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Abstract

We prove a necessary and sufficient condition in terms of the barycen-
ters of a collection of polytopes for existence of coupled Kéahler-Einstein
metrics on toric Fano manifolds. This confirms the toric case of a coupled
version of the Yau-Tian-Donaldson conjecture and as a corollary we ob-
tain an example of a coupled Kéahler-Einstein metric on a manifold which
does not admit K&hler-Einstein metrics. We also obtain a necessary and
sufficient condition for existence of torus-invariant solutions to a system
of soliton type equations on toric Fano manifolds.

1 Introduction

Given a compact Kéhler manifold (X,w), an important question in complex
geometry is the problem of finding a metric of constant scalar curvature in the
Kéhler class [w]. It has been known for a long time that there are deep obstruc-
tions to existence of these metrics. In the case when [w] = +¢;(X), constant
scalar curvature metrics coincide with Kahler-Einstein metrics, i.e. metrics that
are proportional to their Ricci tensor. It was recently showed [CDS15] that exis-
tence of such metrics is equivalent to a certain algebraic stability condition: K-
polystability (see also [Tial5]). A similar stability condition for general Kéhler
classes is conjectured to be equivalent to existence of constant scalar curvature
metrics. However, except for some special classes of manifolds (see [Don09])
this is open. It should also be pointed out that even in the light of [CDS15], de-
termining if a given manifold admits a K&hler-Einstein metric is not a straight
forward task. The condition of K-polystability is not readily checkable. On
the other hand, a large class of manifolds where existence of Kéhler-Einstein
metrics reduces to a simple criterion is given by toric Fano manifolds. Here, as
was originally proved in [WZ04], existence of K&hler-Einstein metrics is equiv-
alent to the condition that the barycenter of the polytope associated to the
anti-canonical polarization is the origin. In addition, [WZ04] proves that any
toric Fano manifold admits a Kéahler-Ricci soliton, in other words a metric w
such that

Ricw = Ly (w) +w (1)

for a holomorphic vector field V. Here Ly denotes Lie derivative along V.
These appear as natural long time solutions to the Kéahler-Ricci flow and have



attracted great interest over the years. (see for example [Ham93], [Ham95],
[Ca097] and [Tia97]).

In a recent paper Witt Nystrom together with the present author introduced
the concept of coupled Kéhler-Einstein metrics [HWN18]. These are k-tuples of
Kéhler metrics (w1, ...,wy) on a compact Ké&hler manifold X satisfying

Ricwlz...:Ricwk:iZwi. (2)

These generalizes Kéhler-Einstein metrics in the sense that that for £ = 1 this
equation reduces to the classical equation

Ric w1 = :I:w1

defining Kéhler-Einstein metrics. Moreover, (2) implies a cohmological condi-
tion on wq,...,wy, namely

> lwi] = £ei(X). (3)

i

We see that, similarly as for Kahler-Einstein metrics, the theory splits into two
cases: ¢1(X) < 0 and ¢1(X) > 0. Now, as in [HWNI18] we will say that a
k-tuple of Kéhler classes (av,. .., o) such that Y. o; = +¢1(X) is a decompo-
sition of £¢1(X) and given a decomposition of ¢1(X) we will say that it admits
a coupled Kahler-Einstein metric if there is a coupled K&ahler-Einstein metric
(w1, ...,wy) such that [w;] = a; for all i. In [HWN18] it was shown that fixing
a decomposition of ¢;(X) imposes the right boundary conditions on (2) in the
sense that:

e If ¢;(X) < 0, then any decomposition of —¢;(X) admits a unique coupled
Kéhler-Einstein metric.

o If ¢1(X) > 0, then any coupled Ké&hler-Einstein metric admitted by a
given decomposition of ¢1(X) is unique up to the flow of holomorphic
vector fields.

Moreover, it was shown that if ¢1(X) > 0 and (w1, ...,wy) is a coupled Kéahler-
Einstein metric, then the associated k-tuple of Kahler classes ([w1], ..., [wk])
satisfies a certain algebraic stability condition which, by analogy, was called K-
polystability. It was also conjectured that the converse of this holds, providing
a ”coupled” Yau-Tian-Donaldson conjecture:

Conjecture 1. [HWN18] Assume ¢;(X) > 0. Then a decomposition of ¢;(X)
admits a coupled Kéahler-Einstein metric if and only if it is K-polystable.

Our main theorem confirms this conjecture in the toric case and provides a
simple condition for K-polystability in terms of the barycenters of a collection of
polytopes associated to (a1, ..., ax). More precisely, consider the anti-canonical
line bundle —Kx over a toric Fano manifold X. Fixing the action of (C*)"™ on



X, this defines a polytope P_k, in the vector space M @ R where M is the
character lattice of (C*)™. For a general Kéhler class that arise as the curvature
of a toric line bundle, this correspondence is well defined up to translation of
the polytope (or equivalently, up to choice of action on the toric line bundle).
Moreover, the correspondence trivially extends to all Kéhler classes that can be
written as linear combinations with positive real coefficients of Kéhler classes
of this type. By general facts (see Lemma 7 and the discussion following it)
this holds for any Kéhler class on a toric Fano manifold. This means that
a decomposition of ¢;(X) determines (up to translations) a set of polytopes
Py, ..., P, in R™. Moreover, the condition ), o; = ¢;(X) means the polytopes
can be chosen so that the Minkowski sum

ZPi =P k.. (4)

Enforcing this, we note that the polytopes associated to a decomposition of
¢1(X) are well defined up to translations

(Pl,...,Pk)H (P1—|—Cl,...,Pk+Ck)

where ci,...,c, € R" satisfies ), ¢; = 0.
Now, given a polytope P in R™ we will let b(P) be the (normalized) barycen-
ter of P

1
b(P):VT(P)/dep

where dp is the uniform measure on P and Vol(P) = [, dp. Note that b(P+c) =
b(P)+c, hence, assuming (4), the quantity ), b(P;) is independent of the choices
of translation of Py,..., P,. Our main theorem is:

Theorem 1. Let X be a toric Fano manifold. Assume () is a decomposition
of ¢1(X) and Pi,..., Py are the associated polytopes. Then the following is
equivalent:

e (o) admits a coupled Kdhler-Einstein tuple

e (o) is K-polystable in the sense of [HWN18]
e > .b(P)=0

Remark 1. One important point is ), b(P;) is not in general equal to

b (Z PZ-> =b(P_ky),

hence the condition on P, ..., Py in Theorem 1 is not (a priori) equivalent to
existence of a classical Kéahler-Einstein metric. In fact, non of these conditions
imply the other. By Corollary 1 below, there is an example of a manifold that
don’t admit Kahler-Einstein metrics but do admit coupled Kéahler-Einstein met-
rics. Moreover, by Remark 3 there is an example of a Kahler-Einstein manifold
with decompositions of ¢; (X)) that don’t admit coupled Kéahler-Einstein metrics.



Corollary 1. Let E be the rank 2 vector bundle
E = Op2(—1) ® Op1(—1)

over P2 x P1 and consider the toric four-manifold X = P(E). Then X does
not admit a Kdhler-Einstein metric. On the other hand, let m: X — P! be the
natural projection onto P and B, By € H(l’l)(X) be the classes corresponding
to the divisors given by 7~1(0) and 7w~ '(c0), respectively. Then

o Cl(X) \/é(/ﬁl + 52) B cl(X) \/%(ﬁl + BQ)
My T 4 2= 4
are Kdhler and the decomposition of c¢1(X) given by (a1, az) admits a coupled
Kahler-FEinstein metric.

()

Remark 2. It would be interesting to see if there are simpler examples than
the one given in Corollary 1 of manifolds which admit coupled K&hler-Einstein
metrics but no Kahler-Einstein metrics. However, by Corollary 1.6 in [HWN18],
the automorphism group of any manifold that admits a coupled Kéhler-Einstein
metric is reductive. Among other things, this rules out P? blown up in one or
two points.

Remark 3. The following is an example of a decomposition of ¢1(X) on an
Einstein manifold that does not admit a coupled Kéhler-Einstein metric. Let
X be the toric Fano manifold acquired by blowing up P? in three points and D
be the (S!)"-invariant divisor in X that corresponds to the ray generated by
(1,1) in the fan of X. Let D; = —Kx/2+tD. We have Dy + D_; = —Kx.
Computer calculations shows that

b(Pp,)+b(Pp_,) #0

for small ¢, in other words the decomposition of ¢1 (X)) given by (c1(Dy), c1(D—¢))
does not admit a coupled K&hler-Einstein metric for small ¢.

Remark 4. As discussed in [HWN18], fixing a K&hler class « on X we get a
family of decompositions of ¢1(X)

{(ta,e1(X) —tar) : t € (0,t4)},

where t, = sup{t : ¢1(X) — ta > 0}. Assuming they admit coupled Kéhler-
Einstein metrics (n¢, n5) we get a canonical family of metrics {w; := 0% /t} in a.
Now, let X be a toric Fano surface. By Theorem 1, (ta, o — ¢1(X)) admits a
coupled Ké&hler-Einstein metric if and only if

tb(PLa) + b(PfoftLa) =0 (6)

where L, is a toric (R-)line bundle such that ¢;(Ly) = o. On the other hand, it
was proven in [Don09] that « admits a constant scalar curvature metric if and

only if
faPLQ fdo B fPLQ fdp S
Jop,, do Jp, dp

(7)



for every convex function f on the closure of P, with equality if and only if f
is affine linear. Here do is the measure on 0P, defined by the identity

i / hdp = / hdo
dt PL&“FtPfKX OPLQ

for all functions h continuous in a neighbourhood of P. In particular, for affine
linear functions f, (7) reduces to the barycenter condition

t=0

f8PLa odo
faPLu do -’

It would be interesting to understand the relationship of (6) with the conditions

(7) and (8).

b(Pr,) = b(do) = (8)

Our second result considers a more general (soliton type) version of (2),
namely, given holomorphic vector fields Vi,..., Vj

Ricwy — Ly, (w1) = ... = Ricwg — Ly, (wy) :Zwi. 9)

We will say that a k-tuple of Kéhler metrics satsifying (2) is a coupled Kdhler-
Ricci soliton. When k = 1, (9) reduces to (1) and defines classical Kahler-Ricci
solitons. As mentioned above these appear as natural solutions to the Kéahler-
Ricci flow. In fact, a similar interpretation in terms of natural solutions to a

geometric flow can be given for (9). Given k Kihler metrics w?, ... ,w) we may
consider the flow defined by
iwi = Ricw! — Z w!
dt - !
iwz = Ricw} — Z wt, (10)
dt —

for t € [0,00). Stationary solutions to (10) are given by coupled Kéhler-Einstein
metrics, i.e. solutions to (2). On the other hand, putting V; = ... =V, =V
and letting (w!) be the flow along V of a k-tuple (w?) satisfying (9) means (w!)
will satisfy (9) for each ¢t. Plugging this into the right hand side of (10) gives

Ricw§ — wa =Ly (wﬁ)

for all j. By definition 4w’ = Ly (w!) for all j, hence (w!) satisfies (10).

To state our second result we need some terminology. Note that a point
in the vector space that is dual to M ® R, namely N ® R where NV is the lat-
tice consisting of one parameter subgroups in (C*)™, determines a holomorphic



vector field on X. We will call any holomorphic vector field on X that arise
in this manner a toric vector field. These can be given a concrete description
in the following way: By definition, the action of (C*)™ on X admits an open,
dense and free orbit. Identifying (C*)™ with this orbit and letting o1, ..., 0, be
the standard logarithmic coordinates on (C*)™ the toric vector fields are simply
the vector fields that arise as linear combinations of the coordinate vector fields

8%17 ceey %. We will often identify a toric vector field with its associated point
in N®R.

In this context there is a natural vector valued invariant Ay (P) determined
by a polytope P in R = M ® R and a point V in the dual vector space N ® R.
To define it we first introduce the V-weighted volume of P

Voly (P) = / VP dp.
P
Then Ay (P) is given by
1
_ Vp) dp. 11
Ap(V) = oy e ()

With respect to this we have:

Theorem 2. Let Vi,..., Vi be toric vector fields on a toric Fano manifold
X. Assume (aq,...,ax) is a decomposition of c1(X) and Py,..., Py are the
associated polytopes. Then there is a (S*)™-invariant solution (wi,...,wi) to

(9) such that w; € ay for each i if and only if
S AR (V) =0. (12

Remark 5. Similarly as in Theorem 1, the polytopes Py, ..., Py associated to
(a1,...,qr) are only well defined up to translations P; — P; + ¢; for ¢; € R"
satisfying >, ¢; = 0. On the other hand, similarly as the barycenter, Ay (P)
satisfies

Apyo(V) = Ap(V) +c,

hence the left hand side of (12) is invariant under such translations.
Remark 6. Theorem 2 is a generalization of Wang and Zhu’s theorem on

existence of Kéahler-Ricci solitons on toric manifolds [WZ04]. See also [BB13]
and [Dell7] for generalizations in other directions.

A straight forward corollary of Theorem 2, using that (11) is the gradient of
a strictly convex and proper function on R, is:

Corollary 2. Let («;) be a decomposition of c1(X) on a toric Fano mani-
fold. Then there is a unique toric vector field V such that («;) admits a (S*)"-
invariant coupled Kdhler-Ricci soliton where Vi = ... =V, =V.



Remark 7. Naturally, we expect solutions of the flow (10) to converge to the
Kahler-Ricci solitons in Corollary 2. This parallels the theory in the case k =1
(see [TZ07]). On the other hand, it is interesting to note that by Theorem 2
there exist a large class of solitons that does not appear as natural solutions to
(10) in the sense discussed above (this happens whenever V; # V; for some ¢
and 7). This suggests that there is a more general flow, which includes (10) as
a special case, and where the solitons of Theorem 2 appear as natural solutions.

A second corollary of Theorem 2 is related to the corresponding real Monge-

Ampere equation. Let f1,..., fr be twice differentiable convex functions on R™.
Let Vf; denote the gradient of f;. Then, given a decomposition (asq,...,a)
and associated polytopes Py, ..., Py, existence of coupled Kéahler-Ricci solitons
is equivalent to the solvability of the equation
Vi,V 2 Vi,V fr 2
a f>det( ) )z...:Mdet< &I ):e_zif" (13)
Voly, (Py) dxid,, Voly, (Py) dxid,,

under the boundary conditions

Vfi(R") = P, (14)

where the left hand side of (14) denotes the closure of the image of Vf; in R™.
We will say that a k-tuple of polytopes in R™ is toric Fano if it is defined by a
decomposition of ¢;(X) on a toric Fano manifold.

Corollary 3. Assume Py, ..., Py is a toric Fano k-tuple of polytopes and V1, ..., Vi €
R™. Then (13) admits a solution satisfying (14) if and only if

S An (V) =0
In particular, if Vi = ... = Vi = 0 then (13) admits a solution satisfying (14)

if and only if
> b(P;) =0.

Theorem 1 essentially follows from considering the case Vi = ... =V =01in
Theorem 2. Doing this gives that the third point in Theorem 1 implies the first
point. As mentioned above, by a previous result (Theorem 1.15 in [HWN18])
the first point implies the second point. Finally, an explicit formula for the
(coupled) Donaldson-Futaki invariant of test configurations induced by toric
vector fields shows that the second point implies the third point. To be more
precise, if V' is a toric vector field and (o) is a decomposition of ¢;(X) with
associated polytopes P, ..., Py, then the test configuration for («;) induced by
V' has Donaldson-Futaki invariant

o)



It follows that if ), b(P;) # 0, then there is a test configuration for (c;) with
negative Donaldson-Futaki invariant. By definition, this means («;) is not K-
polystable (see Section 3.2 for a detailed argument).

The main point in the proof of Theorem 2 is to establish a priori C°-estimates
along an associated continuity path. More precisely, let 64, ...,0, be Kéhler
metrics such that [0;] = a;. Assume, using the Calabi-Yau theorem, that wy is a
Kéhler form such that Ricwy = Y-, 0; and [, wi = 1. For each 4, let g; = go, v,
be a 0;-plurisubharmonic function on X such that

and [y 90 =1 (see Lemma 1). For ¢ € [0, 1] we will consider the equation
eI tVHO) (0) 4 ddr)" = ... = e TVEOR) (0 + ddopy)" = e 2Py, (15)

Moreover, fixing a point xy € X we will assume solutions to (15) are normalized
according to

¢1(z0) = ... = P (z0). (16)
The significance of these equations is that for ¢ = 1, a k-tuple of functions
@1, ..., ¢k such that each ¢; is 6;-plurisubharmonic solves (15) if and only if the
k-tuple of Kéahler metrics (6; + dd°¢;) is a coupled Kéahler Ricci soliton. We
prove:

Theorem 3. Let V;, o; and P; be as in Theorem 2 and assume (12) holds.
Let xo be the point in X that, under the identification of (C*)™ with its open,
dense and free orbit, corresponds to the identity element in (C*)™. Then, for
any to > 0 there is a constant C' such that any solution (¢1,...,dr) of (15) for
t > to, normalized according to (16), satisfies

sup |¢i| < C
X

for alli.

In [Pin18] Pingali reduces existence of coupled Kéhler-Einstein metrics to
a priori C%-estimates. This means that Theorem 2 in the special case when
Vi =... =V, =0, and thus Theorem 1, follows from Theorem 3 above and
Pingali’s work. For the general case we adapt the argument of Pingali to the soli-
ton setting, essentially following the computations by Tian and Zhu in [TZ00].
Letting Aut(X) be the automorphism group of X we prove:

Theorem 4. Let X be a Fano manifold and V1, ...,V be holomorphic vector
fields in the reductive part of the Lie algebra of Aut(X) such that ImV; generate
a compact one parameter subgroup in Aut(X) for each i. Let (a;) be a decompo-
sition of ¢1(X) with representatives 61, ...,0y such that Im Ly,0; = 0 for all i.
Assume also C°-estimates hold for (15), in other words, for each ty > 0, there
is a constant C such that any solution (¢;) to (15) at t > to satisfies

sup || < C
X

for alli. Then («;) admits a solution to (9).



We get that the positive part of Theorem 2 follows directly from Theorem 3
and Theorem 4. The negative part of Theorem 2 follows directly from a change
of variables in (13) (see Lemma 12).

Remark 8. In [BB13] Berndtsson and Berman use a variational approach to
prove existence of Kahler-Ricci solitons on toric log Fano varieties. They give
a direct argument for coercivity of the associated Ding functional on (S*)"-
invariant metrics. It would be interesting if this coercivity estimate could be
extended to the coupled setting. This would provide a stronger result than this
paper in two respects: First of all, it would cover the singular setting of log Fano
varieties. Secondly, since this bypasses the higher order a priori estimates from
complex geometry it would provide a version of Corollary 3 that is valid for all
k-tuples of polytopes, not only the ones that are defined by decompositions of
¢1(X) on toric Fano manifolds.

This paper is organized in the following way: Section 2.1 and Section 2.2 are
devoted to the proof of Theorem 4. In Section 2.1 we prove openness along the
continuity path and solvability at ¢ = 0. In Section 2.2 we prove C?*-estimates
assuming C%-estimates, thus finishing the proof of Theorem 4. In Section 3 we
set up the real convex geometric framework and in Section 3.1 we use this to
prove the C%-estimate of Theorem 3. Finally, at the end of Section 3.1 we prove
Theorem 2, Corollary 2 and Corollary 3 and in Section 3.2 we prove Theorem 1.
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2 Openness and higher order estimates

This section is devoted to proving Theorem 4.
The following lemma is well known. However, as a courtesy to the reader
we include a proof of it.

Lemma 1. Assume X is a Fano manifold, V a holomorphic vector field on
X and 0 a Kdéhler form on X such that the imaginary part of Ly (0) vanishes.
Then there is a smooth real valued function g on X such that

dd°g = Ly (6).

Proof. Since V' is a holomorphic vector field, the contraction operator iy anti-
commutes with 0, hence iy 0 is a 9-closed (0, 1)-form. By the Kodaira Vanishing



Theorem, since X is Fano, the sheaf cohomology group
HY(X,0)=HY"(X,-Kx + Kx) =0.
This means the Dolbeault cohomology group
HOY(X) = HY(X,0) =0,

hence iy6; is also D-exact. Let g be a smooth function such that v/—19g = iy/6.
As Ly (0) is real, so is g. Moreover,

ddcg = 1859 = 8’&\/0 = Lv(e)
This proves the lemma. O

For each i, let PSH(X, 6;) be the space of §;-plurisubharmonic functions on
X, in other words the space of upper semi-continuous and locally integrable
functions ¢; satisfying dd®¢; + 6; > 0. Note that if ¢; is a smooth function in
PSH(X,6;), then
Ly, (dd*¢) = div,V—=180¢; = v/ =109y, 0¢; = dd°Vi($:)

hence dd®(g; + Vi(é:)) = Ly (6; + dd°¢;). This means that, similarly as in
[HWN18], we get:

Lemma 2. Let X be a Fano manifold, V1, ..., V) holomorphic vector fields on
X and («;) a k-tuple of Kihler classes on X such that > a; = ¢1(X). Assume
each class «; has a representative 0; such that Im Ly (0;) = 0 and, for each i, let
@i be a smooth function in PSH(X,0;). Then (¢1,...,¢r) is a solution to (15)
at t = 1 if and only if the k-tuple of Kahler metrics (6; + dd°¢;) is a coupled
Kahler-Ricci soliton.

2.1 Openness

Here we will prove the first part of Theorem 4, namely that the set of ¢ such
that (15) is solvable is open.
We will use the following Banach spaces

A={(¢1,..., k) : 4i € CP(X)}

and
B={(vi,...,v5) 1 v; € CP*(X)}.

Moreover, let Apsy be the open subset of A given by
Apsi = {(¢1,..., 1) : ¢; € CH*(X) NPSH(X, 6;)} .
Let F': R x Apsgy — B be defined by
log(aﬁ%’w + 91+ Vi(o1) +t3 ¢
F(t, (¢:)) = :
log LG 4 i 4 Vi(dr) + 1 Y ¢

10



Note that F(t,(¢;)) = 0 if and only if (¢;) defines a solution to (15) at t.
Moreover, in this case the measure

W= (01 + ddc¢1)n egi+V£(¢i)
is independent of 3.

Lemma 3. The Fréchet derivative of F at (t,(¢;)) with respect to the second
argument is given by H : A — B defined by
7Awl’l)1 + ‘/1(@1) —+ tZ’Ui
H(vy,...,u) = : . (17)
—Au vk + Vie(vg) + > v,
where w; = 6; + dd°¢; and A, is the associated Laplace-Beltramsi operator.

Moreover, H is elliptic. Finally, assume F(t,¢) = 0 and let {-,-) be the inner
product on B given by

«wmmzzémw.

Then (H(uq,...,uk), (vi)) = {(u;), H(v1,...,vx)) for any (u;),(v;) € B.

Proof. Equation (17) follows from straight forward differentiation and the well
known identity

i (0; +dd°(p; + sv;))" ddev(0; + ddee;)"

log =n = Ay, ;.
ds o =0 (6: + dd°y)"
Now, H takes the following form in local coordinates:
(u;) = (vy) = Z al™(x) O us + lower order terms
' J K 8l’la$m

i,l,m

where a/' = 0if i # j and {al]"};,,n are the coefficients for the Laplace operator
A,,. Recall that H is elliptic if the matrix

> al(@)&km (18)
Lm

is invertible for all p € X and all non-zero £ = > Ela% € T, X. But this follows
immediately. To see this note that

Im

is 0 if ¢ # j and, by ellipticity of A, positive if ¢ = j. This means (18) is a
diagonal matrix with positive entries on the diagonal, hence it is invertible.

11



We will now prove the last statement in the lemma. It is a consequence of
the following identity for functions u,v € C%*(X) (see Lemma 2.2 in [TZ00]):

[ @ Vi) = [ (o, du)op. (19)
X X

We get,
Z/ AwiUrl-V;(vi)—l—Zvj (T
i 7X j
= - (dvy, du;)p + / VUi
3 [ dvodutis 3 o
= Z/ vi | Auui + Vilw) + > uy |,
i 7X j
and the last statement in the lemma follows. O

Lemma 4. Assumet € [0,1) and (v;) € A are not all constant and satisfies

Ay, o1+ Vi) = .o= Ay ve + Vi(ok) =2 v (20)
for a k-tuple w1, ...,wy satisfying
Ricw; — Ly, (w1) = ... = Ricwy, — Ly (we) =t Y _wi+(1—1) Y 6. (21)

Then \ > t.

Proof. Let 0, v denote the gradient of v with respect to the metric w;. Moreover,
we will use the notation Ric,, = Ric(w;). The proof is based on the following
Weitzenbock identity (see [TZ00], equation 2.7, page 277):

_/ (d(Ap, v+ Vi(v)), dv), pp > / (Ricy, —Lv (w;)) (O, v, Ou,v) p.
p's p's
Combining this with (21) and (20) gives

2

X"/X Ejjvj po= /X(Awiwvi(vi))?u

= —/<d(Awivi+Vi(Uz’))vdv>wiu
X

v

/ (Ricw, +Ly () (0, v1, Forin)

X
) Y il (22)
X

Y

12



Moreover, we claim that (20) implies

JACR ey N (23)
X X

for any 7 and j. Assuming that this is true we see that (22) implies

2

/\2/X Zj:vj I

Y

t D042
f Xt
=t dv; 2,
/X; 020
= t/ Z(ijijrm(uj))W
X
= t)\/ Z(Zvl> v
x5 2

2

= t)\/X ;vj .

We conclude that A > t. Moreover, if A = ¢ then equality holds in all inequalities
above. In particular, equality holds in the last inequality of (22), hence, by (21),

0 = / (Ricw, — Ly () (0,05, T wr) 1 — t / S 0l 1
X X j :

- (- / S0, vif2
X

from which it follows that v; is constant for every ¢. This means that to finish
the proof of the lemma it suffices to prove (23). To do this, note that for any @

and j, by (20)
[t

/ (Ay, v + Vi(v)))vjp
X

/ (D v + Vilw)v
X

/ (dv;, dvj)w, p.
X

Moreover, choosing coordinates (z1,. .., 2,) that are normal with respect to w;

13



and such that w; is diagonal with eigenvalues 1, ..., 3, at a point p we get

1 Ov; Ov;
dv;, dvj) | = § -
|< J> z| ‘ l Bl 821 321

2

>[5
. 821
= |awivi|wj|dvj‘wj'

Combining this with the Cauchy-Schwarz inequality we get

JN I R

X X
/|8wivi|wj|dvj‘wj/i
X

\/ / 8'“\/ / doy 2,
X X

and (23) follows. O

IN

IN

We can now prove the first part of Theorem 4.

Proof of Theorem 4. First part: Openness and the case t = 0. The theorem is
proved using the continuity method along the path defined by (15). Here we
will prove that the set of ¢ such that (15) is solvable is nonempty and open in
[0,1]. At the end of Section 2.2 we will prove that it is also closed in [0, 1], hence
that (15) is solvable for all ¢ € [0, 1].

First of all, to see that the set of ¢ such that (15) is solvable is nonempty,
note that for ¢ = 0, (15) reduces to the collection of equations

(6; + dd°¢;)" e9itVi(d;) — Wy (24)

This means that for each ¢ we can apply the Main Theorem in [Zhu00] to get
¢; such that
(0, + dd°¢;)" 93 tVi(di)Fe; — (25)

for some ¢; € R. Integrating both sides of this and using the fact that
/ 9 tVi) (9, 4 dd°¢;)" :/ 90T =1 :/ wy (26)
X X X
for all smooth ¢; € PSH(X,0;) we see that ¢; = 0 for all j, in other words
(¢1,--.,¢r) provides a solution to (15) at ¢ = 0.

Now, (26) is well known but for completeness we provide an argument for it
here. Consider the variation of the left hand side of (26) with respect to ¢;

/X (Aw¢z + V(Qgi)) Wi (27)

14



where we use the notation p; = e9:tVi(#) (0, 4+ dd°$;)". By (19),
. : . B 2 . N
/X (8udi £ V(60)) (it s = /X 49, i = /X (Budi+ V(@) dunnir (28)

hence (27) vanishes. This proves (26).

The fact that the set of ¢ such that (15) is solvable is open follows from
Lemma 3, Lemma 4 and a standard application of the Implicit Function The-
orem. More precisely, H is elliptic by Lemma 3. This means the image of
H : (W22(X))* — (L*(X))* is closed (see for example Theorem 10.4.7 in
[Nic17]). Taking (v;) in the orthogonal complement of the image of H gives

((vi), H(ui)) =0

for all (u;) € (W%2(X))*. In particular, it holds for all (u;) € (C>(X))*. By
the last point in Lemma 3 this means H(v;) = 0 as a distribution. By ellip-
tic regularity (see for example Corollary 10.3.10 in [Nic17]) (v;) € (C>(X))*
and hence, by Lemma 4, (v;) = (C;) for constants C1,...Cy. As H(C;) =0
we get > C; = 0. Using this and elliptic regularity again (see for exam-
ple Theorem 10.3.11b in [Nicl7]), we may conclude that the kernel of H is
{C1,...C% : > C; =0} and the image of H is

B:{(vi)eB:/qu:...:/wi}. (29)

It follows that H is invertible as a map from
A={(v;) € A:vi(x0) =... = vi(x0)}

to B. Moreover, the derivative of I with respect tot, (¢, (¢:)) = (3 ¢, .-, > #i)
trivially maps to B. Thus, applying the Implicit Function Theorem to F' re-
stricted to AN Apgy completes the proof of the theorem. O

2.2 Higher order estimates

We begin with

Lemma 5. Assume (¢;) satisfies (15) for some t € [0,1]. Then
sup |Ag; 051 < C

where C' depends only on sup; ||¢s||co(x)-
We will use the following lemma from [Zhu00] (page 768, Corollary 5.3):

Lemma 6. Let X be a compact Kdhler manifold, w a Kdhler form on X and V'
a holomorphic vector field on X. Assume ¢ € PSH(X,w) is smooth and X (¢)
s a real-valued function. Then

sup [V(¢)| < C
X

for a constant C' that is independent of ¢.
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Proof of Lemma 5. We start with the following inequality originating in [Yau78]
(see for example equation 2.3 on page 1587 in [CH12]): Assume w is a Kéhler
form and v is a smooth function satisfying

(w + dd°v)"™ = eF'w™.
Then there are constants C7,Cy and C3, independent of v, such that
Auiaden (€7 (n+ Ayv)) > e ALF + Co(n + Ayv)m=1 — C3. (30)
For each j, we have that ¢; satisfies the equation
(0; + dd°¢;) = e~ 9~ Vild5)—t 2, ¢i+108§(w8/9;)9?' (31)
Applying (30) to this and letting
uj = e (n+ Ag,¢;),

for all j we get

Ayu; > e D9, <—9j —Vj(¢;) — tZ@' + log(w3/9?)>

+Cs(n + ANg,¢;) 71 — Cs. (32)
Note that dd®¢; > —6;, hence

dde¢;) N1
Np,¢j = n% > —n.
j

This means u; > 0 for all j. Moreover, u; — e~ 19 DNy, p5 = ne~ 1% Hence,
adjusting Cy and Cs in a way which only depends on sup, ||¢;|[co(x), we get

n
po—

Ay > —e” %N (g5 + Vi(dy) —t Y ui+ Coul " —Cs. (33)

Now, let V; =3 Vn{% and §; = Zeznl—dzmdil. As in [TZ00], we compute

o ay 9
Boytay + Vo) = 0 5 (Vi (8 525 )

m,l
ovi (. %, (06 - DPp;
_ m 9] _ J J ml J )
; 02 ( mi 8zm821) Vi ( 0z | 020207
(34)

We will be interested in this at a point, p, where u; attains its maximum.
Choosing coordinates around p that are normal with respect to ¢; and such
that w; = 0; + dd°¢; is diagonal, (34) reduces to

_ -
Zam <1+ 0?¢; )+vj(A¢j).

0Zm, 02m0Zm,
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The first term of this can be bounded by
v
—(1+ Ay, ;).
Sip‘azm‘( + 0]¢J)
Moreover, as u; is stationary at p we get that
Vi(u;) = C1Vj(dj)uj —e Cl¢]V(A9 ;)
vanishes at p, hence
(7 9V;(80,09))], = (C1V;(85)u5) Ip-
We conclude that
—Cié. oV
e a0y +Vy(03)) < (sup |52 4 avi(6) ) o

By Lemma 6 this is bounded by C'u; for a uniform constant C.
We will now plug this into (33). By the maximum principle A, u; < 0 at p.
Letting M; = maxx u; > 0 we get

0> —CUj—tZMi-i-Cgu;% — (s
7

at p. Summing over j and using Young’s inequality a < ea™ (=Y 4 C(n,€) we
get, after adjusting Cs,

0 > —(JZMi—ktZMﬁ@ZMi—@
(C’ kt+)ZM Cs.

Choosing € small enough that the expression in the parenthesis is positive gives
an upper bound on Y M;. Since M; > 0 for all ¢, this implies a bound on
sup M; = sup |u;|. This proves the lemma. O

Proof of Theorem 4. Second part: C*® — estimates. Here we will prove that
the set of ¢ such that (15) is solvable is closed.

By Lemma 5, [Ag, ¢;| is bounded by a constant that depends only on |[¢;||co(x)
for all i. We wish to apply Theorem 1 in [Wan12]. To do this we need uniform
bounds on the Holder norms of ¢; and V;(¢;). These are implied by the uniform
bounds on Ay, ¢;. To see this, choose coordinates that are normal with respect
to 0; and such that 0; + dd°¢; is diagonal at a point p. Since

2 .
0; + ddp¢l = Z (1 + ajg;) dzmdZzZ, >0

we get that 8282§; > —1 for all m. Together with the bound

2
A9¢z Zaa(bl

2mO0Zm
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O ¢;

5205 for all m and [ and the bounds on the

this gives uniform bounds on

Holder norms follow.

Combining this with the argument at the end of Section 2.1, we conclude
that the set of ¢ such that (15) is solvable is non-empty, open and closed in [0, 1].
It follows that (15) has a solution (¢;) at t = 1. Consequently, by Lemma 2
(0; + dd°g;) solves (9). O

3 (Y-estimates

In this section X will always be a toric Fano manifold. In other words ¢1(X) > 0
and, letting n = dim X, there is an n-dimensional complex torus (C*)"™ acting
on X by bi-holomorphisms such that the action admits an open, dense and free
orbit. The purpose of the section is to prove Theorem 3. We will begin by
recalling the well known correspondence between metrics on line bundles over
toric varieties and convex functions in R™. As in the introduction we fix an
action of (C*)™ on X and identify (C*)™ with its open, dense and free orbit.
Let 0 be an (S!)"-invariant Kéhler form on X that arise as the curvature of a
metric || - || on a toric line bundle over X. Let P be the polytope associated to
this toric line bundle. Assume sq is the (C*)™-invariant section corresponding
to the point 0 € P. By the invariance s¢ is nonvanishing on (C*)™ and the
metric can be represented by a plurisubharmonic function ¢ on (C*)™ by

W = —log||soll*.
Then 1 satisfies dd“i) = 0. Using toric coordinates
(z1,...,2n) = (log|z1|,...,log|z,]) € R"
1 defines a convex function on R™

flay, ... xy) = (e, ..., e")

which will have the property V f(R™) = P. Moreover, in logarithmic coordinates
o; = log z; we have

f _ c

Z ST, doyd; = dd* = 0. (35)

Now, for a convex polytope P, let E(P) be the space of smooth, strictly convex
functions f such that

Vf(R") =P.
Then it is well known (see for example Proposition 3.3, page 687 in [BB13]) that
(35) gives a one to one correspondence between the (S!)" invariant elements in
[0] and E(P).

As noted in the introduction, the correspondence above extends trivially to
any 6 such that [f] can be written as a linear combination with positive real
coefficients of Kéhler classes that arise as the curvature of toric line bundles.
On the other hand, we have the following general principle which we record for
the convenience of the reader:
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Lemma 7. Let « be a Kdhler class on a Fano manifold X. Then there are some
ample line bundles Ly, ..., L, over X and positive real coefficients \1,..., Am

such that

Proof. First of all, any Kéhler class o can be written as (36) where the line
bundles L; are not necessarily ample and the constants \; are not necessarily
positive. To see this, recall that the map

e HY(X,0%) — H*(X,7)
is part of the following exact sequence
HY(X,0") % H*(X,Z) — H*(X,0).
By the Kodaira Vanishing Theorem, since X is Fano,
H*(X,0) = H*(X,Kx — Kx) =0.
It follows that ¢; is surjective, hence any element in H3 5(X) = H?(X,R) can
be written as a linear combination over R of elements in the image of ¢;. Note

that this means the set of rational classes, in other words the set of classes of
the form gc; (L) for some rational number ¢ and some line bundle L, is dense in

HOLD(X).
Now, the cone of Kihler classes K is open in H(1(X). This means we
can take a set of rational classes 71, ...,n; in K that span H( D (X) over R.

Moreover, these classes define an open subcone of K,

C= {Z)\an)\l €R+}.

For any a@ € K we may take a rational class 79 in the open set (« — C) N K
which is nonempty since « is in the interior of K. This means o = 1 + k where
k € C and (36) follows. O

Noting that any divisor on a toric manifold is linearly equivalent to an (S*)"-
invariant divisor, Lemma 7 and the discussion preceding it gives:

Lemma 8. Let a be a Kdhler class on X and P be the polytope corresponding
to . Then (35) gives a one to one correspondence between the (S')"™ invariant
elements in o and E(P). Moreover, if a = ¢1(L) where L is a toric line bundle
over X, then this correspondence is given by 0 — f where

floglzl,... ,log|z|) := — log||sol[?

where sq is the (S')"-invariant (meromorphic) section corresponding to the
point 0 € M QR and || - || is the metric on L with curvature 6.
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For each i, let h; : R™ — R be defined by

h;(x) = log Nip Z elv:e)
y
where the sum is taken over all vertices of the polytope P; and Np is the number
of vertices of the polytope P;. These functions are smooth, strictly convex and
satisfy Vh;(R"?) = P;, hence h; € E(P;). For each i, let 6; be the element in «;
corresponding to h;. Then there is a one to one correspondence between E(P;)

and the smooth (S1)"-invariant elements of PSH(X, ;) given by

fi(x) = hi(z) = di(e”). (37)

Moreover, h;(0) = 0 for each i. This means the normalization (16) is equivalent
to

f1(0) = ... = fx(0). (38)
Using the correspondence in (37), it is possible to rewrite (15) to a real Monge-
Ampere equation.
Lemma 9. Assume (¢;) and (f;) are related as in (37). Then, for t € [0,1],
(¢;) satisfies (15) if and only if (f;) satisfies

e{Vl,Vﬁ} 82f1 6<V’“vf’“> 82fk
det =... = det
VOIV1 (Pl) 8$m6$1 VOle (Pk) 8$mal‘l
= e txifim(hihe (39)
Proof. First of all, using (35) we see that
& fi
0; + dd¢p;)" = do;do
(0 + dd’¢:) ~ 0Ty 0y aiton
& fi
o 4
det <6Im Il) doda, (40)

where dodo = doy ...do,doy ... do,.
Abusing notation, we may think of f; and h; as (S*)"-invariant plurisubhar-
monic functions on (C*)™ C X. We will show that

et il = e—tzi(fi—hi)wg = et fit(U= 3 higqds. (41)
This will follow if we show that
eX Pl = dods. (42)

To do this, we note that by convexity

v <Z h) (R) =Y Vhi(R")=> P =P .
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By Lemma 8, Y h; defines a metric on —Kx of curvature ) 6; by the relation

[150l[3-5, = €= ="

where sq is the unique (C*)"-invariant section of —Kx, in other words

9 1
so=7—AN...\N7— =do .
0 0o ooy,
Moreover, the volume form wg defines a metric on —Kx by the relation
w’n
do |2, = —0_,
o2, = -8
The curvature of || - |[,» is Ricwy = » ;. By uniqueness in the Calabi-Yau

Theorem || - [|s=p, = || - [lop and (42) follows.
It remains to show that
Vi,V fi
e! : — 9itVi(di) (43)
VOlVi (Pz)
We will first show that

for some C; € R. Abusing notation again, and thinking of f; as an (S*)"-
invariant plurisubharmonic function on (C*)® C X, we compute

dd*(Vi,V fi) = dd° <Z gxfi am>

> fi
= ' 8xja$la mame'de'l
il
0 fi
= aZV ; 6xm8 ldO'me'l
= Oiy(0; +dd°¢;)
= Ly(6)

= dd®(g; + Vi(¢i))

and (44) follows by the maximum principle. To get (43), note that the push
forward of dodg under the map (z1,...,2,) — (log|z1|,...,log|z,|) is the Eu-
clidean measure dx on R™. This means, by (40) and (44),

0?f;
/ 9 tVi) (9, 4+ ddg;)" = / det (f> ViV I+Ci gy (45)
X n

8xm8xl

Performing the change of variables V f; = p we get

(45) = eci/ VP dp.
P

7
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By (26)
/ e Vi) (0, + ddp;)" / T =1
X X

This means C = log Voly, (P;) and (43) follows.

Using (40), (41) and (43) we conclude that (f;) satisfies (13) if and only
if (¢;) satisfies (15) on (C*)™. As (¢;) is assumed to be smooth, the lemma
follows. O

3.1 Estimates

To prove Theorem 3 we need to prove that for all ¢y > 0 there is a constant
C such that any solution (f;) to (39) at ¢t > ¢, normalized according to (38),
satisfies
sup|fi —hi| <C (46)
X

for all 4.

For each i, let u; be the Legendre transform of f;. Recall that f; is a smooth,
strictly convex function on R™ such that V f;(R?) = P;. This means each u; is
a smooth, strictly convex function on P;. Moreover, a standard property of the
Legendre transform is that

sup |fi — h;| = sup |u; — hj|
R™ P;

where A} is the Legendre transform of h;. Since h} is bounded on P; (this is
easy to verify) we have that (46) is equivalent to a uniform bound on supp, |u|.

We will use a variant of the method of Wang and Zhu [WZ04] (see also
[Don08]). The first step is to establish bounds on the function

w=w, =Y (tfi+ (1 —t)h;).

i

Since w is strictly convex and 0 is in the interior of P_g, = Vw(R™) we have
that w is bounded from below and attains its minimal value at a unique point.
Let m = inf w and let z,, be the minimal point of w.

Lemma 10. Assume to > 0 and (12) holds. Then there are constants C and €
such that if (f;) is a solution to (39) at t > to, then

W > €|lr — x| —C (47)

and
|xw| <C. (48)

The proof of Lemma 10 follows one of the arguments in [Don08] which is
based on [WZ04]. The main point is the following convex geometric fact (see
Proposition 2 in [Don08))
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Lemma 11. Assume [ is a convex function on R™ attaining minimal value 0,

and suppose
2
det < o ) > A

2,01

on K ={f <1}. Then
Vol(K) < CA™1/2

for some constant C' depending only on the dimension n.
Using Lemma 11 we can prove Lemma 10.

Proof of Lemma 10. The proof proceeds in four steps:

Step 1: m is bounded from below. Let p_g, be the support function of
P_k . defined by

bxx@)= swp (55
PEP_K

Since Vw(R™) = P_g, we have w < m + p_g,. Moreover, by the change of
variables p = V f;

. Ip Vi) dp
Vol (P)

(Vi,Vfi) 2 £
_ / T et (2 e
re Voly, (P;) 0%, 01
= /efwda:

Ce ™™ / e P-Exdx

Y]

2 Ce—m’

possibly changing C in the last inequality. This means m is bounded from below
by a uniform constant.

Step 2: m is bounded from above. By monotonicity of the determinant
function and convexity we have

8271) azfz 82h2
det (6wm8xl> = det [tz <8xm8xl> (=03 (axmaxlﬂ

i

0% f;
>ty det J
- 0 (ammaxl)
= thole(Pj)e_ijij)—w
> Ce "dux,
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where the last inequality follows from the fact that V f;(R") = P; is bounded.

This means det (89?,2%)11) > Ce ™ 1 on K = {w < m+ 1}. By Lemma 11,

possibly redefining C,

Vol(K) < Ce™?, (49)

Convexity of w and the co-area formula gives
1= / e Vdx < Ce™™/2,
This means m is bounded from above.

Step 3: w > €| —x4| — m + 1 for uniform constants ¢ and C. Since

Vw(R") = P_k, and P_k, is bounded we have that there is a uniform constant
r > 0 such that K contains a small ball centered at x,, of radius r. If there was
a point in K far from z,, then the volume of K would be very big, contradicting
(49). This means K is contained in a ball centered at x,, of radius R for some
uniform constant R. Convexity of w gives

w(z) > R7Yo — 2| +m 1fa:§éK
m ifx e K.
Moreover, R~}|r — x,,| <1 on K. This means putting ¢ = 1/R finishes Step 3.

Step 4: |z,| is bounded. In this step we will use the assumption (12). By
the Divergence Theorem, since e~ — 0 exponentially as |z| — oo,

Vwe Ydz = divV (e_w) dr = 0.
Rn R®

Moreover,
/ V(Zfl> e Ydr = Z Vfie Vdx
R™ i i JR?
1 0% fi
— Vi,V £i) v
Z: Voly () Jon V1€ det (8xm8xl) de

1
= - Vi) dp = 0
zi:Vol (P) /Pipe p="5

where the last two equalities are given by performing the change of variables
p = Vfi(z) in each summand and (12). This means

/ \Y% (Z hi> e dx = 0. (50)

24



Recall that ) h; is convex and hence V (>, h;) is monotone. Hence, if |z,]
is large then, putting v = x,,/|7.|, we get that (x,v) is positive and bounded
away from 0 on some large ball centered at x,,. By (47) the mass of e™“dz is
concentrated around x,,. This contradicts (50). O

We can now prove Theorem 3.

Proof of Theorem 3. First of all, by the change of variables x = Vu;(p) and

(15) we have
0% fi
J|idp = 7 det d
~/Pi |Vu | P /" |x| ¢ (61'm8-73l> *

< VolVi(Pi)/ |z|7e= ViV il —w gy
< C |z|9e™dx
R'n,
< O (51)

where the second inequality follows from the fact that V f;(R?) = P; is bounded
and the last inequality follows from Lemma 10. Put ¢ =n + 1 and

. 1 / d
Vol(Py) Jp,
By Morrey’s inequality (see [HS09]) we have
[wi = dillcor(py < Cllui — Gl lwrapy)
= Cllui = @il[s(py) + ClIVuillLacp,).- (52)

where v = 1 — n/q. By the Poincaré-Wirtinger inequality this can be bounded
by

ClIVuillpacp,)
for some C. This is bounded by (51). Since P; is bounded we may conclude
from this that

sup [ui(p1) — ui(p2)| < Cllui — t4l[con(py < C. (53)
p1,p2€P;

This means it suffices to bound each u; in some point.
To bound each u; in some point, note that by general properties of Legendre
transform f;(0) = —u;(V £;(0)). This means

(VA = 15:0)] = 3 [¥ 40| = 3 w0)]

where the last two equalities follow from (38) and the fact that h;(0) = 0 for all 4.
Since |24, | is bounded and Vw € P_j, is bounded we have that |w(0) — w(zy)|
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is bounded. By Lemma 10, |w(x,,)| = |m| is bounded. This means |u;(V f;(0))]
and hence, by (53), supp, |u;| is bounded for each i. By the discussion following
(46) this proves the theorem. O

Proof of Theorem 2. Assuming (12) holds, existence of coupled Kéhler-Ricci
solitons follow directly from Theorem 3 and Theorem 4. Indeed, any toric
holomorphic vector field V; is in the reductive part of the Lie algebra of Aut(X).
Moreover, Im V; generates a compact one-parameter subgroup of Aut(X) and,
since 0; is (S*)"-invariant, Im Ly (6;) = 0.

Assume that (a;) admits a coupled Kéhler-Ricci soliton. By Lemma 2 and
Lemma 9, (13) admits a solution. Then (12) follows from Lemma 12 below. O

Lemma 12. Assume (13) admits a solution. Then
> A (Vi) =
i

Proof. Let (f;) be a solution to (13). As in the proof of Lemma 10, by the
Divergence Theorem, since e~ 2 i — 0 exponentially as |z| — oo,

/ <Zv]2> e*Zifidx:/ divV(e’Zifi)dz:O. (54)
R’Vl ’L n
On the other hand, by (13)
V SV fi) a2f
~ S figy — i
(54) Z/ V fie da = Z/ vfiVolv )dct<axmaxl>dx.

Performing the change of variables V f; = p in each summand gives that the
right hand side of this equals

1
Visp) dpp —
Zi: Vol (P) /P pe p Zi:APi(V

This proves the lemma. O

Proof of Corollary 2. Note that
i

is the gradient of the function on R™ defined by

V= Zlog/ Vo) dp.
i Py

This is strictly convex and proper (in fact, its gradient image is >, P, = P_k
which contain zero as an interior point), hence it admits a unique minimum.
Letting V' be this minimum means (12) is fulfilled. The corollary then follows
from Theorem 2. O

Proof of Corollary 3. The corollary follows from Theorem 2 and Lemma 9. [
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3.2 Toric test configurations and proof of Theorem 1

Theorem 1 will follow from Theorem 2 combined with Theorem 1.15 in [HWN18]
and an explicit calculation of the Donaldson-Futaki invariant of test configura-
tions induced by toric vector fields.

In [HWN18] a type of test configurations for decompositions of ¢;(X) was
defined. The data defining them is essentially given by k test configurations
(X1,L41), ..., (Xk, L) where X} = ... = &), =: X, such that (X, )", £;) defines
a test configuration for (X, —Kx). The Donaldson-Futaki invariant associated
to this data is defined as the intersection number

Lt (—Kxmpr — >, Li) - (O, La)"
—(n+1) CKx)"

DF(X, (L)) = - (56)

where || = [, 0™ for any 6 such that [¢] = a. We point out that the no-
tation here differs from [HWN18] in that here (X, £;) are the (C*-invariantly)
compactified test configurations over P*.

Now, recall that if L is a toric line bundle over a toric manifold X, then a
toric vector field V induces a test configuration (XV,£Y) for (X, L). This can
be described in the following way: Let dy,...,dy € N ® R and ¢1,...,¢c, € R
be the data defining the polytope Py, i.e.

Py ={(di,) = —c;}.
Then, the polytope of £V can be arranged to be
Ppv ={{di,") > —e;} N {{do + V") = 0} N {{—do,") = —Cpv}.

where dy corresponds to the divisor given by the central fiber of X and Cv is a
number that can be modified without changing the Donaldson-Futaki invariant
by adding a multiple Op: (1) to LY. In particular, as long as C,v is big enough
for £V to be ample,

(L) = Vol(Pzv) = Vol(PyL) (Cpv + (V,b(PL))) -
This also gives

(n + 1)O]p1(1) . (,Cv)n = % (EV + tO[pl(].))nJrl

= %Vol (P/;VHOWA(l))

= Vol(PL). (57)

Finally, we note that if L = —Kx then £" is the relative canonical bundle of
XV up to a twist determined by Cpv.

EV = —KXV/I[M + CLVO[PI(l). (58)
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Proof of Theorem 1. Putting V;, = ... =V} =0 gives
D AR (Vi) =D b(P),

hence it follows from Theorem 2 that the third point of the theorem implies the
first point. Moreover, the first point implies the second point by Theorem 1.15
in [HWN18]. Thus, to finish the proof of Theorem 1, it suffices to prove that
the second point implies the third point.

We will prove the contrapositive. Assume ) .b(P;) # 0, in other words
>, (V,b(P;)) < 0 for some toric vector field V. Let (XY, (L)) be the associated
test configuration. As (XV,3", L)) is a test configuration for —K x we get, using
(58) and |o;| = Vol(F)

L£Vyn+1 22 Cey Op (1) - (X, £1)"
DF (XY, (L)) = Z(V&gpi)_(”“)( £\)/01[(PP_KX) '

i

S (Cov + Vb)) =3 Cry

K3

> (Vib(R)) <0, (59)

%

hence () is not K-polystable. O

3.3 Proof of Corollary 1

Proof of Corollary 1. First of all, by [FMS90] (see also [Fut83] and [WAN91])
the Futaki invariant of X is non-zero, hence X does not admit a Kahler-Einstein
metric. To prove the rest of the corollary, we fix a (C*)*-action on X in the
following way: Consider the standard embeddings of Op2(—1) and Op1(—1) in
to C? x P2 and C? x P! respectively:
Op2(—1) = {((20, 21, 22), (ag : a1 : a2)) zoa1 = 2100, 2102 = Z2a1 }
and
O]pl(—l) = {((’wo, wl), (bo : bl)) w0b1 = wlbo} .
We get an embedding of X = P(E) into P* x P? x P! as
X={ ((z0:21:29:wp:w1),(ap:a;:as),(by:by)):
zZpa1 = 21090
2102 = 2201
woby = wibg }
We define a (C*)%-action by letting an element (t1,t2,t3,t4) € (C*)* act on X
by
((z0: 21t 29 two :w1), (ag : a1 : az), (bo : b1))
'_)

((2’0 . t1Z1 . thg : t4w0 . t4t3w1), (CLO : t1a1 : tgag), (bo . t3b1)).
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The invariant divisors are

Dy = {z=ap=0}
Dy = {xn=a1=0}
Dy = {z=ay=0}
Dy = {wo=by=0}
Ds = {w =b =0}
Dg = {zp=21=2=0}
D; = {wy=w =0}

corresponding to the following elements in the lattice N =2 Z* of one parameter
subgroups of (C*)*:

d = (-1 0,-1)
dy — (1000)
ds = (071,00)
dy = (0, 1)
ds = (00,1,0)
ds = (0,0,0,-1)
dr = (0,0,0,1).

The divisor corresponding to —Kx is Zi:l D;. For ¢ € (1/4,3/4), we will be
interested in divisors on the form

D(c) = c(Ds + Ds) + ZD/Q
i#4,5
corresponding to polytopes
P(c)={y eR*: {y,di) <1/2,i#4,5, (y,di) <c,i=4,5}.  (60)
Note that the two classes in (5) are given by D(c) and D(1 — ¢), for

271 “\11

1 \/é (1 3) (61)

To prove the corollary we will verify the following two facts:

e As long as ¢ € (4,2), none of the conditions in (60) is redundant. (By
standard theory for toric varieties this implies D(c) and D(—c) are ample
and hence 81 and 3 are Kéahler.)

e The quantity
fp(c) ydy i fp(kc) ydy _

fP(c) dy fP(l—c) dy

when c¢ is given by (61)
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Note that both these conditions are invariant under linear transformations of

R™. Applying the following linear transformation to the generators dy, ..., d;
1 0 0 -2
010 -2
A= 001 3
0 00 6

gives new generators

U
1

(
5 = |
5 = |
d; = (0,0,~1,3)
5 = (
o = (
7 =

And a new polytope
P'(c)={y €R": (y,di) <1/2, i # 4,5 (y,dj) <c,i=4,5}.  (62)

It is straight forward to check that as long as ¢ € (1/4,3/4), non of the condi-
tions in (62) is redundant, hence D(c) is ample for any ¢ € (1/4,3/4). Moreover,
the sets {d, db, d%, di;, d%} and {d}, di} are both invariant under the linear trans-
formation

0 -1 0 O
1 -1 0 0
B= 0 0 -1 0
0 0 0 1

It follows that P’(c) and hence the barycenter of P’(c) is invariant under B. As
any fixpoint of B is paralell to (0,0,0,1) we conclude that

/ w@:/ m@z/ ysdy = 0.
P'(c) P'(c) P'(c)

Moreover, we denote by Sy the two-dimensional simplex corresponding to the
anti-canonical bundle of P2

Sy={yeR*:y; <1y <1,—y; —y» <1}
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and note that (y1,...,y4) € P/(c) ifand only if y4 € (—1/12,1/12), |y3| < c—3y4
and (y1,y2) € (1/2 4 2y4)S2. We get

/ Yady / Y4 ( / dyldyz> ( / dys) dy
P'(c) L[-1,1] (3+2y4)52 (c—3ya)[~1,1]

1 2
= 2Vol(S2) / Y4 (2 + 2y4> (¢ — 3ya)dya
L [7171]

12

5¢c — 2
720

and similarly

1 2
/ dy = 2Vol(S2) / < + 2y4> (¢ — 3ya)dya
P/(o) -1 \2

_ 56c—3
T 144
It follows that
fP’(C) yady n fP’(lfc) Yyady 1 ( 5¢—2 5(1—c)—2 )
fP/(C) dy fp/(kc) dy 5\56c—3 56(1—c)—3
112¢2 — 112¢ + 2
_ (112c ¢+ 3)7 -
(56¢ — 53)(56¢ — 3)
which vanishes as
c= 1 + \/é c 1 § N
27 4 11)
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