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ABSTRACT. In this paper we present a new method for the construction of strong so-

lutions of SDE’s with merely integrable drift coefficients driven by a multidimensional

fractional Brownian motion with Hurst parameter H < % Furthermore, we prove the

rather surprising result of the higher order Fréchet differentiability of stochastic flows of
such SDE’s in the case of a small Hurst parameter. In establishing these results we use
techniques from Malliavin calculus combined with new ideas based on a "local time vari-
ational calculus". We expect that our general approach can be also applied to the study
of certain types of stochastic partial differential equations as e.g. stochastic conservation
laws driven by rough paths.

1. INTRODUCTION

Consider a fractional Brownian motion B/?, ¢t > 0 with Hurst parameter H € (0, 1)
on a probability space (£2,2l, P), that is a centered Gaussian process with a covariance
structure Ry (¢, s) given by

1
Rult,s) = E[B{ B = - (sﬂf e sy2H)

for all ¢, s > 0. The fractional Brownian motion, which is a Brownian motion in the case
H = % enjoys the property of self-similarity, that is

H law HpH
{Boitiz0 = {a" B/ }ix0

for all o« > 0. In fact the fractional Brownian motion, which has a version with H — -
Holder continuous paths for every ¢ € (0, H), is the only stationary Gaussian process
satisfying the latter property. On the other hand this process is neither a Markov process
nor a (weak) semimartingale and it is a very irregular process in the sense of rough paths
for small Hurst parameters. See e.g. [?] and the references therein for more information
about fractional Brownian motion.

In this article we aim at analysing solutions X* of the stochastic differential equation
(SDE)

t
Xf:x—i-/b(s,Xg)ds—i—Bf, 0<t<T, xcRY (1.1)
0
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where B is a d-dimensional fractional Brownian motion, whose components are one-
dimensional independent fractional Brownian motions as defined above, with Hurst pa-
rameter H € (0, 5) with respect to a P-augmented filtration 7 = {F,;}o<;<7 generated
by B and where b : [0, 7] x R — R? is a Borel-measurable function.

If we impose a global Lipschitz and a linear growth condition uniformly in time on
the drift coefficient b in (??), we can use the Picard iteration scheme to obtain a unique
global strong solution to the SDE (??), that is a /' —adapted solution X" to (??), which is
a measurable L?((2)-functional of the driving noise.

However, a variety of important applications of such SDE’s to stochastic control the-
ory (in the case of H = %) (see [?]) or to the statistical mechanics of infinite particle
systems (see [?]) show that the use of SDE’s with regular coefficients in the sense of
Lipschitzianity as models for random phenomena is not suitable and that one is forced to
study such equations with coefficients which are irregular, that is discontinuous or merely
measurable.

One objective of our paper is the construction of unique strong solutions to the SDE
(??) driven by rough paths in the case of multidimensional fractional noise B for Hurst
parameters H < % and drift coefficients

b LYRY L([0, T],RY)) N L= (R%; L ([0, T], RY)). (1.2)

In proving this new result, we employ tools from Malliavin Calculus and local time tech-
niques.

The analysis of strong solutions to (??) has been a very active field of research in
various branches of mathematics over the last decades. A foundational result in this di-
rection of research was first obtained by Zvonkin in the beginning of the 1970ties [?],
who showed the existence of a unique strong solution of one-dimensional Brownian mo-
tion driven SDE’s (??), when the drift coefficient b is merely bounded and measurable.
A few years later on, the latter result was generalised by Veretennikov [?] to the multidi-
mensional case.

More recently, Krylov and Rockner [?] gave the construction of unique strong solu-
tions to (??) under integrability conditions on the (time-inhomogeneous) drift coefficient
b. See also the articles [?] or [?]. In this context, we shall also mention the generaliza-
tion of Zvonkin’s result to the case of stochastic evolution equations in Hilbert spaces
with bounded and measurable drift coefficients [?], where the authors use solutions to
infinite-dimensional Kolmogorov equations to recast the singular drift term of the evolu-
tion equation in terms of a more regular expression ("Itd6-Tanaka-Zvonkin trick").

In all of the above mentioned works the common technique of the authors for the con-
struction of strong solutions rests on the so-called Yamada-Watanabe principle (see [?]),
which entails strong uniqueness of solutions to SDE’s, if pathwise uniqueness of (weak)
solutions holds.

In fact, in order to ensure strong uniqueness of solutions, the above authors construct
weak solutions to SDE’s, which are not necessarily Brownian functionals, by means e.g.
of [?],[?], Skorokhod embedding combined with Krylov’s estimates and verify pathwise
uniqueness by using solutions of parabolic partial differential equations (see e.g. [?], [?]
or [?]).
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We remark that the techniques of these authors for proving pathwise uniqueness are not
applicable to SDE’s driven by fractional Brownian motion, since the fractional Brownian
is neither a Markov process nor a semimartingale for Hurst parameters H # %

Further, we emphasise that our method, which is not only limited to Markov or semi-
martingale solutions of SDE’s, gives a direct construction of strong solutions and pro-
vides a construction principle, which can be considered the converse to that of Yamada-
Watanabe: We prove the existence of strong solutions and uniqueness in law to guarantee
strong uniqueness.

The SDE (??) for fractional Brownian initial noise has been already studied by various
authors in the literature:

The case d = 1 for Hurst parameters H € (0, 1) was treated in [?], where the authors
prove strong uniqueness for linear growth drift in the case H < % by invoking a method
based on the comparison theorem. See also [?].

Let us also mention the recent work of Catellier, Gubinelli [?, 2016], which in fact
came to our attention, after the first draf (2015). In their striking paper, which extends
the results of Davie [?] to the case of a fractional Brownian noise, the authors study the
problem, which fractional Brownian paths actually regularize solutions to the SDE (2?
for H € (0,1). The (unique) solutions constructed in [?] are path by path with respect
to time-dependent vector fields b in the Besov-Holder space ngjgo, o € R, where in the
distributional case the drift term of the SDE is given by a non-linear Young type of in-
tegral based on an averaging operator. In proving existence and uniqueness results the
authors use the Leray-Schauder-Tychonoff fixed point theorem and a comparison prin-
ciple in connection with an average translation operator. Further, Lipschitz-regularity of
solutions with respect to initial values under certain conditions is shown. In this context,
we also refer to the PhD thesis of Catellier [?] , where the author e.g. constructed (weak
controlled) solutions to rough transport equations for vector fields b statisfying a linear
growth condition and divhb € L*°([0,T] x RY) by using rough path theory. Further, it
is worth mentioning the paper of Chouk, Gubinelli [?]. Here the authors analyze modu-
lated non-linear Schrédinger equations and improve well-posedness of such equations by
means of the irregularity of the modulation. Their methods rest on rough path theory and
an extension of Strichartz estimates to the case of Brownian modulation. See also [?] in
connection with the Korteweg-de Vries equation.

Finally, we refer to other recent works by Hu, Khoa, Mytnik [?], which pertains to
the study of the Brox diffusion, and Butkovski, Mytnik [?], where the authors obtain
results on the regularization by (space time white) noise of solutions to a non-Lipschitz
stochastic heat equation and the associated flow. Moreover, path by path unique solutions
in the sense of Davie [?] are shown.

The techniques used in our paper are based on Malliavin calculus and are very different
from those in the above mentioned papers- in spite of some (first impression) similarities
regarding our estimates in Prop. 3.3 and 3.4 to the article of Davie [?], which is limited
to the case of Brownian motion and whose approach doesn’t carry over to our situation.
Further, the existence and uniqueness results for strong solutions to (??) for all (multidi-
mensional) vector fields b as in (??) established in this paper are not covered by the work
[?]. Moreover, our method- and this is a characteristic feature of our article- allows for the
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proof of higher order differentiability of stochastic flows associated with such solutions,
provided the Hurst parameter is small enough.

Another crucial objective of our article is the study of the regularity of stochastic flows
of the SDE (??), that is the regularity of

(x — X[)

in the initial condition z € RY, when the vector field b is discontinuous.
The motivation for this study comes from the deterministic case:

where u : [0, 00) x R? — R?is a vector field. Here, the solution X : [0, c0) x R — R?
to (??) may e.g. stand for the flow of fluid particles with respect to the velocity field of
an incompressible inviscid fluid whose dynamics is described by an incompressible Euler
equation

u + (Du)u+vP =0, V-u=0, (1.4)

where P : [0,00) x RY —s R is the pressure field.

Solutions of (??) may be singular. Therefore a better understanding of the regularity of
solutions of equation (??) requires the study of flows of ODE’s (??) driven by irregular
vector fields.

If u is Lipschitz continuous it is well-known that the unique flow X : [0,00) X
R? — R?in (??) is Lipschitzian. The latter classical result was generalized by Di
Perna and Lions in their celebrated paper [?] to the case u € L'([0,T]; W) and V - u €
L*([0, T); L), for which the authors construct a unique generalized flow X to (??). Later
on the latter result was extended by Ambrosio [?] to the case of vector fields of bounded
variation.

However, it turns out that the superposition of the ODE (??) by a Brownian noise B,
that is

dX, = u(t, X)dt + dB,, s,t>0, X,=xz¢cR? (1.5)

has a strong regularising effect on its flow R? 3 x — ¢, ;(z) € R%

Using techniques similar to those in this paper, but without arguments based on local
time, it was shown in Mohammed, Nilssen, Proske [?] for merely bounded measurable
drift coefficients u that ¢, is a stochastic flow of Sobolev diffeomorphisms with

Psi(1), 901 (1) € LH(Q,WH(RY w)
for all s,¢ and p € (1,00), where WP(R%; w) is a weighted Sobolev space with weight
function w : R — [0, 00).
As an application of this result the authors constructed Sobolev differentiable unique

(weak) solutions of the (Stratonovich) stochastic transport equation with multiplicative
noise of the form

{ dw(t,z) + (u(t,x) - Du(t,z))dt + 30 e; - Do(t,z) 0 dBi = 0
u(0,2) = up(x),

where u is bounded and measurable, 1y € C}} and where {ei}le is a basis of RY.
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By adopting ideas in Mohammed et al. [?], we mention that the latter result on the
existence of stochastic flows of Sobolev diffeomorphisms was extended in [?] to the case
of globally integrable u € L"? for r/d + 2/q < 1 (r for the spatial variable and ¢ for the
temporal variable) and applied to the study of the regularity of solutions to Navier-Stokes-
equations. Compare also to [?], where the authors employ techniques based on solutions
of backward Kolmogorov equations.

If the Brownian motion in (2?) is replaced by a rougher noise given by B for H <
£, we find in this paper for v € L'(R% L>([0, T],R%)) N L>(R% L>([0,T],R?)) the
rather surprising result which generalises the classical result of Kunita [?] for smooth
coefficients, that the stochastic flow X : [0,00) x R — R? is higher order Fréchet
differentiable in the spatial variable, that is

(z — XF(w)) € C*(RY)

a.s. for all ¢ and for k£ > 1, provided H = H (k) is small enough.

In view of the above discussion in the case of Brownian noise driven stochastic flows,
the latter result raises the fundamental question whether rough noise in the sense of B or
arelated noise with very irregular path behaviour may considerably regularise solutions of
PDE’s as e.g. transport equations, conservation laws or even Navier-Stokes equations by
perturbation. We are confident that there is an affirmative answer for a class of interesting
PDE’s.

Finally, we comment on that the method for the construction of higher order Fréchet
differentiable stochastic flows of (??), which is- as mentioned above- different from com-
mon techniques based on Markov processes and semimartingales, is inspired by the works
[?1, [?], [?], [?] in the case of (??) with initial Lévy noise and [?], [?] in the case of sto-
chastic partial differential equations.

More precisely, in order to construct strong solutions to (??) we apply a compactness
criterion for square integrable Brownian functionals from [?] to solutions X" of

dX!" = b,(t, X")dt + dB},
where b,,n > 0 are smooth coefficients converging to b in L'(R?; L>=([0, T],R%)) N
L>®(R%; L°°([0, T],RY)) and show that X converges to a solution X; of (??) in L?(2)
for all ¢.
If, for a moment, we assume that b is time-homogeneous, then in proving the existence

and the higher order Fréchet differentiability of the corresponding stochastic flow we
make use of a "local time variational calculus" argument of the form

2#(8)D® f(BH)ds = LNL(t 2)dz = (—1)° 2)D% 2)dz
/A (s)D*F(B)d / D® f(2)L(t, 2)dz = (~1) / F(2) DO L(t, 2)dz,

gft (Rd ) m (Rd ) m
(1.6)
for B = (BI,..., B!’ ) and smooth functions f : (R?)"™ — R, where L,.(t,z) is a
spatially differentiable local time on the simplex Ay, = {(s1,...,8,) € [0,T]™ : 0 <
$1 < ... < Sy < t}, scaled by a function s(s1,...,s,) (D is the partial derivative

of order |«|). Actually, we generalise the above argument to time dependent smooth
functions f : [0,7]™ x (R?)™ — R and hence the intuition of the above "local time"
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argument is somehow not tangible any longer. In other words, we show that there exists
a well-defined object A/ (0, ¢, z) in L?(f2) the size of which can be estimated by means of
anorm of f and not by its derivative such that the following integration by parts formula
holds true

D f(s, BH)ds = / A (0,t,2)dz, P —a.s. (1.7)
Ag,lt (Rd)m

where the above formula coincides with (??) for time-homogeneous functions.

We expect that our approach can be also applied to the study of solutions of the follow-
ing stochastic equations:

dX, = (AX, + b(X,))dt + QdW,,

for (mild) solutions X;, where A is a densely defined linear operator (of parabolic type) on
a separable Hilbert space H, b : H — H is an irregular function, () a Hilbert-Schmidt
operator and W a (non-Holder continuous) "cylindrical" Gaussian noise.

On the other hand, using our method we may also examine equations of the type
dX, = dA, + dBF,

where A; is a process of bounded variation which arises from limits of the form

t

lim [ b,(X,)ds

n—0o0 0

for coefficients b,,, n > 0. See [?] in the Brownian case and the works [?], [?].

Our paper is organised as follows: In Section 2 we introduce the mathematical frame-
work of the article and define in Section 3 the random field Ag; of (??), which we show to
be high-order differentiable in the spatial variable for small Hurst parameters. In Section
4 we establish the existence of a unique strong solution to the SDE (??) under integrabil-
ity conditions on the drift coefficient b. Section 5 is devoted to the study of the regularity
properties of stochastic flows of (??).

2. FRAMEWORK

In this section we recollect some specifics on fractional calculus, fractional Brown-
ian noise and occupation measures which will be extensively used throughout the article.
The reader might consult [?], [?] or [?] for a general theory on Malliavin calculus for
Brownian motion and [?, Chapter 5] for fractional Brownian motion. Whereas for occu-
pation measures one may review [?] or [?]. We present the results in one dimension for
simplicity inasmuch as we will treat the multidimensional case componentwise.
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2.1. Fractional calculus. We establish here some basic definitions and properties on
fractional calculus. A general theory on this subject may be found in [?] and [?].

Leta,b € Rwitha < b. Let f € LP([a,b]) with p > 1 and o > 0. Define the left- and
right-sided Riemann-Liouville fractional integrals by

1o () = ﬁ | =y
and

12 f(x) = ﬁ / (v — 2" f(y)dy

for almost all = € [a, b] where I is the Gamma function.

Moreover, for a given integer p > 1, let I (LP) (resp. I;~(LP)) denote the image
of LP([a,b]) by the operator 1%, (resp. I{-). If f € 1% (LP) (resp. f € I;*(L*)) and
0 < a < 1 then define the left- and right-sided Riemann-Liouville fractional derivatives

by
1 d [ fly
D~ - | gy
IO = i —ayar ), G
and
1 d (" fly
Dy =—— | ——dy.
1) ['(l—«)de /x (y — x)> Y
The left- and right-sided derivatives of f defined above have the following representa-
tions
1 f@) = fly)
D¢ =
at (QZ) F(l —Oé) ( / a+1 )
and

Dl?f(x):F(ll—a)<b—x /f - a+1 )

Finally, observe that by construction, the following formulas hold
ar (Dgif) = f
forall f € I (LP) and
araef)=f
for all f € LP([a,b]) and similarly for I{* and Dj" .
2.2. Shuffles. Let m and n be integers. We define S(m,n) as the set of shuffle permu-
tations, i.e. the set of permutations o : {1,...,m +n} — {1,...,m + n} such that

o)< ---<o(m)ando(m+1) <--- < a(m+n).
We define the m-dimensional simplex for 0 < 0 <t < T,

Ay = A{(8m, - -,51) €[0,T]™: 0 <5y <o+ <51 <t}
The product of two simplices can be written as the following union

Agft X A;t = Usesmml@Wmtns - wi) € [0, T 2 0 < Wo(mpn) < -+ < W1y < tFUN,
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where the set N has null Lebesgue measure. In this way, if f; : [0,7] — R, i =

1,...,m 4+ n are integrable functions we have
m m+n
/ Hfj(sj)dsm--~d51/ H fj(Sj)dSm+n...dSm+1
’gfi jzl Ag,t ]:m+1

m—+n

H fU(j)(wj)dwm+n"'dw1- (21)
7=1

o Z Am+n .

ceS(m,n) 0.t

We can generalize the above technical lemma, the use of which shall be clear in Section
??. The reader may skip this lemma and proof until Section ??.

Lemma 2.1. Let n, p and k be non-negative integers, k < n. Assume we have integrable
functions f; : [0,T] = R, j=1,...,nand g; : [0,T] - R, i =1,...,p. We may then
write

fi(s1) .- fr(sk) / 91(r1) -« gp(rp)dry .. dry frs1(Ses1) - - - fu(Sn)dsy, . . . dsy

n D
A9,t AG,sk

= Z /A”“’ hi(wy) ... A7, (Wnyp)dwny - . . dwy,
6,t

O’eAn,p

where hj € {f;,9;: 1 < j <n,1 <i<p}. Above A, , denotes a subset of permutations
of {1,...,n + p} such that #A,,, < C"*? for an appropriate constant C > 1, and we
have defined sy = 6.

Proof. The result is proved by induction on n. For n = 1 and £ = 0 the result is trivial.
For k = 1 we have

/ fi(s1) / g1(r1) - .. gp(rp)dry . . . drids;
0 AP

6,s1

= . Ji(wi)gi(wa) ... gp(wpi1)dwpyy .. . dwy,
AV

where we have put wy = sy, we =1y, ..., W1 = 7).

Assume the result holds for n and let us show that this implies that the result is true for
n+ 1. Either k = 0,1 0or 2 < k < n + 1. For £ = 0 the result is trivial. For £k = 1 we
have

fi(s1) /AP g1(r1) .. .gp(rp)drp coodrifa(s2) - fag (Sng1)dSpga - - dsy

n+1
Ae,t

0,51

= /9 fi(s1) (/n /Ag’s1 g1(r1) ... ﬂp(%)drp coodrifa(s2) o fagr (Spgr)dSpgr

d82> dSl.
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The result follows from (??) coupled with #S(n,p) = (T:ﬁ)! < Cntr < CvtD+P | For
k > 2 we have from the induction hypothesis

/NLJrl fi(s1) o fulsn) / G1(r1) . gp(rp)dry .o dry frgp1(Skg1) - - - o1 (Sna1)dSngr - - dsy

p
A(Lsk

= [t [ B e [ o)l .,

p
AG,Sk

X fk—i—l(sk‘-i-l) . fn+1(sn+1)dsn+1 . dSQdSl

t
= Z / fl(sl)/ N hi(wi) ... h7, (Wnyp)dwny . . . dwids,
9 Aptp

O'EAn,p

= Z / hS (wy) . .. ﬁin+l+pdw1 e AWt 14,

where A, 11, is the set of permutations & of {1,...,n + 1 + p} such that 5(1) = 1 and
dg(j+1)=0(j),j=1,...,n+pforsomec € 4, , .
0

Remark 2.2. Notice that the set A, , in the above lemma also depends on % but we shall
not need this fact.

2.3. Fractional Brownian motion. Let BY = {BIt € [0,T]} be a d-dimensional
fractional Brownian motion with Hurst parameter H € (0,1/2) defined on a probability
space (Q,%2, P). In other words, B is a centered Gaussian process with covariance
structure

(Ry(t,s)):; == E[BFYBIU)] = % (P 42—t — s, dj=1,....d
Observe that E[|Bff — BH|?] = d|t — s|*" and hence B* has stationary increments and
Holder continuous trajectories of index H — ¢ for all € € (0, H). Observe moreover that
the increments of BY, H € (0,1/2) are not independent. This fact makes computations
more difficult. Another difficulty one encounters is that B is not a semimartingale, see
e.g. [?, Proposition 5.1.1].

Now we give a brief survey on how to construct fractional Brownian motion via an
isometry. Since the construction can be done componentwise we present here for simplic-
ity the one-dimensional case. Further details can be found in [?].

Denote by & the set of step functions on [0, 7] and denote by H the Hilbert space
defined as the closure of £ with respect to the inner product

(Lo, Ljo,s))n = Ru(t, s).

The mapping 14 — B; can be extended to an isometry between H and the Gaussian
subspace of L?(2) associated with B, Denote such isometry by ¢ — B (). We recall
the following result (see [?, Proposition 5.1.3] ) which gives an integral representation of
Ry (t,s) when H < 1/2:
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Proposition 2.3. Let H < 1/2. The kernel

t Hﬁ% 1 1 1 t 3 1
Ky(t,s) =cy [(—) (t—s)H2 + (§ - H) 82_H/ w2 (u — S)H_2du] ,
S S

where cy = \/ =T B(Eé THTI/2) being 3 the Beta function, satisfies

tAs
Ry(t,s) = / Ky(t,u)Kg(s,u)du. (2.2)
0
The kernel K can also be represented by means of fractional derivatives as follows
1 1
Ky(t,s) =cxgl (H + 5) sz H (Df, HuH_%> (s).

Consider the linear operator K} : £ — L*([0,T)]) defined by

(K52)(s) = Kn(Too)p(s) + [ (o(0) = 6D 52 1. 5)a

for every ¢ € €. Observe that (K 104)(s) = Ku(t, s)lj4(s), then from this fact and
(??) we see that K7}, is an isometry between £ and L?([0,T']) which can be extended to
the Hilbert space H.

For a given ¢ € ‘H one can show the following two representations for K7; in terms of
fractional derivatives

(King)(6) = enT (45 ) 537 (D" ) (9
and

(Kio)(s) = el (#+ 1) (DE"6(6)) (9

+oen (% - H) /ST o(1)(t — 5)1% (1 _ G)H_é) dt.

One can show that H = I2_ H(LQ) (see [?] and [?, Proposition 6]).
Given the fact that K}; is an isometry from # into L*([0, T'|) the d-dimensional process
W = {W,,t € [0,T]} defined by
W, .= B"((K};) " (1j0,4)) (2.3)

is a Wiener process and the process B! has the following representation
t
B = / Kp(t,s)dWs, (2.4)
0

see [?].

Henceforward, we will denote by 11 a standard Wiener process on a given probability
space (€2,%, P) equipped with the natural filtration 7 = {F;},c01] generated by W
augmented by all P-null sets and B := B the fractional Brownian motion with Hurst
parameter H € (0, 1/2) given by the representation (?2?).
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Next, we give a version of Girsanov’s theorem for fractional Brownian motion which
is due to [?, Theorem 4.9]. Here we present the version given in [?, Theorem 3.1] but first

1
we need to define an isomorphism Ky from L?([0,7]) onto Iéf? (L?) associated with
the kernel Ky (¢, s) in terms of the fractional integrals as follows, see [?, Theorem 2.1]

1 g i-H 4 1
(Kny)(s) = 131271127 sl5p, o e L2([0,T)).

From this and the properties of the Riemann-Liouville fractional integrals and deriva-
tives the inverse of Ky is given by

_ 1 g\3-H g1 Hl
(Ki'e)(s) = s> D3 s 2Dl o(s), @€ Iy *(L).
It follows that if ¢ is absolutely continuous, see [?], one can show that
_ 1 logoa
(Kg'e)(s) = s"212 5271/ (s). 2.5)

Theorem 2.4 (Girsanov’s theorem for fBm). Let u = {u;,t € [0,T]} be an F-adapted

process with integrable trajectories and set éfl = Bl + fot usds, t € [0,T). Assume
that

(i) [ upds € 102 (L2([0, 7)), P-as.
(ii) E[¢r] = 1 where

. exp{—/OTKHl (A'qur) (s)dWs—%/OTKHl </0'u,dr>2(s)ds}.

Then the shifted process B isan F -fractional Brownian motion with Hurst parameter
H under the new probability P defined by g—g =&p.

Remark 2.5. For the multidimensional case, define
(Kue)(s) == (KueW)(s),. ... (Kup)(s))", @€ L*[0,T];RY),
where * denotes transposition. Similarly for K" and K};.

Finally, we want to use a crucial property of the fractional Brownian in this paper,
which is referred to in the literature as strong (two-sided) local non-determinism (see
e.g.[?] or [?]). This property will essentially help us to overcome the limitations of not
having independent increments of the underlying noise: There exists a constant X' > 0,
depending only on H and T, such that forany t € [0,7],0 <r < tandfori =1,...,d,

Var [B{fﬂ (BH |t — 5| > r}] > K2l (2.6)

3. AN INTEGRATION BY PARTS FORMULA

Let m be an integer and consider a f : [0, 7]™ x (R%)™ — R of the form

fs,2) =[] filss i), s=(s1,...8m) €[0T, z=(21,...,2m) € R,
Jj=1

(3.1)
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where f; : [0,7] x R - R, j = 1,...,m are smooth functions with compact support.
Moreover, consider an integrable s : [0, 7]™ — R of the form
(s) = [[7(sp). s elo.T]™, (3.2)
j=1
where s : [0,7] — R, j = 1,...,m are integrable functions.

Denote by a; a multi-index and D its corresponding differential operator. For o =

(0

. d .
(o1, ..., Q) considered as an element of NZ*™ so that |a| := Doy Dy @, we write

D%f(s,z) = HD 7 fi(sj, 25).
The aim of this section is to derive an 1ntegrat10n by parts formula of the form

D"‘f(s,Bs)dSZ/ A (0,t,2)dz, (3.3)

Agft (Rd)m

where B := B for a suitable random field Af . In fact, we have

A(0,t,2) = (2 / / Hf] sj, 2j)(—iuy)™ exp{—i(uy;, Bs; — z;) ydsdu.

9 t j=1
(3.4)
We start by defining A (6,t, z) as above and show that it is a well-defined element of
L3(9).
Introduce the following notation: given (s,2) = (S1,...,8m, 21 .-.,2m) € [0,T]™ X
(R4)™ and a shuffle ¢ € S(m, m) we write

Hf 1555 2o i)
and
2m
) =[] w0 (s)
=1

where [j]isequalto jif 1 <j<mandj—mifm+1<j<2m.
For a multiindex « we define

\Ilf(Q t,z)
1
= (2]a®]) / +(s, 2 dsy...dsopm,
H\/ CEDINDY £ !H ST e LR
oceS(m,m) Jj=1 Sj Sj— 1|
respectively,
\I/%(Q t)

1
= \/ (2 ]a®]) / #,(s dsy...dsop,.
H Dt > | |H RSl

oeS(m,m) |SJ — Sj—-1
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Theorem 3.1. Suppose that W/ (0,t,2), V*(0,t) < oo. Then, defining Al (0,t,z) as
in (??) gives a random variable in L*()) and there exists a universal constant C =
C(T,H,d) > 0 such that

E[|AL(0,t,2)["] < C™Helw (0,4, 2). (3.5)

Moreover, we have

< CMPHIETT A s et oy (R2(6, D)2 (3.6)

i=1

‘E[/ A (0,1, 2)d2]
(RE)m

Proof. For notational convenience we consider § = 0 and set A/ (¢, 2) = A(0, ¢, 2).
For an integrable function g : (R%)™ — C we can write

2

(Rd)m
- / g(ul’ o um)duldum/ g(uerla ooy uZm)dum+1-..dU2m
(RY)

(Re)™

— /d g(ul,...,um)dul...dum(—l)dm/ G(— U1y ey —Up ) AU i1 ... AUy,
(Re)m

(Rd)m
where we used the change of variables (w11, ..., U2m) —> (—Umt1, ..., —Us2py) in the
third equality.
This gives
AL )
= (em- / / Hf] sj i) (—iug) e i{uBe; - >dsl sy,
Rd 2m 0 4 ] 1
/ H T (85, 257) (—iuy) e i(uj,Bs, _Zﬂ)dsmﬂ .dso,du; ...dus,,
0 t j=m+1
= (2m)2m( Z / (H €i<zj7uj+uj+m>>
oceS(m,m) Jj=1

2m
X fo(s, z Hu [;()“ exp {—Z<ua(]~),BSj>} dsy...dsopmduy...dus,y,,
j=1

2m
AO

where we used (??) in the last step.
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Taking the expectation on both sides yields

E[|AL(t,2)[]

(2m) 24m (—1)im

ceS(m,m)
2m
X fo(s,2) Hu O ex
o () p
Agm J=1
oeS(m,m) (R)?
X fol(s, z Hu [;SJ)]

2m
AD

d
dug )...du2m

(2m) 2m (— 1)

oeS(m,m)
2m d
lo ()]
>< g
Ame 5,2 Hu H
7j=1 =1
du(l) du du(d du

where * denotes transposition and

Q=Q(s) =

Further, we see that

2m d

JECElY S I

=11i=1

du <d>

du(l) du(

[ 1
A2m Rd

X H exp {—% <Qu(l)
1=1

1 1
dug )du(zn)l

2m) "

j=11=1

<z>>}

d
d

f, et / <ﬁ

Jo- (I

{

du(d)

(
U;

exp {
m

/ H e —1 Z]7u7+u7+m>
(RY 1

U(])

)|

——Var[z <“o(j)> B, >]

3.7

e~z +"j+m)>

2m

J=1

} dSl...dSdeul...dUQm

7j=1

m
H e —i(2j,uj+Ujtm)
J=1

1 1 1 1
—3 Z Var[z ufy()j)Bé?]} dsl...dszmdug )...dugﬁ)1

)

1
{—5 g()]))1§j§2m)*Q((ug()j))1§jS2m)} dsy...dsam

]:

i j<om:

@
a(j)

)ISjS2m>}

[ (J Hexp {—— U()]))l<]<2m) Q((u

dSl..

.dSQm

U(J)]

du(d mdS1.. dSQm

lo(g 1
‘o )]) exp {—5 <Qu(l), u(l)>} dugl)...duglgldsl...dst(B.S)
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where
ul) = (Ug-l))lgjg?m-

We have that
2m RO

- 1
/R2 (H u®] ™ 1 exp {—5 <Qu(l),u(l)>} dugl)...du;l,zl
j=

1

1
= G0 1/2/ H| 20 ;)| a(a) exp{ 2<u(”,u(l)>} dudl)

where ¢;,7 = 1, ..., 2m is the standard ONB of R?>™.
We also get that

2m a(l) . 1
/RM <j1:[1 |<Q71/2u(l), ej>‘ =G exp {—5 <u(l), u(l)>} dugl)...duggl

2m
= @oE[ Q2. o],
j=1

(
J

where
Z ~ N(O7 IQmXQm)-
We know from Lemma ??, which is a type of Brascamp-Lieb inequality that

2m
BT Q2.0
j=1

2‘a(l)|
< PeTm(Z) = Z H Qir (i),
W€S2|a(l>| i=1

where perm() ) is the permanent of the covariance matrix ) , = (a;;) of the Gaussian
random vector

<Q 127 €1> <Q 127 e > <Q 127 €2> < Q?*z, 62>,...,<Q_1/2Z, 62m>,...,<Q_1/ZZ,€2m>>,

a®
o (1))

times times times

RO )
Yo (2)] Yo (2m))]

}a(l)| = Z;”Zl agl) and where .S;, stands for the permutation group of size n.
In addition, using an upper bound for the permanent of positive semidefinite matrices
(see [?]) or direct computations we get that

2‘04(1)’ Z‘Q(l)’
perm Z Z H Ain(s) < 2‘0( | H Qs (3.9)

WES | (l)l =1

Letnowi € [Y)” )( pt+1 a[ G )]] for some arbitrary fixed j € {1,...,2m}. Then
a; = E <Q71/2Z7 €j> <Q71/227 €j>]-
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Further using substitution, we also have that

E[<Q71/227 6j> <Q71/2Z7 €j>]

1 1

= W@V [ e esp(— (Quo)dun.du,
1 1

= (detQ)Y?—— o) /Rgm u? exp(—§ (Qu, u))du;...dug,y,

We now want to use Lemma ??. Then we get that

1
/RQm u exp(—§ (Qu, u))duy...duy,

(27.[.)(2771—1)/2 ) 1 ) 1
W RU exp(—Ev )d’l};

(2m)
(et Q)2 o

1
20
7

where o7 := Var[B[! Bl without B! } .
We now want to use strong local non-determinism of the form (see (??)): For all ¢ €
0,T,0<r<t:

FTRREED)

Var[B/' |BY |t — 5| > r] > Kr*".
The latter implies that

(det Q(S))1/2 Z K(2m71)/2 |81|H |82 — 51’H |82m — Som—1 H

as well as
o} > Kmin{ls; — sjoa[*", |sj — 55"
Thus
2m 2m
—20(, < f-m 1
j = 0)
j=1 j=1 min{|sj — 55 1|2H0‘[00) 541 — 54|27 en}

< e H 1

4Ha
j=1 |SJ — Sj- 1

0( )]

for a constant C' only depending on H and 7'



STRONG EXISTENCE AND HIGHER ORDER DIFFERENTIABILITY OF FBM DRIVEN SDE'S 17
Hence, it follows from (??) that

2|o¢(l)|

perm(Z) < (Q}a(l)bl H ag;

2m)™ 1
< 2N ] ((det @)1 ( 2\l
| H Goerto
l m+|a® 1
< (2]a"))C | |H aHa()

i=1 |85 — s

So

2] " )| < \fperm(3)

< \J@2javpcmrle? H 1

=185 — sj-1

@
2Ha [o(7)]

Therefore we obtain from (??) and (??) that

E[|AL(6, Z)‘Q]
2m
o 1

< Z / | fo(s, 2 ]H/ (J) {—5 <Qu(l),u(l)>}dul . dug) dsy...dsop,

oceS(m,m) =1

0 1

<um Y[ I H\/ 2 laOiC e ‘H ds1..dsan,
< . ATz —

oeS(mm) Y A%, (de tQ 1 |s; — 51" )

1
= MmemH T/ (2]a0)) / (s, 2 dsy...dsoy,
H ’ Z |f |H _ H(d+2 Zldzl afé)(j)]) 1 2
oeS(m,m) |S] Sj—1 |

for a constant M depending on d.

Finally, we show estimate (??). Using the inequality (??), we find that

‘E [/ AZ (0, t, z)dz}
(RE)m

< [ BN G < om0,
(Reym (&

Taking the supremum over [0, 7| for each function f;, i.e.

| fio1 (855 200 | < sup |f[a(9 $js 20| 7 = 1,...,2m

s;€[0,T
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one obtains that

‘E [/ AZf(G,t,z)dz]
(RE)m

1/2
omHal o / (HHf Z[am])HLw([o,T])) 4z

<
oeS(m,m)
: 1
H /(2 ]a®]) Z / |2, (s ]H i 5 dsy...dsgm)"?
=1 oeS(m,m) 1]8; — 85— 1| #2511 oyl
1/2
—  mtlal Ueglixm / (H Hfa(l)] 1 Zlo(D) HLoo(o:r])> dz - (@2(0’t>>1/2

= e [ TIN5l oy 8- (V00,0

= ¢l H ||fa(a zj)“Ll(Rd;Loo([o,T])) - (W30, t))l/Q-
j=1

We remark that a priori one can not interchange the order of integration in (??). Indeed,
form = 1, f = 1 one gets an integral of the Donsker-Delta function which is not a random
variable in the usual sense. To overcome this define for R > 0,

AivR(O,t,z) = ( / /m Hf] S],Z] Zu])aje i(uy, Bs dsdu

0,t j=1

where B(0, R) := {v € (RY)™: |v| < R}. Clearly we have

|A 9,t,z|<C’R/ H]f] (s5,2;)|ds

th 1

for an appropriate constant C'r. Let us assume that the above right-hand side is integrable
over (R4)™,

Similar computations as above show that A(’;R(Q, t,z) — AL(6,t,2)in L*(Q) as R —
oo forall 0,t and z.
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Lebesgue’s dominated convergence theorem and the fact that the Fourier transform is

an automorphism on the Schwarz space yield

/ A(6,t,2)dz = lim AQR(G, t,z)dz
(R)™

R—o0 (Rd)m

= lim (27r)_dm/ / / fi(s5, 2;) (=) e~ "By =Zird gz
R—o0 (Rd)m B(O,R) m H I J J

0,t =1

= lim / / (27r)_dm/ Hfj(sj,zj)ei“jzﬂ'(—iuj)o‘fe’““j’BSﬁRd dzduds
R=oe Jap, JB(0,R) (RE)™ 5

= lim/ / Fi(s, —u;) (—iuy)® e Peylnd gy s

= D%f(s, By)ds

m
AG,t

which is exactly (2?).

Next, we give a crucial estimate which shows why fractional Brownian motion actually
regularises (??). It is based on integration by parts and the aforementioned properties of
the local-time L. The estimate we obtain can be presented in a more explicit way when

xi(s) = (Ku(s,0) — Ky(s,0), 6<s<t
or,
x2i(s) = (Ku(s,0)¥, O<s<t

forevery j = 1,...,m with (gq,...,&,) € {0,1}™ and we will see why these choices
are important in the next section.

Proposition 3.2. Let B H € (0,1/2) be a standard d—dimensional fractional Brow-
nian motion and functions f and » as in (??), respectively as in (??). Let 0,01t €
0,7],0r < 6 <tand

2;(s) = (Kp(s,0) — Ky(s,00)7,0 <s<t

forevery j = 1,...m with (e1,...,e,) € {0,1}™ for 6,61 € [0,T] with 01 < 6. Let
a € (NO™ be a multi-index. If

1
H < 277

d l
(d—1+2%0, )

for all j, where v € (0, H) is sufficiently small, then there exists a universal constant C
(depending on H, T and d, but independent of m, { fi}i=1,.m and o) such that for any
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0,t € [0,T] with 6 < t we have

E/;gft <ﬁ Dajfj(Sj,BSIj)%j(Sj)> ds

j=1

=) 2Tl E

VI

+|af - 60— 6r RN (H-
< O™ 20 e oe o) (W> ’
j=1

Hl L(2]a®INA(R )~ H(md+2a)~(H=3-) T &54m
F( H(2md + 4 \Oz]) +2(H — 5 —7) YT g+ 2m)/?

Proof. By definition of A%/ (??) it immediately follows that the integral in our proposition
can be expressed as

m

/ (HDajfj(sj,BZ)%Asj)) dS:/ N (0.1, 2)dz.
Ag,lt A Rdm

J=1

Taking expectation and using Theorem ?? we obtain

E/m (HDanJ(SJ> )%J(SJ)> ds

Jj=1

< O T IS5 2) s g oy (20 )2
j=1

where in this situation

\I!”(H t)
H~/ 20t 3 / H (K (s;,0) — K (s;, 0000
=1 oeS(m,m) A2m 7j=1
1
dSl...dSQm.
lsj — s 1| (23 1“a<m)

We want to apply Lemma ??. For this, we need that —H (d + 2 Zl 1 a[a(j )+ (H - 3 —

Ve > —1 for all j = 1,...,2m. The worst case is, when ¢(,(;; = 1 for all j. So

3 N0 for allj Hence, we have
(d— 1+221 1 g(m)

_ o\ "X e w) )
ACRIBESE (999,9/) gH—2= EiT eio)
)

UES(m m

XH’/ (2 |a®|)TL, (2m) (t — )~ H @matalol+(H—5-7) S5 cpo gy +2m.

where 11, (m) is defined as in Lemma ??. The latter can be bounded above as follows

I, (2m) < [2ra H(d+1221 105[;”3)]»
T(—H@md+4|a)) + (H =3 =) X cfogy + 2m)

7j=1
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Observe that ijl Elo(j)] = 2= ;- Therefore, we have that
(U7 (6,1))"?

Y2518
< om (09—00/> = JQ(H*%*'Y)Z?:ﬁ‘:j
- /
(H7:1(2 ‘a(l)|)!)1/4(t _ 9>—H(md+2lal)—(H—%—v) 2jeiejtm

D(—H(2md +4a)) + 2(H — 5 — ) Y0, g5 + 2m)1/?’

J=1

where we used HJQZI r1-H(d+2Y", agzj)]) < C™ for a large enough constant C' > 0

and v/a; + ... + a,, < \/a; + ...\/a,, for arbitrary non-negative numbers ay, ..., .
O

Proposition 3.3. Let B H € (0,1/2) be a standard d—dimensional fractional Brown-
ian motion and functions f and » as in (??), respectively as in (??). Let 0,t € [0, T] with
0 <tand
2;(s) = (Ku(s,0))7,0 <s<t
forevery j =1,...mwith (1, ...,e,) € {0,1}™ Let o € (N))™ be a multi-index. If
L
H < 2 1 O
(d—1+23_ ;")
for all j, where v € (0, H) is sufficiently small, then there exists a universal constant C
(depending on H, T and d, but independent of m, { f;}i=1...m and «) such that for any
0,t € [0,T] with 6 < t we have

E/A% (ﬁDajfj(sj,Bg)%j(sj)> ds

J=1

.....

m—|a _1 m .
< o™t lHHfj<'7ZJ')HLl(Rd;LOO([QT})) gH-3) T €
j=1

(TTL 2 ]a® A - §)~H(md+2la))~(H—-3 ) ]2, j4m
D(—H(2md +4|a|) + 2(H — 2 =) 3" &j + 2m)V/2’

2 j=1

Proof. The proof is similar to the previous proposition. 0

Remark 3.4. We mention that
d

[121a®])! < @laic

1=1
for a constant C' depending on d. Later on in the paper, when we deal with the existence
of strong solutions, we will consider the case

o\ € {0,1} forall j,1

with
la| = m.
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4. EXISTENCE AND UNIQUENESS OF GLOBAL STRONG SOLUTIONS

As outlined in the introduction the object of study is a time-inhomogeneous SDE with
additive d-dimensional fractional Brownian noise B with Hurst parameter H € (0,1/2),
1.e.

dX; =b(t, X,)dt +dB, Xo=zcR¢ te0,T], (4.1)

where b : [0, 7] x R? — R? is a Borel-measurable function. We will study equation (??)
when the drift coefficient b belongs to L*(R?; L>=([0, T], R%)) N L>°(R4; L>=([0, T], R?)).
We will introduce the following short notation for the following functional spaces

LL, = LY(R% L=([0, 7], R))
L = L=(R% L¥([0,T],RY))
LS, = L, NLE.

Hence the subscript refers to the supremum’s norm on [0, 7] whereas the superscript indi-
cates the norm used for the space variable.

Hereunder, we establish the main result of this section.
Theorem 4.1. Let b € Lég‘;o. Then if H < m, d > 1 there exists a unique (global)
strong solution X = {X;,t € [0,T]} of equation (2?). Moreover, for every t € [0,T], X,
is Malliavin differentiable in the direction of the Brownian motion W in (2?).

The proof of Theorem ?? is based on the following steps:

(1) First, we construct a weak solution X to (??) by means of Girsanov’s theorem, that
is we introduce a probability space (2,2, P) that carries a fractional Brownian
motion B and a process X such that (??) is fulfilled. However, a priori X is not
adapted to the filtration F = {F, },c[0,r] generated by B

(2) Next, we approximate the drift coefficient b a.e. by a sequence of functions (which
always exists by standard approximation results) b, C C>°([0,T] x R%), n > 0
(actually it suffices to look at approximating coefficients which are only smooth
with respect to the space variable) such that

by (t,x) — b(t, x) 4.2)

asn — oo forae. (t,x) € [0,T] x R* with sup,»¢ [|b,|/r. < oo and such that
|bn(t, )] < M < oo, n > 0 a.e. for some constant M. By standard results on
SDEs, we know that for each smooth coefficient b,, n > 0, there exists unique
strong solution X" to the SDE

dX? =b,(t, X"du+dBf, 0<t<T, X} =rcR%. (4.3)

We then show that for each ¢t € [0,7] the sequence X;' converges weakly to
the conditional expectation E[X;|F;] in the space L?({2; F;) of square integrable,
JFi-measurable random variables.

(3) Ttis well known, see e.g. [?], that for each ¢ € [0, T'] the strong solution X}, n >
0, is Malliavin differentiable, and that the Malliavin derivative D X", 0 < s < ¢,
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with respect to IV in (??) satisfies
t
D.X] = Kut.s)la+ [ ¥, (u. XD, X0dn (4.4

where 0/, denotes the Jacobian of b, and I, the identity matrix in R4 In the
next step we then employ a compactness criterion based on Malliavin calculus to
show that for every ¢ € [0, 7] the set of random variables {X'},,>¢ is relatively
compact in L?(2), which then admits the conclusion that X' converges strongly
in L*(Q; F;) to E[X,|F;]. Further we see that E[X;|F;] is Malliavin differentiable
as a consequence of the compactness criterion.

(4) In the last step we show that E[X;|F;] = X,, which implies that X; is F;-
measurable and thus a strong solution on our specific probability space.

We turn to the first step of our scheme which is to construct weak solutions of (??) by
using Girsanov’s theorem in this context. Let (€2,2(, P) be some given probability space
which carries a d-dimensional fractional Brownian motion B H ith Hurst parameter H €
(0,1/2) and set X, := x + Bf', t € [0,T], z € R™ Set 0, := (K" ([, b(r, X;)dr)) (t)
and consider the Doléans-Dade exponential

t 1 t
& :=E(0.), ==exp {/ oL dw, — 5/ QST@sds} , te€l0,T).
0 0

The following two lemmata show that the conditions of Theorem ?? hold.

Lemma 4.2. Let BtH be a d-dimensional fractional Brownian motion with respect to

(Q,2, P). Then

' N 1

/ b(s, BY)|ds € I""H(L?), P —a.s.
0
. H+i H+1 9

Proof. Using the property that D, *I, *(f) = f for f € L*([0,T]) we need to show
that

1 ’ ~

Dy / b(s, B)|ds € L*([0,T]), P — a.s.
0

Indeed,

D ([ ois, Blas ) ()] == (= [ 1o, Bl
ol ([ o) 0] s (.

+ (H+%> /Ot(t—s)H% /:|b(u,§f)|duds>

tz—H 1

< 0.
= F(%—H) % _HHb”Loo

Hence, for some finite constant C'; > 0 we have

D[ s B01as) 0

2
< Cullpl3 2.
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As a result,

[ (e aere)of

since H € (0,1/2). O

T
dt < CHHbHig/ t72Hdt < 00, P —a.s.
0

Lemma 4.3. Let BtH be a d-dimensional fractional Brownian motion with respect to
(Q,2, P). Then for every 1 € R we have

2

ds}

exp {u / iy ([ voB2ar) (5

or some continuous increasing function C'y 4, 7 depending only on H, d, T and p.
8 AT P g onty H
In particular,

Ble( [ e ([ v Bar) <s>dws)p] < Chapr(Blz).

where E denotes expectation under P and * denotes transposition.

E < Craur(||bllg)

Proof. Denote by 0, := K;;' ( Jo 16(r, BH )\dr) (s). Then using relation (??) we have
1 l-H 1 =
10, =[s" 215" s>~ |b(s, B

1 s ~
= SH_;/ (S—T)_%_HT%_HV)(T, BH)|dr
0

['(;-H)
1 1 § 1 1
< ||bHLoo—sH_5 / (s — T)_§_H7“5_Hdr
“T(; - H) 0
r¢-H
— ||b||L£QS%—H
['(1-2H)
I'(¢-H) .
b —T’*H.
<l pri g
Squaring both sides we have the following estimate
10,* < Cullbll7T " P —aus., (4.5)
r(3-m)’
where OH m

Then we get the following estimate

T
B [exp {u / |98|2ds}} < oxp {ulCHT> b2 )
0

By Girsanov’s theorem, see Theorem ??, the process

t
Bl =X, —x —/ b(s, Xs)ds, te€0,T] (4.6)
0
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is a fractional Brownian motion on (2,2, P) with Hurst parameter H € (0,1/2), where
% = &7. Hence, because of (2?), the couple (X, BY) is a weak solution of (??) on
(Q,2, P).

Henceforth, we confine ourselves to the filtered probability space (2,2, P), F =
{F:}1epo,r) which carries the weak solution (X, B¥) of (??).

Remark 4.4. As outlined in the scheme above, the main challenge to establish existence
of a strong solution is now to show that X is /-adapted. Indeed, in that case X; =
Fy(BH) for some family of measurable functionals F, ¢ € [0,7] on C ([0, T]; R?), and
for any other stochastic basis (2,2, P, B) one gets that X; := F,(B.), t € [0,T), is a
é-adapted solution to SDE (??). But this means exactly the existence of a strong solution
to SDE (2?).

Remark 4.5. It is worth to remark that one actually has existence of weak solutions for
any H € (0,1/2) and that weak solutions for bounded b are weakly unique since the

estimates from Lemma ?? also hold with X in place of B For this reason, the main
challenge is to show that when H is small enough such solutions are in fact strong. Then
weak uniqueness implies strong uniqueness. See [?].

We now turn to the second step of our procedure.

Lemma 4.6. Let {b,},>0 C C>([0,T] x R?) be an approximating sequence of b in the
sense of (2?). Denote by X" = {X[',t € [0,T]} the corresponding solutions of (2?) if
we replace b by b,, n > 0. Then for every t € [0,T| and bounded continuous function
¢ : R? — R we have that

(XY) =E [p(X)|F]
weakly in L*(; F).

Proof. For a moment let us just, without loss of generality, assume that z = 0. First we
show that

£ </Ot K (/0 bn(r, Bf)dfr)* (s)dWS) =& (/Ot K (/0 b(r, Bﬁ)dr)* (s)dWs>

4.7)
in LP(Q) for all p > 1. To see this, note that

K ( /O bo(r, B )dr) (s) = K;! ( /0 b(r, B )dr) (s)

in probability for all s. Indeed, similar computations as in Lemma ?? give

E ‘Kﬁl (/O bn(,r7 Bﬁ)dr) (5) — Kﬁl </0' b(’f’, BTI:I)CZT) (5) ]
L / (s — ) VEHARH B (0 B — b, B Jdr
(5 —H) Jo
_ gH-1/2 /8(3 B r)*1/2*HT1/27H b, (r, y) — b(r y)‘(Zﬂ_TZH)fdﬂ exp d — y2
F(% — H)_ ; e ) 27,2H

}dydr — 0
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as n — oo since b, (t, x) — b(t, x) for a.e. (¢, x).

Moreover, { K" ( [y bu(r, Bf)dr)} _ is bounded in L2([0,¢] x ©; R?). This is directly
seen from (2?) in Lemma ??. -

Consequently

/Ot Ky (/0 bn(, Bf’)dr)* (8)dW, — /Ot Kt (/0 b(r, Bf)dr)* (s)dW,
/Ot Ky (/0 bn(ran)dr) (5) 2ds%/0t Ky (/O.b(r,Bf)dr) (s) 2

ds
in L?(Q) since the latter is bounded L?((?) for any p > 1, see Lemma ??.
Using the estimate |e* — e¥| < e"™¥|z — y|, Holder’s inequality and the bounds in
Lemma ?? it is clear that (??) holds.
Similarly, one also shows that

exp {<0z,/: b (7, Bﬁ)dr>} — exp {<a /Stb(r, B;H)dr>}

in LP(Q) forallp > 1,0 < s <t <T,a € R%
To conclude the proof we note that the set

and

k
N o= {exp{z<aj,B,fj B i {o i cRLO=to < <ty =tk > 1}
j=1
is a total subspace of L?(§2, F;, P) and we may thus restrict ourselves to show the conver-
gence
lim E [(p(X}") — Elp(X;)|F]) €] = 0

n—oo

for all ¢ € ;. To this end, we notice that ¢ is of linear growth and hence (B}?) has all
moments. Consequently we have the following convergence

E [s@(XZ‘) exp {Z(%‘,BH By >H

J=1

k

o(X]) exp{Z(aj,X” Xp _/j bn(s,X:)ds>}]

j=1 tj,

= E[p(B}) exp{zi;(a],B -Bfl 1—/tj1bn(s,Bf)ds>}5 (/Ot K </0 b (7, Bf)dr)*(s)dWS)]

j—

=E

s E[p(BM) exp{é(a],BH Bl 1—/tj1b(s,Bf)ds)}5 (/Ot K (/0 b, Bff)dr)*(s)dws)]

j—

= E[p(X3) eXp{Z o, B = By )}

7=1
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= E[E[p(X,)|F]exp{) _(ay, Bl = Bl )}].

j=1

O

We continue to proving the third step of our scheme. This is the most challenging part.
The following result is based on a compactness criterion for subsets of L?(2) which is
summarised in the Appendix.

Lemma4.7. Let {b, },>0 C C>°([0, T] x RY) an approximating sequence of b in the sense
of (2?). Fixt € [0, T) and denote by X" the corresponding solutions of (2?) if we replace
b by b, n > 0. Then there exists a 5 € (0,1/2) such that

P E[| Dy X — Do X™||?
Sup// DX = Do X 145 < sup Copaia ([l e ell s ) < o0
0 0 n>0

n>0 e
and
i‘ilg ||D-XZL||L2(Qx[0,T],RdXd) < ilg)) CH,d,T(anHLg, ”anL})o) < 00 (4.8)
for some continuous function Cy 47 : [0,00)* — [0,00). Here, ||-|| denotes the maximum

norm in R4,

Proof. Fixt € [0,7] and take 6,6 > 0 such that 0 < ¢’ < 6 < t. Using the chain rule for
the Malliavin derivative, see [?, Proposition 1.2.3], we have

t
Dy X' = Kg(t,0)14+ / b, (s, X1 ) Dy X ds,
0
where the above equality is meant in the L”-sense with respect to time. Here, b/ (s, z) =

<£b$§ )(3, z)) denotes the Jacobian matrix of b, and I, the identity matrix in
J ij=1,...,d

R4 Thus we have

Do X~ Dy X = Ku(t,0) Iy — Ku(t,0)1s
+ /,t V. (s, X") Dy Xds — /t V. (s, X") Dy X ds
:KH(Gt,Ql)Id — Kg(t,0)1, 6
+ /9 V. (5, X") Dy X"ds + /t V. (s, X™)(Dg X — DgX")ds
(60 Ly — K (1)t Dy X2 — K66
+ /{: b, (s, X2) (D X — DgX7)ds.

Using Picard iteration applied to the above equation we may write
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Dy X'—DpX]" = KH( 0') 1, — Kp(t,0)1

+Z/, b/ S]’ )(KH(Smye)[d—KH(Sm79)]d)d$m,__d31

0,t j=1
(1d+ Z/ Hb/ Sj; X dsm"'dsl) (DG’XS_KH(Q’QI)Id)'
th 1

On the other hand, observe that one may again write

Dy X} — Ky(0,0)1, = Z/ Hb’ 51, X2 (K p (s, 0')1a) dsy, -+ - dsy.

6.0 j=1
Altogether, we can write
Do X} — Do X[ = 1(0',0) + I3(0',0) + 13(¢',0),
where

e, Z/ Hb/ $i XUV (Kp($my 0) g — K (8m, 0)14) dsy, - -+ dsy

Otj 1

o', :<Id+2/ Hb’ si, X dsm---d)

th 1
(Z/ Hb’ (55, X2) (K ($m, 0) 1) dsy, - - dsy )
g}ej 1

It follows from Lemma ?? that

11:(6",0) HLZ(Q) p | K ( t (9/ — Kg(t,0)]? /
/ / g d0de’ = / / b < o0 (49)

for a suitably small B €(0,1/2).

Let us continue with the term I7(¢’,60). Then Girsanov’s theorem, Cauchy-Schwarz
inequality and Lemma ?? imply
E[[| 736", )]

47 1/2

< C(||bnllz) E Hb’ (552 + B (Kp (s, 0) g — Kp (s, 0)14) dsy -+ - dsy

Gt] 1

where C : [0,00) — [0, 00) is the function from Lemma ??2. Taking the supremum over
n we have

sup C(||bn]| 1) =: Cy < 0.

n>0
Then,
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)
bW By _—_ph) By ...
/m al’l 81a$+ sl)@xl2 n (82717+ 52)

2
L4(Q,R))

aibﬁf’"l)(sm, z+ B2 Y (Ky(sm,0) — K (sm,0)) ds.
Ly

E[[| 736", 6)] SCI(Z >

m=114=111,....lm_1=1

. 8ib m— 1)(sm,x+B V(Kg(8m,0") — Ky (8m, 0)) dsp, - - - dsy
Lj

Now look at the expression

o ..
@ (g ’ + By
AV axh " ( b Sl)

J3(0',0) =
(4.10)

Then, shuffling J5'(¢’, ) as shown in (??), one can write (J5'(¢’,6))? as a sum of at most
22™ summands of length 2m of the form

/ g?(‘Serg)."ggm(SQmaBgm)dSQm”'dSh (411)

AQm

where foreachl = 1,...,2m,

gf(-,B.fﬂe{ O 40w+ BH), 40 (., 2+ BH) <KH<-,9'>—KH<-,9>>,z',j=1,...,d}.
Ox; Ox;

Repeating this argument once again, we find that J2*(#', 6)* can be expressed as a sum
of, at most, 28™ summands of length 4m of the form

/ i (51, B1) -+ Gi (Sams By, )dam - -~ dsi, 4.12)
A4m
where foreach [ =1, ..., 4m,

0 o
g (-, BM) € { — b0 (-, x4+ BT, =09 (-,x + BT (Ky(-,0') — Ku(-,0)),i,j=1,... ,d} :
dx; " Oz

It is important to note that the function (Ky(-,0") — Ky(-,0)) appears only once in
term (??) and hence only four times in term (??). So there are indices ji,...,Js €
{1,...,4m} such that we can write (??) as

/ (H b7 (s;, BI) ) [ (Ku(s;,.0) = Ku(s;,, 0)) dsam - - dsy,
agn

=1

where
0
(-, B?) € {—b’ (,z+ B"), i, j = 1,...,d}, l=1,...,4m.
Ox;
The latter enables us to use the estimate from Proposition ?? with ijfl g; = 4,

Zle a[((lf)(j)} = 1forall j, || = 4m and Remark ??. Therefore we get that

b0y’ < (L) oo e o)
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whenever H < and v € (0, H), where

(d+2

((Bm)H)4(t — 9)—H(4m(d+2))_4(H_;_ ) 4dm
- T(-H(d+2)8m -+ 8(H — § ) + 8m)!/%

Altogether, we see that

2
0—6\" \ >
n/p! 2 2(H—5— m+1,vm m 1/4
E[I5(9,0)| s( 7 ) A (m§zjld C™|[bullfy, Ay (H. d,|T) ) .

Since H < m, we see that the latter sum is convergent. Hence, we can find a

continuous function C'g 47 : [0,00)? — [0, 00) such that

AN .
sup E [|13(6',6)|] < sup Cprar([ball oz w2 (—) g2(1-5-7)
n>0 n>0 60
for v € (0, H) provided that H < 2(2+d) It is easy to see that we can choose v € (0, H)

such that there is a suitably small 5 € (0,1/2),0 < f < v < H < 1/2 so that it follows
from Lemma ?? that

2y

— 0 gt — g agde < oo, (4.13)

06’

for every ¢t € (0, 7.

We now turn to the term I} (¢, 6). Observe that term I (¢, 6) is the product of two
terms, where the first one will simply be bounded uniformly in 6,¢ € [0, 7] under expec-
tation. This can be shown by following meticulously the same steps as we did for I7'(¢’, 6)
and observing that in virtue of Proposition ?? with ¢; = 0 for all j the singularity in 0
vanishes.

Again Girsanov’s theorem, Cauchy-Schwarz inequality several times and Lemma ??
lead to

2
B[ (0. 6)]2) <C(Iballzz) mZ / Tt (s + B )ds,, - ds,
9t.7 1 LS(QJRdxd)
2
Hb’ (55,2 + B Ky (50,0 )dsp, -+ - dsy ,
Agio j=1 LA(Q,Rdxd)

where C [0,00) — [0, 00) denotes the corresponding function obtained from Lemma 2?
which satisfies

sup C(||bn]| 1) = Ca < 0.
n>0
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Again, we have

Bl 3¢/, 0)[ <02(1+ZZ Z

mlljlll ..... mll

BHY. ..
/m axl 8172:_'_ 81)

2
L8(Q,R)>

0
— b BA
/g} axl (51,1’+ )

2
L4(Q,R)>

Using exactly the same reasoning as for I7'(¢’,6) we see that the first factor can be
bounded by some finite constant C3(||b,[| ;1.-) depending on H, d, T"and ||b,|| 1., i.e.

, 0
BlI75 (¢ 6)I°] <Cs(llbul 11-) (ZZ Z /m G o (o1 B -

m=1i,j=1l1,..lm—1=1
)2
LA(QLR)
0

0 )
J0,0) = /Am 5r b (s, 2+ B .. a—ijffm”)(sm, z+ BI VK (s, 0')ds,, - - ds;.

0
= a—ij,(f’"‘l)(sm, z+ B )ds,, -+ ds

(55 5

m=114,j=111,....L;m_1=1

0
- —bgmfl)(sm, x + Bf VK5 (Sm, 0')dsp, -+ - dsy
G.CEJ' m

0

. amJb (sm,x—i-B VK5 (Sm, 0')dsy, - - - ds;

As before, look at

(4.14)

We can express (J5(6',6))* as a sum of, at most, 2™ summands of length 4m of the
form

/ gt (s1, BE) - g (Sam, BE Ydsap, - - dsi, 4.15)
A4m
where foreach [ =1,...,4m,

(-, BH) € ib“)( x + BY), 0 bV (-, x4+ BHKy(-,0),i,7=1,...,d

l ) ax] n axj ) . ) y Uy ) ) )

where the factor Kp(-,0') is repeated four times in the integrand of (??). Now we can
simply apply Proposition ?? with Z igj =4, Zl 1 04[0 Gy = Lforall j, || = 4m and
Remark ?? and obtain that

E[(J2(¢,0))"] < 0* =2 b, ||4m A, (H, d, |6 — 0')),

whenever H < where A% (H,d, |0 — ¢']) is defined as in (2?) by inserting v = 0.

(2+d)
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As a result,
- 2
E[||73(¢,0)]%] < 6*(7~3) <Z A" C™ by |7, AL, (H, d, 10 — 9’!)”“) :
m=1

Note that the above series converges, because H < 2(2 et
Since the exponent of |§ — ¢'| appearing in A% (b,, H,d, |0 — ¢'|) is strictly positive
by assumption, we can find a small enough ¢ > 0 and a continuous function Cy 47 :

0, 00)% — [0, 00) such that
sup E[|[13(¢',6)|) < sup Crrar(|ballzss, ball 2 )16 2) 10 - 01

provided H < (2 - E Then again, it is easy to see that we can choose 3 € (0,1/2) small
enough so that it follows from Lemma ?? that

// 10]2(1-2) |9 — 0|5 12840 df < oo, (4.16)

for every t € [0, T].
Altogether, taking a suitable 3 so that (??), (??) and (??) are finite, we have

E[| Do X7 — DoX7|I%] .,
sup [ [ DX DX tap < s ol i) < o

for some continuous function Cy 4.7 : [0, 00)? — [0, 00).
Similar computations show that

sup || D. X} || 2 (@ o,y raxa) < sup Crar([[bnllieg, 10nll2y,) < oo
n>0 n>0

OJ

Corollary 4.8. Let {b, },>0 C C°([0,T] x R?) the approximating sequence of b in the
sense of (2?). Denote by X' the corresponding solutions of (??) if we replace b by b,
n > 0. Then for every t € [0, T] and bounded continuous function ¢ : R* — R we have

P(X]) == (E[X|F])
strongly in L*(Q0; Fy). In addition, E[X;|F;] is Malliavin differentiable for every t €
0, 7.

Proof. This is an immediate consequence of the relative compactness from Corollary ??
in connection with Lemma ?? and because of Lemma ?? we can identify the limit as
being E[X|.F;], then the convergence holds for any bounded continuous function as well.
The Malliavin differentiability of E[X;|F;] is shown by taking ¢ = I, and estimate (??)
together with [?, Proposition 1.2.3]. 0J

Finally, we can prove the main result of this section.

Proof of Theorem ??. Tt remains to prove that X is F;-measurable for every ¢ € [0, 7]
and by Remark ?? it then follows that there exists a strong solution in the usual sense that
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is Malliavin differentiable. Indeed, let ¢ be a globally Lipschitz continuous function, then
by Corollary ?? we have, for a subsequence ny, k& > 0, that

e(X*) = p(E[X4|F]), P—a.s.

as k — oo.
On the other hand, by Lemma ?? we also have

P(X]") = Ep(Xy)| A
weakly in L?(§2; ;). By the uniqueness of the limit we immediately have
¢ (B[Xo|F]) =E[p(Xy)|F], P—as.

which implies that X, is F;-measurable for every ¢ € [0, 7).

Finally, to show uniqueness it is enough to show that two given strong solutions are
weakly unique, indeed, one can follow the same argument as in [?, Chapter IX, Exer-
cise (1.20)] which asserts that strong existence and uniqueness in law imply pathwise
uniqueness. The argument does not rely on the process being a semimartingale. Since
our solutions are, by construction, strong and uniqueness in law follows from Novikov’s
condition from Lemma ?? replacing B¥ by X then pathwise uniqueness follows. 0

5. STOCHASTIC FLOWS AND REGULARITY PROPERTIES

Henceforward, we will denote by X" the solution to the following SDE driven by a
fractional Brownian motion with H < 1/2

dX;" =0(t, X;")dt +dB)!, s,te0,T], s<t X)*=zeR. (51

We will then assume the hypotheses from Theorem ?? on b and H, thatis b € Légfooo
and H < Q(d—1+2). The next result tells us that if H# = H(k) is small enough we may

gain regularity on x — X;"*. In particular, it shows that the strong solution constructed
in the former section, in addition to being Malliavin differentiable, is also once weakly
differentiable with respect to = since £ = 1. See the authors in [?], who treated the case
k= 2.

Theorem 5.1. Let b € C>([0,T] x R?). Fix integers p > 2 and k > 1. Then, if

1
H < =152k we have

8k
sup sup E [H—Xs’x

p
t€[0,T] z€Re Okt } < Crampr(([bll g, 16]2s,),
s,te|0, xTE

where C g1 p1 : [0,00)% — [0, 00) is a continuous function, depending on k,d, H, p and
T.

Proof. For notational convenience, let us assume that s = 0 and denote the corresponding
solution by X7, 0 < t < T with respect to the vector field b € C>°((0,7) x R?). Since
the stochastic flow associated with the smooth vector field b is smooth, too (compare to
e.g. [?]), we find that

0

t
0
5 X0 = lxa + / Db(u, X) - 5 X;du. (5.2)
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where Db(u,-) : R — L(R? R?) is the derivative of b with respect to the space vari-
able.

By employing Picard iteration, we obtain that

a T x x
5o X0 = Laxa + Z _ Db(u, X7)..- Db, X7 ..., (5.3)

m>1

where
ATy = {(um, ur) €10, T 0 < up < .o <up <t

Using dominated convergence, we can differentiate both sides with respect to x and see
that

wa Z/ —[Db(u, X2 )...Db(u, X2 Y| dity,...du;.
e

m>1 Ot

On the other hand the Leibniz and chain rule give

agwb(ul,xzf JoeDb(tm, X )

Z (uy, X )...D*b(u T,X;)ﬁxi...pb(um,xgm),

ox

where D?b(u,-) = D(Db(u,-)) : R — L(R?, L(R4, RY)).
So (??) implies that

Z/ ZDbul, )...Db(u,, X))

my>1 Ot r=1

X (Idxd+ Z /m2 Db(U1,X ) Db(va,Xx )dva...dU1>

mao>1 AD yur

X Db(uyi1, Xy ) -Db(up,, X5 )dt, ...duy

- ZZ/ Db(uy, X,)--D?b(thr, X7 ) Db(thny, X3 )bty ..y

mi1>1 r=1
+ E g g / Db(uy, XZ)...D?*b(u,, X7)
TILl ’IIL2
m1>1r 1m2>1 Our

><Db(v1,Xjfl)...Db(vm2 ffn )Db(urH,Xﬁrﬂ) Db(up,,, Um)
AUy, ...dV AUy, ...d Uy

= le—f—fg. (54)

Next we apply Lemma ?? (in connection with Lemma ??) to the term I, in (??) and

obtain that
I2 Z Z Z /7’L1+m2 m1+m2( )dum1+m2 d (55)

m1>1 r=1 mgo>1
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for u = (w1, ..., U, +m, ), Where the integrand 7 .. (u) € R* @ R* @ R has entries
given by sums of at most C'(d)™ "™ terms, which are products of length m; + msy of
functions belonging to the set

87(1)4_ +(D)
{Gv(l)m...aw(@xdb(r)(u’Xzf)v r=1,.,d YW+ . +4D <2 /D eN, I=1,. d}-

Here it is crucial to note that second order derivatives of functions in those products of
functions on Ag};+m2 in (??) only appear once. So the total order of derivatives |«| of
those products of functions in connection with Lemma ?? in the Appendix is

la] =my +ma + 1. (5.6)

We now choose p, ¢, r € [1,00) such that ¢cp = 27 for some integer ¢ and % + % = 1. Then
we can use Holder’s inequality and Girsanov’s theorem (see Theorem ??) in combination
with Lemma ?? and find that

Bl 12[1"]
Cllbllzz) | D Z > >

mi1>1 r=1 mo>1 i€l

p

/ . HE" ()t 1y ...dus (5.7)
m1 mo

L27($3R)

where C' : [0,00) — [0,00) is a continuous function depending on p. Here #I <
K™+m2 for a constant K = K (d) and the integrands 12" (u) take the form
mi+ma

H hl ul hZEAl s ey M + Mo

=1

H

HB

where . .
oM+ 44 .,
A= Wf)()(u v+ B, r=1,..4d, |
7(1)_,_”._|_7()<27 €Ny, I=1,...d
As before here functions with second order derivatives only appear once in those products.

Let
24
J = (/ HfH(u)duml+m2...du1> .
Agiitme

By employing Lemma ?? once more in the Appendix, successively, we find that .J can be
represented as a sum of, at most of length K (¢)™ ™2 with summands of the form

29 (m1 +m2)

/ [T Fion)dusagm, sy, (5.8)
A29(my+ma)
0,t =1

where f; € A for all [.

Here the number of factors f; in the above product, which have a second order deriva-
tive, is exactly 29. So the total order of the derivatives involved in (??) in connection with
Lemma ?? (where one in that lemma formally replaces X2 by x + BX in the correspond-
ing terms) is

la] = 29(mq +mg + 1). (5.9)
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We now want to apply Theorem ?? for m = 29(m + ms) and £; = 0 and see that

24 (m1 +m2)

E \qut(m1+m2) H fl (ul)du2q(m1+m2)dU/1

< CmrTR (b)) ) Ot
x ((2(27(m1 +mg + 1)H*
T(—H (2d2¢(my + my) + 429(my +my + 1)) + 224(my + my))'/2

for a constant C' depending on H, 7', d and q.
Hence the latter in combination with (??) yields that

E|[12]1"]

< C(HbHLg) <Z Z Km1+m2(||bHLgo>2q(ml+m2)

m1>1mo>1

x ((2(29(my + mo + 1))V )1/2q)p
T(—H(2d2(my + my) + 429(my 4+ mg + 1)) + 224(my + my))/2

for a constant K depending on H, T, d, p and q.

Since 57 d1+3) < e miﬁ”“) for mq, my > 1, it follows that the above sum converges,
1

whenever H < ar)-

On the other hand one obtains by using the same reasoning as before a similar estimate
for E[||1;]|"]. Altogether the proof follows for & = 2.

Let us now explain the generalization of the previous line of reasoning to the case

k > 2: In this case, we get that

k
%thzll‘f—...‘i‘lgkl, (5.10)
where each [;, © = 1,...,2"7" is a sum of iterated integrals over simplices of the form
ASZ, 0 <wu<t, j=1,..,k with integrands, which have at most one product factor D*b,
whereas the other factors are of the form D’b, j < k — 1.

In what follows we need the following notation: For given multi-indices m. = (my, ..., my,)
and r := (rq, ..., 7x_1) we define

k-1

J
mj_ = E m;
i=1

and
mi mg_ ml:—l
m>1 mi1>1ri=1mg>1re=1 re—1=1mp>1
ri<m;
I=1,....k—1

In the sequel, we restrict ourselves without loss of generality to the estimation of the
summand /5«1 in (??). In the same way as in the case £ = 2, we get by invoking Lemma
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?? (in connection with Lemma ??) that

]2k ' Z /m1+ Amy, m1+ +mk( )dum1+m2 d (511)
m>1
rl<ml
I=1,. k—1
for u = (tm,4..+my -, u1), where the integrand 7% | .. (u) € ®FIR? has entries

given by sums of at most C(d)™*+™ terms, which are products of length my + ...my
of functions, which are elements in

37(1)+ Ay @ x
e O (XD = d, |
7<1>+ @ <k A0 eNy,l=1,...,d
Just as in the case k£ = 2 we can employ Lemma ?? in the Appendix and obtain that the

total order of derivatives |« of those products of functions is
la| =my 4+ ... +my +k— 1. (5.12)
Then we follow the line of reasoning as before and choose p,c,r € [1,00) such that
cp = 29 for some integer ¢ and % + % = 1 and get by making use of Holder’s inequality
and Girsanov’s theorem (see Theorem ??) in connection with Lemma ?? that
E[[ Lox- [|"]

p

o) | X S| [ H st st
m>1 i€l L21 (4R)
r<m;

1=1,.. .k—1

where C' : [0,00) — [0,00) is a continuous function depending on p. Here #I <
K™+-+mk for a constant K = K (d) and the integrands H2" (u) are of the form
mi+...+mg
HlBH(u): H hi(w), by € A, T=1,...,mq + ... + My,

=1

(1) (d)
F L r
A o O we+ B, r=1,..d, |
f}/(l) =+ ... —|—fy(d) S k’ f}/(l) c RIO7 l — 1’ ’d

24
J = (/ HfH(u)dum1++mkdu1> .
Am’1+‘“+mk

0,t

where
Define

Once more, repeated application of Lemma ?? in the Appendix shows that J can be
written as a sum of, at most of length K (¢)™ "™ with summands of the form

29(m1+...4+my,)

AP | (0T T A

=1
where f; € A for all [.
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By using Lemma ?? again (where one in that Lemma formally replaces X* by x + B
in the corresponding expressions) we find that the total order of the derivatives in the
products of functions in (??) is given by

la| =2%(my + ... + mp + k — 1). (5.15)
Then Proposition ?? for m = 29(m; + ... + my) and €; = 0 implies that

2q(m1+...+mk)

2 /Azq(m1+m+mk) H f (ul>du2q(m1+ Ami) dul

0,t =1

< OmEAT([b] gy gy O
y (227 (my + ... +my +k —1))H)/4
D(—H(2d29(my + ... + mg) + 429 (mqg + ... + my + k — 1)) + 229(my + ... +my,))/?

for a constant C' depending on H, T', d and q.
So it follows from (??) that

E|[ Iye—1 "]

S ||b||Loo (Z Z Km1+ Amyg Hb” )2‘1(m1+._.+mk)
mi>1  mip>1
X ((227(my + ... + my + k — 1))H1/4 )1/2q>p
T(—H(2d29(my + ... + my) +429(my + ... +my + k — 1)) +229(my + ... +my))1/2
< Clbl) | > BBl )™

m>1 ly,..., [ >0:

l1+...+lk:m
((2(24(m + &k —1))H1/* e ’
T(—H(2d20m + 424(m 1 k — 1)) + 229m)1/2

for a constant K depending on H, T d, p and q.

Since we required that [ < m the above sum converges. So the proof follows.
O

The following is the main result of this section and shows that the fractional Brow-
nian motion BY creates a regularising effect on the solution as a function of the initial
condition.

Theorem 5.2. Assume b € L1 . Let U C R and open and bounded subset and X =
{X},t € [0,T]} the solution of (""). Then for a small enough Hurst parameter H, that is

H < m it follows that

X; € (L QW™ (U)).
p>1

Proof. First of all, approximate the irregular drift vector field b by a sequence of functions
by 2 [0,T] x RY — R%, n > 0in C°([0, 7] x R4 R?) in the sense of (??). Denote by
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Xmr = {X"* t €0, T]}, the corresponding solution to (??) starting from = € R¢ when
b is replaced by b,,.

Observe that for any test function ¢ € C5°(U, RY) and fixed t € [0, T the set of random
variables

(X{",0) 1=/<Xf’x,<p(x)>Rddx, n>0
U

is relatively compact in L?(2). To show this, we use the compactness criterion from Ap-
pendix, in Corollary ?? in terms of the Malliavin derivative. Since the Malliavin derivative
is a closed linear operator we have

T

T
B| [ 1040 b < ol e Mosupp ()b s | [ 1Dax7" P
T 0

where D’ denotes the Malliavin derivative in the direction of W) ) the Lebesgue mea-
sure on R?, supp (i) the support of ¢ and || - || a matrix norm. Then taking the sum over
all j =1,...,dand using Lemma ?? we obtain

SUP ||D< t 790>||%2(Q><[0,T}) < C||S0||%2(Rd,Rd)>\{SUPP (¢)}-

In a similar manner we have

" [T END (X7 ) — DolX, @)
: ’ dode’
p/ / o — o1+ -

for some 3 € (0,1/2). Hence (X[, ), n > 0 is relatively compact in L*(2). Let us
denote by Y; () its limit after taking (if necessary) a subsequence.
Following exactly the same reasoning as in Lemma ?? one can show that

(X1, 0) = (X;,9)
weakly in L2(£2). Then by uniqueness of the limit we can establish that

Yilp) = (Xi9)
in L2(Q).
Note that there exists a subsequence n(j) such that (X"
that is, n(7) is independent of .

We have that X," is bounded in the Sobolev norm L?(Q2, W*?(U)) for each n > 0.
Indeed, by Proposition ?? we have

P , ) converges for every ¢,

o 167 s supZE[ o ||LP<U}

k 2
< supE X/ |Plde) < 00

for a small enough H < 1/2.
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Since L2(Q, W*P(U)), p € (1, 00) is reflexive we get that the set { X;""},,>¢ is weakly
compact in L?(Q2, W*P(U)). Thus, there exists a subsequence n(j), j > 0 such that

XU Yy e LA(Q, WP (U).

j—00

On the other hand, we have proven that X;"* — X7 strongly in L?({2), so by unique-
ness of the limit we can conclude that

X, =Y € L*(Q,WFP(U)), P—a.s.
Moreover, we have for all A € F, ¢ € C®(U;R?), a = (o, ..., o) € (Ny)? with
la| = a® + ..+ a@ < K that
E[14(X,"", D%)]
= (-D)MEB[14(D"X;"", ¢)]
— () E[14 (DY, )]

j—o0
and thus
(X;, D) = (1)U (DY, ¢), P —as.

APPENDIX A. TECHNICAL RESULTS

The following result which is due to [?, Theorem 1] provides a compactness criterion
for subsets of L?((2) using Malliavin calculus.

Theorem A.1. Let {(2, A, P); H} be a Gaussian probability space, that is (2, A, P) is
a probability space and H a separable closed subspace of Gaussian random variables
of L*(9Y), which generate the o-field A. Denote by D the derivative operator acting on
elementary smooth random variables in the sense that

D(f(h1,-..,hn)) = 0if(h1,... ho)hi, hi € H, f € C°(R™).
i=1

Further let D2 be the closure of the family of elementary smooth random variables with
respect to the norm

1 = IE 2y + IDFl 20 -

Assume that C' is a self-adjoint compact operator on H with dense image. Then for any
¢ > 0 the set

G ={G e Gllo) + |CTDE g < €
is relatively compact in L*(2).

In order to formulate compactness criteria useful for our purposes, we need the follow-
ing technical result which also can be found in [?].
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Lemma A.2. Let v, s > 0 be the Haar basis of L*([0,T]). For any 0 < o < 1/2 define
the operator A,, on L*([0,T]) by

Ajvg = QkO‘vs, ifs = ok +7

fork>0,0<j<2%and
Al =1.

Then for all § with a < < (1/2), there exists a constant ¢y such that

1/2
lAafll < e 4 1Ly + (/ / t,mﬁ’ dtdt)

A direct consequence of Theorem ?? and Lemma ?? is now the following compactness
criteria. See [?] for a proof.

Corollary A.3. Let a sequence of Fr-measurable random variables X,, € D2 n =
1, 2..., be such that there exists a constant C > 0 with

sup EHXn|2} <C

sup E [HDtXnH%Q([OﬁTD =C

and there exists a 3 € (0,1/2) such that

I D:Xn — Dy X%
sup/ / PRI dtdt’ < oo

where || - || denotes any matrix norm.
Then the sequence X, n = 1,2..., is relatively compact in L*(Q).

For the use of the above result we will need to exploit the following technical results.
Lemma A4. Let H € (0,1/2) and t € [0, T) be fixed. Then, there exists a f € (0,1/2)

such that
| K ( t 0’ — Ky(t,0)? .
/ / [ dfdo’ < oo. (A.1)

Proof. Let 0,6 € [0,t], 0" < 0 be fixed. Write
Kin.0) ~ Kn(t.0) = cu |140) = 18+ (5 1) (a0) - )]

where f,(6) := (G)H“ (t — 6)72 and ¢,() := [} f“u du, 0 € [0,1].
We will proceed to estimating Ky (t,0) — K H(t ¢’). First, observe the following fact,

) - Z < Cyfaf'y
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forevery 0 <y <z <ooanda:= (3 — H) € (0,1/2) and v < 5 — c. This implies

1
2

0— 6 1
SC((%')J (t=0)">7
0—0) g 1 1
< g "oy
Further,
/ 0 /
0/ U

/ Jul0) — fu(0) fu ¥

@—0)Y [ (u—0)2
<
C @0 /0 » du

(0-0) s /°° (u—1)f4
< N S
< C gyt : ———du

As a result, we have forevery v € (0, H),0 < 0 <0 <t <T,

\\2 (9 — 9,)2’Y
(KH(t79> - KH(t79 )) S C1H,TW

02H—1—27(t _ 0)2H—1—2’y7

for some constant C'y 7 > 0 depending only on H and 7.
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Thus

(Ky(t,0) — Ky(t,0))?
/ 7o 9’|1+2ﬁ dg'de

|9— 9/| 1-28+2v
S O/O' i (98/)27 02H—1—2’y(t . 0)2H—1—2'yd9/d9

t 0
— C/ 92H—1—4’y<t . 6))2H—1—2'7/ |€ . 0/|—1—2B+2’y(0!)—2'ydeld8
0 0

! [(=28+2y)I'(—2y+1)
—C 92H7174'y t—0 2H—1—2~ ‘972/3d9
/ =0 P(=26+1)

t
S C/ 92H—1—4’y—26(t o 0)2H—1—2’yd0
0

CF(QH —29)I'(2H — 4y — 253) $AH—67—25-1
['(4H — 6y — 25)

< 00,

for appropriately chosen small v and /3.
On the other hand, we have that

YKyt 0) — Ky(t,0))?
/ T dg'do

S C/ 02H—1—4'y(t o 6)2H—1—2’y
0

t |0 . 0/|7172ﬁ+2'y
6 ()%
S C/t 92H—1—6’y(t _ 9)2H—1—2’y /t |9 o 0/|—1—2,B+27d9/d9
0 0

do'dg

t
— C/ 92H—1—6'y(t . Q)QH—I—QﬂdQ
0

< Ct4H—6’y—2ﬁ—1

Hence

(Ky(t,0) — Kg(t,0))*
/ TR df'df < oc.

O

Lemma A.5. Let H € (0,1/2), 0,t € [0,T), 0 < tand (ey,...,e,) € {0,1}™ be fixed.
Assume w; + (H — % — 7) gj > —1forall j = 1,...,m. Then exists a finite constant
C =C(H,T) > 0 such that

/ H KH Sjv KH(Sj"g,))Ej|Sj - 8j—1|wjd8
gltj 1

— 0 'YZ?LZI & 1 m m 1 m
<cm (999/0 ) 9<H—§—'y) i Ej Hv(m) (t . 9)2]-:1 w]'+(H—§—'y) Y Eitm
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for~ € (0, H), where
gy § <Z{:1 wi+ (H =5 =) Sie +j> I'(wjs1 +1)
= F(Zﬁfwﬁ(H—%—V) Zf=15l+j+1>

Observe that if e; = 0 forall j = 1, ..., m we obtain the classical formula.

(A.2)

Remark A.6. Observe that

[T F(w; + 1)
IL,(m) < ’
DSy wy+ (H =5 =) X5 e +m)
< H;nzl L(w; +1)

)

F(Z;nzle—F (H—%—’y) Z;ilé“j—'—m)
since the function I" is increasing on (1, 00).

Proof. First, we recall the following well-known formula: for given exponents a,b > —1
and some fixed s;;1 > s; we have

o [a+1)I'(b+1) “
/0 (Sj+1 - Sj) (Sj - Q)bdsj = T(at+bt2) (3j+1 —0) oL

We recall from Lemma ?? that forevery v € (0, H),0 < ¢ <6 <s; <T,

: 0 —0)" g1 Holo
KH(Sj,H) — KH(Sj,H) S OHIWQ 2 7(83' — 9) 2 A/,

for some constant C'; » > 0 depending only on // and T'. In view of the above arguments
we have

52
/ Ka(s1,0) — Kn(s1,0) |52 — s1]“2|s1 — 0] ds,
0

< it e 0 [ s s = g
_ C;;,T (i;@g;):lfl (H-1—)er 2((151531(522‘))( . 9)w1+w2+(H7%7'y)81+17
where
w1::w1+<H—%—7>51+1, Wy 1= wq + 1.
Integrating iteratively we obtain the desired formula. 0

Finally, we give a similar estimate which is used in Lemma ??.

Lemma A.7. Let H € (0,1/2), 0,t € [0,T), 0 < tand (ey,...,em) € {0,1}™ be fixed.
Assume w; + (H — %) gj > —1forallj =1,...,m. Then exists a finite constant C' > 0
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such that
[ T n(s00)%1s; = syl s
g?t J=1
< Cme(H—%) Z;nzl €j Ho(m) (t . 9)2;”:1 'lUj“(‘(H—%) Z;”:l g;j+m
for v € (0, H), where Il is given as in (??). Observe that ife; = 0 forall j = 1,...,m
we obtain the classical formula.
Remark A.8. Observe that
H;n:1 I'(w; +1)

T (Z;n:l wj + (H— %) Z;n:l €j +m>

due to the fact that I is increasing on (1, co).

[Ty(m) <

Proof. By similar arguments as in the proof of Lemma ?? it is easy to derive the following
estimate

|Ku(s;,0)| < Crls; — 072072
for every 0 < 6 < s; < T"and some constant C'gz 7 > 0. This implies

| o107 152 = sl — 8],

(%
S2

< Chr plir-2)e / 52— 5|25y — o]+ (T8,
7]

oo gu-p)a D(wrtwet (H—3) e+ YT (wy +1)
HT U (wi +ws+ (H—1)e1 +2)

Integrating iteratively one obtains the desired estimate. 0

( 5 — 9)w1+w2+(H*%)€1+1

The next auxiliary result can be found in [?].

Lemma A.9. Assume that X, ..., X,, are real centered jointly Gaussian random vari-
ables, and ¥ = (E[X;X}])1<jk<n is the covariance matrix, then

E[|X1] ... | Xa|] < V/perm(%),

where perm(A) is the permanent of a matrix A = (a;;)1<i j<n defined by

perm(A) = > [ aim0)

TeS, j=1
for the symmetric group S,,.

The next result corresponds to Lemma 3.19 in [?]:

Lemma A.10. Let 7, ..., Z,, be mean zero Gaussian variables which are linearly inde-
pendent. Then for any measurable function g : R — R, we have that

v

[ st espt=gvart vl = BV [ -
ng V1) €xXp 5 ar j:1v] jl)avy... vni(detC’ov(Zl,...,Zn))l/2 Rg exp 2’0 v,

01

where o2 := Var[Z, | Zs, ..., Z,).
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Lemma A.11. Let n, p and k be non-negative integers, k < n. Assume we have functions
fi 0,7 =R j=1,...,nand g; : [0,T] = R, i = 1,...,p such that

aa§1)+...+a§-d)
fj € bV (u, X)), r=1,...,dp, j=1,...n

NG @
0% x1..0% x4

and

AL ATR VR |
gi € e e b (u, X2), r=1,..,dy,i=1,..,p
i x1...0°% x4

for a = (ozy)) € N> and 3 = (ﬁi(l)) € NP where X* is the strong solution to
¢
X/ :x—i—/ b(u, XZ)du+ B, 0<t<T
0
forb = (bW, ... 0 D) with b € S(R?) for all r = 1, ...,d. So (as we shall say in the se-

quel) the product gy (r1)-- - -- g,(r,) has a total order of derivatives || = 3¢ S @(l).
We know from Lemma ?? that

fi(s1) - fr(sg) / g1(r1) -« gp(rp)dry ... dry fep1(Skt1) - - - fu(Sn)dsy, . .. dsy

Ag,t A;g,sk
= Z /n+ hi(wi) ... h7 (Wnip)dwnyp - . . duwy, (A.3)
UeAn,p AG tp

where hi € {f;,9; + 1 < j < n,1 < i < p}, A,, is a subset of permutations of
{1,...,n+ p} such that #A,, < C"*? for an appropriate constant C' > 1, and sy = 0.
Then the products

hi(ws) - iy (Waip)
have a total order of derivatives given by |a| + | 3] .

Proof. The result is proved by induction on n. For n = 1 and k£ = 0 the result is trivial.
For k = 1 we have

/ f1(81)/ g1(r1) - .. gp(ryp) dry...drids,
9 AP

0,51

= . fi(wi)gi(wz) . .. gp(wpi1)dwyyy . . . dwy,
Aptt

where we have put w; = 51, wp = 71,...,wp41 = 7. Hence the total order of derivatives
involved in the product of the last integral is given by Zle a§” + Zld:l r 51.(” =
af + 18]

Assume the result holds for n and let us show that this implies that the result is true for
n+ 1. Either kK = 0,1 0r 2 < k < n + 1. For £ = 0 the result is trivial. For £k = 1 we
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have

An+1f1(81)/ 91(7“1) - Gp(rp)dry . dryfo(s2) - o fari(Sny1)dspir ... dsy

/ fi(s1) /n / o gp(rp)dry . odrifo(s2) .o far1(Sns1)dSpsq - -

From (??) we observe by using the shuffle permutations that the latter inner double inte-
gral on diagonals can be written as a sum of integrals on diagonals of length p + n with
products having a total order of derivatives given by ) ,_, Z"H W4 Zz s (l) .
Hence we obtaln a sum of products whose total order of derlvatlves is Z =1 Z?;l ozgl) +

d
>t + Zz 1 041 = |a| + [B].

For k 2 2 we have (in connection with Lemma ??) from the induction hypothesis that

/ fi(s1) ... fr(sk) / 91(1r1) .. gp(rp)dry .. dry fee1(Sks1) - - frat1(Sne1)dSntr - -
agtt AD

0,5},

= [n) [t i) [ ) gyl
0 Ay AbL

X fk—i—l(sk—l—l) . fn—l—l(sn—i—l)dsn—i—l R dSQdSl

/ fi(s1 / +ph§(w1) b (Whp)dwn gy - - dwndsy,
0€An, 0,51

where each of the products hg (w ) <o+ by, (wnyp) have a total order of derivatives
given by > ,_, E”H a; ) 4+ Ez ) ( ). Thus we get a sum with respect to a set of
permutations An+1,p w1th products havmg a total order of derivatives which is
d ntl
ZZ@Z)+225 +Za = |a| + |B].
=1 j=2 I=1 i=1
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