, calculated from samples of 1000 trials each, were analyzed.

TABLE 1. f(z) = (z — K)*, K =1, o(z) = 0.5(x 4+ 0.01)*?, u = 0.5, H = 0.7

n Mean Standard deviation Coefficient of variation ~Min. 1st Qu. Median 3rd Qu. Max.

100  0.7019 0.05628101 0.0802 0.5171 0.6630 0.7006  0.7380  0.8989
500 0.7040 0.05476103 0.0778 0.5406 0.6655 0.7025  0.7406 0.9305
1000 0.7004 0.05459163 0.0779 0.5463 0.6625 0.6978 0.7375 0.9344

TABLE 2. f(x) = 1jg.5,1)(2), o(x) = 0.5(x + 0.01)%9 =05, H=0.7

n Mean Standard deviation Coefficient of variation ~Min. 1st Qu. Median 3rd Qu. Max.

100 0.2126 0.01196734 0.0563 0.1790 0.2046 0.2131  0.2206 0.2518
500 0.2123 0.01266216 0.0596 0.1652 0.2037 0.2124  0.2206 0.2553
1000 0.2129 0.01272749 0.0598 0.1725 0.2042 0.2132  0.2210 0.2505

TABLE 3. f(2) = L(0.5,00)(@) + 5 X Li0.5%,00) (2), 0(x) = 0.5(z + 0.01)*°, 1 = 0.5,
H =07

n  Mean Standard deviation Coefficient of variation Min. 1st Qu. Median 3rd Qu. Max.

100 1.804 0.08973507 0.0497 1.476  1.748 1.803 1.864  2.066
500  1.806 0.08873267 0.0491 1.546  1.745 1.805 1.866  2.136
1000 1.806 0.09001699 0.0498 1.547  1.747 1.809 1.865  2.105

As we can see, simulations show relatively small coefficient of variation in all cases. Note that increasing
partition size does not lead to any significant changes in standard deviation of the estimates.
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Estimate of expectation

020

018

T T T T
n=100 n=500 n=1000 n=100 n=500 n=1000

Estimate of expectation

T T T
n=100 =500 n=1000

FIGURE 3. Box-and-whisker plots of Monte-Carlo estimates of Ef(St) using smoothed
formula; in all cases T=1,k=1,0=1,v=0.14, u =05, p=0,c = 0.5 (z + 0.01)0'9,
H =07 (a) fz) = (z = 1%, (b) f(z) = Lpsy@), () f@) = Lose(@) +
3 X2 Lo.5k,00) (@)-

7. PROOFS
Proof of Theorem [3.3] Denote o := 1 — 3 and let € > 0 be fixed. By applying the chain rule, we

obtain:
t t
Koy 0oy,
Y, o _ (Y, a " du- v d
( t+5) ( to +5) +[O 2Yu(Yu+€)1—a U [O Q(Yu+€)1_a U

¢ vo
+ [ ——————dBH.
/to Q(Yu + 8)17(1 u

It is clear from (3 that the process Y = {Y;, t € [0,T]} has trajectories that are §-Holder-continuous
for any § € (0, H), so the process

(61)

| 407
2(Yf + 6)17"‘ )

also has Holder-continuous trajectories up to the order H. Therefore, the sum of Holder exponents of the
integrator and integrand in the integral w.r.t. fractional Brownian motion in exceeds 1. In this case
this integral is the pathwise limit of Riemann-Stieltjes integral sums (see, for example, [36]), coincides
with the pathwise Stratonovich integral and, by applying Theorem we can rewrite as follows:

¢ Ka t fay,
Y, a_ (Y, « -  ds— e S}
( t +€) ( to +€) +/ 2Y (Y —I—S)l_a o »/to Q(Yu +5)1—a &

(63) +H(Q2H -1 / / DH [m)] lu — 2P 2dsdu

2(Y, +
| 40%

+ | —————6BH,

[ =

(62) € [0, 7],
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where D! is the Malliavin derivative operator w.r.t. B and fto WéBf is the corresponding
Skorokhod integral.

Note that
u
DYy, =D [Yo-i—/ Ve dv—f/ Y, dv + BH} =
0 v
KDHY I
(64) = — 2Y2 Ydv — = D Y,dv + = ]l[Ou]()
0

Yok 0
:_/0 (2Y2 )D Yodv + - ]l[Ou]()

From this, it is easy to verify that

(65) Dy, = gexp {/ (2;2 + Z) dv} 10,0 (5),
S0

H[ vo ]:_ va(l — a) Hy

S 12(Y, 4+ e)t- 2(Y, +¢e)2—aF T

(66)

v2a(l — a) YUk 0
__voaellzo) 1 7 1 .
(Y, +e)2e eXp{ /3 (2)@2 * 2) d“} 0 (%)

Taking into account and , we can rewrite in the following form:

t t
Ko fay,
Y, ® — (Y, o [ — - v 4
( t+5) ( to +5) +/t 2Yu(Yu+€)1_a S /to 2(Yu+€)1_a S

2

(67) // Za(l—a)exp {- [ (ﬁ%—g)dv}(p(u,s)dsd

2(Y, +¢)?@
rvoa
NI e —y VS
[

where ¢(u,s) := H(2H — 1)|u — s|?H 2.

U

Note that
K KQ
——d
/ 2V, (Y, + )i
s "7 (1-«a exp{ N (23’?2 + Q) dv} o(u, s)dsd
( ) /to / 2(Y + 5)2 « U
N /tlﬁ:(l ”7 { N (ﬁJrg) dv}cp(u,s)dsd
a u.
= b Yu +5>2—a

It is easy to verify that

02—/0uexp{—/su (2;2 9)0311} o(u, 5)ds

(69) > —H(2H — 1)/ lu — s|*H2ds
0
> _HT2H_1
so
w2 u
0>-(1-a) Uexp{—/ <K2 9) dv}gp(u,s)ds
(70) 0 2 s 2}/1) 2

Hence, if o € (max{O7 1 — —oppfom= )} 1)7 i.e. when 0 > —(1 — oz)"Q—QI-ITQH_1 > -3,

(71) n(1a)/0u”22exp{/:(2;2 g)dv} o(u, )dszg,
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and
t
/ o re g
1o 2Yu(Y, + )t
(72) /t /u % a(l —a) exP{ N (ﬁ + g) dv} w(u,s)dsd
— U
to 4O (Yu + 8)2701
ak [* 1
> ——du.
- 4 [0 (Yu +€)2—(x U
Moreover,
¢ fay, fa [t
73 - — % ds>—— Y, “du.
( ) /t0 2(Yu+8)1_0‘ S Z 9 Ao(u+5) U

Therefore, taking into account upper bounds , and ., it is obvious from that

ak 1 (e

(Yi4+e)* > (Vi +2)* + T . mdu o . (Y +e)%du
(74) . e .,
+ /t0 2(Yu +€)1—a 5Bu ’
or
‘ 1 4 4 20 [
| ormmednsoe it - o+ 2 [ (o
(75) (Y, +¢) Ka K & Ji,

4 ¢ 26"
- — B a— > 1
Ka /to 2(Y, +e)l-a "

Since the expectation of the Skorokhod integral is zero, by letting € — 0 we obtain that

t
1 4 20
(76) E {/ 5 du] < —EY* -Y)+ / EY,>du.
to Yu KO K Jto
Finiteness of the right-hand side of (76)) follows from Theorem |

Proof of Theorem From , Holder’s and Jensen’s inequalities it is clear that

t 1+8
E|Yt—Ys|1+B:E/Wdu—f/Ydu—|—2(BH BH)

148 tq 1+8
< 3s E / —du
()= [+,
(77) 0 1453 t 1+8 v 148 148
H H
+(2> ]E/SYudu +(3) "E|Bf - B )
~ K ! 1 1 H
SCl(t—s)BE/é YHBdu—i—Cg(t—s)ﬁE/s Y1 du 4 Chlt — 5 HOH
where
s KALHB - o\ +°
C] = 3ﬂ (5) s CQ = 3ﬂ (2) 5
(78)

= (3v2)° \f <1+§> (2)1%.

Note that form of C3 follows from the fact that B — BHE ~ N(0, |t — s|*H).
From Theorem [B] it is obvious that

t
(79) Co(t — s)ﬁE/ Y Pdu < Cy sup E [YuHB} (t — )18 = Oyt — s)1 7.
s w€e[0,T]
Finally, from Theorem

t
- 1
(80) C(t — s)ﬁE/s Yo ———du < Cy(t — s)°,

where C; = C’lEf H,g du < Cy(t — s)P.
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The statement of the Theorem now follows from , and as well as the fact that from

condition 8 < 1 it is easy to verify that for any H € (1/2,1):

(81) B<(1+pB)H.

Proof of Theorem 1. From Theorem for all ¢ € [0,2):

(82) sup |[Y(t)|2 < Cy+Cy sup B9,
te[0,7] t€[0,T]

and, due to [14], for all z > 0 and p € [0,2):

(83) E exp {I’ sup Bﬁ|9} < 0.
t€[0,T]
Hence,
(84) exp{x sup |Y;|¢p <expl Crx+ Cox sup |BH|?} < oo
te[0,T] t€[0,T]

2. In order to show that the representation indeed holds, it is sufficient to prove that the integrals

o(Ys s an o(Ys)Ss s are well-defined, while the form of the representation can be obtaine
[3 o(Y)dW, and [} o(Y,)SsdW, Il-defined, while the f f the rep i be obtained
straightforwardly.

Note that (see, for example, [28]) for all p > 0

(85) E sup |BAP < o,
s€[0,T]

so, due to item (4¢) from Assumption [2fand Theorem [3.1
t

t t
(86) / Eo?(Ys)ds < cg/ E(1 + |Y,]7)?ds < 203/ E(1 + |V, [*)ds < oo,
0 0 0

and the integral fg o (Ys)dW is well-defined.
Now consider the integral fot o(Ys)SsdWs. As

/TIE [0%(Y;)S2] ds < (Ea“(Ys))% (ES“)% ds
(7) ;

it is sufficient to check two conditions:

(88) sup (]E04(YS))% < o0, sup (ES?)% < 00.
s€[0,T] s€[0,T

Using Theorem and Assumption [2| (i), it is easy to verify that

N

1
sup (Il*]a‘l(Ys))2 < sup (CﬁE(1+|YS|q)4)
s€[0,T] s€[0,T]
(89)

=

1
< sup (8C§E(1 +Y,[*)) % < <8C§ +8C* sup ]E|Y;4q> < 0.
s€[0,T] s€[0,T]

Moreover, from , for any x > O:

t t
E exp {z/ JQ(YS)ds} < Eexp {2zcg/ (1+ |Ys|2q)ds}
0 0

(90)
< CEexp 20C,T sup |Yi|*?p < oo,
s€[0,T]
hence, for all n € Z, by putting = := %, we obtain the Novikov’s condition for the process —2no(Y;),
te 0,7).
Consequently,

(91) E exp {Qn /Otcr(Ys)dWS —2n? /Ot aQ(YS)ds} =1,
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and so

¢ ¢
sup ESf' < C sup Eexp {n/ o(Ys)dW, — ﬁ/ UQ(YS)dS}
te[0,T) t€[0,T) 0 2 0

~C s {exp {n/OtU(Ys)dWs—nQ /Ot 2(y, )ds}exp{(n —’;)/Otﬁog)ds}]
(92) < Ctes[lé%] l(Eexp{Qn/Oto(Ys)dWs —n/ot oQ(YS)ds}f X
« (Eexp{(2n2 ) /Ot az’av;)ds})é

t 3
=(C sup (Eexp{(2n2 —n)/ 02(Ys)d8}> < 00
t€[0,T) 0
due to .

Therefore, from , and ,
T
(93) / E [0*(Y;) 7] ds < oo
0

and so the integral fo Y)SsdWy is well-defined. (]

Proof of Theorem The proof is similar to the proof of Theorem 4 in [6].

Proof of Lemma Item (i) can be found in [6]. In particular, DYY; = 0 in (ii) follows from
independence of Y and V.
Applying stochastic derivative operator to both parts of the integral form of , we get

1
DZYtzi/O DY <Y9Y>ds+VDXBtH

/(Y2 +0> DY Yds + vK(t,u)1j 4 (u)

L\:\H

(94)

h(s)DXsts +vK(t, u)]l[oﬁt] (u).

o\ﬁ -

Application of the chain rule with the function F(z) = 1/x can be justified by the same argument as
in Remark 10 of [6], since F is locally Lipschitz on (0,00) and both ¢ and ¢’ have polynomial growth.

According to [30], Theorem 2, Y does not hit zero a.s. Therefore h is well defined a.s., and means
that for a fixed u, the process {Z;,t € [0,t]} defined by Z; := DYY; satisfies a random linear integral
equation of the form

(95) 7= - / h(s) Zeds + v (t, u)L g g (1),
This is a Volterra equation, and its solution is given by
(96) Zy=v |K(t,u) — /K(s,u)h(s) exp —/h(v)dv ds | Tpq(u).

Note that K is differentiable in the first argument (%K (t,s) is well defined for ¢ > s), so can be
checked by substituting in and taking derivatives of both sides.

Both derivatives in (7ii) are obtained by direct differentiation following the Malliavin derivative rules,
see e.g. [27], Proposition 3.4. Since Y is independent of Vv,

- - t
(97) DY X, = \/1—p2DX/ o (Y, =V1—p20(Yy) 1 q(u
0

To find DY X, we note that
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t
DYX,=DY {;/ Y)ds ++/1—p / Y,)dV, +p/ (Yg)dV;]
0
t
:—/ o(Ys)o!'(Y)DY Yids + /1 — p / Y,)DYY.,dV,
(98) 0 .
b0 [ (VIDYY.dV. 4 po(¥) L0
0

(- /utg(Ys)a’(Ys)DXY;ds+ [ o anvaw, + oty ) T

u

O

Proof of Theorem [4.1L The result can be obtained by following the proof of Lemma 11 in [6], taking
into account Lemma and relation (92)). O

Proof of Theorem First, note that for any fixed n and k =0,1,...,n

(i EABL /(T + FABLL)? A2 408,
k+1 2+ gAn

o~ Sn 14 o
< C () +IABELP + |V + SABE P + (80(2+ 0A,))F )

<C(1+ @) +|ABE, )

<c <1+<ﬁg>”+ sup |B£I|P>.

te[0,T

By continuing calculations above recurrently and taking into account that Yt% =Y, it is easy to see
that there exists a constant C), such that

(100) sup (Y7)P = max (Y2)? < C,(1+ sup |BI|P).
tE[OT] k=0,...,n k tE[O,T]

Moreover, for any fixed N there exists such constant Cy that

(101) sup  sup E(Y)? = max max E(Y)? <Cn(1+ sup |[BEP).
1<n<N te[0,T] n=1,..,N k=0,...,n k te[0,T]

Let us prove that there exists such C' > 0 (which does not depend on n) that

(102) sup sup (Y")P < C(1+ sup |BH|P).
n>1t€(0,T] t€[0,T]

From calculations above, it will be enough to show that, for some N > 1,

(103) sup sup (V)P < C(1+ sup |BIP).
n>N tc[0,T] te[0,T]

Let n > 2(80)PTP~ be fixed. Consider the last moment of staying above level Yy /2, i.e.
o Yo
(104) mi=max (k=1 n [ Vi <t Y > 5

Let us prove that for any point of the partition ¢}, k = 1, ..., n, the following inequality holds:

. T\?
(ng)f’s((m)u (%) + e su |B£P>
0 s€[0,7]
(105) .
+ (89)PTP1 Z(ng)mn.
j=1

In order to do that, we will consider cases ¢; <t and t}; > {7 separately.
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Step 1. Assume that ¢ <7 . Then, due to representation ,

p
1
(V) = Yo+ 53 oy An+g3ﬁ
=1 \ "t}
(106) & P k p
1 K 0 - V\P
—1 7Y n H
Jj=1 "t} j=1
Note that for all ¢} <17 :
k p k p
1 K K kT\"
Moreover, from Jensen’s inequality,
0 o« Ty LI
(108) 3 S VEA, | < (2> TS (VA
o J = J
Finally,
VNP g V\P H
(109) (5) 1BEP < (5)" suw BEP.
2 k 27 selo,1)

Hence, for all £} <7 :

“ T\? oO\P k N UN\P
P < yp—1 D K e p—1 nyp z Hp
dgr e (g (5) +(5) 7 2.0%) At (3) e 1871
(110) -

T P k ~
< (@ir+ (55) @07 sw (B9 + (0P Y08
Yo 5€[0,T) =

Step 2. Assume that 7, # n, i.e. there are points of partition on the interval (¢ ,7]. From definition
of 7, Yi > % and for all points of the partition ¢} such that ¢} € (t2,T):
T1

T1?

~ Y.
(111) {l =1, | € (8,47, Vi < 20} #0.
Let t} € (t7 ,T] be fixed and denote

. Y
(112) Tr = max{l =1,.,n |t € (], ty], Yin < 20}

It is obvious that ¢} < t% <ty and Y[kk < %, and
T2

(i = (g - 7, + 7, <2 (10 - T, P+ 0, )
T2 T2 T2 T2

(113)
p—1 Crn ono|p Yo b p—1¥n o |p p
<2 Y — Yt%\ Sy < 2PV - Y}:é‘| + Y.

In addition, if ", = ¢},
T2
(114) Vi =Y, P =0,

and if t:,j; <3,

p

k
|1 K orn v H H
-5 X (F-o An+2<Btz—Bt:§>

(115)

+
p
k k
<o (1L > a8 > VA +(3)p|B’Z|”+<5)p\B€{ P
= 2 v 2 e 2) Tt 2/ Tty
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From definition of 75, for all points of the partition ' € (tr k,t”} it holds that Yt’n‘ > 2 , SO

P

k
1 K kT\"
11 = — A, | <|—
a1 : 2 5 =(%)
j=Th+1 71
Furthermore,
P
(117) Z ytf,g §<> TP 12 AL
] 7'2+1
and
P
(118) ( ) |Btn|”+( ) |Bt,, |p<2( ) sup |BHP.
27 sepo,1)
Hence,
. P
Ytg*Yt:g <
(119)

<o [ (1) 4 (0 prflzk:(f/n)pA +2<5)p sup |[BH|P

- Yo 2 j=1 R 2 86[%%] ’

Finally, from ((113) and (119)),

. kT\? AN L VNP

dgree | (55) +(5) X omrace2(3) s o) +vp

Yo 2 = s€[0,T]

p k
< <<4Yo>p+(8§T) ) suw Bfl”) +EOPTY Y (P

0 s€[0,T i=1

(120)

Therefore, (105)) indeed holds for any point ¢} of the partition.
Step 3. Asn > 2(80)PTP~1,

— (80)PTPA, <1,

N |

therefore, as, due to ((105)),
(1—(80)PTPA,) ( tn)P

121 TP Bl

(121) < (4Y0)p+<8“> +(8v)? sup B |+ 8O)PTP1Y (Vi)PA,,
Yo s€[0,T] =

we have

(V)P <2 ((m)ﬁ + (8YT) +(8v) sup |BY |p>

0 5€[0,T]

2(80)PTP~ 12 Yi)PA

Using the discrete version of the Gronwall’s lemma, we obtain:

- 8KT\? )
123 iy <o (cwnor s (S0) s o) 200

0 s€[0,7T]

(122)

i.e., taking into account that the right-hand side does not depend on n and recalling the remarks in the
beginning of the proof, there exists such C > 0 that

(124) sup sup (Y")P < C(1+ sup |BH|P).
n>0te[0,T] te[0,T)
Now the claim of the Theorem follows from the fact that the right-hand side of (124]) does not depend
on n and that (see, for example, [28])

(125) E sup |BH]P < .
s€[0,T]
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Proof of Corollary From (124) it follows that there exists such C' > 0 that

(126) sup sup (V;")? < C(1+ sup |B|°).
n>0t€[0,T] +€[0,T]
The rest of the proof is similar to Theorem 1. O

Proof of Theorem We shall proceed as in proof of Lemma 14, [6].
Using Holder’s inequality, we write:

E| X7 — X3
1 /7T T 1 /T . T 2
—E|-1 / o?(Y.)ds + / o (Ya)dW, + / (V" )ds - / o (VI)dW,
2 Jo 0 2.Jo 0
e i g i
<C|E|-= 2(Y,) — o2(Y™))d IE/ Y,) — o(Y)dW,
o < (8|5 [ @00 =) +E| [ @0 - o)

T T
<c < / Elo?(Y,) — o®(V2")]2ds + / Elo(Y,) - a<f/:>12ds>

T T
-c ( | Bllotv) — o0 oY) + a(V)Pds + [ Elo(v) - a<n”>]2d5> .
0 0
From Assumption [2] (iii), Jensen’s inequality and Theorem [5.1

T T
| Blotv) —o(iyPas < €2 [ (Y. - 7)as
0 0
(128) T ar) E
<cz [ (Bl -vo) as
< OAZH,
Moreover, Assumption [2] (ii) and (iii), implies that
E [(U(Ys) — 0(373")) (U(Ys) + U(?S"))} ’
< CZE (v, = V)% (20%(%:) + 20%(7) )]
(120) < CE [(¥, = Y29 (049 + (4 (7))

< CE[(v, = v (14 Y2+ (7))

[N

< (B0 - ¥2y) (B 1+ v (7))

From Theorem [5.1

Wl
(b

(130) (B(: - ¥*)" < (B, - ¥0)*)" < ca,
and, from Theorems and
(131) (E {1 YA (}7.8")4‘1])1/2 < .

Therefore, taking into account bounds above, there exists a constant C' > 0 such that
(132) E|Xp — X2 < CAPH,

Now, let us prove (57)). Taking into account Assumption [2| (i),

(133)
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so, from Assumption [2] (iii),

T
o\ 21
(134) S 2 CUA ]E()/s - }/S ) dS

Proof of Lemma [5.1] It is clear that

g2
F(Sr) _ F(57)
St Sy

F(sr)  F(sp)|

< 2E =
St Sn

(135) E +2E

Now we shall estimate the right-hand side of (135 term by term.

F(S7) (;T - ;)
T

From Assumption [3| (i), both f and F' are of polynomial growth, therefore, due to ,
(137) E (F(S7))" < .

Furthermore, using sequentially the inequalities

(136)

le® —e’| < (e® +eY)|x—y|, =z,y€eR,
(@+y)* <CM)(@™" +¢*"), zyeR, nel

o1\’
E|—o—=

(138)

and Holder’s inequality, we obtain that

_ ﬁE {62 ST o (Yo)ds— [T o(Ye)dWs _ L [T o2(Y)ds— [T o Y“)dW}
o€
<CE (e%foT P(Ya)ds— [T o (Vo)aW, | & [T o> (VI ds— [T o (V2)aw, )4

X<; /OTU2(YS)ds—/OTU(Ys)dWs_;/OTUQ(Y/:)dS+/0TO(st)dWS>4]

(82 JT o2 (Ya)ds—4 [T o(Ye)dW, + e JE o2 (Y Mds—4 [T o(Y)dW, )

(139)
< CE

X(; /OTUZ(Y;)ds—/OTU(Y;)dWS _ ;/OTUQ()A/S")ds-l-/OTU(Kn)dWs)AL]

SC( [4f0 (¥o)ds=8 " o (Ya)dWs | gd i o*(V)ds =8 Jj' o Y")dW})l

" (E l(; /OT o2(Y,)ds — /OT o (Yy)dW, — ;/OT o?(Y")ds + /OTU(?S")CZWs)SD

Next, from and Remark it follows that

[N

E [64 ST o*(Y,)ds—8 [T cr(YS)dWS} < o0,

(140)
[ 4 [T o2(V)ds—8 [T a(Y”)dW] < oo,
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so, using this together with Hélder and Burkholder-Davis-Gundy inequalities, we continue the chain as
follows:

(141) < c( / ' ((00r) = o7) (sva) +0(97)) ) ds

By applying Assumption [2} (ii) and (iii),

/TE ((J(Y) - J(YS”)) (CT(YS) + CT(YS”) )8 ds
(142) < c/ [ ) (1+vo+ Y")q)g} ds

gc/o (E[ (vo—v2) 167}) E[1+¥% 4 (77)1%]) " ds

N———

=

and
T > 8 T N 8r
(143) / E(o—(y;)_g(ysn)) ds < C/ E(YS _st> is.
0 0
From Theorems [3.1] and [5.2]
(144) sup sup E |:1 + Y;le + (}A/Sn)lﬁqi| < 00,
n>1t€[0,T

and, according to Theorem
T L N16rT 2
[ el e
(145) 0
T N 8r
/ E (YS - Y") ds < CASTH,
0

hence

4
(146) o) Al < CAMH < oprH,
Sr o Sn

Now, let us move to the second term in the right-hand side of ([L35]).

2 1 1
(el o)

F(Sr)  F(Sp)

(147) E

Due to Remark [5.3]
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and, from Assumption |3 (i),

E(F(sr) — F(&m) g E STVAS%f(x)dx 4
( )

1
2

(148) < C (E (5 - 531+ 8+ (5)7)1] )

NG

< C (E((Sr — S1)°E(1 + $% + ($7)")°)
According to and Remark
E(1 + SE 4 (S7)P)® < oo,

SO
1

<C (IE((ST - S;)S) .

Sa Sy
T T
To get the final result, we can proceed just as in the upper bound for the first term in the right-hand

side of (|135)). Thus

g|EGT) F(S7)
(149) T . ! ) H
S C / ((ED/S 7}/—5n‘32r> +E|Y—S o Y'sn|16r> ds
0
< OAH,
Relations (|146]) and (149) together with (135) complete the proof. O

Proof of Theorem According to Theorem

won [ (1]
T
R3] =2 (- )]

<1ig HF;:?T) (Zr— 22)

|+

<1 N ZTT> (ngﬂ . F(})) ‘

2 3 S 2 A\ 2
- % (E (Féiﬂ) E(Zr — Z%)2> +|E (1 + ZTT> E <ngT) _ Ff@iT)>

2
According to Theorem , Assumption (i) and the Cauchy-Schwartz inequality, E (F(SSTT)) < 00.
Next,

n T
(151) supE(Z})? < ——
n>1 min
The proof now follows from Theorem [5.3] and Lemma [5.1 O

APPENDIX A. NECESSARY RESULTS FROM MALLIAVIN CALCULUS

In this section, we recall several main definitions and results related to Malliavin calculus. For more
details, we refer to [26].

Let B = {BH t € [0,T]} be a fractional Brownian motion with H € [1/2,1) on the standard
probability space {Q, F,F = {F;}icjo,1), P}, where Q = C([0,T],R), i.e. a centered Gaussian process
that starts in zero and has a covariance function of the form

1
(152) Ry(t,s) :=EBIBH = §(t2H + 2 — |t —s]?H), st e[0,T).
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Note that the covariance function of the fractional Brownian motion has the form
1
(153) Ru(t,s) = fo 0,0l (uw)du, H =3,
7 fo Jy o(r,u)dudr, H > 3,

where @(7,u) := H(2H — 1)|u — 7|2,
On the set of all step functions on [0, T, define an inner product that acts as follows for the indicator
functions:

(154) (Ljo,9, Ljo,s])# := Ru(t,5).

Denote H the Hilbert space that is the closure of the space of all step functions on [0, 7] with respect
to <-, >7.[
Remark A.1. If H =1/2, H coincides with L2([0,T]).

The mapping 1jg, — BH can be extended to a linear isometry from H onto a closed subspace H; of
L?(Q, F,P) associated with B¥. We will denote this isometry by ¢ — Bf. In this case, for all ¢,y € H:

(155) (6,¥)n = EBI BI.
Denote by Cp°(R™) the set of all infinitely differentiable functions with the derivatives of at most
polynomial growth at infinity.

Definition A.1. Random variables & of the form

(156) ¢=h(By,...Bi),

where h € C;°(R™), ¢1,...,0n € H, n > 1, are called smooth.
Denote S the set of all smooth random variables.

Definition A.2. Let £ € S. The stochastic or Malliavin derivative of a smooth random variable € of the
form (156)) is the H-valued random variable given by

(157) D¢ = Z B¢1,.. Bl o

Remark A.2. If ¢; = Ljy,), ti € [0,T], i = 1,...,n, then Blﬁm.] = B! and the real-valued random

variable of the form
(158) D& = Z B{{,..., D1, (t), te0,T],

1s called the stochastic derivative 0f§ at time t.

According to Proposition 1.2.1 from [26], D as an operator from the subset of LP(Q) to LP(Q,H) is
closable for any p > 1 and we shall use the same notation D for the closure.

Definition A.3. Letp > 1. The domain DVP of D is the closure of the class of smooth random variables
S with respect to the norm

(159) 1€
Remark A.3. For p =2, the space DV? is the Hilbert space with respect to the inner product

(160) (& mr2 = E&n + E[(DE, Dn)z] .

Proposition A.1. ([26], Proposition 1.2.3) Let F: R™ — R be a continuously differentiable function
with bounded partial derivatives, and fix p > 1. Suppose that & = (&1, ...,&m) is a random vector whose
components belong to the space DVP. Then F(¢) € DY and

(161) Z 637 Dgi.

Remark A.4. In what follows, we will consider the case p = 2.

1p = (E[E]? + E|DE[E) "

Definition A.4. The divergence or Skorokhod operator 0 is the adjoint of the operator D, i.e. an
unbounded operator on L?(Q,H) with values in L?(Q) such that:

(i) the domain of §, denoted by Dom §, is the set of H-valued square integrable random variables
¢ € L*(Q,H) such that for all £ € DV2:

(162) [E[(DE, Q)u]| < Cc(BE*)V2,

where C¢ is some constant depending on (;
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(ii) if ¢ belongs to Dom &, then 6(C) is the element of L?(Q2) characterized by
(163) E[£6(Q)] = E[(D¢, C)]
for any & € DY2,
The Skorokhod operator § is closed.

Remark A.5. Let V ={V;, t € [0,T]} be the Wiener process, Hy = L2([0,T]) be the associated Hilbert
space (see Remark and §y be the corresponding divergence operator. In this case, the elements of
Dom &y C L2([0,T] x Q) are square-integrable processes, and the divergence 8y (C) is called the Skorokhod
stochastic integral of the process ( with respect to V' and is denoted as follows:

(164) o= [ am.

According to [26], Section 1.8.2, the Skorokhod integral is correctly defined for all elements of the space
LY2 = L2([0,T],DY2) with the norm ||-|| 1.2 such that

T T T
(165) ||C||L1,2:]E</O gfdt+/0 /0 (DSCt)2dtds>.

Remark A.6. Let B be a fractional Brownian motion with H > 1/2. Similarly to the Wiener process
case, we shall call the corresponding divergence dp(C) the Skorokhod stochastic integral with respect to
fractional Brownian motion and shall denote it as

T
511(C) = /0 OBl

In what follows, we shall use the definition of pathwise stochastic integral with respect to fractional
Brownian motion proposed in [36] and denote it by fOT ¢:dBf. There is a useful result that connects

stochastic and Skorokhod integrals, which is given below.
Let H > 1/2 and

T T
(166) |H|={¢e%\||¢||?ﬂ= / / ¢<r>|¢<u>|so<nu>dud7<oo}.

Theorem A.1 ([20], Proposition 5.2.1). Let ¢ = {¢;, t € [0,T]} be a stochastic process in the space
DY2(|H|) with Hélder continuous trajectories up to the order H and DH be the Malliavin derivative
operator with respect to BH . Suppose that a.s.

T T
(167) / / \DH ||t — s|?H~2dsdt < oo,
o Jo
Then (¢ s Stratonovich integrable and
T T T T
(168) / ¢odBH = / ud B + / / DH (s, t)dsdt.
0 0 o Jo
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