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Abstract

The purpose of this thesis is to look at certain abelian groups and their
reduced twisted group C*-algebras. We consider a class of quantum
channels on these algebras, associated with normalised positive definite
functions, and study their contractive properties with respect to the
trace-norm metric and the Bures metric.
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CHAPTER 1

Introduction

Quantum channels are studied in quantum information theory. From a physical
point of view they can be viewed as communication channels transmitting
quantum information, but we will not be concerned with this. From our point
of view, quantum channels are completely positive trace-preserving linear maps
on a unital C*-algebra. The concepts discussed in this introduction will be
formalised in In quantum information theory the C*-algebra of
choice for quantum channels is usually the matrices, but other C*-algebras
could be considered as well.

This brings us to our next topic, reduced twisted group C*-algebras. Group
algebras assign an operator algebra, in our case a C*-algebra, to a locally
compact group G, such that representations of the algebra are related to
representations of the group. In our case, we also consider a 2-cocycle o on
a discrete group G which in many cases makes the resulting algebra C*(G, o)
non-abelian. Specifically, C} (G, o) is generated by the o-projective left regular
representation A, of G on 2(G). It is known that C}(G, o) has a canonical
faithful tracial state T, satisfying that 7(A,(g)) = 0 for all g € G different
from the unit. This is related to our previous paragraph in that we want to
study certain quantum channels on various reduced twisted group C*-algebras
(C}(G,0),7).

Contractive maps are used in numerous circumstances, such as Picard’s
existence theorem from differential equations and the Implicit Function Theorem.
They are interesting because they allow us to use Banach Fixed-Point Theorem
to show that the map has a unique fixed point. This is useful in for instance
studying convergence of iterated systems. The reason that we are concerned
with contractions in this thesis, is that we are interested in the contractive
properties of the quantum channels discussed above. More generally, one wants
to use that a map is contractive to establish the following property.

Definition 1.0.1. Let (X, d) be a metric space. We say that a map T : X — X
has the attractor property if there exists some xy € X satisfying that

T"(x) — xp as n — o0

for every x € X, in which case it follows readily that 7" has a unique fixed point,
namely zg.

We say that a map T on a metric space (X,d) is locally contractive if
d(T(x), T(y)) < d(z,y) for all z,y € X, x # y. Furthermore we say that T is
strictly contractive if there exists C' € [0,1) such that d(T(z),T(y)) < Cd(z,y)
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for all x,y € X. Let us consider two examples of how the contractivity of a
map T lets us conclude that it has the attractor property.

Example 1.0.2. Let (X,d) be a complete metric space. If T : X — X is a
strict contraction, then T has the attractor property. This is the most common
example, and is just a formulation of Banach Fixed-Point Theorem, which we
mentioned above.

Example 1.0.3. Let (X,d) be a compact metric space. If T : X — X is
locally contractive, then T has the attractor property. This is known as the
Nemytzki-Edelstein Theorem, see [Vas07].

For a historical perspective we briefly return to the physical interpretation
of quantum channels as an imperfect transmission of information. In ,
M. Raginsky modelled errors in physically realisable quantum computers as
strictly contractive quantum channels with respect to the trace-norm distance
dy(o,p) = 7(lc — p|). If a quantum channel is strictly contractive, repeated
iteration of that channel on a piece of quantum information will converge to the
channel’s unique fixed point, effectivly erasing the original information. Later,
in , D. Farenick and M. Rahaman studied locally contractive quantum
channels with respect to the Bures metric dj.

The main work of this thesis is structured as follows. In each of four
examples where G is an abelian group we consider C*(G, o) and attempt to
find an isomorphism from C}(G, o) into some other more familiar C*-algebra
X. To each normalised positive-definite function ¢ on G' one may associate a
quantum channel @, on C(G, o) such that

for all g € G. We then use this class of quantum channels and the isomorphism
to induce quantum channels on X. Finally we attempt to characterise the
contractive properties of these new channels.

1.1 Outline
The text is organised in the following manner:

We set notation and introduce various preliminaries, including
reduced twisted group C*-algebras, quantum channels and contractions.
This includes results and tools that we will use frequently in considering
the examples.

G = Zy. This is the simplest example, where G is finite and

the corresponding algebra C(Zy) is commutative. We give an explicit
isomorphism of C*(Zy) with CV and use this to construct a class of
quantum channels on CV. Next we show that these channels correspond to
a subset of the doubly stochastic matrices and investigate their contractive
properties. Here we give a condition for such a quantum channel being
strictly contractive w.r.t. d.

G =Zn %X Zy. In this example C} (G, o) is no longer commutative.
We exhibit an explicit isomorphism from C}(G, o) to My (C) and use
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it to construct a class of quantum channels on My (C). We then show
that this class is in fact the Weyl-covariant channels studied in quantum
information theory. Finally we consider their contractive properties.

G = Z. In this example G is no longer finite, but the corresponding
algebra C*(Z) is still commutative. We give an explicit isomorphic map

from C’(Z) to the continuous functions C(T) on the unit circle and
describe the resulting class of quantum channels on C(T). It would have
been interesting to also study the contractive properties of the resulting
quantum channels on C(T), but time did not permit this.

G = Z?. In the final example neither G is finite nor C(Z?,0) is

commutative. The example splits into two cases, depending on whether
a parameter € is rational or irrational. We describe two isomorphisms,
but there was not enough time to investigate quantum channels on these
algebras.



CHAPTER 2

Preliminaries

Throughout this thesis the ground field for all vector spaces and algebras is the
complex field C, unless explicitly stated otherwise. In addition, any group G is
also assumed to be discrete unless otherwise stated.

2.1 (C*-algebras and tracial states

The basic notion that we are concerned with is that of a C*-algebra. We start
by recalling this and some related concepts. This should mostly be familiar, so
we do not dwell on it in detail. A discussion of these topics can be found in
standard texts such as [Murl4], [Ped79| or [Bla06].

Definition 2.1.1. An algebra is a vector space A together with a bilinear map
AxA— A, (a,b)— ab

such that
a(be) = (ab)c

for all a,b,c € A.

A normed algebra is an algebra A together with a norm ||-|| on A such that
llab|| < |lal|-||b|| for all a,b € A. A Banach algebra is a complete normed algebra.
If a Banach algebra has a unit it is called unital.

Definition 2.1.2. An involution on an algebra A is a conjugate linear map
a — a* such that (a*)* = a and (ab)* = b*a* for all a,b € A. An algebra with
an involution is called a *-algebra.

Definition 2.1.3. A C*-algebra is a Banach algebra A with an involution

satisfying ||a*al| = ||a||? for all a € A. This relation is referred to as the C*-
identity. A C*-algebra is called unital if it contains a unit 1, i.e. la=al =a
for all a € A and ||1|| = 1. If aa™ = a*a, a is called normal. If a = a*, a is

called self-adjoint. Furthermore, a is called unitary if a*a = aa* = e, where e is
the identity element of A.

An example of a C*-algebra is the set of bounded operators on some Hilbert
space H, which we denote B(H). We will also consider the group of unitary
operators U(H) on H.

Theorem 2.1.4. Let A be a C*-algebra and a € A. Then the following are
equivalent:



2.2. LP-spaces

(i) a = b for some b= b*,
(ii) a = b*b for some b € A.
We say that any a € A that satisfies this is a positive element of A.

We write AT for the set of all elements of a satisfying [[heorem 2.1.4

Definition 2.1.5. A linear map ¢ : A — B between two C*-algebras A and B
is called positive if o (AT) C BT.
For a linear functional ¢ on a C*-algebra A this is equivalent to ¢(a*a) > 0

for all a € A.

Definition 2.1.6. A state ¢ on a C*-algebra A is a positive linear functional on
A of norm 1.

Definition 2.1.7. A positive linear functional on a C*-algebra A is called tracial
whenever 7(a*a) = 7(aa*) for all a € A.

We recall that the above condition is equivalent to 7(zy) = 7(yx) for all
z,y € A. [Murld] page 179.
Definition 2.1.8. A positive linear functional on a C*-algebra A is called faithful
if 7(a*a) = 0 implies a = 0.

By trace we will mean a positive faithful tracial functional, not necessarily
a state.

2.2 LP-spaces

For both reduced group C*-algebras and the twisted case, we need to know
about ¢2-spaces. Though there is a more general notion of LP-spaces that we
mention briefly, the former case is our main interest in this thesis. This is a

standard construction, see e.g. [MW13].

Definition 2.2.1. Let (€2, A, 1) be a measure space and 0 < p < oo. The
collection of all measurable functions f : €2 — C such that

1l = ( / f|pdu)‘° < oo,

where functions which are equal almost everywhere are identified, is denoted
LP(Q, A, ), or sometimes LP ().

It is well known that L?(Q2) is a Hilbert space. We will not be concerned
with other values for p. Rather, our main interest will be the case where both
p =2 and Q) = G is a discrete group equipped with the counting measure. This
space is denoted by 2(G), and is equivalently described as the space of all
functions ¢ : G — C such that

Y (9P < oo

geqG

It is possible to show that ¢?(G) is a Hilbert space with inner product
(€& Q) = 2 ,ec€(9)¢(g), where &, € /%(G). Tt also has a basis that we will
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make use of. For each g € G, let J, be the function

1 forh=g
59(h):{

0 otherwise,

where h € G. We also write J for §., with e being the identity element of G.
The following is a well known result.

Proposition 2.2.2. The set {0, | g € G} is an orthonormal basis for (*(G).

2.3 The reduced twisted group C*-algebra

Before we go on to defining the reduced twisted group C*-algebras, it is useful
to recollect the reduced group C*-algebras. A discussion on these algebras can
be found in . The rest of our work in this section is based on ,
but presented in more detail at points.

Recall that the unitary operators U(H) on a Hilbert space H is the subgroup
of B(H) of operators U such that UU* = U*U = I, which means that U* = U~!.
An equivalent description is that U is a surjective bounded operator that
preserves the inner product.

We further recall that the left reqular representation X of a group G is the
function X : G — U(F*(G)) given by A(g) = Ay, where A\, acts on (*(G) by
(A&)(h) =&(g7th) for all h € G, € € 2.

Definition 2.3.1. Let G be a group. The reduced group C*-algebra of G is

defined as "

C(G) =span{)\, | g € G} ',
where ||-|| denotes the operator norm in B(¢%(G)).
2-cocycles

The construction of a reduced twisted group C*-algebra is very similar to the
above, but to define it we need the following concept.

Definition 2.3.2. Let G be a group. A map o : G x G — T is called a 2-cocycle
on G (with values in the unit circle T) if it satisfies

o(g,h)o(gh, k) = o(h,k)o(g, hk)
for all g, h, k € G. Furthermore, we call 0 normalised if also
o(g,e) =o(e,g) =1

for all g € G, where e is the identity element of G. Unless otherwise noted, any
2-cocycle is assumed to be normalised. Multiplication of 2-cocycles is defined
pointwise.

Lemma 2.3.3. For each normalised o we have that o(g,g~ ') = o(g~1,9) for
all g € G.

Proof. Since o is a 2-cocycle we have that

o(g,h)o(gh,k) = o(h,k)o(g, hk)
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for all g, h,k € G. Inserting h = g~! and k = g this leaves us with

o(g,9 Nolgg ™' 9) =0alg™ ", 9)o(9,97"9),

which is equivalent to

o(g,9g " )ole,g) =0alg",g)o(g.¢).

Since ¢ is also normalised we have that o(e,g) = o(g,e) = 1, yielding the
result. u

Having introduced 2-cocycles we are ready to give the twisted counterpart
to the left regular representation.

Definition 2.3.4. Let G be a group and o a 2-cocycle. The corresponding
twisted left reqular representation A, of G is the function A\, : G — B({*(Q))
given by (A\;(9)¢) (h) = o(g,9~"h)E(g~"h) for all h € G.

In fact, A, (g) € U(F*(G)), just as in the left regular representation case. An
important difference between the left regular representation A and A, is that if
G is abelian, then A(g) and A(h) commute for all g, h € G. This is not true in
general for \,.

Projective unitary representations

Now we have the tools to define the reduced twisted group C*-algebra, but a
priori it will not be clear that it is in fact a C'*-algebra. Therefore we postpone
the definition until after a discussion of o-projective unitary representations,
which will help us show this.

Definition 2.3.5. Let G be a group and o a 2-cocycle. A o-projective unitary
representation U of G on a (non-zero) Hilbert space H is a map g — U(g) from
G into U(H) such that

U(g)U(h) = a(g,h)U(gh)

for all g, h € G.

Lemma 2.3.6. For a o-projective unitary representation U of G on H we have
that U(e) = Iy and

U(9)" = olg,97)HU(g7")
forall g € G.

Proof. By definition we have that
U(g)U(e) = o(g,e)U(ge) = U(g) for all g € G

because o is normalised. Similarly U(e)U(g) = U(g), hence U(e) = I3.
Consider now

U@U(g~") =0(g9.9 HU(g9™") = 0(g.97 ") I,

which means that
Ulg) |o(g,97DHU(g™")| = Ing.
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Thus o(g,g-1)U(g~!) is a right inverse of U(g). Similarly we have that

U(gHU(g) = o(g7 ", 9) I,

which means that
[7(9.9 U™ Ulg) = I

Hence o(g,g 1)U (g™ 1) is a left inverse also. This means that U(g)~!
a(g,g71)U(g™ 1), but since U(g) is unitary by definition, U(g)* = U(g)~
and the claim follows.

m -

The reason we are interested in this currently is that we can use the preceding
lemma to find the adjoints of elements in C*(G, o). This is possible due to the
next result.

Proposition 2.3.7. The twisted left reqular representation \, is a o-projective
unitary representation. In particular

Ao (9)As(h) = a(g,h)As(gh) (2.1)

for all g,h € G.
Proof. Since A, (g) is unitary for all g € G it remains to check

Let us compare how each side of the equation acts on ¢?(G). Suppose that
£ € ?(G) and g, h,k € G. Then

(Ao (9) A (h)E) (k) = (9,97 k) (Ao (9)€) (9 k)
=o(g,9 'k)o(h,h g k)E(h ™ g™ k)

by definition. We also have that

a(g,h) (Ao (gh)€) (k) = a(g, h)o(gh, (gh) ™ k)E((gh) k)
ol(g,h)o(gh,h~ g k)E(h™ g~ k).

Setting u = h~'¢~'k and using that o is a cocycle we get that

o(g,h)o(gh,h™ g~ k) = o(g, h)o(gh,u) = o(h,u)o (g, hu)
=o(h,h " 'g " k)o(g,hh ™ g~ k)
=a(g.g" 'k)a(h,h™ g7 k).

Hence A\, (9)\,(h) and o(g,h)\,(gh) act identically on ¢%(G), so we are
done. |

Corollary 2.3.8. I holds that
Ao(9)* = 09,97 A (97,
forall g € G.

Proof. Follows immediately from since A\, is a o-projective unitary
representation by [Proposition 2.9. 7} |




2.3. The reduced twisted group C*-algebra

The reduced twisted group C*-algebra

Having done some work, we get to define the main object of our study. Note that

the following definition is very similar to the familiar case of [Definition 2.3.1]

excepting the 2-cocycle.

Definition 2.3.9. Let G be a group and o a 2-cocycle. The reduced twisted
group C*-algebra of G is defined as

CH(G,0) = spanfra(g) [g€GT (2.2)

where ||-|| denotes the operator norm in B(¢2(G)), and A, is the twisted left
regular representation from [Definition 2.3.4

The preceding definition is important, as we will be preoccupied with these
algebras throughout this thesis. Sometimes we will want to consider the span
without the closure. We label this C(G, o) = span{A,(g) | g € G}.

Example 2.3.10. Let o be the trivial 2-cocycle, i.e. the 2-cocycle on G such

that o(g,h) =1 for all g,h € G. Then holds as usual, but
(Ao (9)€) (h) = 09,97 R)E(g™ h) = &(g7 ') = (A(9)§) (),
which means that C)(G, o) = C*(G) in this case. This shows that the reduced

group C*-algebra is a special case of the reduced twisted group C*-algebra.

As mentioned, it is not apparent that C*(G, o) is a C*-algebra, so we have
to check this.

Proposition 2.3.11. C*(G, o) is a C*-algebra.

Proof. We first show that (i) C(G, o) is a *-subalgebra of B(¢2(G)) and then
(ii) that C(G, o) is a C*-algebra.

(i) By definition, C(G,o) is a subspace of B(¢?*(G)). We have to check
that it is closed under multiplication and taking adjoints. Suppose that
z,y € C(G, o). Then there exists some finite subset F' C G and constants
¢g:dg € C,g € F such that x = 37 pcgAo(9) and y = 37, cp dpAo(h).
Their product becomes

ry =3 epholo) (Z dhxam))

geF heF

= D cdiAs(9)As(h)

g,heF

> codnolg, h)As(gh)

g,heF

by [Proposition 2.3.7, This is clearly in C(G, o). We also calculate

at = Z cgAol(g) | = Zég/\;(g) = Zﬁga(gag_l)/\a(gil)

geF geF geF

by [Corollary 2.3.8, This is also in C(G, o), which is hence a *-subalgebra
of B(F%(Q)).
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(ii) We have that C(G, o) is a subalgebra of B(¢%(G)), so we can equip it with
the operator norm restricted to C(G, o). Since it is also a x-algebra its
closure in operator norm C}(G, o) is a Banach x-algebra. The C*-identity
lla*a|l = ||a||* holds for all a € C(G, o)) since B(£*(Q)) is a C*-algebra.
Thus C}(G, 0) is also a C*-algebra, as desired.

In we will want to establish a x-isomorphism between some
C*(G',0’) and the N x N-matrices. To do so we will need a trace on C*(G’, 0’)
to show that our candidate for the s-isomorphism is injective. Luckily there
is always a natural choice of trace for each C} (G, o), given by 7(z) = (x4, 0).
Before we prove that 7 is in fact a trace, we show the following useful property.

Lemma 2.3.12. For each g # e in G we have that T7(A\;(g)) = 0, while
T(As(e)) = 1.

Proof. By the definition of 7 we have that 7(A,(g)) = (As(9)0, ). Furthermore
(As(9)9) (h) = a(g, 97 h)d(g~"h)

for all g,h € G. By definition §(¢g~'h) is equal to 1 whenever g='h = e, and
zero otherwise. This corresponds to h = g, which means that 6(g~'h) = §,(h).
In this case

o(g,g7'h) =o(g,e) =1

also, as o is normalised. Hence \,(g)d = 04, which means that

T(As(9)) = (As(9)0,0) = (04, 9).

As we saw in [Proposition 2.2.2] this is an inner product of orthonormal elements.
Hence the claim follows. |

Now we have the tools to show that 7 is a trace on C*(G,o). In our
upcoming proof of the x-isomorphism, it will not be enough that 7 is a tracial
state. There we want to use 7 to make a norm on C}(G’,¢’), and to do so it is
also necessary that 7 is faithful.

Proposition 2.3.13. There is a faithful tracial state T on C}(G,0) given by
T(x) = (xd,6). We call this the canonical trace on C¥(G, o).

Proof. Tt is well known that 7 is a state, see [Dav96] . We have to show that (i)
that 7 is tracial and (ii) that 7 is faithful.

(i) First we show that 7 is tracial. This means that 7(zy) = 7(yz) for all
x,y € CH(G,0). First suppose that g,h € G. By [Proposition 2.3.7| we
have that

T (Ao (9) Ao (R)) =7 (0(g, h)As(gh)) = (g, h)(As(gh)d, d).

Furthermore,

(Ao(gh)8,6) = > (Ao(gh)d) (k) 6(k),

keG

10
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(i)

but the only non-zero part of this sum corresponds to k = e, so it is equal
to

(Ao (gh)3) (e) 6(e) = a(gh, K™ g™ gh)é(gh),
which is non-zero only if gh = e, in which case it is equal to one. In this

case we have h = g~!. Hence we get that

T (Ao (9)As(h) =7 (As(9)Ao(971)) = 0(g,97 1.
Similarly
T(Ae(MAs(9)) = o9, 9),
but o(g7t,9) =o(g,971) bysince o is normalised. Thus

T (A (9)As(h)) = T (As(R)As(9)) (2.3)

for all g,h € G.
Now suppose that z,y € C(G,0). By linearity and we

get that 7(xy) = 7(yz), because z and y are finite linear combinations of
elements in C(G, o).

Finally suppose that x,y € C*(G,0). Since C(G,0) is norm dense in
Cr(G, o) there exist sequences {z;};,{y;}; in C(G, o) converging to x
and y respectively. Because multiplication is continuous this means that
{z;y; }i is a sequence converging to xy. Hence, by the continuity of 7,

T(zy) =7 <li?1 $z‘yi) = lilmT (iy;) = lignT (yiwi) = T(yx)

by the above argument, as each x; and y; is in C(G, o). Thus 7 is tracial.

Next we check that 7 is faithful. Recall that this means that if 7(z*z) = 0,
then necessarily @ = 0. Suppose, then, that 7(z*z) = 0 for some x €
C*(G, o). This means that (zd, zd) = 0, which again means that xd = 0.
Let a,b € G and consider

(204,0) = (xA5(a)8, A5 (0)3) = (A (D) 2o (a)d, 6)

since 7 is tracial. Furthermore
T( Ao () A6 (b)) = (Mo (a) Ny (b)*20,8) =0

since xd = 0. Since this means that (x0,,0,) = 0 for all a,b € G, we get
that = 0 and 7 is faithful.

We will make more use of 7 later, but is also helpful straight away. Earlier

we defined C* (G, o) = span{\,(¢) | g € G}

|-
! H, but could it be that some of the

Ao (g)’s are redundant, and we could make do with less? The following result

tells us that the answer is no.

Lemma 2.3.14. The elements of {\s(g) | g € G} are linearly independent.

11
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Proof. Let I’ be a finite subset of G and write x =, . n cp A\, (h). We claim
that ¢ = 7(xAs(g)*) for all g € F. Since 7 is a tracial state we get that

T(@As(9)") = T(As(9)"2) = (Ao (9)" 24, 0)

= (26, \s(9)6) = (e, dy)

(3 enrg(h)de,6g) = (D cnn, )
heF

heF

:Cg

since g € F and because the §,’s are an orthonormal basis for ¢*(G). If g & F
we get 0 instead. This means that the coefficients ¢, are uniquely determined
by x, which means that {\,(g) | ¢ € G} is linearly independent. [ |

Initially we will be interested in reduced twisted group C*-algebras arising
from finite groups. For these simpler cases this result gives us a basis for the
algebra.

Similar 2-cocycles

Suppose that we have two distinct 2-cocycles o and ¢’ on some group G. Are
then, informally speaking, C*(G, o) and C}(G,o’) necessarily distinct? The
following is taken from , and the answer is no.

Ifb: G — Tis amap with b(e) = 1, we get a 2-cocycle db on G given by

db(g, h) = b(g)b(h)b(gh).
If o and ¢’ are 2-cocycles on G, we say that ¢’ is similar to o when there exists
b such that o’ = (db)o.

Proposition 2.3.15. Let o and o’ be similar 2-cocycles on G. Then C(G, o) ~
CHG,d').

We will not work with similar 2-cocycles directly, but rather cite some other
source to establish classes of similar 2-cocycles such that we get to employ
|Proposition 2.3.15}

Bicharacters and 2-cocycles

We round out this discussion on the reduced twisted group C*-algebra with
an examination on the relationship between 2-cocycles and bicharacters. The
reason that we do this is that it will give us an easier way of checking that a
function is a 2-cocycle.

Definition 2.3.16. A character on a group G is a group homomorphism G — T.

Definition 2.3.17. A map ¢ : G x G — T is called a bicharacter if the map
g — ¢(g, h) is a character for all h € G, and similarly the map g — ¢(h,g) is a
character for all h € G.

Proposition 2.3.18. Any bicharacter on a group G is a normalised 2-cocycle
on G.

12



2.4. Quantum channels

Proof. Let w be a bicharacter on GG. For any g, h, k € G, we have that

w(g, h)w(gh, k) = w(g, h)w(g, k)w(h, k) and

w(h, k)w(g, hk) = w(h, k)w(g, h)w(g, k)
because w is a bicharacter. These are equal, hence w is a 2-cocycle. Furthermore
w(g,e) =w(g,ee) = w(g,e)w(g,e) for any g € G. Since w(g,e) € T this means

that w(g,e) = 1. Similarily w(e,g) = 1 for any g € G. Thus w is a normalised
2-cocycle. [ ]

2.4 Quantum channels

The two following definitions are standard, see [Wat18] and |[Bla06).

Definition 2.4.1. Suppose that ¢ : A — B is a linear map between C*-algebras.
Then ¢ is called completely positive if, for any k € N and positive matrix (in

the sense of [Theorem 2.1.4))

a1 o A1k
€ M (4),
k1 o Ok
the matrix
plarr) - plair)
: - : € My(B),
plap) - plark)

is also positive.

For the work we do in this thesis, demanding that quantum channels are
completely positive is not strictly necessary. In our applications mere positivity
would suffice, but we stick to the standard definition above.

Definition 2.4.2. Consider a pair (A, 7), where A is a unital C*-algebra and 7
a faithful tracial positive linear functional on A. Then a quantum channel on
(A, 1) is a T-preserving, completely positive linear map @ from A into itself.

Suppose that we have two isomorphic C*-algebras and a quantum channel
on one of them. Loosely speaking, can we then induce a quantum channel on
the other? This problem will arise often in this thesis, and the answer is luckily
yes:

Proposition 2.4.3. Let (A, 7) and B be a unital C*-algebras, where A has a
faithful tracial positive linear functional 7. Suppose that ® is a *-isomorphism
from A to B and Q is a quantum channel on (A, 7). Then Q = ®Qd~ "' is a
quantum channel on (B, 70 ®~1).

Proof. We have to show that Q = ®Q® ! is completely positive and preserves
70o® 1. Let b € B. The latter part holds because

70071 (Q(b)) =T QP (D)

=7(Q27' (1)
=70® 1(b),

13



2.4. Quantum channels

where the last equality holds since @ is a quantum channel on (A, 7), hence
r-preserving. Thus Q is 7 o &~ 1-preserving.

It remains to show that @ is completely positive. We show in detail that
Q is positive, and then sketch complete positivity. Let by € B be a positive
element, i.e. by = biby for some by € B. Then

Q(b1) = Q(bsba) = PQD " (b3bo) = @Q (2 (b2)* @1 (b2))

since ® is an *-homomorphism. Write ¢ = ®71(by)*®~1(bhy). Clearly, c is a
positive element of A, which means that Qc is positive, since @ is positive. This
means that there exists some a € A such that Qc = a*a. Hence

PQc = P(a*a) = P(a)"P(a),

which is a positive element of B. Hence Q is positive.

By [page 152, 11.6.9.3(i)], any *-homomorphism is completely positive.
Hence ® is completely positive. Then @ is completely positive as a composition
of completely positive maps. |

Quantum channels on the reduced twisted group algebra

In accordance with the project description we want to study a certain class of
quantum channels, which we discuss here.

Definition 2.4.4. [Dav96] A function ¢ on a group G (into C) is called positive
definite if

DD e (s5'si) 2 0 (2.4)
i=1j=1
foralln > 1,a; € C,s; € G, where 1 <14 < n. Furthermore we call ¢ normalised
if p(e) = 1.

We will apply the following result frequently. It was first shown in the
non-twisted case, i.e. ¢ =1, by U. Haagerup.

Proposition 2.4.5 ([BC09|, or [BCO6| for more details). Let ¢ be a normalised
positive definite function on G, and o a 2-cocycle. Then there is a quantum
channel Q, on (C}(G,0),T) satisfying

Qe(A\s(9)) = w(9)As(g) for all g € G, (2.5)

where T is the canonical trace.

Corollary 2.4.6. Suppose that B is a C*-algebra and ® : (C}(G,0) — B is a
x-isomorphism. Further assume that ¢ be a normalised positive definite function
on G, and o a 2-cocycle. Then

Qg& = (I)an(bil

is a quantum channel on (B,7 0 ®~1).

Proof. Since Q, is a quantum channel on C} (G, o) by [Proposition 2.4.5 then
Q, is a quantum channel on (B, 7 o ®~!) by [Proposition 2.4.3| [ |

14



2.4. Quantum channels

Later we will want to study these quantum channels in four cases. It
turns out that the definition of positive definiteness is not the most useful
for describing the (),’s in these situations. We therefore give an alternate
characterisation of them by Bochner’s theorem.

Recall that if G is a locally compact abelian group, the set of all continuous
characters on G can be made into a locally compact abelian group. This group
is called the dual group of G and is denoted G. When g € G and v € G, we

write (g,7) = v(g)-

Definition 2.4.7. [[MW13], adapted to our situation.] Let £ be a locally compact
Hausdorff space. A Borel measure p is said to be regular if for each Borel set B
and € > 0, there is a compact set K and an open set O such that K ¢ B C O
and p (O\K) < e.

Theorem 2.4.8 (Bochner’s theorem, [Loob3|, page 142, section 36A). Let G be
a discrete abelian group and ¢ a function on G. Then ¢ is positive definite if
and only if there exists a reqular Borel measure pn on G such that

v(g9) = /6<g, V().

Weyl-covariant channels

In [Chapter 4 we will want to compare the quantum channels arising from
[Proposition 2.4.5| with the Weyl-covariant channels on My (C). This section is
about the latter, and our discussion is taken from section 4.1.2 in , but
the notation is adapted to our purposes.

Let N € N and recall that Zy is the group {0,1,2,..., N — 1} with addition
modulo N, which we denote by +. For each pair (i,5) € Zn x Zy we also
let E; ; be the linear operator on CV given by E; ;j(ex) = e; if k = j, and 0
otherwise.

Definition 2.4.9. Let N € N, and write { = ¢! for notation. The discrete
Weyl operators is the collection of linear operators on CV on the form

(™MEE
mqmw - mo-+k,k>

kEZN

where (mi1,me) € Zy X Zy.

The discrete Weyl operators are unitary. We denote the standard trace on
My (C) by Tr.

Definition 2.4.10. A linear map ¢ from (My(C), Tr) to itself is called a Weyl-
covariant map if

‘ﬁ(MCthm)(My* ) :‘MCnhmq¢( )VV*

may,msa my,msa

for each X € My (C) and (my,msa) € Zy x Zy. If ¢ is also a quantum channel
it is called a Weyl-covariant channel.

In some spots this definition won’t give the most useful characterisation of
Weyl-covariant channels. The next two results will be used for checking whether
a map ¢ is Weyl-covariant, and characterising a Weyl-covariant channel.

15



2.5. Contractive channels

Theorem 2.4.11. Let ¢ be a linear map from (My(C), Tr) to itself. Then ¢ is
a Weyl-covariant map if there exist coefficients tum, m, € C, where (my, mg) €
Zin X L, such that

Wiy ims) = iy mo Wing ymo
for all (my,mg) € Zn X Zn.

By a probability vector p over a group G we mean a function p : G — [0, 1]
such that }° ., p(g) = 1.

Proposition 2.4.12. Let ¢ be a Weyl-covariant channel. Then there exists a
probability vector p over Zy X Zy such that

d)(A) = Z p(k17 k2)Wk17k2AW]:}kl,k2
ki,k2€ZN

for all A € My(C).

2.5 Contractive channels

The discussion in this section is taken from [FR17].
A density matrix is a positive semidefinite matrix D whose trace is 1. In
other words, the space of density matrices over CV is given by

{D € Mn(C) | D = B*B for some B € My(C),Tr(D) = 1}.

These matrices are important in mathematical physics and quantum theory.
They are a quantum mechanical analogue to phase-space probability measures
in classical statistical mechanics. In quantum mechanics, they are frequently
used for describing mixed quantum states. In mathematics they are used to
describe the state space of My (C). A useful property is that quantum channels
map density matrices to density matrices.

We mention this here because we are interested in the following generalisation
of density matrices.

Definition 2.5.1. Suppose that A is a unital C*-algebra, and 7 is a faithful
tracial state on A. We then let D, (A) denote the 7-density space of A, which
we define by

D.(A)={ae AT | 7(a) = 1}.

Proposition 2.5.2. The 7-density space of A is both convexr and closed in norm.

Proposition 2.5.3. If Q is a quantum channel on (A, T), then
Q(D-(A)) € D-(A).

Proof. Since @ is a quantum channel on (A, 7) it is 7-preserving. In addition,
the complete positivity of @ implies positivity of Q, hence Q maps AT into
AT, |

Later we will study whether or not certain quantum channels on D, (A) are
contractions. By this we mean that we are interested in studying when each of
the following conditions are satisfied for a given quantum channel.

16



2.5. Contractive channels

Definition 2.5.4. Suppose that f: X — X is a map on a metric space (X, d).
Then

1. f is nonexpansive, if d(f(x1), f(x2)) < d(x1,z2), for all x1, 249 € X.

2. f is locally contractive, if d(f(x1), f(z2)) < d(z1,x2), for all distinct
r1,x0 € X.

3. f is strictly contractive, if there exists a constant 0 < C' < 1 such that
d(f(z1), f(x2)) < Cd(x1,x2), for all z1, 22 € X. The number C is called
the contraction constant of f.

We sometimes refer to whether or not a function f is simply a contraction.
This is a vague reference to the above conditions that we use when we do not
wish to be precise.

For this to make sense in our case, we will have to specify some metric
d on D;(A). There are multiple possible metrics on D,(A). We will use the
upcoming Bures metric and trace-metric.

The Bures metric
Definition 2.5.5. We define the Bures distance dj; on D,(A) by

di(a,b) = /1 —7(Jazbz|),

Theorem 2.5.6. The function d is a metric on D, (A), for every unital C*-
algebra A and faithful trace 7 on A.

where a,b € D (A).

Hence we refer to dj; as the Bures metric instead. While we are concerned
that d7 is a metric on D, (A), it is more generally also a metric on A*. Having
settled on a metric, let us return to contractivity.

Proposition 2.5.7. If £ : A — A is a quantum channel, then the function
fe : D (A) = D (A)

defined by fe(a) = E(a), for a € D.(A), is a nonexpansive continuous affine
function on (D, (A),d%).

This, in particular, means that if we restrict a quantum channel to D, (A4),
then it is nonexpansive. The question then becomes whether a given channel is
subject to stricter contractivity properties.

The authors of refer to a channel £ : A — A as a Bures contraction
if fe is a locally contractive map on the metric space (D-(A4),dy). We will not
use this terminology.

Let us consider an example of a contraction.

Example 2.5.8. The completely depolarising channel Q) : A — A defined by

O(x) = :Ef;l,

for x € A, is a quantum channel that is strictly contractive w.r.t dj.

17



2.5. Contractive channels

Proof. The map (2 is trace preserving since

T(x) 1
Q(D,(A) ={—F=1}={——}1
©r(4) = (Z51) = {15}
since 7(z) = 1 for all € D,(A). The image Q (D,(A)) is thus a one point
set, implying that d5(Q(a), (b)) =0 for all a,b € D,(A). Hence Q is strictly
contractive w.r.t. dp. |

There is an additional point of interest here, specific to our setting. Suppose
that A = C¥(G, o), for some group G and 2-cocycle o, equipped with the
canonical trace 7. Furthermore, let o9 = G — C be the positive definite

function given by
(g) = 1 for g =ce,
Pl = 0 otherwise,

for all g € G. Then Q = @, where Q,, is the quantum channel on (A, 7)
from [Proposition 2.4.5]

We mention the following result.

Proposition 2.5.9. If £, and & are quantum channels on A, and if at least
one of them is locally contractive w.r.t. df, then so is t& + (1 — )&, for every
te(0,1).

Example 2.5.10. (Continued) Let us consider this result in the setting of
letting ¢ be a normalised positive definite function on G. Then

Q@ is a quantum channel in the same way as before, and
Qt = (1 —1)Qy +1Qy,
is locally contractive w.r.t. dj for each ¢ € (0,1). As ¢ is normalised,
Qp(As(0)) = Qp(As(0)) = ©(0)A5(0) = A5 (0).

Hence, choosing t close to 0, Q" agrees with @, on the identity and is perturbed
arbitrarily little elsewhere, while becoming locally contractive w.r.t. dj. Fur-
thermore, (1 — t)p + tyg is normalised positive definite, and Q* = Q(1—t)p+tpo-
The last equality holds because, for g € G,

Q'(9) = (1 = 1)Qu(9) +tQyp,(9)
= (1 =t)p(9)As(g) + two(9)As(9),

and

Q1=t)o+tp0 (9) = (1 =)@ +tpo) (9) Ao (9)
= (1 =1)p(9)As(9) +teo(9)As(9)

by [Equation (2.5]

18



2.5. Contractive channels

The trace metric
We turn to the other metric of interest. Let (A4, 7) be a unital C*-algebra and
7 a faithful tracial state on A. The trace norm ||-||; on A is defined
lally = 7(Jal),
for all @ € A. Tt gives rise to the following metric in the usual manner.

Definition 2.5.11. The trace metric d; on (A, ) is given by
di(a,b) = [la = bl

for all a,b € A.

This implies that d;(a,b) = 7(la — b|) for all a,b € A.
Raginsky shows a variant of [Proposition 2.5.9|for dy, i.e.

Proposition 2.5.12 ([Rag02| (page 6)). If & and & are quantum channels on
A, and if at least one of them is strictly contractive w.r.t. di, then so is
t& + (1 — )&, for every t € (0,1).

This gives that Q! = Q—t)pttp, 18 a strict contraction w.r.t. dy for any
normalised positive definite ¢ and ¢ € (0, 1), analogously to @I

In we considered the attractor property in [Definition 1.0.1} Sup-
pose that a map 7" on D, (A) is a contraction w.r.t d;. This does not necessarily
mean that it is a contraction w.r.t. dj, and vice versa. On the other hand,
what about the attractor property?

Proposition 2.5.13. The metric spaces (Dr(A),d1) and (D,(A),dy) are home-
omorphic.

Since homeomorphisms preserve topological properties, this means that for
some xg € D;(A), T"(z) — xg as n — oo w.r.t. dy if and only if the same
holds w.r.t. d. In other words, whether or not 7" has the attractor property is
independent of our choosing d; or d.

In our upcoming examples, we will study the contractivity properties of the
quantum channels @, from [Proposition 2.4.5{on D, (A), where A = C(G,0)
and 7 is the canonical trace from [Proposition 2.3.13|on C} (G, o).
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CHAPTER 3

The first example

In this chapter we consider the reduced twisted group C*-algebra of G =
Zyn,N € N and related quantum channels, including those arising from
Finally we study the contractive properties of these channels

All 2-cocycles on Zy are similar to the trivial 2-cocycle by [Theorem
7.1]. By |Proposition 2.3.15| this means that C(Zy,0) ~ Cf(Zy, 1) regardless
of our choice of 2-cocycle 0. As we saw in this further means
that C*(Zn,0) ~ C*(Zn). Hence we need only consider the reduced group
C*-algebra C}(Zy) in this chapter, and it will thus not be necessary to work
with 2-cocycles.

It is possible to use Gelfand theory to see directly that CX*(Zy) is *-
isomorphic to CV. We will describe an explicit isomorphism ® to apply

Corollary 2.4.6{to get quantum channels on C¥.

3.1 The isomorphism C*(Zy) ~ C~

The purpose of this section is to exhibit an explicit *-isomorphism ® from
C*(Zy) to CN. Our strategy in this regard is to split the task into three steps,
where each step is a x-isomorphism that takes us a part of the way. In the end
we compose these to arrive at .

Let I be the N x N identity matrix and

o0 --- 01
1 0 0 0
g— [0 1 0 0 ’
o0 --- 1 0
or in other words, S = [el ey - en_q eo], where eg = (1,0,...,0)T.

Note that S is unitary. We let C*(I,S) denote the C*-subalgebra of My (C)
generated by I and S.

Lemma 3.1.1. The linear map which is determined by A(m) — S™ is a *-
isomorphism from C:(Zy) to C*(1,S5). We write CX(Zy) = C*(I, S).

Proof. The map is well defined as it is linear and defined on a basis by

Lemma 2.3.14] and C}(Zy) being finite dimensional. Also, it is clearly a homo-

morphism and it is *-preserving since (S™)* = S~™, while A\(m)* = A(—m) by
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3.1. The isomorphism C(Zy) ~ CN

Jorollary 2.3.8| since o is trivial by assumption. It is surjective as it is onto

both generating elements.
Further, let 2,y € C*(Zy) with « # y. Then there exists constants ¢y, dj,

for k € Zx such that
x = Z A (k) — Z "

k€Zn k€Zn
and
y= Y diA(k)—~ Y dipS*.
k€Zy k€Zn
Injectivity of the maps follows since the S*’s are linearly independent. |

Next we note that since S is unitary, it is in particular normal. Hence we
can apply the spectral theorem for normal matrices. This means that S can
be diagonalised by some unitary matrix W. To determine the factorisation we
need to find the eigenvalues of S.

Lemma 3.1.2. The eigenvalues of S are {¢!¥F | k€ Zy}.

Proof. We calculate the eigenvalues by solving the characteristic equation
det (A —S) =0 for A. Clearly,

A0 0 -1
det(\—-8)=|0 —1 -~ 0 0

0 0 —1 |

A0 0 0 1 0 1

1 A 0 0 0 -1 0 0
—Adet | 0 1 0 0 +det P
: : : : 0 o -+ =1 X

0 0 - —1 A 0 0 - 0 —1]

by expanding the determinant along the top row. The first term is AN. If N is
even, the + above is a +, but the determinant is —1 as there are N — 1 terms
along the diagonal. On the other hand, if N is odd, the + becomes —, but the
determinant is +1. Either way we have

det A\ —S) =AY —1=0,
yielding the result. |
The eigenvectors of S are the vectors on the form

2m j2m N
b, = (1,611\77",...,6“\77"(1\[ U)

for m € Zy. Hence we can write

1 0 0
0 ¥ 0
S=w W, (3.1)
0 0 0
0 0 iR (N-1)
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3.1. The isomorphism C(Zy) ~ CN

where W is the unitary matrix containing the normalised eigenvectors of S, i.e.
1
VN

Using this diagonalisation of S we can show that C*(I,.S) is isomorphic to
the diagonal N x N-matrices on C. Let us denote these matrices by M Dy (C).

Lemma 3.1.3. The map ¢ : C*(1,5) — MDy(C) defined by

W= (bl bl b ]

x = W*zW
for all x € C*(1,S) is a *-isomorphism.

Proof. Let x,y € C*(I,S). First we show that ¢ takes values in the diagonal
matrices. Let © € C*(I,S). We can then write

N—1
T = apS*
k=0
for some o € C, k € Zy. Then
P (r) =W W
N-1
=W (Z akSk> W
k=0
N—1
=3 aWrskw
k=0
1 0 0 ¥
N-1 0 ei%’ 0
=3 W | W we | w
=0 0 0 0
0 0 eI F(N-1)
1 0 0
N—1 0 ei%k 0
=D :
o 0 0 0
0 0 ei%’k(N—l)

which is a diagonal matrix. Next, 1 is linear because
Y(ax +y) = W (ax +y)W = aW*aW + WyW = ay(z) + ¥ (y)
for all a € C. Moreover, the map is a *-homomorphism since
xy — WrayW = (W*aW) (W*yW),

and
5= W W = (W*aW)*

as W is unitary.
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3.1. The isomorphism C(Zy) ~ CN

C*(Zn) ——— C*(I,8) —=— MDy(C) —— CN

)

Figure 3.1: The #-isomorphism &

We see that ¢ is injective as follows. Suppose x # y for x,y € C*(I, ).
Then

V() —(y) =W aW — WyW =Wz —y)W # 0
because x — y # 0 and W is unitary.
In addition, we have that dim (C*(I,S5)) = dim (C*(Zy)) = N, due to

Since 1 is injective its rank is IV, which means that ¥ is
surjective by the rank-nullity theorem. |

The aforementioned diagonal matrices are again #-isomorphic CV through
the map

D~ Y Dey. (3.2)

meZLn

In other words, D is sent to the vector of its eigenvalues. The composition of
the three isomorphisms discussed up to this point finally gives us the desired

isomorphism from C(Zy) to CV. See [Figure 3.1

Theorem 3.1.4. The linear map ® from C}(Zy) = C*(I,S) to CN determined
by
o (S™) = by, (3.3)

for allm € Zy is a x-isomorphism.

Proof. Let m € Zy, then S™ € C*(I,S). Note that

1 0 0 "
0 ¥ 0
sm=|w w*
0 0 0
0 0 ... £FW-1
1 0 0 "
0 ¥ 0
W , w*
o o0 . 0
0 0 ... exW-1
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3.2. Quantum channels on C}(Zy)

by and W unitary. Applying the isomorphism 7/ in|Lemma 3.1.3

we get
1 0 o 1"
0 ¥ 0
ST WEW W*W
0 0 0
0 0 R W1 |
0 eFm ... 0
oo 0
0 0 ce et FmWV-D) |

Applying the isomorphism from to this we get

(1 ™ ei%"m(N—l))
This means that ® is equal to the composition of those maps on the elements
that generate C*(1,.S), and is thus equal on all of C*(I,.S) by linearity. Hence
® is the composition of *-isomorphisms, and is therefore a *-isomorphism
itself. |

Note that { by, | m € Zy} is an orthonormal basis for CVV.

3.2 Quantum channels on C(Zy)

In this chapter quantum channels on both C}(Zy) and CV are considered.
For this to make sense we must specify which faithful tracial positive linear
functionals they are equipped with, as per Throughout this
chapter 7 denotes the canonical trace on C(Zy) from [Proposition 2.3.13] and
Tr: CN — C is defined by Tr(z) = Zf\!ol z; for all z € CV. This is a faithful
tracial positive linear functional, we omit the proof. In the context of quantum
channels we write C*(Zy) and CV as shorthand for the pairs (C¥(Zy), ) and
((CN , Tr) respectively.

We want to study the quantum channels @, that we get from
but it is hard to grapple with what it means that ¢ is a positive
definite function on Zpy. Therefore our first order of business is to use Bochner’s
theorem to characterise ¢ in terms of a stochastic vector.

Proposition 3.2.1. Let ¢ be a normalised positive definite function on Zy .
Then ¢ is associated with a stochastic vector p € RN in the sense that there
exists such a p such that

N—-1 42
p(m) = ¥ mp(k) (3.4)
k=0

for allm € Zn. We write ¢ = ¢,. Conversely, if p is a stochastic vector, p, is
normalised positive definite.
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3.2. Quantum channels on C}(Zy)

Proof. Since Zy is abelian and ¢ is a map on Zy implies that

 is a positive definite function on G = Zy if and only if
e(g) = /a<g,v>du(v),Vg €G

for some regular Borel measure p on G. In our case we have G = Zy ~ Zy by
the map
k— Yk ke€Zn,

where .
(m) = e F

for all m € Zy. Hence we get that

(m) = /A<m77>du(7) - / (m, i) da(k)

ZN ZN
N-1 N-1 (3.5)
P
= > (m)p(k) = Y e Frmp(k)
k=0 k=0

for all m € Zy, and p is the vector with k’th entry p(k) = p({k}). Since p is a
measure, necessarily p(k) > 0. As we additionally demand that ¢ is normalised,
i.e. that ¢(0) =1, we get that

N-1

N-1
p(0) = > e FMp(k) = Y plk) =1,
k=0 k=0

which means that p must be a stochastic vector.
Conversely, if p is a stochastic vector, then the map ¢, defined by

N-1
pp(m) = Y "X p(k)
k=0

for all m in Zy, is on the form mandated by Bochner’s theorem, and is thus
positive definite. [ |

We could make a slight alteration to the above result by not demanding that
¢ be normalised. Then ¢ corresponds to a vector r € RV with non-negative
entries, but not necessarily to a stochastic vector.

Now that our grip on ¢ is more firm, we get to give a general expression for

Qe

Corollary 3.2.2. Let ¢, be a normalised positive definite function on Zy. Then
there exists a quantum channel Q,, on C)(Zy) such that

N-1
Qyp, (A(m)) = p(m)A(m) = (Z eimmp(k)> A(m) (3.6)
k=0

for allm e Zy.

Proof. Since ¢, is positive definite, Q,, exists by [Proposition 2.4.5and is on
the form Q, (A(m)) = @(m)A(m). The rest follows from [Proposition 3.2.1, M
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3.2. Quantum channels on C}(Zy)

Qe Qe

Cr(Zy) —2—— N

Figure 3.2: The induced map Q¢ for G =2Zn

Induced channels on CY

At this point a question arises. We have a collection of quantum channels on
C#(Zy) as well as an isomorphism C(Zy) ~ CV. Could we turn these into
quantum channels on CV as well, using [Proposition 2.4.37 What then, are
the properties of these new channels? We start answering these questions by
expressing the new channels in terms of p.

Theorem 3.2.3. Let p be a stochastic vector in RN and let ¢, be the normalised
positive definite function associated with p, in the sense of [Proposition 3.2.1].

Then the quantum channel Q% on CN arising fromlCorollary 2.4.@ s on the
form

e F Rz, b )p(k) b (3.7)

1
P
N m=0 k=0

for all z € CN.

Proof. Let z € CNV. We want to calculate Q,, (2) = ®Q,, ®(2). Since
{=by, | m € Zy)
N m | T N

is an orthonormal basis for CV we can write

1 Nl
z== (z,b)bp,
m=0
Hence, by linearity of ® andm
| N-1
P Hz) = — (z,b,,)S™
N m=0
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3.3. General quantum channels on CV

Next we use the identification of A(m) with S™ from |Lemma 3.1.1] together
with we get that

by definition of Q% and P. [ |

Note that this is a somewhat cumbersome formula. In [Section 3.4l we derive
a more convenient description, but let us first take a detour to consider what
quantum channels on CV look like in general.

3.3 General quantum channels on CV

Our goal in this section is to show that the quantum channels on (CV,Tr)
correspond to the stochastic N x N-matrices, where

Lemma 3.3.1. Let Q be a quantum channel on (CN, Tr). Then the standard
matriz Q' of Q is a stochastic matriz.

Proof. Let z = (29,21,...,2n_1) be a positive element in CV, which by
means that z = w*w for some w € CN. If w = (wg, w1, ..., wN_1),
then w* = (Wo,W1,...,wn-1) and w*w = (Jwi|?, [we|?, ..., [wn—_1]?), which
means that z has non-negative entries.

Since @ is completely positive it is in particular a positive map. Since z is
positive this means that @z is positive, and has non-negative entries. Suppose
that the (¢, j)’th entry of Q" was negative. Then the i’th entry of Qe; would be
negative. Since e; is positive, this would mean that @ is not positive, yielding
a contradiction. Hence @)’ has non-negative entries.

Next we show that the sum of each column in Q" must be 1. Let ¢; ; be
the (4, 7)’th entry of @'. Then Tr(Qe;) is equal to the column sum of the j'th
column of @’. Since Tr(e;) = 1 for all j € Zy and Q is Tr-preserving, this
means that the column sum of each column of )" is 1. Since Q" has non-negative
entries this means that @’ is a stochastic matrix. |
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3.3. General quantum channels on CV

Lemma 3.3.2. Let P be a N x N-dimensional stochastic matriz with entries p; ;.
Then the corresponding linear operator P on ((CN, Tr) is a quantum channel.

Proof. Let j € Zy. The map P is Tr-preserving by linearity of Tr because

~ N-1
Tr (Pej) =) pij=1
=0

since P is stochastic.

It remains to show that P is completely positive. Since CV is abelian
it is sufficient to check positivity. Let z € CV be a positive element. By
z = ww for some w € CV. This is clearly equivalent with z having
non-negative entries. Since the standard matrix of P has non-negative entries,
Pz must also be positive. Hence P is a quantum channel on ((CN , Tr) |

Put together, these two lemmas provide us with what we wanted. Let us
summarise our discussion in a proposition.

Proposition 3.3.3. Let Q : CN — CY be a linear map. Then Q is a quantum
channel on (CN,Tr) if and only if its standard matriz is stochastic.

Proof. Immediate from [Lemma 3.3.1] and [Lemma 3.3.2] |

Even though we have now achieved our goal in this section, one question
remains. While Tr may be a natural choice of trace for CV, it is not the one
suggested by [Proposition 2.4.3] namely 7 0 ®~!. This discrepancy could cause
problems, for are the quantum channels on (CV, Tr) the same as the quantum
channels on (CV,7 0 ®~1)? Fortunately the difference turns out to be simply a
matter of scaling, relieving us of this issue.

Lemma 3.3.4. Let T be the canonical trace on C}(Zn) and ® the isomorphism
from [Theorem 3.1 Then

1
&= —Tr.
T O N

Proof. Let z € CN. Since {+b,, | m € Zy} is an orthonormal basis for CV we
can write z = Zan;é (2,by,)b,, . Then

N-—1
To® T (2) =700 (zlv <z,bm>bm>

Now, we know from [Lemma 2.3.12|that 7(A(m)) is 1 if m = 0, and 0 otherwise.
Thus

Tod ! (z) =
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3.4. The standard matrix of Q.,

Proposition 3.3.5. Let Q be a map on CN. Then Q is a quantum channel on
(CN,Tr) if and only if it is a quantum channel on (CN, 70 ®1).

Proof. We merely have to note that @ is Tr-preserving if and only if it is

T o &~ _preserving since these are equal up to a constant by [Lemma 3.3.4| and
@ is linear. |

3.4 The standard matrix of Q,,

In this section we want to arrive at a more illuminating description of Q%
than the one from [Equation (3.7) and see how this fits into the larger picture
from |Section 3.3l To that end we want to find the standard matrix for Qg, for
¢ =p. Let 0 < j < N, then

N-1N-1
1 P27
=~ Nk (e by )p(k)by,
m=0 k=0
1
N—-1 ei%"m N-1
_ 1 —i%’mj i%"mk k
- N : € € p(k)
m=0 . k=0
eizlq,‘m(Nfl)
1
N-1 N-1 1 el rm o
_ p(k) N e tN T I mk
k=0 m=0
et Nm(N )

227 - 27 227 .
because b,,, = (1, eV e’Wm(N—l)) and (e;, b,,) = e~ ™. We have to
consider

1
ei%’"m
e—z oA m]ez 5 mk
et Nm(N 1)

What does each term in this vector look like? Numbering the terms by ¢ we
get that the ¢’th term is

IR MM iR mk _ iR m(a—ith)

Now, there are two cases. Either ¢ — j + k is equal to 0 or IV, in which case the
¢’th term is 1. Otherwise

N
N—1 N—1 R (ei%ﬂ(q—ﬁrk))
Z iZEm(q—j+k) (ei%’(q—j+k)) _ S —0.
m=0 m=0 1- elﬁ(quJrk)
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3.5. Contractive channels on CV

What this means is a bit opaque, so let us consider an example. Letting
7 =0 we get that

22 m(0—0+k)

el
~ N-1 N-1 1 ot R m(1—0+k) N-1
Quole) = Y0 3 . = 3" pRen-i
k=0 m=0 : k=0
el R m(N—1-0+k)

where the - denotes subtraction modulo N, i.e. ey, = ep. This is equal to

Incrementing j by 1 we get that the 0’th term of C:)<P(el) is p(1). Continuing in
this manner we get that the standard matrix of @, is

p(0) p(1)  p(2) p(N —1)
p(N—=1)  p0)  p(1) p(N —2)
p(N—2) p(N—1) p(0) : (3.8)
: " p(1)
p(1) p(2) o p(N=1)  p(0)

Note that this is a doubly stochastic matrix. Reiterating, this means
that each induced quantum channel Q, on C;(Zy) corresponds to a doubly
stochastic matrix on the above form through the aforementioned isomorphism.
We give our results for this chapter so far in the following theorem.

Theorem 3.4.1. Let Q@p be the quantum channel on (CV, 70 ®~1) fmm

corresponding to the stochastic vector p. Then Q, is also a quantum
channel on (CN,Tr) and its standard matriz is on the form|Equation (3.8

Proof. That Q% is a quantum channel on (CV, Tr) follows directly from
sition 3.3.5) while the standard matrix is established in the above discussion.
[ |

3.5 Contractive channels on CV

Our final task in this chapter is to study the contractive properties of the
quantum channels Qw discussed above. We are interested in which circumstances
the conditions stated in[Definition 2.5.4 hold for these channels. The metric space
of interest is (CV, d), where d is either the Bures metric d5" from
or the metric d; : CV — R defined by

dy(z,w) = Tr(|z; — w;|),

for all z,w € CN. Let us start with the latter.
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3.5. Contractive channels on CV

Note: As per our definitions, we are interested in whether or not certain
functions are contractions. Nevertheless we sometimes talk about matrices being
contractions. If we say that a matrix A is a contraction, our precise meaning is
that the function f4 : CN — C¥ defined by fa(z) = Az is a contraction.

Contractions with relation to d;

From |Theorem 3.4.1) we know that each Q% has a doubly stochastic standard
matrix on the form [Equation (3.8)} Let us name this matrix A,. Before we
tackle this class of matrices we consider what is known more generally. We
mention the following result, which is adapted to our notation.

Proposition 3.5.1 (|[HR16](Proposition 4.1)). Let ¢ : My(C) — Myn(C) be a
linear map. If ¢ is positive and Tr-preserving, then ¢ is non-expansive w.r.t.
dy.

Applied to our situation, we get

Corollary 3.5.2. Let ¢, be a normalised positive definite function on Zy. Then
Q% is non-expansive w.r.t. di.

Proof. We have from |Proposition 3.3.5| that Q@p is Tr-preserving, so the result
follows by [Proposition 3.5.1} |

The following theorem is an amalgamation of [KNR11|[Theorem 2.1] and
[KM14][Proposition 3.2], adapted to our notation.

Theorem 3.5.3. Let S = [s;5];; be an N x N stochastic matriz. Then the
following are equivalent:

(i) S is strictly contractive (w.r.t. di),

)
(i) S s locally contractive (w.r.t. di),
(iii) all entries of ST'S are positive,

)

(iv) for all k,l € Zn there exists j € Zy such that sjksj >0, d.e. sj and s
are both non-zero.

As mentioned, we know from that

p(0) p(1)  p(2) p(N —1)
p(N—1)  p0)  p(1) p(N —2)
Ap=|p(N-2) p(N-1) p(0) ' (3.9)
: - p(1)
p(1) p(2) ... p(N=1) p(0)

Hence A, is completely determined by the stochastic vector p. Therefore
it seems reasonable that there should be some condition on p that makes
A, strictly contractive. To get to this condition we will describe (iii) from

in terms of p.
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3.5. Contractive channels on CV

Proposition 3.5.4. All entries of AgAp are positive if and only if

N—-1
p(i)p(i+j) >0 (3.10)

i=1
forall j € Zy.

Proof. We compute that A;";Ap =

p(0)  p(N-—-1) ... p(1) p(0)  p(1) ... p(N-—1)
p(1) p(0) o p2)] [p(N—=1) p(0) ... p(N—2)
PIN=1) p(N=2) .. pO)] | p1)  p@ ... pO)

SN ) SN pp(E) . SN pli)pli N1

S p(i)?
S p(i)p(it1)
S p(i)?

This matrix is symmetric, the entries below the diagonal have been removed
to conserve space. Each term from [Equation (3.10)[appears once in any row or
column of this matrix. The remaining entry of any such row or column is then
Z?:OI p(i)?, but this is always positive since p is stochastic. By
A, is strictly contractive if and only if this matrix has positive entries, yielding
the result. |

Proposition 3.5.5. The quantum channel Q% is a strict contraction on CN if
p contains at most g — 1 (rounded up) entries that are 0. In other words, if

more than half of the entries in p are positive.

Proof. We want to check that [Equation (3.10)| holds for all j € Zy. To do this
we first reformulate the problem. For a given j, [Equation (3.10)[holds if and
only if there exists some i € Zy such that p(i)p(i+j) > 0. This is true if and
only if both p(i) # 0 and p(i + j) # 0. Since we only care about whether a
given entry in p is positive or not, we replace p with a new vector p € RY that
stores this information. That is, p(i) = 1 if p(i) > 0, and p(:) = 0 otherwise,
foralli e Zy.
We introduce the claim

P(j) : there exists i € Zy such that p'(i) = p/(i+j) = 1. (3.11)

for each j € Zx. Note that P(0) always holds, regardless of the choice of p.

The claim P(j) is equivalent to [Equation (3.10)[ holding, not for all j, but

for a single one. Then the problem of whether @, is a strict contraction is
equivalent to the claim

P : P(k) holds for all k € Zy. (3.12)

illustrates an example where P holds, but it is neither required nor
wholly explained at this point.
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3.5. Contractive channels on CV

Figure 3.3: Counterexample to the converse

We claim that if
N-1 N
> p') = {2J +1, (3.13)

i=0
then P holds. Note that says that more than half of the entries
in p’ are 1.
Suppose that P does not hold. Since P does not hold there exists some
Jj € Zy such that P(j) does not hold. This means that for any i € Zy, at
least one of p’(i) and p’(i+7) is equal to zero. This means that at least half the

entries in p’ are zero, which means that [Equation (3.13)[ does not hold. Hence

the claim follows contrapositively.
[ |

Is it possible to improve upon this result? By this we mean to ask whether (i)
it is possible to demand fewer positive entries in p, or (ii) whether the converse
of the proposition holds.

For (i), suppose we demanded half instead, which is at most one less than

before. Then for N = 2 we get e.g. p = [1,0], for which p/(0)p’(1) = 0, hence
A, is not strictly contractive w.r.t. d; by For (ii), regard
Fxample 3.5.0)
Example 3.5.6. Suppose that N = 7 and p is such that p’ = [1,1,0,1,0,0,0,0].
We are interested in whether A, is strictly contractive w.r.t. d;. Following
the proof from [Proposition 3.5.5] this is equivalent to checking P from [Equaj
tion (3.12)

In extension of the explanation from the proof, we can regard p’ as a circle
with N = 7 nodes where we measure the distance k£ between two nodes along
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3.5. Contractive channels on CV

the circle edge. A distance of k is equivalent to a distance of N — k. This
corresponds to the fact that e.g.

p'(@)p'(i+5) = p'(i4+2)p' (i) = p'(D)p' (i+2),
which is true since 5+2 = 0.

From the above observation we see that it is sufficient to check P(k) from
for k =1,2,3 to establish P. This is easily done in this case,
see . In words: j = 0 satisfies P(1), j = 1 satisfies P(2) and j =0
satisfies P(3).

We have seen that P is satisfied for our choice of p, hence A, is strictly
contractive w.r.t. d;. The point of this example is that

- -+

while it is not true that p has 4 positive entries, it has 3. This means that we
could not have applied [Proposition 3.5.5| to show that A, is strictly contractive
w.r.t. dy, even though it is.

The converse of [Proposition 3.5.5|is that if fewer than half of the entries in
p are positive, then A, is not strictly contractive w.r.t. d;. The above example
shows that this is not true. Hence we do not know what happens if the condition
of [Proposition 3.5.5|is not satisfied.

Suppose that we have some strict contraction @ : My (C) — My (C). Then
we know that there exists some C' < 1 such that d;(Q(A), Q(B)) < Cdy(A, B)
for all A, B € Mn(C). There are still questions to ask about Q. For instance,
what is the best contraction constant for Q7 By best we mean the lowest
possible contraction constant. The next result gives us some insight into this
question.

Proposition 3.5.7 ([KNR11]). Let A € Mn(C) be on the form

A= [ao ar ... aN_l]

. If A satisfies the best contraction constant C4 for A w.r.t. dy

is
1
OAzimaX{HakfalHl Dk, l€Zn}. (3.14)

Applied to our case, we get

Corollary 3.5.8. Suppose that A, satisfies|Theorem 3.5.3. Then the best con-

traction constant Cy, for the quantum channel Q,, w.r.t. dy is
1 N—1
Cp = 5 max ]ZO p(j) = p(j+k)| : k€ Zy

Proof. We have that A, is on the form A, = [ap a1 ... any_1], where a =
[p(k) p(N—=1+Fk...p(14k)]. Then A, satisfies [Proposition 3.5.7 by assumption,
and the best contraction constant for A, is

1
Cp,= §max{|\ak —a|r : k,l€Zy}

1
= imax{Hao — ak||1 ke ZN}
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3.5. Contractive channels on CV

by the structure of the a;’s, briefly ax(i4j) = ;- ;(i). Using the definition of
I]l1 and the of a;’s this is again equal to

1
szimax Z|a0 Y—ar(j)] : k€Zy

N—
1
= — max Z p(j+k)| : k€Zn
j=0

Contractions with relation to dj;

Let us turn to the Bures metric next. For a unital C*-algebra we defined d}}
on the its Tr-density space. Currently the C*-algebra under consideration is
CY, so the Tr-density space becomes
Dr(CY) = {a e CY | Tr(a) = 1}

= {a € RY | a is a stochastic Vector} .
In other words, we are interested in quantum channels on the N-dimensional
stochastic vectors. We recall from [Definition 2.5.5] that the Bures metric on
D1 (CV) is given by

d(a,b) = /1 — Tr(lazb3])
for all a,b € D,(CY). Furthermore

N-1

Te(ja2b?[) = > a(i)?b(i)? (3.15)

=0

where a(7) is the i'th entry of b. Note that this is always a number in the
interval [0,1]. Otherwise d%, would not be a metric.

The question is then how this relates to Q% (or A,). Since each Q% is
a quantum channel we already have from [Proposition 2.5.7 that it is at least
non-expansive.

Let a,b € D1 (CV). For A, to be locally contractive we need that

d’gr(Apa7 Apb) < dgr(av b)v

which is equivalent to

V=T (4,0)5]) < /1 = Tr(ladv2]), (3.16)
which is again equlvalent to

Tr(|(Apa)® (Apb) ) > Tr(|laZb?]).

Let us calculate each of these quantities. The right hand side is known from
Equation (3.15)l and it is possible to compute that the right hand side is

) ) N-1 [ /N—-1 3 /N1 3
Tr(|(Apa) (Ap0)%)) = ) <Z pli— j)@(l’)) (Z p(i— J')W)) :
j=0 i=0 i=0
(3.17)
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3.5. Contractive channels on CV

which means that we are interested in finding a condition on p such that

M\»—-

- (ip(i—j)a(i)> <Z_:p(i—j)b(i)> >Za )2b(i)7. (3.18)

§=0 i=0 i=0
We have not been able to find such a condition, and consider two examples

instead.

Example 3.5.9. Suppose p = [1 0], then A, = I. Hence A, is not a strict
contraction w.r.t. d.

Let us pick some other seemingly harmless p, and attempt to get a strict
contraction.

Example 3.5.10. Suppose p = [3 % 0], then

S
3
\
]
—~
[\
~
S
—~
S~—
g}
—~
—
~—
Il
N= Ol
(el NIES SIS
N== O

Let a and b be stochastic vectors in R®. Then, by [Equation (3.17

Tr(|(Apa)? (Apb)?]) i)(zOPZJ )(ZP’LJ )

Jj=

1 1
1 1 21 1 2 1 1 271 1 2
(go0e30) Grogn) = (onvam) (3m3%)
1 1
+(Rao+ san) (Sbo+ iby)
2?0 2™ )

By we want to compare this to

N

=

(3.19)

agbd +aibi +ajbi. (3.20)

If @ = b, then |[Equation (3.19)|is equal to [Equation (3.20) What happens
otherwise is less clear.
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CHAPTER 4

The second example

In this chapter we consider the twisted reduced group C*-algebra of Zy X Zy .
To do so we need to define some suitable 2-cocycles. Our first order of business
is to establish that it makes sense to define our algebra in the desired way.
Afterwards we show that the algebra is isomorphic to the N x N matrices and
study the relationship between the quantum channels from [Proposition 2.4.5|
and the Weyl-covariant channels from [Definition 2.4.10} Finally we regard the
contractive properties of these channels.

4.1 Setting

Let G =ZN x Zy for some N € N and let k € {0,1,..., N — 1}. Throughout
o1, will denote the cocycle on G given by

25
ox((mr,ma), (n1,n9)) = * TN (4.1)

for all (my, ma),(n1,n2) € G. We write o as shorthand for o7. As stated
we want to show that C*(Zy X Zp,0) ~ My(C), where My (C) is the space
of all N x N matrices over the complex numbers. The elements of GG will be
denoted both on the form g € G and (m1, m2) € G throughout this chapter.
Our first task is to show that each oy is actually a 2-cocycle.

Proposition 4.1.1. The map oy, is a bicharacter on G, hence a 2-cocycle.
Proof. Fix (k1,ke) € G and define v : G — T by
v ((m1,m2)) = ox((m1, ma), (k1, k2)).

This is a homomorphism because

v ((m1,ma)(n1,n2)) = ox (M1 + n1,ma +n2), (ki, k2))

— iR (matna)ke _ ikZEmaiks jik T naks
=7 ((m1,m2)) v ((n1,n2))
by definition of v and oj. The map +' defined by
v ((m1,m2)) = o ((k1, k2), (m1, m2))

is similarly a homomorphism. Hence oy is a bicharacter on G. By
ion 2.3.18| o, is thus a normalised 2-cocycle on G. |
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4.2. The isomorphism for k = 1

Since each oy, is a cocycle it makes sense to define C(Zy X Zy, o) for each
k also. Having defined this algebra, we want to define an explicit *-isomorphism
with the V x N matrices over C. Our strategy will be to find a suitable linear
function that maps basis elements of C}(Zy X Zn,0y) into My (C). We have
done most of the work finding a basis for the former already, but let us state it
here.

Lemma 4.1.2. The set {\,, ((m1,m2)) | (m1,ms2) € Zn X Zn} is a basis for
CHZn x Ly, o) for each k € {0,1,...,N —1}.

Proof. For any N € N, {A\,, ((m1,m2)) | (m1,m2) € Zn x Zn} is a finite set
that spans C(Zy x Zy, o), by [Definition 2.3.9] It is a basis since it is also
linearly independent by [Lemma 2.3.14] |

All 2-cocycles on G are similar to oy, for some k € {0,1,..., N — 1}. This
can be shown from [Kle65|(Theorem 7.1), but is also mentioned explicitly in
e.g. [Li+19](Example 3.1). By [Proposition 2.3.15] it is thus sufficient to study
each C*(Zy X Zy,0k), we need not consider any other 2-cocycles.

4.2 The isomorphism fork =1

Throughout this section we will only consider o, for the case k = 1. In it we will
establish an explicit isomorphism ® : C(Zyn x Zy,0) — My(C), but before
we define @ it will be useful to discuss a basis for My (C). The case for general

k is postponed to

Two useful matrices

Having found a basis for C}(Zy x Zy, o)) our next task is to give matrices
which we can map these basis elements onto. One natural choice could be to
employ the matrices with a single 1 in the (7, j)’th spot, and all zeros otherwise.
This is clearly a basis, but it turns out to be impractical for our purposes. We
have to go about this in a more circuitous manner.

Let N € N and denote w = ¢ ¥ . Consider the N x N-matrices

1 0 - 0
0 w . :
D= andS:[e1 o en-1 60]7
R 0
0O --- 0 wi-?

where {e;}5 ! is the standard basis for C¥ with ey = (1 0 ---0)”. Both
S and D were discussed in as well. These matrices correspond to
linear operators in £(CN) given by D(ex) = ¢'* ¥ e, and S(ey) = e i1, where
+ denotes addition modulo N.

The following lemma is clearly true; the proof is omitted.

Lemma 4.2.1. D and S are unitary matrices with DY = SN = Iy.

We will see later that the elements of My (C) on the form =i % mim2 pm1 gma
for (m1,mz2) € G constitute a basis. This is a convenient motivation for how we
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4.2. The isomorphism for k = 1

will define our isomorphism @, but in our presentation the truth of this claim
follows from @ being an isomorphism rather than the other way around.

Next we discuss a commutation relation for D and S that we will make use
of.

Lemma 4.2.2. For the above matrices we have the following commutation rule
DS =¥ SD.

Proof. Tt suffices to show this for the corresponding linear transformations
applied to an arbitrary basis vector e;. We see that

2

2|y

(SD) (ex) = § (Dex) = § (¢*F ey ) = *H 3 (ex) = *F ey,

and
(DS) (ex) = Deyyq = R R e, =D e, | = T Fe, .
Hence (DS‘) (ex) = €% (5‘[7) (er) for all k. [ |

Lemma 4.2.3. Let n,m € N. For the above matrices we have the following
commutation rule
SnpD™ — e—i%’mansn-

Proof. By |Lemma 4.2.2| we have that SD = e~ DS. To commute S™D we
;27

have to apply the lemma n times, hence S"D = e "~ "DS". Thus S"D™ =

e~ ®nDS"D™1 and by doing this m times we get the result. [ ]

An explicit isomorphism

Now we get to define our candidate for the *-isomorphism. For the remainder of
this section we let @ be the linear function from C}(G, o) to My (C) determined
by

D (A, (M1, mg))) = e P& mimz pmigms, (4.2)

This is well defined as ® is a linear function defined on a basis, see
As we have mentioned, we want to show that ® is a *-isomorphism. Much of
the necessary work was done in previous sections, but let us still split the proof
in two parts. First we show that ® is a *-homorphism.

Lemma 4.2.4. The map ® defined above is a x-homomorphism.

Proof. We start by showing that ® is a homomorphism. As ® is linear it is
sufficient to check this for the basis elements. Let (mq,ms), (n1,n2) € G, then

P (As ((m1, m2)) Ao ((n1,n2)))
= o((m1,m2), (n1,n2))® (Ao ((m1 + n1,ma +n2)))

by [Proposition 2.3.7| By definition this is again equal to

el T mans o —i5F (matna)(matne) pmatna gma+ns

_ efi%' (mima+monitning) pmitni gmatna
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4.2. The isomorphism for k = 1

On the other hand we have that

® (Ao ((m1,m2)) @ (Ag((n11,112)) = eI F ™2 P gma g =i mnz pm gna
— e—igﬁ’r(mlmg-i-nlng)Dm] gm2 pni gnz.
By applying the commutation rule from we get that this again
equals
e—i%"(mlmg-i-nlng)Dmle—i%’mgnl Dntgme gn2
_ e—i%”(m1M2+mzn1+n1nz)DM1+n1 sz-&-nz’
as in the first case. Hence ® is a homomorphism.
Next, we have to show that ® (A, ((my1,m2)))" = ® (A, ((m1,m2))*). We

calculate each side separately. Note that S* = S~! and D* = D~!, so the left
hand side becomes

¢ ()\a((ml,mg)))* = e*i%mﬂnszlSmZ)
eizﬁﬂmlmz (ST)mz (E)ml

_ ei%’mlmg S—ng—ml

_ ei%m1mze—i2ﬁ"(m1)(m2)D—m1 §—m2
— DG
by the commutation rule from

For the right hand side we recall that A, is a o-projective unitary represen-
tation by [Proposition 2.3.7] Then implies that

@ (Ao((ma,ma))") = @ (520 (=my, —m2))
= ei%”mlmze—i%’(—7n1)(—m2)D—m1S—mz
=DM S§Tme,
Hence @ is also #-preserving, and we are finished. |

Next is the main result of this section. In addition to being our current goal,
we will also need it later when we study Weyl-covariant channels.

Theorem 4.2.5. Suppose G = Zy X Zn for some N € N. Let
o :CHG,0) = My(C)

be the linear transformation given by
B\, (m1,mp)) = e~ R mIm2 pma gme
for all my,ms € G. Then ® is a x-isomorphism.

Proof. From we already know that @ is a *-homomorphism. The
main job that we have to do in this proof is establishing that ® is injective. To
do so we will make use of the canonical trace 7 defined in |Proposition 2.3.13]

Since 7 is a faithful trace we can define a norm on C}(G,o) by |z|, =
T(z*z)?, since ||lz||; = 0 implies 2 = 0. Had 7 not been faithful, we would
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4.2. The isomorphism for k = 1

merely have had a seminorm. Similarily, ||Al|;, = tr(4*A)Z is a norm on
Mpy(C), where tr is the (normalised) standard matrix trace. If we can show
that @ is isometric in regard to these norms, it will be an injection.

We want to show that 7 = tro®. It is sufficient to show this for A, ((my, m3))
for all (my,ms) € G since those elements are a basis and both 7 and tr o ®

are linear. Let (mq,m2) # (0,0). Then 7(A,((m1,m2))) = 0 by [Lemma 2.3.12

while
tro @\, ((m1,ms))) = tr (e*i%“mlmzpmlsm)
— efi%wmlmztr(Dmlsmﬂ.

Let us calculate D™ S™2. Recall that D and S have corresponding linear
~ = ~ 2 5

operators D and S defined by D(ej) = e¢* ¥ ej, and S(ey) = e, ;. Hence the

k’th column of D™S™2 is given by

DmlSmQ@k = Dm1 Chimy = ei(k+m2)M12ﬁﬂek-‘;—m2'
Now, if mo # 0, this means that each diagonal entry of D" S™2 is 0, so the
trace is 0. If my = 0, then my # 0, so we get that

N—-1
tr (Dm1 SmQ) — Z 6z'km12W7r
k=0

I
e

In either case we have that 7(A\,((m1,m2))) = tr o ®(A,((m1, ms))) for all
(my,mg) # (0,0). If (my,m2) = (0,0) we simply get 7((0,0)) = 1 and tro
D(\y((m1,m2))) = e = 1. Hence 7 = tro .

Since 7 = tr o @, ® is norm preserving w.r.t. ||-||- and |||+, An isometric
linear transformation is injective. As ® is then injective, dim ker(®) = 0, which
means that

N? = dim C/(G,0) = dim ker(®) + dim im(®) = dim im(®).

Because dim My (C) = N? also, and ® is linear, this means that ® is surjective
as well. Hence @ is a x-isomorphism and we are finished. |

Corollary 4.2.6. The set
{7t Rmamz pmigma | (1 my) € Zy x Ly}
is a basis for My (C).
Proof. By [Theorem 4.2.5] @ is an isomorphism and
¢ ({Ao (m1,m2) | (m1,ms) € G}) = {7 FmMm2pmigms | (my my) € G}

Since the former set is a basis by the latter set is then a basis for
Mn(C), -
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4.3. Quantum channels on C(Zy X Zn,0)

4.3 Quantum channels on C*(Zn X Zn, o)

In this section we are interested in examining the relationship between the
quantum channels on C}(Zy X Zy, o) arising from positive-definite functions ¢,
and the Weyl-covariant channels on My (C). As in we use Bochner’s
theorem to characterise ¢.

Proposition 4.3.1. Let ¢ be a normalised positive definite function on Zpy .
Then @ is associated with a probability vector p over Zy X Zy in the sense that
there exists such a p such that

plmymy) = Y7 TRy k), (4.3)
(k1,k2)€G

for all my,my € Zn. We write ¢ = ¢,. Conversely, if p is such a probability
vector, @, is normalised positive definite.

Proof. As G is abelian, we know by [Theorem 2.4.§] that ¢ is positive definite if
and only if there exists a regular Borel measure p on G such that

ﬂ@zé@ﬂ@@- (4.4)

It is well known that
(k1,k2) = Yk k)

where

i 25 (k k
'V(kl,kQ)(mlymZ) — ¢ & (kimi+kama)

is an isomorphism of G with G. Hence Equation (4.4)| becomes
p(mi, ma) = /G<(m17m2)a7(k1,k2)>dﬂ((kla k2))

= [ by, k)
G
which means that

i 2z m m
p(mi,mg) = Y el Fmatkema)p g k),
(kl,k‘g)GG

where p(k1, k2) = u({k1, k2}). Since u is a measure p has non-negative values.
As we additionally demand that ¢ is normalised we get that

p(0,0) = Y @ REORDpG k)= N (ki ke) =1
(kl,k2)eG (kl,kz)EG

which means that p is a probability vector over Zy X Zy.
Conversely, if p is a probability vector over Zy X Zy, then the map ¢,
defined by

N—-1
pp(mi ma) =Y ' FE
k=0
for all my, mo € Zy is positive definite by [ |
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4.3. Quantum channels on C(Zy X Zn,0)

Qe Qe

Cx (G, 0) ——2——— My(C)

Figure 4.1: The induced map Q¢ for G=7Zn X Zn

As was the case in [Chapter 3| we could relax our condition that ¢, be
normalised. Then the corresponding p is just a map p : Zy X Zn — [0, 00), not

necessarily a probability vector.

Corollary 4.3.2. Let @, be a normalised positive definite function on Zy x Zn .
Then there exists a quantum channel Q,, on C}(Zn X Zy,0) such that

Qp, (A(m1,m2)) = Z ¢! F matkama)y oy o) | Ag(ma,ma)  (4.5)
(k1,k2)€G

for all my,ms € Zy .

Proof. Since ¢, is positive definite, @, exists by|Proposition 2.4.5/and is on the
form Qg, (As(m1,m2)) = @(m1,m2)As(m1, m2). Then [Equation (4.5)]follows
|

from [Equation (1:3]

Induced channels on My (C)

Let ¢ be a (normalised) positive definite function on G. By [Proposition 2.4.5|
we know that there exists a quantum channel Q, on (C} (G, ), 7) satisfying

Qe(Ms(9)) = p(9)As(g) for all g € G. (4.6)

From [Theorem 4.2.5| we know an explicit *-isomorphism & : C}(G,0) —

My (C). Hence each @, induces a quantum channel Q, = ® 0 Q, 0 &~ on
(Mn(C),70®7 1) by but it can be shown that 70 ®~! = L Tr,
where Tr is the standard matrix trace. This was essentially done in the proof of
where we showed that 7 = tro®. Hence Qg, is a quantum channel
on (My(C),Tr) as well, analogously to [Proposition 3.3.5] See [Figure 4.1}

Our current goal is to show that each @, is a Weyl-covariant channel. These
were discussed in To do so we first need to characterise the Q.,’s.

Theorem 4.3.3. Let p be a probability vector over Zy x Zy and let ¢, be
the normalised positive definite function associated with p, in the sense of
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4.3. Quantum channels on C(Zy X Zn,0)

Proposition 4.3.1|. Then the quantum channel Q% on Mn(C) arising from

[Corollary 2.4.6]is on the form

QLP (e—i%’mlngmlsmg) _

4.7
S R mmithemap () | e R mma prgme 0
(k‘l,kQ)GG

for all my,ms € Zn .

Proof. That Qpp exists was established in the above discussion. Next we want an
expression for Q,(A) when ¢ = ¢,. That is, we want to calculate ®oQ, 0P (A).
We know how ®~! works on matrices on the form e~ i3 mim2 D™ 8™ g0 let
us start with that. Since these matrices constitute a basis for My (C) by

this is in fact sufficient. Calculating we see by definition of ®
that

;27

Po Qsﬂ 0! (eflﬁmnnszlsmz) =do Qg, ()\g(ml, mz))
= ((p(ml, m2))\o'(m1) m2))

by [Equation (4.6), which is again equal to

;27

3o R hmithamay gy fy) | e iR mime prgme
(k1,k2)€G

by definition of ® and In conclusion,

Q(p (67i2ﬁwm1m2Dm1Sm2) —

§ ei%(klm1+k2m2)p(k1,k2) e—i%"mlszmlsmz.
(k1,k2)€EG

|Equation (4.7)| is useful because it completely describes Q% due to

lary 4.2.6
As stated, we want to show that Qy is a Weyl-covariant channel. We can

do this by using [Theorem 2.4.11} but @ is defined on

{e—iQﬁ’rmﬂnszlSm2 | (ml,mg) € Zn X ZN}

Rather, we are interested in how it acts on the discrete Weyl operators. Luckily
it turns out that these operators are in fact identical to our matrix basis
elements.

Lemma 4.3.4. The set of linear operators corresponding to the set of matrices
{e " Fmmap™Gme | (my my) € Zy x Ly}

is the set of discrete Weyl-operators.
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Proof. We have to show that

i 25 ko o —i2Tmima ym1 dmeo
g e'N E,ix=¢"% D™Ss
kEZNn

for all my,mo € Zy. We write D and S because the left hand side is an
operator, and the right hand side strictly speaking would be a matrix otherwise.
To do this we apply each part to the standard basis vector e,, for some n € Z .
Doing this with the discrete Weyl-operators we get

on S 2m
§ : 15 kmy . _ ptEnmy .
( e N E?ng-‘rk> €p =€V €mytn
kEZN

because E,,, i\ r€n = €,,,1, whenever k =n, and 0 otherwise. On the other
hand

e—i%mlmzﬁml gmgen _ e—i%mlmgﬁmlem2+n
— e—i%"mlmg ez’%‘ml (m2+n)en12+nl
= ei%ﬂ-mlnenm_;;_n’
which completes the proof. |

This means that we can consider the basis for My (C) to be the discrete
Weyl-operators.

Corollary 4.3.5. Identifying each discrete Weyl-operator W, m, with its stan-
dard matrix we may write

Qoy Winyma) = | > @ FEmthamalpo o) | Wonyima- (4.8)
(kl,kz)EG
Proof. This follows from applying [Lemma 4.3.4] to [Equation (4.7)| |

Now we know how Qg, acts on the discrete Weyl-operators, so we can check
that it is a Weyl-covariant channel.

Proposition 4.3.6. The map Qp is a Weyl-covariant channel.

Proof. We want to calculate Qg, (Winy,ms) for each mq,ms € Zy. By |Corol
we have that

~ j2m
Qapp (Wm1,m2) = Z el N (klml+k2m2)p(k17 k2) W’V?Ll,ﬂ’Lz
(k1,k2)€G
Setting
D DI e
(k1,k2)EG
for all my, ms € Zy we see that Qg, is a Weyl-covariant map by [Theorem 2.4.11
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Theorem 4.3.7. Let T : Mn(C) — Mpy(C) be a linear map. Then T is a
Weyl-covariant channel if and only if there exists a (normalised) positive definite
function ¢ on Zn x Zy such that T' = Q, on My(C).

Proof. Suppose first that there exists such a ¢. Then T is a Weyl-covariant
channel by [Proposition 4.3.6]

For the other direction, suppose that T is a Weyl-covariant channel. We
want to check that there exists some positive definite function ¢ such that
T and Qs& act identically on the basis elements. Since T' is Weyl-covariant
|[Proposition 2.4.12] implies there exists a probability vector p over Zy X Zy
such that

T(A) = Y plhr, ko) Wi, 5, AWE, 4,

k1,k2€ZN

for all A € My (C). In particular, for my,ms € Zy,

—'LQWWL m m m —IQJ’m m m m *
T (e Fmmapmgne) = N7 pky, ko) Wi, e R DS

ki,k2€ZN
_ Z p(k1, k2)e—i2ﬁ"k1k2Dk1 Sk‘z e—i%’mlszml g2 ei%’klkgs—ng—kl
ki,k2€ZN
= > plky ko) DF1§F2 D gme GRe D= iR mama
k1,k2€ZN

Next we apply the commutation rule from to get
Skszl — e_i%mlkZDml Sk}z

and
Dk'l gm2 — ei%klmz szDkl.

Returning to [Equation (4.9)} this means that
T (e—i%mlngml Smg)

= Z p(kl’ k2)Dk1 (Sk‘zD’rrn) Sm2S_kQD_kle_i2WKm1m2
k1,k2€ZN

— E kl; k2 Dk)l ( —z%"mlkann Skz) SWLQS—k‘QD—k‘le—izWﬂTannQ

2 2
k‘1,k2 Dm1 (Dl. sz) kle ”Llek‘Qe 1R MIme

I
M

_ § : kl k2 Dm1 ( —"klmgsnglm) D—k‘qe—i%'mlkge—i’%mlmg
)
k1,k2€ZN

27

_ Z p(k17 k2)67i2ﬁ(m1k2+k1’ﬂ7,2) 672 N mima Dm1 sz
ki,k2€ZN
(4.10)
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Now we are nearly done, but two of the indices are wrong. Swapping variable

names for k; and ky in [Equation (4.10)| we get that
T (e—i%’mlngml sz)

;27

_j2m _j2m
— E p(k17 k2)e LR (m1k2+k1m2) e LR m17n2Dm1 Smg
k1,k2€ZN

2 : _42m _s2m
— p(k27 kl)e LR (m1k1+k2m2) e LR mlngml Smg
ki,ko€ZnN

~ _2m
— Q , e 1 N mlngml sz ,
#p

where p'(ki,ks) = p(ko, k1) for all ki, ks € Zn. In the last step we used

Equation (4.8)[and the fact that for each p, ¢, is a positive definite function.

Hence T and @, are equal on each basis element, and therefore on My (C).
Thus the proof is finished. |

4.4 The case for general k
In [Theorem 4.2.5| we showed that C’(G, o) ~ My(C), but what we actually

wanted was C) (G, 01) >~ My(C) for all k € Zy. The latter is what we will be
concerned with in this section, but it turns out to only hold for some k. We
do not show this directly, but rather show that C(G,oy) is *-isomorphic to
Cr(G, o) for the relevant k € Zy.

General remarks

Let us start with some more general remarks and the return to the situation at
hand later. In this subsection we assume that GG is a group, o a 2-cocycle on G
and o : G — G a homomorphism with a(e) = e. Furthermore 0, : G x G — T
is a map given by

galg,h) = a(alg), a(h)) (4.11)
We check that this is in fact also a 2-cocycle, which lets us define C} (G, 04).

Lemma 4.4.1. The map o, defined above is a 2-cocycle.

Proof. The proof follows by computation. Let g, h,k € G. Then, by definition
0a(g:h)oa(gh, k) = o(a(g), a(h)) o(a(gh), a(k))
=o(a(g),a(h)) o(a(g)a(h), a(k))

since « is a homomorphism. Using that o is a 2-cocycle we get that this is
again equal to

o(a(h), a(k)) o(a(g), a(h)a(k)) = o(a(h), a(k)) o(alg), a(hk))
= 0o(h,k)oa(g, hk).
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Hence o, is a 2-cocycle. It is normalised because

9a(g,€) = o(a(g),ale)) = o(alg),e) = 1,
since a(e) = e by assumption and o is normalised. |

We denote by Aut(G) the group of automorphisms on G, i.e. bijective
homomorphisms from G to itself. From now on, in this subsection, we also
assume that o € Aut(G).

Next we define the map U, : £2(G) — (*(G) by (Us€) (9) =& (o (g)). Tt
has the following properties.

Lemma 4.4.2. The adjoint U} of U, is U,-1, and U, is unitary.

Proof. The inverse a~! is defined since a € Aut(G). Let ¢,¢ € £2(G). Then

(Ua, Q) = (Ua) (9)C(9) = > & (a™(9)) C(9),

geG geG
and
(& Ua=10) = > &(h)([Ua=10) (h) = > &(h)¢ (alh))
heG heG

These are the same since we can substitute h = a~*(g) in the second sum. This
shows that U* = U L.
It is clear that U, is unitary because, for all g € G, we have that

(UaU€) (9) = (Uak) (alg)) = & (a7 (alg))) =& (g)

and
(UaU6) (9) = (Ual) (@™ (9)) = € (ala™H(9))) = £ (9),

which means that both UXU, and U,U} are equal to the identity operator. W

Lemma 4.4.3. Let g € G and consider the corresponding A, (g) € CX(G,04)
and Ay (g) € C(G,0). We have that

Uas, (g)Ua*z =As (a(g)) .

Proof. The proof follows by computation. Let £ € £2(G) and h € G. Then by
definition of the twisted left regular representation

(A ((9)) §) = o (alg), alg)~'R) (alg)™'h) .

while
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Our preceding construction lets us give an explicit *-isomorphism between

Cr(G,04) and CF (G, 0) as follows.

Proposition 4.4.4. The map 7, : C}(G,0,) — CX(G, o) given by
() = UnzU}

forx € CX(G,04) is a x-isomorphism.

Proof. By [Lemma 4.4.3] 7, maps C*(G,0,) into C*(G, o). As U, is unitary
by [Lemma 4.4.2 we have that for all z1, 2, € C(G,04)

T (1) (22) = (Ua21UL) (UgwoU)) = Ugxr22U) = mo(2122).
Also, for z € C¥(G, 04),
Ta ()" = (UaaUy)" = (U3) 2" Uy = ma(z").

Hence 7, is a *-homomorphism. Furthermore it is clearly linear since U,, is.
Note next that for y € C}(G, o), 7, has an inverse 7, ! given by

T (y) = UlyUs

because U, is unitary. This maps C;(G, o) into C} (G, 04) bym
Hence 7, is a #-isomorphism.

Keeping the last two results in mind, we return to the matter at hand.

Our case
Recall that we are working with the case G = Zy X Zy and are studying the
2-cocycle oy, on G given by o ((m1,m2), (n1,n2)) = e kminz gee [Section 4.1
To proceed we start by, for each k € Zy, defining a map oy : G — G by

ag ((m1,mz2)) = (mq, kma).

This is clearly a homomorphism that sends 0 to O.

The key point in this argument is that we know from elementary number
theory that o € Aut(G) if and only if £ and N are relatively prime. Keeping
this in mind we consider the 2-cocycle oy, from [Equation (4.11)|for o = o and
a = ap. We get

Oay, ((Mm1,m2), (n1,12)) =

=0k (m17m2)a (n17n2)) :
Hence in fact 0,, = o). Let us summarise our results in a proposition.

Proposition 4.4.5. Let N € N and k € Zn be such that k and N are relatively
prime. Then m, : CF(G,01) — CH(G,0) given by

Ty, () = U, U,

is a *-isomorphism.
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Proof. Because oy, € Aut(Zyx x Zy) this follows from [Proposition 4.4.4] since
Oay = Ok- [ |

Theorem 4.4.6. Let N € N and k € Zy. Then CX(Zy X Zn, o)) and My (C)
are x-isomorphic if and only if k is relatively prime to N.

Proof. Suppose that k and N are relatively prime. Then C}(Zy X Zn, 0y) is
s-isomorphic to C}(Zn X Zy, o) by |Proposition 4.4.5, which is x-isomorphic to
My () by

For k£ and N not relatively prime, show that Zy x Zy has multiple
oj-projective representations. Had C(Zy X Zy, o) been isomorphic to My (C),
there could only have been one. |

As we do not get an isomorphism for the case where k and N are not
relatively prime, we restrict ourselves to the case where they are.

Quantum channels on C*(Znx X Zn, o) revisited

Having found an isomorphism we once more let ¢ be a (normalised) positive
definite function on G and turn to studying the quantum channel Q7" on
C* (G, o},) arising from|Proposition 2.4.5, By|Proposition 2.4.3|and the preceding
discussion, Q7! = mq, Q% Tr(;kl is a quantum channel on C*(G, o).

Our current goal is to mimic the construction of Q, on My(C) from
|Section 4.3} To do so we first check how Q7' acts on C;(G, o). Since Q7' is
linear it suffices to apply it to the basis elements. Hence we calculate, for g € G,

Q' (Ao(9)) = 70, Q7' 15, (Ao (9))
= Ta, Q3" (U;k.)‘o'(g)Uak)
= 70, Q% (Mor (01 (9)))

by Using [Proposition 2.4.5 we get that this again is equal to
Taw (9(@71(9) Ao (9)) = 0(a (9))Ua, Ao, (@7 (9))Us, = @l (9)e(9),
by G T3] Thus
QF (Ao (9)) = wlag ' (9)) A (9)- (4.12)

It follows that Q7' is the quantum channel associated with the positive
definite function ¢ o a,;l.

Since both 7,, and ® are s-isomorphisms, so is their composition. Hence
ng = &7, QF 71';]3(1)_1 is a quantum channel on My (C) by |Proposition 2.4.3l

See [Figure 17

We want an explicit expression for ng, but repeating our previous arguments
would be tedious. Instead we notice that Qfok = @leqfl. Since Q7' is a

quantum channel on C* (G, o), we can use our earlier work from |[Section 4.3
- 27T
Recall from |Corollary 4.2.6| that elements on the form e™*~ ™12 D1 §m2

where my, my € Zy, constitute a basis for the N x N matrices. Let m1, ms € Zn,
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4.4. The case for general k

Ta >
Cx(G, o) ?_f},,,,,? Cx(G,o1) ?’ My(C)
7k o1 o2
C3(Grow) ———— C}(G,1) ———*——— Mn(C)

Figure 4.2: The induced map Qg’“

then by definition of ® (Equation (4.2))
ng (efi%‘mlngml Smg) _ (ngl ‘I)fl (efi%‘mlngml Smg)

= ®QF (As(m1,ma))
=P ((p(alzl(mhmz)))\a(ml’m?))

by [Equation (4.12)l Using linearity and the definition of ® once more,
this again is equal to @(agl(ml,mg))e’izﬁﬂm”mDmlsz. Since ay, is a bijec-
tion there is for each (m1,mg) € G a unique element lj ,,,, € Zn such that
a,:l(ml, mg) = (M1, g, m,). Hence we can write

® (alzl(mla mQ)) eiizﬁﬂmlm2DmISm2 = (P(mh lk7m2)eii2ﬁﬂmlm2DmISm2

_ E ei%’(klml-&-kgklk,mz )p(k17 k2) e—izﬁ"nblngnLl gma
(k1,k2)€EG

by Concluding, this means that

ng (efi%mlszml SmZ)

)

. . (4.13)

_ Z elﬁﬂ(klm1+k2lk,1n2)p(kl7 k) et MAma M1 gma
(kl,kg)GG

Theorem 4.4.7. Let  be a normalised positive definite function on G. Then
the map Q7 : Mn(C) — My (C) discussed above is a Weyl-covariant channel.

Proof. By [Equation (4.13)| we have that ng satisfies [Theorem 2.4.11| with

i 5 (k kolk,m
Oy iy = Z ot R (krmatkaly, 2)p(/€1,k2)
(k1,k2)EG

for all my, mo € G. Hence the claim follows. [ |
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4.5. Contractive channels on My (C)

Since Q7 is a Weyl-covariant channel, and Weyl-covariant channels are

described by some Qp in [Theorem 4.3.7, we get to forget about the case k # 1

when k and N are relatively prime.

4.5 Contractive channels on My (C)

We end this chapter by discussing the contractive properties of the quantum
channels @, that we have considered so far. Our main piece of information

about them is from Studying the contractive properties of

the channels Qw is equivalent to studying the contractive properties of Weyl-
covariant channels. As in we are interested in the d;- and d;-metrics.
The Tr-density space of My (C) is

D1 (Mn(C)) = {a € My(C)* | Tr(a) =1},

which is the usual space of density matrices, discussed in [Watl8] (density
operators).

Contractions with relation to d;

Let @ be a quantum channel on My (C). We are interested in whether or not
it is a contraction w.r.t. the di-metric. The di-metric on My (C) is defined by

d(A, B) = Tr(|A — B))
for all A, B € My(C). Here Tr is the standard matrix trace. We mention the
following result, which is adapted to our notation.

Proposition 4.5.1 (|[HR16] (Proposition 4.1) ). Let ¢ : Mn(C) — Mn(C) be a
linear map. If ¢ is positive and Tr-preserving, then ¢ is non-expansive w.r.t.
dy.

Applied to our situation, we get

Corollary 4.5.2. Let ¢ be a normalised positive definite function on Zy x Zy .
Then Q) is non-expansive w.r.t. di.

Proof. Since Qcpp is a quantum channel on (My(C),Tr) the result follows by
|Proposition 4.5.1} |

That @ is non-expansive is all well and good, but we would like to know
more. Specifically, for which ¢ is Qp a strict contraction? We follow \\ in
introducing the contraction coefficient n™* w.r.t. d; of a quantum channel ¢ on
Mny(C) as

7T (8) = sup {‘b(ﬁ - fﬁ?”l | a,b € Dry(My(0)), 0 # b}

= Sup{ <Z|5|Sl”)||1 | a € Mn(C) with a = a”, Tr(a) = 0 and a # 0} .
1

This is the lowest number C' such that ¢ is a strict d;-contraction w.r.t. it.
They mention that ™ is a quantum generalisation of the Dobrushin coefficient
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4.5. Contractive channels on My (C)

of ergodicity, and that

N (¢) = %sup{”d)(E) — ¢(F)|1 : E, F rank 1 projections in My(C), E L F'}.

Furtherfore, we have the following result.

Proposition 4.5.3 ([HR16] (Proposition 4.2)). Let ¢ be a positive Tr-preserving
map on My (C). Then the following are equivalent.

(i) n™(¢) <1,
(ii) Tr(d(E)o(F)) > 0 for all rank one projections E,F € Mx(C), E L F.
(iii) Tr(p(A)pd(B)) > 0 for all positive (semidefinite) A, B € My(C).

Our goal now is to use [Proposition 4.5.3| to put some condition on p such
that Q% is a strict contraction w.r.t. d; whenever that condition holds, similar
to the role [Proposition 3.5.5] played in We have not been able to
accomplish this, and settle for an example.

Example 4.5.4. Let M be an N x N-matrix. Since the discrete Weyl-matrices
form a basis for My (C), we can write M = >_ 7= €y ,ms Wiy ,m, for some
Cmy.m» € C. Suppose p(0,0) =1, and p(i, j) = 0 otherwise. Then

anp(M) anp Z Cmy,ms Winy mo

mi1,m2€LN

= Z thmz ngp (Wml,'mz)

mi1,m2€LN

j2m
Z Cmy,ma Z ezN(klml—‘ermQ)p(klab) Wml,mz

mi1,ma€LN (k1,k2)€G
by Since p is non-zero only when ki = ko = 0, this becomes
A i2% (0m me
Qﬂpp (M) = Z le,mg (6 N (0 1o 2)p(0v 0)) Wm1,m2

mi,m2€LN

= § Cmy,ma W my,ma

mi,m2€LN

=M.

Hence Q% is the identity on My (C) in this case, and is thus not a strict
contraction.

Contractions with relation to dj

Computations with the Bures metric are generally more difficult than computa-
tions with the trace metric. In this spirit we were not able to use our knowledge
of Q,, to improve upon the conditions from [Section 2.5
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CHAPTER 5

The third example

In this chapter we consider the reduced twisted group C*-algebra of Z, and
related quantum channels.

All 2-cocycles on Z are similar to the trivial one , so by
[tion 2.3.15| and [Example 2.3.10] we only need to consider the reduced group
C*-algebra C*(Z) of Z.

We have G = Z. Our work in this chapter is twofold. First we want to
establish a s-isomorphism ® from C(Z) to C(T), the continuous functions from
the unit circle T to C. Secondly we want to study quantum channels on C}(Z).

. . " -

5.1 The isomorphism C*(Z) ~ C(T)

If we merely wanted to know that C(Z) is isomorphic to C(T) we could apply

Gelfand theory to get that Cr(Z) = C(Z) = C(T), but we want an explicit

isomorphism to apply |Corollary 2.4.6| and get an explicit expression for Q..
To arrive at our desired *-isomorphism ® we have to define some other maps

first. Let h be the normalised Lebesgue measure on [0,27) and write L?(T) for
the L%-space w.r.t. h. Furthermore, let e,, € C(T) be defined by

em(t) =€, 0<t<2m,

where m € Z. It is clear that {e,, }mez is an orthonormal basis for L?(T). We

then define a map
F: L*(T) — ¢*(Z) by (5.1)
99, '

where
27
§(m) = (g, em) = / g(t)e= ™ dht)

for m € Z. For F to be well defined we have to show that g is in £?(Z) for each
g € L*(T). This follows since

2m
/ g(t)dh(t) < oo
0
because g € L?(T). We denote that inner products on L?(T) and ¢%(Z) by

(, )z and (-, -)p2 respectively, or simply (-, -) if it is clear from context which
inner product we refer to.
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5.1. The isomorphism C;(Z) ~ C(T)

Lemma 5.1.1. The map F from|Equation (5.1)|is a unitary operator.

Proof. We have to show that F is (i) bijective and (ii) conserves inner products,
i.e. that

<]:fa]:g>52 = <fag>L2 (52)

for all f,g € L?(T).

(i)

Firstly, F is linear since for « € C,n € Z and f,g € C(T),

Faf +g)(n) = (af + )(n) = (af + g, en)
= a(f,en) + (g, en) = aF(f)(n) + F(g)(n).

Next we note that for each m € Z,

1 if n =m,

Flew)(n) = &(n) = {emre) = {

0 otherwise.

Hence F maps the basis elements of L?(T) onto the basis elements of
(?(Z), and is thus bijective.

We proceed by computation. Let f,g € C(T). By definition this means
that

Let us keep this in mind and consider the right hand side of

There we see that

(o = | " F()g@dh(t)

. <Z<f, em>em(t>> <Z<g,en>en<t>)

meZ nez

S (emlonen) [ enaleldi(y

m,ne”

> (emdlgien) [ e an).

m,ne” 0

The integral fo% e!m=mtdh(t) is equal to 1 for m = n and 0 otherwise.
Hence we get that

<f7g>L2 = Z<‘f’ 6m><gvem>a (54)

mEZ

which is exactly what we got in Thus is

satisfied and F is unitary.

55



5.1. The isomorphism C;(Z) ~ C(T)

[ ]
Next we define a map

F : B(L*(T)) — B({*(Z)) by
T — FTF*.

Lemma5.1.2. The map F from is an isometric x-homomorphism.
Proof. Let T, S € B(L?(T)) and note that

(5.5)

F(T)F(S) = FTF*FSF* = FTSF* = F(TS),
since F is unitary by Similarly,
F(T) = (FTF*)" = FT*F* = F(T").

Hence F' is a x-homomorphism.
For F' to be isometric we have to show that

IE(T)||Be2(zyy = IIT]lB(L2(T))-
By definition, we have
IE (D) ez zyy = 1FTF" |52z
= sup {|| FTF |z : € € C(2), ]|l = 1}
=sup {|FTfllez = f€L*T),|fllz2=1}.

Since F is unitary it preserves the norm, so ||FT'f||;z = || T f]| 2. Hence
|F(T)|ge2(zy) = sup {|Tfllz2 : f € L*(T), | fll2 = 1} = | T||sz2(ry),

and F' is isometric.

Before proceeding, we define a final new map

M : C(T) — B(L*(T)) by

f s My, (5.6)

where M¢(g) = fg for g € L*(T). This is well defined because fg € L*(T) for
such f and g. In addition, My is clearly linear and bounded by the norm of f.

Lemma 5.1.3. The map M from is an isometric x-homomorphism.
Proof. Let f,h € C(T). The map M is a homomorphism because My, (g) =
fhg = MyMyg for each g € L*(T), i.e. M(fh) = M(f)M(h). Furthermore M
is the adjoint of My because

(M7g1,92) = (fg1,92)

- / Forgadh = / 0 Tgadh
T T
= <gla Mf92>
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5.1. The isomorphism C;(Z) ~ C(T)

F

C(T) B(L*(T)) B(*(2))
Yp=FoM

Figure 5.1: The isometric *-homomorphism

for all g1, g2 € L*(T). Then clearly M(f)* = M(f*).
It remains to show that M is isomorphic. We check that [[M|| < || f|| for
f € C(T). This holds because

1M llgzcry) = sup {|Ms(9)ll2 : g € L*(T), |lgllr2 = 1},

while
M7 (9)lle = 1 fallz < [ fllcllglizz = [Iflloo

for such g. Hence

IM¢llgcrzcryy =sup {lfgllz> : g € L*(T), lgllL> =1}
< sup {[|fllocllgllz> : g € L*(T), lgllz> = 1}
= fllssup {llgllz> : g € L*(T),|lgllL> =1}

= [ flloo-
The converse holds since there exists a sequence {g,,} in L?(T) such that
llgnllzz =1 for all n € N, and lim,, oo || fnllzz = || ]| co- |

Let 1 be the composition of M and F', see [Figure 5.1 By |[Lemma 5.1.2| and
1) is also an isometric *-homomorphism.

Lemma 5.1.4. The image of C(T) under v is equal to C}(Z), i.e.
P (C(T)) = CLZ).

Proof. We know that (f) is in B(¢?(Z)) for each f in C(T). To prove the

claim, we check that ¢ maps the basis elements e,, of C(T) onto the basis

elements A(m) of C*(Z). To do this we compute how both A(m) and ¢ (e,,)
).

acts on each & € (2(Z). Since F is surjective as we saw in [Lemma 5.1.1| there

always exists g € L?(T) such that F(g) = g = £. Therefore it suffices to check
this for g € (*(Z).
Let m,n € Z. Naturally,

(A(m)g) (n) = g(m™'n) = g(n —m).

On the other hand,
Y(em)=F(M(en)) = F(M,, )=FM., F*,
and

FM,, F*g=FM,, g=F(eng) =emg.

€m
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5.2. Quantum channels on C(Z)

Applying this to n and using the definition of F we get

27
Emg(n) = (emgs en) = o / g(H)emte=mtdn(t)
2m Jo

1 27 ( t

= — t)ye """ Ah(t
or ), 90e (t)

= <97 6n—m> = §(7’L - m)

Hence

Y(em) = Aem) (5.7)
and the proof is complete. |

If we restrict 1 to the preimage ¢~1 (C*(Z)) we can define an inverse map
o=yt

Proposition 5.1.5. The map ® : C;(Z) — C(T) discussed above is an isometric
k-1somorphism.

Proof. By |[Lemma 5.1.2| and [Lemma 5.1.3] ¢ is an isometric *-homomorphism.
It is also linear and hence injective as it is an isometry. When we further
restrict 1 to its image, it becomes surjective as well. Hence ® is an isometric
*-isomorphism. ]

Having shown the requisite isomorphism, we proceed to discussing quantum
channels once again.

5.2 Quantum channels on C?(Z)

We mimic our previous constructions, attempting to find a relationship between
the quantum channels @), on C;(Z) and quantum channels on C(T). Hence we

let  be a (normalised) positive definite function on Z. By [Theorem 2.4.8| there

exists a regular Borel measure p on Z such that

o(m) = /a<m,ve>du<w>

for all m € Z. By \| [page 140, theorem 35E] we have that Z~T through
the homeomorphism 6 + 7y, where vg(m) = ™. Hence we can write

o) = [ ma0)du®) = [ om)du®) = [ émaue) (59
for all m € Z.
As in the previous examples we may use [Proposition 2.4.5] to get a quantum
channel @, on C}(Z) satisfying

Qe (A(m)) = p(m)A(m) (5.9)

for all m € Z. Here we consider C(Z) to be equipped with the canonical trace
T.

Using the isomorphism @ from [Proposition 5.1.5} [Proposition 2.4.3|implies
there is a quantum channel Q, on (C(T), '), where 7/ = 70 ®~1. It is given
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5.2. Quantum channels on C(Z)

CX(Z) 72 C(T)

o=y

Qe Qo

CH(Z) ——2—— O(T)

Figure 5.2: The induced map Qw forG=27

by Qw = ®Q,P . Our current goal is to describe Q,(f) in terms of the
regular Borel measure p associated to ¢, where f € C(T). As {emn}mez is an
orthonormal basis for L?(T) it suffices to do this for each e,,.

Lemma 5.2.1. For each m € Z it holds that Q,(em) = ©(m)en.
Proof. By definition
Qp(em) = PQu® ™' (em)
= Qut(em) = PQu(A(m))
by [Equation (5.7)} Using [Equation (5.9)] this is equal to
P(p(m)A(m)) = e(m)2(A(m)) = p(m)en. (5.10)

This gives us a nice description of Qw in terms of ¢. But as stated, we
want to describe it in terms of pu. To this end we define a new function

P, : C(T) — C(T) by
(Pl () = [ a(t+5)dn(s (5.11)
for g € C(T) and ¢ € T. If we can describe Q,, in terms of P,, we will have

achieved our goal.

Proposition 5.2.2. Let Q@ and P,, be the previously defined functions. Then
Q,=DP,.

Proof. Linearity of P, is clear as integration is linear. Furthermore, P, is
bounded because

[1Pu(9)lloc = sup{[ (Pu(g)) () : t €T}

—sup{‘/ (t+ s)du(s :teT}
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5.3. Contractive channels on C(T)

and

[t 9yiuts)| < ] [lslltits)| = nDlgl
T T

Thus [|P.(9)]lcc < p(T)[|glloc, which implies || P[] < u(T). Hence it suffices to
check that @, and P, are equal on each basis element e,,. Let m € Z and
t € T. Then by definition of P,

(Pyu(em)) (1) = / em(t + 8)dp(s)
:/ez’m(t—&-s)d’u(s)

= < /T eimsdu(s)> gimt
= ([emauts) ) ento

which means that P,(e,,) = ([ €™*du(s)) e, but by [Lemma 5.2.1
Qplem) = p(m)em, = (/T eimsdu(s)> em
as well. The last equality holds due to [Equation (5.8)

Note that this makes P, a quantum channel. |

5.3 Contractive channels on C(T)

We briefly discuss the contractive properties of the quantum channels ng =P,
previously mentioned. We equip C(T) with the trace 7/ = 7 o ®~1. The metric
space in question is

D, (C(T)) = {f € C(T)* | 7'(f) = 1},

equipped with either the Bures metric dg or the trace metric d;. We consider
an example.

Example 5.3.1. In this example we examine the contractive properties of P,
in the case where p is the normalised Lebesgue-measure. We want to compute
P,(f) for all f € C(T), but consider f = e, first. We get

pulem)(t) = /em(t + s)dp(s)

T
— /eim(t-"_s)d/}‘(S)
T
_Jlform=0
] 0 otherwise
Had p been an arbitrary regular Borel measure this would not necessarily be

true. Since span{e,, | m € Z} is dense in C(T), this means that P,(f) = 7/(f)-1
for all f € C(T). In particular, P,(f) =1 for all f € D,/(C(T)). Since P,(f)
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5.3. Contractive channels on C(T)

sends any function from D,/ (C(T)) to the constant function 1, it is a strict
contraction on (D, (C(T)),d), regardless of choice of metric d.
This also lets us give an alternate description of the trace 7/. Let m € Z.

We know from [Lemma 2.3.12] that

1 f =
7 (em) = 70 B(ep) = T(A(m)) = { L OO
0 otherwise

meaning
7' (em) :/6md,u.
T

Applying density again, this means that
7(5) = [ fan
T

for all f € C(T).

We mention that the positive definite function on Z corresponding to the

normalised Lebesgue measure p on T is g from [Example 2.5.10] i.e.

(m) 1form=0
m) =
70 0 otherwise

for all m € Z. This follows from the fact that

1form=0

Qyo(A(m)) = po(m)Q(A(m)) = {

0 otherwise

In other words, P, = Qw. Also, Q% is the completely depolarising channel on

(C*(Z), ), see [Example 2.5.8
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CHAPTER 6

The fourth example

We have arrived at our final example, where we consider the reduced twisted
group C*-algebra of Z? and related quantum channels. As opposed to last
chapter we get more 2-cocycles than just the trivial one. In we
defined oy, and there was a distinction where either k was either relatively
prime with N or not. This lead to two separate cases for C*(Zn X Zy, o). In
this chapter there is a very similar phenomenon.

To reiterate, in this chapter we have G' = Z2. As inwe need some
2-cocycle to talk about the reduced twisted group C*-algebra. To this end we
let 6 € [0,1) and define a map

09 72 x 7> =T

by |
g9 ((m17m2), (nl,nQ)) = 67’27"9"7'1712'

This is our candidate for a 2-cocycle on Z?. Notice that this is very similar to

from [Chapter 41 Let us start by showing that this is in fact a

2-cocycle.

Proposition 6.0.1. The map o4 is a bicharacter on Z2, hence a 2-cocycle.

The proof is the same as for [Proposition 4.1.1}

Proof. Fix (ky,ke) € Z? and define v : Z?> — T by
v ((ma, m2)) = og((m1, ma), (k1, k2)).
This is a homomorphism because

v ((m1,m2)(n1,n2)) = o (M1 + 11, ma + n2), (k1, k2))
— ei@%"(ml—&-nl)kQ — eiezﬁ"mlkzeie%nlk‘g
=7 ((m1,m2)) v ((n1,n2))

by definition of v and og. The map +/ defined by

v ((m1,ma)) = ok ((k1, k2), (m1,ma))

is similarly a homomorphism. Hence oy is a bicharacter on Z?. By
ion 2.3.18| 0 is thus a normalised 2-cocycle on Z2. |
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6.1. The parameter @ is irrational

Hence C(Z2,0y) is a reduced twisted group C*-algebra. Moreover these
are the only such for Z?, since each 2-cocycle on Z? is similar to oy for some
6 € [0,1). This follows from [Kle65](Theorem 7.1), but is also mentioned
in [BB70](Theorem 4.1). As in the earlier examples [Proposition 2.3.15| then
gives that each other reduced twisted group C*-algebra on Z? is isomorphic to
C: (Zz, 0’9) .

In accordance with [Dav96] we write Ay := C}(Z?, 7).

As before we are interested in establishing *-isomorphisms of Ay and studying
the quantum channels @,. In this chapter our work splits into two cases: either
0 is irrational or @ is rational. This is somehow analogous to k being relatively

prime with N or not in

6.1 The parameter 6 is irrational

We mention an passant that it can be shown that Ay is the universal C*-algebra
generated by two unitaries U and V satisfying

UV =2y (6.1)

For a discussion on this, see [Bla06| (11.8.3.3(i), 11.10.4.12, 11.10.7.5). Further-
more the next result follows from |[GVF01] (Section 12.2).

Proposition 6.1.1. The following are equivalent:
(i) Ap is simple, i.e. 0 an Ay are its only closed ideals.
(ii) 0 is irrational.
(iii) Ap has exactly one tracial state, namely the canonical tracial state 7.

Our goal, as ever, is to establish some *-isomorphism from Ay. In previous
chapters we found explicit isomorphisms that were useful for studying (). In
this case we are not so fortunate, and settle for referencing that one exists.

A x-homomorphism of Ay on ¢?(Z) is obtainable by defining

S %(Z) — (*(Z) by
(5€)(m) = §(m —1)
and
Mg :0*(Z) — *(Z) by
(Mp€)(m) = €70 ¢(m),

where ¢ € (?Z and m € Z. These are infinite dimensional analogues to the
matrices S and D from [Chapter 4]
Lemma 6.1.2. The operators S and My defined above are unitary and satisfy

Equation (6.1

Proof. The adjoints S* and M, of S and My are given by (5*¢)(m) = {(m+1)
and (M;&)(m) = e~ 2™m¢(m). Thus S and My are clearly unitary, as they
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6.2. The parameter ¢ is rational

satisfy U*U = UU* = I. The condition follows by a short

computation. Let £ € ¢2Z and m € Z, then

(SMpE) (m) = (Mo€) (m — 1) = 27" Ve(m — 1), and
(MpS€) (m) = €7 (S€) (m) = ™™g (m — 1).

This lets us achieve part of what we wanted:

Theorem 6.1.3. There exists a surjective x-homomorphism from Ag to C*(S, My).
It is injective whenever 0 is irrational.

Proof. The existence of a surjective *-homomorphism follows from [Lemma 6.1.2]
together with the universal property of Ay. Injectivity when 0 is irrational
follows from the fact that Ay is simple by [Proposition 6.1.1] |

6.2 The parameter @ is rational

Having dealt with the case where 6 is irrational, we now move onto the case
where 6 is rational. More precisely, let 6 = g, where p,q € N, p < ¢ and p and

q are relatively prime. For the case where p = 0 we get Ay = C(Z?) ~ C(T?).
This could be done in the same way as for G = Z, or more generally using that

~

C*(G) = C(G) by Gelfand theory.
Otherwise we set U = A\, (1,0),V = X,_ (0,1). Then both U and V are

0

unitary by [Corollary 2.3.8] Also, is satisfied because
UV = Xs,(1,0)As,(0,1)
=09 ((17 O)v (Oa 1)) /\06 (1a 1)
_ 6i27r6')\09 (1’ 1)

and

VU = Ay, (0,1)As,(1,0)

=09 ((0’ 1)7 (la 0)) )‘09(17 1)
= A5 (1,1)

by [Proposition 2.3.7|and the definition of oy. It can then be shown that there
exists an injective *-homomorphism from Ay into C(T?, M,(C)) that sends U
to U and V to V, where

U(Zl, Z2) = Zlev

V(Zl, 22) = ZQS,

where D and S are as given in This result follows from |GVFO01]
(Proposition 12.2, page 527).
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