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Volterra processes appear in several applications ranging from turbulence to energy
finance where they are used in the modelling of e.g. temperatures and wind and the
related financial derivatives. Volterra processes are in general non-semimartingales
and a theory of integration with respect to such processes is in fact not standard. In
this work we suggest to construct an approximating sequence of Lévy driven Volterra
processes, by perturbation of the kernel function. In this way, one can obtain an
approximating sequence of semimartingales. Then we consider fractional integration
with respect to Volterra processes as integrators and we study the corresponding
approximations of the fractional integrals. We illustrate the approach presenting
the specific study of the Gamma-Volterra processes. Examples and illustrations via
simulation are given.
© 2019 The Authors. Published by Elsevier Inc. This is an open access article
under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

We consider Volterra type processes driven by Lévy noise L(t), ¢t > 0, of the form:

Y () ::/g(t—s)dL(s), £>0, (1)
0

where g is a deterministic kernel. Such processes appear in many different applications including models for

tumour growth, turbulence, and energy finance, see e.g. [3-5,31]. Processes of type (1) belong to the family
of ambit fields as presented e.g. in [2] and include, as particular cases, the Lévy fractional Brownian motion

given by the Riemann-Liouville integral, see [22]. The fractional Brownian motion is represented (modulo
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a constant factor) by an integral of type (1) plus a suitable process with absolutely continuous trajectories,
see [22, p. 424]. Compare also with the integral representation on (0,t] with the Molchan-Golosov kernel,
see e.g. [19]. For fractional Lévy processes we can refer e.g. to [9,10,23] and references therein.

In general Volterra processes are not semimartingales, see [7]. We recall that semimartingales constitute
the largest class of integrators for a stochastic integration theory (Ité-type integration) which is well-suited
for applications where the adaptedness or the predictability with respect to a given information flow plays
an important role. This is the case, for example, in mathematical finance where one needs integration to
define e.g. the central concept of the value process of a self financing portfolio. Also, the numerical methods
are flourishing in the case of semimartingale models. Without means of being exhaustive, we can refer,
e.g., to classical books [12,20] and to more recent works that show that the area is in simmering activity
[25,32,37,38]. Processes of type (1) have interesting stylized features, like the non-trivial time correlation
structure, that well suits several contexts of modelling, such as in renewable energies. In energy finance the
use of non-semimartingale models is well motivated. See e.g. [3, section 3.3] for a discussion.

In this paper we propose to approximate (1) by the process

/g (t — s)dL(s), (2)
0

where ¢°, with € € (0,1), is a family of deterministic kernel functions approximating g, i.e. ¢° — g as
¢ — 0, in an appropriate sense. We are interested in the cases when ¢° guarantees that Y¢(¢), ¢t > 0, is a
semimartingale and we show that Y°(t) approximates Y (¢) in the sense of L,-convergence.

Approximations of this type were first introduced in [33] and [34], and then used in [17], but only in the
case where Y is a fractional Brownian motion. Our result extends substantially this first study and moves
beyond.

In fact, the core of the present paper deals with the generalized Lebesgue-Stieltjes integrals with respect
to the processes (1) and (2) as integrators. This is a form of pathwise integration defined via the fractional
derivatives. For a survey, new results and conditions for integration with respect to Volterra type processes
as integrators see [14]. In this study we suggest sufficient conditions to ensure that, for a given integrand
X, the generalized Lebesgue-Stieltjes integrals with respect to Y and Y as integrators converge in Lq:

/ X (s)dY*(s) —> / X(s)dY(s), 0. 3)

We remark that, if Y© is a semimartingale and X is a predictable process (with respect to the same
filtration), the generalized Lebesgue-Stieltjes integral corresponds to the Itd type integral. Hence, in the
context of predictable integrands, the approximation (3) provides an approximation of a non-semimartingale
by a semimartingale. We intend to exploit this feature in future research dealing with hedging in energy
finance. Here we illustrate the use of the approximation in simulation with an example.

We illustrate the results in full detail in the case of

t

Y(t) := / (t —s)Pe M=) dL(s), (4)

0

for B € (=1/2,1/2), A > 0. In this case g is, up to a constant, a Gamma kernel. For § € (—=1/2,0), the
integral (4) is obtained as an appropriate stochastic modification of the Riemann-Liouville fractional integral
in which the factor e=*(!=*) in the kernel has a dampening effect. The processes (4) appear explicitly in the
modelling of turbulence and in the modelling of environmental risk factors in energy finance (e.g. wind),
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see [6,36]. In the sequel we refer to (4) as Gamma-Volterra process. In view of the relevance of this family
in applications, we shall detail the study of such processes.

The paper is organised as follows. The next section reviews knowledge about Volterra processes and
introduces an approximation by perturbation of the kernel. Particularly interesting is the case when the
Volterra process is not a semimartingale and it can be approximated by a semimartingale process. As illus-
tration, the Lévy driven Gamma-Volterra processes are studied along with their approximations. Section 3
deals with fractional integration and it is divided in two parts. In the first part we revise general facts
and then we provide conditions to guarantee when a Volterra process is an appropriate integrator. This
includes cases when the Volterra process is not a semimartingale. Examples are provided. In the second
part of the section, exploiting the approximation introduced before, we suggest an approximation of the
integral with respect to a Volterra process. Examples and full detailed conditions are provided in the case
of a Gamma-Volterra process. Finally, a numerical example is given as direct application and illustration of
the technique proposed.

2. Volterra processes and a semimartingale approximation

First of all we review the fundamental concepts to ensure the meaningful definition of Y in (1). We define
the integration of a deterministic function with respect to the Lévy process L as in [14] by the approach
proposed in [35] and further developed in [26].

Let (Q, F,P) be a complete probability space and L = L(t), t > 0, be a Lévy process with characteristic
function represented in the following form (see e.g. [30]):

E {e”L(t)} =@ g eR,

with

z? ;
Y(x) = iax — 71) + /{e”z —1—iz7(2)}v(dz),
R

where

7(z) = {Z’ <1

g lE >

a € R, b>0,and v is a Lévy measure on R, i.e. it is a o-finite Borel measure satisfying
/(22 A1r(dz) < 0o, v({0}) =0.
R

The triplet (a,b,v) is called the characteristic triplet of the Lévy process L.

From the increments L((s,t]) := L(t) — L(s), s < t of the Lévy process L, we obtain the random
measure on B([0,00)) taking values in Lo (2, F,P), see [26]. The random measure is still denoted by L. For
any A € B([0,00)) s.t. A(A) < oo, the random measure values L(A) are random variables with infinitely
divisible distribution and Lévy-Khintchine characteristic function

E |:€ia:L(A):| — eA(A)w(w)’ €T € R

Here A denotes the Lebesgue measure on B(R).
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Definition 2.1.

(i) Let f = Z;}:l fi1a, be a real-valued simple function on [0, 7], where the pairwise disjoint sets A; €
B([0,T]) belong to a partition of [0,T]. Then, for any A € B([0,T]), we set

J
/de =Y fiL(AN A)).
A J=1

(ii) A measurable function f : ([0, T], B([0,T])) — (R, B(R)) is said to be L-integrable (on [0,7]) if there
exists a sequence { fy, },>1 of simple functions as in (i) such that
(a) limy,— oo frn = f, A-a.e.
(b) for any A € B([0,T7), the corresponding sequence { [, fndL},>1 converges in probability as n — ooc.

If f is L-integrable, the stochastic integral on A € B([0,T7]) is defined by

/de = lim [ fp,dL,
n—oo
A A

with convergence in probability.

The integral is well-defined, i.e. for any L-integrable function f : ([0,T],B([0,T])) — (R, B(R)), the
integral does not depend on the choice of approximating sequence { f,, },>1. Moreover, the integral f 4 fdL
is also infinitely divisible with explicit characteristic function, see [26,35].

The following result characterizes the space of integrands. See e.g. Lemma 2.1 in [14].

Lemma 2.2.

(i) For p > 2, any function f € L,([0,T]) is L-integrable.
(ii) Forp € [1,2) assume that L satisfies b =0 and flz|S1 |z[Pv(dz) < co. Then any function f € L,([0,T])
is L-integrable.

Hence for all ¢, under the conditions of Lemma 2.2, we have that the integral (1) is well defined for
L-integrable functions g(¢t — -) on [0, ¢]. The proper definition of Y is a standing assumption in this work.

Depending on the properties of the kernel function g, the Volterra process may or may not be a semi-
martingale. The semimartingale property of various subclasses of Volterra type processes is studied in e.g.
[7-9,21]. Hereafter, we fix the natural filtration F = {F;, ¢ > 0} generated by the Lévy process L with the
characteristic triplet (a,b,v) on (2, F,P) and we state the necessary and sufficient conditions to guarantee
that the Volterra process Y in (1) is a semimartingale. See [7], Theorem 3.1 and Corollary 3.5.

Theorem 2.3. Assume that L(t), t > 0, is of unbounded variation. Then Y is an F-semimartingale if and
only if g = g(u), u > 0, is absolutely continuous on Ry with a density g such that

t

/|g’(u)|2du < oo, t>0,
0

when b > 0, and satisfies
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/ / |zg' (u)]? A |zg' () |v(d2)du < 0o, t >0, (5)

[—1,1]

when b = 0.
Assume that L(t), t > 0, is of bounded variation. Then Y (t), t > 0, is an F-semimartingale if and only
if it is of bounded variation, which is equivalent to requesting that g is of bounded variation.

Example 2.4 (Semimartingale property of Gamma-Volterra processes). Consider the Gamma-Volterra pro-
cess (4):

t
= /(t —s)Pe Mt=3)dL(s), t>0,
0

with 8 # 0, A\ > 0. From direct application of the theorem above we see that if L is a Brownian motion or
a Lévy process with b > 0, then Y is a F-semimartingale if and only if 8 > 1/2. If L is a Lévy process with
no Brownian component, i.e. b = 0, then Y is well-defined and an F-semimartingale if and only if one of the
following conditions is satisfied (see [7], Corollary 3.5):

(i) B>1/2,
(ii) B =1/2 and f[fl’” 2?|log |2||v(dz) < oo,
(iii) B €(0,1/2) and [_, /0=y (dz) < 0o

The following result is a moment estimate for the Lévy driven Volterra processes, see Theorem 2.2 and
Remark 2.2 in [14]. This is obtained under the technical assumption that v is symmetric. We shall make
this assumption in our present work.

Theorem 2.5. Let L = L(t), t > 0, be a Lévy process with symmetric Lévy measure v. We have the following
two statements:

(a) For a Lévy process with characteristic triplet (a,0,v) such that [, |z[Pv(dz) < oo for some p > 1, we
assume that fort >0, g(t,-) € Ly([0,¢]). Then g(t,-) is L—integrable and we have the estimate:

p

t
B| [ gt 9)dL(s)| < Cr [ P lott. )N, 00+ ot o / 2u(dz)
0

b) For a Lévy process with characteristic triplet (a,b,v) such that z|Pv(dz) < oo for some p > 2, we
R
assume that fort >0, g(t,-) € L,([0,¢]). Then g(t,-) is L—integrable and we have the estimate:

p

B| [ g(t.9dL(s) scz(|a|P||g<t7~>||’gl[o,ﬂ+bp/2|g<t,->|’;2[o7ﬂ
0

ot 0 [ 17700

R

The constants C1,Cy do not depend on g.
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Notice that, in the present work, all constants in the estimates are denoted by C. Their dependence on
the parameters can be explicitly given when relevant. Their specific form is deduced from the context.

Remark. Recall that a Lévy process with characteristic triplet (0,b,v) is a square-integrable martingale if
and only if, for some p > 2,

/ |z|P v(dz) < oo and / z v(dz) = 0.

|z[>1 |z|>1

Then, considering the assumptions of Theorem 2.5 in this case, if the Lévy process L has symmetric Lévy
measure v and fR |2|P v(dz) < oo for some p > 2, this Lévy process is a square-integrable martingale with
(L) =t (b+ [ 2° v(dz)), t > 0. In this case we could also consider It6 stochastic integration of predictable
stochastic processes ¢g(t — -) and find estimates of the moments based on the Burkholder-Davis-Gundy and
Bichteler-Jacod types inequalities. See e.g. Lemma 5.1 in [18]. However, we shall not consider such processes
in the framework of the present work. We remark that other similar estimates can be found by means of
Rosenthal inequalities in the case of Poisson stochastic integrals, which are optimal in the sense that an It
isomorphism is obtained, see [16].

For later use, we consider the following result.

Lemma 2.6. Let L be a Lévy process with characteristic triplet (a,b,v), where v is symmetric and
Jg |2IP v(dz) < oo for some p>1, if b=0, or somep > 2, if b > 0. Then g(t — 0 — )1 —s)(-) € Lp([0,]),
for all 6 € (0,t), and the integrals
t—§
Y(t—-0)= / g(t —d — s)dL(s), ¢ €(0,t),
0

are well defined. Assume that lims o g(t — 9 — ) exists with convergence in L,([0,t]) and denote by g(t~— —-)
the limit and the corresponding function defined for a.e. s by a subsequence. Then the integral

t

Y(it):= /g(ti — s)dL(s)

0

is well-defined. Furthermore, lims oY (t — ) exists with convergence in L,(2) (and in probability) and
Y(¢7) = limgy o Y (¢ — 9).

Proof. Since g(t — 9 — -)1(0—s)(*) € Ly([0,1]), by convergence, also g(t~ — ) € Ly([0,%]), then the corre-
sponding integrals Y (¢ — ¢) and Y (¢7) are well-defined by Lemma 2.2. We prove the last assertion. It is
enough to show that the sequence (Y (t — J))s admits a limit in L,(Q).

Applying the estimates of Theorem 2.5 we can see that, for §, p > 0 small enough,

EIY (1~ 8) ~ Y(t— p)l =
= 5[ [lg(t — 5 9)100-5() ~ 9t~ p ~ 900 ()L (s)|
0

< Capullglt =6 —)L0t—5) — 9t = p—)1(0,t—p) ||Z£p[o7t]
— 0, ford,p—0.



126 G. Di Nunno et al. / J. Math. Anal. Appl. 476 (2019) 120-148

Thus the sequence (Y (¢ — 4))s is Cauchy in L,(£2). Analogously, we see that

BIY (¢~ 8) = V(P =B [la(t — 5 5)10.-5() ~ 9(t = 9)dL(s)]
0

< Capoullglt —6 — (g5 — g(t™ — M, 0.4
— 0, ford—0. O

Hereafter we study an approximation for the Volterra process Y = Y (t), ¢t > 0, derived by perturbation
of the kernel function. Let ¢, ¢ € (0,1), be a family of deterministic L-integrable kernels and define the
corresponding family of Volterra processes Y = Y<(t), ¢t > 0, by

t

Ye(t) = / ¢ (t — s)dL(s), t>0. (6)

0

Theorem 2.7. Let L = L(t), t > 0, be a Lévy process with symmetric Lévy measure. Consider one of the
following situations:

(a) The Lévy process has characteristic triplet (a,0,v) and [ |z[Pv(dz) < co for some p > 1.
(b) The Lévy process has characteristic triplet (a,b,v) and [, |2[Pv(dz) < oo for some p > 2.

Then, for any t, we have the convergence in L,(Q):
() =Y ()l —0, ase—0, (7)
whenever g(t — ), g°(t — -) € Lp[0,t] such that
lg"(t =) —g(t =)L, o) — 0, ase—0. (8)
If (8) is uniform ont € [0,T] (T < o0), then (7) would be uniform ont € [0,T] as well.

Proof. Fix ¢ > 0. Consider case (a). By Theorem 2.5(a) there exists some C > 0 such that

E[Y<(t) - V(1) E/fu—@—mwwmuﬁ
0

< C(lalllg*(t =) = gt = )II7, o

gt =) = gt = o [ 1e(d2)) —> 0,
R

as € — 0. Similarly, for the convergence in (b) we apply Theorem 2.5(b) and there exists some C' > 0 such
that

EYe@) -y @®)"

E| [ g°(t —s) —g(t — s)dL(s)
/

< C’(|a|p||95(t —) —g(t— ')H]Zl[o,t]
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027 (¢ =) = gt =T 0.

g =) = gt =B o / elPw(dz)) — 0,

ase — 0. O

In the following example we specify under which assumptions we can approximate the Gamma-Volterra
process in (4) with a semimartingale, using Theorem 2.7.

Example 2.8 (Approzimation of Gamma-Volterra processes). Let Y (t), t > 0, be the Gamma-Volterra
process in (4) with driving noise L, a Lévy process with the characteristic triplet (a,0,v), where v is a
symmetric measure such that [, |z[Pv(dz) < oo, for some p > 1. Fix t. From Lemma 2.2 we have that (4)
is well defined whenever g(t — ) € L,[0,¢]. That is

t t

/(t — 5)PPe= P(t=9) g < /(t — 5)PPds < oo,

0 0

whenever Sp + 1 > 0. We shall consider two cases:

Concerning the approximating process Y in (6), we define
¢ (u) = (u+e)Pe M ute), u € (0,t], e € (0,1AL).

Correspondingly, we have

t

YE(t) = /ga(t—s)dL(s), t>0.

0

These processes are well-defined and, applying Theorem 2.3, we can see that Y¢ are semimartingales, since
g° are absolutely continuous on Ry and (¢°)" is bounded on [0,¢] for 0 < ¢ < co.

We can also see that g°(t —-) — g(t — ) € L,[0,¢] since g° is bounded. Hereafter we give an estimate of
this difference and we distinguish the cases in which § is positive or negative.

(a) We consider the case 8 € (—1,0) and p € [1,1/]5]).
The kernel s — g(t — s) is singular at s = ¢ and continuously differentiable, strictly increasing and convex
on the interval [0,t). Hence, we have the following inequality for s € [0, ?):

glt—s+e)—g(t—s)<e sup |g'(t—s+0e)| <elg'(t—s). (9)
0€(0,1)

This yields

97 =9~ st =) < = [y A

< 2p5p7)\p + 2p53’[
- (t — s)P‘B‘
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where we have used the fact that, for a,b > 0 and p > 1:
(a +b)? < (2max(a,b))? < (2a)? + (2b)P. (10)
Moreover, also the following crude inequality holds for s € [0, ¢):
(t — s +e)feNt=ste) _ (1 _ B2 t=9)|" < (4 _ g)fpeA(=s)p (11)
< (t—s)°P.
Hence, we obtain the following estimate:

t

/ 05t — ) — g(t — s)|Pds

0
t—e t
= [15e—9)-g—spas+ [ 15— - gt~ o)ras
0 t—e
CN” T - 2181)? - _
< gp M l=plBl _ -plBl o APV (B _ 1=(I81+Dp
- 1—p\6|{ } — (I8l +1) [ }
e s
+1_|B| C( B7p>t)—>07 5_>07

for the given parameters.

(b) Now assume (3 > 0.
The function g(t — ) is zero at s = ¢ and it is continuously differentiable on (0,t). For s € (0,t), we have
that

gt —s+e) =gt = )P < e (e (t —s+e)° — (t—5)")I
<Pt —s+e) —(t—s)PP +2°(t — 5)Pler — 1P
< PePBP sup (t— s+ ) PTIP L oP(t — 5)PP|e™Ae — 1)P.
0€(0,1)

We have to distinguish two cases. If 3 > 1, then we have

t
1t = 5) = gt - o)Pas
0
t t
< (2eB8)P /t—s+5 (ﬂ 1)pds—|—2p|e*’\5—1\p/(t—s)ﬁpds
0 0
t

(2e8)P 1+(8—1) 1+(8— Y
< ————|(t+e P+ B=0P) LoopemAe 1P [ (¢t — 5)PPds

<ePC(N B,p,t) — 0, € —0.

0
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If 8 € (0,1), then

/ 05(t — ) — g(t — s)|Pds
0

t—e t—e
< (2eB)P /(tfs)<ﬁfl>z’ds+2p|e*ke — 1P /(t—s)ﬁpds
0 0

t
+ /(t— s+ ¢)Pds

t—e

-2
_ @B e _ es-np) 21 W psn  1ve)
1+(B-1)p 1+ 8p
el+B8p
_|_ JE—
1+ 8p

< eI (N, B, p,t) — 0, & — 0.
The estimates are uniform on ¢ € [0, 7] (T < o).

Example 2.9. Here we consider Y to be the Gamma-Volterra process in (4) with Lévy driver L associated
to the characteristic triplet (a,b,v), with b > 0 and a symmetric measure v such that [, [2[’v(dz) < oo, for
some p. In this case Lemma 2.2 guarantees that (4) is well defined if, for all t > 0, g(¢t — -) € L,[0,¢] with
p =2

This is guaranteed if we have one of the following cases:

>0,8€(—1/2,0) and p € [2,1/|8));
(b) A>0,8>0.

Referring to Theorem 2.7, the same analysis of Example 2.8 leads to the convergence of Y ()¢ — Y (¢) in
L,(9) in both cases.

We remark that Example 2.8 and Example 2.9 extend in a non-trivial way the work of Thao and Nguyen
[34], see Theorem 1, and also Thao [33], see Theorem 2.3, where an approximation of fractional Brownian
motion is considered.

3. Pathwise Volterra integrals and their approximation

Now that Y is well characterized, we proceed by reviewing stochastic integration with respect to Y as
integrator.

Naturally, in the case when Y is a semimartingale and the integrand X is predictable, integration can
be carried out via It6-type calculus with respect to the random measure generated by Y. See e.g. [11] and
[13]. In [1] (see also [15]) a stochastic integral with respect to Y has been constructed by means of the
Malliavin calculus with respect to the Brownian motion and the centred Poisson random measure. This
approach does not consider the Lévy driving noise as a whole, but treats the Gaussian and the centred
Poisson random measure separately, and it is well-set when the kernel g is not degenerate at 0. Also [10]
proposes a Skorohod-type integral based on the S-transform for a pure jump centred L.

In this paper we consider a pathwise-type of integration with respect to Y as introduced in [14] in the
lines of [39-41]. This is based on fractional calculus, see [29] for a detailed background.
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3.1. Generalized Lebesgue-Stieltjes integrals with respect to Volterra processes

First we recall some definitions from fractional calculus, that we are going to use to define the integral
of our interest.

8.1.1. Elements of fractional calculus
For a deterministic real-valued function f € Li(a,b) (—oo < a < b < 00), the Riemann-Liouville left-
and right-sided fractional integrals' of order a > 0 are defined by

72, / F@)(@ — )"y,

and
I3 () /f (v~ 2)°dy,

respectively, if the integrals converge for a.a. © € (a,b). Here I' denotes the Gamma function. The fractional
integrals above are well-defined for all f € L,(a,b) if 1 < ¢ < é

If f € Ly(a,b) and g € Ly(a,b) for p,g > 1 : %—&—% <1+ aand %—&—% =1+« if p,g > 1, then the
integration by parts

b

b
/ 9(2)I% f(z)dz = / F(@)I g(a)dz

a

holds. This motivates the introduction of the fractional derivatives as a form of inverse operator to the
fractional integral. For this we work with a class of functions for which these concepts are well defined. For
q > 1, let % (Lq) be the set of functions f : (a,b) — R for which there exists ¢ € L(a,b) such that
f =1I% . It can be shown that the function ¢ is unique in Ly(a,b) (see [24] Lemma 1.1.2 and comments).
Also, if ¢ > 1, f € I (L) if and only if f € Ly(a,b) and there is Lg-convergence for ¢ | 0 of the function

/f aﬂ dy,  we(ab),

(where f(y) =0 for y ¢ [a,b]). The conditions are sufficient if ¢ = 1 Analogously, set Z;* (L,) to be the set
of functions f for which there exists ¢ € L4(a,b) such that f =Z* ¢. For ¢ > 1 we have that f € I (Lg)
if and only if f € Ly(a,b) and there is L,-convergence for § | 0 of the function

b
flz
(1(/ = a+1 dy, € (a,d).
)

Again the conditions are sufficient if ¢ = 1.

! In the definitions in [39-41] there is a (—1)“ term, originally used by Liouville. The interest in those papers is mostly about
harmonic calculus, while in a different context we decided to omit such term.
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Furthermore, for a € (0,1) and all f € Z%, (L), the function ¢ coincides a.e. with the Riemann-Liouville
left-sided fractional derivative defined as the inverse operator of Z¢ . Namely, ¢ is a.e. equal to

o f )Z%Iiﬂ (z), =€ (a,b).

Correspondingly, for f € I (L,), we have the right-sided fractional derivative

Dy f(x) = —%Iblf”‘ (x), =€ (a,b).

In these cases the Riemann-Liouville fractional derivatives admit the respective Weyl representations:

D)= 1 | /f - a+1 iy | 102,

o 1 [z
Db*f(x) = 1—\(1 *CK) b*l’ / — a+1 y 1(0,, )( )

The convergence of the integrals is in L4, if ¢ > 1, and it is pointwise a.e., if ¢ = 1. We recall that, for all
€ (0,1), for all f € C*(a,b), the derivatives D%, f and Dj" f exist and are in Lg(a,b) for 1 < ¢ < L.

Let f,g: [a,b] — R. Assume that the limits
Y 1 =)= 1 _
FE) = lm f(t+0),  g(t7) = lim g(t - 9),
exist for a <t < b and denote

fa+ (1’) = 1(a7b) (1‘) (f(x) - f((l+)),
gy () := L) (2) (9(b7) — g(x)).

Definition 3.1. Assume that f,+ € Z% (Ly) and g,- € I;,—“(Lp) for some p~! +¢ ! <1,and 0 < a < 1.
The generalized fractional Lebesgue-Stieltjes integral of f with respect to g is defined by

/ f(@)dg(x / DE. fur (2)D =gy (2)dz + f(a*)(g(b™) — g(a™)).

Naturally, the conditions fo+ € Z% (Lg) and g,- € I;f”‘(Lp) mean that DY, fo+ € Ly(a,b) and
D;fo‘gb— € L,(a,b). Hence the integral on the right-hand side is well-defined. It can be shown that the
definition of the integral does not depend on «, see [39, Proposition 2.1].

Moreover, for 1 < ¢ < é, we have that f,+ € Z% (L) if and only if f € Z% (Lq) and f(a™) exists. Then
the generalized Lebesgue-Stieltjes integral admits a simplified representation as

/f Ydg(z /D 2)Dy " “ gy~ (z)dz.

Motivated by the above considerations, the following definition can be given, see [14].
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Definition 3.2. Two real-valued measurable stochastic processes X = X(t), t > 0, and Y =Y (¢), t > 0, are
fractionally a-connected for some t and for some « € (0, 1), if the generalized Lebesgue-Stieltjes integral

/tX )dY (s /t ) (D}=Y;-) (s)ds, (12)
0 0

exists P-a.s.

From fractional calculus we recall that the integral above exists and does not depend on a whenever
X € 7§, (L,y) and Y- € I}~ *(L,) P-a.s. Here the random variables Y (¢t~) are well-defined, see Lemma 2.6.
In general we know that the integral above exists if DS, X € Ly(0,t) and D;~*Y;- € L,(0,t), P-a.s. for
some p~! + ¢! = 1. Then the following definitions appear naturally.

On the time horizon [0,7] (T < o0), for p,q € [1,00) : p~' + ¢! =1 and 0 < a < 1, define the sets of
stochastic integrands X = X (¢), ¢t € [0,T]:

T
D (a,T) = X /\Dmx |qu<ooas}
0

DL (o, T) := {X : oquT| (D X) (s)] < o0 a.s.},

and integrators Y =Y (t), t € [0,T]:

D (a,T) = {Y : /| (DI=°Y,-) (s)Pds < 00 a.s., t € [o,T]},
0

D (o, T):= {Y: sup | (D;7Y;-) (s)] < 0 aus., t € [O,T]}.

0<s<t

It is easy to see that the couples (X,Y) € Dj (a,T) x DL (o, T), (X,Y) € DL (a,T) x Dy (o, T), and
(X,Y) € Df (a,T) x D, (a, T) are fractionally a-connected for all ¢ € [0, T]. Then we say that the elements
in D, (a,T) are the appropriate (p, o) —integrators, p € [1, 0], for the elements in D (o, T), q¢ = -2, with
the conventions that % =ooand 2 =1.

Hereafter we formulate the concept of two processes being fractionally a-connected in terms of expec-
tations. This is a direct consequence of Theorem 2.5. We define new classes of integrands and integrator
processes with conditions that are easier to verify and which are included in the previously given classes.
We define the sets:

ED; (a,T) = {Y : /E| (DY) (s)|Pds < 00 , t € [O,T]} C Dy (a,T),
0

(o, T) := {Y: sup E| (D}~°Y;-) (s)| < o0, t € [O7T]} C DL

oo
0<s<t

ED_

o0

(avT)>

and

+ .
ED} (o, T) :

{x: /E| (Dg. X) (s)|'ds < 00} € D (. T),
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EDY (o, T) = {X : sup E|(D§.X)(s)| < 00} € DL (0, 7).
0<s<T
Again, we say that the elements in ED, (a, T) are the appropriate (p, a)—integrators, p € [1, 0], for the
' + _
elements in EDJ (a, T), ¢ = ;2.
Remark. It is easy to see that for the couples (X,Y) € ED/ (o, T) x ED, (a,T), the generalized Lebesgue-
Stieltjes integral (12) exists both P-a.s. and in L;(P).

Remark (Relationship with other types of stochastic integration). The definition of generalised Lebesgue-
Stieltjes integral (Definition 3.1) can be extended, see [41] Definition 4.4, which is motivated by Lemma 4.1
and Lemma 4.2 in the same reference. This leads to the Definition 4.7 of stochastic integral in [41], which
also extends the forward integral introduced in [28] Section 1.

All these stochastic integrals coincide with the Ito integral whenever the integrator is a semimartingale,
the integrand is an adapted caglad process, and the convergences are uniformly on compacts in probability
(ucp). See [28] Proposition 1.1, [41] Proposition 4.9, [40] Section 5. This result also applies to the stochastic
integral of Definition 3.2 in the present paper. In fact two functionally a-connected processes are integrable
as per [41] Definition 4.7.

8.1.2. A Lévy driven Volterra process as integrator
We now review the case of Lévy driven Volterra processes (1) as integrators. The following result relies
on the estimate of Theorem 2.5 (b). See [14] Section 5.

Theorem 3.3. Let Y =Y (¢ fo (t — s)dL(s), t € [0,T], be a Volterra process where L = L(t), t > 0 is a
Lévy process with the chamctemstzc triplet (a,b,v), for b > 0, and v a symmetric Lévy measure such that
fR |z|Pv(dz) < oo for some p withp > 1 ifb=0 orp > 2 if b > 0. Moreover, for this value of p, assume
that g = g(t — -) € L,[0,t] for any t € [0,T] and the following set of conditions for some o € (0,1):
Assumptions (D,)

(i) Jylt =) ([ lg(t = v)Pdv) ds < oo,

(i) Ji(t— )PP (f2 [g(t — v) — g(s — v)[Pdv) ds < o0,

(iif) ft fst — )P ([*|g(u — v)[Pdv) duds < oo,

(iv) fo f — §)PT ( OS lg(u—v) —g(s — U)\pdv) duds < co.

Then'Y € ED, (a,T'), so, Y is an appropriate (p, a)-integrator for any X € D;‘(a,T) with g~ 4+p~ 1 =1.

Example 3.4 (The Gamma-Volterra process Y as an appropriate (p, a)-integrator). In this example, we find
the conditions on the parameters a,p depending on 5, A so that the Gamma-Volterra process Y in (4) is
an appropriate (p, a)-integrator. From Lemma 2.2 and Example 2.8 we already know that Y is well defined
if 8> 0andif 8 € (—1,0) with 1 4+ Sp > 0. We consider a Lévy driving noise with characteristic triplet
(a,0,v). The case (a,b,v) with b > 0 is treated similarly, cf. Example 2.9.

Recall the set of conditions on the kernel function g in Theorem 3.3. We go through the list, and find
conditions on the parameters ¢, § and p in order for (i)-(iv) of (D)) to be satisfied.

(i) The innermost integral in (i) can be estimated by the following:

¢
/ ’(t - U)Beﬁ‘(t*”) :

t

dv < /(t —0)PPdy =

S

(t— S)HBP
1+ 8p

?
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where the integral is well defined since 1 + Sp > 0. We calculate the outer integral of (i), and find an
estimate:

t t

t
O/(t _ 5)opp /|g(t —0)|Pdv | ds < O/(t — 5)oPP (t ;_i);;ﬁpds

1
1+ pBp

t
/(t _ S)1+(a+ﬁ71)pds
0

2+H(a+p=1)p
(1+8p)2+ (a+5—1)p)’

where the integral is well defined when 2 4+ (a4 8 — 1)p > 0.
(ii) We need to separate the cases in which § is positive or negative.
For 8 > 0, by (10), we have that

(t— v)ﬁe_)‘(t_”) —(s— v)’Be—’\(s_”) : < 2P(t — v)ﬁpe_)‘(s_“)p (13)
< 2P(t —v)PP.

Hence we can estimate the integral in (ii) as follows:

/ (t =5 / ot =) — g(s — v) v | ds
0 0

S

< /2p(t — 5)PP /(t —0)PPdv | ds

0

0

t

P

= / 115 ((t — S)ap—p+1+,6’p — (t — )PP t1+5”)ds.
4 p

The integral above is finite for 1 + ap — p > 0.
For 8 < 0 we have that

(¢ = 0)7e Xt — (5 — g)Temr e "< (s —v)Pr. (14)

Then we have the following estimate for the integral in (ii):

/t(t—S)ap_p jg(t—v)—g(s—v)lpdv ds

S

< /(t — )PP /(5 —0)PPdu | ds.

0 0

The innermost integral is finite as 1 4+ Sp > 0 and increasing in s. Then the estimate above is finite for
1+ap—p>0.
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The innermost integrals of (i) and (iii) are the same with the only attention to be given to the range
of integration, so:

_ \1+8p
PR Cll) i
1+ Bp

)

/u ‘(u —p)feMumv)

which is well-defined as 1 + Sp > 0. The second layer of integrals is then dominated by

t t
Bp
_ J\ap—2p (u — 5)1+ — 1 / _ N1+ p(a+B-2)
/(u s) (71 e du T (u—s) du,

S S

which is finite whenever 2 4+ (a4 8 — 2)p > 0. The outermost integral of (iii) is then also clearly finite.
Similar to the study of (ii) here we also have to separate the cases 8 € (—1,0) and 8 > 0. Moreover,
our estimates need to be sharper than before.

For 8 < 0, we go through the integral:

j / (u— )72 / lg(u—v) — g(s — v)Pdo | duds (15)
0 0

S

=A1+A+B

by splitting the integration range in an opportune way. We start by considering

t/2 2s 2s—u
A= [ Ja-ser 2 [ gt - g5 - oppas
0 s 0

+ / lg(u —v) — g(s — v)|Pdv | duds.
2s—u

By application of (9) with (u — s) in the place of €, we observe that
o — ) — gls — )P < (u = 5)¥lg'(s — )" < (u = )" 6P(5 —v) .

Thus we have

t/2 2s 2s—u

A< / / (u— 5)7=2r / 1BIP(u — )7 (s — v)*~ gy

+ /(s—v)ﬁpdv duds
25—u

t/2 2

= ///(%(51+(51)p_(u—5)1+(f31)p)
0

_ §\1+Bptap—2p
(u Si e > duds
P

S

+
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t/2
— [ Cloap) reron s,
0

This integral is finite when 2 + (o + 8 — 2)p > 0. Then, using (14), we consider

¢
/ )yoP—2p /|g u—v)—g(s—v)|Pdv | duds

2s
s

/t )P 2pdu) (/(s - v)ﬁpdv)ds

0

=
|

gl+Bp t
/ / u— s)ap*zpdu) ds
0

2s

t/2
/ sl+8p

0/ (1+Bp)(1 +ap —2p)

((t _ S)1+ap—2p _ 31+"‘p_2p)d5,

which is finite for 2 + ap — 2p > 0. The last summand in (15) is given by

B := /t/t(u ) /S|g(u —v) — g(s —v)|Pdv | duds.
0

t/2 s

By using the same estimates as for As, we get that B is finite for 2 + ap — 2p > 0.
For 8 > 0, as in case (b) in Example 2.8, we obtain the following inequality:

lg(u—v) —g(s —v)|P <2°(u—s)"B” sup (s—v+0(u—s) PP
0€(0,1)
+ 2P(s — U)5p|e—>\(u—8) —1p,
and again we have to distinguish two cases. If 5 > 1, then we have

/ / (u—s)er 2 / l9(u— v) — g(s — v)[Pdv | duds
0

S

t t
< // oep 2p 2p(u - S)I)Bp <u1+(6—1)p _ (u _ 8)1+(,(3—1)p)
0

1+ (B—=1)p
S
DND (7, — o)\P
M81+ﬁp)dud$
1+ p5p

(A, B, p,t) /t j (u — 5)*P~Pduds.
0 s

Then the integral is finite for 1 +ap —p > 0. If 0 < 8 < 1, we have
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/t/tw — ) /S l9(u—v) = g(s — v)[Pdv | duds

S

// )or= 2p 2p(u_s)pﬂpsl+(ﬁ p
1 +(B-1)p

2PAP(u —s)P 145,
WS )duds

(/\,ﬂ,p,t)/t/t(US)”‘p”duds,
0 s

which is finite for 1 +ap—p>0and 1+ (8 —1)p > 0.

Summarising, the following conditions on the parameters are sufficient for the Gamma-Volterra process (4)
to be a (p, a)-integrator:

« BT 14 (a—1)p>0
e B€(0,1),1+(a—1)p>0,1+(B-1)p>0
Be(—1,0),2+ (a+5—2)p>0.

8.2. Approximation of integrals with Volterra drivers

We are now ready to study the approximation of integrals with respect to Volterra processes by integrals
driven by semimartingales. Further on we will consider again the example of the Gamma-Volterra process
in (4).

Theorem 3.5. Let L = L(t), t > 0 be a Lévy process with the characteristic triplet (a,b,v), fora € R, b >0,
and v a symmetric measure such that [, |2[Pv(dz) < oo for some p withp > 1 ifb=0 orp>2ifb> 0. Let
the kernel functions g = g(t—-) and g° = g°(t —-) belong to L,0,t] for anyt € [0,T]. Assume that g(t~ —-)
and g*(t~ —-) are well-defined and in Ly([0,t]) and assume that g, g% also satisfy the set of conditions (D,)
for some « € (0,1) together with the following:

Assumptions (Cp). For e — 0,

T
€ — — i p
=T Gt

(T — syr—or

dvds — 0

/ [(g°(T" —v) —g(T™ —v)) = (g°(s —v) —g(s —v))|”
/ (T — syp—or

5 — — p
(i) // l9°(u = v) (“ O duds — 0

) ///| (1= 0) — g(u—v)) ("5 =) —gls ="y \ 0o

Define the Volterra processes
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Y:=Y(s)= /g(s —v)dL(v), s€[0,7T],
and

Y :=Y%(s) = /gs(s —v)dL(v), s€0,T).
0

-1

Then, for any stochastic process X € ED; (o, T) where p~t + q=1 = 1, we have the convergence

T
/X(s)dYE(s) — /X(s)dY(s), as e — 0,
0

in L1(Q) of the generalised Lebesgue-Stieltjes integrals.

Proof. In the given setting for the processes Y,Y*¢ and X, the generalised Lebesgue-Stieltjes integrals
are well-defined P-a.s. and in L;(Q2). See also Lemma 2.6 for the definition of g(t— — -),¢¢(t~ — ) and
Y (t7),Y<(t). By linearity of the operators involved and the use of the Holder inequality, we estimate the
L,(92) difference of the integrals as follows:

T T
/ s)dY*e(s /X
0 0

< / 1D+ )5y o [P (V% = ¥} )(5) o (10
0
, s ;
< | [ 1082001 @ || [ 100 V) ), s
0 0

Hence the statement is proved if

E[|(D)-*(Y* = Y)r-)(s)["]ds — 0, e lo0. (17)

St~

Define g° := ¢g° — g and
T
Yo=Y -Y = /gf(s —v)dL(v), s>0.
0

From Yi_(s) := (Y(T'™) — Y*(s))1(0,7)(s), we can see that, if Y2 € Z;7*(L,), the fractional derivative
is well-defined and admits representation

(Dy=Vi-)(s) = [ (18)
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+(1-a) Z %du] 10,1 (s),

which can then be substituted into (17). Observe that, for y < z, we have

Y%@—d*@)=/é%x—UMwa+/w%x—w—@%y—mew»

Hence, from the moment estimates of Theorem 2.5, we obtain

r TIE|Y Ve (u)[P] r g
€ - Ly (s,u]

// u—s(2 p duds<C’1 // (=)= duds
0 s 0 s

T

157 (u =) = 3°(s = I, (0,
+// u—s)(z — duds} (19)
0 s

which vanishes as € | 0, thanks to (D,)(#¢)-(iv) and (Cp)(éit)-(4v). Similarly, we can see that (D))(4)-(it)
and (C})(i)-(49) ensure the convergence

T T _
E[ |Y5 YE( 1g°(T~ = I, oy p
—a)p — )1 5
0 0
T
197 =) = 35 = I o
+/ Ty ds| —0, =0, (20)

0

Naturally, (19)-(20) guarantee (17). To conclude the proof, we verify that Y5 € I;CO‘ (Lp). For p > 1, this
is ensured when Y € L,([0,T]) P-a.s. and the processes

T _ _
As(s) ::/wdu, s € (0,7,
15

converges in L,([0,T]), P-a.s. for § | 0. We verify these two requirements. First we see that we have that
Y:ﬁ_ € L,(Q x [0,7T]) from the estimates of Theorem 2.5. By dominated convergence we can see that Aj;
converges to Ag in L,([0,T]). In fact, for all § small, we have

YE Y‘S P
|As(s) — Ao(s)]P = ’/ 5 a)>du

[1V5(s) — Po(u)?

S (u — 5) (2—a)p

du =: B(s)

S

P-a.s. and the bound B € L,( x [0,T]) (see (19)). By this the proof is complete. O
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Example 3.6 (Approxzimation of the integrals with respect to Gamma-Volterra processes). For illustration,
we consider the process (4) with A = 0, in the kernel function, that is g(t — s) = (t — s)?. To treat the case
A > 0, we need similar inequalities as in Example 3.4.

As before, we consider a Lévy driving noise with characteristic triplet (0,0,v) with v symmetric and
such that fR |z|Pv(dz) < oo for some p. The parameters (3, p, a satisfy the conditions of Example 2.8 and
Example 3.4. These guarantee the validity of assumptions (D,). We now go through the requirements of
(Cp) with g5(t — ) = (t — s + &), s € [0,1].

(i) Using the same approach and inequalities as in Example 2.8, we split the inner integral. Again we
separate the cases depending on 3. Taking 5 < 0 we obtain

T T—e

/ 5T —v) — g(T~—v)Pdv < / &P |BIP(T — v)B-DP gy
T
+ [ (T —v)PPdv
/

_ |B[Pe? (T — 8)1+(5—1)p _ 51+(B—1)p)
1+ (8—1)p
gl+hp

1+ 8p

The next layer of the integrals yields:

T T
Ja@ o [16@ = o) - g0~ v)pavds
0

S

T
PP
< /1+W| S (T — ) et

(B—=1)p
0

1 |ﬁ|p B ap—
+<1—|—ﬂp_ 1—|—(ﬁ—1)p)81+ P(T — 5)*P~P(s,

which converges to zero if 2+ (o + 8 — 2)p > 0.
The same estimate can be applied for 0 < § < 1. In this case we find the same condition as above.
As far as the case 8 > 1 is concerned, similar reasonings as in Example 2.8 can be done, leading to
convergence if 14 (o — 1)p > 0. These conditions are the same as in Example 3.4.

(i) Conmsider 8 < 0. Observe that §°(z) := (z + £)® — 2 is negative and increasing, hence

9°(T = v) = g°(s —v) = |g°(s = v)|.

Then we have

(¢°(T~ —v) —g(T~ —v)) = (9°(s —v) —g(s — V)|
(T = syr—or dvds

St~
Tt —y T

S

(T - s)o‘p_p/ [(s+e— v)P — (s — v)ﬁlp dvds
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S

T
</( yor— p(/ |B|PeP (s — v)P~VPdy + /(S—’U)’de’l}>d8

0 s—¢

T

/ — )PP |B|p€p (s 1+(B-1)p _€1+(B—1)p)
1+ (ﬁ 1)p

0

1 1+8
+ e PP 1ds,
1+ fBp

where we have applied the same argument as in Example 2.8 based on (9) and (11). Here we require
that 2+ (B—1)p>0and 1 +ap—p > 0.
With similar arguments, in the case 8 > 0 it can be shown that the required conditions are 1+ap—p > 0,
ifg>1,and 1+ (B—1)p>0,1+ (a—1)p>0,if 8 € (0,1). These conditions are already guaranteed
by those in Example 3.4.

(iii) Let 8 < 0. For e small we split the integrals and apply (9), (11), then we obtain

T T
//u—sa” 2p/|g (u—v) — g(u —v)|Pdvduds
0

S

T
/ (u — s)*P—2P /(u —v)PPdvduds
0

S S

T
o]
0

w

€ u

IN
Jr

uU—Ee

(u—-s ap—2p< / eP|BIP (u — v) PPy

S

B’?\'ﬂ

S

u

+ / (u — U)B”dv> duds

U—Ee
" S+E< >1+Bp+ap 2p
u—S -
= duds
/ 1+
0 s Bp
[r |l
€
+ u—g)er—2p| = 1PV o\ 1H(B-1p
[ [w-s <1+<5—1>p( )
0 s+e

1 |3|P el+8p
* (1+Bp - 1+(5—1)p)1+5p>dUd8

T
= / (Cl (5, «, p)€2+ﬂp+ap—2p
0

4 02(57 a,p)ap((T _ S)2+Bp+ap—3p _ E2+ﬂp+ap—3p)

+ Gy, 0, ) HIP(T — )1 er 2 clrer=2r) ) g,

Taking into account the study in Example 3.4, we see that the convergence of the expression above is
given when 3+ (a+ 8 —3)p > 0.
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Let § > 0. By application of the monotonicity of g° = ¢° — g and (9), we can see that the convergence
is obtained when 2 4+ ap — 2p > 0.

(iv) Let 8 < 0. We split the integration range in disjoint intervals and study them separately, in a similar
fashion as in Example 3.4:

S

/T/T/ (u=v) —glu—v) = (g"(s = 0) ~gls =" , -

(u— s)?p—orp

(/ )P 2p/| u—v)? U)6|pdvdu
+/ — )P~ 2p/| u—v) v)6|pdvdu>ds

®

3s
T , ste
+/</ — 5)*P~ 2p/|u—v s —v)°|" dvdu
c
T s
+ /(ufs)o‘p’2p/}(s+5—v)5 - (sv)5|pdvdu>ds
ste 0

:ZA1+A2+B1+B2.

By application of (9), (11) we obtain

e 2s

A = //u—so‘p 2”/|(u—v)’8—(s—v)ﬁ|pdvduals
e 2s 2s—u

<//(u—s)°”"2”< / IBIP (u = )P (s = v) "~ DPdu
0 s 0
+ / (s—u)ﬁpdv>dud3

2s—u
e 2s
<//< |B|p 1+(,8—1)p(u_s)ap—p
1 1B 14 Bptap—2
+ (14‘5]3_ 1+(ﬁ_1)p>(u—s) thptop p)duds

€

= /C(B,ayp)sﬁﬁp*ap_?pds,

0

which converges to 0 if we require 2 + (o + 8 — 2)p > 0. The next summand is given by

e T S
As = //(u _ S)ap—Qp/ ‘(u —v)f — (s — U)ﬁ‘pdvduds
0 2s 0
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S

e T
< //(u — 5)PT2P /(s — v)PPdvduds
0 2s

0

; gl+Pp 1
_ / (1 — syrrew=2 — gvar=2p) g
1+8pl+ap—2p ’

where the last integral converges if 3 + (o + 8 — 2)p > 0. We proceed to the next summand:

s+e

By = /T / (u— s)w?p/s |(u—v)? — (s = v)?|" dvduds
e s 0

T s+e 25—u

<[/ (us)ap2p< [ 18r = s = o) ora
e s 0
+ /S(s—v)ﬁpdv>dud5

2s—u
T s+e
8P 14+(B=1)p(, _ yap—
1 _ |6|p _ o\1+Bptap—2
+(1+ﬁp 14_(6_1)]))@ s)HAPTAP=2P ) qyds

T
= [(Ca(paupttorrst 0 0r 4 Gy, p)e orer s,

g

Its convergence is given if 2 4+ (a4 8 — 2)p > 0. Then considering the last piece we get

T T s
By = / /(u - S)apﬂp/’(s +e—v)’ —(s— v)ﬁ|p dvduds

e s+e 0
T T s—e

= / /(“ - S)ap2p< / BIPeP (s — v) PPy
e s+e 0

+ / (s — vﬁ%) duds

[r Blre?

< U — §)¥P—2P € 81+(B—1)P

/[( ) <1+</3—1>p

1 _ |ﬂ|p 467 | du
+(1+Bzo 1+(5—1)p)6 )dds

T
_ |B|PeP 1+(8-1) 1 _ 18P 143
_/<1+(ﬁ—1)p8 p+(1+ﬁp 1+(ﬂ—1)p)8 '

€
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1

T — 1+ap—2p 1+(xp—2p)d .
[Er—— (( s) 5 s

If 24 (a+ S — 2)p > 0, we have convergence of the last integral.
For § positive, with similar reasoning as above, we find that convergence is guaranteed when 2 + (o —
2p>0,1+(B—1)p>0,when 0 < g <1,and 1 +ap —p >0, when 5 > 1.

Summarising, for the driving Lévy process L with characteristic triplet (0,0, v) and symmetrlc measure v
such that [, |z\pu(dz) < 00, we have considered the integrals fOTX(t)dYs( t) with Y (¢ fo (t—s+e)PdL(s)
and the integral fo (t)dY (t) with Y(t) = fOT(t — 5)%dL(s), see Definition 3.2. Then we have shown that
there is convergence of the integrals in L1 (), according to Theorem 3.5, if one of the following conditions
is satisfied:

e f>1,a€(0,1),p 12+(a—2)p>0
¢ B€(0,1),a€(0,1),p>12+(a—2)p>0,1+(B-1)p>0
« Be(=1,0),a€ (0, )p213+(a+ﬂ 3)p > 0.

We conclude this section with a numerical example of a Gamma-Volterra process as integrator driven
by a pure jump Lévy process with infinite activity. The parameters are taken according to the sufficient
conditions found in Example 3.4 and Example 3.6. We illustrate the use of the approximation result for
simulation purposes. Approximating the non-semimartingale by the corresponding semimartingale as per
Theorem 3.5, we can then exploit the connection of the fractional integral with the It6 integral that we have
remarked earlier.

Example 3.7 (Numerical example of the approximation of an integral with Volterra driver). In light of
Example 3.6, for illustration, set the parameters in (4) to be A =0, = —1/16 and p = 9/8, i.e.

t

Y(t) = /(t —5)7Y10 4L(s),

0

and let L be a symmetric tempered stable Lévy process with Lévy measure v(dz) = C e|11|a‘L dz (ap <

2,v > 0). As illustration, choose v = 10, ay, = 1/2. Then we see that the p-th moment of the Lévy measure
is finite
00
/|z|p1/ (d=z) —QC/ZP ) =le=1%(z < oo,
0

since we can obtain the Gamma function by a change of variable and also p — oy, > 0.

From Example 2.4 we know that Y is not a semimartingale. From Example 3.4, taking o = 2/5, ¢ = 9,
we know that Y is an appropriate (p, a)—integrator for any X € ]ED,‘JIr (o, T), and that g and g° satisfy the
convergence conditions of Theorem 3.5, respectively. The fact that Y is a semimartingale is deduced from
(5) in Theorem 2.3: For all € > 0,

/ | P Alste) (utde)ds

—1,1]
t

= |ﬂ|/ / |z(5—|—&:)ﬁ71|2 A \z(s+5)ﬁ71|u(dz)ds

0 [—1,1]
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<1826 [ e Alelvtda)
[71’1]
< |Ble26-Dr / 12Pu(d2) < oo.
[7171]
Thus from Example 3.6, for these values of the parameters, we have the convergence [ XdY® — [ XdY
in Ll(Q)

To complete the example, we consider two integrands. First we take X (¢) = ¢. We see that X € IED;r (o, T,
in fact

T T s q
X(s) X(s) — X(u)
feY q _
/E| (D X) (s)|%ds /IE o +a/ (s —u)iFa du| ds
0 0 0
h 1—a |9
:/sl_"‘—i—al_a ds
0

—

Il
St~

(1 + 10[) s10-9 s < .

The second integrand is given by X (t) = B(t), where B(t) is a Brownian motion. In this case the fractional
derivative is Gaussian and, to show that X € ED;‘ (o, T), we first find the second moment:

2 S ror S) — v S) — u
Bl (05, B) (s) = =gy o [ [ =SB 2
0 0

Lo / E[B()(B(s) — B,

5% (s —v)lte

— L+ Iy + Is.
We see that I; = s'72, while
S v 1 S 1
_ 2
Lh=a /(/ (s —v)*(s— u)1+0‘du+/ (s —v)lta(s — u)adu)dv
0o 0 v
[r01 ((s—v)@—s) 1 (s—o)le
2
= d
a/((s—v)o‘ a +(s—v)1+0‘ 11—« )v
0
=a? /(;(s — )2y — ﬁ(5 - v)*a)dv
a(l —a) a
0
20 1-2a
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Fig. 1. The graph on the left shows a simulated path of the tempered stable process L, while on the right a path the Gamma-Volterra
process Y°.
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Fig. 2. A path the simulated fractional integral with X (¢) = ¢t.

Similarly I3 = 2% s'72*. Hence we find that

wia

T T 1

2AT(Y) g ey
/]E|(D3+B) |qu:/ 7 Cla)?s1720% ds < oo,
0 0

and X € ED} (, T).

Fig. 1, Fig. 2 and Fig. 3 present a simulation of the processes described above: L, Y¢, and [ XdY*¢, with
g(t—s) = (t+e—s)"1/1% and e = 10~1°. For the simulation of a sample path of the tempered stable Lévy
process in Fig. 1 we used the series representation by Rosinski [27]. The simulation of the Volterra process
Y¢ is then obtained by means of a classical numerical integration with an Euler scheme, see e.g. [20], by

using the sample path of L.
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Fig. 3. On the left a simulated path of the Brownian motion B. On the right the simulated fractional integral with X (t) = B(t).

Using the same approach we also simulated the integrals in the case of X (¢) =t in Fig. 2 and X (t) = B(¥)
in Fig. 3. In particular, since the integrands are clearly adapted and caglad, the integral f XdYe, e > 0,
is well defined as an It6 integral. This is exploited in our simulation, which is again obtain by numerical
integration, with the same value for €. Theorem 3.5 will then guarantee that the simulations convergence in
L1 to the pathwise fractional integral f XdY, approximated in this way by Itd integrals.

4. Conclusion

In the framework of fractional integrals, we have studied an approximation of the fractional stochastic
integral f XdY for non-semimartingale integrators Y by a sequence of integrals ( f XdY¢). with semimartin-
gale integrators Y¢. No filtration structure is needed on the integrand X for the definition of the integral or
for the convergence. However, in the case when X is an adapted, caglad process the integral f XdY* agrees
with the usual Ité-integral, thus f XdY can be approximated by a sequence of Ito-integrals. As illustration
we have specialised our results to the case of Gamma-Volterra processes driven by Lévy processes, which
is a family of models largely used in applications and of recent attention in energy finance and biological
modelling. We have shown how the approximation procedures proposed is used for computational purposes
by examples.
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