APPROXIMATION OF FORWARD CURVE MODELS IN COMMODITY
MARKETS WITH ARBITRAGE-FREE FINITE DIMENSIONAL MODELS
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ABSTRACT. In this paper we show how to approximate a Heath-Jarrow-Morton dynam-
ics for the forward prices in commodity markets with arbitrage-free models which have a
finite dimensional state space. Moreover, we recover a closed form representation of the
forward price dynamics in the approximation models and derive the rate of convergence
uniformly over an interval of time to maturity to the true dynamics under certain addi-
tional smoothness conditions. In the Markovian case we can strengthen the convergence
to be uniform over time as well. Our results are based on the construction of a convenient
Riesz basis on the state space of the term structure dynamics.

1. INTRODUCTION

We develop arbitrage-free approximations to the forward term structure dynamics in
commodity markets. The approximating term structure models have finite dimensional
state space, and therefore tractable for further analysis and numerical simulation. We
provide results on the convergence of the approximating term structures and characterize
the speed under reasonable smoothness properties of the true term structure. Our results
are based on the construction of a convenient Riesz basis on the state space of the term
structure dynamics.

In the context of fixed-income markets, Heath, Jarrow and Morton [22] propose to
model the entire term structure of interest rates. Filipovi¢ [19] reinterprets this approach
in the so-called Musiela parametrisation, i.e., studying the so-called forward rates as solu-
tions of first-order stochastic partial differential equations. This class of stochastic partial
differential equations is often referred to as the Heath-Jarrow-Morton-Musiela (HIMM)
dynamics. This highly successful method has been transferred to other markets, including
commodity and energy futures markets (see Clewlow and Strickland [[14] and Benth, Sal-
tyte Benth and Koekebakker [7]), where the term structure of forward and futures prices
are modelled by similar stochastic partial differential equations.

An important stream of research in interest rate modelling has been so-called finite di-
mensional realizations of the solutions of the HHMM dynamics (see e.g., Bjork and Svens-
son [11], Bjork and Landen [[10]], Filipovic and Teichmann [21] and Tappe [33]]). Starting
out with an equation for the forward rates driven by a d-dimensional Wiener process, the
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2 BENTH AND KRUHNER

question has been under what conditions on the volatility and drift do we get solutions
which belong to a finite dimensional space, that is, when can the dynamics of the whole
curve be decomposed into a finite number of factors. This property has a close connec-
tion with principal component analysis (see Carmona and Tehranchi [12, Ch. 1]), but is
also convenient when it comes to further analysis like estimation, simulation, pricing and
portfolio management (see Benth and Lempa [6]] for the latter).

In energy markets like power and gas, there is empirical and economical evidence for
high-dimensional noise. Moreover, the noise shows clear leptokurtic signs (see Benth,
galtyté Benth and Koekebakker [7, Ch. 8] and references therein). These empirical
insights motivate the use of infinite dimensional Lévy processes driving the noise in
the HIMM-dynamics modelling the forward term structure. We refer to Carmona and
Tehranchi [[12] for a thorough analysis of HIMM-models with infinite dimensional Gauss-
1an noise in interest rate markets. Benth and Kriihner [4] introduced a convenient class of
infinite dimensional Lévy processes via subordination of Gaussian processes in infinite
dimensions. These models were used in analysing stochastic partial differential equa-
tions with infinite dimensional Lévy noise in Benth and Kriithner [3]. Further, pricing and
hedging of derivatives in energy markets based on such models were studied in Benth and
Kriihner [5]].

The present paper is motivated by the need of an arbitrage-free approximation of Heath,
Jarrow, Morton style models — using the Musiela parametrisation — in electricity finance.
Related research has been carried out by Henseler, Peters and Seydel [24] who construct
a finite-dimensional affine model where a refined principle component analysis (PCA)
method yields an arbitrage-free approximation of the term structure model. Arbitrage-free
approximating models are desirable since they allow for the use of the arbitrage theory to
price and hedge options, say, by applying the approximating model instead of the original
model. This would come at the cost of a (hopefully) small approximation error, without
incurring arbitrage in the analysis.

For the approximation procedure proposed by us, we ask for the following:

(i) A given (arbitrage-free) model f with values in a suitable curve space H is ap-
proximated by a sequence { f, },en of stochastic models, i.e. f,, — f in a suitable
way.

(i1) f, should have a finite dimensional state space, i.e. there is finite dimensional
space H,, such that f,(t) € H,.

(iii) f,, itself is asked to be an arbitrage-free HIM-type model.

(iv) Finally, the dynamics of f,, should have a structure which is as simple as possible.

If we think of models { f,, } ,en satisfying (ii) and (iii) and being a solution to a stochastic
partial differential equation (SPDE)

dfn(t) = (up(t))dt + o(t)dW, (1)

where W, is an H,,-valued Brownian motion and pp, o are suitable coefficients under
some probability measure P, then, the no-arbitrage condition yields that there is an equiv-
alent measure () ~ P such that

df,(t) = Op fu(t)dt 4 o ()dWO(2)
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for some Q,,-Brownian motion W%. Thus, f, is a finite dimensional realisation (FDR)
which have been discussed in Filipovic [18], Bjork [9] and Filipovic and Teichmann [21]].
For those, the possible state spaces are rather limited imposing strong conditions on the
volatility o. This restricts the possibilities of approximations in (i) (a more detailed dis-
cussion is provided in Section [3). To overcome this problem we adapt a specific Galerkin
method which is tailored to the specific Hilbert space in our setup as well as being an
FDR, cf. Section 4]

Our main result Theorem [5.1] states that the arbitrage-free models for the underlying
forward curve process f(¢,z), x > 0 being time to maturity and ¢ > 0 is current time, can
be approximated with processes of the form

Filt,z) = Sp(t) + D Un(t)gn(2),

n=—=k
where S, denotes the spot prices in the approximation model, g_x, ..., g; are determin-
istic functions and U_y, . . . , Uy are one-dimensional Ornstein-Uhlenbeck type processes.

Obviously, models of this type are much easier to handle in applications than general so-
lutions for the HIMM equation. The approximation f; is again a solution of an HIMM
equation, and as such being an arbitrage-free model for the forward term structure. We
prove a uniform convergence in space of f; to the "real" forward price curve f, pointwise
in time. The convergence rate is of order k~'/2 when the forward curve = + f(t, ) is
twice continuously differentiable. Our approach is an alternative to numerical approx-
imations of the HIMM dynamics based on finite difference schemes or finite element
methods, where arbitrage-freeness of the approximating dynamics is not automatically
ensured. We refer to Barth [[1] for an analysis of finite element methods applied to sto-
chastic partial differential equations of the type we study.

We refine our results to the Markovian case, where the convergence is slightly strength-
ened to be uniform over time as well. Our approach goes via the explicit construction of a
Riesz basis for a subspace of the so-called Filipovi¢ space (see Filipovi¢ [19]), a separa-
ble Hilbert space of absolutely continuous functions on the positive real line with (weak)
derivative disappearing at a certain speed at infinity. The basis will be the functions g,
in the approximation fj, and the subspace is defined by concentrating the functions in
the Filipovi¢ space to a finite time horizon < 7. This space was defined in Benth
and Kriithner [3]], and we extend the analysis here to accomodate the arbitrage-free fi-
nite dimensional approximation of the HIMM-dynamics. We rest on properties of Cj-
semigroups and stochastic integration with respect to infinite dimensional Lévy processes
(see Peszat and Zabczyk [28]]) in the analysis.

This paper is organised as follows. In Section [2] we start with the mathematical for-
mulation of the HIMM dynamics for forward rates set in the Filipovi¢ space. The fol-
lowing section provides a motivation for our paper by discussing in more detail the prob-
lem of arbitrage-free approximations. The Riesz basis that will make the foundation for
our proposed approximation scheme is defined and analysed in detail in Section ] The
arbitrage-free finite dimensional approximation to term structure modelling is constructed
in Section 3] where we study convergence properties. The Markovian case is analysed in
the last Section [6l
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2. THE MODEL OF THE FORWARD PRICE DYNAMICS

By N we denote the set of non-negative integers, C the set of complex numbers, and
R, the set of non-negative real numbers. Throughout this paper we use the Hilbert space

H, = {f € AC(R,,C) : /OO |f'(x)|Pe*dx < oo} :
0

where AC (R, C) denotes the space of complex-valued absolutely continuous functions
on R, and a > 0 is some fixed parameter. We endow H, with the scalar product
(f,9)a = f(0)g(0) + [;° f'(x)7 (x)e*"dx, and denote the associated norm by | - ||
Filipovic¢ [19} Section 5] shows that (H,, || - ||.) is a separable Hilbert space. For x > 0,
the evaluation map ¢, : H, — C defined by 0,(f) = f(z) for f € H, is a continuous
linear functional, cf. [19, Theorem 5.1]. The space H, has been used in Filipovic [[19] for
term structure modelling of bonds and many mathematical properties have been derived
therein. We will frequently refer to H,, as the Filipovi¢ space. Note that Filipovi¢ [19]
considers real-valued functions instead. In our context, this minor extension is convenient,
as will become clear later.

We next introduce our dynamics for the term structure of forward prices in a commodity
market. Denote by f(t, z) the price at time ¢ of a forward contract where time to delivery
of the underlying commodity is x > 0. We treat f as a stochastic process in time with
values in the Filipovi¢ space H,. More specifically, we assume that the process { f(t) }+>0
follows the HIM-Musiela model which we formalize next.

On a complete filtered probability space (2, {F;}+>0, F, P), where the filtration is as-
sumed to be complete and right continuous, we work with an H,-valued Lévy process
{L(t)}+>0 (cf. Peszat and Zabczyk [28, Theorem 4.27(i)] for the construction of H,,-
valued Lévy processes). We assume that L has finite variance and mean equal to zero
and we denote its covariance operator by Q, cf. [28, Definition 4.45]. For ¢ > 0, denote
by U, the shift semigroup on H, defined by U, f = f(t + -) for f € H,. It is shown in
Filipovi¢ [19, Thm. 5.1.1] that {U; }+>¢ is a Cy-semigroup on H,,, with generator 0, given
by 0,f = [’ for any f € H, which is continuously differentiable with derivative f’ in
H,. Let fy € H, and f be the solution of the SPDE

df (1) = 0, (1)dt + B(t)dt + W()dL(t), ¢ >0, f(0) = fo (M

where 8 € L'((Q2 x Ry, P, P ® \), H,), P denotes the predictable o-field and we have
U € L3(Ha) := Upso £77(Hs) where the spaces L7 1.(H,) are defined in Peszat and
Zabczyk [28], page 113]. Recall, that any Cp-semigroup admits the bound ||U; |op, < Me™!
for some w, M > 0 and any ¢ > 0. Here, || - ||op denotes the operator norm. In fact, in
Filipovi¢ [19, Equation (5.10)] and Benth and Kriihner [5, Lemma 3.4] it is shown that
lUillop < Ciy for any ¢t > 0 and the constant Cyy := /2(1 A a™!). Thus s — U;_((s)
is Bochner-integrable and s — U;_ sV (s) is integrable with respect to L. The unique mild
solution of (I is

F(t) = Usfo + /0 Us_,B(s) ds + /0 Up_T(s) dL(s), )

which has a cadlag version according to Tappe [34, Theorem 4.5, Remark 4.6]. We will
always refer to a cadlag version of f.
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If we model the forward price dynamics f directly in a risk-neutral setting, the drift
coefficient 5(¢) must be equal to zero in order to ensure the (local) martingale property
of the process t — f(t,7 — t), where 7 > t is the time of delivery of the forward. In
this case, the probability P is to be interpreted as the equivalent martingale measure (also
called the pricing measure). However, with a non-zero drift, the forward model is stated
under the market probability and S can be related to the risk premium in the market.

We remark in passing that in energy markets like power and gas, the forward contracts
deliver over a period, and forward prices can be expressed by integral operators on the
Filipovi¢ space applied on f (see Benth and Kriihner [3| 5] for more details).

The dynamics of f can be considered as a model for the forward rate in fixed-income
theory, see Filipovi¢ [19]. This is indeed the traditional application area and point of
analysis of the SPDE in (). Note, however, that the no-arbitrage condition in the HIM
approach for interest rate markets is different from and more complex than the condition
we use here in the commodity market context. If f is understood as the forward rate
modelled in the risk-neutral setting, there is a nonlinear relationship between the drift
B, the volatility ¢ and the covariance of the driving noise L. We refer to Carmona and
Tehranchi [12] for a detailed analysis.

3. THE PROBLEM OF ARBITRAGE-FREE APPROXIMATION.

In this section we provide some motivation and background for the problem we are
going to address in this article. To make the problem we study more precise, we start out
with a model for the futures curve dynamics set in /, under the Musiela parametrisation.
Considering a sequence of approximation models restricted to have a finite dimensional
state space, we identify certain conditions that must be fulfilled and discuss these in view
of existing numerical methods and the approach proposed in this paper.

To this end, let f be given as in (2) and assume for simplicity that L = W is a Wiener
process and 3, ¥ are bounded cadlag processes. Furthermore, we assume that { f,, },en
are H,-valued processes such that f,,(t) € H,, , P-a.s. forall t > 0, for finite dimensional
complex subspaces H, , € H,. Also, we assume that I, , are chosen minimal in the
sense that for any proper subspace G C H,, , there is ¢ > 0 such that P(f,,(t) ¢ G) > 0.
Note that the traded assets in the n-th approximation are forward contracts with forward
prices F,(t,7) := fn(t,7 —t),0 < t < 7, which we suppose to be arbitrage-free in the
sense of "NAFLVR" as deﬁned by Cuchiero et al. [13]] and we assume to be of the form
F.(t,7) = F,(0,7) + Bn.-(t) + fo (s) for some Wiener process W,,, bounded
cadlag integrand 32,, and some adapted ﬁnlte variation process B, .. Then, Cuchiero et
al. [13, Theorem 1.1] yields the existence of a probability measure (J,, ~ P such that the
price processes

E(t,7) =U. 1 fo(t), 0<t<T,
are local (),,-martingales. In particular we have
dfn(t) = O, fo(t)dt + S, (H)dWE(t), ¢ >0,
for some and a ,,-Wiener process W9,

Remark 3.1. Galerkin methods generate dynamics f,, such that f,, — f in a suitable way
and such that the spaces H,, , are finite dimensional. For the use of Galerkin methods to
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SPDEs, we refer to Greksch and Kloeden [23]] and the books by da Prato and Rockner [30]
and Kruse [26] (as well as references therein). The finite element method also satisfies
the finite dimensional state space requirement (we refer to Barth [1] for the finite element
method applied to SPDEs). However, methods based on finite difference approximations
directly discretise in space and time, and the approximation is not an H,-valued process
anymore unless one applies a suitable interpolation in space.

We recall the following important result of Filipovi¢ [[18, Theorem 4].
Proposition 3.2. The vector space H,, ,, is invariant under 0,

This key insight leads immediately to a restrictive structural condition on the space
H,,.

Corollary 3.3. For given n € N, denote by d € N the dimension of H,, ,. Then there are
constants ay, . . . ,aq € C and polynomials py, . .., pg : C — C such that

{z = pj(x)e }jm1,a
is a vector space basis of H,, .

Proof. Let g1, ..., gq be a vector space basis for H,, . Proposition [3.2) implies that we
have ¢}, ..., g, € H, . and hence there is C' € C?*¢ such that

g =Cy.
Choose D € C%*d such that C := DC'D™! is in Jordan normal form. Then
(Dg)' = C(Dg).
The claim follows trivially for the basis h; := (Dg);, 7 =1,...,d. O

The following example illustrates Corollary [3.3]in view of the Galerkin approximation
method:

Example 3.4. Let e, (z) := 1 and

0 T <mn,
L e(2mik—a/2)x _ ,—no/2
eni(T) = Irik—a)/2 z € [n,n+1],
e—(nt)a/2_,—na/2
Imik—c/2 r>n+1,

for any k € Z, n € N. Clearly, we have

6;7,?(17) - 1x6[n,n+1}6(2ﬂk_a/2)x, T Z 0

forany n € N, k € Z, and {e., {enrnenrez} is an orthonormal basis on H, which
is local in the following sense: if hy,hy € H,, n € N, k € Z and hy(z) = ho(z) for
x € [n,n + 1], then (h1, enk)a = (h2,€nk)a- One could use as an approximation for
f the orthonormal expansion relative to any finite enumeration of {e., {e, s }nenrez},
which is a local Galerkin method. However, the only finite dimensional spaces generated
by a finite selection of the functions e, ; as described in Corollary [3.3| are span{e, } and
{0}. Thus the approximating models cannot be arbitrage-free (unless = — f(t, z) is
constant for any ¢ > 0.).
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We understand from Corollary [3.3that the subspaces I, ., have to be spanned by curves
which can be expressed as polynomial times exponential functions. Two special cases are
immediately apparent: either to select subspaces H,, , spanned by polynomial functions,
or select subspaces H,, , spanned by exponential functions. Since all polynomials p €
H,, are constants, it is obvious that H, is unsuitable for approximation with polynomial
functions.

Therefore, we will focus on approximations based on exponential basis functions. We
believe that the case where the noise term IV has a positive definite covariance matrix and
where one uses a Galerkin method projecting to finite dimensional subspaces generated
by exponential functions does lead to arbitrage-free approximations in most situations.
Indeed, in the next section we will identify a Riesz basis consisting of simple and explicit
exponential functions for a ’rich’ subspace of H,, cf. Theorem below. This Riesz
basis is then used for a basis expansion for the coefficients which appear in the SPDE ().
However, unlike the Galerkin approach, we will not discretise the differential operator
0.. We emphasise that if the differential operator is discretised, then option prices in the
approximation models have to be calculated under an equivalent local martingale measure
(@, depending on n, and the convergence rate of option prices becomes non-obvious (see
e.g. Mishura and Munchak [27]] and references therein). Therefore, it is additionally
desirable that we can use the same pricing measure () for the initial model f and all the
approximation models f,,.

Finally, we like to highlight that our approximations are in fact FDRs of the SPDE with
the projected coefficients, and as such our method combines a Galerkin type approxima-
tion with FDR. Moreover, if the martingale part W(¢)dL(t) is a Lévy process, then our
approximating models are affine in the sense of Duffie ez al. [17], cf. Theorem [5.1]

4. A RIESZ BASIS FOR THE FILIPOVIC SPACE

In Section [5| we want to employ the spectral method to an approximation of the SPDE
in (I)) involving the differential operator on the Filipovi¢ space H,. Thus, it would be
convenient to have available the eigenvector basis for the differential operator. However,
its eigenvectors do not seem to have nice basis properties, and instead we propose to use a
system of vectors which forms a Riesz basis. It turns out that this basis has neat analytical
properties and is close to form an eigenvector system for the differential operator.

In this section we introduce such a Riesz basis for a suitable subspace of H, defined
in Benth and Kriithner [3, Appendix A] and recall some of its properties. Moreover, we
give refined statements for this basis and also identify new results. In particular, we make
precise the connection between our suggested Riesz basis and the differential operator,
as well as quantifying the convergence speed of the basis expansion. We recall from
Young [35 Sect. 1, Theorem 9] that any Riesz basis {g,}n,en on a separable Hilbert
space can be expressed by g, = T e, where {e, },en is an orthonormal basis and 7 is a
bounded invertible linear operator. For further properties and definitions of Riesz bases,
see Young [33]].

Fix A > 0, T > 0, and introduce

cut : Ry — [0,7), r—r—max{Tz:z€Z:Tz <z}, (3)
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and
A:L*[0,7),C) — L*(R,,C), e (e feut(z))) . 4)

Here, L?(A, C) is the space of complex-valued square integrable functions on the Borel
set A C R, equipped with the Lebesgue measure. The inner product of L*( A, C) will be
denoted (-, -)2 and the corresponding norm | - |. We remark that the set A will be clear
from the context and thus not indicated in the notation for norm and inner product.

We define

g«(x) =1, (5)
() = 1 (exp () = 1) ©)
where
271 «Q

for any n € Z, x > 0. It is simple to verify that g,, € H, forany n € Z and g, € H,. As
we will see, the system of vectors {g., {g, }nez} forms a Riesz basis and we will use this
basis expansion to obtain arbitrage-free finite-dimensional approximations of the forward
price dynamics ((I]). The remainder of this Section is devoted to the study of the system of
vectors {gx, {gn fnez}-

We start our analysis with some elementary properties of the operator A defined in ()
which have been proven in Benth and Kriihner [3]].

Lemma 4.1. A is a bounded linear operator and its range is closed in L*(R ., C). More-
over,

6—2T>\ 1

m\f@ < JAf[3 < m\f’g

forany f € L*([0,T),C).

Proof. This proof can be found in Benth and Kriihner [3, Lemma A.1]. 0

In the following Proposition[4.3] we calculate a Riesz basis of the space ran(.A) and its
biorthogonal system. The Riesz basis will be given as the image of an orthonormal basis

*

of L?([0,T), C). Consequently, its biorthogonal system is given by the image of (A~!)*,
which we calculate in the Lemma below:

Lemma 4.2. The dual (A™1)* of the inverse of A : L*([0,T),C) — ran(A) is given by
(A" L*([0,T),C) — ran(A),

(A_l)*f(l’) _ (1 . 6—2)\T)€—/\x (62)\cut(:c)f(cut(l,)))
_ (1 . 6—2AT)62>\cut(ac)Af(x)’ x>0.
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Proof. Let f,g € L*([0,7],C) and define h(z) := (1 — e~ 2T ut(®) A f(z) for any
« > 0. Then we have

(h, Ag)s = /0 ) h(y)Ag(y)dy

0 A(nt1)T
= (1 —e 27 Z/ e D) (=2 £ (1 — nT)) (e Mg(x — nT))dx
n=0 7T
0 (n+1)T
= (1 —e ) Z 6_2’\"T/ flz —nT)g(x —nT)dx
n=0 nT
T —
- [ sty
0
On the other hand,
T
(A7) 5. Aghe = (foo)s = | F)ataidy.
0
Since g is arbitrary, we have h = (A™1)* f as claimed. O

In the next Proposition we introduce a Riesz basis on the closed subspace ran(.A) of
L?*(R,, C) and identify its biorthogonal system {¢ },,cz. Linked to this basis is a projec-
tor P4 which we also introduce and provide some properties of. We remark that parts of
the next proposition can be found in Benth and Kriihner [3, Lemma 4.22].

Proposition 4.3. Define

1 271
en() ::ﬁexp(< 7;”—)\) x), x>0,n€Z.

Then {e, }nez is a Riesz basis on the closed subspace ran(A) of L*(R,C) and
Fi={f € IR,,C) : f(x) = 0,2 € [0,T)}

is a closed vector space compliment of ran(A). The continuous linear projector P 4 with

range ran(.A) and kernel F has operator norm ﬁ and we have

1
Paf(x) = f(z), x€l0,T],f€L*Rs,C).
The biorthogonal system {e,}} -, for the Riesz basis {e,, }nez is given by

er(z) = (1—e ) ePt@e (), 2 >0.

Proof. Recall that the range of A is a closed subspace of L*(R,,C) due to Lemma
Furthermore, {b,, },cz with

1 271
by () == \/Texp( anx), neZ,xel0,T)

is an orthonormal basis of L*([0,7'), C). Observe, that ¢,, = Ab,, and hence {e, } 7 is a
Riesz basis of ran(.A).
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Define the continuous linear operators
My L2((0,T),C) — L*([0,T),C), Mxf(x) := e f(x),
C: LQ(R-HC) — LQ([OuT)a )7 f = f|[0,T)

and P4 := AM,C. Observe, that M,CA is the identity operator on L*([0,7),C) and
hence P34 = P 4. Therefore, P4 is a continuous linear projection with kernel F' and range
ran(A).

Let f € L?(R,, C) be orthogonal to any element of the kernel of P4. Then f(z) = 0
Lebesgue-a.e. for any x > T'. Hence, we have

nT+T
Pafp=3" / e N NN f (o T P

neN

=Y e

neN
1 2
PR |f 5
and it follows that ||Pullop = 1/ =tz
According to Lemma we have

en(@) = (A7) ba(2)

( 72)\T)67)\:c ( 2Xcut(z )b (Cllt(:L‘)))
( —2>\T) 62)\cut
forany n € Z, x > 0, as required. 0

The statements collected in this section have so far been about the space L*(R,C).
However, our main interest is the space H,, which has a natural and simple isometry
to C x L*(R,,C). In the next theorem we translate the L*(R, , C)-statements above to
H,,, and thus concluding the first part of this Section. But before stating the theorem, we
introduce an operator which will turn out to be convenient here and in the sequel: Define

©: Hy = Cx LRy, C), f = (f(0), waf"), 8)
where w, (z) := €2 for x > 0. Then © is an isometry of Hilbert spaces with the inverse
given by

)
O7':Cx L*(R;,C) = Hy, (2, f) = 2 +/ w (y) f(y)dy . )
0
We use the operator © and its inverse to prove:

Theorem 4.4. The system {g.,{gn}nez} defined in (5)-(6) is a Riesz basis of a closed
subspace HY of H,. Indeed, HY is the space generated by {g.,{gn}necz}. Moreover,
there is a continuous linear projector 11 : H, — H, with range H! and operator norm

1/1_6% such that
[Ih(z) = h(xz), h € H,,x € [0,T].

)
Consequently, 1TU;h(z) = Ullh(z) = h(x +t) forany t € [0,T] and any x € [0, T — t].
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The biorthogonal system {g%, {9’ }nez} is given by
g:(x) = gu(x) =1
@) = [ ey
where e, is given in Proposition[d.3|for any n € Z, v > 0.

Proof. Let {e, },cz be the Riesz basis from Proposition V' the linear vector space
generated by {e, },cz (Which is in fact ran(.A)) and P 4 the projector from that proposi-
tion. Then {(1,0), {(0, e,,) }nez} is a Riesz basis of C x V. Furthermore, {g., {gn}nez}
is a Riesz basis of ©71(C x V) because g, = ©71(1,0) and g, = ©7%(0,¢,). Define
I1:= © 1(Id, P4)O. Then II is a linear projector with the same bound as P4 where

(Id, Pa)(z, f) = (2,Paf), z€C,[feL*Ry,C).
Let h € H, and = € [0,7]. Then cut(y) = y for any y € [0,z]. We have from the
definition of the various operators that

[Th(z) = ©7'(Id, PA) (h(0), exp(a - /2)h") ()
=0~ ((h(0), (exp((A + a/2))1")|jor) (cut(-)) exp(—A-)) (z)

— h(0) + / " e vk 2y vkl (et () dy
0

= h(0) + /Ox h'(y) dy = h(z).
Hence, ITh(x) = h(x) for any = € [0, T. O

In the next proposition we compute the action of the shifting semigroup {4, };>o on the
Riesz basis of Theorem {.4] and the dual semigroup on the biorthogonal system.

Proposition 4.5. For the Riesz basis {g., {gn }nez} in O)-(6) and its biorthogonal system
{9, {9} }nez} derived in Theorem[d.4 it holds

(1) Urgn = g + gu(t) g, and

(@) Ug, = Mg,
for anyn € 7.

Proof. Claim (1) follows from a straightforward computation. For claim (2), we compute

Uy gy = 9. U i 9o+ Y 01U G5 9o
kEZ
= gu{gn.Uhg)o + Y gelgn Urgi)a
k€EZ

_ Ant %

for any n € Z, t > 0. Thus, the Proposition follows. O
Proposition [4.5|shows that the system {g., {g, }nez } is close to form a set of eigenvec-

tors for the shift operator 2/;. On the other hand, the biorthogonal system { g },,cz is a set
of eigenvectors for the adjoint operator U/, but U g, = g. + >, ., 9n(t)g;. This explicit
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and simple relationship between the shift operator and the Riesz basis is very attractive in
our further analysis.
Let k& € N and introduce the finite dimensional subspace HI**

HIF .= span{g., g, -, gr}- (10)

Here, {g., {gn }nez } is the Riesz basis defined in (5)-(6]) on the closed subspace HZ (recall
Theorem {4.4). HX* will be the space where we will study finite dimensional approxima-
tions of the SPDE ({)). To this end, define the projection operator

My : HY = H* hes h(0)ge + D gn(hy gh)as (11)

n=—=k

where the biorthogonal system to our Riesz basis {g}, {g}; }nez} is given in Theorem [4.4]

Proposition 4.6. For the operator 11,
k € N and I1;,h — h when k — oo for any h € HZ.

op 18 bounded uniformly in

Proof. Let h € HL. Since {g., {gn}nez} is a Riesz basis of H we have

h = g*(h, 9*>a + th(hv g:;>01 )

nel

and hence we get [I,h — h for k£ — oo.

We prove that the operator norm of II; is uniformly bounded in k£ € N. Recall from
Theorem[4.4]and ®) g, = ©71(0,.Ab,),n € Z and g. = ©7'(1,0), where A is defined
in @) and {b, },cz is an orthonormal basis of L?([0, 7], C). Without loss of generality,
we assume 1(0) = 0 for h € H!, and find that

k
Meh =" galh.gi)a ZTb T‘lhbg—TZb T'h,b,)

n=—k n=—~k n=—k

Here, 7 f := ©71(0, Af) € H, for f € L*([0,T1], C), which is a bounded linear operator.
Hence, since 3F__, b,(T~"h,b,), is the projection of 7-*h € L*([0, T],C) down to its
first 2k + 1 coordinates,

< T opl T 12

2

k
Z bn(T71h7 bn>2

n=—=k

[Tk Rolloc < [T lop

But since 7! also is a bounded operator, it follows that || It |lop < [T llopl| T op- O

In the analysis of approximative solutions of SPDE ([T]) in the space H**, the Lie com-
mutator [II;, ;] plays a crucial role. We recall that [I1, U] = 11U, — U,I1,. In the next
proposition, we derive an explicit formula for the Lie commutator, as well as showing an
essential convergence result that will be applied in Section [5in the analysis of approxi-
mations of the SPDE ().

Proposition 4.7. Let k € N and t > 0. It holds that [11;,,U;| = Cy, where
Cry: HT — span{g.},h — (h, Chit)als-
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for
= Y 0l
[n|>k
Moreover, supc (o  [|Ch shllo — 0 for k — oo and any h € H.

Proof. Let h € HC:C. Benth and Kriihner [3, Lemma 3.2] yields that convergence in H,
implies local uniform convergence. From Proposition 4.7| we know h — II;h — 0, and
thus it holds

sup |h(s) — xh(s)] =0,

s€[0,¢]
for k¥ — oo. Hence, we find

sup | > ga(s)(h, gi)a| = sup |A(s) — Mgh(s)| =0,

s€[0,t] In|>k s€[0,t]

for k — oo. Therefore, sup,c(g 4 [|Cr,sh[lo — 0 for k — oo.
Let n € Z. Then, by Proposition
[k, Ut gn = (€ g0 + 90 () 95) — Lijni<iyUhign

= Laj<ir€ gn + gu () — Ll (€ g + gu(t)gs)

= L{jn>ky9n(t)gs

= Ck,tgn
for any ¢ > 0. Moreover,

g, U g = 119 — Urgs = 0 = Cp 1.

The proof is complete. 0J

The next result concerns convergence of stochastic integrals of the Lie commutator:

Proposition 4.8. Let X be a stochastic process with values in HX such that X (t) =
Y (t) + M(t) for some square integrable process Y of finite variation and a square inte-
grable martingale M. Then,

t

lim [ [T, U] dX(s) =0,

k—o0 0

where the convergence is in L*(Q), H,), the space of Hy-valued random variables Z with
E[||Z|]3] < oc.

Proof. Recall from Proposition[4.7] that [IT;,, U] = Cry—s.
Let ((M, M))(t) = f(f Qsd{M, M)(s) be the quadratic variation processes of the mar-

tingale M given in Peszat and Zabczyk [28, Theorem 8.2][11 Then, Peszat and Zabczyk [28),
Theorem 8.7(i1)] yields

B[l [ coarrlz] <[ [ e, gavnane)]

'In Peszat and Zabczyk [28]], {{-,-)) is called the operator angle bracket process, while (-, -} is the angle
bracket process and the operator-valued process () is introduced in that statement as well.
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Recall that for h € H!, we find Cy.sh = (h, ¢y 1) g« Thus,
<h>cf;t9*>a = <Ck,th7 g*>a = <h7 Ck,t>a s

which gives that Cg’tg* = ¢y, With ¢, defined in Proposition Forg € H g orthogonal
to g, we have

<hvcl>:,tg>a = (Crth, 9)a = (N cht)a(Ge; Ga =0
for any h € H! and hence Cit9 = 0. We get
TY(CkJ—sCQsczi_s) ::<Ck¢—sCQsCZ¢_sg*ag*>a
= <Qsck,t—s> Ck,t—s>a
< Jlews—sllaTr(Qs) -

Hence,

:EM%WM@@HWMMWﬂ

t 2
/ Ck’tfde(S)
0

<mwmﬁvt@WMm@

s€[0,t]

= sup [los[IZE [[[M (1) — M(0)[[3]
s€[0,¢]

— 0
for k — oo. Similarily, we get

t
/%wm><wwmﬂﬁwn)
0 a s€(0,t

as k — 0, where ||dY ||, denotes the total variation measure associated with dY" (see
Dinculeanu [ 16, Definition §2.1]). The claim follows. O]

Our next aim is to identify the convergence speed of approximations in H ¥ of certain
smooth elements f € HZ, that is, how close is [T f to f in terms of number of Riesz
basis functions. We show a couple of technical results first.

Lemma 4.9. Let f € H. Then, we have

—2\T
e (f(0)|2+2|<f,g;§>al2> SIFI < iy ( 02+ 1, g5 ) .

nez neL

Proof. Theorem.4]states that {g., {gn }ncz} is a Riesz basis of HZ. Moreover, it is given
by g. = ©71(1,0), g, = ©71(0, ¢,) for any n € Z where © is the isometry given in (9)
and {e, }nez is the Riesz basis given in Proposition Moreover, Lemma yields
that e,, = Ab, for any n € Z where {b, },cz is an orthonormal basis of L*([0, 7], C)
and ||Al|2, < —Zs=r. Thus, we can construct a Hilbert space with orthonormal basis

{b., {bn}nez} and a bounded linear operator B with || B||2, < —2zr, such that g, = Bb,,
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gn = Bb,,. Thus, we have
LAIZ = gelfs 9o+ D gnlfr gi)all?

nez
= |1Bbu(f, 9.0 + > Bbulf, g3l
nez
—1 *
ST .o <|<f, ge)al” + Z (f, 9n>a|2>
nez

where {g., {9 }nez} denotes the biorthogonal system to {g., {gn}nez} given in Theo-
rem[.4] The lower inequality simply uses the lower inequality of Lemma4.I|instead. [

It is more convenient to work with an orthonormal basis rather than a Riesz basis. It is
known that for any Riesz basis on a Hilbert space there is a scalar product whose norm is
equivalent to the original norm such that the Riesz basis is an orthonormal basis relative
to the new scalar product, cf. [35, Section 1, Theorem 9]. It is interesting to note that in
our setup the scalar product can be identified explicitly, as the next result shows.

Proposition 4.10. Define for fixed parameters A\, > 0

(f.h)ra = F(0)R(0) + / LN i ()de, fh e HT.
0

Then (-, ). defines a scalar product on HI whose norm || || o is equivalent to the norm
| - ||lo and we have that {g.,{gn tnez} is an orthonormal basis of (HL .|| - ||x.o). We also

have
6—2/\T 1

1— _2)\T||f||)\a = ”f”a = 1—_2)\T||f“?\,a’ f € Hg;

Proof. The definition of (-, ), ., makes sense for all elements of H! because their abso-
lutely continuous derivatives are locally square-integrable. Also, (-,)\, is obviously a
hermitian form and hence generates a semi-norm || - ||, on HZ.

We have (g., g«)ra = 1. Let n € Z. Then we have (g., gn)ro = 0 which shows that
g« is normed and orthogonal to { g, }necz for the hermitian form (-, ), .. Let m € Z. A
direct calculation reveals,

1

T —

Thus, {gn }nez is an orthonormal system relative to the hermitian form (-, -), . Let f €
HZ. Then we know that f = f(0)g. + >, .7(f. 95)agn and, hence

1F13.0 = [FO+ D[ g2)al®

ne’l

Lemma [4.9]yields

672/\T

1—¢ _2)\T||f‘|)\a—”f||oz——_2)\T feHg'
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In particular, the norm || - ||, is equivalent to || - ||x . Thus, (H2, || -||x.o) is a Hilbert space
with scalar product (-, ) 4. O

The next technical result connects the inner product of elements in HI with the bi-
orthogonal basis functions to a simple Fourier-like integral on [0, T'):

Lemma 4.11. Assume f € H!. Then, for any n € Z,

(f.9n)a \/_/ f(x exp(( 27;n+)\+a/2)x> dx

Proof. Both (-, g%), and (-, g,) .« are the coefficient functionals for the n-th vector of the
Riesz basis {g., {gn}nez} Where (-, ), is the scalar product given in Proposition .10}
Thus, (-, ¢5)a = (-, gn)r.a- We conclude

(f.95)a = {f, G)ra =77 / F(a)eZF HFe/2)e g

O

With these results at hand, we can prove a convergence rate of order 1/ V'k for suffi-
ciently smooth functions in HZ.

Proposition 4.12. Assume f € HZ is such that f| 0,7] IS twice continuously differentiable.
Then, we have

||f ka”a — k’

for any k € N, where

T |f/ T(Ma/2) _ } + fO f// |€ (AMa/2) d:E)
7r2(1 — e2\T) ’

and we recall the projection operator 11, from (11)).

Proof. Lemma4.9]yields
1 = TLf 12 = 10> gulfogiall2 <O S 1(fg0)al?
[n|>k In|>k

where C' := (1 — e7?*)~L. Define h,(z) := exp(&,x), © > 0, where we denote &, =
2’”n + A+ 5. Then, by Lemma 1{and 1ntegrat10n -by-parts we find

i =

[{f, 97)a
= T PO D) = FOR(0) = [ @)
2 1
< fWAf,

for any n € Z\{0}, where the constant A; is

T
|f T(Ma/2) /(0)‘2 + </ |f//(x)|€x(>\+a/2) dl‘)2 ]
0
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Moreover, we have

|€n B Z|£n\2 - 27T2k‘

Putting the estimates together, we get

cT
2

as claimed. O

We can find a similar convergence rate for the series ¢+ defined in Proposition a
result which becomes useful later:

Lemma 4.13. Let ¢, be given as in Proposition Then,

Jewallz < 2
forany k € N, where Cy = T)/7(1 — exp(—2AT)).

Proof. We appeal to Lemma using {g:}.cz as the Riesz basis with biorthogonal

system { gy, }nez, to find
2= w®)gills

[n|>k

<O gt

[n|>Ek

7 Xl

In|>k

2C
“~ —(2x+a)t
< (e )

In|>k

1

| Anl?

CT1
— 7T2 k )
for C' = (1 — exp(—2)\T'))~'. Hence, the result follows. O

With these results at hand we are now in the position to study arbitrage-free approxi-
mations of the forward dynamics in (I)).

5. ARBITRAGE-FREE APPROXIMATION OF FORWARD TERM STRUCTURE MODELS

In this section we find an arbitrage-free approximation of a forward term structure
model (I)- stated in the Heath-Jarrow-Morton-type setup with the Musiela parametriza-
tion — which lives in the finite dimensional state space HI**. We furthermore derive the
convergence speed of the approximation, and extend the results to account for forward
contracts delivering the underlying commodity over a period which is the case for elec-
tricity and gas.

Consider the SPDE () with a mild solution f € H, given by (2). We recall from (5)-
(@) and Theorem [4.4]the Riesz basis {g., {gn }nez} on the space H! with the biorthogonal
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system { g, {g* }nez }. Furthermore, we recall from (T0) and (TT) the projection IT;, of HT
on Hg’k, and the operator Cy; for k € N, ¢ > 0 defined in Proposition
Let us define the continuous linear operator Ay, : H, — H.* by

Ay, = TI,IT (12)

for any k € N, where II is the projection from H,, onto HI given in Theorem The
following theorem is one of the main results of the paper:

Theorem 5.1. For k € N, let fi be the mild solution of the SPDE
dfy(t) = O, fu(t)dt + ApBt)dt + AW (H)dL(t), t >0, f(0) = Arfo.  (13)
Then, we have
(H E [Sque[o,T—t} | fu(t,z) — f(t,z)[*] = 0fork — oo and anyt € [0,T),
(2) fi takes values in the finite dimensional space HI*, moreover, fi, is a strong

solution to the SPDE (13)), i.e. fr € dom(0,), t — 0O, fx(t) is P-a.s. Bochner-
integrable and

0= 500+ () + Male)ds + [ Aw(5)az(s),

0
(3) and,
k

0 = i)+ Y (0L gi)a+ [ I0X06))

n=—~k

where Si.(t) = 0o(fr(t)) and X, (t) := fOt(Hﬁ(s)ds + IV (s)dL(s), g%) o for any
neZt>0.

Remark 5.2. Assume that the model f is stated in the arbitrage-free framework, that is,
that P is such that {F(¢,7)}c0,- is a local P-martingale for any 7 > 0. Then the
dynamics of f are given by

Af (1) = O, f(H)dt + U(t)dL(t),

i.e. # = 0 and L is a local martingale. Consequently, the dynamics of f; in Theorem
are given by
dfi(t) = Op fiu(t)dt + Ap W (¢)dL(t).

Thus the forward prices Fi(t,7) := fi(t,7 — t) in the approximation models are local
martingales as well. Indeed, the set of local martingale measures for the approxima-
tion models is larger than the set of local martingale measures for the initial model. In
particular, one can work with the same pricing measure for the initial and the approx-
imation models. Note that the existence of local martingale measures is connected to
economically meaningful notions of no-arbitrage, cf. the fundamental work of Delbaen
and Schachermayer [[15, Theorem 1.1] and the related work of Cuchiero, Klein and Teich-
mann [13] Theorem 1.1]. From these considerations we conclude that { f; }ren satisfies
requirements (i) to (iii) set out in Section [I} For requirement (iv), we will prove in the
next statement, Corollary [5.3] below, that the solution essentially is a superposition of
OU-process driven by some martingales.
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Proof of Theorem (1) Define

fu(t) == UILfy + /Ot U s(T15(s)ds + 1TV (s)dL(s))), t > 0.

Since f}, is a mild solution, we have
o) = UTTTTfy + /O Uy L (TIA(s)ds + T ()dL(s))
— TS, + /O Mty (TIA(s)ds + T (s)dL(s))
oty = [ Cuan IUF(s)ds + I(5)AL()
~ e (vt + [ U5 + ML) )
— Cp Il fo — /O t Cr.i—s(IIB(s)ds + I1W(s)dL(s))

— M (fu(t)) — Ceellfy — / Choo(TIA(s)ds + T1W(s)dL(s))

for any ¢ > 0. From Benth and Kriihner [3, Lemma 3.2] the sup-norm is dominated by
the H,-norm. Thus, there is a constant ¢ > 0 such that

E| sup |i(fu(t,z)) — fult,2)|?

z€[0,T—t)

< R [||(T = T) fu(t)]12]

for any ¢ > 0 where Z denotes the identity operator on H,. The dominated convergence
theorem yields that the right-hand side converges to 0 for k£ — co. Lemma 4.13|yields

sup [Crefu(0, ) < ¢f|Crefu(0)]la < cllckillall fu(0)fla — 0,

z€[0,T—t]

for k — oo. Proposition 4.8 states that

for k¥ — 0. Hence, we have

E /Ot Cri—s(I15(s)ds + 11U (s)dL(s))

[0

2
]—>O,

E

sup | fr(t, ) — fn(t,x)|2] — 0,
z€[0,T—t)
for k — oo and any ¢ € [0, T]. Since fu(t,z) = f(t,z) forany ¢t € [0,T], z € [0,T — ]
the first part follows.

(2) Note first that 9,9, (2) = exp(A\,2)/VT = Apgn(2)+g.(x)/V/T, and hence 0,9, €
HT* whenever |n| < k. Thus, HX'* is invariant under the generator d,, and its restriction
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to HI'* is continuous and bounded. We find that f; takes values only in HX* because

fuw:ru(mnﬁ+1/la4Hﬂ@ﬁs+ﬂ@@ﬂL@»Q

0

—Cmﬂh—iéz%tAH5@MS+H@®ML®»,

where all summands are clearly in H*",
(3) As fi(t) € HL* we have the representation

F) = (fr(t), g2)age + Z Fi(t), 95 aln -

n=—*k
Since g = 1, we find that (f(t), 95)o = fr(¢,0). Thus, from the mild solution of (13)
we find, using Proposition 4.5]

k

fe(t) = Sk(t) + Z <Utfk:(0) + /t U s(ArB(s)ds + AkW(S)dL(S))a92> Gn

= Si(t) + Z (f(0), Uy 93 a9

+Z/M3WMWMUWMM

n=—k
k
= Sk(t) + Y e (f1(0), g3)agn
n=—=k
+Z/"”mmmmummwm.

Observe that for any f € H,,

k

Apf =TR(Tf) = (TLF)(0)gs + Y (TLf, G5 )am »

m=—k

and since {g., {gn}nez}, {95, {9 }nez} are biorthogonal systems

k
(Arfig3)a = (LF)(0){gus gi)a+ Y (T1f, gh)alGm: i) = (ILf, g )aLgni<hy -

m=—k

Hence, the claim follows. O

Another view on Theorem is that all processes in the k-th approximation of f can
be expressed in terms of the factor processes X, X g, ..., Xk, as stated below.
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Corollary 5.3. Under the assumptions and notations of Theorem we have for k € N,
k

filt,w) = Sk(t) + Y Un(t)gn(x),

forany 0 <t < ooandx > 0. Here,
k

Su(t) = Si(0) + X.(0) + 3 (gn<t>Un<o> T / gn<t—s>dxn<s>) ,

n=—=k
with,

X0 = [ sts >ds+nw<s>dL<s>>,g;>a,
-(/

(I1B(s)ds + ITW(s)dL(s)), g*> ,

U (t) == M (£i(0), g2 + / =)0 ()
0
forne{—k,... k}

Proof. The first equation is a restatement of (3) in Theorem [5.1] Proposition §.5] yields

{Ush, g.)a = (h, ge)a + Z n(t)(h, g3)a

n=—k

for any h € HZ* because h = (h, g)ags + S (h, ) agn. Thus, since g, = 1 and
gn(0) = 0 we have

Sk(t) = fi(t,0)
= <fk(t)7g*>a

Ui (0), g.)a + / Un(AB(5) ds + AT (s) dL(5)), 9.}

0),9:)a + Y gn(0){fx(0), g5)a

n=—k

+ /0 (ApB(s)ds 4+ AW (s) dL(s), g«)a

Py [t = 00506) + A5 L6, 7
n=—=k
As in the proof of Theorem [5.1} we have (A.f, g%), = (IIf, g}), for any f € H,.
Similarly, (A f, g)a = (ILf, g*)a for n € Z with |n| < k. The result follows. O

The processes S, U_y, . .., U, in Corollary [5.3] capture at any time ¢ the whole state
of the market in the approximation model. I.e., the spot price and the forward curve
are simple functions of these state variables. As we will see in Corollary [5.6| below, the
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forward prices of contracts with delivery periods can be expressed in these state vari-
ables as well. Note that if we assume (117, g%), and (IT¥, g*), to be constant (non-
random), then (X _y, ..., X}) is a 2k + 1-dimensional Lévy process and U_y, . .., U}, are
Ornstein-Uhlenbeck processes. This corresponds to the spot price model suggested in
Benth, Kallsen and Meyer-Brandis [2].

From the proof of Corollary |5.3| we find that Si,(0) = (fx(0), g«)«. But then

Sk(0) = (A fo, 9x)a = (I fo, 9x)a = (I1fo)(0) = fo(0) .

Obviously, fo(0) is equal to today’s spot price, so we obtain that the starting point of the
process Si(t) in the approximation f, is today’s spot price. Since we have fi(¢,0) =
Sk(t), Sk is the approximative spot price process associated with fi.. For U,(0), n € Z,
invoking Lemma . TT| shows that

Un(0) = (ILfo, g3)a

- % / (/o) () exp((A + 0/2)2) exp (Q%n) dy.

This is the Fourier transform of the initial forward curve f (or, rather its derivative scaled
by an exponential function). In any case, both S;(0) and U, (0) are given by (functionals
of) the initial forward curve f;.

Next, we would like to identify the convergence speed of our approximation, that is,
the rate for the convergence in part (1) of Theorem [5.1]

Proposition 5.4. Assume that x — f(t,x) is twice continuously differentiable and let fy,
be the mild solution of the SPDE

dfi(t) = O, fr(t)dt + ApBE)dt + AU (D)AL(E), >0, fu(0) = Ayfo.

Then, we have

E| swp [filta)~ (o) < 2
z€[0,T—t]
for any k > 1, where
a1 T T 2
A= O {unfouz + [ B s+ ([ B186)] a) }
3(1+a™t)

T — {TE (10, fu (1, T)e O/ — , fu(t, 0)?]

T 2
+ (/ E (|02 fr(t, x)|] e/ dw) } :
0

Remark 5.5. In the preceding proposition one might have expected a convergence rate
of order 1/k? which would be the rate in the corresponding Galerkin approximation, cf.
Kruse [25, Theorem 1.1] (Note that we state the error in the squared norm-distance instead
of the usual norm-distance). However, different from the typical Galerkin approximation,
we included a correction term to retain the derivative operator in the approximation in-
stead of discretising it. The convergence speed of the correction term towards zero is
analysed in Lemma[4.13|and is only of order 1/k.
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Proof of Proposition In the proof of Theorem[5.1|we have shown that
t
Fult) = W) = Cuallfo — [ Cormo(T3(s)ds + TW(5)AL(s)).
0

where fr(t) := UL fo + fot U;_s(115(s)ds + ITV(s)dL(s))) for any ¢ > 0. By Proposi-
tion 4.12] we have
Ci(t)

1 r(t) = (@)l < ?

where 'y (1) is the random variable defined by

10, fuu(t, T)eTOT2 — 9, fiy (8,002 + (f, |02 fu(t, 2)|e* O+ du)?
71-2(1 —2>\T> .

Cl (t) -

Proposition 4.7|and Lemma §.13] yield

Cz
ICkaPlle = lI¢hs crdagalle = (b, cxedal® < IRIGNenle < lIAllG=

for the constant Cy = T'/7%(1 — e~**T). Then, we have

1£e(t) = fr(®I5 < 31T (fu(t) — fu@®)la + 3lICk T ol

3 / Crr—o(TI(s)ds + TIU(s)dL(5)) |2

301 (t) 302 "

< —=||1I

+3H/0 Cri—s(I1B(s)ds + W (s)dL(s))]|2.

By Lemma 3.2 in Benth and Kriihner [3]], the uniform norm is bounded by the H,-norm
with a constant ¢ = v/1 + a~!. Hence, taking expectations, yield

E

z€[0,T—t]

< PR (|| fu(t) — fu(®)]2]
3c?

< = (E[G/(0)] + Gl 11fo]12)

6%02 (/OTE[TY(‘I’(S)Q\IJ*(S))]CZS+ (/OT]EHIﬁ(S)Ha] d8)2> :

The result follows. 0

sSup |fk(t’ :L‘) - f(t,l‘)|2]

In electricity and gas markets forward contracts deliver over a future period rather than
at a fixed time. The holder of the forward contract receives a uniform stream of electricity
or gas over an agreed time period [y, 75]. The forward prices of delivery period contracts
can be derived from a "fixed-delivery time" forward curve model (see Benth et al. [7]]) by

1 ™
Flt.nim) = —— [ flt.s—1).ds (14)
1
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where f is given by the SPDE (T)). The following corollary adapts Theorem [5.1] to the
case of forward contracts with delivery period.

Corollary 5.6. Assume the conditions of Theorem[5.1|and define
1 2
/ fr(t,s —t)ds

T2 =T
forany 0 <t <1 <1y <T. Then, we have
Fi(t,7,m2) = F(t,71,T2)
for k — oo in L*(Q) where F is given in (14). Furthermore,

Fk(ta T1, 7—2> =

k t
Fltmom) = S0+ 3 Gultomem) (i 0D+ [ () )
0

foranyt <1 <1 < T where Si(t) = do(fr(t)),

exp(A, (12 — 1)) —exp(\u (11 — 1)) — \u(12 — 71)
XNV (ry — 1)

and X, (t) := [y (11A(s)ds + ITW(s)dL(s), g5)a-

Gn(ta 71, T2) =

Proof. Theorem yields uniform L? convergence of the integrands appearing in F, to
the integrand appearing in F' and hence the convergence follows. The representation of
Fy, follows immediately from part (3) of Theorem[5.1] O

We remark in passing that the temperature derivatives market (see e.g. Benth and Sal-
tyte Benth [8]) trades in forwards with a "delivery period" as well. In this market, the
forwards are cash-settled against an index of the daily average temperature measured in
a city over a given period. Temperature forward prices can be approximated using our
approach.

Our forward price dynamics f in (I)) may also be a model for forward rates in fixed-
income theory (see for instance Filipovic [19], Peszat and Zabczyk [28] and Carmona
and Tehranchi [12]]). Indeed, this is the application area where much of the theoretical
developments and interest for the HIMM dynamics comes from. We end this section with
a discussion of forward rates in view of our approximations of (I)) in Theorem 5.1}

In the fixed-income theory, it is customary to formulate the HHMM dynamics of forward
rates directly in the risk neutral setting, which imposes a drift condition relating 5 with
W (see Filipovic [[19]], Peszat and Zabczyk [28]] and Carmona and Tehranchi [[12]). Let us
take the set-up in Peszat and Zabczyk [28, Ch. 20], and restrict our attention to the Wiener
case for simplicity, that is, we let L = WW. Suppose that W(t) is defined via an H,-valued
stochastic process o(t, z),t, x > 0 such that

() f(z) = (ot x), fla-
Without going into details, we assume that o is such that W(¢) satisfies the required condi-
tions (recall the assumptions in Section[2)). From Remark 20.2 in Peszat and Zabczyk [28]],
the drift condition becomes

Bit,2) = 5(Qo(t.a). [ ot dyhe.
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We note here that (¢, y) € H, for all y > 0, and hence the integral above is to be under-
stood in the Bochner sense (which we assume is well-defined, here). By the definition of
U(t), we have

B(ta) = 5 [ VO@ (e @)y

Now, from Theorem [5.1] we find an approximation f, where the drift is 85(¢) := AxS(t)
and volatility Wy (t) := AW (¢). Under suitable regularity conditions on o, we find that

Ak\If(t)f = <Ak0-(t7 K ')7 f>a

with the interpretation that the inner product is taken with respect to the third argument of
o and Ay, acts on the second argument. Hence, with o, (¢, x,y) = Ayo(t, -, y)(x), we have
that fj is an arbitrage-free dynamics if the drift in the dynamics of f satisfies

Buta) = 5 [ W@ anlt ) dy

But this is in general different from [ (¢), and we conclude that our approach does not
give an arbitrage-free approximative dynamics of the forward rate model.

6. REFINEMENT TO MARKOVIAN FORWARD PRICE MODELS

In this Section we refine our analysis to Markovian forward price models, making the
additional assumption that the coefficients 5 and U depend on the state of the forward
curve. More specifically, we assume that

B(t) = b(t, f(1)), (15)
U(t) =, f(1)), (16)

where b : R, x H, — H,, v : R, x H, — L(H,) are measurable, Lipschitz continuous
functions of linear growth in the sense

16(Z, f) = bt g)la < Collf — gllas (17)
1((t, ) = ©(t,9)) QY [lus < Cullf = glla (18)
and
10, f)lla < Co(1+ [ flla) (19)
(¢, £)QY?|lus < Cy(1 + [ f]la) (20)

for positive constants C, Cy,. Under these conditions there exists a unique mild solution
f of the semilinear SPDE

df (t) = (Ouf(t) +0(t, f(t)))dt +b(t, f(t=))dL(t), f(0) = fo 21

with cadlag paths, cf. Tappe [34, Theorem 4.5, Remark 4.6]. We would like to note that
semilinear SPDEs of this type are treated in the book by Peszat and Zabczyk [28] and in
Tappe [34]. Additionally, we assume that

b(t, h) = b(t, g), (22)
U(t h) =¢(t,g), (23)
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for any h, g € H, such that h(z) = g(z) for any = € [0,T — t], i.e. the structure of the
curve beyond our time horizon 7" does not influence the dynamics of the curve-valued
process f(t).

Before continuing our analysis of the arbitrage-free approximation in the Markovian
case, we show a couple of useful lemmas. The first states a version of Doob’s L? inequal-
ity for Volterra-like Hilbert space-valued stochastic integrals with respect to the Lévy
process L, and is essentially collected from Filipovi¢, Tappe and Teichmann [20]].

Lemma 6.1. Suppose that ® € L3 (H,). Then,

E

s€[0,¢] 0

S t
wn | [ v r) dw)nz] <act [ (002 ] o,

for ¢, > 0 being at most exponentially growing in t.

Proof. Note first that due to Benth and Krithner [3, Lemma 3.5] the Cy-semigroup {U; }+>0
is pseudo-contractive. Filipovi¢, Tappe and Teichmann [20, Prop. 8.7f] state that there is
a Hilbert space extension H of H, (i.e. H is a Hilbert space and H,, is its subspace and
the norm of H, equals the norm of H restricted to H, where by slight abuse of notation
we write || - ||, for the norm on H as well) and a Cy-group {V;};cr on H such that
Uy Vilg, = U, fort > 0 where Il is the orthogonal projection from H to H,. Then,
we have

sup || [ Usr®(r) dL(r)[a < sup [[Ve- tHopH/ Vir®(r) dL(r) |

s€[0,t] 0 s€[0,t]

< sup [Volop sup || | Vi, @) dL ()
0

s€[0,t] s€[0,¢]

Thus, by Doob’s maximal inequality, Thm. 2.2.7 in Prevot and Rockner [31], we find

E

s€[0,t] 0

sup || SUS-AI)(?“) dL(?“)Hi]

< sup VoI | sup | [ v”@(mdur)nz]
s€[0,t] s€[0,t] 0
t
< sup PIE| 1 [ Ve w0 Lo
s€[0,t] 0

t
— 4 sup V[, [ B[V 2()Q ] dr
0

s€[0,t]
t
<t sup V-l sup [VilG, [ E[190)Q ] dr
s€[0,t] s€[0,t] 0

This proves the Lemma by letting ¢; = supyepg 4 [|V-sllop SUP<s<; || Vsllop and recalling
that any C)-group is bounded in operator norm by an exponentially increasing function in
t. Hence, ¢; < cexp(wt) for some constants ¢, w > 0. O

’This is a very useful consequence of the Szokefalvi-Nagy dilation theorem [32, Theorem 1.8.1].
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We remark in passing that the above result holds for any pseudo-contractive semigroup
St > 0.

The next lemma is a useful technical result on the distance between processes and the
fixed point of an integral operator defined via the mild solution of (21). The lemma plays
a crucial role in showing that certain arbitrage-free approximations of converge to
the right limit. Essentially, it states the error of an arbitrary element to a fix point of some
operator V' in terms of a constant times the error of the element to its next iteration.

Lemma 6.2. Let h be an H,-valued adapted cadlag process with E[ [ ||h(s)||2 ds] < oc.
Then we can define

V(h)(t) :==Upfo + /Ot U,_b(s,h(s))ds + /Ot Uy_sb(s, h(s—))dL(s),

foranyt > 0, V(h) has a cadlag modification and we have

B | sup 1s) — 0112 < T exp(acE | sup Vine) = R0

0<s<t 0<s<t

for any t > 0 where Cy := 2C3t sup (o  [[Us|lop + 8¢ C} and ¢, is the constant given in
Lemma

Proof. The linear growth assumption on b yields
t t
Bl [ b5, h()) o ds) < e (¢4 L[ ()] ds)
0 0

g@¢%+#ﬂ£%@ﬁ@“)

< 00.

Furthermore, from the linear growth condition (20) on ) we have

E%W&w@M%MMSX%MG+HKM@M%O<w-

Hence, V' (h) is well-defined, and it is an adapted process. Filipovi¢, Tappe and Teich-
mann [20, Prop. 8.7] state that there is a Hilbert space extension H of H, and a C-group
{Vi}+er on H such that Iy, Vi| g, = U, fort > 0 where Il is the orthogonal projection
from H to H,. We have

V(h)(t) =gV, (fo + /Ot V_sb(s, h(s))ds + /Ot V_s1(s, h(s—))dL(s))

for any ¢ > 0. The expression in the bracket has a cadlag modification [ and then we see
that {11y, V:(I(t)) }+>0 is a cadlag modification of V'(h) by the local uniform boundedness
of t — ||V¢|lop and the strong continuity of V. For the rest of the proof we mean by V' (h)
a cadlag modification.

Define L*(Q2, D([0,t], H,)) to be the vector space of H,-valued adapted cadlag sto-
chastic processes g for which E[sup,c(o 4 [l9(s)[|2] < oo and define a norm || - ||, on it
by

917 == E[sup |lg(s)]2]-
s€[0,¢]
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From the above consideration we can define V' on the entire normed space. By a straight-
forward estimation using again the linear growth of b and 1), we find similarly that

s VI < K (1] [ izas] ) < oo

s€0,t]

for some constant K; > 0. Thus, V is an operator on L*(Q, D([0,t], H,)) and can be
iterated.

Observe, that V(f) = f which means that V' has a fixed point. We now show that the
nth iteration V" of V' is Lipschitz continuous with constant less than one for some n € N.
If that is shown, then Banach’s fixed point theorem yields that f is the unique fixed point
and V"h — f for n — oo. To this end, let g € L*(Q, D([0,t], H,)). Then, we have

B [sup IV (h)(s) — v<g><s>ui]

0<s<t

< oE [sup 1 [ U 5 = b 9(r))) druz]

0<s<t 0

0<s<t 0

R [sup 1 [ U ol hr—)) — ol gr—))) dL(r)Hi} |

Consider the first term on the right hand side of the inequality. By the norm inequality for
Bochner integrals and Lipschitz continuity of b in (17)), we find

B [sup 1 [t B )) = b 9(r))) drni}

0<s<t 0

<E

sup. ([ 1ellallr ) = b6 gt ) ]

0<s<t

< E [sup U 2 0, 1)) — b g dr

0<s<t Jo }

<t sup [0l | [ 1000 h(0) — b0 gt ]

t
< G2 sup U2, / E [[Ih(r) — g(r)|12] dr.
0<s<t 0

where we have applied Cauchy-Schwartz’ inequality. Recall that since /; is a pseudo-
contractive semigroup, we find for some w > 0, it holds that

sup [[Us]|2, < exp(2wt) < co.
0<s<t
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For the second term, we find by appealing to Lemma[6.1] and the Lipschitz continuity

in (I8) of 1,
E [sup | [ s (0, b)) — 0l g(r—))) ()2

0<s<t 0

< 42 / E [|((r, h(r)) — (r, g(r))) Q"||3s] dr
<4dC? / E [|Ih(r) — g(r)|2] dr

Then, we have from the definition of C, that
E [sup IV (k) (s) — vn<g><s>||i}
0<s<t
t
< / V™ (h)(s1) — V™ (g)(s0)|2] dsn

// / E [|h(s0) = g(sa)l[2] dsn . .. ds:

| s Ih(s) - 9002

0<

for any n € N. Consequently, V" is Lipschitz continuous with constant strictly less than
1 for some n € N. We have that

If = hlle = Tim [[V*(h) = hlf¢,
n—oo

and

n—1 n—1 1/2
V) = Bl < S IVE () = VE@)L < IV (R) - Al () .

k=0
From Cauchy-Schwartz’ inequality we get

1

el 1/2_” k+12ck
> \3r) =
k=0
e 1/2
1 ( 1)’@5)
0( + k=0 :
1/2
n—1 4 f
k!
k=0

where we have used the elementary inequality £ +1 < 2%, k € N, O

e
I
o

3

IN
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Let us define the Lipschitz continuous functions by := Il o b and ¢y := Il o ). Then,
Tappe [34, Theorem 4.5] yields a mild solution fi; for the SPDE

dfu(t) = (Oufu(t) + bu(t, fu(t))) dt +vu(t, fu(t—))dL(t), fu(0)=Ifo. (24)
Furthermore, it will be convenient to use the notations

forany h € H,,t > 0.

In the proof of Theorem we compared the solution f to the projected solution II f
which are essentially the same due to properties of I1. Then we compared I f to fi; which
again had been essentially the same. Finally, we compared Il f;; to solutions of the
projected SPDE where the difference was given by a certain Lie-commutator. However,

in the Markovian setting we want to change the dependencies of the coefficients as well,
which complicates the proof of the approximation result.

Theorem 6.3. Denote by J?k be the mild solution of the SPDE
dfi(t) = (0uJu(t) + bit, fi(1)) dt +u(t, fu(t=)) dL(t),  fr(0) = Apfo,t > 0.

Then, f,, € H g ks a strong solution, and we have

E sup ‘fk(t7$)—f(t,$)|2 —0
te[0,T),z€[0,T—t]

for k — oc.

Proof. First we note that a unique mild solution ﬁ with cadlag paths to the SPDE exists
due to Tappe [34, Theorem 4.5] and for the same reason there is a unique mild cadlag
solution f, to the SPDE

dfi(t) = (Do fult) + bu(t, F())) dt + v(t, fF(t=)) dL(t),  fu(0) = Apfo,t > 0.
where we like to note that we insert the original process f into the drift function b; and
the diffusion function ). Define

t

Vi(h)(t) = Upfu(0) + / Us_o(be(s, h(s)) ds + (s, h(s—)) dL(s))

forany k € N, ¢ > 0 and any adapted cadlag process h in H, with E[ [} ||h(s)||2 ds] < oo.
We have f, = Vi(fx) and fr. = V(fn). By Lemma it holds

. 2
B | sup )~ 01| < T esptaCE | sup 126s) - (o]

forany k£ € N, t > 0 and C} given in the lemma (recall from Section [2| that the oper-
ator norm of the shift semigroup ¥ is uniformly bounded by the constant Cj;). By the
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definition of fj and f; we find

1fe(s) = fu(s)lla < 311£x(0) — fu(O)]12 + 3]l /Osus—r(bk(r, fu(r)) = bu(r, fu(r))) dr|3
+3 /Osus_rm(r, fu(r=)) = ¢u(r, fu(r-))) dL(r)|l7..

Consider the first term on the right-hand side of the inequality. By the norm inequality for
Bochner integrals, Cauchy-Schwartz’ inequality and boundedness of the operator norm
of U; we find (for s < t)

I [ttt ) = b )
s<KfWA4®Ahﬁﬂﬂ)—mmmm&»MaW)Q
<t [ 1eertutr, n(r) bt Sl DI
<G [ I Jutr) = b )

< tcg,/ (T = T)bua(r, fu (r))]|? dr
0

Here, Z denotes the identity operator on H.. Hence, using Lemma and the fact that
{U;}+>0 is pseudo-contractive,

E | sup 12(s) ~ fulo)I
Swmm—h@M+MﬁAENmrJMMﬁMMQW

s

+3ELEQN Ut fnlr=)) = o Fnlr=)) L
< 3100) = a0+ 3%, [ B (10 =~ D ) IE]
#1262 [ B[00 futr) ~ v Jn(r)) @ ]
< 314(0) = )2 + 315, [ B (10~ DG, 2]

+UﬁAEWm—ﬂWthwmﬁdw-
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Denote by
Ky(k) : = 3|/ fx(0) —fn(O)\|i+3t05/0 E [[|(Tx — Dbu(r, fu(r))|la] dr

+uéAEWm—nwmmmmmmgw,

for £ € N. By standard norm inequalities and the fact that Q is trace class, we have

Ki(k) < 6(1+ [[1k][5) | fre(0) I3, + 6t Cr (1 + HHkHﬁp)/O E [[[bri(r, fu(r))lla] dr

t
+24cf(1 + HHkHﬁp)HQ”zHﬁs/O E [[lvn(r, fru(m)5,] dr.

which is seen to be bounded uniformly in £ € N from Proposition 4.6 Hence, we have
K(k) — 0 for k — oo and any ¢ > 0 by the dominated convergence theorem because
(I — Z)h — 0 for k — oo and any h € H!. Thus, we find

B | sup 1) = R(O1E] 0.

for k — oo. We have f(t,x) = f(t,x) forany t € [0,T], x € [0,T — t] and from
Lemma 3.2 in Benth and Kriihner [3] the sup-norm is dominated by the H,-norm, and
therefore we have

sup | fult,x) = f(t,2)]?

t€[0,T],x€[T—t]

for k — oo where ¢ = /1 + 1/a. O

The philosophy in Theorem is to take f(¢) as the actual forward curve dynamics,

and study finite dimensional approximations fx(¢) of it. By construction, f solves a
HJMM dynamics which yields that the approximating forward curves become arbitrage-
free. From the main theorem, the approximations fk(t) converge uniformly to f(t) for
x € [0,T — t]. As time t progresses, the times to maturity = > 0 for which we obtain
convergence shrink. The reason is that information of f is transported to the left in the
dynamics of the SPDE. We recall that the approximation of f is constructed by first lo-
calizing f to x € [0,7] for a fixed time horizon 7" by the projection operator II down to
HY', and next creating finite-dimensional approximations of this.

Alternatively, we may use frj(¢) as our forward price model. Then, the finite dimen-
sional approximation fy(¢) will converge uniformly over all x € [0, T']. In practice, there
will be a time horizon for the futures market for which we have no information. For exam-
ple, in liberalized power markets like NordPool and EEX, there are no futures contracts
traded with settlement beyond 6 years. Hence, it is a delicate task to model the dynamics
of the futures price curve beyond this horizon. The alternative is then clearly to restrict the
modelling perspective to the dynamics with the maturities confined in z € [0, T|. Indeed,
in such a context the structural conditions (22)) and (23) will be trivially satisfied as we
restrict our model parameters in any case to the behaviour on z € [0, 7.

E

ScE[wpuﬁuwam&mi—+m

0<t<T
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We end our paper with a short discussion on a possible numerical implementation of

fk(t), the finite-dimensional approximation of f(t). Since fk(t) € HI'* we can express
it as

where ﬁ;*(t) = fu(t,0)g, and ﬁyn(t) = (fu(t), g%)a are C-valued functions. For any
h € HI* it follows that by (t, h) € HI**. Define forn = —k, ..., k the functions

k
brm i Ry x C*2 — C; (t, Tuy Ty oo, Tp) <bk(t,z*g* + Z :ngj),g,;;> ,

j:,k

67

Byt Ry x C%42 5 (t, Tay Ty ooy Tg) > < (t, Z4gs + Z z;9;), >

j==k a

Furthermore, 11, (t, h) € Lys(H,, HI*). Thus, forany g € H, we have that ¢4 (¢, h)(g) €
HZT* We define the mappings

@k,n : R-i— X C2k+2 — H:; (ta x*7$—ka e a ) <1/Jk t l’*g* + Z $]g] gn>
J—*k a

Ek,* . RJr X (CQkJrQ — H;; (ta Lsy Xy T ) <1/}* t s TaGs T Z xjgj gn>
j=—k

[0}

forn = —k,..., k. Now, since 0,9, = 0 and 0,9, = M\ gn + g*/\/T, we find from
the SPDE of f; the following 2k + 2 system of stochastic differential equations (after
comparing terms with respect to the Riesz basis functions),

dfp.(t) —<\szkn )+ B (t, Froo (), i, k<>...,fk,k<t>)> dt

n=—k

+ Pyt fk,*(t_>7 fk,fk(t_% ceey fk,k(t_»(dL(t))
A t) = (AiFitl®) + Berlt T (0, Fol), - Fea®)))
Bl Fe ) Fomnt), o a () (@L(D)

Afi®) = (MFis®) + Bnlt, Fuo 0), Fin(®), - Frnl®)) dt
Dl Fun (1), Frn (1), Frn =)L)
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In a matrix notation, defining x(¢) = (x1(t), x2(t), ..., xors2(t)) and
[ L L B
VT VT VT VT
0 A 0 <o 0
A0 0 A 0|
L0 0 0 A |

we have the dynamics
dx(t) = (Ax(t) +by(t,x(t))) dt + Py (t, x(t—))(dL(1)),

with ]?k* = 1, ﬁwk =T9,... ,ﬁ@k = T9p1o. Using for example an Euler approximation,
we can derive an iterative numerical scheme for this stochastic differential equation in
C?+2, We refer to Platen and Bruti-Liberati [29] for a detailed analysis of numerical
solution of stochastic differential equations driven by jump processes.
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