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Abstract

In this paper we introduce a sublinear conditional expectation with respect
to a family of possibly nondominated probability measures on a progressively
enlarged filtration. In this way, we extend the classic reduced-form setting for
credit and insurance markets to the case under model uncertainty, when we
consider a family of priors possibly mutually singular to each other. Further-
more, we study the superhedging approach in continuous time for payment
streams under model uncertainty, and establish several equivalent versions of
dynamic robust superhedging duality. These results close the gap between
robust framework for financial market, which is recently studied in an inten-
sive way, and the one for credit and insurance markets, which is limited in
the present literature only to some very specific cases.
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1 Introduction

In this paper we study the problem of defining a sublinear conditional opera-
tor with respect to a progressively enlarged filtration and a family of probability
measures possibly mutually singular to each other. In this way, we are able to
derive a consistent reduced-form framework for credit and insurance markets un-
der model uncertainty. It is well known that the reduced-form framework can
be used for credit risk modeling, for life insurance modeling and for any context
where the intensity of occurrence related to a random event of particular interest
is deducible from the reference information, but the occurrence itself is not. While
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robust framework for financial markets has been intensively studied, a correspond-
ing analysis for credit and insurance markets is still missing. The contribution of
the paper is hence manifold. As the main result, we extend the classic reduced-
form or intensity-based framework in [I0] to the case under model uncertainty
and introduce a sublinear conditional expectation on a filtration enlarged progres-
sively by a random event, in a way consistent with the construction in [33] on
the canonical space endowed with the natural filtration. Secondly, we note that
credit and insurance contracts are typically payment streams, hence we study here
for the first time the problem of superhedging for payment streams in continuous
time under model uncertainty. Several equivalent dynamic robust superhedging
dualities for payment streams are provided. In view of these superhedging results,
the constructed sublinear conditional expectation can be considered as a pricing
operator.

In the existing literature for credit risk and insurance modeling there are sev-
eral papers which deal with model uncertainty, but only with dominated proba-
bility family, e.g. [25], [24] and [12]. When a generic family of possibly mutually
singular probability measures is taken into account, the main problem of the un-
derlying stochastic analysis is the aggregation of stochastic notions defined tra-
ditionally only under one prior (e.g. conditional expectation, stochastic integral,
semimartingale decomposition) into one independent of the underlying measure,
see e.g. the discussion in [45]. There are many independent results using different
approaches, such as capacity theory, stochastic control technique etc., which have
been applied to financial market modeling, see e.g. [I'7], [36], [I5], [44], [16], [23],
[@9], [38], [9], [26], [1], [20] and [30]. A pathwise solution is provided in e.g. [31],
[83] and [29]. However, the above results hold only on the canonical space en-
dowed with the natural filtration F and do not allow filtrations with dependency
structure. This problem is mentioned in [2] and solved for initial enlargement of
filtration. However, the case of enlargement of filtration by introducing a totally
inaccessible jump with F-adapted intensity remains an open problem. This case
is particularly relevant to describe an event which occurs as a surprise but admits
observable occurrence intensity under the reference filtration F, as in the case of
the default of a financial institute or the decease of a person. The existing con-
struction of sublinear conditional expectation on F relies on the properties of the
natural filtration of the canonical space and cannot be directly extended to a filtra-
tion G progressively enlarged by a random jump. In order to solve this problem,
we construct the filtration G according to the canonical way in Section 6.5 of [IT].
Properties of this canonical construction allow the construction of a G-sublinear
conditional expectation, which is consistent with the one in [33] if restricted to
F. However, there are several additional technical difficulties in comparison to the
construction on the canonical space. In particular, in order to be well-defined,
the G-sublinear conditional expectation requires integrability conditions, which
are not necessary for the pathwise construction in [83]. This also implies that this
extended sublinear operator only satisfies a weak version of dynamic programming
principle or tower property in the general case, as in [35], as well as that it does



not preserve integrability. However, the classic tower property and integrability
invariance are shown to be satisfied in all cases of most common credit and in-
surance contracts. In Appendix B, we discuss further sufficient conditions, which
guarantee the classic tower property. We refer to Section P23, Appendices B and
for a thorough discussion on these issues.

Furthermore, we analyze for the first time the superhedging problem for a
generic payment stream under model uncertainty and in continuous time. Su-
perhedging dualities within the context of nondominated probability family have
been intensively studied in recent years, e.g. [34], [27], [@1], [1¥], [4], [32], [21]
and [22]. However, duality results achieved in these papers are mostly limited to
the initial time and can be applied only to contingent claims. The superhedging
problem for a generic payment stream, which is typically the case of credit or
insurance cash flows, is studied only without model uncertainty and mostly in
discrete time, e.g. [M9], [89] and [A0]. Here we investigate dynamic robust super-
hedging duality for a generic payment stream in continuous time with respect to
a nondominated probability family. Still in a dynamic way, we define separately
global and local superhedging strategies and prices, which we are able to determine
as a consequence of our duality results. These results are first shown in standard
setting and then extended to the robust reduced-form framework. In view of the
superhedging results, the constructed G-sublinear conditional expectation can be
considered as a pricing operator for insurance and credit risk products. We would
like to emphasize that our definitions and results hold without changes also in the
case without model uncertainty, i.e. when a specific prior is considered.

The paper is organized as follows. In Section B, we construct a consistent
robust reduced-form framework based on the canonical construction in [I0]. As
the main result, we define explicitly sublinear conditional expectation on the pro-
gressively enlarged filtration and analyze its properties. The constructed operator
is then applied to the valuation of credit and insurance contracts. In Section B,
we formulate the robust superhedging problem for payment streams in continu-
ous time. We determine the robust superhedging price and prove the existence of
optimal robust superhedging strategies first in the standard setting on the canon-
ical space with the natural filtration and then in the reduced-form framework. In
Appendix A we provide a counterexample showing that the classic tower property
does not hold in full generality, while in Appendix B, we state sufficient conditions
beside the ones in Section B, which guarantee the validity of the tower property.

2 Reduced-form framework under model uncertainty

In this section, we introduce the reduced-form setting under model uncertainty.
We note that, the standard framework under model uncertainty considers only
the canonical space endowed with the natural filtration, and do not allow to treat
more general filtrations, see [?] for a discussion on this point. In [?], the case of
initial enlargement is solved while the case of progressive enlargement of filtration



remains open. This issue arises in credit and insurance market modeling, when
we want to model an event which occurs as a surprise and is itself not observable
under the reference information flow, represented by a filtration F, but has an
F-adapted intensity process. Here we propose a solution for this problem by using
the canonical construction in Section 6.5 of [i0] to introduce a random time 7,
which is not an F-stopping time but admits an F-adapted intensity, and extend
the concept of sublinear conditional expectation on the filtration progressively
enlarged by this random time. We first recall the setting in [33].

2.1 (P,F)-conditional expectation

Let Q = Dy(R,,R%) be the space of cadlag functions w = (wy)s=o in R? which
start from zero. Equipped with metric induced by the Skorokhod topology, (2 is a
Polish space, i.e. a complete separable metrizable space. We denote by F := B(f2)
the Borel o-algebra and by P(2) the set of all probability measures on (2, ). On
P(Q2) we consider the topology of weak convergence. According to Prokhorov’s
theorem (see e.g. [42], [4] and [I1]), P(Q2) inherits from € the property of being
a Polish space with the Lévy-Prokhorov metric.

We consider the canonical process B := (Bi)t>0, where Bi(w) := wy, t > 0,
and denote its raw filtration by F = (F;)i>0. It is easy to see that Fy = {0, Q}
and Foo := ;50 Ft = F. For every P € P(Q) and ¢ € Ry, we denote by NV the
collection of sets which are (P, F3)-null and define

Fr=FVN;, Ni= () N
PEP(Q)

The corresponding universally completed filtration is denoted by F* := (F}):>o0.
Furthermore, for every P € P(£2) the usual P-augmentation is denoted by F%, i.e.
FZ is the right continuous version of F¥’ := (F/)>0, with

FP=FRVvNE, t>o0.

Trivially, the above enlargements of the raw filtration are ordered in the following
way
FCF CFPCFLE, t=0, PeP. (2.1)

Let P C P(Q2) be a generic nonempty set, we define the following o-algebra

FP ::.7:\/./\/'072, /\/ZDO = m N£7

Pep

We denote by L%(Q) the space of all real-valued FP-measurable functions and
define the upper expectation £ : L°(Q) — R associated to P by

E(X) = sup EP[X], X e L), (2.2)



where for every P € P, we set EX'[X] := EP[X+] - EF[X ] if EF[XT] or EF[X ]
is finite, and we use the convention E¥[X] := —occ if EX[X ] = EP[X ] = +o0,
as in [45].

Remark 2.1. Throughout the paper, all results also hold if the space Do(R,,RY)
is replaced by Co(R,RY), i.e. the space of continuous functions w = (wi)i=o in RY
which start from zero, equipped with the topology of locally uniform convergence.
Since there is no ambiguity, we keep the notations B and F for the canonical
process on Co(Ry,R?) and its natural filtration, respectively.

We now recall the pathwise construction in [33] of conditional expectation on
) with respect to the filtration F and a family P C P(Q2) of probability measures.
For notation simplicity, we consider only the case when the parametrized families
in Assumption 2.1 of [83] have no dependence on the parameters. As noted in e.g.
[4], [29] and [32], the results in [33] hold both on the space Do(R,R?) and on the
space Cp(Ry,R%).

We introduce the following notations according to [33]. Let 7 be a finite-valued
F-stopping time and w € €. For every w’ € €, the concatenation w ®, ' =
((w @7 W)t)t=0 of (w,w’) at 7 is given by

(1087 ), 1= oo () + (wr0) T4 r) Trtwrion) @) 120, (23)
For every function X on €2, we define the following function
XMW =X (werw), e (2.4)
Similarly, for every probability measure P we set
PT¥(A) = PP (w®, A), AeB(Q),

which is still a probability measure, where w ®; A := {w ®,; ' : W' € A} and P¥
is the F,-conditional probability measure chosen to be

P (W €Q:w =won [0,7(w)]) = 1.

Furthermore, we recall that a set of a Polish space is called analytic if it is the
image of a Borel set of an other Polish space under a Borel-measurable mapping.
A R-valued function f on a Polish space is called upper semianalytic if {f > c}
is analytic for every ¢ € R. In particular, we note that all Borel sets are analytic
and all Borel-measurable functions are upper semianalytic.

Assumption 2.2. For every finite-valued F-stopping time 7, the family P satisfies
the following conditions:

1. measurability: the set P € P(Q) is analytic;

2. invariance: P™ € P for P-a.e. w € €);



3. stability under pasting: for every Fr-measurable kernel r : Q — P(Q) such
that k(w) € P for P-a.e. w € Q, the following measure

P(A) = / / (14)™(W) k(A w) P(dw), A € B(Q),

still belongs to P.

Remark 2.3. As shown in [29], Assumption 23 is satisfied when the family P is
generated by all semimartingale laws with differential characteristics taking values
in a Borel-measurable set § C R? x SflF x L, where Si is the set of symmetric
nonnegative definite (d x d)-matrices and L is the set of all Lévy measures. In
particular, this case includes the G-expectations introduced in [36].

The following proposition is a special case of Theorem 2.3 of [33], when we
restrict our attention to one family P satisfying Assumption EZ2.

Proposition 2.4. Under Assumption 23, for all finite-valued F-stopping times
o,7 such that o < 7 and for every upper semianalytic function X on 2, the

function E:(X) defined by

EN(X)(w):=E(X™) = Isgg)p EPIX™]  weQ (2.5)

is Fr-measurable, upper semianalytic and satisfies the following consistency con-
dition
E-(X) = ess sup" EV'[X|F,]  P-a.s. for all P € P, (2.6)
P'eP(T;P)
where P(t; P) := {P' € P:P =P on F;}. Furthermore, the tower property
holds, i.e.
Er(X)(w) =& (Er(X))(w)  forallw € Q. (2.7)

Definition 2.5. We call the family of sublinear conditional expectations (E)i>0
(P, F)-conditional expectation.

In the special case of G-setting introduced in [36], G-martingales are cadlag,
see e.g. [d8]. However, under generic assumptions, the process (&(X))i=0 with X
upper semianalytic is not always cadlag. In the following proposition, we show an
independent result which gives sufficient conditions for having (& (X))o cadlag.
We recall that by Prokhorov’s theorem, a family of probability measures is tight
if and only if its weak closure is compact. In particular the probability measure
family which generates the G-expectation is tight, see e.g. Proposition 49 in [I5].

Proposition 2.6. If P is a tight family satisfying Assumption 223 and X is an
upper semianalytic function on Q0 which is bounded and continuous P-a.s. for all
P € P, then the process (E(X))i=0 s cadldg.



Proof. Let A € B(Q2) be a set such that X is bounded and continuous on A and
P(A°) = 0 for every P € P. We start with the right continuity. Let ¢ > 0 and
(tn)nen be a sequence in R such that t, | t. We want to show that for all w € Q,

E(X)(w) = lim &, (X)(w).

n—o0

Consider w € Q. By definitions (23) and (24) we have

E(X)(w) = E(X™) = sup EF[X™] = Sup/X w Ry W )P(dw').
pPeP pPeP

For fixed t and w, we define the concatenation function ¢t : Q — Q by c¢t* (W) :=
w® W, W € Q. This function is uniformly continuous in w’ with respect to
Skorokhod topology on Q = Do(R, RY)®. Namely, if we denote by d the distance
induced by Skorokhod topology on €2, we have that for every € > 0, there is a
d > 0 such that for all ', w” € Q with d(w’,w”) < §, it holds

d(w @ W' w W) <e.

Indeed, it is sufficient to take § = . We note that § = ¢ does not depend on the
choice of ¢, hence in particular the sequence of functions (c'"*),cn is equicontin-
uous. Furthermore, the sequence (cf»*),cn converges to ct“ pointwisely,

d(w®y, W, ww) 7% 0 forallw €Q,

since Do(R,, RY) is the space of cadlag paths. Hence, by Ascoli-Arzela Theorem,
the sequence (c'"“),cn converges to ¢ uniformly on every compact set K C 2,
i.e. we have

sup d (¢ (W'), (W) = sup d (w @y, w',w @ w') T 0.
w'ekK w'eK

In particular, given a compact set K € B(f2), the composition X% = X o ¢!
bounded and continuous on AN K, and X% is the uniform limit of (X'%), <,
i.e. for every € > 0, there is NV € N such that for all n > N,

1 X(w&, ') — X(wew)| <e forevery w € ANK.

As a consequence, on one hand, for every n € N, the function f™ defined
by f*(P) := EF[Xv], P € P(f), is continuous in P with respect to Lévy-
Prokhorov metric on P(2), since it coincides with the metric induced by weak
convergence of measures. Hence the restriction f™|p is still continuous. On the
other hand, the tightness of P yields that there is a compact set K € B(2) such
that P(K¢) < 4% for all P € P, where C is such that | X (w)| < C for every w € A.

1Or locally uniform convergence on Q = Co (R4, R?).



For n big enough, since X% is the P-a.s. uniform limit of (X%%), .y on AN K,
we have

‘EP[th,W} _ EP[Xt,w” < EPHth,w . Xt,wH
= B [Lang X' — X' + EP[Ly X' — X1

€ €
<§+E-20—6 for all P € P.

Hence for all w € Q,

E(X™) =sup EX[lim X™¥] = sup lim EF[X"*]

PeP n—00 Pep N—00
= lim sup EF[X"*] = lim £(X™*).
n—00 Pep n—00

A similar argument also shows the existence and finiteness of the left limit, which
concludes the proof. ]

Remark 2.7. Proposition 4.5 of [34] introduces a family of sublinear operators
depending on a filtration different from F*, i.e.

(FH U N/i/]?)te[o,T] ’
where /\/f is the collection of sets which are (P, Fr)-null for all P € P. In this
way the resulting sublinear operator is cadlag in t. However, for the applications

which we consider in this paper, it is fundamental to work with the filtration F*,
since it represents the information available to the agents.

2.2 Space construction

We keep the same notations in Section P71l In this section we follow the canonical
space construction in Section 6.5 of [I0] to introduce a random time 7, which is
not an F-stopping time but has an F-progressively measurable intensity process p,
to represent a totally unexpected default or decease time under model uncertainty.
Let € be an additional Polish space equipped with its Borel o-algebra B(Q) We
now consider the product measurable space (€2,G) := (Q x Q, B(Q) ® B(Q)), and
use the notation @ = (w,&) for w € Q and & € Q. The following standard
conventions are made on the product space (Q, G). For every function or process
X on (,B(92)), we consider its natural immersion into the product space, i.e.
X (@) := X(w) for all w € Q, similarly for (€, B(2)). For every sub-c-algebra A

of B(€2), we consider its natural extension A ® {0, 2} as a sub-o-algebra of G on
the product space, similarly for sub-o-algebras of B(Q) To avoid cumbersome
notations, when there is no ambiguity, A ® {0, Q} is still denoted by A.

On (€, B(Q)) we fix a probability measure P such that (€, B(Q)), P) is an

atomless probability space, i.e. there exists a random variable with an absolutely



continuous distribution, and let £ be a Borel-measurable surjective random vari-
able

A~ N

£:(Q,B(9), P) — ([0,1], B([0,1))),

with uniform distribution, that is

£~ U([0,1]).

Without loss of generality we assume B(£2) = o(§).

Remark 2.8. We note that the space (Q, B(Q), P) can be set canonically as
([0, 1], B([0, 1)), U([0,1])) ,
with & the identity function on [0, 1].

We denote by P(Q) the set of all probability measures on (€2, G) and consider the
following family of probability measures

P::{PEP(Q):P:P@)P,PEP}. (2.8)

On (2,B(Q)) let I' :== (I't)¢>0 be a real-valued, F-adapted, continuous and
increasing process such that I'y = 0 and I'ss = +o0o. In particular, I' can be
represented by

t
I'; = / psds, t =0,
0

where p = (u)¢>0 is a nonnegative F-progressively measurable process such that
for all ¢ > 0 and for all w € €,

t
/ ps(w)ds < 0.
0

We define
Fr=inf{t>0:e Tt <€} =inf{t >0:T; < —In¢}

on Q = Q x €, with the convention inf ) = co.

Remark 2.9. An immediate consequence of the above assumptions is that T(w, -)
is a surjective function on Ry for every fived w € Q.

Lemma 2.10. For every t > 0, we have {7 <t} = {e7 1t < £}.

Proof. We note that {e~ !t < ¢} C {# < t} always holds. The other inclusion
follows from
F=min{s > 0:e 1 <&},

since I' is continuous and nondecreasing. O



Under every P € P, we define the P-hazard process P .= (th) )t>0 by
I’ =—mP(F>HF), t>o.

The following proposition is a natural but important consequence of the above
construction.

Proposition 2.11. The process I is a P-a.s. version of P-hazard process r? for
every P € P.

Proof. By Lemma 210,
{(F>ty={etr'>¢} forallt>0.
Hence for every ¢ > 0 and for every P € P with P = P ® P, it holds
@) = P (> 4| F) () = P (e > €| F) (w)
=P (e_x > {)

z=T"¢(w) z=I't(w)

where equality (i) follows from the independence between & and F; under each
P € P, and equality (ii) follows from the fact that £ has uniform distribution on
(Q, F, P). The continuity of I" yields

I? =T  Poas. forall P e P,

which concludes the proof. ]

On the product space (2, we consider the filtration H := (H;);>0 generated by
the process H := (Hy);>o defined by

Hy:=1p<y, t20,

and the enlarged filtration G := (G¢)¢>0 defined by G, :== F VHy, t > 0. In
particular, we have G = Foo ® 0(§) = Hoo V Foo = 0(T) V Foo. By construction
7 is an H-stopping time as well as a G-stopping time, but not an F-stopping
time. The filtration F can be interpreted as the reference information flow, while
the filtration G represents the minimal information flow of the extended market
including default information. As in Section P, for every P € P (Q) we denote by
G*, G* and Gi the corresponding enlargements of the raw filtration G. Similarly
to (21), we have

Gcgrcglcgh, t=0, Pep.
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2.3 (P, G)-conditional expectation

In this section, we give a construction of sublinear conditional expectations with
respect to the filtration G and the family of probability P introduced in (E3).
These will be denoted by (&;);>0 and called (P, G)-conditional expectation. Such
construction is motivated by the results in Section ZZ11 and should reflect the un-
derlying structure of the space construction in Section E2. According to e.g. [45],
(03], [26], [£7] and [33], the family (& )¢ should satisfy the following necessary
consistency condition: for every ¢ > 0 and G-measurable function X on €,

E(X) = ess supﬁE}S/ [X|G;] P-as. forall PeP, (2.9)
PreP(t;P)

where 75(t; ]5) = {]5’ cP:P =Pon Qt}. We emphasize that this cannot be
done by using exactly the same method proposed in [33] and summarised in Section
21, even if we choose {2 = Do(R+,RY) or Q= Co(R+,R9). Indeed, the approach
in [33] is based on some special properties of the natural filtration generated by
the canonical process, e.g. Galmarino’s test, which the filtration G does not have.
Nevertheless, we are able to extend the results of [33] to the setting of Section P72,
and construct a consistent (P, G)-conditional expectation. As in [35], we show
that the family (£ (X))o satisfies a weak form of time-consistency, called also
dynamic programming principle or tower property, i.e.

gs(gt(X)) > 58(5() for all 0 < s <t P-a.s. for all P € P. (2.10)

From an economical point of view, by using (gt)t>0 as pricing functional, the
weak tower property (27I0) can be interpreted as: making valuation of an evalu-
ated future price is more conservative than making direct valuation of the price.
We provide some sufficient conditions such that the classic tower property holds.
These include all cases of often used credit and insurance contracts, as explained
in Section 2.

As in Section I, we use the corresponding notations and denote the upper ex-
pectation associated to P by &, i.e.

E(X) = sup EF[X], X eL%Q). (2.11)
pPepP
Let GF . =GV NO]Z, PeP,and GF :=¢ \/NZZ. We introduce the following sets
L@ (¥ | ¥ (0 cP ,
L) —{X: | X :(2,G7) — (R, B(R)) measurable function such that
ET[|X]) < oo},

for every P € P, and

LYQ) = {X | X : (©,67) = (R, B(R)) measurable function such that

E(IX)) < oo} .

11



We emphasize that in the above definitions we only consider (£2, G")-measurable

(or (22, G7)-measurable resp.) functions, and not (2, G*')-measurable (or (£2, 975)—
measurable resp.) functions, see also Remark 2714
Given t > 0, every real-valued function X on 2 can be decomposed in

X = 1{‘7‘<t}X + 1{71>t}X'

Corollary 5.1.2 of [(0], which holds without the usual conditions on the filtrations,
together with Proposition 20 shows that if X € L'(Q), then for every P € P,

EP[X|G)) = 15en EP[X|0(F) V Fi] + Lgzony e EP 1o X|F] Poas. (2.12)

Our goal is to find a representation of (ZI2) with the right-hand side reduced
to conditional expectations restricted to 2. This will play a fundamental role in
the definition of conditional expectation on . The following Lemma solves the
problem for the second term on the right-hand side of (212). For the sake of
simplicity we use a slight abuse of notation and denote

= / X(w,@)P(dw), we. (2.13)
Q
Lemma 2.12. Let t >0 and P = P® P. If X € L}5(Q), then

EP[X|F] = EP[EPIX)|F] P-as

Proof. It is sufficient to see that for any A € F;, by the Fubini-Tonelli theorem
we have

[ Xw.a)Pw.e) - / / X (w, @) P(d) Pdw)

fstmor

EP[EP[X]| F)(w)P(d(w,&)),
AxQ

where we use the notation introduced in (2713). O
Now we focus on the first term on the right-hand side of (212).

Lemma 2.13. Lett € Ry. If X is a real-valued o(7) V F;-measurable function
on €1, then there exists a unique measurable function

T2 (R-i- x ’ B(R+) ®ft) — (RvB(R))7

such that
R (w,0) = p(Fw, @), w),  (w,0) €0 (2.14)



Proof. The uniqueness of ¢ which satisfies (214) follows directly from the surjec-
tivity of 7 for every fixed w € €, see Remark 9. Indeed, if ¢ and 1 are two
functions such that

o(T(w,w),w) = Y(T(w,w),w) for all (w,w) € Q,

then for every (z,w) € R4 x Q, the surjectivity of 7 for every fixed w € Q yields
that there is an @ €  such that 7(w,&) = x. Consequently

o(r,w) =Y(r,w) forall (z,w) € Ry x Q.
Now we consider the following set
E={X|(Q,0(F)VF)— (R BR)), X of the form (21a)},

and show that it contains a monotone class. The set E clearly contains all con-
stants and is closed under linear operations. Furthermore, all indicator functions
of a 7-system which generates o(7) V 7 belong to E. Now let ( X, )nen be a
sequence in E such that X, (@) 1+ X (@) for all & € Q, where X is a bounded
function. For every n € N, we have X, (w,&) = n(F(w,&),w) for all (w,w) € Q,
where ¢, is a measurable function

on (R xQ, B(Ry) ® F) = (R, B(R)).
By Remark 229 and the boundedness of X, we note that the function

o(z,w) = lim p,(z,w), zeR;, weqQ, (2.15)
n—oo
is well defined and finite. In particular, ¢ is also (B(Ry) ® F¢)-measurable. By
applying again Remark 29, X can be represented by

X(w,0) = p(F(w,),w), (w,&) €.

Hence X belongs to E as well. By the Monotone Class theorem, see e.g. Theorem 8
in Chapter I of [#3], the set E contains all bounded o (7)V Fi-measurable functions.

Furthermore, every nonnegative o(7) V F;-measurable function X is the point-
wise limit of a nondecreasing sequence of simple functions, i.e. there exists a
sequence of simple functions (X, )nen such that X, (@) 1 X (@) for all @ € Q. In
particular, by the argument above, if X, (w,®) = ¢, (F(w,),w) for all (w,d) € Q,
by defining ¢ as the pointwise limit of (¢ )nen as in (2713), we conclude that all
nonnegative o(7)V.F-measurable functions have representation (214). The results
can be extended to all o(7) V Fi-measurable functions since X = X+ + X—. [

Remark 2.14. Lemma ZI3 can be carried out without changes if X is GF-
measurable or G¥ -measurable. In such case ¢ is (B(Ry) ® FL)-measurable or
(B(R}) ® FL)-measurable, respectively. However, it does not hold if X is GP-

measurable with QP Q\/J\/P or QP measurable with QP = QV/\ﬂD respectively.
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The reason is analogue to the case of the classic Doob-Dynkin lemma, which states
that if X,Y are two real-valued measurable functions and Y is o(X)-measurable,
then there is a Borel-measurable function f such thatY = f(X). This representa-
tion does not hold pathwisely if o(X) is completed with null sets of some measure
Q, i.e. if o(X) is replaced by o(X)VN®. Indeed, it is sufficient to take Y = 14
with A € N9 as a counterezample.

Lemma 2.15. Lett >0 and P=P®P. If X € L}}(Q), then

1 en EP[X|o(F) V F] = 1izep EX[p(@, )| B, P-as., (2.16)

=T

where @ is the measurable function
p: Ry xQ, BRy) @ FL) — (R, B(R)),

such that

X(w,@) = p(F(w,@),w), (w,d) €. (2.17)
Proof. By Lemma 2713 and Remark 2714, a unique representation (2-I7) exists and
the right-hand side of (Z1M) is o(7) V Fi-measurable. We first show that relation
(21@) holds for indicator functions of a m-system which generates G = o(7) V Fo.
Given s > 0 and A € F,, we show

1{‘7'<t}EP[1{7-<s}ﬁ{A><Q}‘U(%) V ft] = 1{;<t}1{.;<s}EP[1A’ft] P—a.s.

Indeed, let v > 0 and B € F,

Agransnupl 4 0dP
BxQ

S

Tircnlienl,, odP =
/{%gu}ﬁ{BxQ} {7<t} H7<s} - AxQ
EP[l{'?gt/\s/\u}lAXQ’]:;ﬁ]dp (218)
CEP gy | F] EP[L ol FldP
EP[Lizcinaruy | Fi] EX[1a|F)dP

EP[1pzconsnuy EF [La| F)| Fi)dP

x
:/ . 1{5’<t/\s/\u}EP[1A’]:t]dp (219)
BxQ
:/ e e B Ll FIAP,
{F<u}n{Bx}

where equalities (Z18) and (219) follow from the definition of conditional ex-
pectation?, while in the third equality we use the Fj-conditional independence

2Note that, as specified at the beginning of Section B2, we identify F; with F; @ {0, 2}.
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between H; and F, see pp.166 of [[M]. Lemma I3 together with the condi-
tional monotone convergence yields that the set of bounded measurable functions
X ¢ L%(Q), which satisfy relation (2718), contains a monotone class. Hence by
Monotone Class theorem, relation (218) holds for all bounded measurable func-
tions X € L}B(Q). The result can be extended to every X € L}B(Q) by conditional
monotone convergence theorem applied to X+ and X~ respectively, since every
nonnegative measurable function is the pointwise limit of a sequence of nonnega-
tive and nondecreasing simple functions. O

We note that the above results hold clearly also for X which is GP-measurable
and nonnegative. A summary is given in the following proposition.

Proposition 2.16. Lett > 0 and P = P® P. If X ¢ L}J(Q) or X is GP-
measurable and nonnegative, then

EIS[X\gt] = 1{%@} EP[SO(% ’>|-FtHx:; + 1{%>t}€FtEP[EP[1{%>t}X]‘ft] ]5‘@-5-,
where ¢ is the measurable function
p: Ry xQ, BRy)®FL) — (R, BR)),

such that

X(w,0) =p(T(w,0),w), (w,w)e Q. (2.20)

Proof. 1t is sufficient to apply Lemma T2 and Lemma PT3 to decomposition
(212). O

Before we state the main results, we list some properties of upper semianalytic
functions which we will use later.

Lemma 2.17. Let X, Y be two Polish spaces.

1. If f : X =Y is a Borel-measurable function and a set A C X is analytic,
then f(A) is analytic. If a set B C'Y is analytic, then f~1(B) is analytic.

2. If f, : X = R, n € N, is a sequence of upper semianalytic functions and
fn— f, then f is upper semianalytic.

3. If f : X — Y is a Borel-measurable function and g : Y — R is upper
semianalytic, then the composition g o f is also upper semianalytic. If f :
X — Y is a surjective Borel-measurable function and there is a function
g :Y — R such that go f is upper semianalytic, then g is upper semianalytic.

4. If f, g : X — R are two upper semianalytic functions, then f + g is upper
semianalytic.

5. If f : X — R is an upper semianalytic function, g : X — R is a Borel-
measurable function and g > 0, then the product f - g is upper semianalytic.
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6. If f: X xY — R is upper semianalytic and x(dy; z) is a Borel-measurable
stochastic kernel on'Y given X, then the function g : X — R defined by

mﬂzjfwwmww» reX,

is upper semianalytic.

Proof. See Proposition 7.40, Lemma 7.30 and Proposition 7.48 of [5]? for points 1,
2,4, 5 and 6. For the third point, the fact that g upper semianalytic implies g o f
upper semianalytic is proved in Lemma 7.30 (3) of [§]. For the inverse implication,
we note that if g o f is upper semianalytic, then for every c € R, the set

A={xeX:go f(z) >c}
is analytic. Moreover, if we define

B:={yeY:g(y) >c}

we have f(A) C B. Since f is surjective, it also holds that for all y € B, there
exists © € X such that y = f(z) and g(f(z)) > ¢. Hence f(A) O B. It follows
from the first point that the set B is analytic. This implies that ¢ is upper
semianalytic. O

Theorem 2.18. Let AssumptionJZ? hold for P and consider an upper semiana-
lytic function X on Q such that X € LY(Q) or X is G¥ -measurable and nonnega-
tive. If t > 0, then the following function

E(X) = 1greny Elp(@, )] oz + Lpspy (e EP 1750 X]) (2.21)
is well defined, where ¢ is the measurable function
o Ry x 9, BR,) @ FL) - (R, B(R)),

such that

X(w,0) = p(F(w,),w), (w,&) e
Furthermore, (X)) satisfies the consistency condition (Z3).

Proof. By points 5 and 6 of Lemma 27174, eFfEP[l{;>t}X] is an upper semianalytic
function on Q. Hence the second component on the right-hand side of (2Z21) is
well defined. For the first component, it is sufficient to prove that for every fixed
x € R4, the function ¢, (w) = p(z,w), w € €, is upper semianalytic. Firstly,
¢ as function of (z,w) € Ry x Q is upper semianalytic by Remark P79 and the
second implication of point 3 of Lemma B3, since X (w,&) = ¢ o (7, id|o)(w, &),
(w,w) € Q x Qs upper semianalytic. Secondly, for every fixed x € Ry, by the

3In [8], only lower semianalytic functions are considered. However, the results hold also for
upper semianalytic functions without changes.
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first implication of point 3 of Lemma 2717 we have that ¢, as function of w € Q2
is also upper semianalytic, since ¢, = ¢ o 1, where ¥, (w) := (z,w), w € Q, and
the function 1, is Borel-measurable.

Now we show that consistency condition (279) holds. By Proposition 2, under
every P € P we have

Lizery E(@(@,))|pmr = Lzenyess sup” B [p(z, )| )| P-as,
P'eP(t;P) a=7

Lo E(e B 100 X)) = 1{%>t}§pslseggp;Ep/ e EP 10 X)| 7] P-as.

Moreover, for every P = P @ P,
Pt;P)={P eP:PQP=PQPonG}={P e€P:P =PonF}
Hence, P-a.s. we have that

ess sup” EX [p(x, )| F]| = ess sup” B [p(x, )| F)|
P'eP(t;P) =T PEP(t;P) =T

ess sup” B [ EP[1 50 X ] = ess sup” EP' [ EP[1 50 X]| ).
P'eP(t;P) P'eP(t;P)

We note that {7 <t} and {7 > t} are disjoint events, hence P-a.s.

1zc4yess SUP[} E [p(x, )| F]

PeP(t;P) T
+ 1grsyess sup” B [ B (17 X]| 7
15’675(15;15)
=ess sup”’ (1{%<t} B [p(a, ')|ft]‘ LB [ertEP[l{bt}X”}—t]) '
P'eP(t;P) =T

Finally, since the integrability conditions on X guarantee that we can apply the
Fubini-Tonelli Theorem, then Proposition 218 yields

E(X) =ess sup‘f)EP/ [X|G;] P-as. forall PeP.
PreP(t;P)

O]

Remark 2.19. Set ¢t > 0 and let X satisfy the conditions in Theorem ZI8. The
following holds:

1 If X(w,&) = X(w) for all & € Q, then E(X) defined in (Z=22) coincides
with &(X) defined in (2).

2. The function £(X) defined in (Z23) is sublinear in X.
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3. IfY is an upper semianalytic function on Q, such that Y € Ll(fl) and
ess suppEﬁ/ [X|G] = ess supPEﬁ/ [Y|G] P-a.s. for all P € P,
P'eP(t;P) P'eP(t;P)

then &(X) = &(Y) P-a.s. for all P € P.

4. If A€ G, then &(1aX) = 145(X). This follows from Lemma 5.1.1 of [10]
and the above point.

5. The following pathwise equalities hold:
E(LzenX) = Lizan&i(X),

E(gzon X) = Lz &r(X),
ét(X) == ét(].{ﬁ:gt})z) + gt(]-{f—>t}X)-

Remark 2.20. We note that in Theorem 218, integrability conditions are required
on the upper semianalytic function X in order to define the sublinear operator
E. These are necessary for applying Fubini-Tonelli Theorem in the proof. This
creates a fundamental difference with respect to the construction in [33], where
measurability conditions alone are sufficient for defining the sublinear operator in

(3).

For the sake of simplicity, we use the following notations
EP[X|F(w,®) == EY[X (-, 0)|F]w), (w,&)eQ, t>0, (2.22)

E(X)(w, @) = E(X ()W), (w,&)eQ, t=0. (2.23)

We note that since the concatenation function is Borel-measurable, the right-hand
side of (2223) is well defined by (275) and points 3 and 6 of Lemma 21T

Proposition 2.21. Let Assumption hold for P and let X be an upper semian-
alytic function on Q such that X € LI(Q) or X is GP -measurable and nonnegative.
For every t > 0, the function £(X) defined in (2=21) is upper semianalytic and
measurable with respect to G} and G”’.

Proof. Let t > 0. By definition (22211) and Proposition B, we have that &(X) is
(Ff V o(7))-measurable, hence also G;- and G”-measurable. It is upper semiana-
lytic by points 3, 4, 5 of Lemma 2T and Proposition 2. ]

Remark 219 and Proposition 2221 show that (£;);0 is a family of sublinear
conditional expectations which extends (&):>o defined for functions on 2. We
now prove that the family (&);>0 satisfies a weak form of dynamic programming
principle or tower property, similar to the one of [35].
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Theorem 2.22. Let Assumption 22 hold and X be an upper semianalytic function
on Q such that X is GF -measurable and nonnegative. If 0 < s < t, then

Es(&i(X)) = E(X)  P-a.s. forall P €P. (2.24)

Proof. We recall that we use notations (213), (2222) and (2223). Since X is as-
sumed to be GP-measurable and nonnegative, by Proposition EZ21 and the sublin-
earity of the operator &, the left-hand side of (2224) is well defined. By definition
(2221), relation (2224) equals the following

Liresy Es(@(2,))|pesr + Lo Es(€ EF 15 5 &(X)])
21z Es(0(@ ) |oms + L) Es(e BT 11750 X]), (2.25)
where ¢ is the measurable function
v Ry x @, BRy) @ FY) = (R, B(R)),

such that

and

P(r,w) = Ly Ee(p(z, ) (W) + 1{x>t}gt(€FtEﬁ[1{%>t}X])(W)a

for all (z,w) € Ry x Q. We show first the equality between the first terms on
both hand sides of (2223) by using (221) and the tower property (222) of (P,F)-
conditional expectation:

1{%&5} 85(@(.%, '))’x:f'
=Lrcs) & (1{x<t}5t(80($a )+ 1{x>t}5t(€FtEP[1{*>t})~(])) )x:?

=Lircs) (1{x<t}5s (Ele(@,))) + LamiyEs (gt(eFtEp[l{bt}X]))) ‘x:f'

=1grcq & (Elo(x, )|,z
=1gcqy Es(p(z, )| e -

For the second terms, we note first that for every fixed @ € Q, 7(-,&) is an F-
stopping time. Hence by Galmarino’s test, on the event {7 < t} we have

Flw@w, ) =F(w,w) forallw €.

Hence on the event {7 < t}, for every fixed & € Q, by using definitions (24), (25)
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and representation (Z14), we have

= sup / o(F(w @ ', @), w @ W) P(dw')
P
= sup / o(F(w, ), w @ w)P(dw)

= sup / p(r,w @ w')P(dw)
Q =7 (w,w)
(@, )@ lomroy  Tor allw € Q
that is
Liz<ry E(p(, )]z = 1{;@}6}()2') for every fixed & € Q. (2.26)
Furthermore, we note that by (286), for every P € P
E(EP 1 son X]) = " E(E 1500 X])  P-aus. (2.27)

Now by (2Z21), (22218), (2221) and Remark 2.4 (iii) of [83], we have

Eule" B 145 &(X)))
=&, (B (1550 (1<) 80, ) s + Lizsn&ile™ B 152 X]))] )
=ee &, (EP [1{s<?<t}gt(X) + 1{%>t}etht(Ep[1{%>t}X])})
—elug, (EP M oeren&(X)] + B Lo e &(BD [1{%>t})2])}) P-as. for all P € P.

Since ertgt(Eﬁ[l{;>t})~(]) depends only on the first component w, using the defi-
nition of I' and (P13), it follows from Lemma P10 that

B (15" 8B oy X)) | =B [zl E(BT L7 X))
—e Tl g (B [Lizapy X))
=&(E" 1751y X)) (2.28)
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It follows
E B (Lo E(X)) =&, (EPLsaren&(X)] + (B [L550 X))
=&, (B [E(1 sy D) + E(E 12 X))
> &, (8B M jpcran X)) + E(E (1520 X])) (229)
(&

>e 8, (G(B Lsaran X] + EP [ X)) (2.30)

=l E(E( B (Lo X))

= & (B 1475 X))

=E(e" B (1324 X]) P-as. forall P € P.
In the second equality we use the properties that for every fixed & € Q, {s <
T(,w) <t} e Frand E(14X) = 14E(X), if A € F; and X is upper semianalytic,

see Remark 2.4 (iv) of [B3]. The inequality (2229) follows from (E8) and the
conditional Fubini-Tonelli Theorem. Indeed, with notation (2213) we have

EP[&(1screny X)) = B |ess sup’ B [1screy X|F]
PeP(t;P)
> EP[EP 1 ey X|F]]
— EP[EP[1,cscn X]|Fi]  P-as. forall P € P.

Hence,

[5t(1{8<7'<t}X)] ess sup’ BY[EP (1, - X]|F)
P'eP(t;P)

= St(Ep[1{8<;<t})~(]) P-as. for all P € P.
The inequality (2230) follows from the sublinearity of (P, F)-conditional expecta-

tion. In the second last equality we use the tower property (222). This concludes
the proof. ]

Corollary 2.23. Let Assumptzon 232 hold and X be an upper semianalytic func-
tion on Q such that X € LY(Q). If fort > 0, £&(X) € LY(Q), then

E(&(X)) = E(X)  P-as. forall PeP,
for0<s<t

In Appendix [@l, an explicit counterexample shows that the above weak tower
property of the family ()50 cannot be improved in full generality. However, in
Section 4 we show that the classic tower property holds in all cases of practi-
cal interest for credit or insurance products. In Appendix B, further sufficient
conditions for the tower property are provided.
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Remark 2.24. The classic dynamic programming property fails in the reduced-
form setting due to the nature of the progressively enlarged filtration G. Indeed,
while the canonical filtration F is consistent with the ’path-pasting’ construction
shown in [33], from which the dynamic programming property follows as a natural
consequence, this is not the case for the enlarged filtration G. Furthermore, we
note that & does not always map L*(€) into L'(Y), the reason is the same that
causes the dynamic programming property to fail. For a detailed discussion on
these technical difficulties, we refer to [51].

In view of the above results, we give the following definition which extends the
one in Proposition 24 to the reduced-form setting under model uncertainty.

Definition 2.25. We call the family of sublinear conditional expectations (gt)t>0
(P, G)-conditional expectation.

2.4 Valuation of credit and insurance products under model un-
certainty

We now consider the valuation of credit and insurance products under model
uncertainty. We show in Proposition EZ31 that in these cases, the classic tower
property holds and the sublinear operator & maps L'(Q) into L'(Q). As we will
see in Section B3, the following valuation formulas can be hence interpreted as
superhedging prices for the given cash flows.

Let T' < oo be the maturity time. We define the filtration F” := (]:ZD)te[o,T}
by

FP=F'VNE, telo,T],

where N7F is the collection of sets which are (P, Fr)-null for all P € P. For
both credit and insurance markets, the main products associated to a particular
default event represented by 7 can be modelled by three kinds of contracts with
the following payoff?:

1. 1iz5mY, where YV is an .7:%3 -measurable nonnegative upper semianalytic
function on 2 such that £(Y) < oo; i.e. the payment is made at the maturity
of the contract only if the default event does not occur before the maturity
date;

2. 1{o<z<1}Z7, Where Z := (Z;)icpo,r) s an FP-predictable nonnegative process
on , such that the function Z(t,w) := Zy(w), (t,w) € [0,T] x Q, is upper
semianalytic and sup,ejo ) Zt < M P-as. for all P € P, where M € Ry;
i.e. the payment is made at 7 only if the default event occurs before or at
the maturity of the contract;

“Note that here we extend the standard assumptions of the classical setting of [iT] to the case
under model uncertainty.
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3. fOT(l — Hu)dCua = 1{7—>T}CT + 1{0<7-<T}C;—_, where C = (Ct)te[O,T] is
a nonnegative F7-adapted nondecreasing process on €2, with C(t,w) :=
Ci(w), (t,w) € [0,T] x Q, upper semianalytic with sup,cjo 1 Ct < M P-a.s.
for all P € P and for M € Ry, which represents the cumulative payment;
i.e. a payment flow is made as long as the default event does not occur or
the contract is valid.

We give first valuation formulas for these three kinds of contracts under model
uncertainty.

Lemma 2.26. Let Y = Y (w), w € Q, be an ]-"%D—measumble upper semianalytic
function such that E(|Y|) < co. Then for every t € [0,T7],

1omY  and  Yeo S pudu

are upper semianalytic and belong to Ll(Q). Furthermore, if P satisfies Assump-
tion 23, the following holds pathwisely for every t € [0,T],

& (LrsnyY) = Lz & (Ye— I ““du) : (2.31)

T
Proof. We note that 177y and e Jo pudu gre nonnegative Borel-measurable func-
tions. By point 5 of Lemma 2T7 we have that

1{%>T}Y and Ye~ I pudu

are upper semianalytic and clearly belong to L'(). Equality (2=31) follows from
(2221) and the fact that Y does not depend on @ € €2,

E(LzsmyY) =Lsn &€ EP [1zo1y Y1)
=Lz &i(YetTIT)
=1 &i(Yer I prader),
O
Lemma 2.27. Let Z := (Zt)icpo,1) be an FP -predictable process on Q. Then under
every P € P with P = P ® P, we have

~ t u
o [1{s<%<t}Z?‘ gs] - 1{%>8}EP |:/ Zue” Js Mvdv,uvudu

}'s} P-a.s., (2.32)

for s,t € [0,T] with s < t.

This integral is a pathwisely defined Lebesgue-Stieltjes integral.
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Proof. Let P € P and 0 < s < t < T. By Proposition EZI0, Proposition 5.1.1 and
Corollary 5.1.3 of [[0], which hold without the usual conditions on the filtrations,
we have

) ot ;
E” [1{s<?<t}Z‘?‘ gs] = 1{?>S}EP |:/ Zye~ Js “vdvﬂudu

]:5} P-as.

Then P-a.s. equality (2232) follows from P ® P|(Q7]_‘) =P. O

Corollary 2.28. Let Z := (Zt).ejo,1) be an FP -predictable process on ) such that
the function Z(t,w) := Zi(w), (t,w) € [0,T] x Q, is upper semianalytic and there
exists M € Ry such that sup,cjo 111 2t| < M P-a.s. for all P € P. Then,

t
ls<rcy 27 and /Zue_fs v, du
S

are upper semianalytic and belong to LY(Q), for all s,t € [0,T] with s < t. Fur-
thermore, if Assumption 223 holds for P, we have

t
Es (1{s<7~'<t}Z7~') = 1{7*>s}€s (/ Zye~ s uvdvﬂudu> P-a.s. for all P € P,

(2.33)
for all s,t € [0,T] with s < t.
If in addition Z is a stepwise F-predictable process, that is
n
Zt = Z Ztil{ti<t<ti+1}7 le [0? T]?
=0
where tg = s < -+ < tyy1 = t, Zy, is Fy,-measurable for all i = 0,...,n, then
equality (2=33) holds pathwisely, that is
¢
Es (1{s<%<t}Z7~') = 175585 </ Zue” Js Hvdvﬂudu) : (2.34)
S

Proof. We note that point 6 of Lemma 27T holds also for Y = [0, T, x(dy; x) = dy.
This together with points 3 and 5 of Lemma 210 shows that

t
ljreyZ-  and /Zue—fs e du
S

are upper semianalytic and belong to L'(Q). Equality (2333) follows from Lemma
227 and point 3 of Remark 2719.
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If Z is a stepwise F-predictable process, by (2221) we have

Z Zy, 1{ti<7~'<ti+1}] >

gs (1{s<%<t}Z7’) = 1{-?>s}£s <€FSEP
=0

= 1{%>s}58 <6FS Z th'EP [1{ti<%<ti+l}])
=0
=0

t
= 1{%>s}gs (/ Zuer—FudFu>
St )
= 15065 (/ Zye s ”’“d”;zud“> ;
S

where the integrals above are pathwise Lebesgue—Stieltjes integrals. O

Lemma 2.29. Let C := (Ct)te[o,T] be a nonnegative FF -adapted nondecreasing

and continuous process on . Then under every P € P with P = P ® P, we have

Epuh—mmag4

t
:1{7~'>5}EP |:/ Cuef fs Nvdvﬂudu+ Cte* fst oy du
S

J—“S] P-a.s., (2.35)

for all s,t € [0,T] with s < t.

Proof. Let PePand 0 < s <t <T. We use the same proof of the first
part of Proposition 5.1.2 of [10], which hold without the usual conditions on the
filtrations, together with Proposition 211 and get

Eﬁuh—mmag4

- t u
:1{7:>S}EP |:/ Cue_ fs MvdvﬂudU‘{‘ Cte_ fbt Mudu
S

.7'-5] P-as.

Then P-a.s. equality (2333) follows from P ® P|(Q7]:) =P. O

Corollary 2.30. Let C := (Ct)te[(]’T] be a nonnegative FF -adapted nondecreasing
process on §, with C(t,w) := Ci(w), (t,w) € [0,T] x Q, upper semianalytic and
such that sup,cjo ) Ct < M P-a.s. for all P € P, where M € Ry.. Then

t ¢ t
/ (1 - Hy)dCy  and / Cue™ I3 1 du 4 Cre Jo
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are upper semianalytic and belong to Ll(fZ) for all s,t € [0,T] with s < t. Fur-
thermore, if Assumption 22 holds for P, we have

é, ( / - Hu)d0u>

t
=175 Es (/ Cue~ IS podvy du + Che™ N ““d“> P-a.s. for all P € P,
’ (2.36)
for all s,t € [0,T] with s < t.
Proof. Since .
/S (1= Hy)dCy = 11,c7<)C7 + 13351 Ct,

points 2, 4, 5 and 6 of Lemma 2717 show that
t : . t
/ (1 B H“)dcu and / Cue_ fs “’”dvlﬁudu + Cte_ fs pudu

are upper semianalytic and belong to L*(Q). Equality (2238) follows from Lemma
and point 3 of Remark ZZT9. O

Now we show that in all these cases of practical interest, the classic tower prop-
erty holds and the sublinear operator & maps L'(Q) into L'(Q2). The following
proposition is slightly more general.

Proposition 2.31. Let Z := (Zt)icpo1) be an FP -predictable process on Q such
that supcpo ) |Zt] < M P-a.s. for all P € P, where M € Ry, and the func-
tion Z(t,w) = Zy(w), (t,w) € [0,T] x Q, is upper semianalytic, and Y an FJ. -
measurable upper semianalytic function on  such that E(|Y]) < co. Let Assump-
tion 22 hold for P. If

X = Ljo<r<ry Z7 + Lz Y,
then we have o .
E(X) € LY(Q),
for allt € [0,T] and the tower property holds, i.e.
E(&(X)) =E(X)  P-as. forall PeP,
for all s,t € [0,T] with s < t.

Proof. Let t € [0,T]. Arguments similar to Lemma and Corollary show
that £(X) is well defined and £(|X|) < co. We prove first that

E(IE(X)]) < oo.
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By calculations similar to the ones in Theorem and Corollary 2228, we have

sup EP ‘g’t(f()u
pep -

< sup E7 :‘1{%@} En(p(@, )] ms| + ‘1{%>t}gt <€FtEp[1{%>t}X]> H (2.37)

Pep

= sup B :EP [|Ljo<r<ty Z5|] + EF H1{%>t}5t(€FtEP[1{%>t}X])m

Pep

= sup B | B [|Locran 2] + [E(E”

pPepP

=sup EF :Eﬁ Hl{o<7-gt}Z| ‘St

pep

ot
<sup EF / | Zy|e Tudly, +
LJo

PeP

o -
<sup EY / |Zy|e~Tedr,
LSO J

Pep

= _
<sup EY / |Zy|e~Tudr,
LJ O J

pep

- -
< sup BV /|Zu|e_F“dFu

Pep

<sup EY /Me F“df]
pPeP

+ sup EP
PeP

+ sup EF
PeP

+ sup EF
PeP

150 X)) (2.38)

Ltcr<myZ7 + 11y Y]) H

& < / Zye Tudl, + EP [1{;>T}Y]> H
t

T N
&t (/ Zye tedl, + EP[l{bT}Y]) H
L t

ST A
/ Zue’F“dFu + EP[].{;.>T}Y] H
t
(2.39)

T
/ | Zy|e Tudl, + |Y|]
L/t

T
+ sup EF [/ Me_rudfu} + sup B [|Y]]

pPcp

Pep

<SMsup PO<7T<t)+ Msup P(t <7< T)+supEP[|Y|]

Pep
< 00,

pPeP

where (2231) is a consequence of the definition (2221, equality (P=38) is derived
with the same computations as in (2228) and inequality (2=39) follows from Step
1 of the proof of Theorem 2.3 in [27]. This shows that for every t > 0, &(X) still
belongs to L' (Q). We now prove the tower property. Let P € P, by the proof of
Theorem 2722, the classic tower property holds if and only if (229) and (2=30) are

equalities. That is

el g, (Ef5 E(Locren X)) + E(EP [1{;>t}5q)) — P& (& (B (1520 X]))  P-as.
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We have indeed
EP &1 screny X)) + E(EY Lz X])
=EP[E (1 sci<y Z)]) + E(EY [Lycrery Z5 + L=y Y )
=E"[Lscren Zi) + E( B Mycrery Zs + 1375y Y))

t ~
=/ Zue " dDy + E(EY [Lycrery Z + LizaryY])

t N
=& </ Zye ATy + BV [Lcrery Z + 1{%>T}Y]>
=& (EP[1{5<%<t}Z‘F] + EP[Lycrery Z7 + 1{%>T}Y])
—&(E 1759 X])  P-as,

where we stress that for fixed w, 11, 7<) Z7 is FF-measurable, and fst Zye Tudl,
is FF-measurable as well. O

3 Superhedging for payment streams

We now study the problem of superheging payment streams under model uncer-
tainty. We stress that the dynamic superhedging problem in continuous time for
payment streams has been not yet defined in the literature. Even in the case with
a single prior, the problem is addressed only in discrete time, see e.g. [19], [3Y]
and [40]. Here we aim to fill this gap, by formulating rigorously the meaning of
dynamic superhedging payment streams in continuous time and by analysing in
detail its consequence. A finite time horizon [0, 7] with T' > 0 is fixed through out
this section.

3.1 Optional decomposition

We recall first some preliminary results of Section 2 in [82], which are useful for
further discussion. Definitions and theorems in this section are all independent of
the choice of the measurable space €2, the filtration F and the probability family
P. In the sequel “sigma martingale” can be replaced by “local martingale”.

Let S := (St)te[o,T} be an m-dimensional F-adapted process with cadlag paths,
where m is a positive integer. If under a probability P the process S is a (P,TF)-
semimartingale, we denote its characteristics by (BY, CF,v). By Proposition 2.2
of [28], the process S is also a (P,F!)-semimartingale with the same characteris-
tics. Moreover, if S is a (P, F)-semimartingale for all P € P, we denote by L(S,P)
the set of all m-dimensional F-predictable processes which are S-integrable for all

P e P, and by P)[6ds = (7[16d9),c 0. the usual It integral under P for all
5 € L(S,P).

Assumption 3.1. The following conditions hold:
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1. P is a set of sigma martingale measures for S: the process S is a (P, Ff)-
sigma martingale for all P € P;

2. P is saturated: all equivalent sigma martingale measures of its element still
belong to P;

3. S has dominating diffusion under every P € P: we have v¥ < (CT)¥ P-a.s.
foralli=1,...,m and for all P € P.

Remark 3.2. If S has continuous paths, then it always has dominating diffu-
ston under a sigma martingale measure P, since its characteristics are reduced to
(0,CF,0); in particular, it is a continuous local martingale under P.

Remark 3.3. Under the choice of m = d and S = B, Lemma 4.2 and Proposition
4.3 of [32] give a sufficient condition such that Assumption 222 and Assumption
@32 are both satisfied.

We recall Theorem 2.4 of [32].

Theorem 3.4. Under Assumption B3, let Y = (Yi),co,m) be a real-valued, F-
adapted process with cadlag paths, which is a (P, Ff)—local supermartingale for all
P € P. Then there exists an F-predictable process 6 := (0t)ejo,r) n L(S,P) such
that

(P)
Y -Yy— /(5dS is nonincreasing P-a.s. for all P € P.

3.2 Problem formulation

We give now the formulation of the superhedging problem. Definitions in this
section are independent of the choice of the measurable space €2, the filtration F
and the probability family P as well.

We define the filtration F” := (]:tp)te[o,T] by

FP=F'vVNE, telo,T],

where N is the collection of sets which are (P, Fr)-null for all P € P. Let R :=
(Rt)ieo,r] be a nonnegative FP-adapted process with nondecreasing paths such
that R (w), w € €, is upper semianalytic for all t > 0. Without loss of generality
we assume Rg = 0. Let S := (S¢)¢cpo,7] be an m-dimensional FP-adapted process
with cadlag paths, which is a (P, F?)-semimartingale for all P € P. The processes
R and S represent respectively an (eventually discounted) cumulative payment
stream and (eventually discounted) tradable assets on the market.

We denote by L(S,P) the set of all m-dimensional F”-predictable processes
which are S-integrable for all P € P and define the following set of admissible
strategies

(P)
A = {5 € L(S,P): /5dS is a (P, Fi)—supermartingale for all P € 77} .
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Definition 3.5. A process § € A is called robust global superhedging strategy
for a cumulative payment stream R if there exists v € R such that

(P)er
v+ / 6udSy = Ry P-a.s. forall P € P,
0

for all [0, T]-valued F-stopping time T.

Definition 3.6. Let 0,7 be two [0,T]-valued F-stopping times such that o < T.
A process 6 € A is called robust local superhedging strategy for a cumulative
payment stream R on the random interval [o, 7] if there exists a real-valued FL -
measurable function v such that

(P) o
v+ / 64dSy > R,y — Ry  P-a.s. for all P € P,

for all [0, T]-valued F-stopping time o' with o < o’ < 7.

We note that Definition B3 agrees with the definition of superhedging strategies
given in e.g. [19], [39] and [40] in discrete time and without model uncertainty.
Furthermore, clearly an admissible strategy o is a robust global superhedging
strategy if and only if it is a robust local superhedging strategy on all random
intervals in [0,7]. Similarly, we define global and local superhedging prices as
follows.

Definition 3.7. We call robust global superhedging price for R the value 7TOT eR
such that

ﬂg =inf {v € R : 3§ € A such that for every [0, T]-valued F-stopping time T,

(P)pr
v+ / 0,dSy > R, P-a.s. for all P € 73} . (3.1)
0

Definition 3.8. Let 0,7 be two [0,T]-valued F-stopping times such that o < 7.
We call robust local superhedging price for R over the random interval [0, 7] a
real-valued F -measurable function w7 such that

T, =ess inf ¥ {v is ff-measumble : 38 € A such that for every F-stopping time o’
(P) g’
witho <o’ <1, v+ / 0,dSy = Ry — Ry P-a.s. for all P € 77}
o

P-a.s. for all P € P. (3.2)

Definition B8 agrees with the definition of superhedging price (or superhedging
premium) given in e.g. [9], [89] and [d0] in discrete time and without model
uncertainty. We emphasize that the robust local superhedging price is unique
only up to a set N € N'F.

We are mainly interested in the following two problems.
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1. Show the existence of robust global and local superhedging prices as defined
in Definition BZ0 and Definition B8 and determine their value.

2. Show the existence of global and local superhedging strategies for a pay-
ment stream associated to robust global and local superhedging prices. In
particular, we call optimal superhedging strategies for R a robust global su-
perhedging strategy ¢ for R such that, for all [0, T]-valued F-stopping times
o,0',7 with 0 < 0o/ < 7, we have

(P) o
T+ / 0,dS, > Ry — R, P-as. for all P € P.

The first issue is a pricing problem. The robust global (or resp. local) superhedging
price of R can be indifferently interpreted as the minimal amount of money the
company should keep in order to be able to pay out in the future, or as the minimal
price the product should be sold. The second problem is a hedging problem. We
emphasize the importance of distinguishing robust global and local superhedging
problems. Clearly, for products with single payoff such as European contingent
claims, only the global problem is relevant. However, in the case of a generic
payment stream, investors may be interested in the superhedging problem over a
particular time interval.

3.3 Robust superhedging for payment streams

We now study the dynamic superhedging for payment streams in the standard
setting, where we use notations of Section P2
The following theorem is an intermediate step.

Theorem 3.9. Let Assumptions 223 and B3 hold. Let o,7 be two [0, T]-valued
F-stopping times such that o < 7, and R := (Ry)ico,) be a cumulative payment
stream with E(Rr) < oo. If there exists an F” -adapted process Y = (Ye)tepo, 1]
with cadlag path, such that for all t € [0, T

i =&(R;) P-a.s. forall P€P,
then we have the following equivalent dualities for every P € P:

Es(R;)
(P pr
=ess infp v 18 ff—measumble : 36 € A such that v + 0udSy = R,

[

P'-a.s. for all P" € P}  P-a.s. (3.3)
(P pr
=ess infp {v 18 ff—measumble : 36 € A such that v + 0udSy = R,

[

P'-a.s. for all P' € P(o; P)}  P-a.s., (3.4)
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and

Es(R: — Ry)
(P)pr
=ess z'an v 18 ff—measumble ;36 € A such that v + 0,dSy = R — R,

P'-a.s. for all P € P}  P-a.s. (3.5)

(P)pr
=ess ian {v 18 ]:f—measumble ;36 € A such that v + 0,dSy = R — R,

[

P'-a.s. for all P € P(0;P)}  P-a.s. (3.6)

Proof. The proof is based on Theorem B2 and is similar to Theorem 3.2 of [37]
and Theorem 3.4 of [6] with minor changes. We refer to [51] for further details. [

Theorem B extends Theorem 3.4 of [6] to the case of payment streams and
can be considered as a dynamic version of Theorem 3.2 of [82]. It includes also
the static robust superhedging dualities in e.g. [d1], [I8] and [4]. We note that
a priori the robust global superhedging price of R as defined in Definition B77 is
higher than £(Rr) and the robust local superhedging price of R on the interval
[0, 7] as defined in Definition B is higher than &;(R; — R,). However, in the
following we will see that equality holds.

For all [0,T]-valued F-stopping times o,7 such that o < 7, we define the
following set:

02

(P)
C) = {5 eA: & (R;)+ / 0u,dSy = R,, P-a.s. for all [0, T]-valued

1

F-stopping times o1, 09 such that 0 < o1 < o9 <7, forall P € P}.

If o,0', 7,7’ are [0, T]-valued F-stopping times such that ¢ < o/ < 7 < 7/, then it
clearly holds by definition

clcerlcercar. (3.7)

The following theorem solves both the pricing and hedging problem for a payment
stream.

Theorem 3.10. Under the same assumptions as in Theorem [EQ, we have:
1. the set COT is not empty;

2. the robust global superhedging price of R is given by E(Ry) and the robust
local superhedging price of R on the interval [o, 7| is given by E,(R: — Ry);

3. the infimum value in (33) and (F3) is attained, i.e. optimal superhedging
strategies exist.
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Proof. Since it holds that

E;(R;) — Ry := ess supPEP/ [R;|Fs] — Ry = ess supPEP, [R; — Ry |F5]
P'eP(o;P) P'eP(o;P)

=&;,(Rr — R,) P-as. forall PP, (3.8)
every set CJ can be equivalently represented as
(P)poz

C, = {5 €eA: &, (R — Rs)) + 0,dSy = R, — Ry, P-a.s. for all [0, T]-valued

o1

F-stopping times o1, 09 such that 0 < 01 < 09 < 7, for all P € P}.

Hence, point 2 and point 3 follow from point 1 together with dualities (B33), (8H)
and inclusion (BZ7).

Now we show the first point. Similar to the proof of Theorem B and Theorem
2.3 of [34], by applying Theorem B it is possible to find an FP-predictable process
d € L(S,P) such that for every [0, T]-valued F-stopping time o we have

(P).r
E(Rr) + / 0,dS, > R P-as. forall P € P.

In particular, if ¢’ is another [0, T]-valued F-stopping time such that o < ¢/, then

Es(Rr) + 0,dSy + 0,dS, > R P-as. forall P € P.

o g

Since ) [6dS is a (P, Ff)—supermartingale, by applying conditional expectation
on both hand sides we get

(P) .o
E-(Rr) + / 0,dS, = EP[RT|}_5+] P-a.s. for all P € P.

We note that since R is nondecreasing, we have

EYRp|FL,) - Ry = E¥[Ry — Ry|FL,] >0 P-as. forall P € P.

Hence
(P)pg’
Es(Rr) + / 0,dS, > R,  P-as. for all P € P.
g
This shows that the set C(:)F is not empty. 0

We stress that Theorem Bd and Theorem B0 can be carried out without
changes also in the situation without model uncertainty, i.e. when we have a
single prior P which is a sigma (or local) martingale measure for S.
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3.4 Robust superhedging in the reduced-form framework

In view of the construction in Section 2 and Section P23, we can now extend the
superhedging results to the reduced-form setting.
Similar to Section B3, we define the filtration G¥ := (Qt )eelo,r) bY

GP =g vNE, telo,1]

where /\fT75 is the collection of sets which are (P,Gr)-null for all P € P. Let
R:= (Rt)te[o 7] be a nonnegative GP- adapted process with nondecreasing paths,
such that Ry is upper semianalytic for all ¢t € [0,7] and Ro = 0. The process R
represents an (eventually discounted) cumulative payment stream on the extended
market. We set S to be an m-dimensional G~75—a(fl~apted process with cadlag paths,
which is a (P, G?)-semimartingale for all P € P and represents (eventually dis-
counted) tradable assets on the enlarged market. Let L(S,P) be the set of all

m-~dimensional Gﬁ—predictable processes which are S-integrable for all P € P.
We define the following set of admissible strategies on the extended market,

_ I 0 Vo o o
A = {5 e L(S,P): /5dS is a (P, Gi)—supermartingale for all P € 77} ,

where (P)fgdS = ((P)fotgdS)tem’T] is the usual It6 integral under P. Robust global
and local superhedging strategies, robust global and local superhedging prices and
the sets (fﬁ with 0 < s <t < T are defined correspondingly as in Section B=3.
Theorem BT and Theorem B2 are analogue to Theorem B and Theorem B0
for the F-filtration.

Theorem 3.11. Let Assumption 222 hold for the probability family P, Assumption
@2 hold for P, and R := (Rt)te[o 1) be a cumulative payment stream with Et(RT)

~( ) for allt € [0,T). Ift € [0,T] and there exists a G -adapted process Y =
(Ys)sejo,r) with cadlag paths, such that for s € [0, 1]

Y, =E&(R;) P-a.s. forall P € P,

and if the tower property holds for Ry, i.e. for allr,s € [0,t] with r < s

E-(Ry) = E(Es(Ry))  P-a.s. for all P eP,
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then we have the following equivalent dualities for all P € P and 0 < s <t < T

Es(Ry)
i i o (Pt o
=ess infp{f) 18 gf—measumble : 36 € A such that v + 0,dSy, = R; P'-a.s.

for all P € P}  P-a.s.
i i o (Pt o
=ess z'nfp{f) 18 gf—measumble : 36 € A such that v + 0,dSy, > R; P'-a.s.

s

for all P' € P(s; P)}  P-a.s.,
and
gs(Rt - Rs)

. N L (Pt ~
=ess ian{fx 18 gf-measumble : 36 € A such that v + / 6,dS, = R — Ry

P'-a.s. for all P' € P}  P-a.s.

. N L (Pt ~
=ess ian{{J 18 gf-measumble : 36 € A such that v + / 6,dS, = Ry — Ry
P'-a.s. for all P' € P(s; P)}  P-a.s.

Proof. The proof of the theorem is the same as in Theorem BY. Indeed, we can
apply Theorem B to the measurable space {2 with filtration GP and to the process
Y. O

Theorem 3.12. Under the same assumptions in Theorem B11, for 0 < s <t <
T, we have the following statements.

1. The set C~g s mot empty.

2. The robust global superhedging price of R is given by c‘:’(RT) and the robust
local superhedging price of R on the interval [s,t] is given by Es(Ry — Rs).

3. Optimal superhedging strategies exist.
Proof. The theorem can be proved in the same way as in Theorem BI0. 0

By using the results in Section P, we show that the superhedging problem
can be solved for all main credit and insurance cash flows. As already noticed in
e.g. [B], [@ and [8], we recall that the three kinds of main products are special
cases of payment streams by setting

Rt = 1{?>T}Y1{t:T}7 te [OvT]’ (39)

Ry =0, Rt = 1{0<.,-<t}Z»;, t€0,T7], (3.10)
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or

Roy=0, Ry=1{0c:<;Cs;+1nCh,  t€10,T7, (3.11)
respectively.
Proposition 3.13. Under the same assumptions of Lemma 228, Corollary

and Corollary 2230, if in addition the family P is tight and p, Y, Z and C are
bounded and continuous in w P-a.e. for all P € P, then the processes

(5% (1{f>T}Y)> (ér (1{o<%<T}Z%)>

t€[0,T] ’

(6 (f mmc) .,

are G*-adapted and respectively equal to a cadlag process Y := (Y;i)te[O,T] P-a.s.
for all P € P.

t€[0,T] ’

and

Proof. The three processes are clearly G*-adapted by definition. For every t €
[0,T], by Lemma 2228, Corollary and Corollary 2230, we have

& (1{%>T}Y) = liné (Ye_ I ”“d“)

= 1{;>t}efot pudug, <Yef o “udu) P-as. for all P € P,

& (Locrery Z7) = & (Lpwrery Z7) + Ljocran Zs

T
= 1{%>t}5t </ Zye~ J: ““dvuudu> + 1{0<?<t}Z%
t

T ¢
= sl ot [Et ( / Zye~ o “”d“uudU) - / Zye™ do 1y du
0 0
+ Lio<r<ty 47 P-a.s. for all P € P,

and

& </OT(1 — Hu)dC’u>
=& (/tT(1 — Hu)dCu> — /Ot(1 — H,)dC,

T u T
=l (/ Cue™ e 1oy du + Cpe ““du> — (L10<r<tyCr + 1754 Ct)
t

T t
= 1{,;>t}efot frodv [gt (/ Cye=Jo 1 qyy 4+ Cre~ foTuudu> _/ Cpe Jo vy
0 0

— (1{0<%<t}07- + 1{;>t}C't) P-a.s. for all P € P.
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Under our assumptions, Proposition 2@ shows that

(gt (Ye* Iy “ud"))tem, (é} ( /0 " Zue “”d”ﬂudu» ,

te[0,7)

T
(gt ( / Cye—do 10y qu + Cpe=Jo #udu»
0 te[0,7)

are cadlag, hence the thesis follows. O

and

As a consequence, we now show that the superhedging price and strategy can
be determined for the credit or insurance products of the form (89), (B0) and
(BLD).

Corollary 3.14. Under the same assumptions of Proposition @13 and Proposition
2233, if in addition P satisfies Assumption B, then Theorem B and Theorem
B2 apply to credit or insurance products of the form (83), (@3I0) and (E11).

Proof. 1t follows directly from Proposition P23, Proposition B3, Theorem BT
and Theorem BT2. [
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A Counterexample for the tower property

In this section we provide a counterexample to show that the classic tower property
does not hold in general for the (ﬁ,G)—Conditional expectation constructed in
Section P23.

Let © = Co(R;,R?) and consider the G-conditional defined in e.g. [37] as
(P, F)-conditional expectation. Since the G-conditional expectation is only sub-
linear, there exist ¢ > 0 and sufficiently regular functions X, Y on 2 such that on
a measurable set A with P(A) > 0 for all P € P, the following strict inequality
holds

EX)w)+ &Y ) (w) >E(X+Y)(w) forallwe A (A.1)

Then there exists s with s < ¢ such that
Es(&(X)+&(Y)) > E(E(X +Y)) P-as. forall Pe P on A. (A.2)

Indeed, if there exists a measurable subset B C A with P(B) > 0 for all P € P,
such that for all s < ¢ we have

Es(&(X)+&(Y)) =E(E(X+Y)) P-as. forall Pe P on B,
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then by taking the limit for s 1 ¢, we get
E(&(X)+&(Y)) =&(&E(X+Y)) P-as. forall P€ P on B,

since the operator & is continuous in ¢ in the case of the G-conditional expectation,
see e.g. [d4] and [48]. By (23), the above equality is equivalent to

E(X)+EY)=E(X +Y) P-as. forall Pe€ P on B,
which contradicts (B).
Now we take r,[ with s < r <t <[ and define

_ X _
X = —T. . _Tr. Y = T -
e s —e T e i

Inequality (A=) thus equals the following

Es ((67115 — eirr) St(X) + St(eirl}_/))
> & (E((eh —e )X + e 1Y) P-as. forall P € P on A. (A.3)
If we set 3 B B
X = 1{7:<T}X + 1{%>Z}Y7

then the classic tower property does not hold for X, since (230) in Theorem 222
becomes a strict inequality on A.

B Sufficient conditions for the tower property

In this section we state some other sufficient conditions which guarantees the tower
property for (75, @)—conditional expectation. We note that these conditions do not
include the case in Proposition 2231

The following useful theory, called Yan’s Commutability Theorem, can be
found in [60] and in Theorem a3 of [35].

Theorem B.1. Let (Q, F, P) be an arbitrary probability space and H be a sub-
set of LY(Q, F, P) such that SUP¢c EFP[€] < +00. The following statements are
equivalent.

1. Foralle >0 and &1, &2 € H, there exists a &3 € H such that
Ef[(& v -t <e

2. EPless supt’€] = supEP[€].
fed £eH

3. For any sub-c-algebra J of F, we have

EY |ess sup’¢

{eH

j] = ess supt BT [¢] 7).

{eH
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Proposition B.2. Under the same assumptions of Theorem or Corollary
223, the tower property holds for (P,G)-conditional expectation, i.e.

E(&(X))=E(X)  P-a.s. forallPeP, (B.1)
with 0 < s < t, if one of the following conditions is satisfied
1. X does not depend on & € Q;

2. &1z X) is B(Q)-measurable and E(ET 1754 X]) = EP[E(1iz50X)]
P-a.s. for all P € P and for all 0 < s < t;

3. forall P €P, P-a.e. w,0<s<t, >0 and P, €P, there is a Py € P
such that if Y := 125 X, the functions

:/f/(w @t W, 0)dP(W), i=1,2,3,
Q

with w @ W' defined in (Z23) are B(Q)—measumble and
EP[(6 V& -&)T)<e  Puas.

Proof. Condition 1 is trivial. Indeed, by point 1 of Remark 219, in such case the
(ﬁ,@)—conditional expectation is reduced to the (P,F)—conditional expectation
which satisfies the tower property.

If condition 2 is satisfied, according to the proof of Theorem B=22, it is sufficient
to check that (2229) and (2230) are equalities. We have indeed

& (EP[E(Lsaran X)) + E(B L X))
=&, (Y[ scran &(X)) + B[ & X))
—c&, (B Liscranil ) + Lz &l X))
=elg, (EF] [Lrs sy E0(X )
=" & (E(ET 175 X))
— o8 (B [Lzo 9 X])  P-aus. forall P e P.
Condition 3 is equivalent to condition 2 by using the equivalence between
statements 1 and 2 in Yan’s Commutability Theorem BI. O
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