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Abstract

We consider a banking network represented by a system of stochastic differential
equations coupled by their drift. We assume a core-periphery structure, where banks
in the core hold a bubbly asset. Investments are modelled by the weight of the links,
which is a function of the robustness of the banks. In this way, a preferential attachment
mechanism of the banks in the periphery towards the core takes place during the growth
of the bubble. We then investigate how the bubble distorts the shape of the network,
both for finite and infinitely large systems, assuming a non vanishing impact of the core
on the periphery. Due to the influence of the bubble, banks are no longer independent,
and the strong law of large numbers cannot be directly applied to the average of banks’
investments towards the periphery. This results in a term in the drift of the diffusions
which does not average out, increasing systemic risk when the bubble bursts. We test

this feature of the model by numerical simulations.
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1 Introduction

In this paper we study the impact of financial asset bubbles on the evolution of depen-
dence structures and systemic risk in banking networks, both for finite and infinitely large
systems.

Systemic risk has been recently studied with different approaches. One stream of re-
search aims at extending the traditional regulatory framework of monetary risk measures,
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that quantify the risk of financial institutions based on a stand alone basis, to multivariate
systemic risk measures that take as a primitive the whole financial system. For an overview
about this topic, see Biagini et al. [8, [9], Bisias et al. [12], Chen et al. [19], Drapeau et al.
[29], Feinstein et al. [34], Hoffmann et al. [43] [44], Kromer et al. [56] and references therein.

Another popular ansatz to analyse systemic risk is based on explicit network models for
the financial system and the study of potential default cascades due to various contagion
effects. In the seminal work of Eisenberg and Noe [31] and its many extensions (see e.g.
Hurd [46] and references therein) cascade processes in static, deterministic network models
are analysed by computing endogenously determined clearing/equilibrium payment vectors.
Within the framework of random graph theory, cascade processes are studied in large finan-
cial random networks by means of law-of-large number effects in Amini and Minca [3], Amini
et al. [4, 5], Detering et al. [26, 27, 28] and Hurd [46], and in finite random networks by Elliott
et al. [32], Gai and Kapadia [38].

The approach we present in this paper is placed within the theory of mean-field equations
first introduced in the influential papers of McKean [61], 62]. In recent years, this framework
has been applied to the study of systemic risk in large financial networks where, contrary to
the static network models mentioned above, the dynamic evolution of a network of interacting
financial institutions is studied by means of a system of interacting diffusions. In this setting
the diffusions represent e.g. the wealth, monetary reserves, or other more general indicators
for the health of financial institutions, and are tied together through a term in the drift that
implies the network structure. A first simple model in this direction is given in Fouque and
Sun [37], where a system of SDEs is proposed with dynamics

n

Y . , .
dX] =23 (X{ = X})dt + odW{, 0<t< oo, (1.1)
n
j=1
where W = (W}, ..., W);>¢ is a standard n-dimensional Brownian motion and A\, o > 0.

Here, the X? stand for log-monetary reserves of banks, and the drift terms A\(X] — X7)
represent the connections between banks in the network. In this case, the borrowing and
lending rate A is supposed to be the same for every pair of banks. When the network size n
grows towards infinity, it is a well-know result (see Sznitman [70]) that due to law-of-large-
number effects the diffusions in converge towards their mean-field limit

dY} = XN (E[Y;] = Y))dt + odW/, 0<t < oo.

Thus, for large networks propagation of chaos applies and the evolution of the X* asymp-
totically de-couples due to averaging effects, which allows to asymptotically describe the
complex system by a representative particle evolution. The model in to study systemic
risk has been generalised in various ways in a number of articles, see for example Fang et al.
[33], where heterogeneity is introduced by allowing for different \; and o; for every bank in
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(1.1), Carmona et al. [I7, I8 and Maheshwari and Sarantsev [58], where mean-field games
are considered, Fouque and Ichiba [36] where the probability distributions of multiple default
times is approximated, Garnier et al. [39,40] and Battiston et al. [7] where a tradeoff between
individual and systemic risk in a banking network is described, and Chong and Kliippelberg
[22], Kley et al. [55] where partial mean-field limits are studied. We also mention the work
of Bo and Capponi [13], where a system of jump diffusions processes is introduced with
a banking sector indicator depending on positive or negative announcements, and Hambly
et al. [41], where distances-to-default of financial institutions is studied in a model where
herd behaviour and common exposures can lead to a structural contagion mechanism.

In this paper, the main objective is to extend the model in in order to study the effect
of a financial speculation bubble on the evolution of the network and on propagation of
systemic risk. It is a common understanding that bubbles are intimately connected with
financial crises, and many historical crises indeed originated after the burst of a bubble (e.g.
the Great Depression of the 1930s and the financial crisis of 2007-2008). This causality is
investigated for example in Brunnermeier [14] and statistically confirmed in Brunnermeier
and Schnabel [16]. However, it seems that literature on mathematical models that deal with
this question is very scarce.

We here specify a model for the network of financial robustness of the institutions, intro-
duced by Battiston et al. [7] and Hull and White [45] as an indicator of agent’s creditwor-
thiness or distance to default and also considered in Kley et al. [55], by a system of coupled
diffusions. In particular, we are able to include in the robustness dynamics the delayed im-
pact of an asset bubble on the financial network and mean-reversion features, as we explain
in details in the following. The banks affect each other’s robustness by being financially
exposed to each other, for example because of cross-holdings, which results in a coupling of
the drift terms. Following the setting in Battiston [6], we then assume that a fixed number of
banks are directly investing in a bubble that affects their financial robustness. The remain-
ing banks have the possibility to participate in the bubble by investing in the bubble banks.
This results in a typical core/periphery structure for financial networks, where here the core
is formed by the banks holding the bubble. In our model, banks’ investments depend on the
robustness of the other institutions, allowing for heterogeneity of the drift rates of the SDEs.
More precisely, in our case the rates depend on the robustness of the attracting institution
with a delay 0 > 0, where the delay reflects the fact that the banks’ investment do not im-
mediately react to changes in the system. This extends previous models, where the coupling
drift rates representing the weighted network connections are constant (as in [13], [17], [37],
[55]), functions of time ([22], [58]) or of the difference in monetary reserves ([36]), but not
functions of the state of other banks. In this way, we introduce a preferential attachment
mechanism where the attractiveness of a node does not depend on its degree, but on its
“fitness”, as proposed by Bianconi and Barabasi [I1I]. Due to this behaviour, the bubble



causes a distortion in the network evolution: during the expanding phase of the bubble, the
network structure shifts towards an increasingly intense and centralised connectivity due to
the strong growth of the bubbly banks’ robustness, which then causes instability in case the
bubble bursts.

We then study the behaviour of the system when its size gets large. More precisely,
we let the number of periphery banks tend to infinity, but keep the number of core banks
holding the bubble constant and assume that their impact on the system does not vanish
when the total number of banks tends to infinity. In this way the bubble produces a common
stochastic source in the system that does not not average out even for large networks. Our
main result then determines a partial mean-field limit for the system where the influence of
the bubble is represented via stochastic interaction with the core banks even in the limit.
Because of this term, the banks in the periphery are also affected by a potential bubble burst.
This effect is amplified by the impossibility to immediately disinvest when the robustness
of some banks decreases due to the delay 6. We also refer to Chong and Kliippelberg [22]
where the authors investigate partial mean-field limits in a different setting, without taking
into account the delay and the influence of the bubble.

The remaining part of the paper is organised as follows. In Section 2] we introduce our
model and some technical results. In Section 3| we define the limit system and prove a
convergence result, whereas in Section {4 we perform Monte Carlo simulations both in the
finite and in the limit systems in order to numerically investigate the impact of the bubble
on systemic risk.

2 The model

Let (92, F,F, P) be a filtered probability space endowed with a (m + n + 2)-dimensional
Brownian motion W = (W}, ..., w2, W2 ... W™ B}, B?)s0, m,n € N, where F =
(Fi)ter+ is the natural filtration of W. We consider a network of m + n banks, consisting
of m banks holding a bubbly asset in their portfolio (also referred to as core), and n banks
that do not directly hold the bubbly asset (also referred to as periphery).

By following a similar approach as in Kley et al. [55], we model the robustness of the banks
in the system. This coefficient dynamically evolves and represents a measure of how healthy
a bank remains in stress situations. Let p*" = (p/");s0, @ = 1,...n, and p*B = (pP"")=0,
k =1,...,m, be the robustness of banks not holding and holding the bubble, respectively.
We assume that they satisfy the following system of stochastic differential delay equations

(SDDEs) for t > 6§, § > 0,

dpy :< Z fP(pi’_(;—At;(;)(pi’ — Ay )+EZfB(Pf7—J<35_Ati5>(pf’B_At’ )) dt

n—1
J=Llj#i k=1




+ MAP™ — pi™)dt + o dW, (2.1)

1 - 7,M n,m 7,M n,m 1 - n,m n n,m
dpi"" = (ﬁ DI = AT = AT+ — > R0 - AT = AT
i=1 0=140#k
+AAP™ = pP)dt + oy d W + d,, (22)

where A > 0, o1 > 0, 0o > 0 and

AP = A E ’ , t>0, 2.3
t mLn (r:1 Pt £ Pt > = ( )

is the mean of the robustness of all the banks in the network at time ¢t. For ¢ € [0,4),
we assume that (p5")sepo.), (P55 )sepos), ¢ = 1,...,n, k= 1,...,m, satisfy (2.1)-(2.2) with
d = 0, by following the approach of Mao [59]. We also suppose that p;" = po > 0 for all
1=1,...,n.

Remark 1. Note that robustness may become negative in our model, as in [45] and [55],
since it is used as an indicator of banks’ creditworthiness. See also [37], where log-monetary
reserves play the role of robustness.

The process 5 = (B¢)>0 in (2.2]) represents the influence of the asset price bubble on the
robustness of core banks and has dynamics

P

where o oB)i>0 is a positive and adapted process such that

t
/ E[|o?[*)ds < oo, 0<t< oo, (2.5)
0
and p is an adapted process, unique strong solution of

dpy = b(pg)dt + 6(p)dB2, ¢ >0, (2.6)
where I~), ¢ fulfil the usual Lipschitz and sub-linear growth conditions such that there exists
a unique solution of (2.6)), satisfying

t
/ E[|s|*)ds < oo, 0<1t< oo (2.7)
0

In Section 4| we will specify a model for the bubbly evolution in (2.4) and provide further
explanations on asset price bubbles, see Section [4.1]
We assume the following hypothesis on f? and f*.



Assumption 2.1. The functions f2, f¥ : R — R* are measurable, with
FE0) = f2(0%) = f5(07) <00, fF(0) = f7(07) = f7(07) < oo, (2.8)

and such that the functions FB(x) := zfB(x), FF(z) = xfF(x), * € R, are Lipschitz
continuous, 1i.e.

|mf£(x)—yf€(y)|§K1|x—y|, r,yeR, (=B,P, K;>0. (2.9)

Note that (2.8) and (2.9)) imply that fZ and f” are continuous on R and bounded, since
if f(z)x is Lipschitz, then

|f(@)z| = |f(z)z = f(0) - O] < Kylz]. (2.10)

The interdependencies of the banks’ robustness and corresponding contagion effects are
specified through the drifts in and (2.2). The term A(A}"™ —p;™) represents an attraction
of the individual robustness towards the average robustness of the system with rate A as in
the classical mean-field model . In addition to the homogeneous average term, we
introduce the terms of type fF(p" — A" (pl" — AP™) and fB(pP% — AT (pbP — AP™)
that represent a robustness-dependent evolution of the network connectivity: for typically
positive and increasing fZ and f¥, bank i is the more connected to bank j the higher
bank j’s robustness is above the average. In this way, the evolution of the bubble alters
the connectivity structure of the network according to a model of preferential attachment.
Moreover, the propensity of a node i to attract future links not only depends on the current
level of robustness of i, but also on the robustness of the banks already connected to .
This produces different kinds of preferential attachment: a direct preferential attachment
towards banks with the bubbly asset, and an indirect preferential attachment towards banks
that have invested money in the banks with the bubbly asset, increasing their robustness.
This mechanism is called preferential preferential attachment in Battiston [0], and creates a
network with a set of financial institutions which are very strongly connected to each other.
These banks form a cluster, which is in fact the core of the network. This is referred to as
“strong clustering effect” in [6].

This change in network structure then comes along with an increasing systemic risk and
instability in case the bubble burst, as noted by Battiston [6]. We introduce the delay
0 > 0 to reflect the fact that the bank ¢’s investment decisions does not immediately react
to changes in bank j’s robustness. Note that when there are no bubble banks and ¥ = ),
the system - boils down to the basis mean-field model in , apart from the fact
that here we have the term ﬁ instead of % in front of the sum, since we are averaging the
investments with respect to the other (n — 1) banks. However, the impact of these terms is
the same for large networks, i.e., when n tends to infinity.



Example 2.2. We have that f(z) = 1 + 2arctan(z)/m satisfies Assumption [2.1: [ takes
values in [0,2], and both f and F(x) = xf(x) are Lipschitz, because they have bounded
derivatives.

In particular, f is increasing, so that if ,0{ > pb then the link towards j is stronger than
the link towards i. If the robustness pl of bank j is equal to the average A"™ in , then
the link towards bank j has weight f(0) = 1, if p{ > AP™ the link has weight bigger than 1
and zfp{ < A" the link has weight less than 1. If all the banks have the same robustness,
we have an homogenous network, where all the links have weight equal to 1.

We note that different choices for f are possible. In particular, we could use different
functions for core and periphery banks (for example by considering a parametric dependence
in f) in order to introduce heterogeneity in the model. Here we choose only one function for
both kinds of banks for the sake of simplicity.

Furthermore, any constant function clearly satisfies Assumption|2.1. For such a choice,
we have a static and homogenous network.

Proposition 2.3. Under Assumption for every 0 > 0 there exists a unique strong
solution for the system of SDEs (2.1))-(2.2)). Moreover,

sup E[|pi" )] <00, O0<t<oo, i=1,...,n, (2.11)
0<s<t
sup E[|[pFP] <00, O<t<oo, k=1,...,m. (2.12)
0<s<t

Proof. Suppose by simplicity A = 1 and that o = (¢7);>¢ is constant, i.e. 0f =05 >0

for all t > (ﬂ For § = 0 we can write the system of SDEs given by (2.1)),(2.2]) and (2.6] as
an (m + n + 1)-dimensional SDE

dX; = b(X;)dt + o(X)dW;, t>0, (2.13)

where

_ 1 n 1,B m,B 1 2
Wy= W, ..., W W7 o W™ B, By )i>o0-

'We suppose that o8 = (of )i>0 is constant in order to ease the computations and the notation in the
proof. However, condition (2.5)) guarantees that the result also holds in more general cases.



Moreover,

A P — )y — 2) + £ P — 2) (e — )+ T —

R S e —f)(a:j—f>+12?211f3<xk—f><xk—f>+f-xn
ba) = | ISPy - By — ) + LS = =) |

w2y [l = 2)(z —3) + 5 L”:n’l_f FB(zx — ) (25 — T) + T — Tyin

b(xm-&-n—&-l)
(2.14)
with © = (21,..., Zmynt1) € R™Hand 7 = - S a;. Here o(x) is a (m +n + 1) x
(m +n + 1) block matrix of the form
1 0 0
olz)y=1 0 X 0 : (2.15)
0 0 (tminn)
where ¥ is a n X n diagonal matrix with diagonal (o7y,...,01) and 5 is the m x (m + 1)
matrix
oy 0 0 op
22 _ 0 ()] 0 OB
0 oB
0 0 ... O92 OB

We use Theorem 2.9 in Chapter 5.2 of Karatzas and Shreve [54] to prove existence and
uniqueness of the strong solution of , and that the second moments of the solution are
finite, see the proof of Proposition 5.2.3 in Mazzon [60].

When ¢ > 0, equation becomes

dXt = B(Xt, Xt_(s)dt + 6(Xt7 Xt—é)tha t Z (S, <216)
where &(x,y) = o(x) as in (2.15)) and

L Py — ) — 2+ S5 P e — ) (o — B) + T —

LS Py — ) (g — ) o Lsmtn FB(yk — 9) (o —2) + T —xp

b(x,y) = %22:1 [Py —9)(z; — ) + m— 1 ZHnnJrz fPyk —9)(xp — T) + T — Tpa
y% Z?:l fP(y; — 9)(x; )+— kmtlnﬂl Py —9)(xr — ) + T — T
b(mernJrl)

8



By Theorem 3.1 in Mao [59, chapter 5], to prove existence and uniqueness of the solution it
suffices to show that the linear growth condition

Ib(z »)I* < CA+ l=)* + llyll*) (2.17)

holds and that b is Lipschitz in the variable  uniformly in y, i.e. that there exists a constant
K € (0,00) such that

1b(z,y) — b, y)[I* < Kz — 2’| (2.18)
for all y € R, 2,2/ € R™™. Property (2.17) can be proven by computations similar to the

ones used for & = 0, see the proof of Proposition 5.2.3 in [60]. For the Lipschitz condition
we have

_ _ 1 n i ) )
br(2,y) = ba(' )| <——= > 17wy = 9)ll(w; — ) = (2 — )|
j=2
m-+n
b S U= Dl — ) = (= 7+ |7 = ) e — i
k=n+1

Hence, as fZ and f? are bounded by K, the computations to show (2.18)) are identical to
the case for § = 0.

In order to prove (2.11) and (2.12)), we apply the same argument used in the proof of
Theorem 3.1 in Mao [59 chapter 5]: on [0,0] we have by hypothesis a classic stochastic
differential equation, and by Theorem 2.9 in Chapter 5.2 of [54]

El sup(SHXsHQ] < 00. (2.19)

0<s<

On the interval [0, 20], we can write equation (2.16)) as
dXt = B(Xt, gt)dt + 5'(Xt, ft)th, (5 S t S 25,

where & = X;_5. Once the solution on [0, ] is known, this is again a classic SDE (without
delay) with initial value X5 = &, so that again by Theorem 2.9 in Chapter 5.2 of [54], there
exists a constant Cys > 0 such that

E[ sup [[X %) < Cos (1 -+ E[ X5]1%)) 2%, (2.20)

0<s<28

which is finite by (2.19). Repeating this argument on the interval [26, 30], we obtain

E[ sup HXSHQ] < Cs; (1 + E[HXQ(SHQ]) e30Css < O (1 + E[ sup HXSHZ]) 30035 - g

26<5<36 6<s<20



by (2.20)). Recursively we have

E[ sup ||X3H2] < 00
(k—1)6<s<kd

Then,

sup E[|X.[*) = sup  E[[|X,[]°] < o0, (2.21)
0<s<t s€[ks,(k+1)d]

for some k with [kd, (k +1)8] € [0,¢]. O

3 Mean field limit

We now study a mean field limit for the system of banks (2.1)-(2.2)) for large n.
Define the processes 5' = (5i)iz0,7 = 1,...,n, g8 = (PP )is0, k= 1,...,m, and v = (14)e=0
as the solutions of the following system of SDEs for ¢t > 4:

dpt = —\pldt 4 o dW7, (3.1)
dv, = <<p(t, 1= 0)+ 3 7 (A~ v — Elpig)) (A — v~ ElG) + AE[ﬁi}) dt,
k=1
(3.2)
apf” = (so(t,t o)t S (A s — Bl (A v E[ﬁi])) dt
(=1,04k
n (Mt + ME[F] + v — )) dt + o2dW}E + oPdB!, (3.3)
with
p(t,t —6) :=E[f" (p_s — Elpi_s]) (7, —El7t])]
=E [E [f (Pt—é - E[Pt 5]) (Pt — E| ﬁ ) ‘pt 6”
:E[fp (ﬁfs 5—EPt 5) [ |Pt 5” [fP (Pt § E[ﬁiﬂsm
= e ME [fP (Pt s — Elp 5]) Pr- 5} — Poc ME [fp (ﬂt s E[ﬁi—(s])} ) (3.4)

for t > §. For t € [0, d] we assume that (p;)o<i<s, (4)o<t<s and (_t’ o<t<s satisfy —
for & = 0, with initial conditions g = py € R, 1y = 0, ,6]8 B ,00 eR.
Note that in equation the expression of ¢ is independent of the choice of i since p*,
1 =1,...,n, are identically distributed. For the same reason, the process v in does not
depend on i.
Set

pr=p4v, i=1,...,n (3.5)



In particular,

Py =Ds + /5 <so(s, s—0)+ % S FE@EN = ves — Elgks]) (A8 = v — EI7L]) + MER] - ps)> ds

+ o WE, >4 (3.6)

Remark 2. The processes (p.);>0, ¢ = 1,...,n, are not independent, so a priori the strong
law of large numbers could not be applied. However, as shown in , p' can be written as
the sum of (5});>0 from and ()0 from , respectively. In particular, the processes
p',i=1,...,n, are independent Ornstein-Uhlenbeck processes, and v is independent of i
and common to all p°, i = 1,...,n. In this way, we obtain a decomposition of p* which
permits to apply the strong law of large numbers to the sum of g, i = 1,...,n, and then

prove Theorem [3.2]

Proposition 3.1. Under Assumption for every 6 > 0 there exists a unique strong
solution of the system of SDFEs (3.1)-(3.3). In particular,

sup E[|vs]!] < o0, 0<t< oo, (3.7)
0<s<t
sup E[|pfPY] <00, O0<t<oo, k=1,...,m. (3.8)
0<s<t

Proof. For the sake of simplicity we take A = 1 and 62 = op > 0 for all ¢ > 0 as before.
It is well known that (3.1) admits a unique strong solution. For § = 0, the system given by
(3-2)), (3.3) and (2.6) can be written as an (m + 2)-dimensional SDE

dXt = b(t, Xt>dt + O'(t, Xt)th, t 2 0, (39)
where W = (W2, ..., WP™ B}, B?),50, and

90( )+ o oy [P (k= @ — () (e — 21 — Y(t)) +0(8),
(t) + Zmﬂ fP(xy— 21 — () (2 — 21 — Y(1)) + &1 + Ting2 — T2 + (1),

b(t,z) = ;
p(t) + g 2oty [P (e — 21 = (1)) (we — 21 — (1) + 21 + Tings — Ty + (1),
b(xm—i—?)
(3.10)
with ¢(t) = E[p}] and
p(t) =E[f" (5 —Elp)) (7 —ElA])], t=0. (3.11)
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The (m + 2) x (m + 2) matrix o(x) has the form

0 0 0 O 0
) 0 0 op 0
0 o 0 o 0
o(t,z) = ? . UB . (3.12)
. . . B
0 0 ... O9 OB 0
0 0 ... 0 0 od&(rm2)

Computations similar to the ones in Proposition [2.3| guarantee existence and uniqueness of
the solution of and that the second moments exist finite by Theorem 2.9 in Chapter
5.2 of [54], see [60].

The proof for the case § > 0, based on Theorem 3.1 in Mao [59, chapter 5], is analogous
to the one of Proposition 2.3} O
We now present the main theoretical result of the paper, which guarantees that, in the

setting of Assumption the system ([2.1)),(2.2) can be approximated by (3.6, (3.3]) for

large networks. Denote |z — y|; = sup,<; |zs — ys|. We have the following

Theorem 3.2. Fiz i € N. Under Assumption for any t € [0,00) and § > 0 it holds

lim (E Up’hn - ﬁl‘ﬂ + EHpk’B - ﬁkyB’ﬂ) = 07 k= 17 <o,y

n—oo
where pi, o', PP, P are defined in [21), (B), @22), B3) respectively.

Remark 3. We now interpret the results of Theorem [3.2l Note that the influence of the
bubble on the limit system is twofold: it rules out propagation of chaos and increases systemic
risk. Indeed, the bubble makes the banks of the core mutually dependent at the limit, as
they share a common stochastic source. Furthermore, their impact does not vanish in the
limit. As a consequence, all banks in the system remain dependent on each other in large
networks as well. This breaks down the propagation of chaos, that is the property by which
the system decouples more and more as the network gets larger. On the contrary, the bubble
acts as a driving force of the system in the limit, too.
The term

%i 7 (ﬁf’f} — Vs — E[ﬁi_5]> (ﬁ,’?’B — - E[ﬁi]) (3.13)
k=1

in makes this influence explicit: also the banks not holding the bubble are affected by
its evolution, through the robustness of the banks with the bubbly asset. Moreover, again
by it can be seen how the bubble increases systemic risk: when the bubble bursts,
also the banks in the periphery suffer a loss, because they are not able to promptly disinvest

12



due to the delay ¢ in . In this way the most systemic banks (i.e., the most connected
institutions in the network) are the most exposed to the shock as well.
We also note that the mean reverting term \(E[5i] + v, — p;"") in (3.3), which is the limit
of M(AP™ — piPY in ([2.2), reduces the risk since it slows down the fall of p*# after the burst.
For further details, we refer to Section [4.3] where numerical simulations are performed
in order to investigate the behaviour of the system after the burst of the bubble.

We provide the proof of Theorem [3.2] in the Appendix. In order to prove Theorem [3.2]
we give the following

Proposition 3.3. Under Assumption[2.1], for 0 < § < oo,

i [ €| 230 6 - At - A e 5~ B (5~ 1) s =

n—oo 0

and

lim [\—pr Po—s — APl — AL™) — B [£7 (65 — Elp.]) (7 — EIAY))] Hds =0,

n—oo

for 0 < 4§ <t < oo, where p' and p' satisfy (3.1) and (3.6), respectively, and

A”m:m+n<2pt+2pt > t>0. (3.15)

Proof. We limit ourselves to prove the second limit, since the first one follows as a

particular case. Let us write, for ¢t > § > 0,

e[ 2277 = At ) € 1 i ) )

< 2 D[t A - A7) 7~ B G €l

+E“—pr pis — Elp,_s) (7 — E[3]) —E [f7 (5i_s — Eli_s]) (7 — El7])]

since p', i = 1,...,n are identically distributed and the same holds for g¢, i = 1,...,n.
By (3.5 we have that

_ 1 n m 1 n m
A= (ZpH;p?’B) - (nut+;ﬁ:+;pi"3> ,

r=1
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so that

n

> B =w+E[] as.,

r=1

lim A" =y + lim
n—00 n—oo M + N

by (2.12) and the strong law of large numbers, as p%, i = 1,...,n, are independent and
identically distributed. Then we have

Tim (75,5 = AP) Py — AP =F7 (Vs + fis — (vi-s + Bl 4])) (v + 5, — (e + ElG]))
= f" (Pis —Elpi_s]) (5. —Elp]) a-s. (3.16)

We now prove that the family of random variables {£ ™" | f¥(p!_s—AL"S)(pt — AT™) bnen is
uniformly integrable for every s € [0, t], so that convergence almost surely implies convergence
in L.

By point (iii) of Theorem 11 in Protter [66, chapter 1] it is enough to prove that for every
s € [0,1],

2
1 & . - -
E|l— P(pi_s— AT (ph — A™ : 3.17
Slip (n;f <p5—6 s—§)(ps s )) < ( )
For every s € [6, ], we have that
P n,m n,m 2 2 1 - = AN,m 2
e| (- Zf P — AP — AT | < (FE| (S Y 16 — 4w
i=1
n 2
_h,B
P, \)}
1

n

1 ~r
(1 —=n/(m+n))|v| + |pe| + m—i—nE AR
r=1

rare|

QE[ vl + 74| + = Z| %glp?ﬁ!)z}
(E |y5|2+|ps|2+2|pk“_ E[ei}'ﬁy)z})
0 (]

k=1

1 [~ .,
el + 1+ 3] + T 3] ).

k=1 r=1

< 4<K1>2(E P 1+ SR + Enm) < oo,

by (3.7) and (B.8) and because E|p!|?] < co. Hence, {37 | fP(pl_s— AT (0L — AZ™) ben
is uniformly integrable and we obtain therefore by (3.16|) that

im €| 7715 = A23)(7t — A2 - 171 - €D (L~ €D | =o.

n—oo

14



Moreover, for § < s < t,

e |77 s = A~ )~ 17— Bl )~ ElD)|
< K\ (B, — A3 + I~ Bl )

where the second term belongs to L' ([6,¢]) and does not depend on n. On the other hand,
we have

t t
/a@—wwwg/E
0 0

t
< [CERIAI+ Il + It s
0

<t sup E [2|pL] + |vs] + [plP]] < oo, (3.18)
0<s<t

25+ (1= n/(m+n)) |vy +—

1 —,_
Z| ﬂ; |P?’B|] ds

by (3.7) and (3.8). We can then apply the dominated convergence theorem to obtain, for
teld, oo)

lim Uﬁwm Ay (g — Anmy — fP (G, — E[5L (7 — EL5)

n—oo 5

]ds =0, t>o.
(3.19)

It remains to show that for ¢ > ¢ it holds

i | U—}jf Bl )P El)E (77 (s El7i]) (52— €] [| s =0

(3.20)
Since p¢, i = 1,...,n, are independent and identically distributed, we have that, for § < s <

HmEU—E:ffua El )~ B — E 7 (s — €D ) (72— €D || =0

n—oo

Then limit ( - ) follows by the dominated convergence theorem, by Assumption and
since the Ornstein-Uhlenbeck process has finite moments, see the computations in (3.18)).
O

4 Liquidity induced bubbles: theory and numerics

4.1 Liquidity induced bubbles in an information network

We now provide more details on the theory of asset price bubbles and our model choice
for B in this paper.
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The formation of asset price bubbles has been thoroughly investigated from an economical
point of view, see e.g. Tirole [71], Allen and Gale [2], Choi and Douady [20, 21], Harrison and
Kreps [42], Kaizoji [53], Earl et al. [30], DeLong et al. [25], Scheinkman and Xiong [68] 69],
Xiong [72], Abreu and Brunnermeier [I], Follmer [35], Miller [63], Zhuk [73].

Different causes have been indicated as triggering factors for bubble birth, such as het-
erogenous beliefs between interacting agents (as in [35], [42], [68], [69], [72], [73]), a breakdown
of the dynamic stability of the financial system ([21], [20]), the diffusion of new investment
decision rules from a few expert investors to larger population of amateurs (see [30]), the ten-
dency of traders to choose the same behaviour as the other traders’” behaviour as thoroughly
as possible (see [53]), the presence of short-selling constraints (see [63]).

From the mathematical point of view, financial asset bubbles have been mainly studied via
the martingale theory of bubbles, introduced by Cox and Hobson [24] and Loewenstein and
Willard [57] and mainly developed by Jarrow and Protter [47, 48], Jarrow et al. [49] 50} 51,
Protter [67]. In this setting a Q-bubble is defined as the difference between the market price
of a given financial asset and its fundamental value, given by the expectation of the future
cash flows under an equivalent local martingale measure Q).

Furthermore, other constructive approaches have been proposed, where the fundamental
value is exogenously given, whereas the market value is endogenously determined, see Jarrow
et al. [52] and Biagini et al. [10].

We here follow the approach of [10] and [52] and assume that the market wealth is
determined by the trading activity of investors and studied through the analysis of the
liquidity supply curve. In particular, the stock is traded through a limit order book, so that
limit orders and market orders are possible. Market orders, which deplete or fill in the limit
order book, produce a variation in the price over a small interval of time. If new market
orders quickly enter before the price has time to decay again to the fundamental value, these
short-term price variations may accumulate and result in a deviation from the fundamental
wealth with a consequent bubble birth?|

Motivated by the above analysis, the bubble is supposed to follow the dynamics

dﬁt - MtAt(—kﬁtdt -+ 2d)(t)7 t Z O, (41)

where M = (M;)¢>0 and A = (A¢);>0 are respectively a measure of illiquidity and the so called
resiliency of the limit order book, which takes values in [0, 1]. The process X = (X})i>0 is
the signed volume of market orders, defined as the cumulated difference between the buy
market orders and the sell market orders. Moreover, in agreement with the approach of [52],
k > 0 is the speed of decay, which is assumed to be strictly positive since the market price
is supposed to go back to the fundamental value in the long term.

2For more details about the economical motivation of this setting, we refer to [10] and [52].
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We consider that X satisfies the following dynamics
dX; = jydt + o,dBE, t >0, (4.2)

where i = (fir)i>0 and & = (0¢):>0 are progressively measurable processes satisfying some
integrability conditions. In this way,

dBy = MMy [(—kBy + 2[1)dt + 26,dB7], >0, (4.3)

i.e. [ solves (2.4]) with
pe = MyA (=K By + 2f), of =26:MN;, t>0.

In the simulations below, the illiquidity M is supposed to be a geometric Brownian motion,
whereas A is taken constant.

In [I0], the evolution of X is modelled through a contagion process within an information
network of investors. Traders may imitate neighbours in the network that have successfully
bought the bubbly asset, and place as a consequence a buy market order on the asset.
This eventually leads to some self-exciting herding effect, which in turn blows up the signed
volume of market orders and then generates the bubble. The analysis of the contagion mech-
anism is based on some epidemiological studies describing virus diffusion in a population. In
particular, virus diffusion is reinterpreted as trading contagion, and modelled through the
SIS model, studied for example by Pastor-Satorras and Vespignani [64., [65].

The evolution of the bubble is then characterised by two different phases: in the first
one the bubble blows up, since the quick increase of the signed volume of market orders X
dominates in equation . In this phase, the essential force of the bubble is given by the
contagion mechanism driving X. The contagion accelerates to a maximum and then slows
down, since it tends towards an equilibrium. At this point, the drift of X gets smaller, and
the mean reverting term of equation starts to dominate. This leads to the burst of the
bubble, here identified by a stopping time time 7, and to the second phase, i.e. the decrease
of the bubble towards zero. In particular, in the next subsections we characterise T as the
first time when the drift in (4.3)) gets negative.

4.2 Risk analysis for the finite case

We now study by numerical simulations how the system described in Section [3| reacts to
the growth and the burst of a bubble. In particular, we investigate how a bank not holding
the bubbly asset can be affected by a bubble burst through contagion mechanisms. We first
consider the case of —, i.e. of a network with a finite number of banks, and then we

analyse the limit system (3.1))-(3.3)).
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We choose the same function f for both core and periphery banks in (2.1)-([2.2), i.e. f# =

P = f. In particular, we take f(z) = 1+ 2arctan(z)/n, as in Example 2.2] We investigate

how the first bank reacts when banks holding the bubble are in trouble. Specifically, we here
introduce and compute the risk measure

N,
. 1
- 1,A - _ N ) ) <
Risk} sup {x eR: [Ns kE_l 1{p::przT,:,k§$}] < Oz} ;

with @ > 0, where N; is the number of simulations of the processes in ([2.1)-(2.2)), 7 is the
value at the k-th simulation of the bursting time 7 of the bubble, and p:™* is the value of

(4.4)

pi’" computed in the k-th simulation. Here A represents a time interval after bubble burst,
which can be considered as an exogenously given risk management time horizon.

The risk measure Risk’® as defined in (4.4]) measures the impact of realised distress of the
institutions holding the bubble on the system, at the moment of the burst. In this sense, it
can be seen as the CoVar of a bank without the bubbly asset when banks holding the bubbly
asset suffer a loss (for a definition of CoVar see e.g. Biagini et al. [§] and Brunnermeier and
Oechmke [I5]). Note that, since the banks not holding the bubble are identically distributed,
we only compute the risk for one bank.

From now on, we set a = 0.05 in ([£.4). We perform N, = 10000 simulations of Risk)5:
in the case when there are n = 6 banks not holding the bubble and m = 2 banks holding it.
We consider different values of A and of the delay §.

The results are given in Tables[I] 2] and [3] for A = 0.05,0.1, 0.2 respectively.

0=0]0=0025]6=0.05|0=0075]6=01]06d=02]6=0.3
A=0.51]0.109 0.150 0.292 0.289 0.290 0.288 0.286
A=1 |0.083 0.135 0.252 0.251 0.245 0.245 0.249
A=0.50.083 0.119 0.230 0.227 0.226 0.225 0.222

Table 1: Riskys in the case when the robustness is given by ([2.1)-(2.2), with parameters

or=00=02 A=0.05pi° =pbP =05,i=1,...,6, k=1,2.

0=0]0=0025]6=0.05|0=0075]6=01]06=02]|6=0.3
A=0.51]0.125 0.176 0.441 0.672 0.886 0.864 0.863
A=1 |0.121 0.163 0.301 0.540 0.777 0.758 0.751
A=2 |0.120 0.130 0.246 0.485 0.703 0.686 0.684

Table 2: RiskyS: in the case when the robustness is given by (2.1)-(2.2), with parameters

o1 =03=02 A=01, pi =pi? =05,i=1,...,6, k=1,2.
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0=0[0=0.025|0=0.05]6=0075|0=01]6=02|6=0.3
A= 0.5 0.261 0.294 0.493 0.753 1.085 2.070 2.007
0.190 0.215 0.382 0.585 0.893 1.900 1.879
0.170 0.181 0.330 0.535 0.785 1.812 1.806

A=
A

Table 3: Risk)5: in the case when the robustness is given by (2.1)-(2.2), with parameters
o1 =00=02,A=02p% =ptP =05,i=1,...,6, k=12

We note a non-monotonic behaviour with respect to the delay §: when the delay is small,
banks are able to quickly disinvest when other institutions holding the bubble are in trouble,
reducing the loss. However, in all the three cases A = 0.05, A = 0.1 and A = 0.2, we observe
that for delays larger than A, the risk is still big but it decreases. This depends on the fact
that we check the robustness of the banks at time 7 + A: at this time, when § > A, f is
smaller than in the case 6 = A because banks are cross investing on each other according to
a value of the robustness, which is realised much before the bubble’s burst.

Moreover, the risk is decreasing with \. Indeed, it follows by that p"" reverts to

e (S -y s 3 gt apmd - arm).
=1 K 10#£k

so that for large A the term involving the network, and then the direct effects of the banks
holding the bubbly asset, is less significative.

Remark 4. By , we note that the mean reversion term —kf; is the main driving force
of the shock at the moment of the bubble’s burst. This term dominates when the contagion
mechanism triggering the bubble slows down. Since it is a linear function of the bubble, we
see that the size of the bubble at the moment of the burst affects the risk in two ways:

e it amplifies the shock suffered by the banks holding the bubbly asset, through the
above mentioned term —kf;;

e it makes the network more centralised towards the banks detaining the bubbly asset.
This is due to the fact that bubble’s size also influences the term f(p*% — A™™) in
, so that banks in the periphery have a strong connection with the banks that
suffer the shock. This makes the system more prone to systemic risk.

In order to investigate this last phenomenon, we now consider (2.1)-(2.2) when g is
replaced by 3, where

_ 0 fort<m,
Br = (4.5)
By — By fort>rT.
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In this way we model the case when the banks that hold the bubbly asset are subject at
time 7 to the same shock, but without having experienced the growth of the bubble.

Remark 5. Note that we assume the same shock size in the scenario with and without the
bubble. This is a conservative assumption, as the shock size would be expected to be smaller
when there is no bubble. Considering the same shock in both scenarios allows to isolate the
impact on systemic risk due to the distortion of the network’s shape caused by the bubble.
We see that even under this conservative assumption, the risk is smaller when there are no
banks holding the bubbly asset.

The results are given in Tables [ [§] and [6] for A = 0.05, 0.1, 0.2 respectively.

0=0]0=0025]6=0.05|0=0075]6=01]6d=02]|6=0.3
A=0.50.113 0.143 0.279 0.277 0.276 0.276 0.274
A=1 |0.085 0.130 0.224 0.222 0.221 0.220 0.217
A=2 10.079 0.111 0.202 0.196 0.191 0.190 0.190

Table 4: Riskyos in the case when the robustness is given by (2.1)-(2.2) with no bubble in

the system, but with the same shock at time 7, for parameters o, = 09 = 0.2, A = 0.05,

piS = BB 05 i =1,...,6, k=1,2.

0=0]0=0025]6=0.05|0=0075]6=01]6d=02]|6=0.3
A=0.5]0.138 0.172 0.320 0.500 0.773 0.765 0.760
A=1 [0.122 0.160 0.259 0.434 0.641 0.611 0.600
A=2 |0.127 0.126 0.193 0.343 0.524 0.511 0.506

Table 5: Riskyos in the case when the robustness is given by (2.1)-(2.2) with no bubble in

the system, but with the same shock at time 7, for parameters oy = 0o = 0.2, A = 0.1,

pé,fs:plg,B:()&i:l’mﬁ,k:1,2.

0=0]0=0025]6=0.05|0=0075]6=01]6d=02]|6=0.3
A=0.5]0.268 0.290 0.425 0.680 0.999 1.773 1.765
A=1 | 0.187 0.210 0.356 0.480 0.695 1.449 1.412
A=2 ]0.173 0.180 0.202 0.447 0.570 1.269 1.262

Table 6: Riskyos in the case when the robustness is given by (2.1)-(2.2) with no bubble in

the system, but with the same shock at time 7, for parameters oy = 0o = 0.2, A = 0.2,

0,6

P = phP —05,i=1,...,6, k=1,2.
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Remark 6. We note that, also in this case, the risk is maximum when § = A. This means
that the risk first increases and then (slightly) decreases with respect to the delay not because
of the presence of the bubble, but due to the nature of the system —. Of course when
the delay is small, the risk is also smaller, because banks can promptly disinvest when the
others are hit by the shock. However, the behaviour for delays larger than A is more subtle.
Even if there is no bubble, the robustness of some banks in the system may be bigger than
the rest, because of the random effect of Brownian motions. In the case under examination,
the worst scenarios occur when 5 := pi — A" is big for ¢ € [r,7 + A], so that the banks
have a stronger link towards the ones hit by the shock. This happens for the choice o = 0.05
in , if 6 > A. Moreover, (s is slightly smaller for large delays, if t — 6 < 7 (which is
the case for every t € [r,7 4+ A] if § > A). For this reason, Riskyss is smaller when § > A
compared to the case § = A.

We now compare the results to the case when there is a bubble in the system. Note
that for 6 = 0 there is not any significant difference, since the banks are able to disinvest
immediately at the time when the shock hits the banks with the bubble. Anyway, this
difference increases with the delay. When the delay is big, the banks with no bubble are
much more in trouble in the first case, i.e when they are attached to banks holding the
bubbly asset.

We can then conclude that the increase of the value of the bubbly asset can put the
network in trouble, because it makes the system more centralised on the riskier banks, due
to the preferential attachment mechanism implied by —.

This can also be seen by considering a static network, i.e. by taking f2 = ff =1 in

-, see Table

A=005|A=01]A=02
A=0.5 0.251 0.702 1.821
A=1 0.191 0.533 1.754
A=2 0.158 0.437 1.765

Table 7: RisklS: in the case of a static network, with f5 = f” = 1 and with parameters
o1 =0,=02p% =pb? =05,i=1,...,6, k=1,2.

Note that in this case the delay plays no role since it only affects the dynamics through f?
and f¥. Comparing this result with Tables , and (3, we see that, when § < A, the fact that
banks are able to disinvest before the risk management time horizon A makes the measure
Riskyss smaller than in the case of a static network. On the other hand, for big values of
0, a centralised network towards the banks holding the bubbly asset and the impossibility
to quickly disinvest after the burst give rise to a more dangerous system than in the static
case.
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4.3 Risk analysis for the mean field limit

We now consider the case of the limit system (3.1))-(3.3). We compute

N

where Ng; and 75, are the number of simulatlons and the time of the burst of the bubble in

1
Riskyss = — sup {x €eR: [ (4.6)

the k-th simulation, respectively, and ﬁi * is the value of pt computed in the k-th simulation.
As before, we consider m = 2 banks holding the bubble and we make N, = 10000

simulations of (| - . 3.3)) taking different values of A, § and A.
Note that, calling uzs = poe (”219) (1 — e72%%) the expectation and the

variance of i, we can directly compute ¢(t,t — 6) in (3.4) with fP(z) =1+ 2 arctan(z) as

and 055 =

90(?5, l— 5) =e ™ [fp (ﬁi_a - E[ﬁi—&]) ﬁi—(s} - M@tE [fP (ﬁi—a - E[ﬁi—(s])}
1 2
_ e,\é/ —e—(x_uﬁ,t_aﬁ/(za,;,t_a) (1 + = arctan(z — Mﬁ,té)) rdr
o0 \/2054—5T T
— s /Oo ;e_(l‘—ﬂﬁ,tfé)z/(Qo'ﬁ,tfé) <1 + 2 arctan(ac _ ,u~t—6)) dr
S . \/ 2055 T P
2 [ 1 2
_ AL —(@—p5.0-5)/(205.1—5) . .
=e e arctan(x _s)(z _s)dx
71_/_Oo \/m ( Hpt 5)( Hp,t 5)
2 )\ /OO ]. _( - )2 20 ~
+ —(e — Dz —_—— g \FTHS /( U"’t‘5>arctan T — ls_g)dx
71'( )ﬂpﬂf g - \/m ( Hpt 5)
2 [ 1 2
_ A2 —a2/(205.4-5)
=e e arctan(x)zdz
m /_oo /20505 )
2
= e M/ (205-6) /Uﬁ,t(;\/jErfc(l/\ [205:-5), 0<0<t, (4.7)
T
with Erfc(z) = % [2° e~ dt, where we have used the fact that [* e */@959) arctan(z)dx =
0.

The results of the simulations are gathered in Tables [§] [9] and [10] for A = 0.05,0.1,0.2,
respectively.

0=0]6d=0.025]6=0.05][0=0.075|6=01|6=02]6=0.3
A= 0.5 0.078 |  0.169 0.331 0.320 0.318 | 0.315 | 0.313
A= 0.087 | 0.168 0.327 0.315 0.311 | 0.311 | 0.308
A= 0.085 0.160 0.325 0.313 0.309 | 0.307 | 0.302
Table 8: Riskid: with A = 0.05 of the mean field limit (3-1)-(3.3), with parameters oy =
oy =02, p? =05, k=1,2.
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0=0]0=0025]6=0.05|0=0075]6=01]6d=02]|5=0.3
A= 0.5 0.134 0.210 0.442 0.762 1.043 1.041 1.040
A= 0.131 0.215 0.428 0.739 1.015 1.011 1.010
A= 0.128 0.213 0.425 0.663 0.918 0.909 0.909

Table 9: Riskyg: with A = 0.1 of the mean field limit (3.1)-(3.3), with parameters oy =

oy =02, piP =05, k=1,2.
6=0[6=0025]6=005]6=0075]6=01[6=02]6=0.3
A ::0.5 0.218 | 0.297 0.512 0.827 1.192 | 2764 | 2.710
A=1 [0215] 0.295 0.510 0.815 1.152 | 2.586 | 2.547
A=2 [0215] 0.286 0.488 0.736 1.027 | 2.377 | 2.307

Table 10: Riskyss with A = 0.2 of the mean field limit (B.1)-(3.3)), with parameters oy =
k,B
oy =02, piP =05, k=1,2.
As before, the risk is increasing with the delay until 6 = A and decreasing with A, since
p. reverts to

X (@ (tt—d %Z £ (A5 = vies = Elpis]) (0" — - E[ﬁi})) +El7i) - 7.

so that a large \ diminishes the influence of the banks holding the bubbly asset.

We can also see that the risk is bigger at the limit by comparing and : since
vi—s + E[pi] < A®'", because the first term is the average robustness of banks not holding
the bubble, the argument of f is bigger in (3.6)). This leads to a bigger weight multiplying
the loss at the moment of the burst at the limit.

In Tables and [13| we report the results for the case when f is replaced by § as in
, i.e. when there is no bubble in the network, and A = 0.05,0.1, 0.2, respectively.

0=0]0=0025]6=0.05|0=0075]6=01]6d=02]|6=0.3
A= 0.5 0.087 0.152 0.281 0.279 0.274 0.274 0.269
A= 0.091 0.152 0.280 0.277 0.274 0.273 0.268
A= 0.088 0.151 0.275 0.272 0.270 0.267 0.264

Table 11: Riskys: with A = 0.05 of the mean field limit (3.1)-(3.3) with no bubble in the
system, but with the same shock at time 7, with parameters oy = 05 = 0.2, plg’B = 0.5,

k=1,2.
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0=0[0=0.025|0=0.05]6=0075|0=01]6=02|6=0.3
A=0.50.142 0.200 0.369 0.583 0.801 0.799 0.791
A=1 |0.137 0.205 0.359 0.579 0.790 0.788 0.770
A=2 |0.140 0.203 0.357 0.559 0.759 0.753 0.740

Table 12: Riskyg, with A = 0.1 of the mean field limit (3.1)-(8.3) with no bubble in the

system, but with the same shock at time 7, with parameters oy = o9 = 0.2, pg’B
k=1,2.
0=0|6=0.025]0=005|0=0075|6d=0.1|6=02]|0=0.3
A=0.510.229 0.294 0.445 0.670 0.919 2.011 1.976
A=1 |0.219 0.285 0.443 0.655 0.897 1.882 1.858
A=2 [0.219 0.280 0.433 0.630 0.875 1.735 1.724

Table 13: Riskyg: with A = 0.2 of the mean field limit (3.1)-(3.3) with no bubble in the
system, but with the same shock at time 7, with parameters oy = 05 = 0.2, plg’B = 0.5,
k=1,2.

As before, it can be seen that, when the delay is large enough, the preferential attachment
mechanism, that takes place during the ascending phase of the bubble, creates a network
more exposed to systemic risk at the time of the shock. This is made explicit by the term
f (ﬁf’_@ — Vs — E[ﬁi_5]> in ([3.2), which is big in the presence of a bubble, see also Remark
. If we consider a a static network, with fZ = fF = 1, the results, shown in Table ,
agree with the ones obtained in the case of the finite network: for small delays the dynamic
network is less exposed to systemic risk with respect to the static one, whereas when the
delay increases and the banks in the dynamic network are slower in disinvesting, the risk is
bigger than for the static network.

A=005|A=01]|A=02
A=0.5 0.256 0.690 1.754
A=1 0.248 0.677 1.750
A=2 0.235 0.675 1.681

Table 14: Risky5: in the case of a static network with f% = fF =1 of the mean field limit,

with parameters 0, = 09 = 0.2, plg’B =05 k=1,2.

Remark 7. By comparing the tables of Section [4.2] and Section 4.3 we see that the choice
of the risk management time horizon A does not strongly impact the qualitative behaviour
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of the results: for every choice of A, Riskéj(% is bigger in the presence of the bubble, and is
decreasing with respect to the parameter A. For all values of A, Riskzéé is maximum when

§ = A, see also Remark [0]

In order to further display the effects of the bubble and of the delay, we present some
graphics as well. Figures (1| and [2| show the evolution of a bank in periphery (for the same
realisation of the driving Brownian motion, i.e. for the same w € ) in the case when the
banks of the core own a bubbly asset and in the case when they suffer the same shock at the
time of the burst, but without having experienced the growth of the bubble. The value of
the robustness of the bank in the periphery at the time when the shock hits the banks in the
core is marked with a black cross. We see that, immediately after the burst, the robustness
of the bank continues to grow, because core banks’ robustness is higher than the average in
the term

%i 17 (ﬁf’f; e E[ﬁiﬂs]) (ﬁf’B — V= E[ﬁi]) : (4.8)
k=1

However, after a while, (4.8) gets negative and the bank is also indirectly impacted by the
shock. The decrease of the robustness is higher in the case with the bubble, and for 6 = A.

Case with th

Case with th ‘e bubble
Case without the bubble

‘e bubble
Case without the bubble

Robustness

L 1 L L L 1 L L L
0.8 0.9 1 1.1 12 1.3 0.8 0.9 1 1.1 12 1.3

Figure 1: Evolution of the robustness of a
bank of the periphery in the limit system,
with and without a bubble in the market,
but with the same shock at time 7, with
parameters o1 = 09 = 0.2, plg’B = 0.5,
0=0.1and A =0.2.

Figure 2: Evolution of the robustness of a
bank of the periphery in the limit system,
with and without a bubble in the market,
but with the same shock at time 7, with
parameters o1 = 05 = 0.2, plg’B = 0.5,
0=02and A =0.2.

The impact of the delay § on the risk is further illustrated by Figure [3, where the
robustness of a bank in the periphery is plotted for different values of 9§, again for the same
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w € €. Here we can see the behaviour described in Remark [6f when § = 0 the bank can
immediately disinvest when the banks in the core get in trouble, and thus its robustness does
not decrease after the shock. However, when ¢ gets bigger, the decline of the robustness is
more pronounced: for example, the decrease for 6 = 0.1 and § = 0.2 is the same up to 7+0.1,
but after 7 + 0.1 the bank disinvest and stops the decrease if § = 0.1, whereas it continues
to sink if 6 = 0.2.

Robustness

T

08}

06

0.4

Figure 3: Evolution of the robustness of a bank of the periphery in the limit system, with
parameters o, = g9 = 0.2, p’S’B = 0.5, A = 0.2 and different values of the delay .

A Proof of Theorem 3.2

We suppose by simplicity A = 1 and we proceed by steps, starting from the case when

0 <t <4, i.e. when there is no delay in equations (2.1)-(2.2)) and (3.2)-(3.3]).

First step: case 0 <t < 4.
For every i = 1,...,n and t € [0, ), we have

t
o= [ avs
0

where

1
n—1

S el = ATy (bt — Army —E [P (5L — E[BL]) (0 — E[AL)]

=1

INE

s

1 — ~i 1\ [ = ~i
+— D (FPT = AT (7 — AY™) = FPET — vl — Bl (6L — v — ElA))
k=1
— (" = PL) + (AP™ = AD™) + (AT — E[5] — vs).
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Thus

s t
gsup/ \AZ\du:/ |A?| du.
s<t JO 0

Therefore, for every i = 1,...,n and t > 0, we have

t
el - <€ | [ azis
0

< [ell-25 3 Gt - avner - ) - - Ay - A
0 j= 13‘#

/ Adu
t1Jo

o = il =sup
s<

/ U— S PR A &) E [ (7~ El5) (7 EL7)] Hds

J=Llj#i
- [e [\— S (PP — Ak — ) = 72— (gt - ) | as
1 - k,B An,m\ [ =k,B n,m B/ -k,B n ~7
+ [ E{EZU (P = A A = S 2~ A (A — v~ ELD) [
k=1
+ [ e = s+ [ el - aras+ [ (LA - Bl - ) ds
(A1)
By (2.9),
/ [1 (" = A2) i = AT = 1715 = A2t = Ao
J 1]#%
[\fp - AT = AT = (g, = A = ) s
J 13#Z
e[ — am) = (- 2 s
] 1,j#i
n_ljlzm/ 62 = ] + |z — Az s
:Klf E o — 7] ds—i—Kl/ E[jAmm — Al ds, ¢ 0. (A.2)
0 0

By and we have that
! n,m An,m 1 - h,B —h,B
I Iy A e DU | DR A = S i

27




t t
< [ el = pillds+ [ Elloh?~ " ]ds, ez0 (A3)
0 0

because all p', i =1,...,n, and p*Z, k= 1,... m, are identically distributed.
We can conclude by (A.2) and (A.3]) that

n

[Ellt S G = armye - ) - (g - Ayl - A as
j=1,5i

t t
SQKI/ E [[pl" = At ds+K1/ E [|o? - pb?|] ds
0 0
t

t
§2K1/ E[|o"" - 7[] ds+K1/ E ||~ = 7] ] as, 1> (A.4)
0 0

Similarly,

/o EU%ZU%@B—A:vmxps’B—A’m—f (P = Ap™)(ps? = Ap™)) ”ds
k=1

t t
§K1/ E[|o"" = 7[] ds+2K1/ E ||~ = 7] ] as =0, (A.5)
0 0

From (A.1)), (A.3), (A.4) and (A.5) we have that

el — 7]
< (3K, +2)/ E[|p"" —7'|)] ds+ (3K1 + 1)/ E Upk’B —p" j ds
0 0
+ |15t = A - A = 1P — v Bt - v~ Elp s
t 1 n ) _ ) _ ) . . .
+ /0 E “m ST - A (- Ay —E[f7 (5L — El5) (7. — El5L))] H ds
=L
v [Ear e - wlds, 20 (2.6)
0
Proceeding as before, we find
E[lp"" = o7
< (3K, + 1)/ E | - ﬁlm ds + (3K, +2)/ E [|pk’B —p" :] ds
0 0
b [Pt — Ak A = PP — v B - v~ Elp) | as

+ /Ot E U% ; Pk = Army(pl — Army —E[£7 (61 — E[p) (6% — E[A)] H ds
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+ /O E [JAr™ — v, — E71[]] ds, (A7)

so that, summing up (A.6) and (A.7), we have

Ellpi — 71 + E0" = 22;)

§(6K1+3)/0tEHp —p'|7] ds + (6K + 3) /t Up pk,B’de
2 / [!fB B Amm) (B Ay~ (g ’B—V”—E[ﬁi])(ﬁ’?B—vs—E[ﬁi])@dS

J el
[l

t
+ 2/ E[|AM™ — v, — E[Z|]] ds, t>0. (A.8)
0

Z Fo(pL = AT™)(ph — AY™) — B [f7 (6, — E[A]) (7% — ElL])] Hds

J 1j#i

Z FP(pk = A (ph — Arm) —E [£7 (6% — ElA]) (7% — E[5L)] Hds

We can now apply Gronwall’s Lemma and obtain

E(lp"" — &';] + E[lpi"” — pi° B| ]

< comen ['e| Lo S0 - Al - A~ € [ (5L~ El) (7~ € [|as

J 1,j#
- elSH) / U—pr — AL (pl — Ay™) —E [£7 (6 — ElY]) (7% — EIA4))] Hds
+ 2e(6K1F) / [If — AP (P = AT = fE(peF — v — E[B) (5T — vs — E[AY)] ] ds
T /t (A7 — , —E[#i[]] ds, ¢ > 0. (A.9)

We can write

/ U Z Fopl = Ayl — Ay™) — E[f7 (5, — Elpd]) (7% — ElAL])] ”ds

J 1,j#i

s(nil n)/ U S PP - A - A%\]ds

J=1,j#i

* / EU; > 17— A - A~ E [£7 (7~ ELA]) (7%~ Elp) Hds
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+2 [ e (5t~ ElA) (7~ Ela) s ¢20,

with

(ﬁf%) /OtEU > f”(p?;—fi’;’m><pi—fizvm>ﬂds

j 1,574
J=1,j#1

1 ! —~i An,mN\ (=i An,m K ' i AT,m
= _/ EHfP(ps - "457 )(ps - ‘/457 )Hdé’ < _1/ EHps - ‘As7 ”d87 t> 07
n Jo n-Jo

where the last term tends to zero when n — oo by (3.18]).
Since it can be shown, for ¢ > 0, that

t
lim E{\fB( = A (kY = Ay = fP (P — v — E[B) (P8 — ve — E[])] | ds =0,
n—oo 0
and .
lim [ E[JAM™ —v, —E[F]]]ds =0, t>0, (A.10)
n—oo 0

with the same proof as for (3.18]), then by (3.14])) we obtain the result for ¢ € [0, ).

Second step: case t € [0,20).
For every i = 1,...,n and t > 9§, we have

) t
| pas s [ ainasl,
0 )

" — Pl <
where

A n—l Z Fr(plns — AL (i — Av™) —E [£ (py_s — Elpi_4]) (7} — Ell))]

J=1,j#1
+— Z (PP = Ao — Ay = FP (oY = vy — B s)) (57 — v, — ELGL)))

— (1" = p) + (AP — AP + (AP — E[p] — vil)-

) s
IR N
0 1
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Thus

) s
< [ 1o = bdu+ swp [ du
0 0<s<t J§

7" — 5l = sup

s<t



5 ¢
= / |pt™ — pl | du +/ |Az’”‘ du, 6 <t. (A.11)
0 5

For every + = 1,...,n, we have

t
E U |Ag’"|ds}
3

< [e Uni Y (P — A — AT — £ — A - fvzm»]] ds

Jj= 19751
v e (P = A7)0 = A) — E 7 (s — €D ) (7 — €G] s
0 J Lj#i
+/55\_ (15— A — A G~ At o am) [
+/ E mZ)fB s = AP =AY = P = ves — B (0 — vs — E[7)) }ds
- k=1

t t

t
E[|pi" — p[]ds +/ E[JAm™ — A%™(]ds +/ E[[AP™ —E[p] —vsl]ds, <t
0 0
(A.12)

+

T

By (10).

I U L U~ A~ ) 17 At s

n—1 &~
J=1,j#i

<10 > [e[lrun - am - - - 2 [

Jj= 1#%

n—l Z / {f’]—;‘?’m) (f7 (s = AT5) — [P (Pl — ALT5)) ”ds

J=1j#1

t t
< Ko [ Bl - plds + Ky [ ElAT - A s
1) §
t . . —
+lEH%—ATWUW%%—AT$—fW¢4—AT®H%- (A.13)
We have that for § <t

t . . —
AEH%—ATﬂUW@%—A?Q—fW¢4—AT$Hw

< [ (el -2

Jas) (B (|77 - A - 1 - af]) s
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t ‘ - ) 1/2 ¢ . - 1/2
([ el amra) ([ e[l - am - s - amplas)
5 5
t ' - ) 1/2 t ' ' - 1/2
< ([ el am]as) ([ el - a2 - - A as)
t ' B ) 1/2 t 4 ~ 1/2
< vai: ([ellh - anras) ([ el - am - e - las)
where we have used that |a — b|? < |a? — b?| for a,b € RT.

o 1/2
Then, setting G7(t) : <f5 [{ﬁé — Agvmﬂ ds) , by (A.13)) we have

n—1 4~
Jj=1,j#i

! 1 - j,1 n,m j,n n,m —j n,m n,m
/5 EU Z (FP(2"5 = AT (" = AP™) — [P (pl_s — AT () — A ))”ds
<Ko [ Bl - pillds 4 Ko [ BT - s
5 5
t . ‘ ~ 1/2
+V2K.GY (1) ( /5 E[[f7(0"s — ALS) — f7(Pees — ATS)] ds) , 0<t. (Al4)
For 6 <t < 29,
t . . —_ t . . —
/(S E[[f7(pss — AL) — f1(Pes — ALT)| ] ds =E M (L7 = AL) = f7(Pes — A7) dS}
t—5 5
| [ - - £ - A ] < [El G - - 5 - A
0 0
thus we can rewrite (A.14)) as

/f[\nil S (PP — A" = A) — Py A7 A”m»\]ds
J=Llj#i

t t
<K, / Ellpi" — g |ds + 6, / E[JA™™ — Am)ds
) )

) 1/2
+ V2K, G (1) (/ E |7l — Am™) — P (gl — Am™)]] ds) . §<t<25 (A.15)
0

Similarly,
|3 (£ 8 — Aot — ) — 2 - Ayt — ) |
m s—0 ps ) S— 5)( ) S
0 k=1
t t
<K / E[lp57 — pP|)ds + K, / E[JA™™ — APJds
1) )
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s 1/2
wvaRGyo ([ E PG - A - - as) L s<h ()

with G (t) := <ng Up’;vB - Agvmf] ds)l/Q. From (A.3), (A11), (A.12), (A.15) and

we obtain
Ellp"" — 7'[;]
t

t
< (3K1+2)/ Eflp"" —7'l]] ds+(3K1+1)/ Eflp"” — p"P]ds
1) 1)

5 1/2
+V2K,G (1) ( /0 E [/ (" — AP™) — fP(pl — AP™)]] dS)

5 1/2
NGy et (/0 E /20" = Avm) — 2 (0, — Ap™)]] dS)

t
+ /0 E [ PR = D) = Ay = FP G = vems — B0 — v, — ELGL))

Jas

v el 3 - A - A L (e~ Bl 7~ E) [
0 =157

1 t
+/ Ellpi™ — 7 []ds +/ E (A" — E[5l] — ] ds, 5<t<2. (A17)
0 0

At the same way, by (2.2]) and (3.3) we have

Efl — 7]
t

< (3K:1+ 1)/ E[|o"" - 7'|7] ds + (3K + 2)/ Eflp"" — 4] )ds
5 1
5 | o 1/2
+ V2K G (1) ( /0 E |7 — Ar™) = fP(ph — Am)|] dS)
5 1/2
NGy et (/0 E /20" = Av™) — 2 (0, — AP™)|] dS)

t
- /0 E [ \fB(ﬁi’_Ba — AT = AP = fP (55 = vees — ERL_s)) (057 — v — E[AL])

]ds
! 1 - j ATLMN [ =1 An,m ~3 ~q ~3 ~7
+ /0 E |:‘E Z fP(ﬁf;—é - ASLJ)(ps - ‘/457 ) —E |:fP <p5—5 - E[ps—é]) (ps - E[ps])} ‘:| ds
=1
1 t
+ / E[lpb® — 7B[lds + / E[|A" — v, — E[)]] ds, &<t <25 (A.18)
0 0

Summing up (A.17) and (A.18]) we find
Ellp" = o7+ Ellp™ = 2717
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(
J . ) _ 1/2
WT et ( [l - am = £ - A ds> (A.19)
5 . . —
RNoT el ( [l — ) - o - 2| ds) (A.20)
gy

Jas

" /0 || S P A A B (- B (- El)] Hds

- J=Llj#i

t
+ / E ‘fB</3];’_ - A:ﬁg)(ﬁl;’B _ Ag,m) . fB<,5§fs s E[ﬁg%])(ﬁ’;:B e E[ﬁ;])
0 L

+ /0 E \% Z P = AL (7, — Avm) —E [£7 (7 — E[6L ) (7 — E[5L)] H ds

t
+ 2/ E [|Am™ — v, — E[#)]] ds, 6 <t <25 (A.21)
0

With the same computations used in the first step of the proof, we show that the last four
terms of (A.21)) converge to zero when n — oo by the proof of Proposition
It remains to show that (A.19) and (A.20) tend to zero. We write

0
/ E[|F7 (o — Av™) = 7 (7, — AV™)|] ds
0 5 | . |
< [ENrm i = 4~ 7~ v~ ElgD ] ds
0

)
T / E[|£7 (5. — ve — EIFi]) — £P (5 — Av™)|] ds. (A.22)

We now show that the terms in (A.22) tend to 0 by the dominated convergence theorem. To
this purpose, we first note that we have

0 0 0
| Bl = Az = i - v~ Dl < [ e~ pias+ [ EAR — v, - Elgds
0 0 0
0 ‘ ‘ 0 3 0 _ ‘
< [ el pilds+ [ Bl - Ards [ EIAR - v~ Elp s
0 0 0

0 0 0
<2 Vel — pillds+ [ Elb” - gt lds + [ ELA - v~ El7 s
0 0 0

by (A.3). By the first step of the proof, the first two integrals above tend to zero when
n — 00, since

1 é
|l = plids < [l — s = el - 7, (A.23)
0 0
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whereas 5

lim E[|A™™ — v, — E[pL][]ds = 0

n—oo O
by (A.10). Moreover,
Bl = v Bl - (- s = [ BT v - Elas, (A1)
0 0

which goes to zero when n — oo as shown above.

We have then proved that for all m, (pi™ — A™™), oy and (pi" — A™™),.en convergence to
Pt —vs — E[pt] in L([0,8] x Q,dt ® P). This implies that for all m, (p" — A™™),cn and
(pim — A™™), oy converge to pb — v, — E[pl] in measure with respect to dt ® P on [0,d] x Q.
By the continuous mapping theorem, since f P is continuous it follows that (f¥(p%" — Agvm))neN
and (fF(pi" — Ap™)), _ converge to ¥ (p! — v, — E[pl]) in measure with respect to dt ® P
on [0,4] x Q. By , we can apply the dominated convergence theorem, see Theorem 2
in Chapter 6 of Chow and Teicher [23], and obtain that

6
/0 E /7ol = Av™) = 7 (5L = vs — E[BL])]] ds —— 0

n—oo

and

)
/0 E[|f7(7 — vs —E[5]) — f7(7. — A»™)[] ds — 0.

n—oo

Hence (|A.19) converges to zero when n — oo, by (A.22)). Analogously, we can prove the

same for (A.20)).
Then applying Gronwall’s Lemma to (A.21]) we prove the result for ¢ € [§,20). The result

then follows by proceeding in the same way for all the steps ¢t € [kd, (k+ 1)0), k >2. O
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