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Carleman approximation by holomorphic
automorphisms of C”

By Frank Kutzschebauch at Bern and Erlend Forneess Wold at Oslo

Abstract. We approximate smooth maps defined on non-compact totally real manifolds
by holomorphic automorphisms of C”.

1. Introduction

The aim of the present paper is to prove a version of the Andersén—Lempert theorem with
control on non-compact totally real submanifolds of C". We use coordinates z; = x2;_1+ix2;
on C", and by R®* C C" we mean {z € C";x2;_1 = Ofor j > s, xo; = 0for j > 1}. The
following is our main result (see also Theorem 6.3 for a more general statement).

Theorem 1.1. Let K C C”" be a compact set, let Q2 be an open set containing K, and
let
¢:[0,1]x (QUR®%) - C", s <n,

be an isotopy of smooth embeddings, ¢o = ¢(0, ) = id, such that the following hold:
(1) ¢¢|q is holomorphic for all t,
(2) ¢:+(K UR?) is polynomially convex, and ¢;(R* \ K) is totally real, for all t, and
(3) there is some compact set C C R® such that ¢¢|rs\c = id for all t.

Then for any k € N we have that ¢ is €X-approximable on K URS, in the sense of Carleman
by holomorphic automorphisms of C".

Recall that ¢ is €¥-approximable in the sense of Carleman by holomorphic automor-
phisms if for any strictly positive continuous function § on R®, there exists a holomorphic
automorphism ¥ of C” such that

Fe
dx®

(Wlrs = $)()| <800,
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132 Kutzschebauch and Wold, Carleman approximation

for all multi indices @ = (a1,...,02,) Withaz;—1 = O for all j, «; = 0 for j > 2s, and
|| < k.
As a first application of this result we also prove the following:

Theorem 1.2. Let ¢ : RS — R® be a smooth automorphism, and assume that s < n.
Then ¢ can be approximated in the sense of Carleman by holomorphic automorphisms of C".

Our main Theorem 1.1 generalizes work of Forstneric—Rosay [5], Forstneri¢ [3] and
Forstneri¢c-Lgw—@vrelid [4], where similar results were proved for compact totally real mani-
folds. The proof of the main theorem depends on the Andersén—Lempert theory and also results
on Carleman approximation by entire functions. Carleman approximation by entire functions
on R¥ C C”" was proved by Scheinberg [13] and Hoischen [8]. On smooth curves in C” it
was proved by Alexander [1], and more generally, for dendrites, it was proved by Gauthier and
Zeron [7].

Controlling non-compact one-dimensional totally real manifolds has been extremely use-
ful. In particular, it is one of the key ingredients in recent developments on proper holomorphic
embeddings of Riemann surfaces (see, e.g., [6] and references therein). The one-dimensional
case, however, depends on a certain “precomposition with a shear trick” which was introduced
by Buzzard and Forstneri¢ [2], but this brakes down in higher dimensions due to topological
problems. Therefore, passing to higher dimensions, as in the current paper, requires a different
approach.

As afirst application of our main theorem, we give an approximation result, Theorem 7.1,
of smooth automorphisms on R* < C”. This can be seen as a first step towards approximating
smooth symplectomorphisms/automorphisms on R¥ < C” by holomorphic automorphisms
fixing RX. It has been suggested by experts in dynamics that this could be very useful in the
study of real symplectic dynamical systems. This will be pursued further in future work. In a
different direction, our main result was recently a key ingredient in the study of Oka-properties
of X := C" \ R¥, i.e., flexibility properties of X as a target for maps from Stein manifolds.

The article is organized as follows. After a section with preliminaries, we include in
Section 3 a slightly new version of the fundamental result of Andersén and Lempert, which
is needed for our purposes. The point is to write any polynomial vector field on C” as a sum
of complete holomorphic vector fields with some additional geometric properties (see Lemma
3.1) which will allow us to use known results on Carleman approximation of functions as
developed in [12]. In Section 4 we prove that isotopies of totally real manifolds of real co-
dimension one generically are polynomially convex. This is very important for applications of
Theorems 1.1 and 6.3, where convexity of the isotopy is included as an assumption, whereas
for applications we are initially given a totally real isotopy which might not be polynomially
convex. In Section 5 we prove that the isotopies initially given in Theorems 1.1 and 6.3, may
be extended to isotopies on the ambient space C” which are of full rank and 0-flat along M.
The rank condition is necessary for being able to approximate by injective maps, and the 0-flat
condition is necessary for being able to approximate by holomorphic maps. In Section 6 we
state and prove our main result, and since the proof is quite technical, a brief sketch is included.
Finally, in Section 7, we give the application mentioned above.
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Kutzschebauch and Wold, Carleman approximation 133
2. Preliminaries

Definition 2.1. For a function f € €K(C") we let | f| k,z denote the pointwise semi-

norm a4 f
ks i= Y |75 6)|
lee] <k
Ifp = (fi..... fm) : C* — C™ is a €*-smooth map, we define
Blez = > filk.z-
1<j<m

In this article we will be interested in approximating €°°-smooth embeddings
¢:McCcC"—C",

where M is a non-compact totally real submanifold, by holomorphic automorphisms. It will
be convenient to consider instead smooth maps

¢ :C"—C"

with some additional assumptions on the map ¢ along M, and approximate with respect to
the norm |-|¢ . A necessary condition is clearly that ¢ has full rank along M, and since
holomorphic functions satisfy the Cauchy—Riemann equations, we will have to work in the
following class of maps:

Definition 2.2. Let A be a subset of C” and let ¢ : C" — C™ be a smooth mapping of
class €%, We will write ¢ € H;(C", A) if any component function f of ¢ has the property
that 0 f vanishes to order k — 1 on A4, i.e., 5‘3;;5 (z) = Ofor all ||a|| < k and all z € A,
z2=1(21,....2n), 2j = X2j—1 +1-X2j.

Definition 2.3. Let K C C” be compact. As usual we let
K:={zeC":|f()| <|f|k forall f e O(C")}

denote the polynomially convex hull of K. If K C C”" is any closed subset, we write K
as an increasing union K = (J;c K of compact sets K; with K; C K7, and define the
holomorphically convex hull of K by

k=R
jeN
We define a set function 4 defined on closed subsets K of C” by

h(K):=K\K.

We say that a closed set K C C" has bounded E-hulls (E = exhaustion) if for any compact set
Y C C" the set h(K U Y) is bounded.
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134 Kutzschebauch and Wold, Carleman approximation

3. The fundamental result of Andersén and Lempert

The following is a slightly new version of the fundamental result of Andersén and Lem-
pert. For a non-zero vector v € C”" let i, denote the projection of C” along v to the orthogonal
complement of C,.

Lemma 3.1. Let X be a polynomial vector field on C" and let v € C" be a non-zero
vector. Then for any € > 0, X can be written as sum X = Zj\;‘l X; + ZJN=21 Y; such that the
following holds.

(@) X;(z) = fj(my; (2))vj with f; € (C" 1), Jlvj = v| <€ and

(b) Y;(2) = g (mrw,; (2)) - (2, wj)w; with g; € (C*71), w; —v|| <e.
Here we identify C" with its tangent space at each point as usual. If divX = 0, the terms on
the form (b) are not needed.

We will say that a decomposition of X like this is a decomposition respecting (v, €).

Proof. Writing X as a sum of its homogeneous parts, it is sufficient to prove the lemma
for X = X} homogeneous of degree k. For a homogeneous polynomial vector field on C”,
we can apply the following lemma; see [10, Lemma 7.6].

Lemma 3.2. There exist

°n- ("+k_2) — ("j;fl_z) linear forms A; € (C™)* and vectors v; € C" with A;(v;) = 0

n—1
and ||v;|| = 1, and
. (n—’tfl—Z) linear forms ij € (C™)* and vectors w; € C" with ;\j (wj) =0and ||w;|| =1,

such that the homogenous polynomial maps

2> i)k, Q= 1,2,...,n-("+k_1) —("+k_2)

n—1 n—1

of degree k together with the homogenous polynomial maps

Z > (ij(z))k_l(z,wj)wj, j = 1,2,...,(”:51_2)
of degree k form a basis of the vector space Vi = S¥((C™")*) ® C" of homogenous polyno-
mial maps of degree k. Moreover, if vo € C" and a non-zero functional Ay € (C")* with
Ao(vo) = 0 and ||vo|| = 1 and a number € > 0 are given, then the vectors v;, w; together with
the functionals Ai,ij can be chosen with ||vo — v;|| <€, [[vo —w; || < € and |[Ag — A;|| <e,
lho — 4] <e.

Remark that the normalization for the vectors v; and vg is not important since con-
stants can be moved over to the linear functionals. Now finally remark that if A is a linear
functional with a non-zero vector v in its kernel, then it factors over the projection . Thus

i 2)* = fi (7). 0
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Kutzschebauch and Wold, Carleman approximation 135

4. Perturbations of families of totally real manifolds

Without the compact set K the following perturbation result was proved by Forstneric¢
and Rosay in the case that M is a real analytic surface, and by Forstneri¢ assuming

2
dim(M) < ?”

It was proved without parameters by the second author and Lgw in [11]. The proof we give
here is very similar to the non-parametric case, building on the original idea of Forstneri¢ and
Rosay.

Proposition4.1. Let K C C" be a compact set, and let M C C" be a smooth manifold
with dimg(M) < n. Let f : [0,1] x (K U M) — C" be an isotopy of continuous injective
maps, let K C U’ CC U be open sets, and let G; : U — U; C C" be a continuous family of
homeomorphisms such that K; = f;(K) C Uy = G¢(U) for all t. Assume that the following
hold for all t:

() K, C U/ :=G,;U"), and
2 fr : M\K - C"isa €k _smooth isotopy which is an embedding onto a totally real
manifold.

Then for any € > 0 there exist g; : [0,1] x (K U M) — C" and an open set U" C U with
K c U” such that

(D) gelkumynur = fe forallt,

(2) gt — ftlxk <e€forallx € M \ K, and

(3) h(gi(KUM)) C U, forallt.

Assuming also that fo(K U M) and f1(K U M) are polynomially convex, we may achieve that
go = foand g1 = fi.

Proposition 4.2. Let W : B — C¥ be a € -smooth map of the form W(x) = (x, ¥ (x)),
where B is the unit ball in Rk, and we write C¥ = R¥ @ iR¥. Assume that Y is Lipschitz-a
with @ < 1. Then there exist €, § such that the following hold: for any W with |\¥ — ¥/|| 1x <€
for all x € B and any point zg € C* \ U(B) with 7x(zo) € 7x (@(El/z)), there exists an
entire function g such that

(1) g(z0) =1,
() ”g”\i;(E) <1, and
(3) |g(2)| < 1 for all z such that dist(z, ¥(bB)) < §.

Proof.  We will give the argument considering only the map W, and it will be clear that
it is stable under small perturbations. Write xg = mx(z9), z’ = xo + i ¥ (xo), and consider the
function h(z) = (z — z’)? on W(B). We have

Re(h(2)) = Re(((x — xo) + i (¥ (x) — ¥ (x0)))?)

=[x = xo|> = [ (x) = ¥ (x0)* = (1 — &?)|x — x0[*.
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136 Kutzschebauch and Wold, Carleman approximation

Clearly Re(h(z9)) < 0 and so defining g(z) := ce () takes care of (1) and (2) for a suit-
able constant ¢ > 0. And if § is chosen small enough and dist(z, ¥(b(B))) < §, we have
|mx(z) — x0| > 0 and |my(z)| < |mx(z)|, and so by the same calculation as above we have
|g(z)| < 1. Clearly these estimates can be made to hold under small perturbations. m]

Corollary 4.3. Let (¥, ®) : B — C" = Ck x C"* be a € -smooth map, where B
is the unit ball in R¥, and W is as in the previous proposition. Let € be as above. Then if
U — | 1.x < €forall x € B, we have that K := (U, ) (El/z) is polynomially convex, where
@ is any continuous map.

Proof. Let mj, denote the projection onto Ck. Now 7y 1s an entire map which maps K
onto a polynomially convex totally real manifold S C C¥. Since each point of S is then a peak
point for the algebra P(.S), it follows that K is polynomially convex (see [12]). m]

Corollary 4.4. Let K C C" be a compact set, and let M C C" be a compact totally
real set. Then for any open neighborhood U of K there exist B, € > 0 such that the following
hold:

(1) If S C M is any closed set, and if h(K U S) C (K U S)(B), then h(K U S) C U, and
(i) if Mc is a €' -e-perturbation of M, and if S C M is closed, then (i) still holds.

Proof. To show (i) it suffices by compactness to show that for any point x € M \ K
there exists an r > 0 such that if « is small enough, then if S C M is any closed set with
xe S,andif (KU S) C (KU S)(a), then h(K U S) N By(x) = @. The argument we give
will make it clear that this is stable under small perturbations of M.

Fix x € M \ K. By scaling there exist 0 < r{ < rp < 1 and § > 0 such that for any
zo € By, (x) \ M there exists an entire function f* with the following properties:

@ f(z0) =1,
(b) | f(2)| <1forallz e M N B,(x), and
©) [ f(2)] < 1forall z withdist(z,bB,,(x) N M) < 4.
Now choose f so small that if we define
(d) Uy :=(KUM)(B) N Br,(x),and
(©) Uz := [(K UM)(B)\ Br,(x)] U[(K UM)(B) N (bBy, N M)(S)]

then {U;, U,} is an open cover of (K U M)(B) with Uy N U, C (bBr, N M)(J). Note that a
function f as above will satisfy

) || f(z)]| <1forall z € Uy NUs.

Now let S C M be any closed set with x € S. Then (K U S)(8) C (K U M)(B). If
h(K US) C (K U S)(B), there exists a Runge and Stein neighborhood 2 C (K U S)(B) of
K US. We define U; = Uy N Q and Uy = U, N Q. Then {01 UZ} is an open cover of 2.
For any point x € By, (x) \ M we let f be a function as above. Regarding /™ as a cocycle
on U; N U, we solve Cousin problems with sup-norm estimates and get by (f) holomorphic
functions on €2 that separate x from K U S.
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Kutzschebauch and Wold, Carleman approximation 137

We now have that #(K U S) N By, (x) C M which implies our claim, since totally real
points on polynomially convex compact sets are peak points.

The result is stable of small perturbations of M since the sizes of r1, 1, and § are stable.

|

Fix an open neighborhood W C C of I = [0, 1]. We will now consider subvarieties X
and Z of W x C", and by X, and Z; respectively, we will mean the fibers over a points ¢ € W.

Lemma4.5. Let M C C" be a compact €k _smooth manifold (possibly with boundary)
of real dimension m < n, and let f :[0,1]x M — C™ be a €*-smooth isotopy of embeddings
such that fo = id and assume that f;(M) is totally real for each t € [0,1]. Then there
exists a § > 0 such that the following hold: for any point x € M and (relatively) open sets
UccV C Bs(x)yNM, any variety ¥ C W x C", and any € > 0, there exists a hypersurface
Z C W x C", and a €*-smooth isotopy g : [0,1] x M — C" such that

(@) 1g:(x) = f1(X)|gx < €forallx € M, 1 €[0,1],

(i) g:(y) = fi(y) forally e M \'V, 1 €0.1],
(i) g¢(UNM) C Z; forallt € [0, 1], and
(iv) dim(Z N 3) < dim(%).

Proof. We may assume that f; is defined on M C C” with M cC M with f;(M)
totally real for each ¢. If § is small enough, we deduce from Corollary 4.3 that the following
hold: for each x € M there exists a parametrization ¢ : B — M of M near x, where
B is the unit ball in R¥, such that f;(¢(B)) is polynomially convex for all 7, and such that
Bs(x)N M C ¢(B). Fix x and choose a cutoff function y which is identically one on U
and compactly supported in V. We now consider R¥ to be contained in C*~! ¢ C"~! x C.
By [3] we see that f; o ¢ is uniformly approximable in €X-norm on B x I by a family F;
of holomorphic automorphisms of C” also holomorphic in 1 € W (see also Lemma 6.4).
Set Z := F,((C""! x {0}) x W). By genericity we may assume that (iv) holds. Write

gr := Fro¢~ !, and finally set g;(x) 1= f;(x) + x(x)(Z:(x) — f1(x)). g

Proof of Proposition 4.1.  We give the proof first in the case of M being an embedded
cube fo : [0,1]F — C”. The general case follows by covering M by a locally finite family
of cubes, and successively using the result for cubes and gluing (see [11] for details). We will
prove the result by induction on k, and we note that the result is obvious for k = 0. Assume
that the result holds for some k& > 0. To avoid working with too many indices we give the
argument for passing from k = 1 to k = 2, the passing from k = 0 to k = 1 is simpler, and
the other cases are completely similar.

Choose an open set K C V' C U’ such that

[(K;UM)NV,]CU
and choose an open set K C U” CC V. Form € N we let ', denote the grid

I’m:{xe[O,l]Z:xl:j/moer:j/m’ofjSm}‘
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138 Kutzschebauch and Wold, Carleman approximation

We let Q;; denote the cube

Qij = [i/m.( +1)/m]x[j/m+ (j 4+ 1)/m].

For small § > 0 we define

08 = [i/m+ B, + )/m— Bl x Lj/m+ B, + 1)/m— B,
Fn(B) = 0,17\ | J 0%,
ij

If m is large enough then if f;(Q;;) is not contained in V; then f;(Q;;) does not intersect U;’.
If m is large enough then if S is any collection of n + 1 cubes Q;; then

h((K: UM NV US,) CU,.

Note that this still holds if we replace f; by a small €!-perturbation. Now by the induction
hypothesis we may (by possibly having to perturb f; slightly) assume that for any collection
of n + 1 cubes we also have that

(Kt UM NV, Uy, ) USy) C U

For this we successively use the induction hypothesis and create the grid by attaching a 1-cube
to collections of cubes Q;;, perturbing the isotopy each time. Finally, by choosing a small
enough B, we may assume that

(Kt UM) NV ULy (B)USy) C U/

(use Corollary 4.4). Finally, by Lemma 4.5 we may assume that there are parametrized sub-
varieties Z; j = Z(h; j,) of C" with Ql‘.g, it © Zi, j for all cubes not completely contained
in V%, and such that for a fixed ¢, any collection of n + 2 subvarieties with distinct indices
intersects empty.
Now fix ¢t € [0,1], x € h(K; U M;), and let i be a representative Jensen measure for
evaluation at x. Then
gl 1o (O = [ toglhjal di.

KU

and so if © has mass on Q;gjt then x € Z; j;. So u has mass on at most n + 1 cubes together
with T (8) and (K; U M;) N V. So x € U]. o

5. Extensions of maps from totally real manifolds

In this section we show how to obtain the conditions of Theorem 6.3 starting with em-
beddings defined only on the manifold M. Our approach is the same as that of Forstneri¢ and
Rosay in [5] and Forstneri¢ [3] but the presence of an additional compact set K complicates
things.
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Kutzschebauch and Wold, Carleman approximation 139

Theorem 5.1. Let M C C" be a compact totally real manifold of class €°° (possibly
with boundary) and let K C C" be a polynomially convex compact set. Let U be an open
neighborhood of K and let ¢ : [0, 1] x (U U M) — C" be a €*°-smooth map such that ¢¢ |y
is a totally real embedding and ¢:|y is injective holomorphic for each fixed t. Assume also
that ¢;(K) is polynomially convex for each t. Then there exists an (arbitrarily small) open
neighborhood U’ of K such that for any € > 0 and any k € N there exists a €°°-smooth map
®:[0,1] x C* — C” such that for all t € [0, 1] the following hold:

@ [|[Pr —ellur <€

®) |Pr —¢rlxx <€, xeMNU,

(¢) D¢|y- is holomorphic,

(d) @; € H(C" M),

(e) Ds(x) = ¢t(x) forallx € M\ U, and
) @, is of maximal rank along M.

The content of the following lemma is essentially to be found in [5] — the difference is
the claim that the identity extends to the identity.

Lemma 5.2. Suppose that M C C" is a totally real manifold of class €*°, and let
@ :[0,1] x M — C" be a €*°-smooth isotopy such that M; = @;(M) is totally real for each
t €10,1]. Let M' C M be compact and assume that ¢ = id near M'. Then for any k € N
there exists a €*°-smooth map ¢ : [0,1] x C" — C" such that ¢|pr = ¢, ¢ = id near M’,
and ¢; € Hi (C*, M).

Proof. The maps ¢; already have maximal rank along M and the Cauchy—Riemann
equations determine (at the level of jets) the extension in the complex tangent directions. We
need to extend the maps in the complex normal directions, and the extensions should be 0-flat.

For each ¢ € [0, 1] let N; denote the complex normal bundle of the embedded manifold
M;. Let N denote the total bundle N = | t€[0,1] N¢, and let N denote the bundle No x [0, 1]
over M x [0, 1].

We let N, ¢ C**! and Ne C C™*1 denote embedded neighborhoods of the zero sec-
tions. These are both generic CR-manifolds. Let U be an open neighborhood of M’ such that
¢ = id on U. There is a natural bundle injection f : No U 7~} (U x [0,1]) — N since the
two bundles are identically defined over Mo U (U x [0, 1]). By Lemma 5.3 the map f extends
to a bundle isomorphism f N — N, and f induces CR-isomorphism fe Ne — N,.
Note that fe is the identity near M". ’. The map fe determines a jet along M x [0, 1] which has
maximal rank and is 0-flat to order k — 1. By Whitney’s extension theorem the jet extends to a

map @;. ]

Let M be a €¥-smooth manifold and let 7 : N — M x I be a complex vector bundle of
class €K with fiber C™. Let Ny denote the bundle 77 ~! (M x {0}) over M, and form the bundle
N = Ny x I. Denote the projection by 7.
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140 Kutzschebauch and Wold, Carleman approximation

Lemma 5.3. Let M’ C M be a compact subset, let U C M be an open neighborhood
of M', and let f : No U7~ YU x I) — N be a € -smooth bundle map (% = 7 o f) giving
an isomorphism from NoU 7 ~H(U x I) onto the restriction of N to M x 0U U x I. Then
there exists a €X-smooth bundle isomorphism f N >N (@ =mno f ) extending f on
NoU =Y (M’ x I).

Proof. If {U;} is an open cover of M x I over which the bundles are trivial then N is
represented by a family g;; : U; — GL,(C) of €*_smooth maps (transitions from 7~ (U;)
to 771(U;)), and N is likewise represented by a family hl i+ Uij = GLp(C). Finding an
isomorphism f N — N amounts to finding local maps f] U; — GLy,(C) such that

fi :hl-jof;-ogji foral U; NU; # 0.

We may think of such an f as a section of the €¥-smooth GL,, (C) fiber bundle 7 : X — Mx[
where the matrices transform according to the rule A — h;joAog;;. Our given bundle injection
f is then interpreted as a section of 7 1(Mo U (U x I)). Choose a closed set Y C U such
that M’ C Y ° and such that (M, Y) is a relative CW-complex. According to [9, Theorem 7.1]
the section f extends to a section f of the total bundle X. By smoothing we may assume that
f is actually a ©*_smooth section. O

Proof of Theorem 5.1.  Choose open subsets U; in C" for j = 1,2, 3 such that
KcUsccU,ccU ccU.

The set Uz will play the role of U’ in the theorem.

Note that if ¢ = id on U, then the theorem follows immediately from Lemma 5.2 by
defining M’ = M N Usz. To prove the theorem we will use a global holomorphic change of
coordinates so that we are approximately in this situation.

By possibly having to choose a smaller U we may assume that ¢ is the uniform limit of
one-parameter families {; € Auty(C"), i.e., we may assume that wf — ¢ uniformly on
[0,1] x U as § — 0. Note that the Cauchy estimates imply the following: If z?f is close enough
to the identity in €¥-norm on Uz U (M N U,) and if 1/f;s is close enough to ¢; on U, then
Y8 099 is close to ¢, in €X-norm on Uz U (M N Ty).

Define 9;3 = (w;s)_l o ¢¢. Then 0;3 converges to the identity uniformly in €¥-norm as
§ —>0onU,.Letye ‘Gg(Ul) such that y; = 1 near U,. Write 9? =id + 0,8 and define

05 :=id+ (1—y1)-0’.

Then éf — id uniformly in €k _norm on M NU; as § — 0, where éf is the identity on M NU,
and étg = 9? outside Uy. Let M’ := M N Us and let 19;3 be the extensions of éf according to
Lemma 5.2 which now can be extended to the identity near K. We set ®; = /% o ¥ for small
enough §. m]

6. A Carleman version of a result by Forstneri¢ and Rosay

6.1. The nice projection property. Letv € C” be a nonzero vector and let € > 0. By
ve we will mean an arbitrary vector satisfying ||ve — v|| < €. We let m,,, denote the orthogonal
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Kutzschebauch and Wold, Carleman approximation 141

projection to the orthogonal complement of the vector v. To simplify notation we always write
C™~! for these orthogonal complements, and by RB”~! we mean RB” intersected with the
orthogonal complements.
Let M be a smooth submanifold of C”. We will assume that M satisfies the following
properties:
(A1) The family 7, : M — C"~1 is uniformly proper, i.e., for any compact set K C C"~1,
the set U, nv_el (K) is compact.
(A2) There exists a compact set C C M such that ,, : M \ C — C""! is an embedding
onto a totally real manifold.

(A3) The family 7, (M) has uniformly bounded E-hulls in C"1, i.e., for any compact subset
K C C"~! there exists an R > 0 such that h(K U m,_(M)) C RB" 1.

(A4) For any compact set K C M we have that x — (x, v¢,) is uniformly bounded away
from zero on K provided € is small enough (depending on K).

Remark 6.1. It follows from (A3) that M has bounded E-hulls in C”.

Definition 6.2. Let M’ C C” be a smooth manifold. If there exists a holomorphic
automorphism o € Autpo C” and a pair (v, €) such that the manifold M = a(M’) satisfies
(A1)—(A4), we say that M’ has the nice projection property.

Theorem 6.3. Let M C C" be a totally real manifold of class ‘€%, fix a €X-norm
on M, and assume that M has the nice projection property. Let K C C" be compact, and
assume that K U M is polynomially convex. Let 2 be an open neighborhood of K. Let
¢ [0, 1] x (U M) — C" be a €°-smooth map with the following properties:

(a) o is the identity map,

(b) ¢¢l|q is injective for all t,

(©) ¢¢lq is holomorphic for all t,

(d) ¢¢|p is an embedding for all t,

(e) there exists a compact set S C M such that ¢;(z) = z forallz € M \ S forall t,
() ¢:(K U M) is polynomially convex, and ¢ (M \ K) is totally real, for all t.

Then for any strictly positive continuous function § € €(K U M) there exists a map
¥ € Autpo C", such that

[V — @1lix < 8(x)
forallx e KUM.

Preparing for the proof, we start with a lemma.

Lemma 6.4. Let M C C" be a compact totally real manifold (possibly with boundary)
of class €°°, and let K C C" be a compact set such that K U M is polynomially convex. Let
A1 C Ay CC M \ K be closed subsets with A1 C int(Az). Let Q be an open neighborhood
of K, and let ¢ : Q UM — C" satisfy (a)—(d) and (f) of Theorem 6.3 and also ¢¢|4, = id
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for each t. Then there exist open neighborhoods U' C U C Q of Ay, such that for any € > 0,
8 > 0 sufficiently small, and k € N, there exists ¥ : [0, 1]xC" — C" with ¥ (¢, -) holomorphic
for each t and real analytic in t, such that for all t € [0, 1] the following hold:

) 19—l < e
(i) |V¥r — @rlxx <eforallx € M,

(i) [y —id]lg <e,

(iv) Yy has rank n on M, and

W) h(yi(K UM UT)) C U U(K@G)).

Proof. By Corollary 4.4 and the assumption (f) there exists a § small enough such that
h(K(8) U M) C €, so for the purpose of approximating ¢ on K(§) U M we may assume that
K(8) U M is polynomially convex. If U/ cC U cC U” are small enough neighborhoods of
Aq, we may extend ¢ to be the identity on U”, and by the same corollary get that

Gv) (K@ UM UU)cU",
V) h(y (KU M U U/)) C U U y4(K(8)), for any ¥ which is a sufficiently small perturba-
tion of ¢ on K(§) U M U U.
By Theorem 5.1 we may also assume that ¢ is 0-flat to order k along M, and has rank n
along M.

It remains to show (i)—(iii) and for this we will transform the problem into an approxima-
tion problem without a parameter 7. Set

K’ := closure([K(§) U M UTU]\ M),

define M = M x [0,1] C C* x C and K = K’ x [0,1] C C" x C. Note that M is a totally
real manifold and that K U M is a polynomially convex. For N € N we define a covering of
the interval 7 = [0, 1] as follows: let

1—[01) =1 11] 1-—(2j_12j+1) i =1.2.....N—1
0 — ’N ’ N_ N? ’ J 2N ’ 2N aJ_ k) 9 ey .
Let {&;} be a partition of unity with respect to the cover {/; }. Define

Pu(z) = Y aj(w)-¢;n()

0<j<N

on K UM, with coordinates (z, w) on C” x C. Each of the functions « 7 may be approximated
arbitrarily well on / by entire functions &; on C. So the mapping

Puw(2) = Y @w) ()
0<j<N

is in J (C"1, M) N O(K). If N was chosen big enough, and if the approximation of the
partition of unity was good enough, then
@ lI¢w —wlk, < 5. and

) [$w — Pulix < & forall x € My,

It follows directly from [12] that we can approximate a onKUM . m)

Brought to you by | provisional account
Unauthenticated
Download Date | 1/2/20 12:05 PM



Kutzschebauch and Wold, Carleman approximation 143

6.2. Proof of Theorem 6.3. Choose r; > 0 such that S C r;B”. By possibly having
to increase 1 we may assume that ¢, ((M Nr1B*)U K) C r1B” for all . Tt follows from (A3)
above that there exists an R > 0 such that

h(my (rB" U M)) C RB"!

for all |ve — v|| < €. By possibly having to increase R we may assume that 7r,,_(C) C RB"~!
for all ||lve — v|| < €. Given rp < r3 we let A denote the annular set

A= A(ra.r3) :={ze€C":ry < |z| <r3}.

Fix r, < r3 such that
mp (AN M) c C" 1\ RBn—1

for all |[ve — v|| < €. Denote M; := M N r;B" for j = 2,3. Let y € H(C", M) be such
that 0 < y <1, X|r1WuMz = 1, and y|p\m; = 0. Let A := M N A. Set

T := sup{|xlex}-
x€A
By [11] we have that if M’ is a sufficiently small € -perturbation of 7, (M \ C) which is equal
to 1y (M) on 7y (M \ M3), then

h(my(r1B") U M') C RB" 1,

It follows that there exists a constant €; > 0 such that, by possibly having to decrease ¢, if M’
is a €!-¢j-perturbation of M \ C which is equal to M outside M3, then 7, (M’) is a totally
real manifold with 2(r1B" U M) ¢ RB"~1.

Plan of proof. The theorem will be proved in several steps; the first steps are the same
as in the usual A-L procedure.

(i) First we will approximate the whole isotopy ¢;(z) on K U M3 by an isotopy g;(z) which
is holomorphic on C” x [0, 1]. In addition to being a good approximation on K U M3 we
need g;(z) to be uniformly small on a full open neighborhood U of A.

(i) We interpret g;(z) as the flow of a time-dependent vector field X;(z), which we, by
approximation, will assume is polynomial, and then approximate g1(z) by a composition
of flows /7 (z) of time-independent polynomial vector fields X/ (z), j = 1,...,m, all of
them being uniformly small on U.

(iii) Each X/ may be written as a sum of shear and over-shear fields. We will then approxi-
mate each flow /] by a composition of shear and over-shear flows.

(iv) Each shear and over-shear flow from step (iii) will be modified on ;B U M3 by multiply-
ing with smooth cutoff functions along (images of) A, thereby obtaining good (smooth)
shear and over-shear like maps defined on (images of) r1B” U M, being the identity
outside M3.

(v) Finally, the modified maps will be interpreted as shears and over-shears defined by using
the projections of r1B” U M along the vector v, (using the good projection property), and
approximated by holomorphic shears and over-shears using Carleman approximation by
entire functions.
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Approximation by an isotopy of holomorphic injections. Let U’ C U be neighbor-
hoods of A as in Lemma 6.4, and let § be as in the same lemma. Let 0 < €5 < €] be a small
constant to be determined later. According to Lemma 6.4 there exists an isotopy ¥; of entire
maps such that for all  we have

W) 19— ¢ulzqy < 2
(i) [¥r — ¢rlxx < €2 forall x € M3, and
(i) [y —id|z < €2
Note that o
h(y:(KUM3UU’)) C vy (K(©S)UU).

We now proceed to approximate the map 11 on K U M3 and the identity on M \ M3.
We may assume that o = id.

The reduction to flows of shear and over-shear fields. Let W be a neighborhood of
K(§) U M3 UU such that ; : W — C" is a family of injections. We define a time-dependent
vector field X (¢, z) by

d
X(to.20) 2= | _ vewig! o)

for all zg € ¥4, (W). Then ¢ is the flow of X. We let X; denote the autonomous vector field
we get by fixing 7. Note that

h(Y(K UMz UU")) C (W)

and so each X; is the uniform limit of polynomial fields near ¥, (K U M3 U u).

Thus Lemma 3.1 and the usual Andersén—Lempert construction allow us to find automor-
phisms O (z) of C", k = 1,..., N, suchthat ®(N) = On o Oy_1 0 --- 0 ©1 approximates
Y1 as well as we want near K U M3 U U’. Moreover, each @y, is of one of the two forms

(6.1) Ok (2) = z + e (mx (2)) - Vg,
(62) O(2) =z + (™) —1)(z vg) - vy,
where the quantities (z, vg) are bounded away from zero, and the functions tz (75 (z)) are as

small as we like. Also by (iii) above we may assume that each map ®y is as small as we like
onU’.

Approximation by smooth maps. We will now describe an inductive procedure how
to modify the maps ®y. We have (6.1) or (6.2) for entire functions 7, depending on wether
Oy is a shear or an over-shear. At any rate, we may write

O (x) = x + g (x) - v,
defined for x € ®(k — 1)(A). Let ®¢ := id, and define inductively

Or(x) == x + x(Ok — D' (x)) - gr (O — 1) 0 O — 1) (x)) - v
= x4 gr(x)- v forallx € Ok — 1)(A)
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and
Or(x) 1= Or(x) forallx € KU M3\ A,
O (x) :=1d forall x € M \ Ms.
Writing ©(k)(x) = x + hr(x) - wi on A, it is clear that
Ok)(x) = x + x(x) - =g (x) - wy,

and so this is well defined if each composition ®(k) is small enough on U’. Note that
O(N) =x + hy(x)-wp, and that |hy - wy| is as small as we like depending on the choice
of €5 above. The choice of €, is made after fixing y, so we choose it depending on the constant
T above, and so we may assume that @(N) is as close to the identity as we like on A.

Finally, we want to rewrite the Oy, as shears and over-shears, i.e., defined via the projec-
tions mj. First assume that the original ®; was a shear map: if €; was chosen small enough,
we have that 7z (©(k — 1)(A)) is a totally real manifold contained in C*~1 \ RB"~1, so we
may write g (x) = T (x (x)) on @(k — 1)(A). Since 7 will agree with 7 near

7 (O — 1)(AN (M3 4))),

we may extend 7 to be equal to the original 7 on RB"—1U 7 (Ok — 1) (M3 \ A)). We may
also extend Ty to be zero on 7 (O (k — 1)(M \ M3)).

If ®; was an over-shear, we write first gz (x) = ¥ (77 (x)), we extend g as we just did
with Tz, but now we want to solve

(™t 1) (x, vg) = Y (7rx (%))

on 7 (®(k — 1)(A)). This is doable since (x, vg) is uniformly bounded away from zero (in-
dependent of k) by (A4) in the definition of the nice projection property, and we may assume
that Yy (75 (x)) is arbitrarily small compared to this.

Approximation by holomorphic automorphisms. We finally show by induction on k
that the compositions O(k) may be approximated in the sense of Carleman on K U M.

More generally than showing this first for k = 1 we show first that for any £ we have
that @ may be approximated in the sense of Carleman on ®(k — 1)(K U M). Note that

h(m1(O(k — 1)(K U M))) C RB"™!

and so it follows by [12] that the function 7; may be approximated in the sense of Carleman
on 7 (O(k — 1)(K U M)) by entire functions.

Now the induction step is clear: since @k+1 may be approximated on O(k)(KUM) and
since O (k) may be approximated on K U M, we get that ©(k + 1) may be approximated on
KUM.

7. Approximation of smooth automorphisms of R¥ ¢ C”

Theorem 7.1. Let ¢ : RS — RS be a €*-smooth automorphism, and assume that
s < n. Then ¢ can be approximated in the sense of Carleman by holomorphic automorphisms
of C" i.e, givene € €(R¥) andk € N, there exists ¥ € Autyo) C" such that |W—¢|i » < €(x)
for all x € RS,
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We start by describing a gluing procedure that will be used in an induction argument to
prove Theorem 7.1. Let M — C” be a smooth embedded submanifold, and let 7 : N — M
be an embedded neighborhood of the zero section of the normal bundle. Then any sufficiently
small €¥-perturbation M’ of M can be thought of as €X-small section s € I'(M, N). Fix a
normal exhaustion K; C KJ‘.’ 41 of M, and fix functions y; € €5°(K J‘? 1) with x; = I near Kj.

Lemma 7.2. Let Y be a smooth diffeomorphism of M, and let ¢ € €(M) be a strictly
positive function. Then there exists a strictly positive § € €(M) such that the following hold:
For any m € N and any smooth embedding ¢ : M — C" such that |¢ — V| x < 8(x) for
all x € Ky, 41, and such that ¢ (M) is a §-perturbation of M in the sense that ¢ (M) can be
written as a section s € I'(M, N) where |s —id|x x < 6(x) for all x € M, the map

¢ = (x) + (1 — xm()(s(¥(x)) — $(x))

satisfies | — Vlkx < €(x)forallx € M.

Proof. We check different parts of M. Since on K; we have that é = ¢, it suffices
that §(x) < e(x) forall x € M. On M \ K41 we have that ¢(x) = s(y(x)), and given
any € < e, it is clear that if § decreases rapidly towards zero, then |y — s o Y| < €(x) for all
x € M . Finally, there exist constants C,,, m € N, such that we have

|6 — Vlkx <o — Vlkx + Culs(W(x) — (X)) |gx < 8(x) + Cré(x)

forall x € Ky41 \ K, and so it is clear that the claim holds if § decreases rapidly as x tends
to infinity. O

Theorem 7.1 will be proved by an inductive argument where the main step will be covered
by the following lemma.

Lemma 7.3. Let € Autyo C" such that M = (R®) is a sufficiently small €'-
perturbation (in the sense of Carleman) of R C C", s < n, and let K C C" be a compact
set such that K U M is holomorphically convex. Assume given R > 0 such that K C RB"
and a ¢ € Diff(M) such that ¢ is orientation preserving and ¢ = id near K N\ M. Then for
any k € N, u > 0 and strictly positive § € €(M) there exist (arbitrarily large) | € N and
o € Autyo C” such that the following hold:

(1) o —@lrx < 8(x)forall x € (RS N (I + 1)B"),
2) |lo —id|| < u near K,

(3) RB" C 0 o y(IB"), and

4) o(M) is a §-€*-small perturbation of M.

Proof. Note that by [11] we have that if M is a sufficiently small € !-perturbation of R*
then 7/(RB" U M) C (R + 1)B” for any R > 0.

Choose a compact set C C M such that (M \ C) C M \ (R + 1)B". Let X(¢, x),
t € [0, 1], be a non-autonomous smooth vector field such that ¢ is the time one map of X, and
such that X (¢, x) = 0 on M N K. Denote this flow by ¢;. Choose a compact set C’ such that C’
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contains the complete ¢;-orbit of C. Choose a smooth cutoff function y € ‘€°°(M ) such that
x = I near C’. Define X (7, x) := y(x)- X(z, x), and let ¢; denote the flow of X. By Theorem
6.3 there exists ®; € Auty, C” such that & approximates ¢1 on M in the sense of Carleman,
hence also ¢ on C, and ®; approximates the identity near K. We set M} = ®{(M).

Now choose [ >> 0 such that RB" C ®q o ¢ (IB"). Let 6 € Diff(M7) be defined by
0:=mo¢o <I>1_1. Note that ¢ is close to the identity on @1 (C), so after a small perturbation
we may assume that ¢ is the identity on @ (C') and furthermore o can then be extended to the
identity on (R + 1)B” which contains #(RB” U ®;(M)).

By an argument similar to the one above there exists ®, € Auty, C” that approximates &
on @10 (M N(r+1)B") and is near the identity on RB”. Now the composition y := ®,0®;
furnishes a desired map. ]

Proof of Theorem 7.1.  After possibly having to compose with the map

(z1,22,...,zZn) = (—21,22, ..., Zn)

we may assume that ¢ is orientation preserving, and we may also assume that ¢(0) = 0.

For i € N, we will inductively construct sequences of automorphisms v; € Auty, C”,
real numbers R; < r;, R; — coasi — 00, and diffeomorphisms ¢; € Diff(y; (Rk)) such that
the following hold fori > 1:

(1) [¥i — Plix < €(x) forall x € RS N r; B,
2i) |pioVi —Plrx < %e(x) for all x € RS,
G i =vi-1lly,_ ¢ 5m < Q)

4;) RiB" C ¢;(r;B"), and

(5;) ¢; = id near ¥; (RS N r;B").

In addition, each v; (R%) will be a sufficiently small perturbation of RY such that Lemma
7.3 applies.

Ifwesetro =r1 = Rp = Ry = 0and Yo = V1 = ¢po = id, we get (11)—(41), and we
perturb ¢ slightly near the origin to get a ¢»; such that (51) also holds.

To complete the induction step we now assume that (1;)—(5;) hold for some i > 1.
Choose R;+1 > R; + 1 such that ¥; (r;B") C R;+1B". For any strictly positive € €(y; (R*))
there exists by Lemma 7.3 an r;+1 > R;j4+1 and a 0 € Autp, C” approximating ¢; 6-well on
¥i (R® N (rm+1 + 1)B™), and so that setting ¥; 1 := o o¥; we get (1;41), (3i+1) and (4;+1).
Using Lemma 7.2, we also get a map

$i Vi (R®) —> ¥ip1(RY)

such that setting ¢; 1 := ¢m 0 0~ gives us (2; 1) and (5;11).

It now follows from (3;) that the sequence W := lim; .o ¥; converges uniformly on
C", and we may assume that the limit is injective holomorphic. Moreover, it follows from (4;)
that the sequence wi_l also converges on C”, hence ¥ € Auty, C”. By (1;) we have that W is
a good enough approximation on R¥. m]
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