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Tchebycheffian B-Splines Revisited

Tom Lyche, Carla Manni, and Hendrik Speleers

Abstract Tchebycheffian splines are smooth piecewise functions where the differ-
ent pieces are drawn from extended Tchebycheff spaces. They are a natural gen-
eralization of polynomial splines and can be represented in terms of an interesting
set of basis functions, the so-called Tchebycheffian B-splines, which generalize the
standard polynomial B-splines. We provide an accessible and self-contained expo-
sition of Tchebycheffian B-splines and their main properties. Our construction is
based on an integral recurrence relation and allows for the use of different extended
Tchebycheff spaces on different intervals. The special class of generalized B-splines
is also discussed in detail.

1 Introduction

Extended Tchebycheff (ET-) spaces are natural generalizations of algebraic poly-
nomial spaces [13, 27]. Any nontrivial element of an ET-space of dimension p + 1
has at most p zeros counting multiplicity. Extended complete Tchebycheff (ECT-)
spaces are an important subclass that can be generated through a set of positive
weight functions [23, 27] and allow for defining generalized power functions [17].
Relevant examples are nullspaces of linear differential operators on suitable inter-
vals [9, 27].

Similarly to the polynomial spline case, Tchebycheffian splines are smooth piece-
wise functions whose pieces are drawn from ET-spaces [24, 27]. They share many
properties with the classical polynomial splines but also offer a more flexible frame-
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work, due to the wide variety of ET-spaces. As it is difficult to trace all the works
on Tchebycheffian splines, we refer the reader to [27] for an extended bibliography
on the topic. Multivariate extensions of Tchebycheffian splines can be easily ob-
tained via (local) tensor-product structures [5, 6]. Besides their theoretical interest,
Tchebycheffian splines have application in several branches of the sciences, includ-
ing geometric modeling and numerical simulations; see, e.g., [19, 20, 21, 28].

Most of the results in the polynomial case extend in a natural way to the
Tchebycheffian setting. In particular, Tchebycheffian splines admit a representation
in terms of basis functions, called Tchebycheffian B-splines, with similar properties
to polynomial B-splines. Tchebycheffian B-splines were introduced in 1968 by Kar-
lin [12] using generalized divided differences. We refer the reader to the historical
notes in [27, Chapters 9 and 11] for further details. There are several other ways to
define them, including Hermite interpolation [7, 26], de Boor-like recurrence rela-
tions [10, 17], integral recurrence relations [4], and blossoming [24]. Each of these
definitions has advantages according to the problem one has to face or to the proper-
ties to be proved. All these constructions lead to the same Tchebycheffian B-splines,
up to a proper scaling.

This paper aims to provide a self-contained exposition of Tchebycheffian B-
splines and their main properties, which are often scattered, and sometimes hidden,
in the literature. Our construction of Tchebycheffian B-splines is based on an inte-
gral recurrence relation and allows for the use of different ET-spaces on different
intervals in order to be able to completely exploit the rich variety of ET-spaces, as
often required in applications. This general piecewise structure, under certain con-
straints on the different ET-spaces and/or on the length of the considered intervals, is
sometimes referred to in the literature as piecewise Tchebycheffian B-splines [25].
Although the construction and the properties we present are already known, the cor-
responding proofs —just based on elementary calculus— are largely new, resulting in
an accessible, homogeneous, and original overview. On the other hand, due to space
limitation, some properties of Tchebycheffian B-splines are not treated in this short
overview. In particular, we do not discuss the Marsden identity, dual functionals and
construction of quasi-interpolants; see, e.g., [1, 27].

Our presentation of the Tchebycheffian B-spline setting strongly relies on prop-
erties of ECT-spaces related to the generating weight functions. On the other hand,
any ET-space on a bounded and closed interval is an ECT-space (see [22, Corol-
lary 2.12] and [24]), and therefore it is also equipped with weights functions. In
view of this important result, since only closed and bounded intervals are of interest
to define spline spaces, we could avoid mentioning the concept of ECT-spaces for
constructing Tchebycheffian B-splines, as it is sometimes the case in the literature
(see, e.g., [24]). However, for the sake of completeness and clarity, we prefer to
present the material in terms of ECT-spaces (similar to, e.g., [3, 27]).

The remainder of the paper is divided in three sections. Section 2 introduces
ET-spaces and ECT-spaces. It also summarizes some of their properties to be used
in the construction of Tchebycheffian B-splines. Section 3 contains the core of the
paper: it defines Tchebycheffian B-splines through an integral recurrence relation
and proves some of their main properties including non-negativity, smoothness, and
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knot insertion. Section 4 concludes the paper by discussing an interesting special
class of Tchebycheffian B-splines, the so-called generalized B-splines.

2 Extended Tchebycheff Spaces

In this section we introduce spaces that are a natural generalization of algebraic
polynomial spaces, the so-called extended Tchebycheff spaces. In particular, we
mainly focus on the subclass of extended complete Tchebycheff spaces. Such spaces
can be spanned by a set of basis functions that are a natural generalization of the
polynomial power basis.

2.1 Definition and Basic Properties

Suppose we have a (p + 1)-dimensional subspace U, (I) of C”(I) where I is a real
interval. A Hermite interpolation problem in U, (/) consists of finding an element
g € U, (I) satisfying the following conditions:

ng(zi):ﬁ,ja j:()a"wmi*la i:(),...,g, (1)

where zp, . .., z¢ are distinct points in /, and m; are integers such that ):fzo mi=p+1,
and f; ; € R. We now define extended Tchebycheff spaces ! on a real interval /.

Definition 1. Let I be an interval of the real line. Given an integer p > 0, a space
T,(I) C CP(I) of dimension p + 1 is an extended Tchebycheff (ET-) space on I
if any Hermite interpolation problem with p + 1 data on I has a unique solution in
T,().

The definition immediately implies that a (p + 1)-dimensional subspace of CP(I)
is an ET-space on [ if and only if any nontrivial element of the space has at most p
zeros in I counting multiplicity. Moreover, any ET-space on [ is an ET-space of the
same dimension on any nontrivial subinterval of /.

Example 1. The space P, := (1,x,...,x”) of algebraic polynomials of degree less than or equal to

p is an ET-space on the real line.

Example 2. The space (cos(x),sin(x)) is an ET-space on any interval [a,a+ ) with a € R. Indeed,
the equation ¢; cos(x) + ¢ sin(x) = 0 has exactly one solution in the considered interval for any
fixed ¢, ¢, not both equal to zero. On the other hand, on any interval [a,a + 7] or larger, this space
is not an ET-space anymore.

We now focus on a special subclass of ET-spaces.

! The space T,([) is called a Tchebycheff (T-) space if any solution of (1) withnmg =---=m, =1
is unique in T, (). In such a case, (1) is a Lagrange interpolation problem.
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Definition 2. Let I be an interval of the real line. Given an integer p > 0, the
space T,(I) C CP(I) of dimension p+ 1 is an extended complete Tchebycheff
(ECT-) space if there exists a basis {uo,...,up} of T,(I) such that every subspace
(uo,...,u) is an ET-space on I for k =0, ..., p. The basis {uo, ... ,up} is called an
ECT-system.

Example 3. Taking u(x) = x*, k=0,..., p, we see from Example 1 that the space P is an ECT-
space on any interval of the real line.

Example 4. An ECT-space is clearly an ET-space, but the converse is not always true. It is sufficient
to consider the space (cos(x),sin(x)). This is an ET-space on [0, ), see Example 2, but not an ECT-
space on [0, 7). However, the space is an ECT-space on (0, ).

The next theorem shows that the classes of ECT-spaces and ET-spaces coincide
in a very important case; see [22, Corollary 2.12] and [24] for details.

Theorem 1. If I is a bounded closed interval, then any ET-space on I is an ECT-
space on 1.

In the following we will provide a characterization of an ECT-space in terms of
Wronskians. The Wronskian of k + 1 functions {u, . ..,u;} of class C¥(I) is given
by the determinant

k

Wluo, ... u(x) := det(D’-uj(x))i’j:O.

If there exists a point ¥ € I such that Wu,...,u](¥) # 0, then the functions
{ug,...,ur} are linearly independent. Wronskians can be used to characterize an
ECT-space as follows; see [27, Theorem 9.1] for a proof.

Theorem 2. A (p+ 1)-dimensional subspace of CP(I) is an ECT-space on I if and
only if there exists a basis {uo, ... ,u,} such that all the Wronskians are positive;
more precisely,

Wug,...,u](x) >0, k=0,...,p, x€I

Note that the basis {u,...,up} in Theorem 2 is an ECT-system.

Example 5. In Example 3 we have shown that the space PP, is an ECT-space using the set
{1,x,...,x7}. More generally, I, can be seen as the span of the power basis

x—y)? X—
(x—y) ( y)”}7 )

{l,x—)% 2 IARE] p‘

for any fixed y € R. Indeed, the Wronskians of this set of functions are all equal to one.

Example 6. Theorem 2 gives a characterization of ECT-spaces in terms of Wronskians, but there
is no similar characterization for ET-spaces. If (uo, ... ,u,) is an ET-space on I, then the Wronskian
Wluo, ..., up(x) does not change sign on I. However, the converse does not hold. It is sufficient to
consider the space (cos(x),sin(x)). This is an ET-space only on intervals of the form [a,a+ 7) or
subintervals (see Example 2), but W cos, sin](x) = 1 for all x € R.
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2.2 Generalized Powers

In this section we introduce special functions that can be regarded as a generalization
of the power basis in (2).

Definition 3. Let (vi,...,v),) be a vector of continuous functions on an interval I.
For a nonnegative integer p and the points x,y in I, we define repeated integrals by

Gt vp)(x,) ::/y ()Gl v )t y)dr, p>1, 3)

starting with Go(x,y) := 1.

From the definition we obtain

Givi](x,y) = /yxvl(t)dt,

and for p > 1,

Gp[vl,...7vp](x,y):[xvl(t1)/ytl vz(tz).../ytplvp(tp)dtp...dtl_

We only list two basic properties of repeated integrals; for proofs and further prop-
erties we refer the reader to [17].
o Diagonal Property. Letv; € CP=1=i(I), j=1,...,p. Forany y € I we have

WGp[vl,...,vp](x,y)‘x:y:O, r=0,....,p—1. 4)

¢ Generalized Binomial Formula. For any x,y,c € I we have

e

(—l)p_jGj[vl,...,vj](x,c)Gp,j[vp,...,vj+1](y,c).

&)

We are now ready to define a generalization of the classical power basis in (2).

Gplvi,...,vpl(x,y) =

j=0

Definition 4. Let w := (wo, ..., w,) be a vector of continuous functions on an in-
terval 1. For a nonnegative integer p < q and a fixed point y in I, we define the
generalized powers by

”E)v,p(%y) = WP(x)>

uy p(x,y) = wp(x)Gi[wp—1](x,y),

ugp(xvy) = WP(X)GZ[WP*th*Z](xay)? (6)
wy ,(%,) = wp(X)Gp[wp-1,...,wo] (x,),

with G the repeated integrals in (3).
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We immediately obtain the following properties.

e Recurrence Formula. From the definition (3) of repeated integrals we deduce
u;'t:p(x7y)zwp(x)/y uy—l,p—l(tay)dta jzla"'7p7 xvyel- (7)

e Smoothness. If w; € C/(I), j=0,...,p, then

W, eCP(l), j=0,...p. (8)
This follows from (7).
Example]. Ifw,_;=---=w, =1 then
—y)J
”Zp(xvY) =wp(X)Gj[wp—1,...,wp—j](x,y) = . j!y) ’ )

In this case, (5) takes the form

(=¥ _ i(il)pﬁ- (a—c) =PI (k=) - (y%'))”_
p! = it =) p!

The next theorem shows that the Wronskians of generalized powers can be ex-
pressed in a simple form; see [12, page 278].

Theorem 3. Let w := (wy,...,w,) be a vector of weight functions on an interval I
such that wj € C/(I), j=0,...,p. Forany x,y € I and 0 < k < p we have

W[u(‘;l,p('7y)a e 7”]?:‘17('7)))]()6) = Wﬁ+l (X)Wf,71 ()C) o 'Wp*k(x)'
Theorem 3 leads to the following properties.

e Linear Independence. Suppose there exists a point X € I such that

Wp(i) v 'Wp—k(x) #0.

Then, Wluy ,(-,y), ..., u ,(-,»)](X) # 0 and, as a consequence, the generalized
powers {u{)"p(~,y), ... ,u,‘(‘fp(o,y)} are linearly independent for any y € I.
e Weight Functions. Let w := (wy, ..., w,) be a vector of positive weight functions

on an interval / such that w; € C/(I), j =0,...,p. Then, for any x,y € I the
Wronskians of the generalized powers are positive, and we have

wp(x) :u&p()@y)’ WP_I(x) - (u&p(x7y))2

and for2 <k < p,
W[u(‘{p('vy)v""u]?:p('vy)Kx)W[qu,p('ay)’" : 7ukw—27p<'>y)](x)'
(Wl 3)sesttf ()

wp,k(x) =



INdAM_ Workshop_ DREAMS_ 2018, 010, v1: "Tchebycheffian B-Splines Revisited’

Tchebycheffian B-Splines Revisited 7

In the following, we discuss spaces spanned by generalized powers. The gener-
alized binomial formula (5) and definition (6) imply

<u(";p('7yl)7 .- ~a”1‘:p(',)’1)> = <u(")1ip('7y2)a s 714kw,p(':)’2)>, Yi,y2 € I,
for k=0,...,p. This observation leads to the following well-posed definition.

Definition 5. Let w := (wo, ..., wy) be a vector of positive weight functions on an
interval I such that wj € C/(I), j =0,...,q. For a nonnegative integer p < q, we
define the space TI")’(I ) on the interval I generated by the weight vector w by

T:(I) = <u(‘{p('ay)7' "au;),p('vy)>a (10)
where u;?’(~,y), j=0,...,p are given in (6) and y is any fixed point in I.
It is clear that the space T} (7) in (10) only depends on wy, ..., w).

Example 8. From Example 7 we see thatif wo = --- =w), = 1 then

X — 2 X —
T’?(R):<l’x7y’( 2y) ( p!y)P>:]Pp>

for any fixed y € R.

We now show that generalized powers defined in terms of positive weight func-
tions span an ECT-space.

Theorem 4. Let w := (wy,...,wp) be a vector of positive weight functions on
an interval I such that wj € C/(I), j =0,...,p. The space T%(I) is an ECT-
space of dimension p + 1 on the interval 1. In particular, the generalized powers
{ug ,(-.y), .. up ,(-,y)} are linearly independent.

Proof. By recalling (8) we see that T} (1) C CP(I). From Theorem 3 it follows that

all the Wronskians of the generalized powers {u ,(-,y),...,u} ,(-,y)} are positive
on /, and in particular that {ufy ,(-,y),...,up ,(-,y)} forms a basis for T} (/). Theo-
rem 2 completes the proof. a

From Theorem 2 we can assume that any ECT-space T , (/) is spanned by an ECT-
system with positive Wronskians. The next theorem shows that T, (1) is spanned by
generalized powers associated with certain positive weight functions. The proof can
be deduced from [12, proof of Theorem 1.1, page 276].

Theorem 5. Let T, (I) be any ECT-space of dimension p+ 1 on the interval I, and
let {ug,...,up} be an ECT-system with positive Wronskians spanning T,(I). We
define the positive weight functions

Wug, uy)(x
) =yt MLl

w )C::W[”Oy...,Mk](x)W[u07""uk_2](x) k=2,....p.
k(%) (Wluo, ., u—1](x)) | o

7
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Then, the corresponding generalized powers {upy ,(-,y), ... up ,(+,y)} form a basis

for T,(I) foranyy € I.

Example 9. There exist different weight vectors generating the same ECT-space. Obviously, the
weight vector (cowo,...,c,wp) generates the same space as the weight vector (wy,...,w,) for
any positive constants c;, j = 0,...,p. A less trivial case is illustrated in Example 10. A nice
construction of all possible weight vectors generating the same ECT-space is given in [23].

Example 10. The space (1,cos(x),sin(x)) is an ECT-space of dimension 3 on (—7/2,7/2). This
can be shown by considering the weight vector w = (wg, wy,w;) with

1

- cos2(x)’ wi(x) =cos(x), wa(x)=1.

wo(x)

Then, the corresponding generalized powers with y = 0 are
up o (x,0) = wa(x) = 1,

U (x,0) = /O ' cos(t) dt = sin(x),
W (x,0) = /(;Xcos(tl) / "

X
———dnhdy = in(t)dsy =1— .
b cos2(ry) 29N /Osm(l) 1 cos(x)

Actually, with some additional effort we can prove that (1,cos(x),sin(x)) is an ECT-space of di-
mension 3 on (—7, 7). To this end, consider the weight vector w = (wp, w,w,) with

wo(x) =wi(x) = 1/c052<§>, wa(x) = cosz<%>.

For x € (—m,7) and any fixed y € (—x, ) we find the following generalized powers:

Way) = w () = cos? (5) = LHE,
Uiz (xy) = sin(x) = (1 +COS(X))tan<%>7
u¥y(x,y) = Zsin2(¥) / COSZ(% ) _ 1—cos(x) cc?)ss(zy()y;;)m(x) sin(y)

Example 11. Let (u,v) be an ET-space of dimension 2 on [a,b]. We can assume without loss of
generality that u(a) = u(b) = 1 and v(a) = 0, v(b) # 0. It turns out that u is positive on [a,b]
because otherwise it would have two zeros (counting multiplicity) in (a,b). Set

) wel) = D) () = DY) —v(x)Du(x)  Wiu,v](x)
wi®):=u(@),  wol®): D<u)( ) (u(x))? (u(x))? -

Since (u,v) is an ET-space, the Wronskian W [u,v] does not change sign on [a,b]. Hence, we can
assume it is positive on [a,b]; if this is not the case, we change the sign of v. This implies that wy
is positive on [a,b]. Moreover,

wl(x)/:wo(l)dt:wl(x)<%f%> — (). an

Therefore, (u,v) is the space T¥ ([a, b]) with w = (wg,w ), and so from Theorem 4 we know it is an
ECT-space on [a,b]. We conclude that any ET-space of dimension 2 on a closed interval [a,b] is an
ECT-space of dimension 2 on [a, b]. This is in agreement with Theorem 1. Note that the statement
does not hold anymore if the interval is not closed; see Example 4.
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Example 12. Let U,V € CP([a,b]) be given such that (DP~'U,DP~'V) is an ET-space on [a,b].
Then, the space (1,x,...,x*~2,U(x),V(x)) for p > 2 is an ECT-space of dimension p -+ 1 on [a, b].
Indeed, it is the space T}, ([a,b]) generated by the weight functions

wo(x) = Wla,v)(x) wi(x) =u(x), wa(x)=--=wy(x) =1,

(u(x))*

where
u(x) := co PP U (x) +c1, D"V (x), v(x):=co,DP 7 Ux) +c1,DP7V (),
such that u(a) = u(b) = 1 and v(a) = 0, v(b) # 0 (see Example 11).

Example 13. Let L), be the linear differential operator defined by

)4
Lof =D f+ Y a;Df, feCHD), 12)
j=0

where aj € C(I) and [ is a real interval. Any operator of the form (12) is uniquely identified
by its nullspace, denoted by IL,. More details on linear differential operators can be found in
[11, Chapter 5]. The nullspace I, is an ECT-space on I if and only if there exist positive weight
functions w; € C/*1(I), j=0,...,p such that

,C,Pf:W()"'WPD()...I)I,f7 (13)

where f
Djf::D<—>., j=0,...,p;
wj
see [9, Theorem 2, page 91].

— If the coefficients a; are equal to zero, then I, = IP, is an ECT-space on the real line; see
Example 3.

— If the coefficients a; are constants and the characteristic polynomial APFl +YP pa jlj has
only real roots, then I, is an ECT-space on the real line; see [9, Proposition 16, page 124]. For
example, given distinct real numbers o < o < --- < 0, the space (e®*,e™* ... e%") is the
nullspace of L,f = (D— ) --- (D — &) f, implying it is an ECT-space on the real line.

— If the coefficients a; are constants and the characteristic polynomial has complex roots, then
LL, is an ECT-space on a suitable interval. For example, the space (1,x,...,x"~2,cos(x),sin(x))
with p > 2 is the nullspace of L, f = DPFLf 4+ DP=1 £ it is also an ECT-space on the interval
(—m/2,m/2) that can be generated by the weight functions

wo(x) = cos]W wi(x) = cos(x), wa(x) == wy(x) = I;

see Example 10 for the special case p = 2. The factorization (13) becomes

_ 1 2 1 n—1
Epfng(cos (D(aDl f)))

Actually, the space (1,x,...,x7~2 cos(x),sin(x)) is an ECT-space on larger intervals whose

maximum lengths increase with p; see Example 10 and [8].
— In the general case of nonconstant coefficients a(x), I, is an ECT-space on a suitable interval.
For example, if I is compact, then L, is an ECT-space on any subinterval of / of length less
1

than min(1, W>’ where M > maxo< j<, maxyes |a;(x)|; see [9, Proposition 1, page 81].
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3 Tchebycheffian B-Splines

In Section 2 we showed that ECT-spaces extend in a very natural way the space of al-
gebraic polynomials. Now, we focus on smooth functions that are defined piecewise
in ECT-spaces, and we define the so-called Tchebycheffian B-splines, which are a
natural generalization of polynomial B-splines. Since we are interested in bounded
and closed intervals, in view of Theorem 1, ET-spaces are ECT-spaces and so they
are equipped with weight functions. Therefore, Tchebycheffian B-splines are actu-
ally defined piecewise in ET-spaces.

We start by introducing some preliminary notations. A function is called piece-
wise continuous on a finite interval [ if it is bounded and continuous except at a
finite number of points, where the value is obtained by taking the limit either from
the left or the right. We denote the space of these functions by C~!(I). The right and
left limits of a real number x are denoted by

xy:=lim¢, x_:=lim¢?, xeR.
—Xx t—Xx
1>x 1<x

Similarly, we denote right and left derivatives of a function f by

e SR — f(x) o S = fx)
D+f(x).—]}g§T, D_f(x).—lllilzné h ,

provided that the limits exist at the point x € R.

3.1 Definition and Basic Properties

In order to define Tchebycheffian B-splines we use the concept of knot sequences.
Suppose for integers n > p > 0 that a knot sequence

1
E={EYTT =6 <EH < <Eipr1}, neEN, peN,
is given. This allows us to define a set of n Tchebycheffian B-splines of degree p.

Definition 6. Given a knot sequence &, the functions wy, ... ,w,, are called Tcheby-
cheffian B-spline weights with respect to & if they are positive on (&, p+1] and?

for j=0,...,p,
wi €CIET D), & <&, i=1,...n+p, (14)

and

2 Let f be defined on [a,b] 2 [c,d]. The notation f € C/([c*,d™]) means that f is a function of
class C/ on the interval [c,d] when considering the right/left limit in the left/right endpoint. Note
that, in general, D', f(c) # D" f(c) and D', f(d) # D" f(d), r=0,...,j.
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wj € CmUTHT(E) =2, n+p, (15)
where L; is the multiplicity of & in &.

Theorem 4 implies that the Tchebychefﬁan B-spline weights w := (wo,...,w)p)
define an E(C)T-space ']I‘W([ ; ,é;l]) of dimension p + 1 for each & < &;,. We
will see that the smoothness at the knots suffices to define Tchebycheffian B-splines
with smoothness properties similar to the polynomial B-spline case.

Example 14. Fori=1,...,n+1, let (u;,v;) be ET-spaces of dimension 2 on [&;, &;1], where

wivi € CH([&,6in]),  wi&) =wi(8iv) =1, vi(&) =0, vi(&ir1) =1,
and, according to Example 11, we can define the local weights

W[u,,v,} X

wo,i(x) := o) wii(x) ==ui(x), x€[&, ]
The global weights

wo(x) :=wo,(x), wi(x):=wi(x), x€l[§.6v1), i=1,...n+l

satisfy (14) and (15) for p = 1. Hence, wg,w; are Tchebycheffian B-spline weights with respect

to &, and they generate the given ET-spaces on each (nontrivial) interval [§*, & ,].

Definition 7. Let w := (wy,...,w,) be a vector of Tchebycheffian B-spline weights
with respect to a knot sequence &. Suppose for a nonnegative integer p < q and
some integer j that §; < &jyy < --- < &;y 11 are p+2 real numbers taken from &.
The j-th Tchebycheffian B-spline B;‘.jp, g R — R of degree p is identically zero if

Eivp+1 = & and otherwise defined recursively by

xB ( ) X BW (y)
BY . (x):=w.(x Adyf/ J+1=1’—17'5dy>7 (16)
g = [ T

J+Lp—1.8

starting with

W()(X), lf)CE [§i7§i+l)ﬂ
BY = 17
0.8 (x) {O, otherwise. a7
Here, 11 £ is defined as the integral of B;"k‘ 2
w Sivkr1
yi,k,é = / Bi,kg (Y) dy, (18)

and we used the convention that if v, E= 0 then

17 l.fX> é’i+k+17

zk§ Z
= 19
/, Y“;cé {07 otherwise. (19

The Tchebycheffian B-spline B‘;’p_ ¢ is called normalized when w, = 1.

11
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In order to stress the similarity with the polynomial B-spline case,® the term
degree p is used in Definition 7 to refer to the dimension p + 1 of the underlying
E(C)T-space. We also use the terms linear in case of p = 1, quadratic in case of
p = 2, and so on. Furthermore, we use the notation

B[éja"'76.]'+]7+1;W0;"'7Wp] = ;‘:p;,

showing explicitly on which knots and weight functions the Tchebycheffian B-
spline depends.

Definition 7 allows for the construction of Tchebycheffian B-splines where the
different pieces are drawn from different ET-spaces. This can be done provided that
we are able to construct Tchebycheffian B-spline weights as in Definition 6 which
identify on each interval the desired ET-space. Example 14 shows that this is always
the case if we consider ET-spaces of dimension two. In view of Example 12, this
paves the path for the construction of the so-called generalized B-splines which will
be discussed in Section 4. A more general setting can be addressed by relying on the
elegant constructive procedure for finding all weight vectors associated with a given
ET-space in a bounded closed interval presented in [23]. In particular, this proce-
dure, which is based on the properties of Tchebycheffian Bernstein functions, has
been exploited in [25] to construct Tchebycheffian B-splines with pieces belonging
to ET-spaces of dimension four (see also [2]).

Example 15. The linear Tchebycheffian B-spline is given by

Jewoly)dy
Wl(x);ili if x € [£},8j41),
I o) dy
w _ . — 3283
B” ., . (x) =B|S;i,Sit1,5j+2; W0, W1 ](x) = el dy .
g =BG G b= O e
f,gjjﬂ wo(y)dy
0, otherwise.

In particular, when wo(x) = 1/ cos?(x), w (x) = cos(x) and —7/2 < §; < &j12 < 7/2, we have

sin(x—&;)cos(&j11)
sin(§j1—&;)
B[}, &1, &2 wo, wi] (x) = { sin(Gj42 —x)cos(j41)
sin(§j2 —&j+1)

0, otherwise.

ifx € [£;,641)s

o ifx €81, 8j42)s

All spline pieces belong to the trigonometric space {(cos(x),sin(x)). This is in agreement with
Example 10. This function is discontinuous at a double knot and continuous at a simple knot.

Example 16. The quadratic (normalized) Tchebycheffian B-spline defined on the uniform knot
sequence {i®}3_, with @ < 7, and generated by the weight functions

3 Our Tchebycheffian B-spline construction follows the approach of [3, 4], while it differs from
[24] in two ways: the indexing of the weight functions and the positioning of the weight functions
with respect to the integration. This provides a more intuitive notation.
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1 cos(x—(i+1)w/2) .
= s =V - 17 S i 1 ’ 20
wo(x) e wi(x) cos(@)2) , wa(x) xelio,(i+1)m), (20)
is given by
1 —cos(x) )
— f 0
2(1—cos(@))’ ifx€ [0, @),
cos(2@ —x) 4 cos(x — ) —2cos(oo)7 ifx € [0,20),
B[0, ®,2m,3@;wo, w1, 1](x) = 2(1 —cos(w))
1 —cos(3w—x) .
a2l fxe2w,30),
2(1 —cos(®)) ’ ifx€20,30)
0, otherwise.

All spline pieces belong to the trigonometric space (1,cos(x),sin(x)). The knots are simple
and it can be verified that the function is continuous with a continuous first derivative for
all x € R. Observe that, to obtain quadratic Tchebycheffian B-splines with pieces belonging to
(1,cos(x),sin(x)), we could have used the simpler weight functions wo(x) = 1/cos?(x), wi(x) =
cos(x), wa(x) = 1 instead of (20). However, this choice results in the restriction @ < 7/6 to ensure
positivity of the weight functions on the interval [0,3®].

Let y; denote the characteristic function on the interval [&;,&; ;). The general
explicit expression for a Tchebycheffian B-spline is quite complicated. Applying
the recurrence relation in Definition 7 repeatedly we find

Z B (n)xlx), p>0, @1

Jp§ pr.

where B;vp{’é} is defined on the interval [&;,&; 1) as the restriction of B;?’p g0 that

interval, and it is assumed to be zero if & = &;,;. In particular, for the nontrivial
cases we have

f‘: wo(y)dy
I wol) dy
i) 7 wo(y) dy
Bj,l{.,jém(x):wl( W

éﬁrl

W0 =wolx), B () =

W1(

)

For p > 1, in the nontrivial cases, it follows that the first and last piece are given by

P
w:p{jé}( )—WP(X)GP[W[)717 ’WO /H jri— 157
i=1 (22)

B;:,p{é—&-[’} ()C) = WP(X)GI’ [Wﬂfl’ e 7W0] (;/‘Jrlﬂrl vx)/H ’}/]W+[)7i+l,i71,€7
i=1

where G, is defined in (3). If §; < &j1 = &4 41 then (22) simplifies to

13
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i G[W —1yee- Wo](xé')
B} (x) = wi () o2 S 23)
iré " Gplwp-t,-owol(€j11,8))
and if éj = €j+p < 5j+p+1 then
‘ Gpwp-1,---,w0](§j1p+1,%)
BW,{JW}(X) = wy(x) 2Pl jtptLX) (24)
jrk PG wptse w0l (i pi1, Ejp)

In the following, we list some basic properties of Tchebycheffian B-splines that
can be directly derived from Definition 7.

e Local Support. A Tchebycheffian B-spline is locally supported on the interval
given by the extreme knots used in its definition. More precisely,

BY,e(x)=0, x@[5;,8jips1)- (25)

This can be proved using induction on the recurrence relation (16).

e Piecewise Structure. A Tchebycheffian B-spline has a piecewise Tchebycheff
structure, i.€.,

BV € T (&, Gnin)), m=Jsesitp. (26)

Proof. We proceed by induction on p. Clearly, the case p = 0 holds by the defini-

tion in (17). Suppose (26) holds for degree p — 1. By (16) the function B;f’;rg} (x)

for x € [Ey, Ent1) is a linear combination of

dy,

XBW_ y x BY _ y
wpte) [ 18 0, [s erpm1gD)
j+1

& 7/1"1,,17*176 7/JW+1,p71.5

where we recall - ( )
X ip— y
[y =1 xz G

w

i Vip-rE
The result immediately follows from the induction hypothesis, the recurrence
relation (7) and Definition 5. a
e Local Partition of Unity. The sum of the Tchebycheffian B-splines of degree p
is given by
Y BV, () =wpx), x€[Gn&urr), prl<m<n (27
Jj=m—p

In particular, for normalized Tchebycheffian B-splines this relation simplifies to

i o) =1, x€[8n.&nr1), pHl<m<n. (28)
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Proof. For p =0, the relation (27) follows from (17). For p > 1, we obtain from

(16), (25) and (19) that
/XBZp—l,é(y) dy_/" BY 1 p-10) dy)
oYY TR 4

LB = 3

j P j*m*P J ]17 LE jt+1p-18
1. m=1 X BW_;'_L 1. (y)
w,,(x)( / p é‘ dy— y / ity £ dy
j=m—p+1 p 1€ j=m—p? it 7./'+17p71-,5
=wp(x).
In case of normalized Tchebycheffian B-splines we have w), = 1. a

o Differentiation. The derivative of a Tchebycheffian B-spline can be simply ex-
pressed in terms of two consecutive Tchebycheffian B-splines of lower degree

as
D, (B/spaé (x)) _ Bip 1 () — Biip-1g ® p>1 (29)
7;_",,7175 ijﬂ,pfl?é

where fractions with zero denominator have value zero. In particular, for normal-
ized Tchebycheffian B-splines the relation simplifies to

BY .(x) BY,  .(x)
1 1 1
DyBY, ¢(x) = LoA8 0 e, (30)
Vip-1g Vivip-1£

Example 17. The standard polynomial B-splines of degree p (see, e.g., [18, Definition 2]) are
normalized Tchebycheffian B-splines of degree p generated by the weights wop = -+ =w), =1
and defined on the same knot sequence &. This is in agreement with Example 8 showing that
T ([a,b]) = Py([a,b]) when wo = --- = w), = 1.

Example 18. Let w:= (wo,...,w,) be a vector of positive functions on the interval [a, b] such
that w; € C/([a,b]), j=0,...,p, and consider the knot sequence

§i={a=:G1=-=8n <= =8p2:=b},

which consists of only two different knots (a and b) but both of multiplicity p 4 1. Then, for
p > 1 the functions in Definition 7 are given by

e :wp(x>(1f/;32y';—‘§()dy)

2.p—1&
«BY . ().€ xBY ()
B, g0 =y ([0S gy [T R g s,
aa Y'P 1,€ a Yj+14,p—l,§
« BY )
Bprg() wp(x)/ _prlpm L8, dy
a 7/erlp L&

These functions are called Tchebycheffian Bernstein functions of degree p and span the ECT-
space T} ([a,b]) of dimension p + 1. They reduce to the standard Bernstein polynomials of
degree p whenwg = --- =w), = 1.

15
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3.2 Further properties of Tchebycheffian B-Splines

In this section we prove several properties of Tchebycheffian B-splines, in particular
nonnegativity, smoothness and local linear independence. The most technical part is
to prove that 7/“2 &> 0 whenever the support of the corresponding Tchebycheffian B-
spline is nontrivial, i.e., & < & py. The construction of BY requires all the
Tchebycheffian B-splines BY, e fori=j,....j+p—LCandl=p—1,p—2,...,0;
this involves the correspondlng )/17 e

We first note that from Definition 7 the function

XBJp 15( )d

y, p=>1
& y;fpfl

is of class CO([&1, & pr1]) if %Wp—l.é #0, and of class C~' ([, &, p1]) otherwise.
The next lemma discusses the behavior of Tchebycheffian B-splines at the endpoints
of their support.

Lemma 1. Suppose 7iwfé > 0 whenever & < & yyy fori=j,....j+p—{ and
(=0,....p—1. .

(i) Let 1 <p; < p+1lsuchthat&;=---=&jrp;—1 <&jiy;. We have
]pg(éj) 0, r=0,....p—uj,
and |
DU (&) =) T S
k=p;—1 Vike
(ii) Let 1 < p; < p+1suchthat &y pi1—p; < Ejipro—p; =+ = Ejrpt1. We have

CBJP§(€J+17+1) Oa ran---vP*IJj»
and

p—1
o o wi(Ejapit1)
DITHBY e (iprr) = (1) Hiwy () [T 52

k=pj—1 7+p kk,&

Proof. We focus on statement (i). For ; = p+ 1 the result follows from the ex-
plicit expression in (24), and in particular the result holds for p = 0. Suppose now
1 < uj < p. It follows from the definition that B;."p_é(éj) =0, and for r > 1 the

differentiation formula (29) implies

W r—1 pw r—1
D <ijé‘()>D B - 16() Dy Bl+lv1’ 15()
wp(x) 7}?,771,& 7/J+1,17717~§

3D
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We proceed by induction on p. The case p = 0 was already shown before. Since

B g and B] o LE have a knot of multiplicity u; and p; — 1 at &;, respectively,

we deduce from the induction hypothesis that

o JP 15(61):(), r=0,...,p—puj—1,
Dr J+1p lé('é]):(), V:O,...,p—l,lj7

and 1
- = wi(&))
b #ij lé(gj):wpl(éj)kgl%.

Therefore, from (31) we obtain

B‘."5
Dr( Jv;}’ >(€J):O’ r:17"'7p_l'l’j7

p

and

Recall that B‘J‘.’]7 £ (&;) =0, and so ( iv" £ )(&;) = 0. Finally, taking into account the
smoothness of w), in (14), the Leibniz rule gives

DB}, ¢ (§)= Z(,Z)Dikwp(éj)Dﬁ<Bf”5)(g,) r=0,.. .. p—wi+l,

k=0
which completes the proof of statement (i). The proof of statement (ii) is similar. O

In the following, we investigate the number of sign changes of linear combina-
tions of Tchebycheffian B-splines. We first define what we mean by sign changes of
a function.

Definition 8. The number of sign changes of a function f : [a,b] — R is defined by

S™(f) :=sup sup ST(f(x1)y- ooy f(x0)),

k>2 a<x;<--<x;<b

where S~ (c1,...,c) denotes the number of (strict) sign changes in the sequence of
real numbers cy,...,cy.

Lemma 2. For a given function g € C~'([a,b]), we set

+/ y)dy, x € [a,b].

Suppose the function f has a finite number of sign changes on [a,b], as defined in
Definition 8. Then,

17
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(i) S(g) 28 (f)+1if f(a) = f(b) =0and f #0;
(ii) S~(g) = S~(f) if f(a)f(b) = 0;

(iii) S~(g) >S5 (f) 1.

Proof. From its definition it follows that f is continuous on [a,b]. We start by prov-
ing statement (i). Suppose S~ (f) = k. Since f(a) = f(b) =0 and f # 0, there exists
a sequence of points

a=x)<x<--<x}<Xxpy; =D,
and z; € (x;,x;41), i =0,...,k, such that
f(x))=0, i=0,....k+1, f(z;)#0, i=0,...,k

Since
/:ig(y) dy = f(z) — f(xi) #0, /:Hl g dy = f(xit1) — f(x) =0,

the function g changes sign at least once in the interval (x;,x;4+1). This implies that
S7(g) = k+1 =58 (f)+ 1. With a similar line of arguments we can prove the
statements (ii) and (iii). O

The proof of the next lemma is inspired by [3, Lemma 2.11].

Lemma 3. Let k > 0. Suppose Y,Wég > 0 whenever & < &iyi1fori=j,....j+k+
p—Llandl=0,....p—1. Forc;e R, i=j,...,j+k the function

jrk
s(x) = Z c,'Bl‘,',’p; (x)
i=j
has at most k sign changes on the interval [;,&; -y pi1].

Proof. 1f s = 0 there is nothing to prove. Otherwise we use induction on p. For p =0
the result follows from the definition (17) of B}, £ and the positivity of the weight

function wg. Assuming p > 1 and using (16), we can write

x BY _ (y) x BY _ (y)
s(x):cjwp(x)/ %dyfcj+kwp(x)/ Mdy
S Vip-1g & Vitkr1p-18
j (32)
ik X B:"v 1 5()’)
Fwpl) ¥ (@) [0y
i=j+1 & Yip-1g

Suppose now that for any k and any j it holds that le;r]k CiBsz— g has at most k sign
changes. If one of the knots has multiplicity p+ 1 in the knot sequence {&;; <
< &iiriptisay &g =&y for some £ € {1,... k}, then
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-1 itk
sx)="Y Cl-B;"’p; @x)+ Y Cl'B;/p; (x) =: 51(x) +s2(x).
i= 2

From (25) we know that si(x) = 0 for x ¢ [&;,&;4) and sy(x) = 0O for
x & [Ej40:Ejrirps1)- Hence,

S7(s) <8 (s1)+S (s2) +1. (33)

Therefore, to show that S™(s) < k it suffices to show that S™(s;) < ¢—1 and
S~ (s2) < k—£. These are two subproblems of the same structure. A repeated ap-
plication of this argument allows us to remove all knots of multiplicity p + 1 in the
knot sequence {11 < --- < &jyiqp}. Therefore, it is enough to prove the result in
the case

§i<éi+p7 i=j+1,...,j+k. (34)

Assuming that (34) holds, we consider four cases.
First case: §; < &jp and §jixy1 < Ejinipr1- Forx € [E, &jipipi], let

" e
= s = Bw _ )
f(x) ijjg(y) y, g(x) ,:Z; <Vf’p_1,.§> b1e ()

with¢j_j:=0and ¢4 :=0.Since § < &1, fori=j,..., j+k+ 1, the hypothesis
ensures that %}jlp—l,g >0fori=j,...,j+k+ 1. Hence, g is well defined and belongs
t0o C([€j,&j k4 p+1]) because of (26). By the induction hypothesis, we also know
that g has at most k + 1 sign changes. As a consequence, f is a continuous function
with a finite number of sign changes and f(&;) = 0. From (32) it is clear that s(x) =
wp(x) f(x), and the positivity of w, implies S~ (s) = S (f). Moreover, from the local
support of the B-splines it follows that f(&; x4 p+1) = 0. Thus, from statement (i)
of Lemma 2 we get S™(s) =S7(f) <S (g)— 1 <k.
Second case: §; =&, and & it 1 = Ejiiqpr1- Forx € [, &jkspr]s let

X Jtk _Cil
fx)=cj+ /éj g(y)dy, g(x):= i:,Z-H (ywplg‘ )Bi“,’pl,g (x).

Since & < &iyp fori= j+1,...,j+k, the hypothesis ensures that yl.‘_"p_l £> 0 for

i=j+1,...,j+k Hence, g is well defined and belongs to C~([&;, &kt pr1])-
Since y}t’p_17§ = y;"+k+17p_17§ =0, and taking into account (19), we have s(x) =
wp(x) f(x) for x € [§;,&j1k+p+1). From (25) we see that s(&; k4p+1) = 0, and so
the positivity of w, implies S~ (s) = S~ (f). With the same line of arguments as in
the previous case, from statement (iii) of Lemma 2 and the induction hypothesis, we
get S (5) =5 (f) <5 (g) +1 <kon & Eupspil:

In the two remaining cases §; < &jyp and & 51 = &jkypr1 or §j =&y p and
Eitir1 < &jsisp+1, the result follows in a similar way by using statement (ii) of
Lemma 2. o

19
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We are now ready to show nonnegativity of Tchebycheffian B-splines.

Lemma 4. If §; < &y y1 then B;?fpj (x) >0 for x € [§j,&j+ps1] and moreover

’y;:paé >0.

Proof. We proceed by induction on p. For p = 0 the result follows from the defi-
nition (17) of BY 108 and the positivity of the weight function wy. Suppose now that
j/i‘[’g( x) > 0 whenever & < &,y fori=j,....,j+p—Lfand £=0,...,p—1. Let
1 <p;<p+lsuchthat§;=--- =&yt <&y From Lemma 1 and the in-
duction hypothesis we get

pH1-p;
jpg(éj) FZO,...,p—‘Uj, D+ 'B ;vpé(é])

Therefore, BW é( x) > 0 for x € (§;,§; + €) and some € > 0. Moreover, from

Lemma 3 (w1th k = 0) it follows that BW D& has no sign changes on [§;,&; 1]

This means that Bwp £ is nonnegative on [é i»&j+p+1] and it is a nontrivial function

on an open subset of [§;,&;4,+1]. As a consequence, 7/ b 0. a

The positivity of }/ £ whenever §; < &y ,41 shown in Lemma 4 implies that
the assumptions of Lemma 1 and Lemma 3 are always satisfied.

Theorem 6 (Nonnegativity). A Tchebycheffian B-spline is nonnegative everywhere,
and positive inside its support, i.e.,

sz,é (x) >0, x€R, and B;:p,é (x) >0, xe(&,Ejrpr1).  (35)

Proof. 1t suffices to prove that BWP 5( x) >0 for & < x < &jypt1. Indeed, nonnega-
tivity of B‘]"p_ g on R follows from the local support (25) and Lemma 4.

If§; < éj;q =&iprior&i=E&i, <&jypr1 the result follows immediately from
the expression of the first and last piece in (23) and (24).
Now, suppose &; < &1 and Ejy1 < &jip+1. From Lemma 4 we obtain y g

0 and yw g 0, so that BW 5(5.]-) = B]p§(€j+p+1) = 0. Moreover, frorn the
proof of the same lemma, we know that Bwp 5( x) > 0forx e (§;,§;+¢€) and some
€ > 0. In a similar way, we can also prove that Bwp 5( x) >0 for x € (Ejypr1 —

€,&;4p+1) and some € > 0. Assume now that there exists a point X € (§;,&j4p+1)
such that B;"p g( X) = 0. We will show that this assumption leads to a contradiction.

Since
w w
g =w / g)dy, gx):= Bl _ By p1e™
P ) = ,
i Vi1 V-1

and g # 0 on (&;,%) and (%,&j4p+1), we have

X Eivptl
Jsmas=o. [T gyar=o0
J X
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From statement (i) of Lemma 2 we deduce that g must have at least one sign change
on [;,x] and at least another sign change on [¥,&;1p41]. On the other hand, from
Lemma 3 it follows that g can have at most one sign change on [}, & p41]. This
contradiction concludes the proof. a

We now describe the smoothness behavior of Tchebycheffian B-splines at the
knots in their support.

Theorem 7 (Smoothness). If & is a knot of B;?fp £ of multiplicity 4 < p+ 1 then
B}, g €C"H(E), (36)

i.e., its derivatives of order 0,1,...,p — [l are continuous at &. Moreover, if U =
p+1 then B;‘.’p £ (&) is bounded.

Proof. By Lemma 1 (and Lemma 4) the result holds if § = &; or & = & 11. Sup-

pose now &; < & < & pi1. Observe that 4 < p, &; < &, and &j 1 < &jypr1, and
therefore by Lemma 4 we have 7;'1.,1;71 £> 0 and )/]“jH b1l 0.

We first prove that B;?fp £ is continuous at & whenever p < p. Indeed, by (15) we
have w, € C°(&) and by (26) the integrands in (16) are bounded, and so B;‘fp £ and
BY .

% are continuous at &.

In order to show (36) for u < p, we proceed by induction on p. Both terms

in the differentiation formula (29) have a knot of multiplicity at most u at &, and

BY
from the induction hypothesis we obtain D( iv‘; 5 ) € CP~1=H(&). Moreover, since
1

BY

B
fvx"é is continuous at &, we can conclude that jwippg € CP7H(&) for p < p. Since

Ej <& < &jipy1 then by (15) we have w, € CP7#(&), and so B;."p_é ecr (). O

Finally, we show that Tchebycheffian B-splines are (locally) linearly independent
on each knot interval and span the local E(C)T-space defined on such interval.

Theorem 8 (Local Linear Independence). The set {B;?fp é}
for the E(C)T-space T} on [Emy Emst) forany p+1 <m <n.

m -
m—p Jorms a basis

Proof. By the piecewise Tchebycheff structure (26) of Tchebycheffian B-splines,
it suffices to prove that the functions {B‘;’p. é} are linearly independent on
[gmaém-‘rl) forany p+1<m<n.

We use induction on p. The case p = 0 follows from (17). Now, let p > 1. Fix m
such that &, < &,.11, and suppose that for all x € [€,, &1 1),

m
J=m—p

1 m
Y o ;ip7€(x):0. 37)

wp(*) Jj=m=p

After differentiating (37), it follows from (29) and (25) that
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y Cf_cf‘l)BW (x) =0
o =0.
J=m—p+1 < ﬁjp—lﬁé Jptd

Since &, < &,+1, Lemma 4 implies that }/;)p—l g >0, j=m—p+1,...,m Then,

the induction hypothesis gives us that ¢,,_, = --- = ¢, 50
Z By () =
Wp ] i J:p, 5

By relation (27) we get c,, = 0. As a consequence, all functions B‘]‘.’p £ in (37) are
linearly independent on [&,,, &yt 1). ' O

3.3 The Tchebycheffian Spline Space

In this section we focus on the span of the Tchebycheffian B-splines of degree p
specified by the knot sequence & := {él}l"ilp 1 and the vector of Tchebycheffian B-
spline weights w, i.e.,

r;’g = {Sl [5P+l’€"+]] —R:s= chB;':’p,é’ cj € ]R}. (38)
=1

This is the space of Tchebychefﬁan splines spanned by the Tchebycheffian B-
splines {BY g B 5} over the interval [, 1, &, 1], which is called the basic
interval. We define the Tchebycheffian B-splines to be left continuous at the right
endpoint &, 1, so as to avoid asymmetry in the construction of the space.

We now introduce some terminology to identify certain properties of knot se-
quences which are crucial in the study of the space (38).

e A knot sequence & is called (p+ 1)-regular if &; < ;1,4 for j=1,...,n. By
the local support (25) such a knot sequence ensures that all the Tchebycheffian B-
splines in (38) are not identically zero.

e A knot sequence & is called (p + 1)-basic if it is (p + 1)-regular with &, <
Eproand &, < &,41. As we will show later, the Tchebycheffian B-splines in (38)
defined on a (p + 1)-basic knot sequence are linearly independent on the basic

interval [§,11,Ent1]-

From the results in the previous section, we can immediately conclude the fol-
lowing list of properties of Tchebycheffian splines in the B-spline representation.

e Smoothness. If £ is a knot of multiplicity y then s € C"(§) for any s €
Sw e where r+ 1 = p. This follows from the smoothness property of the
Tchebychefﬁan B-splines (Theorem 7). Therefore, the relation between smooth-
ness, multiplicity and degree is the same as in the polynomial B-spline case:
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“smoothness + multiplicity = degree”. 39)

e Local Support. The local support (25) of the Tchebycheffian B-splines implies

m

Y B}, (0=} ¢BY, (), x€[&nur1), pt1<m<n, (40)
Jj=1 J

and if &, < &4 then

m—1

chB;‘.jpé(ém): Z ch;f’p’g(ém), pH1<m<n+1. 41
j=1 j=m—p

e Minimal Support. From the smoothness properties it can be proved that if the
support of s € Sw is a proper subset of [£;,&;, 1] for some j then s = 0.
Therefore, the Tchebychefﬁan B-splines have minimal support.

o Partition of Unity. By (27) we have
Z%ﬂ )= wpx), X € [Epir Eural. 42)
In particular, for normalized Tchebycheffian B-splines this relation simplifies to
_ZBJP.:; x € [Ept1,8nta]- 43)

Since these splines are nonnegative it follows that they form a nonnegative par-
tition of unity on [, 1,&,41].

o Differentiation. By (29) we have for p > 1,

< Z Cj jpé > ZC jp 1§ xe[§p+l7én+l]; (44)

where
1 Cj—Cj1
W= L (45)
Vi1
and fractions with zero denominator have value zero.
e Linear Independence. If £ is (p + 1)-basic, then the Tchebycheffian B-splines
{BY e By, 5} are linearly independent on the basic interval. Thus, the

spline space SI‘;’ £ is a vector space of dimension 7.

Proof. We must show that if

(x) = ich'B;ip,é (x) =0, xe [§P+17§Vl+1]a
j=
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then ¢; = 0 for all j. Let us fix 1 < j <n. Since & is (p + 1)-regular, there is an
integer m; with j <m; < j+ p such that émj < éij. Moreover, the assumptions
Epr1 < &Epioand &, < &, guarantee that [émj, émﬁl) can be chosen in the basic
interval. From the local support property (40) we know

= Y B (=0, x€[En i)

i=mj—p
Theorem 8 implies ¢, = -+ = ¢;u; = 0, and in particular ¢; = 0. a

In the following, we are looking for a characterization of the Tchebycheffian spline
space S;’ £ in terms of piecewise Tchebycheff functions with a certain smoothness.

Definition 9. Let A be a sequence of break points,

A={no<m<-- <M1}, a=mno, b:=mnuy, (46)

andlet r:= (ry,...,re) be a vector of integers such that —1 <r; < pfori=1,... L.
Furthermore, let w := (wy,...,w,) be a vector of positive weight functions on [a,b)
such that for j=0,....p,

w;eC/([ntm,]), i=0,....¢

: 47)
w; € Cmax(jprrfif])(ni)7 i=1,...,0.

The space S, (A) of piecewise Tchebycheff functions of degree p with smooth-
ness r over the partition A is defined by

SE¥(A) == {s:[Moner1] = R: s € Ty ([MiMi1)), i=0,...,0—1,

; Vh 8)
SGTP([T][,T][+1D7 SEC’(T][), z:17...,€}.

Any element s € S (A) can be written in the form

)4 L p
S(x) = ZC07jbt‘]'-t:p(x, n0)+z Z ci,ju?jp(xv ni)+7 X e [a7b]7 (49)
Jj=0 i=1 j=ri+1

where u)" » (x,y) are generalized powers (see Definition 4) and

uw (x7y), ‘x>y7
Yoy =g P 50
Uy, (%,y)+ {0’ Y <y, (50)

where the value at y is defined by taking the right limit. The functions in (50) are
called generalized truncated powers. From the smoothness conditions in (47) we
see that w,_; € Cmax(’i_k*_l)(n,-), k=0,...,p, and from Definition 4 we immedi-
ately get

ufp(nk,ni)ec”(nk), k=i+1,....4, j=0,...,p.
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Moreover, since w,_x € C”’k([nf,nijrl]), k=0,...,p, by combining (4) and (6)
we have
Dl#»u;‘v,p(ni?ni)zov l:O,...,r,-, j=ri+1,...,p.

This shows that the function in (49) belongs to the space (48). The representation
(49) implies

V4
dim(S;*(A)) < p+1+ Y. (p—ri). (51)
i=1

The next theorem states that the Tchebycheffian spline space S;’ £ is equal to the

space S;’W(A) with a prescribed partition A and smoothness r.

Theorem 9 (Characterization of Spline Space). Ler & := {&}77 M hea(p+1)-
basic knot sequence. The space S;’ £ spanned by Tchebycheffian B-splines of degree

p defined over the knot sequence & is characterized by
Sr;.é =S3%(4),
where A is a partition as in (46) defined from the knot sequence as follows,

Hy e
. . \ / N .
€p+l =: Mo, 5p+27-"75}’l:'nla"wnl)"wn%"')n% §n+l:'n€+l7

and the smoothness r is defined by
ri:=p—u, iil,...,f.

Proof. Since we are dealing with a (p+ 1)-basic knot sequence &, we have 1o < 1,
and 1My < N¢+1. The Tchebycheffian B-spline weights w satisfy the smoothness con-
ditions in (47); see Definition 6. From the piecewise structure (26) and the smooth-
ness (36) of Tchebycheffian B-splines it follows that the space SI")" £ is a subspace of

S;™(A). Moreover, using (51) we arrive at

4
dim(Sy ) =n=p+1+Y (p—r;) = dim(S;"*(4)).
i=1

i=

This concludes the proof. a

3.4 Knot Insertion

In this section we are addressing the problem of representing a given Tchebycheffian
spline on a refined knot sequence. In particular, we focus on the special case where
only a single knot is inserted. Since any refined knot sequence can be reached by
repeatedly inserting one knot at a time, it suffices to deal with this case.

25
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Without loss of generality, we assume that the spline s = Z;?:l c jB;‘.’p £ is given

on a (p + 1)-basic knot sequence & := {é,}?:lp *1. We want to insert a knot € in

some subinterval [§,,Eyr1) of [Epy1,Ent1), resulting in a new (p + 1)-basic knot
sequence & := {&}11F *2 defined by

&, if 1 <i<m,
&= &, ifi=m+1, (52)
E 1, ifm+2<i<n+p+2.

We are interested in the Tchebycheffian B-spline form of s on the new knot se-
quence.

Lemma 5. Let the (p + 1)-basic knot sequence & .= {&};’j{’“ be obtained from
the (p + 1)-basic knot sequence & = {&}"F 1 by inserting just one knot & in

[§p+17§n+1). Then,
w o w W
B e =%peB] e Bir1peBY, | g (53)

where

(i) o e =land By ,e =0 if&>Epipi1;

(ii) Ojpe > 0 and Bj+1,p,§ >0 lféj <é< §j+p+1;
Proof. From Theorem 9 it follows that S;’ £ - SI“: £ SO every B;.‘TPA g can be written as
a linear combination of the Tchebycheffian B-splines defined over & IfE>Eiph
then Bj% £= B/}p, £ which shows (53) in case (i). If & < &; then Bj% £= Bj+1,p., 3
which shows (53) in case (iii). In the remainder, we focus on the last case (ii) and
assume §; < & < &jypir.

Fix j. We can write
n+1

o) = I; Cj-,iB:]p_’,g (x).

If x € [&,&1) with & > & pi1 = Ej1 10, then

k

0= B.‘}v,mf (x) = iz;pcj’iB:lp’é (x)7

and by local linear independence we get c;; =0 forany i > j+2since k—p > j+2.

Similarly, ¢;; = 0 for any i < j— 1. This implies (53) for some o; , ¢ and ﬁj.pﬁg.
Next, we show the positivity of ¢; , e. Let i; be the multiplicity of &; as a knot

of sz’ ¢ Then, &; appears 1; times as a knot of B‘;’p g and p; — 1 times as a knot

of B;‘VH D E We consider the (p+ 1 — p;)-th derivative at &; of the two sides in (53).
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By using the expression in statement (i) of Lemma 1 and recalling that the weight
functions are positive, we get

17 ﬂj:p—i_la

w oy -

®pe =9 Yir-1& Vi1 & (54
d v ; .u'j < p-
Jp=1.8 w18

Note that by Lemma 4 all y’s involved in (54) are positive because &; < & j+u;- The
positivity of 3 j+1,p,& can be proved in a similar way. Let {4141 be the multiplicity
of €4 p+1 as aknot of B;’ £ From statement (ii) of Lemma 1 we get

)

17 .ujer+1 :p+1a
w =
ﬁj+l,p,€ = j+2.p-1,8 }I.f+P+2*H_j+,;+1wﬂj+p+1*'»5 ) < (55)
7 " Hjtp+1 S P.
JHLp=LE Tjptl—tjy ol 1 16

This completes the proof. a
Theorem 10 (Knot Insertion). Let the (p—+ 1)-basic knot sequence & := e 2

be obtained from the (p+ 1)-basic knot sequence & = {&}/ 7P 1 by inserting just

one knot &, such that &, < & < &1 with p+1 <m <nas in (52). Then,

n n+1
sy =Y ciBY ¢ (x) = Y 5iB;"p£(x), x € [Ept1, &l (56)
j=1 i=1 i
where
Ci, lfl S m-—p,
Gi=19 0, ecitPipeciot, fm—p<i<m, (57)
Ci—1, ifi >m.

The values o; , ¢ and f; , ¢ in (57) are nonnegative, and
%pe T Bipe =1 m—p<i<m. (58)

Proof. From Lemma 5 we immediately deduce that

n n

Y By, g = ,pgc1BY s+ BuiipgenBy | gt ) (G gcitBipgci)BY g,
= P, pe = P,

where the a’s and 3’s are nonnegative. This gives (56) with
Ei:ai7p,§c,-+ﬁi7p‘§c,-,1, i=2,...,n. (59)

First, recall from (42) that both sets of B-splines in (56) sum to w,. Hence, in the
case s = wp, (59) implies

l=0,¢ -l—ﬁhp,g, i=2,...,n.

27
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Since p+ 1 < m <n, it follows that {m —p+1,...,m} C {2,...,n} and we obtain
(58). Furthermore, from case (i) in Lemma 5 we have o;_ 1p&E = 1 and Bl pE = 0 for
2 <i<m— p. We also observe from (54) that Opypp & = 1. Indeed, if t—p, = p+1

it is obvious, and otherwise we have Y::—pk—l,é = Y:pr,kfl,é for k = [n—p,...,p.

Similarly, from case (iii) in the same lemma we have @; , ¢ =0and f3;; , ¢ = 1 for
m <i<n.If §, =& then this case also implies f3,,.; , g = 1. If §, < § then we can
conclude from (55) that 8, ;. p,& = 1. This completes the proof. ad

From the proof we observe that the &’s and 3’s in (57) are specified in (54) and
(55), respectively.

4 Generalized B-Splines

In this section we consider a special subclass of normalized Tchebycheffian B-
splines, the so-called generalized B-splines.* They can be seen as the minimal ex-
tension of classical polynomial splines still offering a wide variety of additional
flexibility.

Definition 10. Given the partition A :=={ny < 1y < --- < Ny41} and a nonnegative
integer p > 2, a generalized polynomial space of degree p is defined as a space of
the form

]P’Z’V(A) =(l,x,...x’ 2 U(x),V(x), xe Mo, Ne+1], (60)
where U,V € CP([n;",n;;,]) and (DP~'U,DP~'V) is an ET-space on [n;", 1] for
alli=0,... 4

From Example 12 we conclude that the restriction of the generalized polyno-
mial space IP’,L,/’ (A) on the interval [n;",n; ] is an ECT-space of dimension p + 1
generated by weight functions of the form

woi(x), wii(x), wai(x)=--=w,i(x)=1, (61)

where
wii(Mi) =wii(Niy1) = 1. (62)

Note that the space (DP~'U,DP~'V) is also an ECT-space on [1;",1; ], generated
by the weights wo; and wy ; (see Example 11). The local weights in (61)—(62) allow
us to define a global weight vector w := (wy, ..., w,) such that

wi(x) :=wji(x), x€MiMip1), i=0,....¢, j=0,....p. (63)

4 The term “generalized splines” has several different meanings in the literature. For example, the
splines considered here are much less general than those described in [27, Chapter 11]. We follow
the definition given in [16]. This definition was already used before for special choices of U and
V; see, for example, [14, 15].
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From the construction it is easy to check that each weight w; € C/([n;*,n;,,]).
i=0,....0and thatw; € C/"1 (), i=1... L

We now define generalized B-splines of degree p associated with a knot sequence
&€ and a generalized polynomial space IP’,L,[‘V (A). The knot sequence & := {5,}:’;’{’ i
is connected to the partition A as follows

Ho Heta
—— —N—
Elov s Cptpr1 =Mos- oy M0s - T 1+, et (64)
for some integers U, ..., Upt1-
Definition 11. For a given partition A, let IP,I,]’V(A) be a generalized polynomial
space of degree p > 2, and let & be a knot sequence connected to A as in (64). For
any & < &1, let u;,v; be the unique functions in (DP~'U,DP=V) on [&1,E 7]
satisfying
wi(&) =1, ui(&+1)=0, vi(&) =0, vi(§1)=1

Suppose for some integer j that §j < Ejy < --- < Ejypy1 are p+2 real numbers
taken from &. The j-th generalized B-spline Bj.j'[',vé :R—Rofdegree pis identically
zero if §ji pr1 = & and otherwise defined recursively by

UV UV
B (1) /x Bl () . /x ;SR ) iy 65)
i.p, : oV iAG )
a S Vip-1e S Viliporg
starting with )
vi(x),  ifxe (&, &),
Bllﬁvg (X) = MH.](X), lf'x € [§i+laéi+2)7 (66)

0, otherwise.

Here, ygc‘;, is defined as the integral of BlUkV5

ikt
v Uy
i,k,é T /gi Bi,k,é (y) dy,

and we used the convention that if Yxc‘é =0 then

UV
* Bivkvé ) L ifx > &,
dy:=

i Yg(‘; 0, otherwise.
We now show that generalized B-splines are a special instance of normalized
Tchebycheffian B-splines, and therefore they enjoy all their properties.

Theorem 11. Generalized B-splines are normalized Tchebycheffian B-splines gen-
erated by the Tchebycheffian B-spline weights wy, ..., w), given in (63).

Proof. We first note that the global weights wy, ..., w, in (63) satisfy the smoothness
conditions in Definition 6, so they are actually Tchebycheffian B-spline weights

29
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with respect to . Let w := (wy, ..., w),). A direct computation shows that BY, £ (x)=

BlUlVg (x) for all i. Indeed, if &; < &1 then from Definition 7 and the weight property

(6725 we know that

w N : w — 1 _
B,’ﬁlﬁg(gz) =0, ngLBi’l’g(X) _ngLW](X) =1,
x<&i x<&it

and from the piecewise Tchebycheff structure that B;"l £ belongs to the ET-space
(DP~'U,DP='V) on [£, & ]. Since the same properties also hold for BIUIV5 (x),
they must be identical on [§;,&+1). A similar argument holds for the interval
[Eir1,&i42). As a consequence, taking into account that wy = - -+ = wy, = 1, it follows

clearly from their definitions that B;?’p £ (x) = Bi{};vg (x) for p > 2 and they are nor-

B

malized. In other words, generalized B-splines are a special instance of normalized
Tchebycheffian B-splines. a

Example 19. Any linear Tchebycheffian B-spline B;.‘fl‘ ¢ (x) can be written as Bl,]“lv (x) in the form
(66), up to the positive scaling factor wy (§;41). In particular, when U (x) = cos(x), V (x) = sin(x),

we have et
sin(x —§&; )
Y lfxe i Ei ,
sin(€j1 — &) [6):Ej+1)
BYY . (x)={ sin(§a—x) .
1.€ M2 Y e (€, Enn),
! sin(&j42 — Ej1) ifx € [§j41,8542)
0, otherwise.

This is the scaled version of the spline in Example 15, with scaling factor wy (&;11) = cos(Ej41).

Example 20. The generalized B-spline of degree p = 2 on a knot sequence € consisting of simple
knots is given by

5j/§_vj(Y)dy> ifx€[§,84+1),
J
X 5/+2 .
1 *5j+1/ vir1(y) *5:'/ upn1(y), ifx€[Eir1,8j42),
By (x) = &t A
o -Ej+3 .
Sjvr [ ujpa(y)dy, if x € [§j12,8j43),
0, otherwise,

where ) ]
8= (1) = ( /; )t | 5 wa()dy)

The normalized Tchebycheffian B-spline defined in Example 16 is a special case, considering the
functions U (x) = cos(x), V(x) = sin(x), and the uniform knot sequence {i®}3_.
Example 21. Consider the partition A = {0,1,2,3}, and

X, ifxe[0,1), X2, ifxeo,1),

Ux)={e™, ifxell,2), v(x) e ifxe(l,2),
X, ifxe[2,3), X2, if x € [2,3).
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When taking & = A, we get for p =1,

N ifxe[0,1), sinh((x =D& 4 e 1,2)
. h((2 )a) UV Slnh(a) ) ] 5
BV (x)= ¢ SNEZ0W) e e 1,2), Byig() =13 ifx €2
L1E simh(ar) xe(1,2), Byig 3-x, ifxe2.3),

0, otherwise, 0, otherwise,
and for p =2,

2, ifxe[0,1),
. 1 4 cosh(B) —cosh(3=20B) 40 1y 5

BYY )= e Bsinh(B) ©7
128 4 _sinh(B)_ (x—3)2 ifxe[2,3)
Beosh(B) ’ -
0, otherwise,

where f := a/2. The three non-trivial pieces of Bll{’z‘fg belong to Py, (1,e**,e~*), and P, respec-
tively. When ¢ tends to zero, the quadratic GB—spline in (67) tends to the quadratic polynomial
cardinal B-spline.

Example 22. 1f U(x) = x*~! and V(x) = xP, then the space in (60) is nothing else than the poly-
nomial space IP,. In this case,

Siv1—x x=&
ui(x) = —, vix)= , & < Giyr,
1( ) ‘Si+1 _éi z( ) §i+l _éi él §l+l
and Definition 11 results in the standard polynomial B-splines of degree p. This is in agreement
with Example 17.
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