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1. Introduction

Majorization is an important order notion which arises in several areas of mathematics.
An early treatment of majorization is the classical book by Hardy, Littlewood and Pdlya
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[6], and today a main reference is [10] which is a comprehensive treatment of both
the theory and many applications in e.g., matrix theory, statistics, and combinatorics.
The book [1] treats majorization in connection with combinatorial classes of matrices.
Majorization is well-known as an order relation for vectors, but it has been extended, for
example, to orders for matrices. There are different ways of doing such an extension. In
our recent paper [4] we presented different matrix majorization orders, and introduced
and studied its generalizations for classes of matrices. Matrix majorization has some of
its roots in a functional analytic approach to basic notions in statistics, in connection
with the theory of comparison of statistical experiments [14]. The theory deals with the
information content in families of (probability) measures, as abstract representations of
statistical experiments. These ideas were further developed in a matrix theoretic setting
in [2] and [3], where related polytopes were studied.

The following notations will be used in the subsequent discussion. Let M,, ,, be the
space of all real m x n matrices (where we write M, if m = n). For a vector z € R™ we let
x[j) denote the jth largest number among the components of z. If x,v € R" we say that
x is magjorized by v, denoted by & < v (or v » x), provided that Z?:I rp) < Z?Zl h
for k = 1,2,...,n where there is equality for k = n. A matrix is called row stochastic
if it is (component-wise) nonnegative and each row sum is 1. The set of all such n x n
matrices is denoted by 7°*. If in addition each column sum is 1, the matrix is called
doubly stochastic. The set €2, of all n x n doubly stochastic matrices is a polytope whose
extreme points are the permutation matrices (the Birkhoff-von Neumann theorem), see
[1] for an in-depth survey of properties of €2,,, some related work may be found in [9],
[13].

In this paper we study classical matrix majorizations and mainly focus on these no-
tions for (0,1) matrices. This type of constraint on the matrix entries leads to some
interesting questions and properties, some of combinatorial type. In particular, we find
certain necessary and sufficient conditions for such matrices to be majorized and algo-
rithms detecting the majorization.

There are two main motivations for the study of matrix majorization for (0,1)-ma-
trices. First, it is of interest to see if this restriction to the subclass of (0, 1)-matrices
leads to simpler characterizations of the majorization order in question. This can give
better insight into this order, and also possibly lead to new types of questions for larger
matrix classes. Secondly, (0, 1)-matrices are essential to represent combinatorial objects,
and therefore one may look at the meaning of such a matrix majorization order for two
combinatorial objects (each associated with a (0, 1)-matrix). We leave this approach for
future investigations, although we give a couple of such examples in this paper.

Our paper is organized as follows: Section 2 summarizes several types of matrix
majorizations and discusses some connections between these notions. In Section 3 we
characterize weak, directional and strong majorizations of (0, 1)-matrices. Section 4 is
devoted to investigations of matrix majorization on (0, 1) matrices.

For a matrix A its j’th column is denoted by AY) and its i’th row is denoted by Ay
The set of all real m x n matrices with every element in {0, 1} is denoted by M,, (0, 1).
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Let R(A) denote the set of rows of a matrix A. The set of its columns is denoted by
C(4).

2. Different notions of matrix majorization

Vectors in R™ are considered as column vectors, and identified with corresponding
n-tuples. The transpose of a matrix A is denoted by A?. The j’th unit vector is denoted
by e; while e denotes the all 1s vector (of suitable length). The convex hull of a set
S C R™ is denoted by conv(S5).

Let = denote a matrix majorization order. There are several such notions, and we
mention some of them below. Let A, B € M,, ..

« Directional majorization: A <¢ B when Az < Bz for all € R™.

e Weak matrix majorization: A <*™ B when there is a row-stochastic matrix X € M,
such that A = XB.

e Strong majorization: A <% B when there is an X € §,, such that A = X B.

« Doubly stochastic majorization: A <% B when there is X € Q,, such that A = BX.

e Matrix majorization: A <™ B when there is a row-stochastic matrix X € M, such
that A = BX.

Classical vector majorization is a special case of strong majorization where matrices
A and B have a single column. Also, doubly stochastic majorization is a special case of
matrix majorization.

Matrix majorization was introduced and studied in [2], and has later been investigated
in the linear algebra area. Also, recently in a Nature Communications paper [5], matrix
majorization was the starting point for a generalization used to study basic problems in
quantum mechanics and quantum thermodynamics.

Proposition 2.1. Let A, B € M, .

(i) A =* B if and only if A* <9 B
(ii) A =? B implies that A <™ B.
(iii) A <"™ B does not imply A <% B in general for m > 2.

(iv) A =* B implies that A <* B
(v) A =% B also does not imply A =% B for m > 4.
)

(vi) A =<""™ B if and only if R(A) C conv(R(B)).

Proof. (i) follows from the definitions. (ii) and (vi) follow by Proposition 3.3 in [11]. (iii)
follows by [11, Example 1]. (iv) follows from the well-known fact for vector majorization,
the Hardy-Littlewood-Polya theorem, saying that w < v if and only if v = Xv for some
doubly stochastic matrix X. For (v) see [7, page 98(6)] and also [8]. O
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Proposition 2.2. There exist A, B € M, ,, such that

(i) A =* B does not imply A <% B and conversely,
(ii) let =< be either <*, <4 or W™ then A < B does not imply C(A) C conv(C(B)),
(iii) let < be either <95 or <™, then A < B does not imply R(A) C conv(R(B)).

3/4 0 1/4 3 -1 11/4 -1/2
Proof. Letusconsider D=| 0 1 0 |€Q,, B=|1 3|1,A= 1 3
1/4 0 3/4 2 1 9/4 1/2

Since DB = A, A <* B and as a consequence A <% B and A <¥™ B. It is easy to
verify that (11/4,1,9/4) ¢ conv(C(B)).

It follows that R(A') ¢ conv(R(B')) = A! £“™ B' = A #% B. Thus we have
proved (ii) and direct part of (i).

To conclude the proof one should do the same calculations with Af, B! and D!. In
this case A = B!D!, so A* <% B* and A* <™ B!, so, (iii) and the inverse part of (i)
are proved. O

Let A,B € My, ,, and let =< be either jds, <M. W™ or <% Then one can
check if A < B holds in polynomial time using linear optimization. In fact, for
each of these orders we look for a row-stochastic or doubly stochastic matrix X that
satisfies a (finite) system of linear equations, namely AX = B or XA = B (de-
pending of the order =). Thus, one needs to decide if a certain system of linear
inequalities has a solution, and this can be done efficiently by linear optimization.
Moreover, the above holds for <% too, since it can be reduced to weak majorization
of finite number of matrices (see [11, Corollary 3.13]). Finally, we mention that a
characterization of matrix majorization in terms of sublinear functions was given in

[2].
3. Majorizations of types <*™, <<, <2 for (0, 1)-matrices

Lemma 3.1. Let v,wy,wa,...,w, be (0,1)-vectors of the same size such that v €
conv({wy,wa, ..., wn}). Then v € {wi,wa, ..., Wy }.

Proof. Let v = >°7") A\jw; where \; > 0 for each j and >37°  A\; = 1. Then v =
> jesAjwj where J = {j : A\; > 0} is nonempty. We claim that w; = v for each
j € J. Indeed, if v; = 0 for some 4, then (w;); = 0 for each j € J (otherwise 0 =
v; = Y ey Aj(w;)i > 0; a contradiction). If v; = 1 for some i, then (w;); = 1 for each
j € J (otherwise 1 = v; = >
therefore the lemma. 0O

jes Ai(wj)i < 15 a contradiction). The claim follows, and
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Corollary 3.2. Let vq,va,...,v, and wi,wa,...,w, be (0,1)-vectors of the same
size such that {vi,vs,...,vn} C conv({wy,wa,...,wn}). Then {vi,ve,...,vp} C
{wy,wa, ..., wpy}.

Proof. We apply Lemma 3.1 to each of vi,ve,...,v,. O
This corollary leads to a nice characterization of <*™ for (0, 1)-matrices.

Proposition 3.3. Let A, B be (0,1)-matrices of the same size. Then the following state-
ments are equivalent:

(i) A="™ B,
(i1) R(A) € R(B),
(#it) A= RB for a (0,1)-matriz R with exactly one element equal to 1 in every row.

Proof. If (i) holds, then by Proposition 2.1.(vi), R(A) C conv(R(B)). Hence by Corol-
lary 3.2 we obtain R(A) C R(B), so (ii) holds. Moreover, (ii) implies (iii) by simple
matrix computations, and (iii) implies (i), as such matrix R is row-stochastic. O

We now turn to strong and directional majorizations.

Lemma 3.4. Let A, B € M, ,(0,1) such that A <% B. Then the number of 1’s in AW
coincides with the number of 1’s in BUY) for each j < n.

Proof. By the definition of the directional majorization, Az < Bx for each x. By letting
v = e; we obtain Ae; = Al < BU) = Be;. In particular, it follows that Y ., Agj) =
POy Bi(] ) which gives the result since all entries are either 0 or 1. O

Let us characterize the majorization order A <? B for (0,1)-matrices A and B by
using purely combinatorial arguments.

Theorem 3.5. Let A, B € M,, ,(0,1). Then

(i) A =% B if and only if A is a row permutation of B, i.e., A= PB for some permu-
tation matriz P,
(i1) =% is an equivalence relation on My, ,(0,1).

Proof. For x € {0,1}" let x4 = {1 < i <m: Ay =z} and vp = {1 <7 < m:
Bg;) = x}|, the cardinalities of the sets of rows equal to z in A and B, correspondingly.
By construction we get the identity

m = Z T = Z zB. (1)

z€{0,1}" ze{0,1}n
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Hence, in order to show that x4 = xp it is sufficient to show that z4 < xp for every
z € {01},

For an arbitrary « € {0,1}" define the (column) vector v, € R™ as follows: (v;); = 1,
if x; =1 and (vg); = —1, if ; = 0. Let y € {0,1}". It is straightforward to see that
yv, < ztv, and ytv, = xlv, = zle if and only if x = y. It follows that the maximal
possible elements of Av, and Bv, are ‘e and the number of elements equal to z'e in
Av, (respectively, Buv,) is precisely x4 (respectively, xB) Since Av, =< Bwv, we may

conclude that x4 < zp. Indeed, otherwise Z (A’UL)[Z] > Z (Bvg)pi), a contradiction.

By the equality (1) we have proved that XA = 2ap for every x € {0,1}". Tt follows
that matrices A and B are equal up to permutation of rows.

Conversely, if A is a row permutation of B, then Az is a permutation of Bz, for any
z € R", so Az < Bz, and therefore A <% B.

Finally, since permutation matrices are invertible, it follows from the condition (i)
that A <¢ B if and only if B <% A, so this order is an equivalence relation. O

Corollary 3.6. For (0, 1)-matrices <% and < are equivalent.

Proof. <* implies <¢ for all matrices by Proposition 2.1.(iv). For (0,1)-matrices the
converse implication follows from the characterization obtained in Theorem 3.5.(i). O

4. Matrix majorization for (0, 1)-matrices

We now consider the matrix majorization order, denoted by <™. This concept was
introduced and studied in [2]. In particular, that paper contains characterizations of
A <™ B when A and B are (0, 1)-matrices with one, resp. two, 1’s in each row. Matrix
majorization is a more complex concept than weak matrix majorization. We show that
this majorization differs from the others even in the case of (0,1) matrices.

Observe that matrix majorization, unlike weak majorization, does not allow any ana-
logues of Proposition 3.3, Lemma 3.4, and characterizations above. Namely, it can not
be described in terms of row/column inclusion, as the following examples show: the first
of them shows that row/column inclusion does not follow from A <™ B, and the other
one shows that converse implication does not hold as well.

0 0 1
0 0 1 1 0 0
Example 4.1. Let A = ,B = ,R=10 0 1]|.Then A= BR,
0 0 1 01 0
0 0 1
1 1
so A <™ B. As we can see, A®) = ) ¢ C(B). Moreover, B() = 0 ¢ C(A) and

R(A)NR(B)=0,s0 A 4“™ B. O
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1100 101 0
Example 4.2. et A= |1 1 0 0|land B= |1 1 0 0]. Then Ae = Be and
1 1 1 1 1 1 1 1
C(A) C C(B). But it is easy to verify that A A™ B. Indeed, suppose that there exists
a b
d e
R= such that A = BR. Since
g h
J
a+g b+h
BR = a+d b+e

a+d+g+j b+h+e+k

it follows that a+g=a+d=a+d+g+j=1. Thend =g =j =0and a = 1. For
similar reasons, b = 1, and then R is not a row-stochastic matrix. O

The next example shows that, in the case of matrix majorization, one may have
A <™ B for some (0, 1)-matrices, but, still, the corresponding stochastic matrix R cannot
be chosen from the set of (0, 1)-matrices.

Example 4.3. There exist A,B € M,, »,(0,1) such that A <™ B and there is no
(0, 1)-matrix R € Qr°¥ with A = BR.

1 1 0 1 1 0
Let A=|1 1 0|landB=|1 0 1
1 1 0 0 1 1
0.5 0.5 —0.5 05 05 0
Then one can check that B! =| 0.5 —-05 05|andB'A=]05 05 0]|=
—0.5 0.5 0.5 05 05 0

R. Obviously, this is the only R such that A = BR and, since R € Q0'°", A< B. O

Now we show that it is possible that A <™ B, and A = BR where B and R are (0,1)
matrices, but A ¢ M, »(0,1).

Example 4.4. There exist (0, 1)-matrices B, R such that A = BR is not a (0, 1)-matrix.

Let B = . Then A= BR = and A< B. O

1
and R =
0‘|

As mentioned, doubly stochastic majorization is a particular case of matrix majoriza-
tion. We already know that A <%* B if and only if A = BP (i.e., A is a permutation of
columns of B). So, below we mainly investigate those pairs A, B € M,, ,, that A <™ B,
but A £9 B.
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Lemma 4.5. Let A,B € M,, ,(0,1) and A <™ B. Then for every i = 1,2,...,m the

number of 1’s in the i’th row of A is equal to the number of 1’s in the i’th row of B.

Proof. By assumption, A = BR for some R € Q/°". Then Ae = BRe = Be where
e=[11--- 1]*. Since both matrices are (0,1), the i-th entry of Ae is the number of 1s
in the i-th row of A. The same is for B. Hence, the result follows. O

Lemma 4.6. Let A, B € M,, ,,(0,1). Assume A <™ B, but A ﬁds B. Then

(i) there exists R € Q°" satisfying A = BR such that R contains a zero column, and
for each column sum c¢; of R it holds that either ¢; =0 or ¢; > 1,

(#4) if B does not contain a zero column, then for any R € Qr°Y satisfying A = BR it
holds that R contains a zero column, and for each column sum c; of R it holds that
either ¢; =0 orc; > 1,

(#i1) A contains a zero column.

Proof. Suppose that A = BR. It follows that the j’th column of A is a linear combination
of columns of B with coefficients from j’th column of R. Since R € €2],°", the sum of all
elements in R is n. Since, by assumption, A ﬁds B, there is j such that the j’th column
sum c; < 1 and there is k such that the £’th column sum c¢; > 1.

If ¢; < 1 then AU) is a zero column. Indeed, each element of AU) is less than or equal
to ¢; < 1. Hence, it is 0.

(i) We are going to modify R in order to construct R’ € Qr°* such that A = BR'
and R’ is zero. Fix some k such that ¢; > 1. Suppose that rp; 7 0. Since 0 = AU =

rijB(i) > rij(p), we obtain B(® = 0. It follows that change of Ry does not affect A.
=1

K2

n
Indeed, consider arbitrary ag,. Since A = BR, Ggy = Y byatay = D bpatay + baprpy =
z=1

2#p
D byaray.
2#p
We consider the matrix R, which is obtained from R by changing rp, to rpr + rp;

and 7,; to 0, recall that k is some fixed index satisfying ¢, > 1. We do the same for the
rest of nonzero elements in RY). Finally, we obtain R’ such that A = BR', R’ is a
zero column, ¢}, > 1 and R = R'® for | # j, k.

We repeat this procedure for every ¢ with 0 < ¢, < 1. After several such substitutions
we obtain R’ such that for every ¢ either ¢; = 0 or ¢; > 1 and R’ contains a zero column,
as required.

(ii) Suppose that B does not contain a zero column. Let j be such that ¢; < 1. By
above, AU is zero. Since AU) = Xn: 7;; B and all summands are non-negative, it follows

i=1
that r;; = 0 for all 4.

Finally, if ¢; < 1 then ¢; = 0 and R contains a zero column.
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(iii) By (i) we obtain that R’ contains a zero column and, as a consequence, A = BR'
also contains a zero column. 0O

Remark 4.7. Note that in general, if there is a zero column in B, then item (ii) above
may not hold, i.e., there is an R € 27°" without zero columns satisfying A = BR. For
instance, let

01 0 01 0
A=1|0 1 0, B=|0 1 0
0 1 0 0 0 1
Then
0.5 0 0.5
A=B 0 O
0

Lemma 4.8. Let A, B be (0, 1)-matrices, and R be a nonnegative matriz such that A= BR
with rij # 0 for some i,5. Then AY) > B (element-wise).

Proof. Observe that AU) = rij B (1) v, where v is a certain nonnegative vector. Indeed, it
is obtained by linear combination of nonnegative columns of B with nonnegative scalars
Tkj. O

Lemma 4.9. Let A, B be such that R € Q" with A = BR. Moreover, suppose that

k
A(l) = B = > e§- for some k <n. Then r;; =0 whenever i <k and j > k.

J=1

Proof. The result follows from the fact that for ¢ = 1 we have a;; = ) bigrg; =

k k
Eblqrqj:Zqu:Oforj>k‘. O
qg=1 q=1

For an m x n matrix B let supp(B;)) denote the support of the i’th row of B, i.e., the
set of column indices j such that (4, j)’th entry of B is non-zero. We consider the support
as a subset of {1,2,...,n}. For a subset S C {1,2,...,n} and a matrix A € M,,,, we
let A®S) denote the submatrix induced by the columns with indices in S.

We are now ready to formulate and prove the following necessary condition concerning
matrix majorization.

Lemma 4.10. Let A, B € M, ,(0,1) be such that A <" B. Then for everyi=1,2,...,m

there exists some permutation matriz P such that the following inequality holds elemen-
twise: ASUPP(Aw»)) > BEUPP(B®)) p,



156 G. Dahl et al. / Linear Algebra and its Applications 585 (2020) 147-163

Proof. Let i < m. Assume that there are k 1’s in (the row) A;), so, by Lemma 4.5, there
are exactly k 1’s in B(;). Without loss of generality assume that they are all in the first
k columns in A and B and also suppose that i = 1.

Consider the submatrix D of R of size k x k consisting of the first k rows and columns
of R. Now we may write B and R as block matrices: B = {X Y} such that X is of

size m x k with first row of 1s and Y is of size m x (n — k) with first row of 0s. By
Lemma 4.9 R = UV where D is a square matrix of order k, O is zero matrix of

size k x (n—k) and U, V are arbitrary matrices of corresponding sizes. It is easy to verify
that D is doubly stochastic. Indeed, by the proof above for any j the sum of elements
of D in the j’th column equals a;; = 1.

Finally, we conclude the proof using Lemma 4.8. It implies that if r;; > 0 then A) >
BY). By Birkhoff-von Neumann theorem (see, for example, [10, Theorem 2.A.2]) D =
AP+Q for some permutation matrix P and nonnegative Q. It follows that ASUPP(Aw) >
BEUWPPBH) P, O

Remark 4.11. The following example shows that the statement of the lemma above holds
only for submatrices induced by supports of some fixed rows Ay and By respectively:

1 00 1 00
Let A= |1 0 0| and B = [0 1 0. It is easy to see that A <" B. In
1 00 0 0 1

this case supp(A¢;)) = {1} and supp(B(;)) = {i}. Obviously AW > B but for any
M,N C {1,2,3} with |[M| = |N| > 1 we have that AM) % B™)P for any permutation
matrix P. O

Lemma 4.12. There is a polynomial algorithm to verify whether necessary condition in
Lemma 4.10 holds.

Proof. It is easy to see that this problem can be solved by an algorithm for finding a
maximum matching in a bipartite graph. We consider columns of B with 1’s in the chosen
row (exactly k 1’s) as vertices of the first part of the graph and columns of A with 1’s
in the same row as vertices in the second part. We write an edge between vertices A®)
and BY) if A® > BU)  After that we find maximum matching and if its size equals k,
then the condition holds and does not hold otherwise. The complexity of this algorithm
is not more than O(mn3). O

We observe that the necessary conditions given in Lemmas 4.5, 4.6 and 4.10, even
combined, are still not sufficient for the matrix majorization as the following example
shows.
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Example 4.13. Indeed, it is easy to verify that

1100 11 0 0
01 10 w0 1. 1.0
01 10 ? 0 0 11
1010 1 0 0 1

Suppose that there exists a row-stochastic matrix R = {r;;} such that A = BR. It
follows directly from this equality that:

e 111+ 7191 =111 + 7141 =1 and o1 + r31 = r31 + r41 = 0. It follows that r1; = 1 and
To1 =7r31 =74 =T12 =113 =714 = 0.

e 719+ 799 =180 199 = 1. Also 199 + r30 = 1 s0 r3a = 0. Moreover, r3s + rqo = 1. It
follows that r40 = 1 and a4o = 712 + 7420 = 1, a contradiction. O

Let A,B € M,,,. We define a (0,1)-matrix Z = Z(A, B) = [2x;] by the following
rule. For a fixed index j we consider the set I of rows of A having 0 in the j’th column.
If there exists ¢ € I such that b;;, = 1, then z; = 0, otherwise it is 1. In other words,
2z =01iff k e Ui:%:o supp(B(iy), j =1,2,...,n.

Lemma 4.14. Let A, B € M,, ,, and assume that A <™ B. Then every matriz R = [r;;] €
Qrov with A = BR satisfies

R<Z,

where < denotes elementwise order here, namely, U = (u;;) <V = (vi;) iff vij =0 for
some 1,j implies that u;; = 0. In particular, Z has no zero row.

Proof. When a;; =0, and A = BR, it follows that the inner product of the ¢’th row in
B and the j’th column in R is zero, and therefore

Z Tk = 0.

kesupp(B(i))

Since R is nonnegative, it follows that ry; = 0 for each k € supp(B;)). So, ri; = 0
whenever z;; = 0, and the first part follows. The last statement follows from the first
part, since R cannot have a zero row being row-stochastic. O

Based on this lemma it is sometimes very easy to check that A is not majorized by B
as the following two examples show.
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Example 4.15. Let

1 0 0 0 1 1 0 0
11 00 0 1 10
A= , B=
01 1 0 01 1 1
0 010 0 0 1 1
Then Z = Z(A, B) is given by
1 000
0 0 0O
Z:
0 0 0O
0 010

So, Z has a zero row and by Lemma 4.14 we obtain A A™ B. O

Example 4.16. Let

1 1 0 0 1 10 0
01 10 01 1 0
A: ’B:
01 1 0 0 0 1 1
1010 1 0 01
Then Z = Z(A, B) is given by
1 000
01 00
Z:
0 1 1 0
0 0 10

For instance, a;3 = 0, and supp(B(1)) = {1,2}, so z13 = 223 = 0. So, a row-stochastic
R = [r;;] with A = BR must have the form

o o o =
Q
! o o
o o o o

1

for some 0 < a <1and ¢ =1—a. But if a > 0, then (BR)22 > 1, and if a’ > 0, then
(BR)33 > 1; a contradiction. It follows that A ﬁm B. O
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Let n be a natural number. An ordered n-partition of the set N, := {1,2,...,n} is
an n-tuple 7 = (S1, Sa, ..., Sy) of sets, where S1,Ss,...,S5, is a partition of the set N,
into the n disjoint subsets, and some sets .S; can be empty. Let P,, denote the set of all
such ordered n-partitions. For instance, there are 27 ordered partitions in Ps3, one can
consider m = ({1,3},0,{2}) and w3 = (0,0, {1, 2,3}) for example.

Let B = [BMWB® ... B(™)] be an m x n matrix, where BY) is its j’th column, and
let m = (S1,S2,...,5n) € Py. Define the m x n matrix

B, = EjeSl BW) Zj632 BU ... ZjESn B

where the sum is defined to be the zero vector if the summation set S; is empty.

We now connect these notions to matrix majorization by introducing certain new
majorization. Let A and B be real m x n matrices. We define the notion of (0, 1)-matrix
majorization as follows: A is (0, 1)-matriz majorized by B, and we write A <{"; B, when
there is an integral row-stochastic matrix R € M,, such that A = BR. Clearly, such R is
a (0, 1)-matrix with exactly one 1 in every row. Let w, 7’ € P,,. We write 7 = 7’ if 7’ is a
refinement of 7, i.e., it is obtained by further partitioning of some of the subsets, and no
permutations of subsets are allowed. This is a partial order on P, its maximal elements
are (N, 0,...,0) and its permutations, and its minimal elements are ({1},{2},...,{n})
and its permutations.

Theorem 4.17. Let A and B be real m x n matrices. Then the following holds.

(i) If A=t B, then A =™ B.

(1) A g4 B if and only if A = By for some 7 € Pp,.
(#it) A <™ B if and only if A € conv({B, : ™ € P,}).
(tv) If m = 7', then By <™ B/ for every B € My, .

Proof. (i): This is clear as the integrality requirement on R makes (0,1)-matrix ma-
jorization stronger than ordinary matrix majorization.

(ii): Assume A ="y B, so A = BR for an integral row-stochastic matrix R = [r;;].
Let S; = {i:r;; = 1} for each 1 < j < n. Since R is row-stochastic, the sets S; (j < n)
are pairwise disjoint, and 7 = (51,52, ..., S,) is an ordered partition. Moreover, the j’th
column of BR is

Z B®)

keS;

and therefore BR = B, as desired. The converse implication also follows from this
computation.

(iii): This was shown in [2] (Corollary 3.2), and essentially follows by convexity and
the fact that the set of row-stochastic m x n matrices is the convex hull of integral
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row-stochastic m x n matrices, since this can be seen as the product (or direct sum) of
the similar statement for each row separately, and this is just the standard simplex.

(iv): Assume m, 77" € P, and 7w = 7/, and let m# = (S, So,...,S,), 7" = (51, 5%,...,50).
Since 7 = 7', for every nonempty S; there is unique S; such that S; C S;. Let R € M,,.
If ) # S; C S;, then set r;; = 1, and otherwise set r;; = 0. If S}, = 0, then set Ry = e}.
It is easy to see that B, = B R and R is row stochastic. O

Note that Example 4.3 shows that the converse of the implication in (i) is not true
even for (0, 1)-matrices A and B.

We also remark that property (iii) of the theorem can be seen as a generalization of
Rado’s theorem for vector majorization, see [10, Corollary 2.B.3]. Moreover, the set

Pp :=conv({By : T € P, })

is a polytope, so it can be described in terms of its facets, i.e., as a solution of a finite sys-
tem of linear inequalities. Namely, there exist ¢ € N, matrices C; € M,, , and constants
b; € R such that

P :={A€ My, :(Ci,A) <b; fori=1,...,t}.

The problem is to find C; and b; for each ¢, and this can only be done in very special cases.
But the general fact here is that one has the characterization of matrix majorization:
A <™ B if and only if (C;, A) < b; fori =1,...,t.

Corollary 4.18. Let B € M,, »(0,1). Then the set of m x n (0,1)-matrices A such that
A =01 B consists of all matrices

A=B,

where m = (S1,8%,...,5,) € Py such that the vectors BY) for j € S; have pairwise
disjoint supports (i < n).

Proof. This follows from the definition of (0, 1)-matrix majorization and the assumptions
that both A and B are (0, 1)-matrices: the condition of the theorem assures that the
matrix By is a (0, 1)-matrix. O

The following example shows a combinatorial significance of Corollary 4.18.

Example 4.19. Let G = (V, E) be a graph and B be its vertex-edge incidence matrix. Thus
the columns of B correspond to the edges of GG, and each such column has two nonzero
entries, both equal to 1, and they are in the rows corresponding to the end-vertices of
the edge.
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Consider Corollary 4.18 and let A be a (0, 1)-matrix satisfying A <i’; B. Then the
nonzero columns of A correspond to a partition of the edge set F into matchings My
(k < t) such that the column corresponding to M, has 1’s in rows corresponding to
V(My), i.e., the vertices covered by M. O

Item (iii) of Theorem 4.17 can be also reformulated in the following geometrical way.

Corollary 4.20. Let A,B € M, ,(0,1) and 7 = (51,52, ...,S,) € Py. Suppose that each
subset S; corresponds to |S;| columns of A: AV AG2) - AGISD gn the following
way: Either A1) = ZjESi BY) and AG®) = 0 for x = 2,...,|S;] or AGVD = ... =
AGR) = %Zjesi BY) and A®) =0 forx=k+1,...,|S;|. Here (i,x) € {1,...,n} and
(i,2) = (4,y) impliesi = j and x = y.

Then A <™ B.

The corollary above sometimes allows to check easily that A is majorized by B as the
following example shows.

Example 4.21. Let

(1 1.0 0 0] (1 1.0 0 0]
1 1000 10100
A=[11 0 0 0Ol and B=|0 1 1 0 0
00010 00010
(00 0 1 0] (00 0 0 1)
Moreover, let

[0.5 05 0 0 O]

05 05 0 0 0

R=105 05 0 0 0

0 0010

0 00 1 0

Then it is easy to verify that A = BR. In this case {B(l),B(2)7B(3)} corresponds to
{AW AR A gince AN = AR?) = %(B(l) + B® 4+ BG)) and A® = 0. {BW, BO)}
corresponds to {A®), A®)} since B® + B®) = AW and A®) =0. O

The following characterization of matrix majorization is from [2]. Originally it was
shown using Farkas’ lemma (see, for example, [12, Corollary 22.3.1]). This was done by
considering a nonnegative solution R to the system of linear equations A = BR, Re = e,
here the matrix equations is written column-wise. For m x n matrices U = [u;;] and

V' = [v5], we use the usual inner product (U, V) =}, ;ui;vi;, and also define
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p(U) = Zmaxuij.
j K3
Theorem 4.22. [2, Theorem 3.6] Let A and B be m x n matrices. Then A <™ B if and
only if
(AY) <p(Y"B) (2)
forallY € My, .

Specializing this result to (0, 1)-matrices we obtain the following characterization. Let
supp(B(j)) denote the support of the j'th column of a matrix B € M,, ,, viewed as a
subset of {1,2,...,m}.

Corollary 4.23. Let A, B € M,, ,(0,1). Then A <™ B if and only if

> 2 was)omax 3w (3)

J i€supp(AG)) i€supp(BW))
for all matrices Y = [yi;] € M -

Based on this corollary it is sometimes very easy to check that A is not majorized by
B as the following example shows.

Example 4.24. Let

A:

1 0 1 0
. B= .
0 1 1 0
Then B <™ A as B = A where m = ({1,2},0). However, A £™ B by Corollary 4.23.
Indeed, in this case (3) becomes

Y11 + Y22 < max{y11 + Yo1, Y12 + Y22}

which is violated for y11 = y22 = 1, y12 = y21 = 0. The same conclusion is obtained from
Lemma 4.14 as the first row of Z(A, B) is zero. O
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