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ABSTRACT. We give a description of cyclic cohomology and its pairing with K-groups for 2-cocycle
deformation of algebras graded over discrete groups. The proof relies on a realization of monodromy
for the Gauss—Manin connection on periodic cyclic cohomology in terms of the cup product action of
group cohomology.

INTRODUCTION

Cyclic homology theory as initiated by Tsygan [48] and Connes [8] provides a natural extension
of de Rham theory for manifolds to objects of noncommutative geometry, which are represented by
noncommutative algebras. The main subject of this paper is the cyclic cohomology for deformation
of algebras graded by some discrete group G, with deformation parameter given by exponential of a 2-
cocycle on G. This deformation scheme has many good analogies with the theory of (formal) deformation
quantization of Poisson manifolds, but at the same time gives a concrete example of strict deformation
in the sense of Rieffel, meaning that we can specialize the deformation parameter to concrete numbers
and represent the deformed algebra on Hilbert spaces. The most fundamental example in this setting is
the celebrated noncommutative torus T2, which is represented by a twisted group algebra of Z?, and is
also a deformation quantization of T? with respect to the translation invariant Poisson structure.

Our goal is to understand: (1) the cyclic cohomology of such algebras as abstract linear spaces, and
(2) the pairing with K-groups / cyclic homology groups for deformed algebras, in terms of those for the
original algebra and the cohomology of G. For the case of the group algebra of G = Z? (which leads to the
noncommutative torus), these were carried out in [8}/13}37,|41], but beyond the commutative (or finite, in
which case this deformation is trivial) case, the full understanding is limited to only a handful of cases. A
notable case is the crossed product of Z? by a finite subgroup of SLy(Z), where relatively comprehensive
description of K-groups, cyclic cohomology groups, and their pairings for twisted group algebras are
known [51/39,/40,51,/52]. Let us also mention that another interesting work from a geometric viewpoint is
carried out by Mathai [31] for the standard traces of twisted group algebras for many interesting classes
of groups.

Regarding the point (1) above, usual computation of cyclic cohomology starts with the computation
of Hochschild cohomology groups, which serve as analogue of the spaces of differential forms. Once this is
done, the cyclic cohomology groups can be obtained using the map induced by Rinehart—Connes operator,
playing the role of the exterior derivative. However, while the end result of computation, particularly
the periodic cyclic cohomology groups tend to be invariant under deformation of algebra structures, the
intermediate Hochschild cohomology is very sensitive to deformation. This is already apparent in the
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case of noncommutative torus, and there is little hint for the more general case of deformation of graded
algebras by 2-cocycles, even just for the twisted group algebras.

Our approach, instead, is based on the Gauss—Manin connection for periodic cyclic (co)homology
introduced by Getzler |14]. The monodromy for this connection, if it makes sense, will give a natural
isomorphism between the periodic cyclic cohomology of the deformed algebra and that of the original
one. This plays a particularly powerful role in the setting of Poisson deformation quantization, and nicely
explains the relation between the Poisson homology of a Poisson manifold and the cyclic homology of the
deformed algebra. Motivated by this, our viewpoint could be phrased as follows: the group algebra of G
represents a quantum group, which is (up to “Poincaré dual”) homotopically modeled on the classifying
spaces for centralizers of torsion elements of G. A 2-cocycle wg on G represents an (invariant) “Poisson
bivector” on this quantum group. A G-grading on an algebra corresponds to an action of this quantum
group, by which we can transport the “Poisson bivector” and related structures.

A new challenge in the setting of strict deformation is that the Gauss—Manin connection is intrinsically
defined on the infinite dimensional space of periodic cyclic (co)chains, and there is no general theorem
to integrate it. Developing the second named author’s previous work [54] on “invariant” cyclic cocycles,
we solve this issue by identifying the action of connection operator up to chain homotopy by the cup
product action of group cohomology.

As it turns out, this formalism also fits well with recent developments in the operator algebraic K-
theory of such algebras [12,/53], where one considers the C([0, 1])-algebra whose fiber at t € [0,1] is the
deformation with respect to the rescaled 2-cocycle e“° where wy is an \/—1R-valued 2-cocycle. If G
satisfies the Baum—Connes conjecture with coefficients, the evaluation at each ¢ induces isomorphism
of K-groups, which basically solves the problem (2). On the purely algebraic side, the image of “C°-
sections” in periodic cyclic homology are flat with respect to the Gauss—Manin connection. This allows
us to express the pairing of K-groups and cyclic cohomology of the deformed algebra in terms of the
original data and the action of group cohomology. As an application, we look at the twisted group
algebras of crystallographic groups. The K-theory of untwisted algebra was studied in detail by Liick
and his collaborators |111[26}29], and our result give a description of cyclic cohomology and its pairing
with K-groups for twisted group C*-algebras for such groups.

The paper is organized as follows. In Section [} we recall the basic terminology and prepare notations
for algebraic notions. In Section [2] exploiting the comparison of Hochschild cohomology of group algebra
and group cohomology [6], we construct traces on twisted group algebras which are supported on the
conjugacy classes of torsion elements. This leads to isomorphism between the cyclic cohomology groups
of general 2-cocycle deformation of graded algebras over such conjugacy classes, solving the problem (1).
Section[3]is the main part of the paper, where we compute the monodromy of the Gauss—Manin connection
with respect to the identification established in Section [2] We collect further analytic preliminaries in
Section In Section [p| we establish K-theoretic comparison between Fréchet algebraic models and
operator algebraic models, as a basis to compute the pairing of operator algebraic K-theory and cyclic
cohomology of “smooth” algebras. In Section [6] we apply our general theory to twisted algebras of
crystallographic groups.
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1. ALGEBRAIC PRELIMINARIES

1.1. Noncommutative calculus. Let us first review the fundamental concepts in cyclic homology
theory. Basic references are [10,27}49)].
Let A be a unital C-algebra, and put C,,(4) = A®"*1. Recall that the Hochschild differential C,,(A) —
Cn-1(A) is given by
n—1
(1.1) bag®@ - ®an) =Y (—1)'ag @+ @ aiaig1 @+ @ an + (—1)"anag ® a1 @ -+ @ an_1,

=0
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while the Rinehart—Connes differential C,,(A) = Cp41(A) is
B(a0®---®an) :Z(—l)"i(l®an+14®"'®an®ao®"'®anﬂ'
i=0
(D) "p i O 1@ app1—i @ D ap @ a9 @+ @ A1)
The associated cyclic complez is given by

CCh(A) = Cp(A) @ Cr2(A) ® - & Cp_g 2 (A),

endowed with the differential b — B: CC,(A) — CC,,_1(A). Its homology HC,,(4) = H,,(CC,(A4)) is the
n-th cyclic homology of A. The periodic cyclic homology HP,(A) is defined as the homology of Z/27Z-
graded complex (CP,(A),b — B) with CP¢(A) = [];2, Car(A) and CP1(A) = [[r-Cort1(A4). The
linear dual spaces C"(A) = (C,,(A))’ form the dual complex, with transpose maps b* and B#. Then the
cyclic cohomology HC*(A) is simply defined as the cohomology of (CC™(A),b# — B#), while the periodic
cyclic cohomology HP*(A) is defined as the cohomology of Z/2Z-graded complex (CP*(A),b# — B#)
with CPY(A) = @52, C?*(A) and CP'(A) = @72, C*F1(A).

The S-map S: CC,,(A) — CC,,_2(A) is the projection onto the second direct summand of the decom-
position CC,,(A) = C,(A) ® CC,,_2(A). This induces a map HC,(A) — HC,,_2(A) on the homology,
again denoted by S.

The reduced Hochschild complex of A is given by Cp(A) = A® A" ", where A = A/C. The kernel
of quotient map C,,(4) — C,,(A) is stable under b, and is contractible (in the sense of complex). Thus,
(C.,b) also computes the Hochschild homology of A, and its linear dual complex C*(A) computes the
Hochschild cohomology. On this model B is given by

B: Cp(A) = Cpyi(A), L@ ay — Z D"®a;® - Qa, ®ag® @ a;_1.

The A-valued Hochschild n-cochains are by deﬁmtlon the elements of C™(A; A) = Homc(A®", A).
The direct sum with degree shift C*~1(A; A) is a graded pre-Lie algebra by partial composition D o D’.
The product map of A gives an element y € C?(4; A), and the graded commutator

§(D) =[u, D] =poD—(=1)""'Dopu
for D € C™(A; A) can be computed as

m
a1 @ @ Ay > (1)1 <a1D(a2 @ @ amt1) + Z(—l)kD(al R QakAkt1 @ @ A1)

+ (71)m+1D(a1 ® e ® am)anl+1)7

which is the ‘degree shift’ of the Hochschild differential. Given such a cochain D € C™(A4; A), follow-
ing [14] (but in the convention of [54]) we consider the operators

BD(ao ® e ®an)
= Z(_l)”(j+1)+(m*1)(k*j)1 ®aj1 @ @D(Ah1 @+ @ Appn) @ Ry @A @ ® ay.
0<j<k<n—m
and
bp(ao®@ -+ ®@an) = (=1)""D(tn—m+1 @ @ an)ag @ - & Up_m.

acting on C,(A). Then tp = bp —Bp is called the interior product by D. Another important operation
is the Lie derivative

Lplag®...®ay) = Z (mlj+1)a0® ®D(aj+l®"'®aj+m)®"'®an

7=0

+ PO @ a8 m O € ) O Oy € © 1y
nm

Let us denote by C”(A; A) the space of cochains with D(a; ® - -+ ® a,,) = 0 whenever a; = 1 for some i.
This is a subcomplex for ¢, and tp and Lp are operators on C,(A) when D is in this space. We then
have the following Cartan homotopy formula relating these two kinds of operators.
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Proposition 1.1 ([14; |42} 54] Proposition 4]). When D € C™(A; A), we have
[b— B,tp] = Lp — t5(p),
where the left hand side is the graded commutator (b — B)ip — (—1)™up(b — B) in End(C.(4)).

Let us recall the formalism of Gauss—Manin connection on periodic cyclic (co)homology [14]. Suppose
(1t)ter is a ‘smooth’ family of associative product structures parametrized by I = [0, 1] with common
multiplicative unit on A. We then consider I'*°(I; A) which is, as a linear space, the union of smooth
functions from I into finite dimensional subspaces of A. The product structure is given pointwise by p,
that is (f * f')(t) = pe(f(t), f'(¥)) for f, f' € T°>°(I; A) (so we require a regularity condition on g to
make this well-defined).

Then 9; is a Hochschild 1-cochain of I'*°(I; A) which is not a derivation unless p; is constant in ¢.
Note that 6(9;) = [u, O] is, up to sign, equal to the time derivative fi; of the product structure. Hence
the Cartan homotopy formula says

(1.2) [b—B, Lat] :Lat + Ly

as operators on C,(I'*(I; A)). Moreover, Ly, is the natural extension of 9; to chains by the Leibniz rule.
Rewriting this again as 0;, we obtain an operator V = 0;+1;, acting on the space I'>*(I; CP,(A)), which is
the Gauss—Manin connection on periodic cyclic homology. Being the commutator with b— B, it commutes
with b — B, and hence descends to an operator on I'*°(I; HP,(A)). Moreover, if x € HP,(I'*°(I; A)),
its image ev(z) in I'°(I; HP,(A)) satisies Vev(z) = 0 by (L.2). Thus, morally speaking, if we choose
an element xg € HP,(A) with respect to the product structure pg, a solution (z;); to the differential
equation Vz; = 0 describes the lifting of = to HP,(I'*°(I; A)), and the same can be said for the elements
of HP*(A). However, this is a difficult task in general since we are considering a differential equation on
an infinite dimensional space, and we will solve this equation in a slightly different way.

1.2. Cup product in cyclic cohomology. Let A and A’ be two unital C-algebras. On the one hand,
the complex C,(A® A") can be regarded as a product C,(A4) x C.(4’) of mized modules |27, Chapter 4],
that is
(Cu(A) x Ci(A"))p = Cp(A) ® Cp(A),
together with differentials
bo, (A)xc.(ar) = b@b: Cp(A) @ Cp(A) — Cpi(A) @ Cpi(A),
Be.(ayxc,any = B® B: Cp(A) @ Cp(A’) = Cpy1(A4) ® Cpia (4.

On the other, usual tensor product of complexes C,(A)® C.(A’) is again a mixed module by differentials
b®id+(—1)*"id®b and B ® id+(—1)*id®B. Taking the dual of total (b, B)-bicomplex of these, we
obtain cyclic cohomology groups HC*(C,(A) x C,(A4")) = HC*(A® A’) and HC*(C.(A) ® C.(A")). If
¢ (resp. ) is a cyclic m-cocycle on A (resp. cyclic n-cocycle on A’), their tensor product ¢ ® 1) gives a
(m + n)-cyclic cocycle on C,(A) ® C,(A’), or an class in HC™™(C,(A) ® C.(4)).

There is a map Sh of total complexes of C.(A) ® C.(A) into that of C.(A) x C,(A’) called the shuffle
product, which is a quasi-isomorphism for b — B. Concretely, it is given as follows.

When (p, ¢) is a pair of nonnegative integers, we let S, , denote the set

{o€Spqlo(l) < <a(p)olp+1)<---<alp+aq)},

called the set of (p, q)-shuffles. Let p+q = n, and let sh, , denote the linear map of C,(A) ® Cy(A’) into
Cn(A) ® C,(A”) defined by

shpg(a,0) = D So(pr1) * Soprq) (@) @ Se(1) o) (B)-

0€Sp.q

Here, s; is the i-th degeneracy operator (‘insert 1 at the i-th place’). The direct sum of these maps for
p+ ¢ =n defines a map (C.(A) @ C(4))n = (Ci(A) x Ci(A))n, denoted by sh,.

Next, a (p, q)-cyclic shuffle is any element o of S,1, which can be written as o = uot‘f,,_pt’(’pﬂ)__(pﬂ)
for € Sp 4 and a,b € N, which also satisfies o(1) < o(p + 1). Here, t;..., is the cyclic permutation
t1..p(k) = k (mod p) on {1,...,p}, and t(pq1)...(p+q) is the one t(,41)...(prq) (k) = k + 1 (mod ¢) on
{p+1,....p+q}. We put S5¥° the set of (p,q)-cyclic shuffles. One then obtains a map 1, , from

Cp(A) @ Cy(A") to Cpyg(A) @ Cpyq(A’), given by

b
T Lpgy= Z (*1)‘S|5u(1)+1) Sty b (2) © 81y - St (Y),
o-:“t{ll---ptl()p+l)--’(TJ+Q)€S;}:;
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and a linear map shy, , of Cp(A) ® Cq(A’) into Cpya(A) ® Cpya(A’) by
sh;_’q(a, b) = s(a) Lpt1,q+1 s(b),

where s is the extra degeneracy operator (‘insert 1 at the O-th place’). Then, the direct sum of the sh; q
for p+ ¢ = n defines a map (C,(A4) ® Cu(A"))n — (Cu(A) x Ci(A"))pny2 denoted by sh!,.

Finally, Sh is defined as Sh = sh —sh’. This is a morphism of the total complexes of the mixed com-
plexes (it commutes with b— B), which is actually a quasi-isomorphism |27, Thteorem 4.3.8]. Its transpose
map is again a quasi-isomorphism and, we obtain a cyclic cohomology class [¢ U] in HC"™ (A ® A’)
corresponding to ¢ ® v, called the cup product. Of course, this class depends only on those of ¢ and .

Remark 1.2. There is another formulation ¢ # v, which goes through the correspondence between the
cyclic cocycles and the closed graded traces on differential graded algebras (Q*,d: Q* — Q**!) with
homomorphism A — Q° [8]. Then ¢ # 1 is given by the graded tensor product of the objects involved.
When ¢ (resp. v) is a cyclic m-cocycle on A (resp. cyclic n-cocycle on A’), we have

1

(¢ U]

1
m!n!
in HC" (A ® A').

1.3. Standard complex for group cohomology. Let G be a discrete group, and M be a commutative
group (either R, C, T = R/Z, or C* for our purposes). The group cohomology H*(G; M) is equal to the
cohomology of the standard complex (C*(G; M), d), where C"(G; M) = Map(G™, M) and d: C*(G; M) —
C"H1(G; M) is given by

(13) d¢(gla-~-agn+l) = ¢(g27~--;gn+1)

n

+ Z(_l)z(b(gl? e 9iGi41y - - - ’g’ﬂ+1) + (_1)n+1¢(gla v 7g’ﬂ)

i=1
We formally put C°(G; M) = Map({*}, M) = M and d to be the zero map from C°(G; M) to C}(G; M).
Consequently, HY(G; M) = M and the 2-cocycles are the 2-point functions satisfying
¢(h, k) + ¢(g,hk) = ¢(g,h) + ¢(gh, k).

Obviously, C*(G) = C*(G;C) is the dual complex of C,(G) = (C[G"])5L,, endowed with differential
d: Cp41(G) = C,(G) analogous to that of C*(G).

If G is a finite group, one has H"(G;C) = 0 for n > 0. This is a consequence of the identification
H*(G;C) ~ Ext(C,C) and the semisimplicity of G-vector spaces, but more concretely we can use
Shapiro’s lemma type argument: for example, given any 2-cocycle wp, one defines 1) € C*(G;C) by

Then one can verify di(g, h) = wo(g, h) by concrete computation using the 2-cocycle identity.
A group cochain ¢ € C*(G; M) is normalized if
¢(gl7"'7gi7eagi+1a'"agn—l):O (OSZSTL—l)

and ¢(g1,...,9n) = 0 whenever ¢g; - - - g, = e. (Note that this requirement is stronger than the usual one
found for example in [4].)

Proposition 1.3 ([|22;[28, Section 4]). When K is a field of characteristic zero and n > 0, any K -valued
n-cocycle is cohomologous to a normalized one.

While the above does not immediately apply to T- or C*-valued cocycles, a direct argument still
shows that the 2-cocycles with these coefficients can still be normalized. Let us also note the following
cyclicity of normalized cocycles.

Proposition 1.4. Let ¢ be a normalized n-cocycle on G. Then we have

(g1 9n) " 915 sGno1) = (=1)" (g1, - -, Gn)-

Proof. Compute the value of 0 = d¢on ((g1 -+ gn) "1, 91, - -, gn) and use the normalization condition. [
5



1.4. Cyclic cocycles on group algebra. Let us now describe the cyclic homology theory for group
algebra C[G], which is essentially from [6]. Its adaptation to cyclic cohomologies is already explained
in 18], but we will later need explicit constructions in this section.

For each z € G, let us denote the centralizer of x in G by C¢(x), and the conjugacy class of x by
Adg(z). Let CZ(C[G]) be the subspace of C,(C[G]) = C[G]®"*! spanned by those gy ® -+ ® g, such
that go - gn € Adg(x). The spaces (CZ(C[G]))2, give a subcomplex for b and B, which leads to the
direct sum decomposition

HILCG) = @) HCCE)Y),  HC(CE) = @ H(CCCCIE),b-B),
2€G\AdG 2EG\AqdG
where CC(C%(CIG))) is the direct summand of CC(C[G]) formed by the spaces CZ(C[G]), which can be

regarded as the cyclic complex associated with the cyclic module C¥(C[G]), see [27]. Dualizing this, we
also obtain the direct product decomposition

HH'(C[G)) = [ H(ci(cla),v*), HC(CG)= [[ Hr(coci(ca)y,v* - B*).
2€G\adG z€G\aaG
Let us denote the factors labeled by x by HH*(C[G]), and HC*(C[G]),. We want to describe them in
terms of group cohomology.
From now on let us fix z, and also choose and fix g¥ = g% € G such that (¢¥) lzg¥ = y for each
element y in Adg(x).
Let (go, ..., gn) € G™*! be such that go--- g, € Adg(z). We put

Yi =9Gi - -9gngo - gi-1-
Note that these elements are also in Adg(z).

Lemma 1.5. The elements g¥ig;(g¥i+1)~! for 0 <i < n, and g¥"g,(g¥° )~ are in Cg(x).
Proof. This follows from direct calculation using z¢g¥ = ¢¥y and y;9; = g:Yit1- O

We next consider the map
2: Cr(C[G) = Cu(Ca()), g0 ® - @ gn > (6" 01(9") " -, g" gn(9"°) 7).

For n = 0, we put Z(go) = *, where we formally write (Cg)° = {*}.

Proposition 1.6. The map E intertwines the Hochschild differential b on (CZ(C[G]))S2, and d on
C.(Ca()).

Proof. We can compare (L.1)) and (1.3)) directly term by term. O

Consequently, any cocycle on Cg(z) induces a Hochschild cocycle on C[G] which is supported on the
conjugacy class of . For example, the trivial class represented by 1 € C = C°(Cg(x)) corresponds to
the trace 7(f) = 6adq () (f) = Syendu (e /(9) on CIG].

In fact, the above proposition corresponds to the fact that = is induced by a map of cyclic sets from
I'.(G, z) to B.(Cg(x),z) in the notation of [27]. A cyclic set is a simplicial set

((Xn)oo '(d?3 Xn — Xn—l)?zm (5? Xn — Xn+1)?=0)

n=0s
endowed with t,: X,, — X, satisfying certain compatibility conditions [27, Chapter 6]. On the one
hand, T',,(G, ) is the natural bases of CZ(C[G]). On the other, the simplicial set B,,(G) = G™ is a cyclic
set by

tn(gla s 7gn) = ((gl t gn)71,91, T 7gn—1)~
The cyclic set B, (Cg(x),x) has the same underlying simplicial structure as B.(Cg(z)), but the cyclic
structure t,, is given by (z(g1---gn) "%, 91, *+ ,gn_1) instead.

Proposition 1.7. The map E induces an isomorphism HH*(C[G]), ~ H*(Cg(x); C).

Proof. This corresponds to the first half of |6 Theorem I']. More concretely, consider the chain map YT
from C,(Cg(x)) to C*(C[G]) defined by

Y91, 9n) = (91 9n) 2RO D gn.

Then, on the one hand, ZY is equal to the identity map on C,(Cg(z)). On the other, TZ can be
computed as

90 @@ gn = g%90(9") T © 9" g1(97) T @ .. @ g gu(9) T
6



This map is homotopic to the identity on CZ(C[G]) as follows (cf. [15 Section II1.2]). Put

00(go @+ @ gn) =g R g1 ® -+ @ gn @ (g*°) 1,

01(g0 @ ® ) =9GP R g1 O @ go1 @ (¢¥") ' @ g g ("), ..
0n(go @ ®gn) = g™ @ (¢¥") ' ®g"91(g"*) ' ® - ® g¥gn(g*) .

Then the alternating sum

(1.4) ha = ) (=1)"*+16;: C1(CIG)) = C;; 14 (CIA)
i=0

satisfies bh,, + h,,—1b = id —=YTZ=. Consequently, = and T induce isomorphism of cohomology between the
dual complexes. O
Lemma 1.8. Let ¢ be a normalized n-cocycle on Cg(z). The Hochschild cocycle ¢= on C[G] descends
to C,(C[G]).
Proof. We need to check

PE(ho®@ - Qhi®e®@hif1 @ @hp_1)=0 (0<i<n—1)
whenever hg - - h,—1 € Adg(x).

Putting (go,.-.,9n) = (hoy..., hiye, hiz1,...,hp_1), one has y;4+1 = y;42 in the above notation and
hence the (i + 1)-th component of Z(gg, ..., gn) is e. By the normalization condition on ¢, we have the
required vanishing. O

Let Ng(z) be the quotient of Cg(z) by the subgroup (z) generated by x.

Proposition 1.9. Let ¢ be a normalized n-cocycle on Ng(x). The induced cocycle ¢ on Ce(z) satisfies
$=B = 0.

Proof. We want to show the vanishing of ¢(g% g;(g¥+)~1,...,g%1g;_1(g%)~"') for each j. Using the
cyclicity of Proposition this is equal to

(=19 y;(9") ™)1 g% g5 (g ) g2 g 29 ) 7.
Since (g¥iy;(g¥1)~1)~! is equal to 271, which becomes e in Ng(z), the normalization condition implies
the vanishing of this term. O

It follows that normalized cocycles on Ng(z) define reduced cyclic cocycles on C[G], that is, functionals
on C,,(C[G]) annihilated by both b# and B#. We next want to understand if they survive in the periodic
cyclic cohomology.

First let us suppose that z is of infinite order. In this case one has HC"(C[G]), ~ H"(Ng(z);C).
Moreover, the Gysin maps associated with the fibration of classifying spaces S* = B (z) — BCg(x) —
BNg(z) defines a linear map f: H*(Ng(z); C) — H*"*2(Ng(z); C) for each k, which is identified with
the S-map HC"(C[G]), — HC""?(C[G]). |6, Section IV; 27, Chapter 7]. It follows that the periodic
cyclic cohomology class associated with a normalized n-cocycle ¢ on Ng(x) only depends on its image
in the inductive limit lim, H" 2k (Ng(x); C).

Remark 1.10. The above Gysin map can be described as follows. The Hochschild—Serre spectral sequence
associated with the extension (z) — Cg(z) — Ng(x) has the Es-page HP(Ng(z); HZ({x) ; C)), which are
concentrated on ¢ = 0,1. The Es-differential

dy: HP(Ng(z); H' ((z) ; €)) — HP*2(Ng(z); HO(() ; C))

can be identified with maps HP(Ng(z); C) — HP*2(Ng(z); C) which is exactly the Gysin map. The da
is also directly described by the cup product with the extension class |1]. Namely, the central extension
() — Cg(x) — Ng(z) corresponds to a class in H?(Ng(x); (x)). Identifying (z) with Z and embed-
ding it in C, we obtain a class cg.; in H*(Ng(z); C). The cup product by cg.; is de. It follows that
liglC H"+2k(Ng(x); C) is trivial if and only if cg;z represents a nilpotent element in the group cohomology
of Ng(x).

In particular, if Ng(z) has bounded cohomology degree, the conjugacy class of 2 does not contribute in
HP*(C[G]). Let us denote the class of discrete groups such that any subgroup has bounded cohomology
degree by C.
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Lemma 1.11. The class C contains finite groups, finitely generated commutative groups, free groups,
fundamental groups of acyclic manifolds, and is closed under extensions.

Proof. One obtains the statement about extensions from Hochschild—Serre spectral sequence. O

When z is of finite order, the situation is much simpler. The finiteness of (x) implies H?({z); C) = 0
for ¢ > 0, hence the Hochschild—Serre spectral sequence implies H"(C¢(z); C) ~ H"(Ng(z); C). Usually
the following proposition is stated in the homological form, but the proof carries over without change
since it is about the simplicial structure of the underlying cyclic set B.(Cg(x); x).

Proposition 1.12 (|6l Section IV; |27, Chapter 7]). Suppose that x € G is of finite order. Then the
S-map HC™(C[G]), — HC""?(C[G]), is identified with the canonical inclusion as the direct summand

L3] [Z]+1
H""?*(Ng(2);C) » @ H"*T*(Ng(z); C),
k=0

hence one has
HP*(C[G). ~ P H(Ne(x):C)= € H¥Ca(x);C).
k=% mod 2 k=% mod 2
1.5. Action of group cohomology on graded algebras. Let us next review ring and module struc-
ture on cyclic cohomology of group algebras and graded algebras, mainly from [18]/54].
Let A be a G-graded algebra, that is, A decomposes as a direct sum € A, satistying 1 € A, and
AgAp C Agp. This can be encoded as a coaction homomorphism

geG

a: A—->ARC[G], a—a®g (a€Ay).
There is also a direct product decomposition

HP*(4)= [ HP*(A).,
z€G\AadG

analogous to the case of group algebra.

We then have an action of HP*(C[G]) on HP*(A4), given by ¢ < ¢ = a*(¢ Uy) with ¢ € HP*(A) and
1 € HP*(C[G]). In particular, with A = C[G], we obtain a ring structure on HP*(C[G]). The trace
T% = 0adg(x) is an idempotent, and for general G-graded A, it acts on HP*(A) as the projection onto
HP*(A),.

Proposition 1.13. Let x be of finite order. The factor HP*(C[G]), is a subring, whose product structure
is isomorphic to the cup product on H*(Cg(z); C).

Proof. That HP*(C|[G]), is a subring follows from the fact that daq, () is a central idempotent for the
above product. It remains to identify the product structure.

On the one hand, by [54, Corollary 9], the cup product on HC*(B.(Ng(x))) coincides with that
of H*(N¢(z)) under the standard comparison map. On the other, there is a map of cyclic mod-
ules from CZ(C[G]) to C[B«(Ng(z))] by composing Z with the natural surjection C[B,(Cq(z),z)] —
C[B«(N¢g(x))]. The cup product is natural for map of cyclic modules, hence we obtain the assertion. [

Remark 1.14. The above proposition is, at least to some extent, known to experts. For example [1§]
contains a very similar module structure based on ¢ # . But we feel that some details, such as a precise
form of product structure on HC*(C[G]), ~ H*(Ng(z); C)®H*~2(Ng(x); C)®- - -, and the compatibility
under the periodicity map S, need some additional elaboration.

Proposition 1.15. Let x be an element of infinite order in G. The S-map HC"(A), — HC""2(A), is
equal to the cup product by the extension class cq., € HC?(C[G]), = H*(Ng(x);C).

Proof. This is proved in |18, Theorem 6.2] under a different convention of the S-map and cup product
(see Remark. Let us give an alternate shorter proof: the S-map in our convention is the cup product
by a class in HC?(C) represented by the functional v on Cy(C) given by v(1®1® 1) = f%. Identifying
HC™(A), ® HC?*(C) with HC"(A), ® HC*(C) ® HC"(C[G]), and using the associativity of cup product,
we can identify S(¢) with ¢ U S(1g-(ng(2))) for ¢ € HC"(A),. By Remark we know that cg.,
represents S(Lg+(ng (x)))- O

Corollary 1.16 (cf. |18, Corollary 6.6]). If HP*(C[G]), is trivial, then HP*(A), is also trivial.
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1.6. Deformation of graded algebras. Let A be a G-graded algebra, and w be a normalized C*-
valued 2-cocycle. We can then define a new associative product on A by

a*,b=w(g1,g2)ab

for homogeneous elements a € A, and b € A,,. Thanks to the normalization condition on w, 14 is still
the unit for this product. We denote this algebra by A, and its element corresponding to a € A by a(*).
There is an embedding of algebra 4, — A ® C,[G] given by

(1.5) ) = a® )\é“’) (a € Ay).

2. INDUCING TRACES ON TWISTED ALGEBRAS

Let wp(g, h) be a C-valued normalized 2-cocycle on G. We consider the twisted group algebras for the
family of C*-valued 2-cocycles w'(g, h) = e*0(9:") 5o that the new product is g *; h = w'(g, h)gh.

We want to ‘deform’ the trace 7 = daq, () on C[G] to a one on C,:[G]. Note that when gh € Adg(x),
we have

Sade(x) (9%t h) = w(g, h), Sade(z) (h*e g) = W' (h,g),
but these factors do not need to be equal. We want to correct this situation by setting
750(9) = € 9na5 ) (9)
for some function £ on Adg(x). Then 7%, becomes a trace if we have
(2.1) wo(g,h) +&(gh) = wo(h, g) + £ (hg)

This means that the bilinear extension of wy(g, h) — wo(h, g) is the Hochschild coboundary of the linear
extension of —¢. Let us put w§(g, h) = wo(g, h) — wo(h, g).

Lemma 2.1. The bilinear extension of w§ represents a 1-cocycle in the complex (C*(C[G]),b).

Proof. We need to show
wi(gh, k) — wi (g, hk) + wi(kg,h) =0
whenever ghk € Adg(x). Expanding the definition of w§, this is the same as
WO(ghv k) + WO(hka g) + WO(kg, h) = wO(kv gh) + wO(ga hk) + wO(hv kg)
Adding wo(g, h) + wo(h, k) + wo(k, g) to both sides and using the cocycle identity, we indeed obtain the
equality. O

Lemma 2.2. Let H and K be subgroups of G such that any h € H and k € K satisfy hk = kh. Then
wg is an additive bicharacter on H X K, i.e. w§(h, k) is a homomorphism into C for both of the variables
h and k.

Proof. Since w§(k,h) = —w§(
We first claim that w§(h, k

WO(ha k) + wO(khv kil) = wO(kv h) + wO(kila kh)

h, k), it is enough to prove the additivity in k.
) = —wg(kh,k~1). This amounts to showing

Using the commutativity of k and k, and the 2-cocycle property, the left hand side becomes wo(k, k=1) +
wo(h, €), while the right hand side becomes wo(k~1, k) +wo(e, k). Since wy is normalized, these are equal
to 0.

Now, let us verify the claim, which by the above is equivalent to

wl(krkoh, ky 'k ) = wl(koh, ko t) 4+ wi(kih, k1),
Putting s1 = k1kah, so = k;l, and s3 = k;l, this can be written as
wo(s1,5253) + wo(s2,5351) + wo(s3,5152) = wo(s253,51) + wWo(8351, 52) + wo(s152,53)-

By the same argument as in the proof of Lemma this is indeed the case. O

Proposition 2.3. Suppose x is of finite order. Then there is a function &: Adg(z) — C such that
wd = —b*E.
9



Proof. We first note that (Y#wg)(g9) = wi(g~'z,g) is zero. Indeed, using the 2-cocycle identity and
normalization condition, we have

1 1

wi (97 e, 9) =wolg '@, 9) —wo(g, g7 '2) = —wo(z,97") +wo(g™ ", 2) = —wi(z,97").

Lemma for (z) and Cg(z) implies that this is 0, since any homomorphism from (x) to C must be
trivial.

Then, by the homotopy formula bhi 4+ hob = id —TZ= from Section and b*wd = 0 from Lemma
we see that { = —h# w( is indeed a solution. O

Example 2.4. Suppose we have G = Z? x Z3z, where the generator 1 of Z3 acts on Z? by the matrix
1 -1
A= { - } |
In the following we denote elements of G by triples (a,b,i) for a,b € Z and i € Zs. This group has the
following conjugacy classes.
{(a,b,0) | (a,b) € Z3.2} for 2z € Z3\Z?,

{(a,b,1) | a=bmod 3}, {(a,b,1)|a=b+1mod3}, {(a,b,1)|a=b+2mod3},

{(a,0,2) |]a=bmod 3}, {(a,b,2)|a=b+1mod3}, {(a,b,2)|a=b+2mod 3}.
We take the 2-cocycle wg on Z? given by wo((a,b), (¢,d)) = ad — be, and extend it to G by

UJO((a’a b7 9)7 (Ca da h)) = CU()((CL b)a g.(C, d)) (a7 b7 () de Z7ga h e Z3)

This represents a generator of H?(G;C). We then put wy(g, h) = exp(—v/—1%wo(g, h)). Let us present
a concrete computation which follows from the above general consideration for the case of z = (0,0, 1),
which is of order three. We have

wp((a,b,0),(c,d, 1)) = we((a,b),(c,d)) = exp < \/?0 (ad — bc)) ,

wo((c,d, 1), (a,b,0)) = we((c,d),(—a —b,a)) = exp < \/?0 (ca + ad + bd)) .
Thus, in the twisted group algebra C,,, [G], we have
(2:2) XMoo Neiy = oxp <_ \/?6 (ad — bc)) Noteran)
(2.3) )‘&21))‘8,@17),0) = eXp <_ —19(ca +ad+ bd)) )\E‘;j)a—lud-‘ra,l)'

In particular, daq.(2) is not a trace, but a correction like

- V—10(a® + ab + b2
(24) Twe ()‘(a,b,l)) = exp <_ ( 6 ) 6Adc(:c) (av ba 1)

is (see Section for comparison with [5]). Let us relate the extra factor appearing here to the above
general discussion. On the one hand, using the chain homotopy h; in (1.4]), wd = 0 and w§Y = 0 implies
that & can be taken as —w§ho. On the other, for y = (a,b,1) € Adg(z), the element g¥ = (b_T‘l, _“3_21’,0)
satisfies (¢¥) " 'zg¥ = y. Thus ¢ is given by

“ " B _ a? + ab + b2
€(g90) = —wiho(go) = wibo(go) = wo(9%go, (9%°) ") — wo((g%) ™", g% g0) = — s

for go = (a,b,1) with a = bmod 3, and £(go) = 0 otherwise. To check that the functional (2.4) agrees
on (2.2) and (2.3)), one needs

ad—bc+%((a+c)2+(a+c)(b+d)+(b—|—d)2) =

ca—|—ad+bd+é((c—a—b)2—|—(c—a—b)(a+d)—|—(a+d)2),

which is indeed the case.
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2.1. Twisting cyclic cocycles. Let us assume that x is of finite order, so that we always have &
satisfying and the trace 77, as above on C,:[G]. Then, if 7’ is a trace on A, 7/ ® 7%, is a trace on
A® (th [G]

Let A be a G-graded algebra, and (Q*, A — Q% 7: Q™ — C) be a closed graded trace model for some
cyclic cocycle on A. Suppose that Q* is also graded over GG, and that the homomorphism respects the
grading (this is the case for the universal model Q*(A) given by QF(A) = Ci(A)). Then the twisting
of Q* by w is a subalgebra of Q* @ C,+[G] by the inclusion of the form (L.5). Thus we can restrict the
closed graded trace 7 ® 77, to {1, call it 7,,:. Since we have an induced homomorphism A, — Qgt, we
obtain a closed graded trace model

( Z;taAwt —)QO Tt - ta —>(C)

wtr
This way we can define a map (which depends on the choice of §) from the set of cyclic n-cocycles on A
to those on A:.

Proposition 2.5. Let x be an element of finite order in G, and ¢(ag,- - ,a,) be a cyclic cocycle on A,
supported on the conjugacy class of x. If we denote a corresponding closed graded trace corresponding to
¢ by T, the cyclic cocycle on A corresponding to T ® 72, is given by

M (ag,...,an) = w (go, 1) -+ w (g0 gn-1,9n)e" P I (ap, ..., an)
when a; are homogeneous elements with a; € Ag,, go---gn € Adg(z).
Proof. The correspondence of ¢ and 7 is given by
d(ag,...,an) = 7(aoday - - - day,).
The n-form in Q(A,+) can be computed as

alda) - da) = Wi (go, 1) - w (g0 Gn_1, gn)(aoday - - day) ")

for homogeneous elements a; € A,,. Under the coaction by C[G], the element (agda - --da,)*) is
mapped to (aoda; - --da,)“) @ go - - - gn, hence 7 @ 7%, gives the formula in the right hand side of the
assertion. d

The inverse cocycle w™t(g,h) = e *0@h) gsatisfies (A,t),-+ = A. The associated map of cyclic

cocycles for —¢ is the inverse map for the above. It follows that ¢ — ¢(*) is a linear isomorphisms from
HC™(A), to HC™ (At )s.

3. MONODROMY OF GAUSS—MANIN CONNECTION

Let wp be a C-valued normalized 2-cocycle on G. When A is a G-graded algebra and D € C*(A, A),
the operators bp and Bp act on C*(A¢) (which is equal to C*(A) as a linear space) by transpose maps.
Our goal is to compute the monodromy of the Gauss—Manin connection on the spaces HP*(A,:), for
finite order elements = € G.

3.1. Finite centralizer. Suppose first that the centralizer C(z) is finite. Following Section we
put
1
oy o i) (9€ Colo)),
G heca (@)
so that we have diy (g, h) = wo(g, h) on Cg(z) x Ca(x).

In order to analyze traces on the deformed algebras, we want an explicit presentation of £ on (the
linear span of) Adg(z) satisfying —£(b(g ® h)) = wd(g,h). As we explained in Proposition

¥(g)

—wiho(go) = w§ (9% g0, (9%°) 1)
is one candidate. For a reason which will become clear soon, we instead take

(3.1) £(g0) = {w(az) +wi (9990, (9%°)71) (90 € Adg(2))

0 otherwise.

Note that adding a scalar to & does not change £(b(g ® h)), while €77 is affected. We then put

(g 91(g%) ") +wolgr, (¢%°) ") —wo((9*) 71, 9% 91(9%°) ") (9091 € Ada(x))
0 otherwise

(32)  0(g0,91) = {
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with 1o = gog1 and y; = g19o, as in Section If we extend 6 to C[G]®? = C[G?] by linearity, it is a
reduced Hochschild cochain by the normalization condition on wy.

Lemma 3.1. We have B¥#0 = ¢ as a functional on C[G].
Proof. As the reduced model gives B(g) =1® g for g € G, we have

0(B(g0)) = 9(x) +wo(go, (9°°) ") — wo((9%) ™", 2)
for go € Adg (). Using @ = (g%°g0)(g9)~! and the 2-cocycle identity, we indeed obtain &(go). O

Let wo(g, h)gh denote the Hochschild 2-cochain given by the linear extension of g ® h +— wq(g, h)gh.
Lemma 3.2. We have b#0 = b? 7% as a functional on C[G®], where
wo(g:h)gh
b7 amenT" (90,91, 92) = wo (91, 92)0de () (9091 62)-
Proof. Let us keep the notation y; from the proof of Proposition [1.7] Expanding the definitions, we have
(3.3) Ob(go ® g1 ® g2) = (9" g2(9") ") — (9" 9192(9") ") + ¥(g" y1(g") ")
+wolg2, (9%) 1) —wol(9”) ™", 92 92(9") 1) — wolg192, (7))

+wo((9") 7, 9" 9192(9%°) ™) +wolgn, (9%2) 1) —wol((9”) ™", 9" g1 (9") 1)
First, (by Proposition the first three terms involving v are equal to

(34) dw(gylgl(gyz)’l,gyzgz(gyc’)’l) = wo(g" g1(9") ", 9" g2(g") 7).
Combining this with wo((g¥*) ™%, g¥*g192(g%°) ™) in (3.3), we obtain
(3.5) wol(g") ™", 9" g1(g™)~ ) +wolgi(9”) " 9" 92(9") 7).

Note that the first term of this cancels with the last term of (3.3)). On the other hand, wg(ge, (g%°)~ 1) —

wo((g¥2)71, g*2g2(g¥?)~") in (B3-3) is equal to

(3.6) wo(g” g2, (9%°) ") — wo((9"*) ™", 9" g2)-
Combining wo(g1, (¢¥2)71) in (3.3) and the second term of (3.5, we obtain
(3.7) wo((g") ™1, 9%92(9") ") + wolgr, 92(9") 7).

Then the contribution from (3.6)) and the first term of (3.7) is equal to wo(ga, (9¥°)~!)). Combining this
33 (3.7

with —wg (9192, (¢¥°)~1) in (3.3 and the second term of (3.7)), we indeed obtain the factor wg(g1, g2) by
the cocycle identity. ([l

Let us consider the family of product structures u(g,h) = e*°@Mgh on C[G]. We denote by
wo(g, h)gh the 2-cochain on C[G] characterized by D(g, h) = wo(g, h)gh.

Proposition 3.3. We have —¢ + Lwo(g h)ghT = (b— B)*0.

Proof. Then Lemmasays that the Hochschild cochain D = 0, satisfies bﬁT“” = b70. By the degree
reason we have Bﬁrﬂc =0, so we also have Lﬁr’” = b##. Combining this with Lemma we obtain the
assertion. |

Let A be a G-graded algebra, and let us consider the smooth section algebra I'*°(I; A,+) as in Sec-
tion together with the evaluation homomorphisms evy: I'°(I; A+« ) — Ayt

Theorem 3.4. Let x be an element of G with finite centralizer. Suppose that A is a G-graded algebra,
& is a cyclic cocycle on A supported on the conjugacy class of x, and let ¢ denote the induced cyclic
cocycle on A, corresponding to £ in , When c is a (b — B)-cycle in C,(I°°(I; A,~)), the pairing
(¢ evy ¢) is independent of t.

Proof. We want to show that the time derivative of (¢(), ev, ¢) is zero. Since the deformations A ~ A
and ¢ ~ ¢(*) are additive in ¢, it is enough to prove this at ¢t = 0. Note also that the embedding
can be lifted to

I(I; Ay+) = A@T°(I;C« [G)).
Thus, we may replace A, by A®C,:[G] and ¢*) by ¢pU 7%, Moreover, up to the shuffle product (which
is a quasi-isomorphism) ¢U7?, corresponds to ¢ ® 772, on the mixed complex C,(A) ® C,(C,+[G]). Hence
it is enough to show that, if ¢ is a cycle in C,(A4) ® C.(I'*°(I; Cy+[G])), the pairing

((id@evi)(c), ¢ @ 75)
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has zero derivative at ¢ = 0. This amounts to showing
(3.8) (evo((id®@0y)c), ¢ @ T%) + (evo ¢, ¢ ® §) = 0,

where we identify £ with a Hochschild 0-cochain supported on Adg(x).
Now, the Cartan homotopy formula ([1.2]) for the cochain 0; implies

(1d ®0¢)c = —(id ®teq(g,n)gn )¢ + (1A Qb — B, 15,])c.
We have id ®[b — B, t9,] = [b — B,id ®tg,], hence the left hand side of is equal to
—{((id®(b— B))evgc, ¢ ®6)
by Proposition Since ¢ is a (b — B)#-cocycle, this is equal to ((b — B)evgc,® ® 0) = 0. This shows
Oi(dW evyc) = 0 at t = 0 as required. O

3.2. General case. Let us now turn to the general case. If x is a torsion element, as remarked be-
fore Proposition H"(Ng(x); C) is naturally isomorphic to H?(Cg(x); C). Combined with Proposi-
tion there is a normalized 2-cocycle &y on Ng(z) which is cohomologous to wy when pulled back to
Ca(z). Let 9 denote a function on Cg(x) satisfying

(3.9) wo(g,h) = ¥(g) —P(h) + ¢ (gh) = @o(g,h) (9,h € Ca(x)).

On (z), it can be taken as

1 ordz—1
(") = > wolab, amy),
ordx o

which is independent of g € G (use the 2-cocycle condition for z*, 2™, and g). Following the previous
section, we define ¢ € C(C[G]), and 6 € C*(C[G]), by the same formulas (3.1)) and (3.2). Lemma
holds without change, and Lemma [3.2] becomes the following.

Lemma 3.5. We have the equality b6 = bfg(g,h)ghTI + @oZ as functionals on C[G3].
Proof. The only difference from the proof of Lemma[3.2)is (3.4), which needs to be replaced by
dy(g" g1(9%%) ™", 9" 92(9"°) ") = wolg” 91(9") 1, 9" 92(9") 1) — @o(g™ 91(9") ™", 9" g2(g™) ).
This gives the extra term &o=(go, 91, g2). O
Consequently, the monodromy of the Gauss—Manin connection becomes the following.
Proposition 3.6. We have —& + Lfo(%h)ghTm + 7% <wy = (b— B)#0 up to a (b — B)-coboundary.

Proof. The cocycle o= represents the image of [&g] € H?(Cg(z);C). By the choice of &, this is equal
to the image of [wg]. Since 7% represents the multiplicative unit of periodic cyclic cohomology for the
summand corresponding to H?(Cg(z); C), we can formally write the image of [wo] as 7% <1 wp. O

The analogue of Theorem 3.4]is the following. Note that the assumption on exp(twp]) is automatically
satisfied if H*(Cg(x); C) is bounded in degree, which holds if G is in the class C (see Lemma [1.11)).

Theorem 3.7. Let x be an element of finite order in G. Suppose that A is a G-graded algebra, ¢ is a
cyclic cocycle on A supported on the conjugacy class of z, and let ¢V denote the induced cyclic cocycle
on A, constructed with £ as above. Let us also suppose that exp(t[wo]) makes sense in H*(Cg(x);C).
When ¢ is a (b — B)-cocycle in C,(T°°(I; A,,+)), the pairing (¢ <1 exp(—two]),ev ¢) is independent of
t.

Proof. The proof is parallel to that of Theorem [3.4] but this time we want to check
(evo((id ®0¢)e), ¢ @ %) + {evg e, p @ &) — (evp e, d @ T Qwp) = 0.
The extra term 7% < wp = 7% U wy exactly corresponds to the one in Proposition [3.6] (|
Corollary 3.8. With the same assumption as above, we have
(¢ exp(two]),evo ) = (), ev, c).

Proof. By the theorem, (¢(*) < exp((t — s)[wo]), evs c) is constant in s. At s = 0 we obatin the left hand
side of the claim, while at s = ¢ we obtain the right hand side. O
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4. ANALYTIC PRELIMINARIES

4.1. Fréchet algebras. A Fréchet algebra is given by a (possibly nonunital) C-algebra A and a sequence
of (semi)norms ||al|,, (a € A) for m = 1,2,3,..., such that A is complete with respect to the locally
convex topology defined by the ||a|,,, and that the product map A x A — A is (jointly) continuous.
Replacing ||al|,, with >~, ., ||la||, if necessary, we may and do assume that the seminorms are increasing
(lall,, < llall,,; 1) An important condition one may ask on these seminorms is the m-convezity: each
la||,, is submultiplicative, that is ||ab|,, < |a|,, [|b],,- If we can characterize the topology of A by
seminorms satisfying this condition, A is then called an m-algebra.

Ezample 4.1. By C(I) we mean the space of continuous functions f on I = [0, 1] which admit continuous
derivative 0, f, where at the endpoints we consider one sided deriatives
f)—fa-1¢)

_ o ) = f(0) _
(0:£)(0) = Tim —————— (@:)(1) = lim n

t——+0 t ’
The spaces C*(I) for k = 2,3, ... are defined similarly in an inductive way. Each of these is a Banach
algebra, with respect to the submultiplicative norm

"1
1716 => 5|

J=0

1

with ||f|| = maxo<<1 |f()|. Their intersection C>°(I) = (=, C*(I) is the space of smooth functions
on I, which is an m-algebra topologized by the above norms.

4.2. Tensor products. Let A and A" be Fréchet spaces, respectively with seminorms (||yl|,,,)r—; and
(12]1),)2%,. The projective tensor product A& A’ is the completion of algebraic tensor product A @ A’
with respect to the seminorms

k
2]l () = inf {Z lwill,,, N1z,
1=1

When A and A’ are m-algebras, A & A’ is again an m-algebra (note that tensor product of submulti-
plicative seminorms are again submultiplicative).

Ezample 4.2. When A is a Banach space, £1(G) @ A is identified with the space ¢1(G; A) of absolutely
summable functions f: G — A, that is, > dg ® f(g) represents an element of ¢1(G) ® A if and only if

[f1ly = 224 [[f(g)l] is finite.

When A is a Fréchet space, the space C*°(I;.A) of A-valued smooth functions on I is identified with
the injective tensor product (or e-tensor product) C*°(I) @. A of C*°(I) and A, cf. [36, Theorem 2.3;
47, Chapter 44]. Since C*°(I) is a nuclear Fréchet space, (see, e.g. [32]), the topology of this space is the
same as that of the projective tensor product. We will freely use these different interpretations.

k
keN,m:Zyi®zi}.

i=1

4.3. Banach KK-groups. Let us briefly review the construction of the group KK (A, B) for Banach
algebras A and B, see [23/[50] for details.

The basic ingredient is a B-pair, which is a Banach algebra analogue of right Hilbert C*-modules. Let
E{, E) be Banach spaces endowed with submultiplicative actions of B, from left on E{ and from right
on E). Then, a B-pair E is given by such spaces endowed with a B-valued pairing

EXx E) = B, (z,y) = (z,9)5,

satisfying (bz,y)p = b{z,y) B, (z,yb)p = (z,y) b, and ||(z,y) 5| < ||z||- ||ly]l. When Ey and F; are such
B-pairs, a morphism of B-pairs T: Ey — E; is given by module maps T': E1< — Eé and T": EE) — Ei
satisfying an analogue of the adjointability condition for maps between Hilbert modules. One also has
an analogue of compact morphisms for Hilbert modules.

Then, elements of KK B (A, B) are represented by the data (E,, w, T, where E, = Eo® E; is a Z/2Z-
graded B-pair, 7 is a representation of A as even endomorphisms of E,, and T is an odd endomorphism
such that 7(a)(id —=7?) and [T, 7(a)] for all a € A. Such data define maps K;(A4) — K;(B) for i =0, 1,
analogous to the usual KK-theory.

When A and B admit isometric actions of G and L is a length function on G, we also have KK gdg (A, B)
generated by an equivariant version of the above data with the failure of G ~ E being isometric controlled
by L. While this generalization is important for the Baum—Connes conjecture of G, it appears only
indirectly in the following section.
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4.4. Analytic models of twisting. When w is a T-valued normalized 2-cocycle on G, we can represent
C,[G] on £2(G) by bounded operators, as

AW F) () =wlg.g 'R F(g7'h)  (f € 62(G)),

called the w-twisted left reqular representation. The reduced twisted group C*-algebra C;. (G) = C(G,w)
is defined as the norm closure of C,[G] inside B(¢2(G)).
When A is a G-C*-algebra, the Banach space

(i) ={7:6 = a| 111, = S 170)l < oo}
geG

has a structure of Banach x-algebra by convolution product. When w is a normalized T-valued cocycle,
we can again twist the product of ¢1(G; A) into a Banach x-algebra, with respect to the same involution
map (recall that w is assumed to satisfy w(g, g~ ') = 1). If G is amenable, C;; (G) is the C*-enveloping
algebra of ¢1(G) = £1(G; C) with this product.

More generally, if A is the reduced section algebra of a Fell bundle over G (that is, a C*-algebra
with injective coaction A — A ® C}(G)), we can define a C*-algebraic model of A, on the right Hilbert
A.-module L?(A)4,, so that A, is again the reduced section algebra of another Fell bundle [53].

5. SMOOTH MODELS
We want to consider Fréchet variants of I'>°(7; C[G]) in the previous section.

5.1. ¢;-Schwartz algebra. Let £: G — [0,00) be a length function on Gj; a function satisfying ¢(e) =0
and ((gh) < £(g) + ¢(h). Let A be a Fréchet algebra with seminorms |[a|[,,, and let a: G ~ A be an
action of G which is ¢-tempered [46]:

¥m3C, k,n: [lag(@)l,, < C(g) +1)* ||z, -

We then put

(5.1) $1(G: A) = {f: G- A \ k,m: S () + VP IF ()], < oo}-

g
As a Fréchet space this is just the projective tensor product of S7(G) = S1(G;C) and A. Concretely, the

seminorms
£ llgm = D_Elg) + D1 f ],
9
topologize S1(G;.A), and since | f|,, is increasing in m, the ones ||f|, = [ £1l,y,.., also topologize

S1(G; A). With respect to the crossed product algebra structure

(f+ S )9) =D ag (Flag NI ((¢) ),

S1(G;A) is an m-algebra if A is a one |45, Theorem 3.1.7]. Let us denote the twistings of ¢1(G)
(resp. S1(G)) by ¢1(G,w) (resp. S1(G,w)). Note that the traces 7% are well-defined over ¢;(G), hence
also over S1(QG).

Let A be a G-C*-algebra, and consider the crossed product algebra structure ¢1(G; A) defined as
above. If there are Dirac-dual Dirac morphisms in KK with v = 1 in KK gaf (C,C) for some L, the
assembly map

KC(EG,A) - K. (,(G; A))
is an isomorphism [23]. For good G (including Haagerup groups [16] and word hyperbolic groups [25]),
the assembly maps

KCE(EG,A) = K.(G %, A)
is also an isomorphism, with G x,. A being the reduced crossed product C*-algebra. It follows that the
natural map K, (¢1(G; A)) - K.(G %, A) is an isomorphism for such groups. In the rest of the section
we assume that this is the case.

Let wy be a v/—1R-valued 2-cocycle on G, and consider the associated T-valued cocycles

w'(g,h) = exp (two(g, b)) (t € I).
We then obtain a ‘continuous’ family of twisted group C*-algebras C;‘th(G), and the C*-algebra of

continuous sections I'(1; C . (G)) plays a central role in the comparison of their K-groups. By definition
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I'(I; C: «(G)) is a completion of £1(G; C(I)) with respect to the representation on Hilbert C'(I)-module
I'(I;¢2(Q)), twisted by the U(C(I))-valued 2-cocycle w* on G [12].

Recall that C;: (G) is strongly Morita equivalent to G x,. K(f2(G)), where G is acting on K (¢2(G))
by (Ad)\f))gec [34].  Concretely, the imprimitivity bimodule is given by the Hilbert C} ,(G)-module
Cy o(G) ® £o(G), where the left action of G x,. K({2(G)) is given by ,\E,“’) ® /\_SF) forge Gand 1®T for
T € K(2(G)).

The ¢;-version of this is a cycle in KK (¢1(G; K (f2(G))), £1(G,w)), as follows. The graded ¢1(G;w)-
pair E, is given by E; = 0 (thus T' = 0), while Eg = 11(G) ® ly(G) and Eé is its complex conjugate
01(G) @ ly(G) = {z | x € l5(G) and Eé} The pairing is given by

(FT@EL 200 (aw) = (€2,E) () *u .
The right module structure on E(>J is given by (f ®&)f' = (f %o, ') ® &, and the left module structure on
Eé is given by f'(f ® &) = f *, (f')* ® & On this B-pair, ¢{1(G; K(¢2(QG))) acts by endomorphisms

™ (' €)= Z““’f @A f(g)e, ()T DE) = ZA“)f’@@f( A@E,

This cycle implements the 1somorphlsm K.(t1(G; K(€2(Q)))) ~ *(51 (G,w)).
Collecting these discussions, ¢1(G,w) — Cf ,(G) induces isomorphisms of K-groups [31].

Proposition 5.1. The evaluation map K.({1(G;C(I))) — K.(£1(G,w?)) is surjective for each t.

Proof. We already know the corresponding statement for C*-algebras, and that K, (¢1(G,w?)) is isomor-
phic to K.(C;; :(G)). We also know that K. ({1(G;C(I) ® K({2(G)))) ~ K.(G %, C(I) @ K({2(G))).
Thus, we just need to verify that the evaluation map in the assertion factors the isomorphism

K. (6(G; (1) @ K(£2(G)))) = Ku(b1(G,w'))
for each t.

If we carry out a similar construction for ¢,(G; C(I)) and ¢1(G; C(I) ® K (¢2(G)), the Banach space
(1G5 C1;6:(G)) gives a cycle in KKP™(6,(G; C(I) @ K (£2(G))), €1 (G5 C(1))), hence a map

Ko (6(G; O(I) © K(£(G)))) = K. (6(G; C(1))).

This is the desired factorization. O

Since the natural (semi)norms of S;(G; C°(I)) are stronger than that of ¢;(G; C(I)), we may regard
S1(G;C>(1)) as a subspace of I'(1; C: - (G)). In order to control the time derivatives of the product in
this algebra, we need to impose the polynomial growth assumption on wg. Namely, wg is of polynomial
growth with respect to £ if

lwolg, h)] < C(1L+ £(g))™ (1 + £(h))™

holds for some positive constants C' and M large enough.

Proposition 5.2 (cf. [46, Theorem 6.7]). If wgy is of polynomial growth, S1(G;C>(I)) is a spectral
subalgebra of £1(G; C(I)).

Proof. First, S1(G;C(I)) is a strongly spectral invariant subalgebra of ¢1(G;C(I)). On this part the
argument for [46, Theorem 6.7] applies without change, since the twisting by w! does not contribute to
the norm of these algebras.

We first need to verify that S;(G; C*°(I)) is a subalgebra of S1(G;C(I)). Let f and f’ be elements
of S1(G;C*>(I)) ~ C*°(I;51(G)). Their product is represented by the function

(5.2) (tg) = > w'(h, b~ g) fi(h) f{(h " g).
heG

Since |w'(h,h™1g)| = 1, at each ¢ we indeed obtain an element of S1(G,w"). We thus need to show that
this function is smooth in ¢. Let us denote by C' and M the constants controlling the growth of wy as
above, and put m4 = m(1+ M).

As an illustration let us first give an estimate for the first order derivative. We have

(5.3)  Ou(f *ur f)e(9)
= Zwt(h, htg) (wo(h, k™1 g) fe(R) f{ (R g) 4+ (B fe(R)) fL(h ™ g) + fe(R)O:f{ (R g)) .
h
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For any k, the second term can be estimated as [[0¢ f *wt f'll.0 < [0cf 1.0 10 f' [l 0, SO

g Y w(h, b g)(@ufe(h)) Fi(h ™ g)

h

is an element of S1(G). The third term admits a similar estimate. As for the first term, we need to

estimate
> (Z jwo(h, Bt )] | fe(h)] \ft’(h‘lg)!> (1+g))".
h

g
If we put f;(g9) = fi(g9)(1+ £(g))™, the above is bounded by

C ‘ iE = Ol Nl 0 1 k0

This shows that f *,- f’ indeed has a bounded first order derivative.
Let us now proceed to the higher order derivatives. For f € S1(G;C™(I)), put

(5.4)

w0 =Cllf

Hk,o k,0

UL |
I £1l,,, = ,€,11f1a><!|a fsll,

k_
where on the right hand side we take the norm [|f'[[,, = >/ (1 + £(g))™ [f'(g)| for f" = ok f,. Given
L. f" € S1(G; C%(I)), we claim that there is an estimate
(5.5) 1" st £ < €S o 17
which implies that S;(G; C*°(I)) is closed under product. For (g1,...,g,) € G™, put

w(()n)(917 <oy 9n) = wolg1,92) +wo(9192,93) + - +wolg1 -~ In—1,9n)-

Then the product f!--- f" in I'(I; CF . (G)) is represented by

r,w*
Z fl(gl)"'fn(gn)et“’(()n)(917...,gn).

gi-gn=49g

Then, dFhs(g) is given by
k!
Z Waglfsl (gl) e 8f"f:(gn)wé”) (gl’ L 7gn)an+1etw0(g1,_“7gn).
a1t T n+1-
Using
an1!
W(()n)(gla-.-vgn)avL+l — Z # (91,92) 1w0(glg2793)b2 "'wO(gl"~gn,1’gn)bn717
bi4-+bp_1 1 n—1

we can bound 7 max, ||8fhs||m b

Cbittba s
) S T BT
ai- Apn 01! _1-
artotantb n ol
+otby 1=k

) e N ) T )
% (8111 fl aa2 f2 > 8;13 f3 . 8?" fg ,

m

where we put f®)(g) = f(g)(14+£(g))?. Repeatedly using the estimates of the form (5.4), we can bound
this by

Obr++bn 1

5.6 > o fl
GO 2 aTa 1 e s,
+etbn_1=k
X ||a?2f32||m+(b1+~~+bn,1)M e ||atanf:||m+bn,1M

Then, using by + -+ +bp—1 <k <mand ), C% /b;! < e“, we obtain the desired estimate (5.5)).
It remains to show that S;(G;C°(I)) is closed under taking multiplicative inverses. Now, suppose
that f € S1(G;C>=(I)) is invertible in S;(G;C(I)). The assertion follows if we can show that f—!
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belongs to S1(G; C™(I)) for all m. If f € S1(G;C™(I)) is invertible in S1(G;C(I)), we fix C1 < 1 and
approximate f~! by f' € S1(G;C™(I)) satisfying

Ch
fr=rt < =g
H ||m+,0 23C ||me+70
so that x = 1— f’ f satisfies Hﬂc||m+’0 < Cre~ . Then, for n > m, the above estimate for f' = ... = f* =z
shows
2" | < €™ [zl 2l = 0(CF)
for any C; < Cy < 1. This shows the convergence of 1 + z + 22 + ---, hence f'f is invertible in
S1(G; C™(1)). d

Corollary 5.3. The evaluation map K.(S1(G;C>®(I))) = K.(S1(G,w?)) is surjective for each t.

Proof. A similar (but simpler) argument as the above proposition shows that S1(G,w?) is a spectral
subalgebra of ¢1(G,w"). We thus know that the horizontal arrows in

K.($1(G;C=(1))) — K.(t1(G;C(1)))

| |

K.(81(G,0")) —— K.(t(G,w"))

are isomorphisms. Moreover, the right vertical arrow is surjective by Proposition [5.1] (I

Remark 5.4. When G is of polynomial growth, there is possibly a more direct approach based on the
following result of Schweitzer [46]: suppose that A is a G-C*-algebra, and A be a dense G-invariant
Fréchet subalgebra satisfying the differential seminorm condition such that the induced action is ¢-
tempered. Then S;(G;.A) is a spectral subalgebra of G x,. A. However, this result is hopeless without
polynomial growth assumption. Indeed, ¢1(G) is not a spectral subalgebra of C*(G) if G contains a free
semigroup of two generators [3}17].

Remark 5.5. The subscript 1 in S;(G; A) corresponds to the fact that the definition in (5.1]) is in terms
of the /1 norm’. When A is a pre C*-algebra, the f5 version makes sense as
< oo}.
m

> a (F(9)" fl9) A+ (g))*
g
This way S2(G; C) is equal to H;°(G), see the next section. However, the spectral invariance of S2(G; A)
in G x,. A is proved only when G is of polynomial growth and A is a commutative C*-algebra 20|, and
S2(G; oo G) is a spectral subalgebra of G x,. £ G (if and) only if G is of polynomial growth [7]. Note also
that we have S1(G) = S2(G) if and only if G is of polynomial growth [21]. For hyperbolic groups, there
is a more elaborate choice of rapid decay functions [38] which are invariant under holomorphic functional
calculus on C}(G) and at the same time supporting many traces.

Sy(G; A) = {f: G — A |Vk,m:

5.2. l5-Schwartz algebra for groups of rapid decay. For s > 0, put

S @) (Ug) + 1) < oo},

geG

and H°(G) = (,50 H7(G). Recall that G is said to be of rapid decay [21] if Hj°(G) is a subspace of
C? (@) for some proper length function ¢. This is equivalent to H;(G) C C}(G) for large enough s. Note
that when G is finitely generated, it is of rapid decay if and only if Hj°(G) C C}(G) for the word length
¢ for some symmetric generating set. Put

1l = \/ S @) (6g) + 1),

geG

H;(G):{f:G—MC

so that Hj(G) is the completion of C[G] by this norm. When H}(G) C C}(G), there is C > 0 such that
whenever f is supported on Bp(e) (the ball around e of radius R), we have || fllc. ) < CR* || f]l, . or
that there is a polynomial P(X) such that

I1f 9l cx )y < PR NS ey 190y
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whenever f is supported on Br(e). The last condition implies | f*gll, , < K(s)[/fll,,llgll, . for s >
deg P(X) and

K(s) = \/ +Z 1+2n 129

so that H;(G) is a Banach algebra with respect to the rescaled norm ||f||28 = K(s) || fll, s |24, Proposi-
tion 1.2]. Modifying the factor K(s) if needed, we may assume that ||f||/£S is increasing in s. This way
H*(G) is an m-algebra. It is also closed under holomorphic functional calculus inside C}(G).

Let G be a group of rapid decay, and w be a normalized T-valued 2-cocycle on G. As explained
in [31, Proposition 6.11], Hj°(G) is also a subalgebra of C;: ,(G) thanks to the estimate

(5.7) 1 %0 glles < NFT1gllles < K () I flles llglle,s

for large enough s. Let us denote this algebra by H;°(G,w). It is again invariant under holomorphic
functional calculus in G}, (G).

The smooth section algebra S1(G; C*°(I)) in the previous section needs to be replaced by C*°(I; Hi°(G)).
Then, an analogue of the first half of Proposition holds.

Proposition 5.6. Suppose that wy is of polynomial growth. Then C*°(I; H°(G)) is an m-convex sub-
algebra of T'(I; Cy. . (GQ)).

Proof. Let f and f’ be elements of C°(I; Hj°(G)). Their product in I'(Z; G} . (G)) is represented by
(-2), and by the estimate (5.7)), at each ¢ we indeed obtain an element of Hy°(G,w"). We thus need to
show that this function is smooth in ¢.

The proof is completely analogous to the first half of Proposition [5.2] with slight modifications us-
ing (5.7). For example, in ([5.3)) the second term can be estimated as

100f ot g5 < K (5) 100f 1l s 100F" ],

as in (6.7), and the third term admits a similar estimate. As for the first term, we need to estimate

5 (z (b~ )| () \f;<h—1g>|> 1+ g™

9 h
Let C and M be the constants controlling the growth of wo. If we put fi(g) = fi(¢9)(1 + £(g))™, the
above is bounded by

(5.8) = CK () | fII7 oy

This shows that f %, f’ indeed has a bounded first order derivative.
Let us now proceed to the higher order derivatives. For f € C*°(I; H°(G)), again put

o SR 1A

»S

l,s .S

||f||m ]f' ma‘XHakaH(,m'
k=0
When f1,..., f" in C*(I; H{°(G)), instead of (5.5) we claim
(5.9) e 7] < K ma)e ) [ 1,
with my =m(1 + %) this time. For (g1,...,9,) € G™, put

WS (g1, -+ gn) = wolg1, 92) + wo(g192, 93) + -+ wo(g1 -+ Gn1, In)-

Then, with the product b = f*--- f" in I'(I; C} - (G)), we can bound 4 max, ||0fhs||, by

Z K(m+(b1+ c 4 bn 1) ) Cbrtetbns

(5'10) a1!~~an!b1. bn—1! HaglfsHE,m+(b1+~--+bn_1)%

ai1+-+an+by
+tbn_1=k

Haszs ||z,m+(b1+---+bn,1)% o Haa”fs He m+b

o1

repeatedly using the estimates of the form (5.8]). Then, using b1+ - -+b,—1 <k <mand ), CP /b;! < e,
we obtain the desired estimate ([5.9)).
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The rest proceeds as in the proof of [33, Lemma 1.2]. Namely, having the m-convexity is equivalent
to finding a system of convex neighborhoods of 0 which are idempotent in the sense that U - U C U.
Putting By, (r) = {f | [|fll,, <7} C C>(I; H*(G)), our claim above implies

B, sy (K(my) e )" € Bu(1)

for any n. Thus, the convex hull U, of the B, (K(my) 'e”9)" for n = 1,2,... is a neighborhood
of 0 satisfying U2, = U,,. Then #Um for m,m’ = 1,2,... is a fundamental system of idempotent
neighborhoods. (|

Proposition 5.7. Under the same assumption as Propositz'on C*(I; H*(Q)) is a spectral subalgebra
of I(1; C7 - (G)).

Proof. First we claim that C(I, H*(G)), or equivalently C(I, H*(G)) when m is sufficiently large, is
a spectral subalgebra of I'(I;Cy . (G)). The proof for each fiber [31, Proposition 6.11] carries on to
this case, by replacing the norm of f3(G) by that of the Hilbert I'(; Cy . (G))-module C(I;/£2(G)).
(Otherwise we can appeal to [35].)

The rest of proof is analogous to the second half of Proposition Suppose that f € C(I; H*(G))
is invertible in C(I, H°(G)). The assertion follows if we can show that f~! belongs to C™(I; H;"(G))
when m is sufficiently large. Let us take an element f' € C™ (I, H;*(G)) satisfying

(T f/||c(1,HZ”’+(G)) <G (K (m) e ”fHC(LHZ”(G)))

for some 0 < C; < 1. Thus, we have ||x||c(1 ' (G)) < C1K (my) ' e C for z =1 — f'f. Using this

we are going to show that ||z"|,, = o(C%) for any C; < Cy < 1, which implies that (1 — 2)~", hence
1= (1—2)71f also, is in C™(I, H*(Q)).
. 1 n s L 1 k
Replacing f+, ..., f™ in the proof of Prop051tlonby z, from (5.10]) we can bound 7 max Hat xy He,m
from above by

K(er)nenC'
Z '771' ”aglxsnémur ”'HagnmsHe,wH .

artotan<k U9
Now, let us suppose n > m so that the a; start to contain 0. f we fix the possibility of the possible values
of ay,...,a, up to permutation, the multiplicity in the above sum is bounded by

nn—1-(n—k+1)<n™

Hence we have

47 < K" emnm™ a2, 12 s )

By assumption on ||;vHC(I Gy We indeed have that this is asymptotically bounded by C3 as n —
1y
0. (]

5.3. Effective conjugacy problem. We now want to use the formula of Proposition 2.5] Let ¢ be a
cyclic cocycle on A = S1(G) or Hi°(G) supported on the conjugacy class of . Take ¢: G — /—1R as
in Section [3, and consider ¢*). Then, as follows from the precise form of & given in 7 it extends to
a cyclic cocycle on A+ = S1(G,w") or H*(G,w") for each t.

If the growth of £(go---gn) is bounded by some polynomial in £(go),...,4(gn), the family (¢(), is
smooth in ¢ and € in Section [3| makes sense as a functional on A & A. Since the growth wy(g, h) is
bounded by some polynomial in ¢(g) and ¢(h), it is enough to know that £(g9) is bounded by some
polynomial in ¢(gg) when gg is conjugate to z. Note also that if C(z) is finite, the growth rate does not
depend on the choice of g9%.

Such problem (usually without finiteness assumption on the order of x) is known as the effective
conjugacy problem: consider the conjugacy length function

CLFg(n) =  max min £(g).

T, y conjugate grg—l=y

L(z)+L(y)=n
This is known to be at most linear for the hyperbolic groups [30], for the solvable groups of the form
7F x4 Z with A € SLy(Z) contained in a split torus [44], and for the torsion free 2-step nilpotent
groups [19], as well as the crystallographic groups (see the next section). A quadratic bound is known
for fundamental groups of prime 3-manifolds [2], see also [44, Theorem 5.5].
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Recall that, in the first half of the next theorem, G being ‘good’ means that it satisfies the Baum—
Connes conjecture with coefficients and that the natural map K, (¢1(G; A)) — K. (Gx, A) is isomorphism
for any G-C*-algebra A, which are satisfied by the Haagerup groups and the hyperbolic groups.

Theorem 5.8. Let G be a good group with polynomially bounded conjugacy length function, and wq be
an v/ —1R-valued 2-cocycle of polynomial growth. Furthermore, let x be a torsion element of G such that
etlol makes sense in H*(Cq(x); C). Then for any cyclic cocycle ¢ on S1(G) supported on the conjugacy
class of © and periodic cyclic cycle ¢ € HP,(S1(G; C>=(I))), the pairing

(evy ¢, o U e~ tlwoly

is constant in t, when ¢(t) is constructed from &: G — \/—1R as in Section .
An analogous statement holds for cyclic cocycles on H{°(G) when G is of rapid decay.

We thus have (ev; ¢, o) = (evqc, ¢ U e'l“0l) in the above setting. Note also that, as we have seen
in the previous section, the K-groups of S1(G;C>(I)) and C7 :(G) are naturally isomorphic, so this
gives a concrete description of the pairing between HC(S1(G,w")) and K.(C;. ,:(G)) in terms of the one
between HC*(S1(G)) and K. (C}(G)).

6. K-THEORY OF TWISTED CRYSTALLOGRAPHIC GROUP ALGEBRAS

Let us consider a discrete G sitting in an exact sequence 1 — Z" — G — F — 1 such that F is finite,
and its induced action on Z" is free away from origin. These groups are of polynomial growth, hence
are amenable and there is no distinction between full and reduced twisted groups algebras. We also
know that various classes of rapid decay functions coincide [21], so we just write S(G). By [43, Corollary
2.3.18] the conjugacy length function of G has a linear growth. Moreover, one may take R™ as a model
of EG |9], hence G\R" as a one for BG = G\EG. Any \/—1R-valued 2-cocycle is up to cohomology
represented by an F-invariant 2-cocycle on Z™.

Ezample 6.1. Let G be the group Z™. For each n X n real skew-symmetric matrix 6, we can construct
a 2-cocycle on this group by defining wy(z,y) = exp(v/—1(fx,y)). The corresponding twisted group
C*-algebra C*(G,wy) is also called the noncommutative torus C(Ty). For n = 2, since 6 depends on
only one number ¢ as (6z,y) = %/(xgyl — x1y3), we call that number 6 also.

Ezample 6.2. Let F be a finite subgroup of GL,(Z) such that each W € F leaves 6 invariant, i.e.,
WTOW = 6. Then we can define a 2-cocycle wjy on G = Z" x F by wy((z,g), (y,h)) = we(z,9.y)
for z,y € Z™ and g,h € F. If each W € F not identity acts free away from origin, we obtain a
crystallographic group. Again note that when n = 2, any finite subgroup of SLo(Z) will do.

Let M denote the set of conjugacy classes of maximal finite subgroups of GG. In the following theorem,
Ko(C[P]) denotes the reduced Ko-group, that is, the kernel of the map Ko(C[P]) — Ko(C) induced
by the trivial representation (the augmentation map C[P] — C, A\, — 1). Note also that the map
K;(C*(Z™)) — K;(C*(G)) induced by the inclusion Z" — G factors through the space of coinvariants
Z®p Ki(C*(Z™)).

Theorem 6.3 (|26]). In the even degree, there exists an exact sequence

(6.1) 0 —— @ Ko(C[P)) —— Ko(C*(G)) —— Ko(BG) — 0,
PeM

which splits after inverting |F|. The natural map

7 ®p Ko(C*(ZM)) @ ( o f(o(qp])) = Ko(CH(@))
PeM

also becomes a bijection after inverting |F|. In the odd degree, we have K1(C*(G)) ~ K1 (BG).

Under the above setting, any nontrivial finite subgroup of G has a finite normalizer (29, Lemma 6.1].
In particular, any nontrivial torsion element has a finite centralizer. Thus, for the twisted group algebras,
the pairing with cyclic cocycles supported by the conjugacy class of such an elements is described by
Section B.11

For the above examples H*(G; C) is bounded in degree by n. Hence the assumptions of Theorem
are satisfied and we can compute the pairings (ev; ¢, o)) for ¢ € HP,(S1(G; C=(I))).
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For x = e, the pairing reduces to that between

K*(BZ") ~ K*(T"), P*(C>(T")) @HH% (T™; C)

with modification by e*[“o! with [wg] € H?(T™; /—1R). For the even degree, on the image of Ko(C*(Z"))
it reduces to the pairing between

(/\ C”) ~ H2(2"; C)F ~ B> (BZ";C)"

and Z @ Ko(C*(Z")) ~ 7Z @ Ha,(BZ";Z). On the image of Ko(C[P]), we just pick up the coefficient
of e € G in the projections representing the Ky-classes. For the odd degree it reduces to the natural
pairing of (A>*"' C")F ~ H2*+1(Z"; C)F and K, (BG) ~ K1(BG).

On the other hand, for nontrivial torsion element x, the pairing with 7%, essentially does not see ¢.

If F = Zy,, the kernel of natural map Z ®@p K;(C*(Z")) — K1(C*(G)) is annihilated by the mul-
tiplication by m, the K-groups of C*(G) are free commutative groups whose rank can be explicitly
described [26]. Let us further assume that p = m is prime. Then any non-trivial finite subgroup P of G
must be isomorphic to Z, via the restriction of the projection map G — Z,. Thus any nontrivial finite
subgroup of G represents an element of M. We have the following precise description of the K-groups.

Theorem 6.4 ([11]). The number n’ =n/(p—1) is an integer, and |M| = p" . The rank of K -homology
groups of BG are given by

2 +p—1 (p—1)p" ! 2 +p—1 (p—1)p" !
k K, (BG) = . .
o 2 ’ rk K1(BG) % 2

We want to explain how projections in Ko(C[P]) contribute to the Ko(C*(G) and Ko(C*(G,w))).

Since C[P] is isomorphic to the algebra C'(P) ~ CP, Ky(C[P]) is the free abelian group of rank p. Now
let g be a generator of P. The minimal projections of C[P] are given by

Zexp ( yk) Agk

for j =0,--- ,p—1, which also represent a ba51s of Ko(C[P]). Since Qg 4 represents the trivial represen-
tation, a basis of Ko(C[P]) is given by Qi ,Qp-1g-

By the above theorem, these projections are still linearly independent in Ko(C*(G)). To get elements
of Ko(C*(G,wy)), we need to modify this presentation a bit. Continuing to denote a generator of P by ¢

(wp)

rk K()(EG) =

the unitary A, has order p in C*(G). But since we modified the product in C*(G,w}), the unitary Ay
need not be so. Still, since wy is cohomologically trivial on the finite group P and hence C[P] ~ (C[P],

we can always multiply a suitable z € T so that order of the unitary z/\éwe) is p. Then a similar formula

Q) - zexp (VT2 k)
for j =1,---,p— 1 will give projections Wthh are elements of Ko(C*(G,wp)).

Remark 6.5. Yashinski [55] proposed another approach to compare HP, (S(Z",wy)) for different 6 based
on A-isomorphism of Cartan—Eilenberg complexes, which is equivariant under the action of Z,, as
above and would provide alternative route to the above result. While this is an interesting viewpoint,
our understanding is that there is a gap in his argument, mainly because the cyclic bicomplex is not
functorial for A..-morphisms.

6.1. Crossed product of Z? by Zs. Let us come back to Example and compare it to [5]. This
group Z2 x Zs can be presented as

G= <u,v,w | wd = e, uv = vmwuw_l = u_lv,wvw_l = u_1>.
Up to conjugation, the finite subgroups of G are generated by one of the elements w, uw or, u?w all of
which are of order 3. Since wy(w,w) = 1, the first element still has order 3 in the twisted group algebra,

and the corresponding projections 593) and Q(Q?ZU give nontrivial classes Ko(C*(G,w))). On the other
hand,
wh(uw, ww)wh(wwuw, uw) = we(u, u v)we(v,v71) = e7V71E
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shows that )\( 9 is not of order 3. But an adjustment like exp(v/—1 9))\( 9 gives the right order. When
x,g € G are torsion elements and the intersection Adg(z) N (g) is nontrivial, there is a nontrivial pairing

between Qfg) and Tjé. Theoremsays that, due to an intricate way the coefficients in both are modified

by 6, the value of ) (Qfg)) remains constant.

For simplicity, let us write e(t) instead of exp(v/—1t6). Then as noticed above (% ))\ ) is an unitary
of order 3. Similarly one can see that e( )/\7(12%”) is also an unitary of order 3. Then we have the projections

(191)1;7 2020, g?l)tw, g?q)m, g%"‘w’ g‘?i% defining nontrivial classes in Ko(C*(G, wp)).

Recall from [5] that if o defines an action of Z, on A, an a-invariant functional ¢ on A is said to be
an a-trace if

o(zy) = ¢(a(y)z)
holds for any z,y € A. An a®-trace ¢ gives rise to a trace Ty on Z, x A defined by
Ty(wvo + 1w+ -+ xp—lwp_l) = ¢(Tp—s)

for z; € A and w being the copy of 1 € Z,,.

Coming back to the example, let us consider the induced action of Z3 on S(Z?,wy). From [5, Theorem
3.3], we have following a-traces ¢} on S(Z?,wp):

1
LA AL = e <6<<m —n)? l2>> dsz(m —n —1)
for [ = 0,1,2. Similarly we have following a?-traces ¢? on S(Z?, wp):
1
GRALIm ALy = ¢ (‘m” — s(m—n)* - 12>> Sz (m —n — 1)

for I = 0,1,2. Each ¢; then gives the the traces T} = Ty on Zz x S(Z* wg) = S(G,wp). Using

Alpom \(woim — o ";”))\Eﬁfl),n, it is straightforward to check that the trace 7/ of Example 2.4/is exactly

equal to T¢. (We do not see the effect of ¢ discussed in Section 3] I because wo(y, w) =0 for any y € G.)
The pairing of the above projections and traces are given by the following table (cf. |5, Theorem 1.2]),
which is independent of 6 as suggested by Theorem

Tgi,; _ T01 uw _ Tl 7.::9 w? 712 Tﬁ)é — TO2 u;u T2 uew T2
Q) | Le¥Vl 0 0] le¥vVT 0 0
2 /T An /T
QY) | L&Vl 0 ol ge 0 0
Q). 0 0| Lle¥vTT 0| Le¥ VT 0
o 0 0| Lle¥VT 0| Le¥VT 0
Q" 0| Le¥VvTT 0 0 0| le¥VTT
A o] pewe of ol o] e
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