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We determine the relationship between the turnaround radius, R, and mass, M,, in ACDM, and in dark
energy scenarios, using an extended spherical collapse model taking into account the effects of shear and
vorticity. We find a more general formula than that usually described in literature, showing a dependence of
R, from shear, and vorticity. The R, — M, relation differs from that obtained not taking into account shear,
and rotation, especially at galactic scales, differing ~30% from the result given in literature. This has effects
on the constraint of the w parameter of the equation of state. We compare the R, — M, relationship obtained
for the ACDM, and different dark energy models to that obtained in the f(R) modified gravity (MG)
scenario. The R, — M| relationship in ACDM, and dark energy scenarios are tantamount to the prediction of
the f(R) theories. Then, the R, — M, relationship is not a good probe to test gravity theories beyond

Einstein’s general relativity.
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I. INTRODUCTION

In the past decades the ACDM model has successfully
passed many tests [1-3], deserving to be dubbed ‘“the
standard model of cosmology”. One of the assumption on
which modern cosmology is based, is that general relativity
is the correct theory of gravitation. In this case, observa-
tions indicate the existence of a larger content of mass-
energy than predicted [4-6]. The mass-energy of the
universe is dominated by nonbaryonic and nonrelativistic
particles, indicated as “cold dark matter” [7], and a second
component, dubbed “dark energy” (DE), a fluid with exotic
properties, like that of having negative pressure, and giving
rise to the accelerated expansion of the universe. In its
simplest form, and in the ACDM model, DE is represented
by the cosmological constant A.

Nevertheless the success of the ACDM model [1,4,8],
precision data are revealing drawbacks, and tensions both at
large scales [9—15], and at small ones [16-22].

To start with, the particles that should constitute the
DM has never been observed [23], despite a large number
of indirect evidences from small to large scales [24-27],
and a large campaign of direct and indirect searches
[7,23,25]. In particular, in a recent direct-detection
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experiment, XENONIT [28], no significant excess over
the background was found. For indirect searches, a large
parameter space for annihilating dark matter was ruled
out based on the radio data of the Andromeda galaxy
[29] and the gamma-ray data of the A2877 and Fornax
clusters [30].

The so called “small scale problems” of the ACDM [22]
are plaguing the model, and several recipes, cosmological
[31], different nature of the dark matter particles [32-37],
MG theories, e.g., f(R) [38,39], f(T) [40-43], MOND
[44] and astrophysical [22,45,46], have been proposed to
solve those problems.

Apart the issues related to the DM component of the
ACDM model, the cosmological constant A suffers from
the “cosmological constant fine tuning problem,” and the
“cosmic coincidence problem” [47-49].

The quoted issues motivated the investigations of other
explanations, and models to clarify the universe accelerated
expansion. These alternative models generate the DE effects
through additional matter fields (e.g., quintessence [50]), or
MG models[41,44,51-61]. In some cases, the quoted
theories tried to explain the accelerated expansion as the
manifestation of extra dimensions, or higher-order correc-
tions effects, as in the Dvali-Gabadadze-Porrati (DGP)
model [62] and in f(R) gravity. Disentangle between the
plethora of models is not an easy task. The solution of the
problem, or at least a better understanding of the same, may
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come from future surveys like: Eu(:lid,1 JDEM,2 SKA,3
LSST,4 or from new studies of the CMB [63,64].

DE and MG effects can be probed with structure
formation. By means of hydrodynamical simulations,
one can obtain observables (e.g., splashback radius [65],
the halo profile, the TAR [66,67], or the mass-temperature
relation (MTR) [68]) which can be directly compared with
observations. In a recent paper [69], we showed that the
MTR relation cannot be used to put constraints on MG
theories, since the ACDM model gives similar predictions
to that of the MG theories.

Recently, the turnaround radius (TAR)’ has been pro-
posed as a promising way to test cosmological models [67],
DE, and disentangle between ACDM model, DE, and MG
models [66,67,70-73]. The attention on TAR increased
when was shown that MG can affect the maximum TAR
(see [73]). According to some authors (e.g., [70]), the TAR
is a well-defined, and unambiguous boundary of a struc-
ture, in the spherical collapse model (SCM), simulations,
analytic calculations, and is clean from baryons physics.
Concerning the last point, contrarily to [70], we already
showed in [74-78] that the nonlinear equation driving the
evolution of the overdensity contrast depends on shear and
vorticity, which conversely depends from the mass of the
forming structure, and the way it forms. In the following,
we will also show that the TAR also depends from
dynamical friction. All the papers dealing with the deter-
mination of TAR, usually find it from some metric, and
equations not taking into account the real physics of
structure formation. Then, we will show in this paper, that
TAR depends from baryons physics.

Reference [70] calculated the TAR for ACDM, and [71]
did the same for smooth DE. [79] proposed to use the zero
velocity surface of large structures to look for the violation
of the maximum upper bound of R,.

In MG theories [80] found a general relation for the
maximum TAR in f(R) theories, and [72] found a method
to get the same quantities in generic gravitational theories.

In the present paper, we use an extended spherical
collapse model (ESCM) introduced, and adopted in
[3,74,76-78]. The ESCM takes into account the effect of
a non-null shear and vorticity on the collapse, to show how
the TAR is changed. As we have already shown, shear and
vorticity change the typical parameters of the SCM [3],
the mass function [3,74,76,77], the two-point correlation
function [81], and the weak lensing peaks [78]. We will find
a more general formula than that obtained by [70] for

lhttp://WWW.euclid—ec.org.

*http://jdem.lbl.gov/.

3https://www‘skatelescope.org.

4https://www.lsst.org.

>The TAR is defined as the distance from the center of a
structure to the surface at which radial velocity is zero. The
majority of works study the maximum TAR, defined as the radius
at which the radial acceleration is null, ¥ = 0.

smooth DE, showing that shear, and vorticity, give rise to a
smaller TAR especially at the galactic mass scales. Then,
we will find the TAR—mass relation for the ACDM model,
and several dynamical DE models, and compare our results
to the prediction of the R, — M, relation of [67] for f(R)
models. The result of the comparison shows that the R, —
M, relation of the ACDM model has a very similar behavior
to that of the f(R) models. This makes impossible
to disentangle between the MG results and those of GR.
A similar situation happens for the DE models.

The paper is organized as follows. Section II describes
the model used to derive the R, — M, relation in ACDM,
and smooth DE cosmologies. Section III is devoted to the
presentation and the discussion of our results. Section IV is
devoted to conclusions.

II. THE MODEL

The SCM introduced by [82], extended and improved in
several following papers [83-89], is a very popular method
to study analytically the nonlinear evolution of perturbations
of DM and DE. Shortly, the model describes the evolution of
a spherical symmetric overdensity, how it decouples from
the Hubble flow, reach a maximum radius, dubbed TAR, and
finally collapse and virialize®. Reference [82] is a very
simple SCM model just considering the radial collapse of the
structure. It does not take account of tidal angular momen-
tum [90,91], random angular momentum [86,89,92],
dynamical friction ([93,94]), etc. The way to take account
of angular momentum was studied in several papers
[86,88,89,95—102]7, that of dynamical friction was studied
in [93,94], while [103—-105] discussed the role of shear in the
gravitational collapse.

The SCM with negligible DE perturbations was studied
by [see, e.g., [106-112]] while in [see [113-121]] the
effects of the DE fluid perturbation were taken into account.
References [122—124] extended the SCM model to coupled
DE models, and [76,122] to extended DE (scalar-tensor)
models.

References [74,75] studied the effects of shear and
rotation in smooth DE models. The effects of shear and
rotation were investigate in [74,75] for smooth DE models,
[125] in clustering DE cosmologies, and [126] in Chaplygin
cosmologies.

A. The ESCM

Here, we show how the evolution equations of § in the
nonlinear regime can be obtained. Those equations were
obtained by [106,108,109,111,115,127] in the spherical
and ellipsoidal collapse models scheme. We assume the

®In the virialization process, the collapse kinetic energy is
converted into random motions.

Particles angular momentum is distributed in random direc-
tions in order the mean angular momentum at any point in space
is zero [97,99].
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equation of state P = wpc? for the fluid, and the neo-
Newtonian expressions for the relativistic Poisson equa-
tion, the Euler, and continuity equations [128]

Op I -
L iv.. —V..-¥= 1
o+ Vi (p7) + 5 Vr T =0, (1)
a—TJJr(*-VA)*JrVACIML ¢ VP =0 (2)
gr YT e T
3P
VZ(I) —4nG <,0 + ?> == O, (3)

where we indicated with 7 the physical coordinate, with ®
the Newtonian gravitational potential, and the velocity in
three-space is given by 7.

The perturbations equations, using comoving coordi-
nates X = 7/a are given by

5+ (1+w)(1+8)Vs-ii =0, @)
Oh oM+ (@ V)i +~Vip=0.  (5)
ot a

V2 — 42G(1 + 3w)a2ps = 0, (6)

being (X, 1) the comoving peculiar velocity, and H(a) is
the Hubble function. Note that in Eq. (5) the pressure terms
are zero, because in the top-hat, with p = p + p, and P =
P + 5P the gradient is zero.

The nonlinear evolution equation is obtained combining
the previous equations, which in the case w = 0 (dust) is
given by:

2

. . 4 6
2H5 -~ — 42Gps(1

B+ 2H5 — 5 —— 4nGpi(1 + 9)
— (1 +6)(c> =) =0. (7)

Equation (7) is Eq. (41) of [108], and a generalization of
Eq. (7) of [115] to the case of a nonspherical configuration
of a rotating fluid.

In Eq. (7), 6* = 0;;0", and @* = w;;w" are the shear,
and rotation term, respectively. The shear term is related to
a symmetric traceless tensor, dubbed shear tensor, while

rotation term is related to an antisymmetric tensor, given by

1 /0w Ou 1
1 /0w Oul
Pi =3 <8xi _8x1>' ©)

being 6 = V; - ii the expansion.

In terms of the scale factor, a, Eq. (7) takes the form

3 F 48 3 Q
S+ (Z4+=)8 = =m0 50145
+<a+E> 31468 2a°E*(a) (1+9)
1
_m(1+6)(02_w2):0’ 10

where Q,, ; is DM density parameter at t = 0 (a = 1), and
E(a) is given by

Qm.O
aS

Qg o

being

g(a) = exp <—3 [ QLMda’) (12)

a

Recalling that § = S'ZZGZJmZ (a/R)* -1, where R is the
m, 041

effective perturbation radius and inserting into Eq. (7),
we get

) GM, GM, o? — w?
R=- R Rze(1+3wde)_ 3 R
GM 47GpgR 2 —w?
= — R2m _an 3pde (1 4 3Wde> o 5 w R. (13)

being M, = % (p + 8p) and M, is the mass of the dark-
energy component enclosed in the volume, py., and wy,
being respectively its background density and equation-of-
state [78,108,127,129]. M, as shown, contains back-
ground and perturbation.

Equation (13), for w = —1, becomes
GM. o2 —@? A
== m - R+—R 14
R? 3 + 3 (14)

and is similar to the usual expression for the SCM with
angular momentum [e.g., [99,102,130] ], and cosmological
constant:

&R GM L? AR GM 4 op Mg
d?  R* MR’ 3 R 25 37

(15)

The term %QZR comes from the expression of angular
momentum, L = IQ, and the momentum of inertia of a
sphere, I = 2/5MR?.

In the simple case of a uniform rotation with angular
velocity Q = Q,e,, we have that Q = w/2 (see also [131],
for a more complex and complete treatment of the
interrelation of vorticity and angular momentum in
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galaxies). Then, the previous equations show a strict
connection between vorticity, @, and angular velocity €.

It is then convenient to define the dimensionless a-
number as the ratio between the rotational and the gravi-
tational term in Eq. (15):

LZ
a(M) = ORG (16)
The above ratio, @, is mass dependent. It has maximum
values for galaxiesg, and decreases going toward clusters of
galaxies.

In order to solve Eq. (10), we should know how the term
6 — w* depends on the density contrast. This can be done
using the above outlined argument for rotation, namely the
connection between angular momentum and shear, and
recalling that Eq. (15) from which a was obtained is
equivalent to Eq. (13) which is also equivalent to Eq. (7),
and Eq. (10).

One may then calculate the same ratio between the
gravitational and the extra term appearing in Eq. (7) or
Eq. (10) thereby obtaining

2 2

oo —w” 30y

H% T2 A

5. (17)

As shown in [75] this is a reasonable assumption, and it
was also used in [74-77].

In [74,75] it was obtained calculating the threshold of
collapse 6., and matching it with 6. obtained by [132].

Then the nonlinear equation to solve is obtained sub-
stituting Eq. (17) into Eq. (10)

3 BN, 48 30Q,,1-a)
5// - - 6/ _ _ T~ ""m,
- <a+E> 3146 2 @E*(a)

5(1468) =0.
(18)

The threshold of collapse, and the turnaround, can be
obtained solving Eq. (18) following the method described
in [111], or solving Eq. (13).

An important point is that Eq. (13), can be written in a
more general form taking into account dynamical friction
[69,93,94,130,133-139]

GM L*RR) A dR
_F ( )+—R—7’]— (19)

R= S ,
M?*R3 3 dr

being 5 the dynamical friction coefficient. Equation (19)
can be obtained via Liouville’s theorem [81], and the
dynamical friction force per unit mass, 17%, is given in [94]
[Appendix D, Eq. (D5), and [139], Eq. (5)].

In terms of shear, vorticity, and DE, the equation,
similarly to Eq. (13), can be written as

*In the case of our galaxy it is ~0.1.

GM,, GMg o’ — w? dR

R = 143 - R—np—.
R gz L We) m T ar

(20)

A similar equation (excluding the dynamical friction
term) was obtained by several authors [e.g., [75,127,129] ])
and generalized to smooth DE models in [78].

Equation (20), and Eq. (13) differs for the presence of the
dynamical friction term. As shown in several papers (e.g.,
[69,93,94,139] dynamical friction has a similar effect to that
of rotation, and cosmological constant: it delays the collapse
of a structure (perturbation). As shown in Fig. 1 of [140], and
in Fig. 11 of [94], the magnitude of the effect of rotation,
dynamical friction, and cosmological constant are of the
same order of magnitude with differences of a few percent.

Willingly, by means of the relation § = éGiV;’;z (a/R)* -1,
| 0

Eq. (20) can be written in terms of §, similarly to Eq. (10).

Summarizing, the typical quantities of the SCM depends
from shear, vorticity, and dynamical friction. Contrarily to
[70], and several other authors (e.g., [66,67]), the SCM
results depend from the baryon physics, since shear,
rotation, and dynamical friction depends from the mass,
and the way structures formed.

In the following, we specialize on the effect shear, and
rotation has on the SCM, and how the TAR is modified. To
this aim, in this paper, dynamical friction will be neglected.

III. RESULTS

Several authors have studied the effect of shear [103—
105], and rotation [75,78,81,137,141-143] on the SCM and
elliptical collapse model. The effect of shear and rotation is
that of slowing down the collapse [142—-145], changing
turnaround epoch and collapse time, as well as the typical
parameters of the SCM. As a consequence also the mass
function [75-78,81,140,141], the two-point correlation
function, scaling relations like the mass-temperature
[69,146], and luminosity-temperature relation [147], are
modified.

A. Threshold of collapse with shear, and rotation

In order to show the effects of shear and rotation on the
SCM predictions, we show, in Fig. 1, how the collapse
threshold, 6., is modified. In the left panel, we show the
dependence of §,. from the redshift. The red line represents
the predictions of the ESCM for 6.(z) for the ACDM
model. From top to bottom, the value of « varies from 0.05
(solid line) corresponding to a mass ~10'! M, to 0.03
(long dashed line), corresponding to a mass ~10'* M, to
0.01 (dotted line), corresponding to a mass ~10'> M, and
to 0 (dashed line). We also show the predictions of the
extended SCM in the case of one DE model, the Albrecht-
Skordis [148] (AS) DE model (black line). We chose to plot
this model, because the other quintessence models consid-
ered in previous papers [74,111] INV1 (wy = —0.4), INV2
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FIG. 1.

The threshold of collapse d,, as function of redshift, and mass. In the left panel, we plot .. vs redshift. The red line represents

the predictions of the ESCM for §,(z) for the ACDM model. From top to bottom, the value of « varies from 0.05 (solid line) (galactic
mass scale) to 0.03 (long dashed line), to 0.01 (dotted line) (cluster mass scale), and to 0 (dashed line). Left panel: 6, vs mass. The solid
red line represents the result of the ESCM model, the red dashed line that of the elliptictal collapse model of [149], and the brown line the
ACDM expectation when no shear and rotation are taken into account.

(wo = —0.79), 2EXP (wy = —1), CNR (wy = —1), CPL
(wy = —1), SUGRA (wy = —0.82) (see [75,111])° have a
similar behavior to that of the AS model, and because the
values of 6,.(z) predicted by them is located in the region
between the ACDM and the AS model (see Fig. 4 of [111]).
The inclusion of the term proportional to 6> — @> changes
only the value of the linear overdensity parameter. The
ratios with the ACDM model does not change. This means,
that if the §,. relative to the ACDM is higher than §,. relative
to a given DE model, the same relationship will remain
after taking into account the 6> — w? term. This can be seen
comparing the top left panel in Fig. 4 of [111] with the top
left panel in Fig. 2 of [74], and also looking at Fig. 1 of the
present paper. The DE models similarly to the ACDM
model are “retarded” (the collapse is slowed down) by the
presence of the shear, and rotation term, and their values for
5.(z) are all smaller than the §.(z) of the ACDM model
obtained with the ESCM. This is expected, since at early
times the DE amount is larger, and consequently the value
of §.(z) must be lower to have objects collapsing.

The plot also shows the different behavior of §.(z) in the
case of no shear, and rotation (@ = 0). In this case, d, has a
weak dependence from redshift in the z range [0, 2], and
then becomes constant, with a value equal to that of the
Einstein de Sitter model. Shear, and rotation (a # 0),
change the behavior of §.(z), as follows: (1) it assumes
larger values with respect the case shear and rotation are not
present; (2) the larger is «a, the larger is the difference
between the values of 5.(z); (3) 8.(z) has a decaying
behavior. The value of §.(z) for a = 0.05, is ~30% larger
than in the @ = 0 case. In the right panel of Fig. 1, we plot
6.(M) versus the mass. When shear and rotation are not
present the value of J,. is constant (brown line), while when
they are taken into account the threshold . becomes mass

9 .
wy is the value of w nowadays.

dependent, and is characterized by larger values at smaller
masses, converging to the standard ACDM model constant
value moving to the largest clusters. The dashed line shows
the result of [132,149]. The behavior of the threshold
implies that less massive perturbations (e.g., galaxies) in
order to form structures must cross a higher threshold than
more massive ones. In terms of the peak formalism, and the
peak height v =6,/6(M),'" the angular momentum
acquired by a peak is proportional to turnaround time,
ta» and anticorrelated with the peak height j o #,, o v73/2
[94,103,150]. Since low peaks acquire larger angular
momentum than high peaks, they need a higher density
contrast to collapse and form structures [92,94,137,142—
145]. The cosmological constant has similar effects to that
of angular momentum in collapse, slowing down it, but its
effects vanishes at high redshift.

B. TAR, in the ACDM, and DE models

Our main goal is to understand how shear and rotation
changes the TAR. We start finding an expression for the
TAR. Just in order to compare with [70,71] results, we
calculate the maximum TAR, MTAR, namely the radius of
the surface where R = 0. Using Eq. (13), we obtain

. —3M
C 4zpge (1 +3w) + (6* —w

5 e

In the case of the ACDM model, (w = —1), no shear, and
rotation, Eq. (21) reduces to

3GM| 13
-5

. (22)

10 . .
(M) is the mass variance.
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FIG. 2. Turnaround radius R, vs mass, M,. Left panel: TAR predicted by the standard SCM (solid red line), and the ESCM (dashed red
line) for the ACDM model. Right panel: the result of the ESCM for the ACDM model (red dashed line), and that of the AS model (black

dotted line).

which is the same as that obtained by [70]. In the case of
DE models, with no shear, and rotation, Eq. (21) reduces to

Ro_ -3M 1/3
@ 4apge (1 + 3w)

which is the same as that obtained by [71]. In other terms,
the turn around obtained by [71] is a peculiar case of the
more general form given by Eq. (21).

In the paper, we will get and plot the TAR, not MTAR,
since we compare with [67], which calculated the TAR.

When taking into account shear, and rotation, the TAR is
smaller than expected from [71] result, as shown in Fig. 2.
In the left panel of Fig. 2, we plot the TAR predicted by the
standard SCM (solid red line), and the ESCM (dashed red
line) for the ACDM model. As expected, similarly to the
threshold of collapse, §,., when shear and rotation are taken
into account, the collapse is slowed down and the turn
around is smaller. The differences between the standard
SCM predictions, and the ESCM, are larger at smaller
masses, because smaller mass objects have larger rotation.
In the right panel of Fig. 2, we compare the result of the
ESCM for the ACDM model (red dashed line) with that of
the AS model (black dotted line). The AS model has a
slightly larger TAR with respect to the ACDM model. [71]
tried to constrain the equation of state by means of Eq. (23),
comparing the predicted TAR at different w with mass and
radii of small z cosmic structures. In this way is possible to
constrain the equation of state parameter w at z ~ 0 (WO)”.
They used data for: Milky Way (MW), M81/M82 group,

(23)

"Many of the DE models can be described by an equation of
state parameter, w(a), depending on its value nowadays, w, that
at matter-radiation equality epoch, and some other parameters at
the same epoch (see Eq. (23) of [111]). In order to constrain the
evolution of the equation of state parameter, w, it is necessary to
use structures at high redshift.

Local Group, Virgo cluster, Fornax-Eridanus group.
[151] took into account the cosmological constant and
obtained different values for M31/MW, M8I1, Virgo, and
also obtained the R-M values for CenA/MS83, 1C342,
NGC253. We used the data obtained by [151], and that
of [71] for Local Group, and Fornax-Eridanus.

In Fig. 2, the solid lines are obtained from the equation of
TAR [Eq. (23)] not taking into account shear, and rotation.
The dashed lines are the corrections obtained when shear,
and rotation are taken into account. The lines correspond to
w= =25, -2, —1.5, —1, —0.5, from bottom to top. The
region of the parameter space above each line gives the
range of w for which no stable structures should exist.
Reference [71] discussed some constraints to w, based on
the highest mass objects. Here we just want to stress that at
masses smaller than 10'* M the TAR is modified by the
presence of shear, and rotation. As a consequence, struc-
tures at smaller masses can give different constraints to w.

For example, the local group gives the constraint
w > —2.5, while if shear, and rotation are not taken into
account, w is more negative. The other constraints are
reported in Table I. Therefore, including shear and rotation

TABLEI. The ruled out ranges of w based on the ESCM model.
Stable Range of
structure M (Mg) R (Mpc)  w ruled out
M31/MW (244+1.0)x 1012 02540.02 w> -2.5
M8 (89+22)x 10" 0901758  wx=-l1
IC342 2.05]2 x 10" 0515008 w2>-1
NGC253 2341099 510" 0.70+0.10 w>-0.5
CenA/M83 20005 x 1012 13759008 w> -1
Local group 3,14:()"21 x 1012 096+0.03 w>-2.5
Fornax-Eridanus 1.92 x 10 46079, w2-15
Virgo 1.677031 % 1019 6512  w>-25
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can help to constrain the equation of state of DE by means
of the data of galaxies. Furthermore, can only marginally
satisfy the data of NGC253 and M81, the standard ACDM
model can also be strongly constrained by galactic data.

C. Comparison with TAR in f(R) theories

Reference [67] investigated the evolution of the TAR,
and its dependence from structure mass in general relativity
(GR), and in the f(R) theories. Their Eq. (3.3) takes into
account the effects of MG through the parameter ¢(a, k),
where k is the (angular) wave number. When ¢(q, k) is zero
GR is recovered, and their Eq. (3.3) is equal to our Eq. (10)
without shear and rotation. In other terms, [67] includes the
effects of the f(R) theories but not that of shear, and
rotation, which changes the behavior of the main quantities
of the SCM. As a consequence, their Figs. 1, 3 predict a
monotonic increase for §.(z) as in the ACDM, and DE
models without shear, and rotation, as shown in [111], and
in the left panel of our Fig. 1 (case @ = 0). Shear, and
rotation modify this behavior. Similarly, their Fig. 4 shows
that 5.(M), differs from the ACDM predictions by ~1%. As
shown by [149], and by [74-77,140], in order to have a
mass function reproducing simulations, the threshold must
be: 1. mass dependent, and 2. a decaying function of mass.
For precision’s sake, in the excursion set formalism, the
halo statistics, and the mass function, depends from the
statistical properties of the average overdensity, (_SR[, within
a window of a given radius, R t SRI. VS R f is a random walk
[140,152], and haloes form when the random walk crosses
the threshold, 6., dubbed barrier [140,149,153]. A mass
function that reproduces simulations and observations must
have a mass dependent, and monotonically decreasing &,
as in [149,154], and [81,137,140]. This shows that the
results of [67] cannot reproduce the mass function obtained

10" T T T

T T T TTITm

T T T TTIT TTTTTT

R

1

R[Mpc] 10°

Lo

Fro M31/MW
%

10~ Lo Lo Lo Lo Lo

10 1012 1013 101 1015 106
MI[M,]

FIG. 3. Mass-radius relation of stable structures for different w.
The solid lines from top to bottom represent w = —0.5 (solid
green line), —1 (black solid line), —1.5 (blue solid line) ,—2 (pink
solid line), —2.5 (red solid line). The dashed lines are the same of
the previous lines, but they are obtained using the ESCM model.
The dots with error bars, are data as in [71].

in simulations, and observations, because the effects of
shear, and rotation are not taken into account.

Another important point is the use of the TAR to
disentangle between GR and MG, discussed by several
authors (e.g., [67]). In the following, we will compare [67]
results with the prediction of the ESCM for the TAR in the
ACDM, and DE models. To this aim, we compared in
Fig. 4, their result concerning the R, vs mass with the
ACDM model predictions in the ESCM. In the figure, we
plot the result obtained by [67] for R, vs mass for the
ACDM model, the model with ¢ = 1/3, and f(R) with
fro = 1075, 1073, and 10~*. The red band represents our
prediction for the ACDM model, obtained with the ESCM,
with the 68% confidence level region. In order to calculate
the 68% confidence level, we used a Monte Carlo simu-
lation. In short, this approach involves the repeated
simulation of samples within the probability density
functions of the input data. In the first step, one looks
for the sources of uncertainty, and identifies the probability
density functions (PDFs) that gives a good fit to those the
data sources. For all data inputs identified as sources of
uncertainty, Monte Carlo simulations are run, and the
resulting simulations are applied to models (equations),
in order to get the distribution of the quantity of interest.
Finally one can get the confidence intervals needed. In our
case, in order to obtain the TAR, one has to solve Eq. (13),
or Eq. (18), using the condition R =0 at turnaround or
equivalently a relation between &, &;, and at turn around (see
Eq. (3.8) of [67]). If for example, we consider Eq. (13), we
may write it as

GM  4mpy.
—0=22"_
R 3

2H2§2m 0
243G

/ —5dR (24)

where R; is the initial radius of the perturbation, related to z;
given in the Appendix. One can get numerically the relation
between R, and M,. In order to obtain the confidence interval
by means of the Monte Carlo method, we observe that
R, depends from mass, overdensity, and angular mome-
ntum. Angular momentum has a lognormal distribution
([155,156]), and the overdensity has a Gaussian distribution.
By means of Monte Carlo simulations we can get the
68% confidence region. Another way, is to get R, in terms
of the overdensity, since the angular momentum is propor-
tional to M3 ([86,92,156,157], and M =2 R3p(1 + 5).

Recalling that 6 has a Gaussian distribution, we may get the
confidence region by means of the Monte Carlo method. The
plot shows that the ACDM model prediction is similar to that
of the MG theories. Similarly to [69], in which we showed
that the mass-temperature relation is not a good probe to test
gravity theories beyond GR, and to disentangle between GR,
and f(R) theories, here we have a similar result: the TAR is
not a good probe to disentangle between GR, and f(R)
theories. In Fig. 5, we compare the predictions of some of the
quintessence DE models previously cited to the same f(R)
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FIG. 4. Turnaround radius, R, vs mass, M. Left panel: the result obtained by [67] for R, vs mass for the ACDM model, the model with
€ =1/3,and f(R) with fgy = 107, 1073, and 10~*. Right panel: the same as in left panel compared with the prediction of the ESCM.
The red band represents our prediction for the ACDM model, obtained with the ESCM, with the 68% confidence level region.

FIG. 5.

The turnaround radius, R, vs mass, M, obtained with the ESCM for the DE models. In the left panel, from top to bottom, the

cyan, blue, brown, magenta, black, red, and green lines represent the INV1, INV2, SUGRA, wqy, AS, ACDM without shear, and
rotation, and ACDM with shear, and rotation, respectively. In the right panel, the solid lines are the ACDM, and f(R) models of [67]
(similarly to the left panel of our previous figure), while the blue dashed line, and the green dashed lines, are the INV2 model, and the
ACDM with shear, and rotation plotted in the left panel. Namely the model having w = —0.9.

models of [67] plotted in Fig. 4. In the left panel of Fig. 5, we
plot the predictions of the DE models for the TAR, obtained
with the ESCM. From top to bottom, the cyan, blue, brown,
magenta, black, red, and green lines represent the INV1,
INV2, SUGRA, wy,'> AS, ACDM without shear, and
rotation, and ACDM with shear, and rotation, respectively.

In the right panel, we compare the [67] prediction with
that of the DE models, plotted in the left panel. In order to
have a more readable figure, we plotted just the INV2 (blue
dashed line), and the ACDM with shear, and rotation (green
dashed line) plotted in the left panel. These two lines
contain all the other DE models (except INV1). The solid
lines are the ACDM, and f(R) models of [67]. Similarly to
what happens in Fig. 4, the DE models have similar
predictions for the TAR to that of [67], showing that the
quoted radius cannot be used to disentangle DE, and f(R)
theories predictions.

""Namely the model having w = —0.9.

IV. CONCLUSIONS

In the present work, we discussed how shear and rotation
change the TAR, and some of the parameters of the SCM.
We used an extended SCM taking into account the effects of
shear and vorticity to determine the R, — M, in ACDM, and
in DE scenarios. From the condition that the radial accel-
eration is zero, we got a formula for the maximum TAR more
general than those found in literature. Shear and rotation
reduce the value of the TAR, particularly at the galactic
scales where rotation is larger. As a consequence, using the
R, — M, relationship, and data from stable structures to
constrain the w parameter, one gets smaller values (absolute
value) of the quoted parameter for structures having masses
smaller than 10" My. We also compared the R, — M,
relationship obtained for ACDM, and DE scenarios with
the prediction of the f(R) theories, calculated by [67]. The
result of the comparison shows that the R, — M| relationship
in the f(R) models are practically identical to that of
the ACDM model, and DE scenarios. This implies that
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the R, — M, relationship is not a good probe to disentangle
between GR, and DE models predictions.

APPENDIX: F(R) THEORIES
AND THE HU-SAWICKI MODEL

In this section, we summarize the MG theory in which
framework [67] determined the TAR, which we compared
to our model.

Reference [67] used the Hu-Sawicki model, which is one
peculiar model in the f(R) theories, whose action may be
written as follows:

R+ f(R)

S= [ d'x\/—g L, Al
[asvaB el @
being L£,, is the matter Lagrangian density. The ACDM
model is recovered, in the case f(R) = —2A.

Einstein modified equations are

G(lﬂ + fRRaﬂ - (g - |:|fR> Gop — v(zv/}fR = SﬂGT(zﬁv
(A2)

— df(R)
— dR >

where G is the Einstein tensor, fg
energy-momentum tensor.

The f(R) theories are characterized by the presence of
the so-called Chameleon screening mechanism, having a
scalar field mass depending on the local density. In low
density fields, where deviations from GR are maximized,
the scalar degree of freedom is long ranged, and in high
density ones happens the opposite.

Reference [67] used the Hu-Sawicki [158] model,

characterized by the following functional form

and T is the

C1 (R/mz)”

A N T

(A3)
where m, ¢, ¢,, and n, (n > 0) are free parameters, with
m? = H3Q 0", ¢; and ¢, can be determined by requiring
that

c Q

L r6A0

(&) Qm,O

(A4)

in the large curvature regime (R/m? > 1), f(R) ~ —2A.
[r today indicates the strength of gravity modifications:
€1

f |: QA,O :|n+1
=n=|—0>r .
K0 3 [3(Quno +4Q40)

The range of the scalar degree of freedom is given by the
comoving Compton wavelength 1, = # where
R

(A5)

1 . .
*It has dimensions of mass squared.

1
e e

The f(R) theories are characterized by a scalar field
coupling to all forms of matter having an energy-
momentum tensors with nonzero traces. Consequently,
apart the GR gravitational force, the conformal coupling
between matter and field produces a fifth force proportional
to the field gradient (see [69]).

The modified Poisson equation in comoving coordinates
is given by:

(A6)

162G a?
157G s — L SR(F).

Vo 3 (A7)
where 8p,, = p — Pm» and SR = R — R™.
In Fourier space, Eq. (A7) can be written as:
—k*® = [1 + ¢e(a, k)|4nGa’Sp,,, (A8)
with:
2
e(a, k) E% (W) (A9)

The modifications to GR are contained in the term e(a, k).
When this term vanishes we are left with GR.

In order to have a closed system Poisson equation must
be coupled with the relativistic fluid equations for the
matter density fields.

The equation to be solved to get §(r) is Eq. (3.3) of [67]

3 F 457
6// - - 5/ _
* <a + E> 3(1+9)

3(1+6) s [ sin(kr)
:ngoa 5% dkk*[1 +¢(k,a)|5(k, a) o
(A10)

In the case e(k,a) = 0, this reduces to our Eq. (10) with
6 = @ = 0. In order to obtain §(r), it is necessary to have
an initial density profile, §;(r) to evolve from an early time,
that we choose as, [67], z; = 500, because at that time GR
and MG are undistinguishable. In this paper, we used a top-
hatlike profile, the Tanh profile of [67]

S; -1
R I

- (Al1)

where s is the steepness of the transition, and r,, is the size
of the top-hatlike function. In the present paper, in order to
obtain §(r), we will solve our Eq. (10) with the previous
top-hatlike profile.

"“A bar indicates a spatial average.

083505-9



DEL POPOLO, CHAN, and MOTA

PHYS. REV. D 101, 083505 (2020)

[1] E. Komatsu, K. M. Smith, J. Dunkley et al., Astrophys. J.
Suppl. Ser. 192, 18 (2011).
[2] P.A.R. Ade, N. Aghanim, C. Armitage-Caplan, M.
Arnaud, M. Ashdown, F. Atrio-Barandela, J. Aumont,
C. Baccigalupi, A. J. Banday et al. (Planck Collaboration),
Astron. Astrophys. 571, A16 (2014).
[3] A. Del Popolo, AIP Conf. Proc. 1548, 2 (2013).
[4] A. Del Popolo, Astronomy Reports 51, 169 (2007).
[51 A. Del Popolo, Int. J. Mod. Phys. D 23, 1430005 (2014).
[6] P. Bull et al., Phys. Dark Universe 12, 56 (2016).
[71 A. Del Popolo, Int. J. Mod. Phys. D 23, 1430005 (2014).
[8] D.N. Spergel, L. Verde, H. V. Peiris, E. Komatsu, M. R.
Nolta, C. L. Bennett, M. Halpern, G. Hinshaw, N. Jarosik,
A. Kogut, M. Limon, S.S. Meyer, L. Page, G.S. Tucker,
J. L. Weiland, E. Wollack, and E. L. Wright, Astrophys. J.
Suppl. Ser. 148, 175 (2003).
[9] H. K. Eriksen, F. K. Hansen, A.J. Banday, K. M. Goérski,
and P. B. Lilje, Astrophys. J. 605, 14 (2004).
[10] D.J. Schwarz, G. D. Starkman, D. Huterer, and C. J. Copi,
Phys. Rev. Lett. 93, 221301 (2004).
[11] M. Cruz, E. Martinez-Gonzdlez, P. Vielva, and L. Cay6n,
Mon. Not. R. Astron. Soc. 356, 29 (2005).
[12] C.J. Copi, D. Huterer, D. J. Schwarz, and G. D. Starkman,
Mon. Not. R. Astron. Soc. 367, 79 (2006).
[13] E. Macaulay, I. K. Wehus, and H. K. Eriksen, Phys. Rev.
Lett. 111, 161301 (2013).
[14] Planck Collaboration XVI, Astron. Astrophys. 571, A16
(2014).
[15] M. Raveri, Phys. Rev. D 93, 043522 (2016).
[16] B. Moore, T. Quinn, F. Governato, J. Stadel, and G. Lake,
Mon. Not. R. Astron. Soc. 310, 1147 (1999).
[17] W.J. G. de Blok, Adv. Astron. 2010, 789293 (2010).
[18] J.P. Ostriker and P. Steinhardt, Science 300, 1909
(2003).
[19] M. Boylan-Kolchin, J.S. Bullock, and M. Kaplinghat,
Mon. Not. R. Astron. Soc. 415, L40 (2011).
[20] A. Del Popolo and N. Hiotelis, J. Cosmol. Astropart. Phys.
01 (2014) 047.
[21] A. Del Popolo and M. Le Delliou, J. Cosmol. Astropart.
Phys. 12 (2014) 051.
[22] A. Del Popolo and M. Le Delliou, Galaxies 5, 17 (2017).
[23] M. Klasen, M. Pohl, and G. Sigl, Prog. Part. Nucl. Phys.
85, 1 (2015).
[24] J. Einasto, Astron. Soc. Pac. Conf. Ser. 252, 85 (2001).
[25] G. Bertone, D. Hooper, and J. Silk, Phys. Rep. 405, 279
(2005).
[26] F.R. Bouchet, Astrophys. Space Sci. 290, 69 (2004).
[27] M. Kilbinger, Rep. Prog. Phys. 78, 086901 (2015).
[28] E. Aprile et al. (Xenon Collaboration), Phys. Rev. Lett.
121, 111302 (2018).
[29] M. H. Chan, L. Cui, J. Liu, and C. S. Leung, Astrophys. J.
872, 177 (2019).
[30] M. H. Chan and C. H. Leung, Sci. Rep. 7, 14895 (2017).
[31] A.R. Zentner and J.S. Bullock, Astrophys. J. 598, 49
(2003).
[32] P. Colin, V. Avila-Reese, and O. Valenzuela, Astrophys. J.
542, 622 (2000).
[33] J. Goodman, New Astron. 5, 103 (2000).
[34] W. Hu, R. Barkana, and A. Gruzinov, Phys. Rev. Lett. 85,
1158 (2000).

[35] M. Kaplinghat, L. Knox, and M. S. Turner, Phys. Rev. Lett.
85, 3335 (2000).

[36] P.J. E. Peebles, Astrophys. J. Lett. 534, L127 (2000).

[37] J. Sommer-Larsen and A. Dolgov, Astrophys. J. 551, 608
(2001).

[38] H. A. Buchdahl, Mon. Not. R. Astron. Soc. 150, 1 (1970).

[39] A. A. Starobinsky, Phys. Lett. 91B, 99 (1980).

[40] G.R. Bengochea and R. Ferraro, Phys. Rev. D 79, 124019
(2009).

[41] E. V. Linder, Phys. Rev. D 81, 127301 (2010).

[42] J.B. Dent, S. Dutta, and E.N. Saridakis, J. Cosmol.
Astropart. Phys. 01 (2011) 009.

[43] R. Zheng and Q.-G. Huang, J. Cosmol. Astropart. Phys. 03
(2011) 002.

[44] M. Milgrom, Astrophys. J. 270, 365 (1983).

[45] A.M. Brooks, M. Kuhlen, A. Zolotov, and D. Hooper,
Astrophys. J. 765, 22 (2013).

[46] J. Ofiorbe, M. Boylan-Kolchin, J. S. Bullock, P. F. Hopkins,
D. Kerés, C.-A. Faucher-Giguere, E. Quataert, and N.
Murray, Mon. Not. R. Astron. Soc. 454, 2092 (2015).

[47] A. V. Astashenok and A. del Popolo, Classical Quantum
Gravity 29, 085014 (2012).

[48] H.E. S. Velten, R. F. vom Marttens, and W. Zimdabhl, Eur.
Phys. J. C 74, 3160 (2014).

[49] S. Weinberg, Rev. Mod. Phys. 61, 1 (1989).

[50] E.J. Copeland, M. Sami, and S. Tsujikawa, Int. J. Mod.
Phys. D 15, 1753 (2006).

[51] G. W. Horndeski, Int. J. Theor. Phys. 10, 363 (1974).

[52] B. Zwiebach, Phys. Lett. 156B, 315 (1985).

[53] J. W. Moffat, J. Cosmol. Astropart. Phys. 3, 004 (2006).

[54] S. Nojiri, S. D. Odintsov, and M. Sasaki, Phys. Rev. D 71,
123509 (2005).

[55] J. D. Bekenstein, Modified gravity as an alternative to dark
matter, in Particle Dark Matter: Observations, Models and
Searches, edited by G. Bertone (Cambridge University
Press, Cambridge, England, 2010), p. 99.

[56] A.De Felice and S. Tsujikawa, Living Rev. Relativity 13, 3
(2010).

[57] M. Milgrom, Phys. Rev. D 89, 024027 (2014).

[58] D. Lovelock, J. Math. Phys. (N.Y.) 12, 498 (1971).

[59] P. Horava, Phys. Rev. D 79, 084008 (2009).

[60] Y. Rodriguez and A. A. Navarro, J. Phys. Conf. Ser. 831,
012004 (2017).

[61] C. Deffayet, O. Pujolas, I. Sawicki, and A. Vikman, J.
Cosmol. Astropart. Phys. 10 (2010) 026.

[62] G. Dvali, G. Gabadadze, and M. Porrati, Phys. Lett. B 485,
208 (2000).

[63] R. A. Battye, B. Bolliet, and F. Pace, Phys. Rev. D 97,
104070 (2018).

[64] D. Trinh, F. Pace, R. A. Battye, and B. Bolliet, Phys. Rev.
D 99, 043515 (2019).

[65] S. Adhikari, J. Sakstein, B. Jain, N. Dalal, and B. Li, J.
Cosmol. Astropart. Phys. 11 (2018) 033.

[66] S. Bhattacharya, K. F. Dialektopoulos, A. Enea Romano,
C. Skordis, and T. N. Tomaras, J. Cosmol. Astropart. Phys.
07 (2017) 018.

[67] R.C.C. Lopes, R. Voivodic, L. R. Abramo, and L. Sodré
Jr., J. Cosmol. Astropart. Phys. 09 (2018) 010.

[68] A. Hammami and D.F. Mota, Astron. Astrophys. 598,
A132 (2017).

083505-10


https://doi.org/10.1088/0067-0049/192/2/18
https://doi.org/10.1088/0067-0049/192/2/18
https://doi.org/10.1051/0004-6361/201321591
https://doi.org/10.1063/1.4817029
https://doi.org/10.1134/S1063772907030018
https://doi.org/10.1142/S0218271814300055
https://doi.org/10.1016/j.dark.2016.02.001
https://doi.org/10.1142/S0218271814300055
https://doi.org/10.1086/377226
https://doi.org/10.1086/377226
https://doi.org/10.1086/382267
https://doi.org/10.1103/PhysRevLett.93.221301
https://doi.org/10.1111/j.1365-2966.2004.08419.x
https://doi.org/10.1111/j.1365-2966.2005.09980.x
https://doi.org/10.1103/PhysRevLett.111.161301
https://doi.org/10.1103/PhysRevLett.111.161301
https://doi.org/10.1051/0004-6361/201321591
https://doi.org/10.1051/0004-6361/201321591
https://doi.org/10.1103/PhysRevD.93.043522
https://doi.org/10.1046/j.1365-8711.1999.03039.x
https://doi.org/10.1155/2010/789293
https://doi.org/10.1126/science.1085976
https://doi.org/10.1126/science.1085976
https://doi.org/10.1111/j.1745-3933.2011.01074.x
https://doi.org/10.1088/1475-7516/2014/01/047
https://doi.org/10.1088/1475-7516/2014/01/047
https://doi.org/10.1088/1475-7516/2014/12/051
https://doi.org/10.1088/1475-7516/2014/12/051
https://doi.org/10.3390/galaxies5010017
https://doi.org/10.1016/j.ppnp.2015.07.001
https://doi.org/10.1016/j.ppnp.2015.07.001
https://doi.org/10.1016/j.physrep.2004.08.031
https://doi.org/10.1016/j.physrep.2004.08.031
https://doi.org/10.1023/B:ASTR.0000022165.09053.85
https://doi.org/10.1088/0034-4885/78/8/086901
https://doi.org/10.1103/PhysRevLett.121.111302
https://doi.org/10.1103/PhysRevLett.121.111302
https://doi.org/10.3847/1538-4357/aafe0b
https://doi.org/10.3847/1538-4357/aafe0b
https://doi.org/10.1038/s41598-017-14950-4
https://doi.org/10.1086/378797
https://doi.org/10.1086/378797
https://doi.org/10.1086/317057
https://doi.org/10.1086/317057
https://doi.org/10.1016/S1384-1076(00)00015-4
https://doi.org/10.1103/PhysRevLett.85.1158
https://doi.org/10.1103/PhysRevLett.85.1158
https://doi.org/10.1103/PhysRevLett.85.3335
https://doi.org/10.1103/PhysRevLett.85.3335
https://doi.org/10.1086/312677
https://doi.org/10.1086/320211
https://doi.org/10.1086/320211
https://doi.org/10.1093/mnras/150.1.1
https://doi.org/10.1016/0370-2693(80)90670-X
https://doi.org/10.1103/PhysRevD.79.124019
https://doi.org/10.1103/PhysRevD.79.124019
https://doi.org/10.1103/PhysRevD.81.127301
https://doi.org/10.1088/1475-7516/2011/01/009
https://doi.org/10.1088/1475-7516/2011/01/009
https://doi.org/10.1088/1475-7516/2011/03/002
https://doi.org/10.1088/1475-7516/2011/03/002
https://doi.org/10.1086/161130
https://doi.org/10.1088/0004-637X/765/1/22
https://doi.org/10.1093/mnras/stv2072
https://doi.org/10.1088/0264-9381/29/8/085014
https://doi.org/10.1088/0264-9381/29/8/085014
https://doi.org/10.1140/epjc/s10052-014-3160-4
https://doi.org/10.1140/epjc/s10052-014-3160-4
https://doi.org/10.1103/RevModPhys.61.1
https://doi.org/10.1142/S021827180600942X
https://doi.org/10.1142/S021827180600942X
https://doi.org/10.1007/BF01807638
https://doi.org/10.1016/0370-2693(85)91616-8
https://doi.org/10.1088/1475-7516/2006/03/004
https://doi.org/10.1103/PhysRevD.71.123509
https://doi.org/10.1103/PhysRevD.71.123509
https://doi.org/10.12942/lrr-2010-3
https://doi.org/10.12942/lrr-2010-3
https://doi.org/10.1103/PhysRevD.89.024027
https://doi.org/10.1063/1.1665613
https://doi.org/10.1103/PhysRevD.79.084008
https://doi.org/10.1088/1742-6596/831/1/012004
https://doi.org/10.1088/1742-6596/831/1/012004
https://doi.org/10.1088/1475-7516/2010/10/026
https://doi.org/10.1088/1475-7516/2010/10/026
https://doi.org/10.1016/S0370-2693(00)00669-9
https://doi.org/10.1016/S0370-2693(00)00669-9
https://doi.org/10.1103/PhysRevD.97.104070
https://doi.org/10.1103/PhysRevD.97.104070
https://doi.org/10.1103/PhysRevD.99.043515
https://doi.org/10.1103/PhysRevD.99.043515
https://doi.org/10.1088/1475-7516/2018/11/033
https://doi.org/10.1088/1475-7516/2018/11/033
https://doi.org/10.1088/1475-7516/2017/07/018
https://doi.org/10.1088/1475-7516/2017/07/018
https://doi.org/10.1088/1475-7516/2018/09/010
https://doi.org/10.1051/0004-6361/201629003
https://doi.org/10.1051/0004-6361/201629003

TURNAROUND RADIUS IN ACDM AND DARK MATTER ...

PHYS. REV. D 101, 083505 (2020)

[69] A. Del Popolo, F. Pace, and D. F. Mota, Phys. Rev. D 100,
024013 (2019).
[70] V. Pavlidou and T. N. Tomaras, J. Cosmol. Astropart. Phys.
09 (2014) 020.
[71] V. Pavlidou, N. Tetradis, and T.N. Tomaras, J. Cosmol.
Astropart. Phys. 05 (2014) 017.
[72] V. Faraoni, M. Lapierre-Léonard, and A. Prain, J. Cosmol.
Astropart. Phys. 10 (2015) 013.
[73] R.C. C. Lopes, R. Voivodic, L. R. Abramo, and L. Sodré
Jr., J. Cosmol. Astropart. Phys. 07 (2019) 026.
[74] A. Del Popolo, F. Pace, and J. A.S. Lima, Int. J. Mod.
Phys. D 22, 1350038 (2013).
[75] A. Del Popolo, F. Pace, and J. A. S. Lima, Mon. Not. R.
Astron. Soc. 430, 628 (2013).
[76] F. Pace, R. C. Batista, and A. Del Popolo, Mon. Not. R.
Astron. Soc. 445, 648 (2014).
[77] A. Mehrabi, F. Pace, M. Malekjani, and A. Del Popolo,
Mon. Not. R. Astron. Soc. 465, 2687 (2017).
[78] F. Pace, C. Schimd, D.F. Mota, and A.D. Popolo,
J. Cosmol. Astropart. Phys. 09 (2019) 060.
[79] J. Lee, Astrophys. J. 832, 123 (2016).
[80] S. Capozziello, K. F. Dialektopoulos, and O. Luongo, Int.
J. Mod. Phys. D 28, 1950058 (2019).
[81] A. Del Popolo and M. Gambera, Astron. Astrophys. 344,
17 (1999).
[82] J.E. Gunn and J. R. Gott III, Astrophys. J. 176, 1 (1972).
[83] J. A. Fillmore and P. Goldreich, Astrophys. J. 281, 1
(1984).
[84] E. Bertschinger, Astrophys. J. Suppl. Ser. 58, 39 (1985).
[85] Y. Hoffman and J. Shaham, Astrophys. J. 297, 16 (1985).
[86] B. S. Ryden and J. E. Gunn, Astrophys. J. 318, 15 (1987).
[87] K. Subramanian, R. Cen, and J. P. Ostriker, Astrophys. J.
538, 528 (2000).
[88] Y. Ascasibar, G. Yepes, S. Gottlober, and V. Miiller, Mon.
Not. R. Astron. Soc. 352, 1109 (2004).
[89] L.L.R. Williams, A. Babul, and J.J. Dalcanton,
Astrophys. J. 604, 18 (2004).
[90] P.J. E. Peebles, Astrophys. J. 155, 393 (1969).
[91] S.D. M. White, Astrophys. J. 286, 38 (1984).
[92] B.S. Ryden, Astrophys. J. 329, 589 (1988).
[93] V. Antonuccio-Delogu and S. Colafrancesco, Astrophys. J.
427, 72 (1994).
[94] A. Del Popolo, Astrophys. J. 698, 2093 (2009).
[95] A. V. Gurevich and K. P. Zybin, Zh. Eksp. Teor. Fiz. 94, 3
(1988).
[96] A.V. Gurevich and K. P. Zybin, Zh. Eksp. Teor. Fiz. 94, 5
(1988).
[97] S.D.M. White and D. Zaritsky, Astrophys. J. 394, 1
(1992).
[98] P. Sikivie, I.I. Tkachev, and Y. Wang, Phys. Rev. D 56,
1863 (1997).
[99] A. Nusser, Mon. Not. R. Astron. Soc. 325, 1397 (2001).
[100] N. Hiotelis, Astron. Astrophys. 382, 84 (2002).
[101] M. Le Delliou and R.N. Henriksen, Astron. Astrophys.
408, 27 (2003).
[102] P. Zukin and E. Bertschinger, in APS Meeting Abstracts
(American Physical Society, Maryland, 2010), p. 13003.
[103] Y. Hoffman, Astrophys. J. 308, 493 (1986).
[104] Y. Hoffman, Astrophys. J. 340, 69 (1989).
[105] S. Zaroubi and Y. Hoffman, Astrophys. J. 416, 410 (1993).

[106] F. Bernardeau, Astrophys. J. 433, 1 (1994).

[107] J. M. Bardeen, J.R. Bond, N. Kaiser, and A.S. Szalay,
Astrophys. J. 304, 15 (1986).

[108] Y. Ohta, I. Kayo, and A. Taruya, Astrophys. J. 589, 1
(2003).

[109] Y. Ohta, I. Kayo, and A. Taruya, Astrophys. J. 608, 647
(2004).

[110] S. Basilakos, Mon. Not. R. Astron. Soc. 395, 2347 (2009).

[111] F. Pace, J.-C. Waizmann, and M. Bartelmann, Mon. Not.
R. Astron. Soc. 406, 1865 (2010).

[112] S. Basilakos, M. Plionis, and J. Sola, Phys. Rev. D 82,
083512 (2010).

[113] D.F. Mota and C. van de Bruck, Astron. Astrophys. 421,
71 (2004).

[114] N.J. Nunes and D. F. Mota, Mon. Not. R. Astron. Soc.
368, 751 (2006).

[115] L.R. Abramo, R. C. Batista, L. Liberato, and R. Rosenfeld,
J. Cosmol. Astropart. Phys. 11 (2007) 012.

[116] L. R. Abramo, R. C. Batista, L. Liberato, and R. Rosenfeld,
Phys. Rev. D 77, 067301 (2008).

[117] L.R. Abramo, R. C. Batista, and R. Rosenfeld, J. Cosmol.
Astropart. Phys. 07 (2009) 040.

[118] L.R. Abramo, R. C. Batista, L. Liberato, and R. Rosenfeld,
Phys. Rev. D 79, 023516 (2009).

[119] P. Creminelli, G. D’ Amico, J. Norefa, L. Senatore, and F.
Vernizzi, J. Cosmol. Astropart. Phys. 03 (2010) 027.

[120] T. Basse, O.E. Bjzlde, and Y.Y.Y. Wong, J. Cosmol.
Astropart. Phys. 10 (2011) 038.

[121] R. C. Batista and F. Pace, J. Cosmol. Astropart. Phys. 06
(2013) 044.

[122] V. Pettorino and C. Baccigalupi, Phys. Rev. D 77, 103003
(2008).

[123] N. Wintergerst and V. Pettorino, Phys. Rev. D 82, 103516
(2010).

[124] E.R. M. Tarrant, C. van de Bruck, E.J. Copeland, and
A.M. Green, Phys. Rev. D 85, 023503 (2012).

[125] F. Pace, R. C. Batista, and A. Del Popolo, Mon. Not. R.
Astron. Soc. 445, 648 (2014).

[126] A. Del Popolo, F. Pace, S. P. Maydanyuk, J. A. S. Lima,
and J. F. Jesus, Phys. Rev. D 87, 043527 (2013).

[127] S. Engineer, N. Kanekar, and T. Padmanabhan, Mon. Not.
R. Astron. Soc. 314, 279 (2000).

[128] J. A.S. Lima, V. Zanchin, and R. Brandenberger, Mon.
Not. R. Astron. Soc. 291, L1 (1997).

[129] P. Fosalba and E. Gaztanaga, Mon. Not. R. Astron. Soc.
301, 503 (1998).

[130] P.J. E. Peebles, in Princeton Series in Physics, edited by
P.J. E. Peebles (Princeton University Press, Princeton, NJ,
1993).

[131] A.D. Chernin, Astron. Astrophys. 267, 315 (1993).

[132] R. K. Sheth and G. Tormen, Mon. Not. R. Astron. Soc.
308, 119 (1999).

[133] A. Kashlinsky, Astrophys. J. 306, 374 (1986).

[134] A. Kashlinsky, Astrophys. J. 312, 497 (1987).

[135] O. Lahav, P. B. Lilje, J. R. Primack, and M. J. Rees, Mon.
Not. R. Astron. Soc. 251, 128 (1991).

[136] J. G. Bartlett and J. Silk, Astrophys. J. Lett. 407, 145
(1993).

[137] A. Del Popolo and M. Gambera, Astron. Astrophys. 337,
96 (1998).

083505-11


https://doi.org/10.1103/PhysRevD.100.024013
https://doi.org/10.1103/PhysRevD.100.024013
https://doi.org/10.1088/1475-7516/2014/09/020
https://doi.org/10.1088/1475-7516/2014/09/020
https://doi.org/10.1088/1475-7516/2014/05/017
https://doi.org/10.1088/1475-7516/2014/05/017
https://doi.org/10.1088/1475-7516/2015/10/013
https://doi.org/10.1088/1475-7516/2015/10/013
https://doi.org/10.1088/1475-7516/2019/07/026
https://doi.org/10.1142/S0218271813500387
https://doi.org/10.1142/S0218271813500387
https://doi.org/10.1093/mnras/sts669
https://doi.org/10.1093/mnras/sts669
https://doi.org/10.1093/mnras/stu1782
https://doi.org/10.1093/mnras/stu1782
https://doi.org/10.1093/mnras/stw2927
https://doi.org/10.1088/1475-7516/2019/09/060
https://doi.org/10.3847/0004-637X/832/2/123
https://doi.org/10.1142/S0218271819500585
https://doi.org/10.1142/S0218271819500585
https://doi.org/10.1086/151605
https://doi.org/10.1086/162070
https://doi.org/10.1086/162070
https://doi.org/10.1086/191028
https://doi.org/10.1086/163498
https://doi.org/10.1086/165349
https://doi.org/10.1086/309152
https://doi.org/10.1086/309152
https://doi.org/10.1111/j.1365-2966.2004.08005.x
https://doi.org/10.1111/j.1365-2966.2004.08005.x
https://doi.org/10.1086/381722
https://doi.org/10.1086/149876
https://doi.org/10.1086/162573
https://doi.org/10.1086/166406
https://doi.org/10.1086/174122
https://doi.org/10.1086/174122
https://doi.org/10.1088/0004-637X/698/2/2093
https://doi.org/10.1086/171552
https://doi.org/10.1086/171552
https://doi.org/10.1103/PhysRevD.56.1863
https://doi.org/10.1103/PhysRevD.56.1863
https://doi.org/10.1046/j.1365-8711.2001.04527.x
https://doi.org/10.1051/0004-6361:20011620
https://doi.org/10.1051/0004-6361:20030922
https://doi.org/10.1051/0004-6361:20030922
https://doi.org/10.1086/164520
https://doi.org/10.1086/167376
https://doi.org/10.1086/173246
https://doi.org/10.1086/174620
https://doi.org/10.1086/164143
https://doi.org/10.1086/374375
https://doi.org/10.1086/374375
https://doi.org/10.1086/420762
https://doi.org/10.1086/420762
https://doi.org/10.1111/j.1365-2966.2009.14713.x
https://doi.org/10.1111/j.1365-2966.2010.16841.x
https://doi.org/10.1111/j.1365-2966.2010.16841.x
https://doi.org/10.1103/PhysRevD.82.083512
https://doi.org/10.1103/PhysRevD.82.083512
https://doi.org/10.1051/0004-6361:20041090
https://doi.org/10.1051/0004-6361:20041090
https://doi.org/10.1111/j.1365-2966.2006.10166.x
https://doi.org/10.1111/j.1365-2966.2006.10166.x
https://doi.org/10.1088/1475-7516/2007/11/012
https://doi.org/10.1103/PhysRevD.77.067301
https://doi.org/10.1088/1475-7516/2009/07/040
https://doi.org/10.1088/1475-7516/2009/07/040
https://doi.org/10.1103/PhysRevD.79.023516
https://doi.org/10.1088/1475-7516/2010/03/027
https://doi.org/10.1088/1475-7516/2011/10/038
https://doi.org/10.1088/1475-7516/2011/10/038
https://doi.org/10.1088/1475-7516/2013/06/044
https://doi.org/10.1088/1475-7516/2013/06/044
https://doi.org/10.1103/PhysRevD.77.103003
https://doi.org/10.1103/PhysRevD.77.103003
https://doi.org/10.1103/PhysRevD.82.103516
https://doi.org/10.1103/PhysRevD.82.103516
https://doi.org/10.1103/PhysRevD.85.023503
https://doi.org/10.1093/mnras/stu1782
https://doi.org/10.1093/mnras/stu1782
https://doi.org/10.1103/PhysRevD.87.043527
https://doi.org/10.1046/j.1365-8711.2000.03275.x
https://doi.org/10.1046/j.1365-8711.2000.03275.x
https://doi.org/10.1093/mnras/291.1.L1
https://doi.org/10.1093/mnras/291.1.L1
https://doi.org/10.1046/j.1365-8711.1998.02033.x
https://doi.org/10.1046/j.1365-8711.1998.02033.x
https://doi.org/10.1046/j.1365-8711.1999.02692.x
https://doi.org/10.1046/j.1365-8711.1999.02692.x
https://doi.org/10.1086/164350
https://doi.org/10.1086/164895
https://doi.org/10.1093/mnras/251.1.128
https://doi.org/10.1093/mnras/251.1.128
https://doi.org/10.1086/186802
https://doi.org/10.1086/186802

DEL POPOLO, CHAN, and MOTA

PHYS. REV. D 101, 083505 (2020)

[138] A. Del Popolo, M. Gambera, and V. Antonuccio-Delogu,
Astronomical and Astrophysical Transactions 16, 127
(1998).

[139] A. Del Popolo, Astron. Astrophys. 454, 17 (2006).

[140] A. Del Popolo, F. Pace, and M. Le Delliou, J. Cosmol.
Astropart. Phys. 03 (2017) 032.

[141] A. Del Popolo and M. Gambera, Astron. Astrophys. 357,
809 (2000).

[142] A. Del Popolo, E. N. Ercan, and Z. Xia, Astron. J. 122, 487
(2001).

[143] A. Del Popolo, Astron. Astrophys. 387, 759 (2002).

[144] P.J. E. Peebles, Astrophys. J. 365, 27 (1990).

[145] E. Audit, R. Teyssier, and J.-M. Alimi, Astron. Astrophys.
325, 439 (1997).

[146] A. Del Popolo, Mon. Not. R. Astron. Soc. 336, 81
(2002).

[147] A.Del Popolo, N. Hiotelis, and J. Pefiarrubia, Astrophys. J.
628, 76 (2005).

[148] A. Albrecht and C. Skordis, Phys. Rev. Lett. 84, 2076
(2000).

[149] R. K. Sheth, H.J. Mo, and G. Tormen, Mon. Not. R.
Astron. Soc. 323, 1 (2001).

[150] E. Polisensky and M. Ricotti, Mon. Not. R. Astron. Soc.
450, 2172 (2015).

[151] S. Peirani and J. A. de Freitas Pacheco, Astron. Astrophys.
488, 845 (2008).

[152] J.R. Bond, S. Cole, G. Efstathiou, and N. Kaiser, As-
trophys. J. 379, 440 (1991).

[153] A. Del Popolo and I. S. Yesilyurt, Astronomy Reports 51,
709 (2007).

[154] R. K. Sheth and G. Tormen, Mon. Not. R. Astron. Soc.
329, 61 (2002).

[155] M. Vitvitska, A.A. Klypin, A.V. Kravtsov, R.H.
Wechsler, J. R. Primack, and J. S. Bullock, Astrophys. J.
581, 799 (2002).

[156] A.J. Romanowsky and S.M. Fall, Astrophys. J. Suppl.
Ser. 203, 17 (2012).

[157] P. Catelan and T. Theuns, Mon. Not. R. Astron. Soc. 282,
436 (1996).

[158] W. Hu and I. Sawicki, Phys. Rev. D 76, 064004 (2007).

083505-12


https://doi.org/10.1080/10556799808208151
https://doi.org/10.1080/10556799808208151
https://doi.org/10.1051/0004-6361:20054441
https://doi.org/10.1088/1475-7516/2017/03/032
https://doi.org/10.1088/1475-7516/2017/03/032
https://doi.org/10.1086/321137
https://doi.org/10.1086/321137
https://doi.org/10.1051/0004-6361:20020399
https://doi.org/10.1086/169456
https://doi.org/10.1046/j.1365-8711.2002.05697.x
https://doi.org/10.1046/j.1365-8711.2002.05697.x
https://doi.org/10.1086/429859
https://doi.org/10.1086/429859
https://doi.org/10.1103/PhysRevLett.84.2076
https://doi.org/10.1103/PhysRevLett.84.2076
https://doi.org/10.1046/j.1365-8711.2001.04006.x
https://doi.org/10.1046/j.1365-8711.2001.04006.x
https://doi.org/10.1093/mnras/stv736
https://doi.org/10.1093/mnras/stv736
https://doi.org/10.1051/0004-6361:200809711
https://doi.org/10.1051/0004-6361:200809711
https://doi.org/10.1086/170520
https://doi.org/10.1086/170520
https://doi.org/10.1134/S1063772907090028
https://doi.org/10.1134/S1063772907090028
https://doi.org/10.1046/j.1365-8711.2002.04950.x
https://doi.org/10.1046/j.1365-8711.2002.04950.x
https://doi.org/10.1086/344361
https://doi.org/10.1086/344361
https://doi.org/10.1088/0067-0049/203/2/17
https://doi.org/10.1088/0067-0049/203/2/17
https://doi.org/10.1093/mnras/282.2.436
https://doi.org/10.1093/mnras/282.2.436
https://doi.org/10.1103/PhysRevD.76.064004

