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Abstract

Pricing American options is, in comparison with European options, much
more complicated. This is due to the holders of American options having
the ability to choose any day for exercising options (before or at a given
maturity time). Therefore, the problem attracts the work of many math-
ematicians. To date, there are three methodologies to solve the American
option pricing problems, namely the free boundary, the variational method
and the semilinear Black and Scholes equation. This thesis present and
study the American options pricing problem with variational method.

A significant part in this thesis aims to prove that there exists ex-
actly one solution to the American option pricing problem, namely the
value of an American option. In particular, we analyze the existence
and uniqueness of a solution for the classical penalised problem and its
improvement-the k-power penalty problem. Later, we apply the operator
splitting method for solving the power penalty problem by showing that
the solutions generated by this technique will converge to the one of the
k-power penalty problem. The analysis requires using compactness theory
as well as functional analysis and mostly deal with put options. Finally,
we wish to give a numerical testing for the results.
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CHAPTER 1

Introduction

In a financial market, people make profit by investing money in some underlying
assets, such as stocks and they have to pay out K value in T years by entering
a buying contract. Such contract is named by call option which guarantees the
buyer can have the stock with the fixed price K value in T years despite of
the fact that the value of this stock in T years in the market might be higher
than K. But if the market price of the stock is less than K, then the buyer
is not obligated to buy it from the seller. He can choose to buy the stock
from another seller for a cheaper price. So he can earn a profit S — K or 0,
respectively. Similarly, a put option gives holder the right (but not obligation)
to sell it at the date of expiration (maturity date). The profit in this case is
K — S or 0. Mathematically, for a call option and a put option we can write
profits, respectively

max(S — K,0) = (S — K)™, max(K — S,0) = (K — 9)7.

where max (S — K, 0) is maximum of z and 0, K is strike price, S is the market
price of the stock and T > 0 is the maturity date.

The valuation of options is one of the most interesting matters in modern
finance. European options and American options are two major types of options.
While European options give the buyer the right to exercise only at the date of
expiration and have an explicit formula, American options can conversely be
exercised at any time up to that maturity date and have no explicit formula
for their values. The main reason is that the American values depend on each
strategy of the holders for exercising the options. Therefore, pricing American
options has inspired the work of many mathematicians. Roughly speaking, the
American option problem is to determine the value at which the option can be
traded in a security market with arbitrary free. In this thesis, we will concern
the American option pricing problem.

In the literature there are three main partial differential equation related
approaches for determining the value of an American option, namely the free
boundary problem, the quasi- variational inequalities and the semilinear Black
and Scholes equation.

In free boundary problem, one splits the domain into two regions, namely the
stopping region and the continuation region. One solves the price function such
that it coincides with the payoff function in the stopping region, while it is the



1. Introduction

solution to the partial differential equation in the other region. In other words,
one of these two conditions is not satisfied and there is strict complementary
in this solving (see Chapter 6.3]). The earliest analysis American option
pricing problem in connection with a free boundary problem (or Stefan) was
first studied by McKean . Lately, McKean wrote the problem in an explicit
form (the optimal stopping boundary), which was taken further by van Moerbeke
, who studied properties of the optimal stopping boundary.

Besides the free boundary method, there is another technique that finds
the value of an American option, namely a quasi-variational inequalities, which
is the main interest of our work in this thesis. This second methodology was
developed by Jaillet, Lamberton and Lapeyre , who got inspired from the
work on variational inquality field of Bensoussan and Lions . In this approach,
one do not need to calculate the free boundary. Moreover, an advantage of
studying variational method is that it gives stability. We will present theory on
well-posedness of variational solutions later.

Recently, Benth, Karlsen and Reikvam introduced the semilinear Black and
Scholes partial differential equation for studying the American option pricing
problem . The main results imply that there exists exactly one solution of
the semilinear Black and Scholes equation, namely the American option value,
suggested by viscosity solutions. Motivation for studying this methodology is
that it allows designing and analyzing "easy to implement" numerical algorithms
for computing the value of an American option. Indeed, a simple numerical
algorithms of the semilinear Black and Scholes equation were constructed in
and it has been shown that the approximate solution converges to the American
option value as the discretization parameters tend to zero by this method.

In this thesis, we consider the American option pricing problem with varia-
tional method. We are interested here in proving that there exists exactly one
unique solution to the problem of pricing American option, namely the value of
an American option by using compactness method. We analyze in particular the
classical penalty method, the k-power penalty method to extract a convergent
subsequence that converges to a limit function. Passing to the limit, then we
obtain the existence of a solution of the original problem. We apply operator
splitting method for solving the k-power penalty problem and show that the
solution generated by this technique converges to the one of k-power penalty
problem. Our analysis will use compactness method, functional analysis as well
as some of stochastic analysis to give results. We focus on analyzing American
put options.

The thesis begins with an introduction for the American option pricing
problem. We discuss briefly the problem in three main approaches in Chapter
[6-42] Mathematical preliminaries of the weighted Sobolev space and its dual
space as well as the Black and Scholes equation are also introduced in Chapter
Our analysis begins with Chapter [4] where we study the classical penalised
equation. The k-power penalty problem, an improvement of the classical
penalty method, is studied in Chapter[5] Finally, we apply the operator splitting
method to analyze the well-posedness for the American option pricing problem
in Chapter [ We attempt to test a numerical scheme for the k-power penalty
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method in the Chapter [§] In closure, we introduce some significant notations
as well as theory which we have used in the thesis.






CHAPTER 2

The American option pricing
problem

The model is built as follows. Let T' > 0 be fixed and a time variable ¢ < T.
Suppose that the price dynamics of a stock X follows a geometric Brownian
motion (under the unique equivalent martingale measure Q):

dX, = (r — d)Xods + o X, dW,, s € (t,T). (2.1)

where d > 0 is the constant dividend yield for the stock, r > 0 is the risk-free
interest rate, o > 0 is the volatility, and VVS|S € [0,T] is a standard Brownian
motion . Starting at time ¢ with initial condition X; = x, the (arbitrary-
free) value of an American option with expiration at time 7" is given by

V(t,x) = sup E"® [ef: _T(S)dsg(XT) . (2.2)

t<7<T

where the supremum is taken over all F} stopping times 7 € [t, T]. E»® denotes
expectation under the equivalent martingale measure conditioned on X; = x,
and g : Ry — R is the payoff function. Typical examples of g come from call
and put options, i.e, options with payoff functions,
o) = {(w — K)* ,for a call opt%on (2.3)
(K —z)* ,for a put option

where K > 0 is the strike price.

As mentioned before, three methodologies can be used for determining the
price of an American option, namely those based on the free boundary problem
formulation, those based on the quasi-variational inequality formulation and
recently, those based on the semilinear Black and Scholes partial differential
equation formulation. In this thesis, we choose the second method to present
and analyse the American options pricing problem as well as we focus to analyze
for put options. More precisely, this method is to seek a function V (¢,2) which
satisfies

max <EBSV(t,J:) —rV(t,x),g9(x) — V(t,x)) =0, (t,x)€Qr
V(T,2) = g(a), eR,.

(2.4)
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where the payoff function g(x) is given by (2.3) and the linear Black and Scholes
differential operator Lpg takes the following form

1
Lpsu(t,x) = du+ (r — d)xdru + 5029528275% (2.5)

We briefly review the three approaches to the solution of the American
options pricing problem ([2.4)) as follows.

2.1 The free boundary problem

Letting x(t) denote the free boundary, for ¢ € [0,7]. We introduce the sets

_ ) (0,z(t)), call option, ~ J[z(t),00), call option,
“n= {(x(t),w% put option, B = {(O,x(t)L put option.

The free boundary problem is to determine the pricing function V' (¢, x) and the
free boundary x(t) which satisfy the following form:

LpsV(t,x) —rV(t,z) =0, te[0,T], =ze€C(s),

V(T,x):g(x), LEER+,
V(t,z) = g(z), tel0,T], z€ E{),
0,V (t,x) = £1, tel[0,T7], zeE(t).

where "+1 = 1" for call options, and "1 = —1" for a put options.
In particular, it has been shown that the free boundary z(t) satisfies

x(t) > max(5K,K) call options, x(t) <min(5K,K) put options,
xeC(t) <= V(t,x) > g(x), LpsV(t,x)—rV(t,x)=0,
re E(t) = V(t,x)=g(x), LpsV(t,x)—rV(t,z)<O.

Observe that if d = 0,i.e., there is no dividend, American call options are
equal to European call options with the same strike price. In case of r = 0,
American put options are equal to European put options with the same price.
In both cases, we do not need to calculate the free boundary and it is not
optimal to exercise before the maturity date T'. Moreover, as we mentioned in
Chapter [I} the continuation region and the exercise region are equivalent to
C(t) and E(t), respectively.

2.2 The quasi-variational inequality

The method does not need to determine the free boundary and the problem is
considered in the whole domain [0, 7] x R;. The method is to seek functions
V(t,x) that satisfy the following setting

LpsV(s,x) —rV(s,z) <0,
g(x) = V(s,z) <0, (2.6)
(ﬁBSV(s,x) — rV(s,x)) <g(:17) — V(s,x)) =0,
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with terminal data
V(T,z) =g(z), ze€R;.

The continuity of the pricing function V (¢, z) has been proved in Propo-
sition 2.2]. Moreover, it has been known that studying this variational method
gives an advantage that is its stability. We will study and present theory for
well-posedness of variational solutions to as we will deal with American
put options through this thesis later.

2.3 The semilinear Black and Scholes partial differential
equation

Recalling that for every locally bounded function f : R™ — R for n > 1, its
upper and lower semicontinuous envelopes, denoted by f* and f, respectively,
are defined as

@) =tmsup f(y),  f.(x) = liminf £(y).

y—T y—zx
Introducing the Heaviside function H as
0, ¢£€<0
H(¢) =
L, €20,

where

wiey )0 €<0, _ )0, £<0,
H(&)—{L oo H*(’f)‘{L o

The cash flow function c is defined as

o) = rK —dx, call opt.ion (2.7)
dx —rK, put option.
and the nonlinear reaction ¢ : R x R — R takes the form
a(@,V) = c(2)H (g(z) - V). (2.8)

We observe that since H is upper semi-continuous, H* = H, so is ¢, and ¢* = ¢,
where
q* (IIZ, V(ta x)) = C(:C)H* (g(l’) - V(ta (ﬂ)),
Qs (3:, Vi, x)) = c(x)H, (g(x) - V(t, ;v))

The semilinear Black and Scholes partial differential equation for valuing Amer-
ican options is to seek functions V (¢, z) such that

(2.9)

{EBSV(t,x) —rV(t,x) = —q(z,V(t,z)), aeinQr (2.10)

V(T,I):g(I), IER-F'
where Lpg is given in ([2.5).

Starting point from an assumption that V € C12(Q7)NC(Q7) is an solution
of the optimal stopping problem and V' > g in Qp (which is the so-called early

7



2. The American option pricing problem

exercise constraint), the semilinear Black and Scholes partial differential equation
2.10) was formulated by using guidance of the dynamic programming principle
A.0.8) and definition of classical sub- and supersolutions . We refer
gﬂ for the derivation of . In particular, Dynamic programming principle
suggests that

ACBSV(tax) - TV(t,:Z?) < 07 in QT-

In case of 79 being an optimal stopping time, then
e "INy (t Ao, X (¢ A 7o)
is a martingale, and we obtained that
LpsV(t,x) —rV(t,z) =0
(Proposition and Theorem . Thus, we formulate the following setting

Vt,z) > g(x),
LpsV(t,x) —rV(t,z) <0,

(EBSV(t, x) — rV(t,x)) (9(z) = V(t,x)) = 0.

Clearly, the above formulation is equivalent to . Since
LpsV(t,z) —rV(t,z) <0,
for almost everywhere, it suggests that
LpsV(t,x) —rV(t,z) =0, in the continuation region.
Therefore,
LpsV(t,x) —rV(t,z) <0, in the exercise region.

In addition, a lower bound of LgsV (t,x) — rV (t,2) can be derived in the
exercise region. Since V(t,x) > g(z) almost everywhere and V (¢, z) = g(z) in
the exercise region, we use argument of the maximum principle of g(z) — V' (¢, x).
We say that V (¢, x) touches g(x) from above at a local maximizer (¢,z) and
obtain

—(rK —dz)t < LpsV(t,z) —rV(t,x) <0, for a put option
0, for a call option.

—(dx —rK)T < LpsV(t,z) —rV(t,z) <

when V (¢, 2) = g(z). Using the notation of the cash flow function ¢(x) given by
(2.7)), it is equivalent to
—c(z) < LpsV(t,x) —rV(t,z) <O0. (2.11)

Remark 2.3.1. Let us discuss the inequality (2.11)). If we use knowledge of the
free boundary problem, in the exercise region where it holds that V (¢, z) = g(z),
inserting this into the Black and Scholes equation, we get

LpsV(t,x) —rV(t,xz) = —c(z).
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So is indeed an equality in the exercise region. However, it does not mean
that this equation holds for every point in this region. Instead of claiming this,
we have to use . Furthermore, the semilinear Black and Scholes equation
allows for some points in the exercise region to have the possibility that
LpsV —rV = 0. This implies that we can use the seminlinear Black and Scholes
equation without any priori knowledge of the free boundary. It is flexible to
carry out results on well-posedness of solution.

On the other hand, when using the definition of classical sub- and superso-
lution and notations ¢*, ¢. given by (2.9), it leads to

LpsV(t,x) —rV(t,z) < —¢*(z,V(t,z)), for classical subsolution
LpsV(t,x) —rV(t,z) > —q.(x,V(t,z)), for classical supersolution.
(2.12)
almost everywhere and we get the semilinear Black and Scholes equation

as desired.

Remark 2.3.2. The reaction term ¢ is discontinuous. The question is how one
can interpret the semilinear Black and Scholes equation @ It suggests
that we should use inequalities for interpretation . In addition, the
monotonicity of ¢ is an important property for proving well-posedness of solution
to the American options pricing problem.







CHAPTER 3

Preliminaries

3.1 The weighted Sobolev space

We introduce a weighted Sobolev space M which is used in our thesis. Let us
denote by L?(R,) the Hilbert space of square integral functions on R. The
norm and the inner product in L?(R, ) are defined

1
2

HU||L2(R+) = </R v(g;)2dx> , (v, w) :/R v(z)w(z)de,

respectively. We define the weighted Sobolev space M as follows

M = {v € L*(R,): x% € L2(R+)}, (3.1)

where the inner product and the norm are given

dv  dw
owe = (o) + (250050 ) ol = /G,

respectively. We denote by (-,-) the inner product in L?(R). Moreover, we
denote by M’ the dual space of M, where the norm is defined such that

w,v)p

lwlar = sup UMMy ey
o<t vl

Lemma 3.1.1 (Poincare’s inequality). [1, p. 30] If v € M, then

xd—v . (3.2)
dz || 2w,

d
2/ mv—vdx: —/ v2da.
Ry dz Ry

Using Cauchy-Schwartz inequality (A.1)), we deduce that

lvllLzr,) <2

Proof. We have

v
[Vl 22(m,) < 2||UHL2(]R+)”*T%HLZ(HLy
Hence we obtain ([3.2)). [ |

11



3. Preliminaries

3.2 The Black and Scholes equation

The Black-Scholes equation is well-known because the equation is solved for the
values of an European option. Due to American options and European options
having similar characteristics (the difference being the date of exercise), the
consideration of this equation will provide a fundamental view for studying the
American option pricing problem. We follow [1, Chapter 2] for briefly reviewing
this equation as well as some important properties.

Proposition 3.2.1. Assume that the functions o(t) and r(t) are continuous
nonnegative and bounded on [0,T). Then, for any function v : (t,x) — v(t, z)
continuous in Ry x [0,T], C' - reqular with respect to t and C? - regular with
respect to z in Ry x [0,T), and such that |o: | < C(1+ ) with C indepent of
t, the process

t t .
My =e Js T(S)dsv(t,x) - / e Jo ra <£Bgv(t,x) —r(T)v(t, l‘))dT
0

is a martingale under Fy, where Lgg is given in .
Proof. Consider the Ito process
dX(s) = (r —d)X(s)ds + o X (s)dW (s), for s € [0,1]

Assume that h, %?, g’;, g b are bounded. Applying Ité’ s formula for
the function h(t,z) = e - T(s)dsv(t,x), we get

t t 2 T
,fo r(s)ds :/ o 87 ov 1 2 28 v 7‘]10 r(v)dv
e v(t, x) ; ro+ o +(r cl)x—a + 50 ¢ 5 | e dr

= Lpsv

t T
+/ Jx@e_ fo T(”)dudWT.
0 0

xr

Using the notation of Lpg, we rewrite the equation and obtain
t t -
e Jo T(s)dsv(t,x) = / e Jo rwav (Lpsv(t,x) —r(m)v(t,x))dr
0

t T
+/O asc%(t,x)e_ Js W gy

=: M,

Because we know that the condition |x‘9“ | is bounded,

¢ 2
/ ds| < oo
0

and by the definition of martingale, we have M; is a martingale such that

v
oOr——
xX

E

My =e Ja T(S)dsv(t, x) — /Ot e Jo reav (Lpsv(t,x) —r(t)v(t,z))dr. (3.3)
|

12



3.2. The Black and Scholes equation

Using Proposition [3:2.1] the Black and Scholes equation is presented in the
following Theorem.

Theorem 3.2.2. Assume that the functions o(t) and r(t) are continuous non-
negative and bounded [0,T). Consider a function v : Ry x [0,T] — R, that is
continuous in Ry x [0,T] and C* - reqular with respect to t and C? - regular with
respect to x in Ry x [0,T), and such that |x‘?9—1;| < C(14 ) with C independent
of t. Assume that v satisfies

Lpsv(t,z) —r(t)v(t,z) =0 (3.4)
and
o(T,z) =g(x), x€R,. (3.5)

Then we have

Remark 3.2.3. (3.4)-(3.5) are called the backward-in-time parabolic boundary
value problem. By changing the time variable ¢ by the time to maturity T — ¢,
one can define a new formulation, namely the forward-in-time parabolic problem,
such that

{@v — %02332821,1) —(r—=d)z0,v+rv=0, in Qr, (3.6)

v(0,2) = g(x), in €Ry.
Proof. Given ([3.4) and the formulation of M, (3.3]), we get

My =e¢ Js T(S)dsv(t,x)

and r
. T
E {6_ fo TI(S)dsg(x)ut} =E {6_ fo 7'(s)dsU(Tax)| t

=E[Mr|F)].

We know above that M, is a martingale. It follows from the properties of a
martingale which states that the best estimate for a value of a random variable
is equal to its current value and independent of all information from previous
events, that

T t
E [e— fo r(s)dsg(x)|Ft:| _ e_fo T(S)dSU(t,,fE)

t

Multiplying by efo r(s)ds

gives

T
v(t,x) =FE {eft T(S)dsg(x)Ft} , fort<s<T.

13



3. Preliminaries

The Weak Formulation

We follow [1}, p. 32] for introducing the weak formulation of the forward-in-time
problem (3.6)) as well as definition of solution. In particular, we seek a function
v e CO[0,T]; L*(Ry.)) N L2(0,T; M) and 2% € L?(0,T; M’), such that

(3.7)

(%,w) +a(t;v,w) =0, Ywée M,
v(0,2) = g(z), Y eR,.

where the bilinear form a(s;v,w) is defined as follows

at;v,w) = /R+ %U2$2%% (—(T —d)+ 0%+ ng(;> x%wdac
—|—/ rowdzx, for v, w € M.
Ry

(3.8)
The bounded associated operator A(t) : M — M’, such that (A(t)v,w) =
a(t;v,w), for any v,w € M, is defined as

Alt)v =—=0c"x % —(r— d)x—; + v (3.9)

Before stating properties of the bilinear form a(t; v, w), we need to impose
some conditions

Assumption 3.2.4. Assume that there exist two positive constants, o and &,
such that for all £ € [0,T] and all z € R

0<oc<o(t)<c

The continuity of the bilinear form a(t, v, w) is now stated by this lemma

Lemma 3.2.5. Under Assumption[3.2.7} the bilinear form a; is continuous on
M ; i.e., there exists a positive constant p such that for all v,w € M,

|a: (v, W) < pllvllarllwlar- (3.10)

Proof. p. 32] Recalling the norm in M

, u€ M.

o
Oz L2(Ry4)

lullvr = Nlull 22 @) +

Consider the bilinear form a(t,u,v) given by (3.8]). Using Holder’s inequality
along with Assumption [3.2.4] we have

L 2,200 00
/R+ 27 " w0

Moreover, letting R = max r(t), we get
te[0,T]

1_
< 50 ullallvllar

< (R—d+3%)|ull 2@ vl L2 ey

ou
—(r —d) 4+ 0?) z—nvd
/IR+((T ) U)maxvx

< 2(R—d+°)ullallv]ln-

14



3.2. The Black and Scholes equation

Finally, we have

< Rllull 2y vl 22 my)

/ ruvdx
Ry

which gives us the estimate 1) with p = %62 + 6R. |

< 4R|ull g 0] ar-

Besides that, the bilinear form a(t;.,.) satisfies Garding’s inequality

Lemma 3.2.6 (Garding’s inequality). Under Assumption|3.2.4} there exists a
nonnegative constant \, such that

[ V)

g
a(t;v,0) > il = AlvllZem, ), YoeM (3.11)

Proof. p. 32] Recalling the Poincare inequality (3.2))

X

v
lvllL2ry) < 9z

L2(R4)

Consider the bilinear form a(t; v, v) given by (3.8). Using Assumption [3.2.4) we

observe that
1 o\
/ o242 (U) dx
R+ 2 ax

Moreover, letting R = max r(t), we have
0<t<T

1
> So?oll

< (R—d+3%) |vllallvll 2y

fos R—d+a?
= (2Z1lr) (2250 ol

Using Cauchy’s inequality (A.4]), we deduce

ov
p— — 2 [
/R+( (r d)JrJ)xaxvdx

1
< 12 I0l3s + Mol Ze, )

i 2y ;0
/RJr( (r d)—i—a)xaxvdw

(R—d+5?)?
a? :

where \ = |

The weak formulation (3.7)) has exactly one continuous solution which is
stated in the following theorem:

Theorem 3.2.7. If g € L?(R,), and under Assumptionm the weak for-
mulation has a unique solution, and we have the estimate, for all t,
0<t<T,

_ 1, [
€ 2”””@)”%2(&) +§Q2/0 e PMo(r) [} dr < 91172 &, )- (3.12)
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3. Preliminaries

Proof. We refer to [] for a proof of uniqueness. The estimate (5.34)) is obtained
by taking w = v(t)e~2* in the weak formulation (3.7), we get

<g:, ve”‘t> +a(t;v,ve” M) =0 (3.13)
—_———
t
av,ve‘”‘t = @06_2’\%8
8t 0 85

t t
:/ i(v(s)Qe_Q’\s)lds—l—/ Mv(s)2e 2 o ds
0

0

1 t t
— S0 epye |+ / Mo(s)2ePds
5= 0

Therefore, we obtain from (3.13)
1 t t
§||U(S)2HL2(R+)€_2)\S’ 0 + / )\U(S)Qe_”‘sds + a(t; v,ve_2>‘t) =0.
5= 0

Applying Garding’s inequality (3.11)), (3.12) is obtained as desired. [ |

Remark 3.2.8. Theorem [3.2.7 shows that the function (¢,z) — v(¢, ) is contin-
uous and v(t,z) is bounded by function g(x) in the estimate (3.12)) . Therefore,
if g € L?(Ry), then v € C°(0,T; L*(Ry.)).

16



CHAPTER 4

The quasi-variational inequality

Our motivation for studying the American option pricing problem with varia-
tional method is that it gives stability, which is one of our interests here. This
section is dedicated to presenting an approach for solving the American option
pricing problem through the variational method . Mathematically, the
American option pricing problem is to seek the price function V (¢, ) such that

—9 +A(t)V >0, in Qr,
g— Vv < Oa in QTa
o | (41)
(=% +ADV)(g—V)=0, inQr,
V(T z) = g(z), x € Ry
where Qr = [0,T) x R4 and the operator A(¢)v has the form
1
A(t)v = —502332621.1/ — (r — d)x0zv + rv. (4.2)

For simplicity the presentation, we drop herein the dependence of V on (¢, z).
As mentioned before, it has been shown that the solutions V' are continuous
Proposition 2.2]. In addition, we do not need to determine the free boundary

and we will consider (4.1)) in the whole domain Q7 = [0,7] x R;. Furthermore,
the problem will be solved in the weighted Sobolev space M. Recalling that

d
M= {v € L*(R,), xé € LQ(R+)},

which is equipped with the inner product (v, w)ss and the norm ||.||as, respec-

tively
v d
(v, w)ar = (v,w) + (xdzx;D ol = Vo0

where the inner product in L?(R, ) is denoted by (,). The dual space of M is
denoted by M’ which endows with the norm

- <7~U7U>M’,M
[wllar = sup ————
[lvllar <1 [[v]l ar

, YveM.

and the inner product in M’ is denoted by (-,-). Solving (4.1)) in the weighted
Sobolev space M is one of the key conditions which ensures coercivity property

17



4. The quasi-variational inequality

needed in the well-possedness analysis later (see discussion below). Our goal
here is to present an existence and uniqueness for .

In what follows, we rely on [1] for deriving the weak formulation of as
well as definition of weak solutions to .

4.1 The weak formulation

Let us first introduce the nonempty, convex set K
K={weM:w>ginRy}. (4.3)

In fact, the convex set K depends on time ¢, which is one of the basic difficulties
for solving the problem. In what follows, we will consider a special case where
IC does not depend on ¢ which is significantly simpler.

Let C°(Qr) denote the space of infinitely differentiable functions with
compact support in Q7. We usually call a function ¢ belonging to C2°(Qr) a
test function. Assume that V' € M, such that € M’'. For any test function
w € K, we multiply the first inequality of by w, integrate in x over R
and doing integration by parts, we obtain

oV 1, ,0%V oV
— —(r—dz— +rV > 0. )
/+ ( o 27 T (r—d)x Tt wdz > 0 (4.4)

Doing integration by parts for fR 10%2? & S Y wdz, it yields

2
/ 1(72:1:26—‘/wd50:—/ L o2 28V3w + o2z oV —wdx.
Ry 2 ox R, 27" 9z oz oz

Inserting this equation into (4.4)) and using the notion of the inner product,
then we obtain

- <8V,w> +a(t; V,w) >0, Ywe K. (4.5)
ot MM

where the bilinear form a(t; u,v) is defined by

[ aatude
a(t,u,v)/}R+ 8x8x+( (r d)+0)xaxvdx

(4.6)
+/ ruvdz, Yu,v € M.
Ry

Let Ky denote the cone of non-negative functions in M, the set K in (4.3)
is exactly K = g + Ky. For any w € K,, we have obtained from (4.5]) that

<8V,w> +a(t;V,w) >0, Yw e K.
ot M/, M

It is equivalent to

—<8V,w—g> +a(t;V,w—g) >0, Ywe K. (4.7)
ot M’ M

18



4.2. Well-posedness

Moreover, integrating the third equation of (4.1) in « over R, and doing
integration by parts. Similarly from the above, we easily obtain

ov
—<,v—g> Fa(tV,V —g)=0. (45)
at M’ M

Subtracting (4.8 from @ and using the linearity of a(t; u,v), we obtain

—<8V,w—V> +alt;Viw—V) >0, YweKk. (4.9)
ot M’ M

We introduce definition of weak solutions as follows

Definition 4.1.1 (Weak solutions). We call V' a weak solution of (4.1)) if

V e L*0,T;K), %‘t/ € L*(0,T; M),

and V solves the weak formulation (4.9)). In addition,
V(T,z) =g(z), xe€Ry. (4.10)

Remark 4.1.2. Since V € L*(0,T; M) and %—‘; € L*(0,T; M), it follows from
the chain rule (A.0.15) that

Ve ([0,T); L*(Ry)) .

In what follows, we present well-posedness result for the American option
pricing problem (4.1). A general context for studying variational inequalities
problems was introduced in with the penalisation method for solving the
problem.

4.2 Well-posedness

The bilinear form a(t; u,v) in (4.6) has the same properties as the one linked to
the Black and Scholes equation. In particular, recalling Assumption [3.2.4] it
follows that the bilinear form a(t; u, v) is bounded in the sense that

la(t;u,0)| < pllullmllvlla, w0 e M
and satisfies the following Garding’s inequality
a(t;v,0) Z allvlfy = AvllZa e, ). Vv €M,

where a > 0 and A > 0 are some constants. The first inequality also implies
that a(t;u,v) is continuous in M uniformly in time ¢t. We refer to (3.10]) and

(3.11) in Chapter for details.

At this point, we should explain why the weighted Sobolev space M is suitable
for solving the problem. The key condition is the Garding inequality which
ensures the existence and uniqueness of a solution for . In the general
context , this amounts to the coercivity property

a(t;v,v) > allv||3; — )\||v||2Lz(R+), Yv e M,
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4. The quasi-variational inequality

for constants aw > 0 and A > 0. We know that the stock price in practice can
be zero. When z — 0, using the weighted space M we obtain the Garding
inequality in with o = ng. Making use of Assumption thus o > 0.
Hence, the condition still holds in case of x — 0.

Regarding the well-posedness result for the American option pricing problem
(4.1), we have the following theorem:

Theorem 4.2.1. Assume that g € L*(Ry). Then there exist a unique weak

solution of .

Our goal here is to prove Theorem m However, inspired by [2], we use
penalisation method to study (4.1]). Thus, our proof of Theorem 4.2.11 will give
later in the next chapter where we present and analyze the associated penalised

problem of (4.1)).
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CHAPTER 5

The penalised problem

The classical penalty method was studied by Bensoussan and Lions in . It is
used to construct numerical schemes for computing the value of an American
option . In particular, the penalised equation seeks an approximation
Ve to the weak solution V' of for each € > 0. When € | 0, the approximate
solutions V. converge to the unit weak solution V.

We consider the American option pricing problem (4.1)). The associated
penalised problem of (4.1]) is to seek a function V. that satisfies

{_68‘;} + 14(t)‘/6 - %(g - ‘/;)+ = 07 in QT? (5 1)

VAT) =g, inR,.
€ > 0 is called the "penalization parameter".

Let us first motivate definition of weak solutions. We consider a mapping
Ve:[0,T]— M

defined by
[Ve@®)](2) := Ve(t,x),  in Qr.

In other words, we are now considering V. not as a function of ¢ and x together,
but rather as a mapping V. of time ¢ into the space M. This makes it easier for
us to understand the following argument.

Returning to (5.1)), if V. € K, where K is given by (4.3)), it gives

oV. 1
T *E(g — V)T + AV
Inserting A(t) given by (4.2]), we get
ove 1 L 1, 5 0%V, Ve
In a general form, we have
% =h’+h, inQr, (5.3)



5. The penalised problem

where . v
RO=——(¢9-V)" —(r—d
(= V)~ (=
and 921
1
1_ L 229 €
h™ = 20 T 92

Consequently, (5.3) and the definition from Chapter [3|imply that the right-hand
side of (5.3) lies in M’. Indeed, recalling that

<6t‘/67w> ’
|0 Vellyp = sup —

fwlv<t  lwlla

(5.4)

Using ||w||ar < 1, we utilize the equation above and use (5.3)) to deduce that

10:Vellarr <‘ O Vesw) M‘
=[(h° + h', w)] (5.5)
< |(hw)| + [0, w)]
To estimate |(h°, w)| and |(h', w (Ry),

then (g — Vo)* € L?(R,). For ||w|a < 1, using Cauchy-Schwartz inequality
(A.1), the triangle inequality and the definition of the norm in M, we obtain

0.0 < [(= 2o - vt )|+ | (0= @G )| + v

Ve
ox

<C <||(9 Vot lleew,) + ||z + HV€||L2(R+)> w2 &)

L2(Ry)

< C (lgllz2 @y + IVellar) ,

for a constant C' not depending on e. Moreover, let us estimate ‘(hl,w)‘.
Assume that for any nonnegative test function w € C§°(R), we integrate by
parts, then apply Cauchy-Schwartz inequality (A.1)) and using Assumption|3.2.4]
it yields

1 0°Ve
|4}

1 2
= / —*0'2.1‘26 ‘;;wdx
Ry 2 8x
1
:/ —7023328‘/6 —aw —|—02:133V5w'
Ryl 2 Oxr Ox

<c</R

<C
L2(Ry)

< CVellal[wlla
< CVellar,

xavﬁ xa—w dx—f—/ x%w dx
ox ox Ry | Oz

ow BV
lwllL2(ry)
L2(R4)

% + ax

L2(R4)
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5.1. Galerkin approximations

for some positive constants C' not depending on e. Thus, it follows from
that

< (% w)] + (BT, w)
< C(IVellar + gl 2 (ry)) -

Finally, integrating in time from 0 to 7' and using (a + b)? < 2(a? + b?), we
arrive at

10eVellpre

T T
2 2
| 10t ar < e [ (laluae + IVellar)

T
<G [ (lalfae,) + IVal) o

2
< Cr (Tlgl3a,y + 1VelFeo,man) )
S CT)

where the constants C', C; and Cp do not depend on e. The last inequality
comes from the facts that V. € L2(0,T; M), g € L*(R, ) and T is finite. Hence,it

follows that aa‘f is bounded in M’ for almost every time in [0, T].

The weak formulation of (5.1]) is obtained by multiplying (5.1]) by an arbitrary
function w € L?(0,T; M). We integrate in x over Ry and then do integration
by parts. Thus, we obtain

(G )y g Tt Vew) = £ ((9 = V)T ,w) =0, inQr 56)
‘/;(T):gv in R-‘rv .

where the bilinear form a(t; .,.) takes the form . From the above, we have
the following definition of weak solutions:

Definition 5.0.1 (Weak solution). We call V, a weak solution to (5.1) if

Ve
ot

and V, satisfies the weak formulation ([5.6)), where the set K is given by (4.3).

Observe that since g € L?(Ry), then (g — Vi)™ € L?(0,T; M). Define a
nonempty set A such that

V. € L*(0,T;K), € L*(0,T; M"). (5.7)

Nz{w| we L*0,T; M); a—wELQ(QT;M’); nga.einQT}.

ot
(5.8)
Notice that since Vo € N, g — Vo < 0. Thus,

-Vt =(g-Vo+Vo—-V)*
< (Vo —Vot.
5.1 Galerkin approximations

To analyze the penalised problem (5.1)), we use the Galerkin approximations [5
p. 375]. More precisely, the Galerkin’s method is used to construct approximate
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5. The penalised problem

solutions V,,, and then passing to the limit by sending m — co.

To construct the approximate solutions V,,,, we assume the existence of
smooth functions e, = e (x) for k = 1,2,. .., such that {ej}7°, is an orthogonal
basis of M and L?(R, ). For a fixed positive integer m, we look for a function
Vi [0,T] — M of the form

Vi) = di (e, t€[0,T]; k=1,....,m, (5.9)
k=1
where the coefficients d¥, (t) are chosen so that, for k =1,...,m,

{ <aaLtm76k>M/7M + a(t;Vm,ek) - %((g - Vm,)+7ek,) = 07 in QT7 (510)

dl’fn(T):(gaek)7 in R-‘r'
The weak formulation ([5.10) admits a unique solution.

Theorem 5.1.1 (Construction of the approximate solutions). For each integer
m = 1,2,... there exists a unique function V,, of the form satisfying
5.10).

Proof. Consider (5.10). Since V;, has the form of (5.9) and {ex}2, is an
orthogonal basis of L*(R.), we have

OV > i
T e = 8,d" (t).
< at M’ M

Moreover, substituting V,,, in (5.9) into the bilinear form (3.8)), we have

. - 1, 28(2?;1‘%@)@)%
a(t; Vin, ex) = /]R+ 50T b - dz
(>, dl(t
+/ (=(r—d)+0*)z (i )el)ekdm
Ry ox

+ /]R+ r (lzzl dfn(t)el> epda.

Using the linearity of a(t; u,v), we move out >, d’, () before the integral and
get

a(t; Vin, ")
_ m 1 1 2 2%% e 9 aiel .
— (;dm(t)> /R+ (20 o +(—(r—d)+o )x8x6k+reek da
- Zdlm(t)a(t; el, ek)-
=1

Also, we have

((g - Vm)Jrv ek)

I
/N
—
—~
S
SN
—~
S
~—
®

S
~
\
—
U
3??‘
—~
~
S~—"
D
N
~—
fE—
D
N
N—
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5.2. Energy estimates

where (d¥ (T) — dfn(t))+ = max {dF,(T)—dF,(t),0}. Inserting these into ,

thus

—o,dk (¢t +Zd a(tyer, er) — (dfn() ) =0, fork=1,....,m

We rewrite the equation above and get

— 0,d (t +Zdl altye, en) = fo(¢), (5.11)
where f*(t) = 1 [d% (T) — dfn(t)] fork=1,...,m

e

According to standard existence theory for ordinary differential equations,
there ex1sts a umque absolutely continuous function d¥, (¢), for k = 1,...,m
satisfying (5.11]) almost every time in [0, 7] and the terminal data d&,(T') = (g, €¥)
in Ry. Then Vm is uniquely determined by and solves almost every
time in [0, T7. |

We have already obtained the existence and uniqueness of the approximate
solution V,,, in the finite dimensional subspace spanned by orthogonal basis
{eF}2° | In the next step, we will send m to infinity and show that a subsequence
of the approximation V,,, converges to the weak solution V. Before doing this,
we propose an estimate which is useful to analyse the well-posedness of the
solution later.

5.2 Energy estimates

The following theorem gives us some useful estimates:

Theorem 5.2.1 (Energy estimates). There exists some positive constants Cq
and Co that do not depend on m = 1,2, ... such that

OV
at LZ(O,T;M/) (5.12)
< eMglie,) (1+Cat).

Proof. Multiplying the first equation of (5.10) by d* (), summing over k =
1,...,m and using the formulation (5.9) of V,,,, we obtain

OV, 1
— <, Vm> +a(t; Vi, Vi) — = ((g — Vi), Vm> =0. (5.13)
ot MM €
Observe that using the chain rule (A.0.15)), we have

oV, d 9
(%, vm>M/7M— & (310, )

Moreover, applying Cauchy-Schwarz’s inequality (A.4) and Minkowski’s inequal-
ity (77), it yields

<(9 - Vm)+v Vm> <1/2 (H(Q - Vm)+H2LQ(]R+) + ||VmH%2(R+))

2
< C1 Vil + I9l3cesy ) -

OrgtzszHV (t, )||L2(R+) + Vi ||L2(0TM) +
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5. The penalised problem

for a constant C7 not depending on m. Finally, using Garding inequality (3.11)),
(5.13) implies that

d (1
—ﬁ(2M%mﬁmm)+mmmz<cwmw;m”+@w&mw.mM>

It follows that

d

1
—ﬁ(ﬂmm@®0<@wwam+@mm®y (5.15)

almost every time in [0, 7] and for some positive constants C5, Cy, independent
. 2 .
of m. Setting n(t) := ||V (t) [ 2(r, ), rewriting 1)
=1 (t) < Can(t) + Callgll7z e, )-
Applying the Gronwall’s inequality (A.10)), it gives

n(t) < e (n(T) + Catliglae, ) » € 0,71,

Since d* (T) = (g, e), we multiply both sides of this equation by e; and use
the fact that {e;}?°, is an orthogonal basis of L?(Ry) so ||ek||2L2(R+) <1,it

yields n(T) = ||Vm(T)||2L2(R+) < ||g||2L2(R+). Taking maximum over ¢ € [0,7]
and substituting n(t) by ||Vm(t)||2L2(R+), we find that

2 Cst 2
omax, [Vin (&, M 22w,y < € llgllzem,) (L4 Cat). (5.16)

for some positive constants C3, Cy not depending on m.

Returning to (5.14), we integrate in time from 0 to 7" and employ (5.16)), it
yields

T
2 2
m%wmmmm=4\mawa

<e“|gl|72m, ) (14 Cat).

(5.17)

It remains to prove

10Vl 20,007y < €% 13y (1 -+ Ct). (5.18)

Fix any w € M, with ||w|y < 1, and write w = w; + wy, where wy €
span{ex}2, and (ws,ex) =0, for k=1,...,m. Since {ex}7>, are orthogonal
in M, [Jwi|la < ||w]ar < 1. From (5.10), we deduce

— (ath,wl) + a(t; Vm,wl) .

€

((g — V)" ,wl) =0, in Q7.
It is equivalent to,

(8th,w1) = a(t; Vi, wt) — 1 ((g — Vm)+ ,wl) . (5.19)

€
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Using ||w1]|ar < |Jw|[ar < 1, we observe that

a(t; Vi, w') < C|Vinllarllw' | as
< O Vinllar-

for a constant C' not depending on m. Moreover, using Cauchy’s inequality
(A.1) and the triangle inequality, we also have

‘ ((9 - Vm)+,w1)‘ < H(g - Vm)+‘

1
Lz(R+)||w ||L2(R+)

< € (IVnll oy + lliaceen)

for a constant C' not depending of m. Thus, we deduce from (5.19) that
|(00Vin, w")| < C Vil (5.20)
Moreover, we have 9,V,, € M’ and recall the norm in M’

oV,
0 Vilyge = sup O arin
lwiw<t  lwlla

Consider (9;Vy,, w)pr m. Since w = wy + wa, where wy € span {ex}72,; and
(wa,er) =0, for k=1,...,m, we have

<8tvm,w>M/7M - (8th,'IU) - (atvm;wl)a

Here we use (.,.) which denotes the inner product in L?(R ). Using |Jw!||a <
lwllar <1, then

10 Vil < ‘(atvm,wl
< CVinllag -

Yareae|

Integrating in time from 0 to T’

T 9 T
| ovmto]], ae<c [ waol
0 M 0
Using (5.17)), thus we obtain (5.18)). [ |

5.3 Well-posedness

The existence and uniqueness result for the penalised problem (/5.1 is now
stated in the following theorem:

Theorem 5.3.1 (Well-posedness). admits a unique weak solution defined
by .

To prove Theorem [5.3.1} we send m to oo, then the approximation V,,
converges to the weak solution V' of the associated penalised problem .
Since the penalty term (g — Vm)Jr is nonlinear and it is not usually continuous
with respect to weak convergence (see |5, p. 531]). Therefore, we need strong
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5. The penalised problem

convergence of V,, to pass to the limit. To find out strong convergence of
Vin, we first point out the connection between the weighted space M and the
traditional Sobolev space H'! () We say that a function u € H'(Q) if and

only if u and the first derivative % both belong to L?(€2). Let us recall the

norm of V,, in M and in H! ((a,00)) for any a > 0, respectively:
OVin
Venllar = Vinll 2y + |25~ :
T 2
L (R+) (5 21)
Vol Vol + | 52 |
mllH!((a,00)) = IIVmllIL?((a,00)) :
02 |2 ((a,00))
Since = € (a,00), > a, then £ > 1. Thus
Vi |? 1] 9V, |?
Tl e < = Ciml g
/a Ox = a ‘x Ox ‘
1 [] oV, |?
<= ‘xm dax.
a? Jo ox
In other words,
Han <c, |2
02 |2 ((a,00)) 0 lL2(ry)
for a constant C,, depending on a > 0. It follows from ([5.21)) that
Vil ((a,00)) < CallVinllar, — Va > 0. (5.22)
In other words,
M c H' ((a,00)),  Va>0. (5.23)

The next result is an extension of this observation to time dependent functions

Lemma 5.3.2. Ifu € L?(0,T; M),
then
ue L*(0,T;H" ((a,00))), Va>0.

Furthermore, it follows from (5.23]) that
/
(Hl ((a, oo))) c M, Va > 0, (5.24)

where M’ and (H* ((a,oo)))l denote the dual space of M and H! ((a,0)),
respectively. Since we have from [5] p. 299]

1! ((0,50) < 22 ((050) © (H'{(0))
along with 7 , we obtain
M c H* ((a,00)) C L*((a,0)) C (Hl((a,oo))) c M.

Thus,
M cC L? ((a,00)) € M'. (5.25)

This shows that M is compactly embedded in L? ((a,00)). This information
will be applied for the next lemma.
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5.3. Well-posedness

Lemma 5.3.3 (Aubin-Lions). Let Xo, X and X; be three Banach spaces with
Xo C X C Xy. Suppose that Xg is compactly embedded in X and that X is
continuously embedded in X. For 1 < p,q < +oo, let

W= {u € L7(0,T; Xo), % € L9(0, T; Xl)}

If p € [1,00), then the embedding of W into LP(0,T; X) is compact.
Define a nonempty set W, of all functions V,,, such that

OV
W, = {Vm € L*(0,T; M), 2 € L*(0,T; M") }
For the identities Xog = M, X = L?((a,00)) and X; = M’, we have ([5.25))
and apply Lemma then W, is compactly embedded in L*((0,T) x (a, o0)

Lemma 5.3.4. Let M denotes the weighted Sobolev space defined by
M = {u c L*(Ry), x% € L2(R+)},

whereas M’ denotes its dual space. Then, M is compactly embedded in L? ((a, oo)),
for a constant a > 0. Furthermore, let
ou

W, = {u € L*(0,T; M), 5 € L*(0,T; M") }

Then W, is compactly embedded in L> (07 T; L? ((a,0)) ), for a > 0.

It follows from weak compactness Theorem [AZ0.14] that there exists a subse-
quence {Vp,; }j>0 € {Vi} and a function V' such that

Vin,; converges strongly to V' in L%((0,T) x (a,00)),
for any a > 0. Thus, by a diagonal argument, we conclude that
Vin,; converges strongly to V' in L% ((0,T) x (0,00)).

Having obtained strong convergence of approximation solutions V,, in
L?((0,T) x Ry), we are now ready to prove the well-posedness theory of weak
solutions to the penalised problem (5.1)).

Proof of Theorem[5.5.1. We will first prove for the existence. According to

the energy estimates (5.12), {V,,}2°_; and {% o, are both bounded in
L2(0,T; M) and L?(0,T; M'), respectively. It follows from weak compactness
Theorem|[A.0.14|that there exists a subsequence {V,,,, }7°, C {V},,} and a function

V € L?(0,T; M), such that

Vi, converges weakly to V in L*(0,T; M).

OV,
ot

Similarly, there also exists a subsequence { e, C {%Lt’"}fr‘le and a function

% € L*(0,T; M'), such that
OVin,

converges weakly to 68—‘; in L?(0,T; M'").
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5. The penalised problem

By definition [AZ0.13] weak convergence means that for any w € M,

Vi, ov
—,Ww — (5w .
ot M/ M ot MM
Next, we fix an integer N and choose a function ¢ € C*([0,T]; M) having

the form

q(t) =) d*(t)ex, (5.26)

M=

k=1
where {ej }1_, are given smooth functions and the function satisfies the condition
q(t = 0) = 0. Choosing m > N, multiplying by d*(t), summing for
k=1,..., N and then integrating with respect to t, we get
T
/ _<a‘/m7Q> +a(t§vm7Q)_1((g_Vm)+7Q) dt:ov in QT~
0 ot M',M €
(5.27)
Setting m = m;, we send j — oo and obtain

T jov 1
| =(%00)  +awvo -1 (- a)d-o  (G2)
0 at M’ .M €

This equality holds for all functions ¢ € C*([0,T];R)

In order to prove V(T') = g, we integrate by parts (5.28]) and use ¢(t = 0) = 0,
thus

T
~ V@) + [ )+ alaVn - 7 (0= V)Fa)de=0. (520)

€

for each ¢ € C*([0,T];Ry). On the other hand, recalling (5.27), we set m = m,
and integrate by parts, we arrive at

= Vi (MM + [ (Vo) Vi) = ¢ (0= Vin)) o) de =

Sending j — oo and using V,,, (T') — g in L*(R), thus

T
~ )+ [ V) eV - (-1 ) d=0 (530)

€

Consider ((5.29)) and (5.30)). Since ¢(7T) is arbitrary, we conclude V(T') = ¢ in
R,. Hence, we finished proving the existence of weak solution to the associated
penalised problem (5.1)) by the energy estimates and the compactness method.

The uniqueness of V' is an immediate consequence of the monotonicity of
the operator V. — (g — V)T. In fact, if V! and V? are two solutions of the
associated penalised problem, then V! and V2 satisfy (5.6, respectively

1
—<a;;,u> +a(t;V1,u)—1((g—V1)+,u> =0, Yue M.
(M, M)
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5.3. Well-posedness

and
2 1
—<av,u> +a(t;V2,u)—<(g—V2)+,u> =0, Yue M.
( 6

In addition,
VHT)=V*T)=g, inR,.

Setting z = V! — V2, we subtract these two equations and get

—<8Z,u> +a(t; z,u) — ! ((g—V1)+ — (g—V2)+,u> =0, Yue M.
YRy

€
Choosing u = z, we arrive at

- <az,z> +a(t;z,z) — ! <(g— vht - (g—V2)+,z> =0, Yue M.
VY

€
(5.31)
We consider the last term of the left hand side of . Observe that
If V1> V2 then z > 0 and (g — V1" < (g — V)T, we have

((g —VHT — (g - V1)+>z > 0.
On the other hand, if V! < V2 then z <0 and (g — V1)t > (g — V?)*. Again,
(@-v2r—w-vy)e =0
Therefore, the following inequality always holds
(@-v2r —@-vy)e =0
From ([5.31)), the last term of the left hand side is non-negative and thus,
0
— <z’ z> +a(t;z,2) <0. (5.32)
ot MM
The chain rule (A.0.15]) gives
d 1 2
& (310l ) +attszz) <0,

Integrating (5.32) in time from ¢ to T and using the fact that z(T') = 0 together
with Géarding inequality (3.11)), we get

1 T T
3 IO o [ Ids <A [ 1) g, s
Hence,
2 T 2
ey 20 [ 13, s
t

Applying Gronwall’s inequality (A.10) yields z(¢) = 0 for all ¢ € [0, T]. Hence,
we have obtained V! = V? as we desired. |
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5. The penalised problem

5.4 Proof of the well-posedness result for the American
option pricing problem

Since we already have obtained the existence and uniqueness of solution for the
associated penalised problem ({5.1)), we can now prove the well-posedness result
for the American option pricing problem (|4.1J).

mentary estimates on V, and 86\?_ Continuing from (|5.7)), a supplementary

estimate on V, is derived from the following equation

Proof of Theorem[].2-1} Regarding the existence, we first propose two supple-
i

€ 1
<8V,u> +a(t;Ve,u) — = ((9—Ve)",u) =0, Yue M.
ot MM €

Putting u = Vy — V, for Vy € N where the set N is given by (5.8]), then

Lo vorv-v) =o.

€

ot
Writing Vo = Ve=Vo—g+g—V,,

oV,
—< VO_‘/e> +a(t; Ve, Vo — Vo)
M’ M

Ve
_<7VO_‘/€> +a(t; Ve, Vo — Vo)
ot M’ M

1
- (g=Vo" Vo—g+g-V)=0.

Thus,

V. 1
—<,Vo—14> +alt; Ve Vo = Vo) = = (9 - Vo)t
ot MM ‘ (5.33)

1
——(lg=V)" Vo —g) =0.
Since Vo € N, Vi — g > 0. It follows that

((g—Vot,Vo—g) > 0.

Thus,

! ((g— Vo))’ >0.

€

<8V67V0Ve> +a(t; Ve, Vo = Vo)
ot M’ M

It is equivalent to

Ve
_<7‘/b> +a(t7‘/evv())
ot MM

oVe 1
>_<7‘/6> +a(t§V67Ve)+7((g—VJ+)2-
ot MM €

Applying the chain rule (A.0.15)) for — <%, V€>M, a0 1t yields

- <6VE,V0> a(t Vi, Vo)
6t M’ M

d 1 2 . 1 +\2
> 4 (-5 V0, ) + sV Vi) + 1 (g - Vi)'
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We continue by integrating in time from ¢ to 7' and using the fact that V. (T') = g,
we obtain

1 2 T 1 T + 2
IV + [ alsvivds > [ (- V%) as

5.34
1, 1o T V. (5.34)
<slgliewy+ | - Vo + a(s; Ve, Vo)ds.
2 t ot MM
Since Vy € N, where N is given by 1) we have ||Vo||£2(0,7;0r) and H% L2(0.T:M)

are bounded by a constant C' independent of €. Also, Holder inequality
for p = g = 2 gives

T T
ov. Ve
/ —<,VO> dtg/ Vol ardt
0 ot M/ M o |l Ot |l
1/T oV, ||? 1/T )
< dt+ 5 [ |[Volladt
2 Jo || Ot ||\ 2 Jo M
1Hav; 2 1
=52 + 5 IVollZ20,7500)-
2 6t L2(0.7:M) 9 L2(0,T;M)

where the second inequality is using Cauchy inequality (A.4). Consider the
bilinear form a(t; Ve, Vi), we have

a(t; Ve, Vo) < pl|Vellaml|Vollae

Since Ve € M, ||[Ve|lm < C for a constant C' independent of e. Then a(t; Ve, V)
is also bounded in M. Hence, from (5.34]), we deduce that

IVellzos 0,522 (1)) < Ch,

o (5.35)

1
+
e (g — Ve) ||L2(O,T;L2(R+)) =
for some constants C7, Cy independent of e.

The first inequality in shows that V. is bounded in L (O, T: L? (R+)).
Since L?(0,T) C L*(0,T), V¢ is then bounded in L? ((0,T) x R, ). By weak
compactness Theorem[A.0.14] there exists a subsequence {V, }¢>¢ (not relabelled)
and a function V such that

V. converges strongly to V in L? ((0,T) x R,).

The second part of implies that (g — Vo)* — 0 in L?(Q7) when € | 0.
Since V, converges strongly to V in this space, then (g — V)™ =0 in L? (Qr).
This implies V' > ¢ in Q7p. Hence, we have obtained the existence of weak
solutions V.

A supplementary estimate for 63;5 can also be derived as follows. Setting
Ve
We = —.
ot
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5. The penalised problem

We differentiate (5.6)) in time and get

.
—< - w> +a(tywe, w) +d (Ve,w)
M’,M

ot’
_ +
_1(W9£%>WQZO,Vw€M,
€

where a(t; u,v) and a’(t; u, v) take the form
1 5 50udu / o Ou
t; = = — —(r—d —ud
a(t;u,v) /R+2J$6x@x+ R+( (r )—l—a)xaxvx
+/ ruvde, Yu,v € M,
Ry

and

ao) = [ L (L2 p0ulu A 2y , OU
a(t,u,v)—/R+ \37 )« 8x8x+dt( (r—d) +o°)z xvdx

—|—/ dr(t)uvdm, Yu,v € M,
r, dt

respectively. Since % =0, we have

ANg—V)+r oV
ot Ot

—We, g > Vvéa

(5.37)
0, g < V..

Ly, = —wHgsy, = {

Letting w = w,, we substitute w and (5.37)) into (5.36]) to obtain

Oow, 1
(L , We +a (t;we,we) + a' (4 Ve, we) + = (we, we) = 0.
ot M’ M €

Using the chain rule (A.0.15)), then integrating in time from ¢ to T, we rewrite
the equation

T'ra 1 ) 1 )
[ (Gl ) + o e + e, | ds
T
:/ —a’ (t; Ve, we) ds.
t

Employing Garding inequality (3.11]) yields

1 2 g 2 e 2
SOl +a [ wdids+ 1 [ e, ds
¢ t (5.38)

T
2
oD e+ [ e (6 Verw) s
Consider the right-hand side of ([5.38)). The bilinear form is continuous in the
sense that

a’ (t; Ve, we) < pl| Vel llwellar < C,
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problem

for a constant C not depending on e. Moreover, (5.1) gives w.(T) = A(T)g,
where the operator A(T') is bounded in M. Therefore w,(T") is also bounded by
a constant C' that is independent of e. Hence, it follows from (5.38)) that

T
2 2
e8] +a/0 w2, ds < ©

This implies that

% € L*°(0,T; L*(Ry)) N L(0,T; M)

Therefore, we can find a subsequence of {%}oo converging weakly to 2V in

ot
L?(0,T; M) and star in L*°(0,T; L?>(R)).

Finally, to show that V satisfies the first inequality of (4.1)), returning to
(15.33):

oV, 1
< ,vom> +alt; Ve, Vo — Vo) = = (g = Vo) *)’
ot MM €

1
7;((97‘/6)+7%7g):03 V%EN

As observed before, ((g — Vi)™, Vo — g) > 0. Hence,

—<6V6,VO—V€> +at; Vo, Vo— V) >0, YVpeN. (5.39)
ot A

Integrating from 0 to 7" and using the linearity of a(¢; u,v), we obtain

T V. T
/ —< : VO—V;> —&—a(t;VE,Vo)dtz/ a(t; Vo, Vdt, Vo e N.
0 M’ M 0

ot’
(5.40)
Using (5.39) and (5.40)), letting € | 0,

T
/ —<8V7V0—V> +a(t: V, Vp)dt
0 ot MM

T
zliminf/ a(t; Ve, Vodt, VVyeN.
0

e—0

. . e T 2 T 2
Since llleri)lglf IN (fRJr ’x%‘ﬁ dx) dt > [, (fR+ |x%—‘£’ dx) dt | p. 469],

T 8V T
/ _<8’V°_V> +a(t;v,vo)dtz/ a(t; V,V)dt, VVyeN.
0 t MM 0

In other words,

T yov
/—<,V0—V> +a(t;V,Vo —V)dt >0, VV,eN.
0 ot Ry
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5. The penalised problem

Hence,
2%
— 7,V0—V +a(t;V,VO—V)dt20, VVE)GN.
ot MM

Regarding uniqueness, we assume V' and V2 are two weak solutions to the
American option pricing problem (4.1)), then V1, V2 solve (4.9)). In particular,
V1, V2 satisfy

1
—<8V7U)—V1> +alt; Viw—-VhH >0, YweN (5.41)
ot MM
and
ov? 2 2 2
—{—,w-=V +alt; Vi,w—V?3) >0, YwelN, (5.42)
ot MM

respectively. In addition,
VHT)=V3T)=g, inR,.

Replacing w = V! —wand w = V? —u, u € M, in (5.41)) and (5.41)) respectively,
we obtain that

1
<8V7u> —a(t; VHu) >0
ot MM

2
<8V,u> —a(t; V2 u) > 0.
ot M’ M

and

Setting z = V! — V2, we subtract these above inequalities and use linearity of
a(t;u,v) to find that

<8z7u> —a(t;z,u) >0, Vue M.
ot M/ M

Multiplying inequality the above result by —1, it yields

<8z,u> +a(t;z,u) <0, Yue M.
ot MM

Choosing u = z,
0
—<Z,z> +a(t;z,2) <0.
ot MM

The chain rule (A.0.15)) gives

d 1
& (3100, ) +altiz2) <0, (5.43

Using Gérding inequality (3.11)), then integrating ([5.43)) in time from ¢ to T'
and using the fact that z(7") = 0, we arrive at

1 2 4 2 T 2
3 120 +o [ 101 s <A [ 10lm, ds
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which implies
T
1202, < 20 / 12() 22 x, ds.

Applying Gronwall’s inequality (A.10]) yields z(t) = 0, for all ¢ € [0,T]. Hence,
we have obtained V! = V? as desired. [ |
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CHAPTER 6

The power penalty problem

The power penalty method was proposed and analyzed by S. Wang, X. Q. Yang
and K. L. Teo in . This approach has been considered as an improvement
of the classical penalty method because of its accurate solutions to values of
American options and it overcomes computational problems due to € — 0.
In this chapter, we will study this method and our main focus is to present
theory for well-posedness of solutions to this problem.

Recalling that the American option pricing problem takes the following form

— % + A(t)V >0, in Qr,

14 > g, in QT7 (61)
ov

<_8t 4 A(t)V) G-V)=0, inQr.

where
V(T) =g, inRy,

and the operator A(t) takes the form

2 Ox?
The main idea of power penalty method is to replace the nonlinear equation in
classical penalty problem by the "more nonlinear" equation. Mathematically,
the associated k-power penalty problem of is to solve a nonlinear partial
differential equation of the form

oV, 1 1 .

- aTk +AMVi — ~ [((g—Ve)"]* =0, inQr. (6.3)
where k > 1 is the penalty parameter. We denote by Vj a solver of the k-power
penalty problem (6.3) and V;,(T') = g in R.. The operator A(t) takes the form
(6.2) and k > 0 is an additional parameter (typically between 0 and 1).

Remark 6.0.1.

Aty = — —(r— d)x? +rv, YveM. (6.2)
x

e When k =1, (6.3) reduces to the classical penalty problem.

e Since Vi > g in Qr, (g — Vi)™ = 0. In this case, the k-power penalty
problem (/6.3]) turns into the Black-Scholes equation which is simpler to
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6. The power penalty problem

solve. Otherwise, if V}, < g, gives g— Vi)t =€ (- 8‘/’“ + At )Vk)k.
We see that since e — 0 and if (— BV’“ + A(t)Vy) is bounded then (g —
Vi)™ = 0. Therefore, when ¢ is Sufﬁmently small, the nonlinear term

1
L1(g — Vi)T]¥ is used to penalize the positive part of (g — V).

We introduce the weak formulation of (6.3)) as follows
v, 1 1
<k7w> +a(t,Vk,w)77([(ngk)+]k7w):O, ’lUGM, (64)
ot MM ¢

where the bilinear form a(t; u, v) takes the form

o [ (Lyagp®u0y 0w
a(t,u,v)/ﬂh<2axaxa + (=(r d)Jra)xaxv dx

(6.5)
—|—/ ruvdx,  for u,v € M.
R

We define weak solutions of (6.3]) as follows:

Definition 6.0.2 (Weak solution). We call V}, a weak solution to the k-power
penalty problem (6.3) if

OV

Vi € L*(0,T; M), - € L*(0,T; M").

Moreover, V}, satisfies the weak formulation and Vi (T) = g.

6.1 Well-posedness

For the existence and uniqueness of weak solutions to the k-power penalty
problem ([6.3)), we have the following theorem

Theorem 6.1.1 (Well-posedness). There exists a unique weak solution to the
k-power penalty problem .

Before proving Theorem [6.1.1] we propose some uniform estimates in the
following Theorem:

Theorem 6.1.2. Let Vi, denotes solution to the k-power penalty problem .
Then there exists some positive constants C' and C1, independent of k such that

2 2
osier Vet )z, + HVk(t)HLz(O,T;M)

H Vi |I?

< Ci(exp(CT) +T) ||g||2L2(]R+)'
L2(0,T;M")
(6.6)

Proof. The proof is analogous with the one in the classical penalised problem.
Substituting w = Vi, in (6.4]), we obtain the following equation

- <8§?€,Vk>NI’M a(t; Vi, Vi) — 1([(9 Vit] /k,Vk> =0. (6.7)
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6.1. Well-posedness

Observe that since Vi, < g in Qr,
1/k 2
([(9 — Vi)' »Vk> < C|Villzzw,y

Using the chain rule (A.0.15)) and Garding inequality (3.11)), from (5.13)) we

deduce the following inequality

d 1
ﬁ(zmww;m”)+awmzscuwmmn, (6.8)
for some constants o > 0 and C not depending on k. It follows that
d 1
7 (C5 M0 m,) ) < C IV ge, (6.9)

almost every time in [0, 7] and for some positive constant C', independent of k.

S.etting n(t) == ||.Vm(t)||iQ(R+), then we apply Gronwall’s inequality lb it
yields the following result

n(t) < e“n(T), tel0,T).

Taking maximum over ¢ € [0, 7] and substituting n(¢) by HV/C(t)||i2(]R+)7 we find
that
2
goax Vit o, < exp(CT)lgl 22z, )- (6.10)

for some positive constant C' not depending on k.

Returning to , we integrate in time from 0 to T and employ (6.10)),
then we obtain that

T
2 2
RO sy = [ IV
< exp(CT) gl 72, )-
We next give an estimate for the time derivative of Vj. Since (6.3]) gives

oV, _ 1, 28Vk oVy, 1 +1\1/k .
W = §O' X 67 (T d)xaT + TVk ;( [(g Vk) ] ) 5 m QT,

the formulation suggests that %Ltk € M’, where M’ is the dual space of M.
Recalling the norm in M’, for any w € M such that ||w|/a < 1, we have

8 V w ’
HathHM/ = sup Ktk’—mm
llwllar <1 llw||ar

(6.11)

From (6.7)), we have
1 11\ 1/k
(0eVi, 0) o py = alt; Vi, w) — - (lg=Vi)"]) " w ).

Observe that, using Cauchy-Schwartz inequality (A.1)) and the triangle inequality,
we find that

((o—vr)* ) | fia- v

< C(lgllze@yy + Vel zz@oy) lwll e g, y-

||wHL2(R+)
L2(Ry)
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6. The power penalty problem

Using the above result and the continuity of the bilinear form a(t;.,.), for a
fixed function w € M, such that ||w||as < 1, we deduce that

(@i w)apraa| < C (Willag + lglace) ol z2ces

for some constant C' not depending on k. For details in the above estimate, we
refer to ((5.20) in Chapter 5| using ||w||a < 1, we utilize the above inequality
and find that

10:Villarr < € (IVllps + lgllz2ee)) -

Integrating in time from 0 to T, employing (a + b)? < 2(a? + b?) and (6.10)), we
arrive at

T 9 T )
[ ovm], at<c [ (Wt + loliage, ) a
0 0

T
<o / Va1 + 122 e,
< Cy (exp(CT) +T) gl ey,

for some constants C' and C7 not depending on k. We now collect the above

estimate together with (6.10) and (6.11)), thus we have proved in the
Theorem. |

Having obtained a prior estimates for Vj, in , we next define the following
set Wy, such that
oV

W = {Vk € L*(0,T; M), aTk € LQ(O,T;M’)}.
Apply Lemma (cf. Chapter [3)), it shows that W, is compactly embedded
in L?((0,T) x (a,00)), for a > 0. It then follows from compactness Theorem
A.0.14] that there exists a subsequence {V, };>0 € {Vx} and a function V' such
that

Vj,, converges strongly to V in L?((0,7) x (a, 00)),

for any a > 0. Thus, by a diagonal argument, we then conclude that
Vi, converges strongly to V' in L?((0,T) x (0,00)).

Since we have obtained strong convergence of sequences {Vj }r>o in L? (Qr)
as well as , we are now ready to prove the well-posedness theory for (6.3]).

Proof of Theorem[6.1.1 For the existence, according to energy estimates ,
the sequences {V} }x~0 and {‘%’“}kw are bounded in L2(0,T; M) and L?(0,T; M"),
respectively. Weak compactness Theorem shows that there exists a sub-
sequence {Vi, }32, € {Vi}x>0 and a function V'€ L*(0,T; M), such that

Vi, converges weakly to V' in L%(0,T; M).
Vi,
Similarly, there exists a subsequence {3—:]};”;1 C {%}Iwo and a function
% € L*(0,T; M’), such that
OV,

J

converges weakly to % in L2(0,7; M").
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By definition [AZ0.13] weak convergence means that for any w € M,

<8Vk > <8V >
—, W — { a,w .
ot MM ot MM

For any fixed function ¢ € C* ([0, T]; M) such that ¢(0) = 0, the following
integral holds

T Jav, 1
/ - <atk?q> + (L(L th q) - ((g - Vk)+ 7(1) dt = 07 in QT' (612)
0 MM €

Setting k = k; and sending j — oo, we obtain that

/OT—<(?;,q>M,M+a(t;V,q)—1((g—V)+,q) dt = 0. (6.13)

In order to prove V(T) = g, we integrate by parts (6.13]) and use ¢(0) = 0,
thus

€

T
1
~ V@) + [ Vi) +aleVia) - ¢ (9= V) ) de=0. (610
0
for all ¢ € C*([0,T); M). On the other hand, doing integration by parts (6.12)
and setting k = k;, we arrive at
€

T
*(ij (T)a Q(T)) + \/0 (ijaql) + a(t; ij?q) - ! <<g - ij)JF aQ) dt = 0.

Sending j — oo and using the fact that V (T) — g in L*(R,.), thus

T
- (@) + [ Vi) +atVio — ¢ (0= V)*a)de =0 (©615)

Consider (6.14) and (6.15). Since ¢(7') is arbitrary, we conclude V(T) = g in
R, . Hence, we finished proving the existence of a weak solution for (6.3]) by
using energy estimates and the compactness method.

The uniqueness of Vi, is an immediate consequence of the monotonicity of
the operator Vi, — (g — Vj)™. For our convenience, we will drop dependence of
Vi, on k in what follows. Assume that V! and V2 are two solutions to ,
then V! and V? satisfy the weak formulation such that

1 1
<8V’u> +a(t;V1,u)([(9V1)+]1/k,u>—0, Yu € M,
8t (M, M) €
and
2 1
<8V,u> +a(t;V2,u)([(sz)Jr]l/k,u)_O, Yu € M.
6t (M/7M)

Moreover,
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6. The power penalty problem

Setting z = V! — V2, we subtract the second equation from the first one and
get the following equation, for all u € M,

0z 1 1/k 1/k
_ <8t’u> +a(t; z,u) — ([(g — V1)+] Ik _ [(g - V2)+] / ,u) =0.
M’ M €
Choosing u = z, it yields

_<gjzkww{+dm4@—1(Kg—VUﬂUk—Kg—V%ﬂhﬁz):O

=E<0
(6.16)
Setting
1 1/k 1/k
E = e(Kg_Vl)ﬂ [k [(g—Vz)ﬂ / ,z).
For all € > 0 and k > 0, observe that F < 0. Indeed, if V! > V2, then
1/k 1/k
250, [(g-VvY)T" < [g-v>HE,
it follows that
E <0.
Otherwise,
1/k 1/k
20, [(g-vT] = [(g9- VAT,
then again, we have
E<0.
(6.16) implies that
0
_ <Z,Z> +a(t; z,2z) <O0. (6.17)
ot MM

Applying the chain rule (A.0.15)), it gives
d 1 2
7 <2||z(t)||L2(R+)> +a(t;z,2) <0.

Integrating in time from ¢ to T and using the fact that z(T') = 0 together with
Garding inequality (3.11]), we get

1 2 T T
SO, +a [ 1Bt <3 [ a6 e, ds.
Hence,
2 T 2
1) 2 (x,) < 22 / ()12, ds.

Gronwall’s inequality (A.10)) yields z(¢) = 0 for all ¢ € [0, T]. Hence, we have
obtained V! = V? as we desired. |

44



6.2. The standard formulation

6.2 The standard formulation

In what follows, we follow to reformulate the original problem ([6.1)) into
an equivalent standard form which satisfies homogeneous Dirichlet boundary
conditions. Assume that o(t) and r(t) satisfy

a<o(t)<a, r<rit) <7,
for some positive constants ¢, 7, and 7.

For L >> K, assume that we solve (6.1 in an finite interval [0, L] with
boundary conditions given by

V(t,0)=0b(t), V(¢t,L)=0, tel0,T].
When z — 0, (6.1]) reads

- 627(;) +7b(t) >0,

b(t) —g(0) >0,
(_82(;) + rb(t)) (b(t) = g(0)> —0.

See that b(t) = ¢g(0) = V(T,0) = K satisfies the last equation and also satisfies
the above system. Thus, the boundary condition are defined as follows

V(t,0)=K, V(i L)=0 forte]l0,T]. (6.18)
The second boundary should be read as

lim V(t,z) =0

T—r00

We start the transformation by letting Vi be the linear function satisfying
the boundary conditions (6.18)). Vj is defined by

x
Vo(z) = (1 - Z) K. (6.19)
Introduce a new variable
Ult,z) = e’ [V(t,z) — Vo(x)], where 8= sup o?(t). (6.20)
0<t<T
Then,
V(t,z) = e PU(t, ) + Vo(z). (6.21)

To simplify the presentation, we will drop the dependence of functions on (¢, z)
in what follows. Substituting (6.21)) into the first inequality of (6.1)), it yields

ou 1 0*U ou

—pt| ot 1 4 00U . OU
e 5 37 % gz (r—d)z D + (r+ 58U
_ W 1 0%
o 2 Ox?

f(rfd)x% +7rVy > 0.
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6. The power penalty problem

We rewrite the above inequality as follows

U 1, ,0°U U
e T (r—d)r— > - .
5 37 % ga2 (r—d)x o + (r+p8)U > —f(t,x), (6.22)
where
oV 1 9%V, %
_pt Y 2 2,290 0 5, 9Y0
flt,x)=e [ Erall Gk v (r—d)x 5 +rV0]
gives
Mo, Mo K o _
oo 7 Odxr L 022

Thus we find that

F(t,z) = Pt {(r - d)x% +r (1 - %) K}

=Pl (7“ —d%) K.

We would like to show that ([6.22)) takes the following form

(6.23)

- - = [a(t)anaZ + b(t)mU] + (U > —f(t,x).

From (6.22)), these functions a(t), b(t), ¢(t) must satisfy the following set

a(t) = %02,
2a(t) +b(t) = (r — d), (6.24)

b(t) = (r —d) — o2, (6.25)
ct)=r+B+blt)=2r+p—d— o>

(6.1)) is now equivalent to the following system where we seek functions U that
satisfy

_ a@i{ _ 8% {a(t)ngZ + b(t)wU] +c(t)U = = f(t,2),
g (6.26)
<_ %Ltf - a% {a(t):ﬂgg + b(t)xU} + c(t)U) (U-U7) =0,

where f(t,z), a(t), b(t) and c(t) are given by (6.23]) and (6.25)), respectively.
Moreover,
U* =U(T,z) = e’ (g — V)

and the boundary conditions (6.18)) becomes

U(t,0)=U(t,L) =0, tel0,T),

46



6.2. The standard formulation

where we have used ([6.21)) to obtain the above boundary conditions. Finally,
letting v = —U and multiplying the resulting system by —1, we obtain the
following problem

ot Ox Ox
u—u* <0, (6.27)

( e {a(t)ngz + b(t)xu} + c(t)U> (u—u")=0,

Qu_ 9 [a(t)anu + b(t)xu] +c(t)u < f(t,x),

where u* = —U* = e(Vy — g). We define u* as follows. Using (6.19)) and
g= (K —x)", we consider two cases:
If K >z,

u* = P (Vy — g) =P [(1 - %) K- (K- x)}

K
=Pt (1 — L> x.

Otherwise, if z € [K, L] then g =0,

ut =P (Vy —g) = e (1 - %) K.

Hence,

X {eﬁt (1-K/L)z, =z¢€l0,K), (6.28)

TPt -2/L)K, €K, L]

We summarize the above analysis by the following lemma
Lemma 6.2.1. The problem of pricing American options s equivalent to
the new problem in the sense that their solutions are related by

u = —eﬂt(V—Vb),

where u and V' denote solutions corresponding to the systems and ,
respectively. Moreover, Vi and the associated pay-off function u* of are

defined by and , respectively.

We now follows |2, Chapter 3.2] to introduce the variational inequality of
(6.27)). We first denote by M; the weighted Sobolev space as follows:

M, = {w eL*([o.L]), a=e LZ([O,L])}.

Its dual space is denoted by M. We next define a convex and closed set K4
such that
]Clz{weMlzwgu*},

Following [2, p. 236], the variational inequality of (6.27) is to seek a function u
that satisfies

—<8u,w—u> +b(t;u,w—u) < (f,w—u), we M, (6.29)
ot MM,
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6. The power penalty problem

where we have introduced the bilinear form b(¢; u,w) such that

b(t;u,w) = (a(t)afgz + b(t)zu, gj) + (c(t)u,w> (6.30)

L ou Ow ow
_ 2
= /0 (a(t)x % O + b(t)zu e + c(t)uw) dz,

where the functions a(t), b(t) and c(t) are given in (6.25]). We state some key
properties of the bilinear form b(¢;, .,) given by (6.30]) in the following lemma:
Lemma 6.2.2. Assume that o(t) and r(t) satisfy

g<o(t)<o, r<r()<r,

for some positive constants o, @,r and 7. Then there exists some positive
constants o and C' such that, for any v,w € My,

b(t;v,0) 2 allvl3y,,  b(tv,w) < Cllolla [w]a,-

Proof. Given (6.30), we do integration by parts and find that, for all u € M,

L ou\’ ou
b(t;u,u):/ a(t)x2<) + b(t)x——u +c(t)u’ds
0 533 8x

———
IBP
ou

= /OL a(t)z? <6:c)2 — 1/2b(t)u” + c(t)u’da

Inserting a(t), b(t) and c(t) in (6.25]), we obtain that

1 (L 2 1 L
b(t;u,u) = 5/0 02<ng) dx+§/0 (3r+28 —d — o*)u*dx

2

Ju
ox

(6.31)

1
> imin{02,3r - d}( x

n u||%2<m)
L2(%2)

2 CHU||?\417

where we have used the assumption 3 = supg.,.p 02(t) in and Cis a
constant. Hence, the first inequality in Lemma has been proved.

The second inequality can be obtained easily since b(¢; ., .) has the same form of
the blinear form a(¢;.,.) given by linked to the Black and Scholes equation.
Thus we skip the proof here. We just only comment that these inequalities
establish the Garding inequality and the continuity of b(¢;.,.). Moreover, these
inequalities ensure well-posedness of solution to the problem, which we will use
for our analysis later. |

The associated k-power penalty problem corresponding to (6.27)) is now to
seek a function wuy that satisfies the following equation

0 1 .
- SE B+ =)= ey, (632)
where the operator B(t)u is given by
0 ou
B(tyu=—o— a(t)x2£ +b(t)azu| +c(t)u, uwe M
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6.3. Convergence analysis

a(t), b(t), c(t) and u* are defined by (6.25)) and (6.28]), respectively. Moreover,
k > 1 is the penalty parameter as before .

We introduce the weak formulation of ((6.32)) as follows, for all w € M;

(Gow),, i () = G 639

6.3 Convergence analysis

Our analysis is relied on . Here we would like to show that solutions wu of
the k-power penalty problem converge to u of the standard problem
as € | 0 with the order ©%/2. In particular, we first investigate an estimate for
(ug — u*)T and then use the results to derive a bound for u — uy. We start with
the following lemma

Lemma 6.3.1. Let uy be the solution of the k-power penalty problem .
Assume that
U € LP(Q)

Then there exist a constant C' that does not depend on k and € such that

[ (ur — ™) | Lo (o) < Ce¥,

||(uk - u*)+||Loc (O,T;L2(Q)) + ||(uk - U*)JFHL?(O,T;M) S CG’C/Q,

where k > 0 is the penalty parameter.

Proof. To simplify notations, setting ¢ = (ux — u*)T, ¢ € M, and dyu € M.
We substitute w by ¢ in the weak formulation (6.33) and get

8uk . 1 % -
- <atv¢>NI{7M1 +b(tauka¢) + E (¢ 7¢) - (f7 ¢)7

Our purpose is to estimate ¢, thus we express the above equation in term of ¢.
Adding to both sides of the above equation the amount

ou*
L 8) — bty u*
( at ) ¢> ( bl u ) (ZS)
and using the linearity of the bilinear form b(¢; ., .), we obtain

B <5’(uk —u”)

. L
at 7¢>M{’Ml +b(t,Uk—u 7¢)+E (¢ 7¢>

a *
= (f.9) + <aut¢) —blt;u’, ). (6.34)
We rewrite the above equation and get that
1J0) ) 1 1
- <at,¢>M1/7M1 =+ b(t7¢a ¢) + E (¢ 7¢)
a *
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6. The power penalty problem

Using the chain rule (A.0.15) gives

4 (-5000060) ) + 00,0+ T (6,0)

=)+ (G0 - bt o).

Integrating in time from ¢ to 7" and using the fact that ¢(7") = 0, together with
inequality (6.31]), we obtain

300.00) 3 [ ol ar+ L[ (oh.0)ar

T T ou* T
< [[oars [ (Gro)ar- [ oo
(6.35)

Let us consider boundedness on the right-hand side of (6.35]). Since ¢ € LP(Q)
and f given by (6.23) is smooth, we find that

T T /L T L
| troese [ [ o< 0< / ||¢|‘2p<mdt) . (6.36)
0 o Jo 0
Furthermore, u* defined by gives aa—f = Bexp(Pt)(Vo — g). Thus,
T ou* T
| (Grve)ae=s [ et o - vaoar
0 0
T L
<C / / sdadt (6.37)
o Jo
T

1/p
<o [ 1olaat)

where we have used |g — Vj| is uniformly bounded by a positive constant.
We consider boundedness on the last integral of the bilinear form b(¢; u*, ¢).
See that

L ou* 0¢ du
RS _ 2
b(t;u*, @) _/0 a(t)r % D1 +b(t)x 3

; ¢+ c(t)u*pda.

Consider first the first integral on the . It follows from (6.28) that

ox —exp(Bt)K/L, ze (K, L),
_ {exp(ﬁt)cl, z e [0,K),

our _ {exp(ﬁt)(l - K/L), w€l0,K],

exp(ft)Cy, x € [K, L],

where C1, Cy are some constants such that

{01:1—K/L>0, z€[0,K], (6.38)

Cy=—-K/L <0, x € (K, L.
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6.3. Convergence analysis

Splitting [0, L] into two intervals [0, K] and [K, L], we have

L x K
—/ a(t)anu @dx =-0 exp(,@t)a(t)/ mQ%dx
0 0

Oox Oz ox
IBP

— Oy exp(ﬁt)a(t)/ x°—dzx.

K ox

Doing integration by parts, it yields

K 96 K
2 _ g2 _
/0 x %dx—K o(t, K) 2/0 xoda.

Moreover, using the fact that ¢(¢, L) = (uk(t, L) - u*)+ = 0, we find that

L L
/aﬁ%@z—K%@K%@/‘m@@M.

k0 K
Inserting these two results into (6.39)), we obtain

L ou* 0o
J— 2 E——
/0 a(t)e Oz Oz dr

=a(t) | exp(Bt) (Co — C1) K2¢(t, K)
—_——
<0
K L
+a(t) (2.0 exp(@) [ aodo+2 Oy exp(B1) [ aoar

K
>0 <0
(6.40)

Since a(t) = 302 > 0, it follows from (6.40) that

L * K
—/ a(t)x2au %dx <20 exp(ﬁt)a(t)/ rode
0 9 0

z O
L
§0/ gdz,
0

for a constant C' not depending on k and e.

We next consider the second integral of the bilinear form b(¢; u*, ¢). Using the
fact that |Vp — g| is uniformly bounded by a positive constant, we deduce the
following inequality

(6.41)

L L
.09 9¢
- i dz.
; b(t)xu axdm_ C ; a:axdz
S
IBP

Doing integration by parts and keeping in mind that ¢(¢, X) = 0, it yields

" e 29 bt
—/O b(t)zu %dx <-C <I¢ - —/0 ¢dl’>

L
SC/ édz,
0

(6.42)
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6. The power penalty problem

for a positive constant C' not depending on k and e.
The last integrals of the bilinear form b(¢; u*, ¢) also yields

L L
/ c(t)u*pde < C’/ od. (6.43)
0 0
From (6.41))-(6.43)), we deduce that

T T L %
_/0 b(t;uw)dtgc/o /0 ¢dxdt§0</ 16117, 0 ) . (6.44)

for a constant C' not depending on k and e.
Returning to the inequality (6.35]), thus we have founded that

%(¢(t)7¢(t)) +/3/OT o), dt+1/0T (0%, 0) at

T
<o [ Iolepar) "

. (6.45)

This implies that

1/; (¢(t)”’i¢(t)) t<C (/OT &7 (d ) (6.46)

Since ¢ € LP(Q), it follows that

1 T T 1/p
o A AT IR
where .
p=1+-. (6.48)
is equivalent to
T -3
(/0 ||¢(t)||1£p(ﬂ)dt> S CE.
Clearly,
T 1/p
1
([ 1ot ot) < 0o < e 649

where k = %1 is obtained from l} Thus, we have proved the first estimate
in Lemma

Now, from (6.45) and (6.49)), we find that
1 T 1/p
5(@5( ), & + ﬂ/ llo(t ||M1 dt < (/0 ||¢(t)||ip(g)dt> < Ce.
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Choosing 8 =

1
5, we have

T 2
(0(6).00) + [ 9003, < Cre-

Setting
1
3

a=((t),6(t))*,

’ 1/2
b(Anaw&w>

and applying (a + b)? < 2(a? + b?), we arrive at

. 1/2
e.00)+ [ o)
0

sonmam+A|wmmﬂQ

< Cé".

2

Clearly,
T 1/2
(mm¢wﬁ”+</ WﬁWLﬁQ <eetl?,
0

which asserts the last estimate in Lemma for a constant ¢ not depending
on € and k as we desired. |

Lemma establishes a prior estimates for (ux —u*)". Using the results,
we now introduce the main theorem of convergence of weak solutions as follows

Theorem 6.3.2. Assume that
ou 6
ot

where k > 0 is the penalty parameter. Assume also that Lemma holds.

Let u and up denote solutions to the problem and the k-power penalty

method , respectively. Then there exists a constant C, independent of k
and €, such that

L*HQ), Q=10,1),

llu— Uk||L<>o(0,T;L2(Q)) + [Ju— Uk”m(o,T;Ml) < Oﬁk/z’ k> 0.

Proof. In order to employ these estimates in Lemma[6.3.1] we decompose u — uy,
in term of ¢ = (ux — u*)". See that

u—up = (u—u*)— (up —u*). (6.50)
Let us define the negative part of ux — u* as follows
(up —u*)” = —min{u, — u*, 0}.

Observe that
(up — u*) " (up —u*)T = (up —u*) "¢ =0. (6.51)
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6. The power penalty problem

The composition ((6.50) now becomes

u—up =u—u"— [(Uk —u) T = (uy, _“*)7]
=u—u*+ (up —u*)” — (up —u*)"

Tk 1)

=ri—¢.

To prove Theorem [6.3.2] it now suffices to estimate rj, since ¢ was estimated in
Lemma m We start by recalling the variational inequality ((6.29))

—<8u,w—u> +alt;u,w—u) > (f,w—u), Ywe M. (6.52)
ot MM,

and the weak formulation (6.33]) of the k-power penalty problem

1/k

<M’w> Jra(t;uk,w)*l([(uk*lt*)ﬂ sw) = (fyw), Vw € M.
8t M{,M1 €

(6.53)

Substituting w = v — 7, and w = ry into (6.52) and (6.53)), respectively, we
find that

<8u7m> —a(t;Virg) > —=(f,x), (6.54)
" ars o

and

1/k

- <agtk,w>M{’Ml + a(t; ug, w) + %( [(ug —u*)T]" w) = (f,re). (6.55)

Adding (6.54) and (6.55) and using the notation of ¢, the following inequality
holds

B <5(uk —u)

1
,rk> +a(t;up —u, ) + — (¢1/k, rk) > 0. (6.56)
ot MM, €

—_———

Observe that, since u < u*,

(¢1/k7rk) — (Y u— u* — (up — u*)_)

Thus, (6.56]) implies that

N <3(Uk —u)

,Tk> + a(t;up —u,rg) > 0.
ot MM,

In the other words, we obtain the following inequality

_<8W—u@

,rk> +a(t;u —ug,rg) <0.
ot M
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6.3. Convergence analysis

We want to estimate r; and remind that v — up = r, — ¢. By substituting
r, — ¢ into the above inequality, we have

_<a(rk_¢)vrk> +a(t;ri — ¢, i) < 0.
3t 1\4{71\41

Using the chain rule (A.0.15) and doing integration by parts, we rewrite the
above inequality as

d% (—;(rk(s),rk(s))> + a(s; 1,4

¢
< ([ ZZ .
> <8877ﬁk>M{7M1 -I-CL(S,QS,T]C)

IBP

S _(¢7rk)+<aar,:7¢> +CL(S;¢,T]€)-
My, M,

Integrating in time from ¢ to T and keeping in mind that ¢(T) = r(T) = 0,
thus

50 m) < [ o), 0

T T
+/ <a”“,¢>> +a(sid,ry) | ds
s=t t s M|, M,

T r
< (o m0) + [ <<%¢>M ) +a(8;¢,rk)> ds.
o (6.57)

< —(6(t), (1))

The estimate (6.57]) implies that

2 2
1/2||Tk(t)||L°°(O,T;L2(Q)) + aHTk(t)HLQ(O,T;Ml)

< ’|¢(t)’|Lw(o,T;L2(Q))Hrk(t)HLw(o,T;LZ(Q))
+ O‘H‘b(t) HLQ(O,T;Ml) Hrk (t) HLz(o,T;Ml) (6.58)

T
0
s [ (Gre)
¢ 0s MM,
Let us consider boundedness on the last integral. Since

re=u—u*+ (up —u*)",

Using (6.51)), we find that

T T o
[ Aot [ (e,
0 ot M, M; 0 ot My, M,

T/ ou T )
- <8t’¢>M{’M1 a5 [ exp(B0(vo — V)
(6.59)
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6. The power penalty problem

Applying Holder inequality (A.7) for ¢ € LP(2) and O,u € L9(2), such that
p=1+1/k, q=k+1, 1/p+1/g=1.

Thus, we deduce from ([6.59) that

T
or
[ (Gre) s Cloll (10l + 1% ~ gl
0 M{, M,y
< Ce,

where we have applied the estimate for ¢ in Lemma [6.3.1] and assume that
function |V — g| is bounded in L9(£2).

Returning to (6.58]) and using the above estimate, we find that

1/2HTk(t)HiOO(O,T;LQ(Q)) + aHrk(t)Hi2(0,T;M1)
= ||¢(t)HL°°(O,T;L2(Q))||Tk(t)HL°°(O,T;L2(Q)) (6.60)
+ aHd)(t)HLQ(O,T;Ml) ||7'k(t)HL2(0,T;M1)
+ Cér

We simplify the notation by setting

ar = H’"k(t)||Loo(o,T;L2(Q))’ G2 = Hrk(t)HL?(O,T;Ml)’

and

by = ’|¢(t)HL°°(O,T;L2(Q))’ by = Hqs(t)HL%O,T;Ml)v p= e

and remind that Lemma m gives (by +bg) < Cp'/?, the inequality is
equivalent to
1/2a? + aa3 < C (a1by + agbs + p)

< C | (a1 +az) (b1 +b2) +p
~——

<Cpt/2
<C |:(a1 +az)p'? + p]

To estimate a; + ag, using (d + e)? < 2(d? + €?), we see that there is some
positive constant C' such that

(a1 +az)> <C (1/2a§ + aag) .

Thus,
(a1 +a9)* <C [(al +az)p'/? + p} (6.61)
Setting
Yy = a1+ as.
Thus,

Yy = Hrk(t)||L°°(0,T;L2(R+)) + HTkHL2(o,T;M)~
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6.3. Convergence analysis

(6.61)) can be read as
y? < Cpry+Cp,

1 1)\? C?
— — 2 < - .
(y 20p> _(C+4>p

Solving this inequality, it yields

which is equivalent to

y < Cp?,

for a constant C' not depending on € and k. Replacing y and p, an estimate of
rg is given by

17kl e 0,7522(2)) + [Tkl L200,7500) < Ce/2. (6.62)

To the end, recalling that rp = (u — ug) + ¢, we substitute it into the estimate
(6.62])

k/2
[ (w = ug) + ¢HL°°(O,T;L2(Q)) + [ (w = up) + ¢HL2(0,T;M1) < Ot
Using the triangle inequality, we arrive at

lu — wur| o 0,502 (0)) + 1w — urll 20,7500
+ (||¢HL°C(0,T;L2(Q)) + ||¢||L2(0,T;M1)) < Ce

Sclfk/z

k/2

Again with the estimate of ¢ in Lemma [6.3.1] we conclude that
||U - UkHLw(o,T;m(Q)) + HU - Uk||L2(O,T;M1) < Cz€k/27

which proves Theorem [6.3.2 |
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CHAPTER 7

Operator Splitting Method

We study in this chapter the operator splitting method for solving the k-power
penalty problem given by

2 1 .
{—%‘t/ - %02332%1‘2/ - rm%—‘; +rV=1[(g-V)"]*, inQr, (7.1)

V(T,z) = g(x), inR,.

We see that this problem has the form of nonlinear degenerate parabolic

1
equations with source term 1 [(g — V)*]*. Inspired by [9, p. 36], we rewrite
the k-power penalty problem as an abstract Cauchy problem with initial data

WV L AV)=0, inQr,
ot 7.2
{vm,x) —g(), R, (72)

where the nonlinear differential operator A(V) is given by

1, ,0%V oV 1 PR
20 x 92 m:am +rV ; [(g V) ]

The idea of operator splitting is to choose a decomposition of the operator
A such that each of the sub-operators A’ gives equations that are simpler to
solve. For examples, if we split the operator A as

A=A + Ay,

then we solve sequentially the simpler sub-problems with initial data for [ = 1,2

Vi(0) = g.

For | = 1,2, letting Vi(t) = S;(t)V;(0) = S;(t)g denotes the exact solution
of ([7.3]), where S; denotes the corresponding exact solution operator. An
approximate solution of the ordinary equation (7.2)) can be constructed as

V(nAt,x) = [S2(At) o S (A1)]" g(x), n €N,

where At > 0 is a small time step. We wish to analyze convergence of the
approximate solution generated by the operator splitting method to the true
solution of the equation ([7.1). Of course, an error will occur by this process.
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7. Operator Splitting Method

But this error can be controlled as we increase the numbers of time-steps
in the construction. Finally, when we pass to the limit, we expect that the
approximation will be converge to true solution of ([7.1]) in the sense that

V(nAt)= lim  [So(At)o S (A)]" g,

At—0,n—o0

where V' is the exact solution to (7.1)).

Concretely, let us demonstrate the idea above in our context in which we
solve the equation (7.1). By splitting the nonlinear differential operator A into
two elementary sub-operators, the algorithm is then to solve firstly the equation
without source term, i.e., the Black-Scholes equation with initial data

and secondly,
[(g—27]%, =20)=g. (75)

Let Sop and Sp denote the exact solution operators corresponding to the
sub-problems and 7 respectively. For a small time-step At > 0, the
approximate solution to the equation generated by operator splitting
method takes the following form

V(t,z) =~ V" = [Sp(At) o Sep(At)]" g, for t = nAt,
n € N.

With the aim of studying convergence of the product formula (?7?), it is
necessary to work with functions defined for all ¢ € [0,7]. We define the
auxiliary function for a small time-step Vay : Qp — Ry as follows

VHE(t) = [Sep(t — ta)] V", te (tmtn%} (7.6)

and
YL () = Sp(tftn+%)} vt ic (thr%,tn_H}. (7.7)

Using the product formula, V"t obtained from V" takes the following form of
approximation

V't x [Sp(At) o Sep(At)| V™. (7.8)
Observe that,

V(nAt,x) = V™ ~ [Sp(At) o Sop(At)]" VO ()

~ [Sp(At) o Sep (L) g(x). (7.9)

Having constructed the approximate solutions Va; defined by (7.8) and
1D we now search for properties of it. For (tn,tn+%}, n € N, we first

consider the sub-problem (|7.4]) which has the exact solution defined by (|7.6)),
the corresponding exact solution operator Scp and initial value V". Using
energy estimate, it gives us a prior estimates for Va;. In doing so, we first

60



multiply (7.4) by V., integrate in « over R, doing integration by parts and
use the chain rule (A.0.15)), thus we obtain

1d

2dt (”Vm(t)”iz(RH) +a(t; Vae, Var) =0,

where a(t; v, w) is given by

Ov
. _[ 1! o — 2, 2V 1
a(t; v, w) /R+ 50 % 5 o +(=(r—d)+o )xaxw—i—rvwdx, (7.10)

(cf. Chapter . Using Garding inequality (3.11]), the following inequality holds

1d

57 (IVai®) e,y ) +allVadlir < MVadlia, - (7.11)

for some constants o > 0 and A > 0. This inequality implies that

d

for a constant C' not depending on At.

Setting 0(t) = ||VAt(t)H%2(R+), where t € (tn,tn+%}, 7.12)) yields

0'(t) < COt),
Applying Gronwall’s inequality gives
0(t) < exp (C(t — 1))0(t),
where C'is a constant that does not depend on At. Thus, substituting 6(t), we
get the following estimate, for t € (tn, t, +%},
IVar®| e, , < 0 (CO0) [Vart) 2, (7.13)
where C' is a constant, independent of At.

A similar estimate on t € (tn +1 ,tn+1:| can also be derived by applying

energy estimates for the sub-equation ([7.5). As above, we multiply (|7.5) by an

arbitrary Va, € L? (R.), then integrate in R and use chain rule (A.0.15), thus

%% (HVA’f(t)||iz(R+)> = 1( (g~ Van]"", Vm)

€

Since option prices Va; satisfy g < Vay, using Cauchy-Schwartz inequality

(A.1)), we obtain

%% (HVAt(t)H;(M)) <C H[(g - VAt)+]%

SCHVNH;(M)'

L2(Ry) Vaell o,
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7. Operator Splitting Method

Note that we have obtained k = 1 in the above estimate. Again using Gronwall’s
inequality 1} together with (|7.13)), we deduce that, for ¢ € (thr%,th},
n=0,---,N—1,

2
IVar®)|32,, < exp(CAD) HVAt(tH%)

L2(Ry)

< exp (COE+ COY) [Varlta) |2, (714

<exp (C(N + 1)At) ||9||i2(R+) :

for a constant C not depending on At, an integer N € N such that NAt =T
and we have used induction to obtain the last inequality.

We next derive an estimate for Va; in M on each time interval. For

te tn,tn+%}, we integrate the sub equation (7.11)) in time from ¢,, to byt
and obtain that

t,i1
/ - HVN(t)wadt <C ||VAt(tn)H2L2(R+) - HVAt(tm%)Hi?(RJr) :

n

Considering the right-hand side of the above inequality. It follows from ([7.14)
that

’|VAt(tn+%)”2LZ(R+) > eXp(_CAt)’|VAt(tn+1)Hiz(R+)~

Thus,

Vot o, = Warttns)lioge,

< ‘||vm<tn>||ig(R+) — exp(=COD) [Varltasn) |72z,

In other words,

t,i1
/t = HVAt(t)H?wdt < ‘HVAt(tn)Hiz(RJr) - eXp(_CAt)HVAt(tn-i-l)Hiz(RJr)

n

2
< eXP(CNAt)HVAt(tO)Hm(Rg
+ exp(—CAt) exp (C(N + 1)At) HVAt(tO)HiZ(R+)
< exp(C'NAY) |9l 72k, s
(7.15)

for some constants C' and C’ not depending on At and an integer N € N such
that NAt=T.

For t € (tn_%,tn“}, besides the estimate for HVAtHiQ(Dh) given by (7.14)),

we see that there is no term of x0,Va; in the second sub-equation (7.5]).
Therefore, it suffices to impose an assumption on this derivative to estimate
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||VAt||?V[. Assume that the exact solution Va; to |i is sufficiently smooth.
We now differentiate (7.5)) with respect to « and find that

O (aVAt> . [(9—Var)T] %_133: (9—Var)™,

ot ek
where ) v
32— aass > Vag,
0y (g—Vat =400 o2 97 o (7.16)
0, g S VAt~
Observe that ov ov
o, At _ g At ,
( ot ) ‘ ( O
thus ov )
At _ B + %71 . +
o (%2) = Gilta=va oo - Ve
where the last nonlinear term in the right-hand side is defined in (7.16)). For
any x € L?(Ry), multiplying the above equation by z and setting w = mag§‘7
we find that 1 )
11
Ow=—[(g—Var)t]* 20, (g—Var)". (7.17)

ek
Remark 7.0.1. Observe ([7.17)). Since k > 0, we see in particular that & > 1,

i.e., 1/k —1 <0, the nonlinear expression [(g — Va¢)T] B #— Var)T] _k*7
where kx > 0 has singularities when Va; > g. Otherwise, (7.17)) will be hold.
This is the difficult case for our analysis. Therefore we restrict here our analysis
by considering the case k = 1 rather than k£ > 1.

To continue, we impose the following assumption:

Assumption 7.0.2. Assume that kK = 1. Furthermore, there exists the first
derivative with respect to x for the sub-solver to ([7.5]).

Under Assumption (7.17) reduces to

1 L (2ge —w)"
Oyw = ~20y (g — V)T = { (2gz —w)", 9> Vas, (7.18)
€

0, g < VAt.
We are in the goal to estimate ||w(t)||iz(R+). Following 1} we consider two
cases as follows.

When g > Va;. Multiplying the above first equation of (7.18) by w and
integrating with respect to = over R, using the chain rule (A.0.15)) gives

i (I Ol,) =1 [ [(s52 ) v]

<C < i — w2> dx
Ry (7.19)
0 2
<ol +luoli,)

T ox
<G (B4 [w)},))

L2(Ry)
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7. Operator Splitting Method

for some constant C, C; and B not depending on At, but depend on k and e.
We have used above ab < 1/2(a? + b?) to obtain the first inequality. Also, note
that as we work with put options, w% is bounded in L?(R.) by a constant B.
Indeed, recall that the payoff function g of a put option is given by

K —x, for0<z <K,
0, for K <z < o0,

g=(K—w)+={

it follows that
8g_{x, for0<z <K,

or 0, for K < x < o0.

2 K ('] K
/ dx:/ $2d$+/ de:/ z?dz < B < oo,
Ry 0 K 0

where B is a positive constant.

Thus,

dg
%9

ox

Returning to ([7.19), we estimate for Hw(t)|‘iz(R+) by using Gronwall’s

inequality |) for n(t) = %Hw(t)|’i2(R+)’ thus for ¢t € (tn+%,tn+1}

()3 2z, ) < exp(CA) (Hw(tnﬂ/g)”;m” + AtB) .

Substituting w by xd,Va;, we find that for ¢ € (tn+% , tn+1}

|20 Var ()32, ) < exp(CAL) (Hx@wVAt(th D eem, + AtB)
é exp(CAt) (HVAt(t"J"l/Z)H?\/l + AtB)

< exp(CAL) (exp(ON At g||2L2(R+) + AtB) :

where we have used (|7.15) to obtain the last inequality. Using this result and

the estimate for HVN given by (|7.14)), we deduce that

Oz

tnt1 2 tnta 2 2
At At = At L2(R LOz Vit L2(R
[Var ()]t IVar®| e,y + 120:Var®) 2z, ) ) dt

tntd ntd
< exp (C(N + 1)AL) gl 72, ) + exp(CAHALB.
for some constants C' and B not depending on At and N is an integer such

that NAt =T.
On the other hand, when Va; > g, we obtain the following estimate

tni1 9 tni1 9 5
/t [Var®)|2,dt = /t IVar® 2., + 00 Var®) g, | dt
1 1

n+d n+3

=0

<exp (C(N + 1)At) Hg‘|iQ(R+)
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Remark 7.0.3. We comment again that we here do not treat the problem when
k > 1. The above results just only hold when k£ = 1.

Regarding time derivative of Va;. The sub-equation ([7.4) gives for ¢ €

(tnstues)
Vpar 1 4 5 0%V, OVay
5 750:1: 522 +(r—dx

Ox
which suggests that agtm belongs to space M’. Recalling the norm of a function

in space M’

"T‘th

’<atVAt7w>M/ M’
OVar(H) ., = ‘
loVae®lly, = sup

For a fixed function w € M, such that |Jw|[as < 1, we utilize (7.20]) and get

1 9%V, av,
v ] = (3 ) + (= v

1 82¥Cgt 3‘6&t
< 122 _
C<‘<20 e 3 ,w> +‘<(r d)x B ,w>‘+|rVAtw|>,

for a constant C' not depending on At. To estimate on the right-hand side
above, we refer to Chapter [d] and do similarly step by step. We get

10:Var )]y < CIVac®)]] 55

for a constant C' not depending on At. We next square and integrate in time
over (tn, t,H_%} , thus

(7.20)

tn+% ) tn+% )
10 Var(®)[apdt < C Vae(t)l2rdt
tn tn
< Cexp(C'NAL) gl 7 2, -

where the last inequality is obtained from ([7.15)).

For t € (tn +%,tn+1}7 the formula of sub-equation 1) also suggests that
AVas

€ M’. Similarly, we utilize the norm of 9;Va; in M’ by any fixed function
w € M such that |Jw||pr <1, thus

C‘<atVAt,w>M,7M‘ = C"([(g _ VAt)'F]%,w)‘

< C||tg - van)? e,

L2(Ry)
<€ (Mgleeo) + IVar®lloge, )

where we have used Cauchy-Schwartz (A.1)) and the triangle inequality. Note
that £ = 1 in the above estimate. We next square the above inequality, integrate

in time over (tn+%7tn+1} and apply (a + b)% < 2(a® + b?), it yields

tn+1 9 tn+1 2
[ Mavalipae<e [ (laleeo + VAol )
L1

n+%

tnt1 5 9
§C1/t (||g||L2(R+) + HVAt(t)HL2(R+)) dt,

n+§
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7. Operator Splitting Method

for some constants C' and C; not depending on At, but depend on k and e.
Employing (7.14)), we arrive at

tnt1
/ (RG] e (At +exp (C(N + 1)At)) 19112 ):

busd

for some constants C' and C7 not depending on At, but on k£ and e.

Summarizing, the following lemma collects a prior estimates of the splitting
approximate solutions Vay

Lemma 7.0.4. Under Assumption the splitting approzimate solutions
Var @ Ry X [tn,tnt1) = Ry, where n = 0,---,N — 1, N € N such that
NAt =T, satisfy the three estimates uniformly in At such as

o Boundedness

2 2
, e [Vae®)| 2, < exp(CD)gll72 . ) (7.21)

o L? stability in the weighted Sobolev space M

tnya
2
/ Var®)|2,dt < exp(CT) g2 e, (7.22)
t

n

o L? stability in the dual space M’

tna1 9
/ Va2, dt < C exp(CT gz, ), (7.23)

n

where C' and C' are some constants that do not depend on At, but depend
on € and k. Moreover, we have used the fact that NANt =T.

Lemma [7.0.4] establishes three fundamental properties of the approximations
Vat generated by operator splitting method. Using these properties, we have
the following theorem of convergence

Theorem 7.0.5 (Convergence). Using Assumption we assume also that
Lemma holds. Then there exists a subsequence {Vi}aiso C {Vai}

(not relabelled) that converges in L?  ((0,T) x Ry) to a limit function V €
L>(0,T,L*(Ry)) as At | 0.

Proof. In view of Lemma [7.0.4] there exist some constants ¢ and ¢’ such that

2 2
Oréltang HVAt(t)||Lz(R+) S eXp(CT)||g||L2(R+)7

T
/0 [Vau®)|[3,dt < exp(eD) gl2a . ),

T
2
/ |0Var®) |2, dt < & exp(eD)llg2az -
0

Using these estimates and invoking Lemma [5.3.4] from Chapter [flan application

of Aubin-Lions Lemma, it follows that there exists a subsequence {V}} a0 C
{Va¢} (not relabelled) that converges strongly in L? . ((0,T) x R;) to a limit
function V as At — 0. Moreover, it follows from the first estimate that

Ve L™ (0,T,L*(Ry)). o

66



Finally, we would like to show that the limit function V is exactly the weak
solution to the original equation . Recalling that V is a weak solution to
the equation if it satisfies the following weak formulation for any fixed test
function ¢ € C§°(Qr),

T T
/ —Voipdadt + / a*(t;V; 9)dt = V(0,z)$(0, x)dz, (7.24)
0o Jry 0

Ry

where the bilinear form a*(¢; V, ¢) is given by

}22 oy 2 81
50T 0VOp+ (—(r—d)+o )xam ¢dx

(7=t ea

Theorem 7.0.6. Using Assumption[7.0.4 Assume also that Lemma[7.0. and

Theorem hold. Then the approxzimations Vay defined by (@) and
converges to a weak solution to the original equation .

a*(t;V;¢) =
/R* (7.25)

B

Proof. We wish to show that the limit function V' in Theorem satisfies
the weak formula ([7.24]). To this end, fixed a test function ¢ € C§° and we
introduce a new test function 1 by

b(t,) =¢(;m).

since V¢ solves 1' in [tn, thi1 /2) with initial data V", the following integral
equality holds

tnt1/2 1 tnt1/2
/ / **VAtatd)dIEdt + / a (t, VAta ¢) dt
tn R4 2 t

n

t=ty41/2

1
= — 5 VAt ¢d$

Ry

bl

(7.26)

where a (t; Vag, ¢) takes the form (7.25). Changing the integral equation (|7.26)
in time interval [0, At] such that the new time variable 7 satisfies

t=ty,

T=2(t—1t,),
and introducing

U"(t) = Sep(t)V", te|0,At],
(7.26]) becomes

At
1
/ / —§U”¢T (T +2tpi1/2,2) dadr +/ a(t; U™, ¢)dr
0 R4+ . Rt (727)

1
:—7/ Vn+1/2¢ (tn+1/2,z) deri/ V™ (ty,x)da.
Ry
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7. Operator Splitting Method

Moreover, since Va; solves the sub-equation 1) in time interval [tn-l—l /25 tn+1)
with initial data V™, we have

bnt1 1 1 %
/ / (_2VAtat¢ - = [(9 - VAt)Jr} ’ ¢) dzdt
tnr1/2 YRy €

1
- v
2/]1{+ e

Similarly, we change time variable ¢ to 7 € [0, At] such that

t=tn41
dzx.

t=tny1/2

T = 2(t — tn+1/2)7

and letting
WnHY2(t) = Sp(t)VHY2 te (0, At].

then the above integral equality is equivalent to

At
1
/ / —§Wn+1/2'(/17- (T + Qtn+1/2, .’E) dxdr
R

/At/ ( [g W”+1/2) ]l>w(7+2tn+1/2,m)dxd7

1
= 7—/ Vn+1¢( nt1, ) dr + 5/ Vn+1/2¢ (tn+1/2,:p) dz.
R, R,

2
(7.28)

We now use (7.27) and (7.11) to deduce an integral equality of Va; in
t € [tn,tnt1) . To this end, let us denote the characteristic function by Xa;
and define it as follows

1, te tn,tn%},

Xar =
0, te tn+%7tn+1} .

Note that Xa; — % in L2 ([0, 7] x R.). The following equation holds

tnt tnti1/2
/ / S Vadhodadt + / 0 (1 Vi, 8) i
tn ]R tn

tni1 1 1
~-aa) [ [ Ll Vao] odur
ni1/2 IRy €

1 1
:J/ V"+1¢(tn+1)dx+7/ V7 () da

For a fixed time T > 0 such that T = NAt, N € N, we take sum over
n=0,---,N —1 and use the fact that ¢(T") = 0, we obtain that

n+1 n+41/2
/ / ﬂvAtafgbddeXA, / a(t; Vag, @) dt

n+1 1
1 — XAt / / ( g — VAt)+j| § ¢> dzdt
tny1/2 ]R+

= 5 ¢ (0,2) Vas(0)da.
Ry
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Letting At | 0, Theorem shows that Va; converges strongly to V as
At | 0. Using the fact that Xa; — % in L? (Qr) and multiply the resulting
equation by 2, thus we arrive at

T T
/ / —Vopdxdt + / a(t; V, ¢)dt
o Jry 0

_ /OT /]R+ % ({(g - V)*} i ¢) dadt = 5 ¢ (0,2) V (0, z)dz,

which asserts that V' is the weak solution to equation (|7.2)) according to the
weak formulation ([7.24]). |

We comment that our proof above works only under Assumption We
have not proved yet in case of k > 1. In this part, we wish to show that another
convergence of the weak solution to equation can also be obtained by a
new approximation. Using this new approximation, we may avoid the problem
we met before when k& > 1.

Guided by @], we define the new time interpolant Va; as follows:
Vae(t,m) = [Sep(t —t,) o Sp(AD| V™, t € (tn,tns1]. (7.29)

lb can be interpreted as Va; solves for the sub-problem 1D in the time
interval (t,,%,1] with new initial data V™" given by

Vit = Sp(AHV™. (7.30)

Since Va; solves for both sub-problems and , V¢ satisfies the three
basic estimates ‘7.21— which imply convergence of Va; to a limit function
V by Theorem |7.0.5, We wish to show that Vay is sufficiently close to Vay
defined in and (7.9) in L?(Qr). Using energy estimates as before for the
first sub-equation (7.4)) with initial data V™", we have the following inequality
le (tna tn+1]

1Vae(®)l[2e. , < expCAD|[V|[e. - (7.31)

By the approximation (7.30]), we deduce an estimate for V"+ from the second
sub-equation ([7.5)) with initial data V™. As before, we obtain that

7 2 rn |2
17" oy < @A77 (7.32)
From and , we find that, for ¢t € (t,, 1],
1V8e(®)[ 72,y < expCAD|[T™ |72,
~ 2
< exp(CAtL) exp(C’At)HVAt(tn)HLQ(R” (7.33)

<exp (C(N +1)At) HQH%Q(R_,.)’

where we have used induction and the initial data Va,(to) = V(0) = g. More-
over, t, = nAt, n=0,--- ;N —1 where N is an integer such that NAt = T.
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7. Operator Splitting Method

Doing similarly energy estimates for Va, in the first sub-equation ([7.5) as
before and use (|7.33)), we also obtain that

tng1 9
/ Vae(®)]|%dt < exp (CIN +1)28) )22 s,
t

and .
n+1 - 2
/ |0:Var(®)]] ), dt < C'exp (C(N + 1AL [lglF2w, ),

for some constants C' and C’ not depending on At. These above estimates

together with (7.33)) show that Vi satisfies (7.21)-(7.23), which implies conver-
gence of the new interpolant Va,; defined by 1)

Remark 7.0.7. Using the new approximation ([7.29)), by letting the first sub-
solver be defined in all of the time interval (¢,,%,4+1], we have used energy

estimates to derive easily the estimates for HVAt(t)H?w and subsequently for

HVN(QH?\/[ by employing the estimate of ||‘~/At(t)H2LQ(R+) in (7.33). We avoid
the problem to estimate the second sub-solver in M when k > 1. Thus, we see
that this is an advance of the new splitting approximation [7.29]

Following @, we attempt to estimate the difference between Vm and Vay
on each of a haft interval of (¢, tn 1]
For t € (tn, tn+1/2], Vay and Vay are given as follows:

Vair(t) = Sep(t —t,)V",

and i
Var = [Sep(t —ty) o Sp(AL)] V™.

Thus,

[Vt = Vol = (Vo= Vel

:/]R+

Multiplying the above equation by a fixed test function ¢(x), we obtain

/]R+ \Var—=Vai¢(z)dz = /R+

Now we need to estimate for |V" - Sp(At)V”|. Integrating the second sub-
equation 1} against a test function ¢(x) over [tn,tn+1/2] x R4 yields the
result

dx.

Sep(t—ty) (v" - Sp(Alf)V")

Scp(t—t,) (V” - Sp(At)V"> ‘qb(x)dx. (7.34)

/R (Var(tss /o) — Var(ta, 2))(x)da

tni1/2
_ / ' / (g = Vi) 1M o) dardl.
tn R4 €

Introducing
Un(t) =Spt)V", te]|0,At],
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we have

yAN
/ (Sp(AHU™ — U™ p(x)dz = / / 1[(g — U™ g (x)dadt
Ry 0 R, €
< OM)AL|dl| Lo (&, ),

where we have used Lemma [7.0.4] Following the above estimate, we conclude
that

/ (spmt)zf” - U”)¢<x>dx — OBl ey (735)
Ry
Thus, 1} gives for t € (tn,th/Q]

tnt1/2 .
/ Vae = Vadg(@)dz = O A6 w z, -
t

n

Furthermore, for t € (tn_H /25 tn+1}, Vas and Vm are defined as follows
Vai(t) = Sp(t — tny12) V"2

and
Vae(t) = [Sep(t —tn) o Sp(At)]V"

= Sop(t —t,)VnH1/2,
Thus,

||VAt - VAt||L1(R+)

:/ |VAt—VAt‘d$
Ry

:/]R+
</R+

Sp(t —tpi1/2)V" 2 — [Sep(t —t,) o Sp(AH)|V"|dx

Sp(t —tpi1/)V" T2~ Sp(AHV"

<,
Ry

Multiplying by a test function ¢(z), we arrive at

dx

dax.

[SCD(t — tn) (¢] SP(At)] Vn — Sp(At)Vn

/ [Var = Varld(z)da

Ry
< / Sp(t = tui1/2)V" T2 — Sp(AOV" |¢(x)dw
R4
E;
+/R [Scp(t —t,) 0 Sp(A)|V™ — Sp(A)V™ | ¢(z)dx .
E>
(7.36)
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7. Operator Splitting Method

Since F; was estimated above by (7.35)), it remains to estimate F5. We integrate
the first sub-equation 1} against a test function ¢(x) € (tn+1 /Q,th] yields

tni1
/ (VAt(th,JJ) - VAt(tn+1/27ﬂ3)> ¢(z)dr + / a(t; Vag, ¢)dt = 0,
Ry

tnt1/2
(7.37)
where the bilinear form a(t;u,v) is given by (7.10)). Introducing

W"(t) = Sep(t)V"™, tel0,At],
Thus, (7.37) gives

tn+1
_ ‘ _/ a(t; W™, @)t

tny1/2

/]R (ScpW"™ = W) ¢(z)da

= O A9 ar,

since we have used the property of continuous of the bilinear form a(¢;.,.) and

(7.21) from Lemma

Consequently, the following weak continuous holds for ¢ € (., t;11]
[ Vet = Vadlp(o)da = 00 AL (ol e, + ).
+

Next, let n. be a standard C5°-mollifier with smoothing radius e. We set
d(il?) = VAt — VAt
Define also, for r > ¢
sign (d(z)), |z|<r—e,
5(a) [0 (@),
0, |z| >r —e.

Moreover, define
B = Ne * 6 :

Note that, it follows from properties of mollifier that 5¢ € C°*° with support in
[r, —r] and HB€||L2(R+) = O(1/e) (A.0.22)). Since d(z) is bounded, the following
inequality holds (see the proof of Properties of mollifiers in [5, p. 714])

”
.
for some constant C7 not depending on € and r. Using this estimate and by

choosing ¢(x) = B¢ in (7.38)), it follows that

[ w= [
<[:wm—ﬁuwm
= Che + Cy(Atfe).

|d(2)| — 5(z)d(x)|dz < Che, (7.38)

Var — f/m(tn, x) |d(z)| — 8 (z)d(z) + B (x)d(x)|dz

dx

dz + ‘ _: Be(z)d(z)
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Choosing € = /At and letting r — oo, we find that
[Vailt,z) = Varlt, )| 1 m ) = OG/D).

Thus,
HVAt(t7$) VAt t X HLI(Q ) O( \% At)?

where Qr = [0,T] x R. Tt follows that
[Varlt,z) = Vart.2)|| 12, = O/ D). (7.39)

According to Theorem [7.0.5] Va; converge strongly to a limit function V' in
L? (Qr) as At ] 0. Thus, it follows from (7.39) that

Vailt,z) — Vas At L 0in L2 (Qr)

as we desired.

73






CHAPTER 8

Numerical Schemes

In this chapter we present and implement (in Matlab) a numerical scheme for
solving the price of American put options. The program is based on the power

penalty scheme (see [15]).

8.1 Power-penalty scheme

We begin by the following truncation of the unbounded domain Q7 = [0, 7] x R4
to a bounded domain Qp = [0,T] x [0, L], where 0 < L < oo is given. Let
Az > 0 be the spatial discretization parameters. For a fixed L > 0, we choose
an integer J such that

JAx = L.

The spatial domain [0, L] is then discretized into grid cells
Ij:[l‘j,fbj+1), j:17"',J—2,

where
o =I1Ax, 1=0,1,---,J.

Moreover, we set
Iy =z;_1,2,]

Similarly, let At > 0 be temporal discretization parameters. For a fixed
time 7" > 0, an integer NN is chosen such that

NAt=T.
We divide the time interval [0, T into time strips
In:[tn7tn+1)a TL:N*2,"'7O,

where
t, =nlt, n=0,---,N.

Furthermore, we set
[Nfl _ [thl tN}

We denote by R} the rectangle I" x ;. For j =0,---,Jandn =N,N—1,--- .0,
V" denotes the power penalty approximate solution associated with the point
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8. Numerical Schemes

(t",z;). We extend the difference solution {V;"} to all of Q7 = [0,7] x [0, L] by
setting
‘/;'nv (t,l’)GR;»L, ]:Ovvj

VA(t,IE): TL:N—l,"'7O,

VN, t=T,xel; j=0,--,J

where A is used as short-hand notation for Az.

Let us now introduce the expicit power-penalty scheme. To simplify the
presentation, we use Ay and A_ to designate the difference operators in the z
direction:

BAVE = Vi =V AV = VPV,
Also introducing the upwind numerical flux function F': R x R — R defined by

Fla,b) = {b when (r — d) (()),

(\VARAY

a when (r—d)

The suggested numerical scheme for the American option pricing problem ([2.6)
takes the following form:
For j=0,---,J—-1, n=N-1,---,0

Vﬂ:VT’+1_|_1 22 o

t n n n
¢ ¢ o'z s A AV - (r—d)z AAF(V“V“)

» Vitl
1 1/k
n+1 n+1
stV 4 (gtay) - v
(8.1)
where the terminal data is given by

We impose the following bounded conditions, such that:
Atz =0
Vot =9(0), n=N-1,---,0.

Atx =1L
V}‘zg(L), n=N-1,---,0.

Note that it follows by [15, p. 40] due to stability of (8.1) in L;’;’C, 1t suffices
to impose a condition of lower bound for V'. An 1mprovement of (8.1) is then
given as follows

‘/vjn+1/2 _ Vn+1 + 1021,? AAt2 AJ’,A Vn+1 (’I“ _ d)xj% /
AF (V)L Vi) = etV 4 2 ([g(ey) = Vi)
), Vn+1/2)

V' = max (g(m] )

For simplicity, here we will consider the case r —d > 0. (8.2) becomes

n+1/2 n+1 1.2, 2 At n+1 n+1 n+1
Vi =V; 20T Ry? (Vg+1 2V + VI )

oy 2 (V2 ) et - v

an — max (g(x]) ‘/vjn+1/2) .
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8.2. A numerical example

Furthermore, for the convergence analysis, let us assume that the following
parabolic CFL holds p. 51]:

At 1
—| r—dl+ 2L2+rAt+—kmax{K LYWWl <1

It follows that when A(= Ax) | 0, then also At | 0.

Finally, we suggest that the explicit power penalty scheme for solving the
price of an American put option defined by ([2.6]) is given as follows:

1 The power penalty algorithm for valuing American put options

Input: L, K, r,d, T, N, J, e, k, o

deltax <— L/J
deltat < T/N
forj=1:J+1
x(j) + (j — 1) * deltax
gput(j) < max(K — z(j),0)
end
power <— gput
forn=1:N
u 4 power
v(0) <= gput(0)
v(J) < gput(L)
forj=2:J
m < max{g(z;) — u;,0}
temp < u(j)+ (r—d)* (j — 1) deltat * (u(j +1) —u(j)) +.5* sigma® *
(j — 1)%  deltat = (u(j + 1) — 2x u(j) +u(j — 1)) — r * deltat = u(j) + m!/*
v(j) + max(gput, temp)
end
power < v
end
Return: gput, x, power

Replacing gput by gcall = max {x(]) — K70}7 forj=1,---,J+11in the
above algorithm, we obtain the numerical scheme based on the power penalty
method for the price of American call options.

8.2 A numerical example

We test in Matlab the numerical schemes for American and European put
options. We choose the spatial parameter Ax and then the temporal parameter

At that satisfies according to the following C'F'L condition
At VAN 2P 1 1/ke1

We choose the following parameters:

r=01, 0=02 k=1 T=1 L=4, Az=0.0526 T =0.0015.
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8. Numerical Schemes

The choice Az = 0.0526 corresponds to 76 grid points. Furthermore, we specify
k = 10% and € = 6e — 4. The numerical solutions is given in Figure for
American put options.

American put option
T T T T T T T T T T T

Option price (V)
[=] [=] = [=] [=]
o = - " - - =]
o - B3 B =7 o [*]
T T T T T T T
1 1 1 1 1

=

=]

=7
T

=

=]

B
T

[=]
[=]
[ 5]
T
— .
7
e
rd
/
/
|Il"
/
{
1

z

07 08 04 1 11 12 13 14 15 16 17
Stock price (x)

Figure 8.1: The price of an American put option with expiration time T=1
(red line) with the payoff function (solid line).
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CHAPTER 9

Final comments

The thesis aims to use compactness method and functional analysis for proving
that there exists a unique solution to the problem of pricing American option
with variational method. For solving this problem, a penalised method is
suggested. In particular, we have analyzed well-posedness result for the classical
and the k-power penalty problem. First, we used energy estimates to derive
a prior estimates for the solutions of the penalised problems. We then used
functional analysis to extract a convergent subsequence. Passing to the limit in
the weak formulations, then we inferred the convergence to the solution of the
original problem.

While analyzing the problem, we have seen that standard theory for partial
differential equation does not work because of the nonlinearity term in the
penalty problems. But using compactness theory and functional analysis, we
were successful in achieving the convergence. Moreover, when using the operator
splitting method for solving the k-power penalty problem, we met an obstacle
when k£ > 1 in the way we defined sub-solvers in each half of time step interval.
In the end, we defined a new time interpolant hoping this can treat this obstacle.
Our goal was to show that the new interpolant is sufficiently close to the old one,
which implies convergence for the new approximation. We also wish to test the
numerical solution for this convergence. Although I have not yet come to these
final results, but for me, the operator splitting technique is very interesting
since it helps us simplify complicated problems. This leads to many applications
of this technique should be exploited.
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APPENDIX A

Theories

Definition A.0.1 (Probability Spaces). If §2 is a given set, then a o-algebra F
on 2 is a family F of subsets of 2 with the following properties :

e leF
e AcF = A® ¢ F, where AY = QF is the complement of F in Q
. Al,A27"'€F=>AI:U?ilAi€F

The pair (2, F') is called a measurable space. A probability measure P on a
measurable space (2, F) is a function P : F — [0, 1] such that

e P =0, P(OQ)=1
o if Ay, Ay, - € F and {A;}52, is disjoint (i.e. A;(A; =0 if i # j) then

The triple (92, F, P) is called a probability space.

Definition A.0.2 (The filtration). A filtration on (2, F') is a family F' = F};>
of g-algebra F; C I such that

0<s<t=F, CF;

(i.e. Fy is increasing).

Definition A.0.3 (Stochastic process). A stochastic process is collection of
random variables parameterised by a set T.

{Xt}te[O,T]

defined on a probability space (£2; F; P) and assuming values in R".

Definition A.0.4 (Martingale). A stochastic process {M;} on (Q, F, P) is called
a martingale with respect to a filtration {F}},5 if

o {Mi},c(07) is adapted to the filtration {F}}ep0,77-

o M, is integrable, i.e, E[|M;|] < oo, for all ¢.
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A. Theories

o E[M|Fs] = M, for all s < 1.

Definition A.0.5 (Equivalent martingale measure or risk-neutral probability Q).
A probability Q is called an equivalent martingale measure if there exists a
random variable Y > 0 such that Q(A) = E [14Y] for all events A and e~ " S(¢)
is a martingale with respect to Q.

Definition A.0.6 (Brownian motion). A stochastic process B(t) is called a
Brownian motion if it satisfies the following conditions:

1. B(0) = 0 almost surely.

2. B(t) has independent increments: for r < s <t < u; then B(u) — B(t)
and B(s) — B(r) are independent.

3. B(t) has continuous trajectories with probability 1.
4. B(t) has Gaussian increments: B(t) — B(s) ~ N(0;t — s); for 0 < s <t.

Definition A.0.7 (Adaptness). Let {N;},-, be an increasing family of o-algebras
of subsets of Q. A process f(t;w) : [0;00) x Q — R" is called N;-adapted if for
each t > 0 the function

w — f(t;w)

is Ni-measurable.
Proposition A.0.8. (Dynamic programming principle)

1. For all stopping time 0 taking values in [t,T], we have

v(t,z) = E e 00(0, X (6))).

2. Any stopping time t < 6 < 1. satisfies

v(t,z) = E4*le”" " 00(0, X (6))).

3. to is an optimal stopping time for g(X (t)), and e~ " No=y(y Atg, X (u A
to)) is a martingale.

Theorem A.0.9 (The 1-dimensonal It6 formula). Let Xy be an Ito process given

by
dXt = udt + Uth

Let g(t,x) € C%([0,00) x R) (i.e. g is twice continuously differentiable on
[0,00) X R ). Then

5/;5 = g(t7 Xt)
is again an Ito process, and

2

dg dg )
ay, = 2, x,)dt + 22 - I, X)dX, + S (t, X,).(dX,)2.

ot Ox?
where (dX;)? = (dX;).(dX}) is computed according to the rules

dt.dt = dt.dW; = dW,.dt =0, dW,.dW; =

Definition A.0.10 (Classical sub- and supersolution).
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e A function v € CY2(Qr) N C(Qr) is a classical subsolution of the Amer-
ican option valuation problem if v(T,z) < g on Ry and the following
inequalities hold on Qr:

Lpsv(t,z) —rov(t,z) >
Lpsv(t,z) —ro(t,x) > —c(x), o(t,z) < g(x).

e A function v € C*2(Qr) N C(Qr) is a classical supersolution of the
American option valuation problem if v(7', z) > g on R and the following
inequalities hold on Qr:

LBSU(tvx) - ’I"’U(t,il?) S 07 ’U(t, (E) Z g(x)a
Lpsv(t,z) —ro(t,x) < —c(x), o(t,z) < g(x).
o V is classical sub- or supersolution whenever it is smooth enough.

Definition A.0.11 (Compactness). [5, p. 286] Let X and Y be Banach spaces,
X NY. We say that X is compactly embedded in Y, written

X Cccy,
provided

o Jlully < Cllullx (ue€ X) for some constants C
and

e each bounded sequence in X is precompact in Y.

More precisely, condition (ii) means that if {u,}?° ;| is a sequence in X with
supy, [luk | x < oo, then some subsequence {ug, }32; C {ux}2, converges in Y’
to some limit w:

lim [Jup, —ully = 0.

Jj—o0
Definition A.0.12. If (.,.) is an inner product, the associated norm is

lu| == (u,u)/?, ue H.
The Cauchy-Schwartz inequality states
[(w, V)| < lulll[oll,  u,ve H. (A1)

Definition A.0.13 (Weak convergence). [5 p. 723] We say a sequence u7° | C X
converges weakly to u € X, written

U — u,

if
(u®, ug) = (u*, u)
for each bounded linear funtional u* € X*, where X denote the collection of

all bounded linear functionals on X, X* is the dual space of X.
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Theorem A.0.14 (Weak compactness). [5, p. 723] Let X be a reflexive Banach
space and suppose the sequence {u};>, € X is bounded. Then there ezists a
subsequence {uy, }32, C {ux}2, and u € X such that

ug,; converges weakly to u.

Theorem A.0.15. Suppose that v € L?(0,T; M), such that % € L%0,T; M').
Then

. v e (0, T} I(R.)).
o The mapping t — Hv(t)||2Lz(R+) is absolutely continuous with

d
o [V 8, ) = 2(0e0:0) ppr s

for almost everywhere 0 <t < T.

o For C is a constant depends only on T, we have

e [0(0)] 2.y < O (Il o man + 190l ) - (A2)

Proof. Define the mollification of v such that v = 7. v (see [, p. 714]). For
any €, > 0, we have

d
ot () = O e,y =2 (00 — 0”0t = 0%)

Thus,

1o7®) = 0" )32,y = 10°0) = * O)|[3 e,
t (A.3)
—|—2/ <83vE — 9% 0f — v5>M, ar ds.
; ,

for 0 <t <T. Fixt e (0,T) for which
v (t) = v(t) in L*(Ry).
Consequently, (A.3)) implies

. € _ 0 2
TP 22 IO~ Ol

T
. 5112 Ik

< tim [ (Jor =07 + Jof 92, ) s

Since v € L%(0,T; M) and dv € L?(0,T; M’), it follows from definition that

[v][r2(0,7;00) < C and [|0yv][ 12 (g 7,0rr) < C for a constant C. Therefore, for any

e,0 > 0, we have

. T 112
5,1(15130 i |0sv° — 0s0° ||, ds =0

and
T

. 5112 _
e,lclsrgo ; Hva—v HMdS—O.
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Thus,

2
limsup su vE(t) — v (¢ =0.
s,éﬁOpOStETH ®) ( )HLQ(R*)

This implies that {v°}o<.<1 converges to u in C([0,T]; L*(R4)). Since we also
know that v¢(¢t) — v(t) almost every t € [0,7] as € — 0 , we deduce that u = v
almost everywhere.

For obtaining the second part, we have

t
Il 2@,y = I (O)F2 ) +2/0 (050 0%) ppo pp ds-

Sending € — 0, we know that v® converges to v almost every ¢ € [0, 7], thus

t
w17z, = 0012, +2/0 (050,0) pgr ag ds.

Finally, to obtain (A.2), we take maximum over ¢ € [0, 7], along with the
inequality | (Opw,u) |arr ar < ||ullar ||Osull 5y, We get

T
2
s [oOlFaey <2 [ 10wl st
Applying Young’s inequality [ |
Definition A.0.16. The space LP(0,T; X) consists of all measurable function
v:[0,T] — X with

1
T P
o lollzeorey = (Jo lo®lPdt)” < oo, for1<p<oc.

o |[vllze(o,1,x) = ess sup [[v(t)] < oo.
0<t<T

Definition A.0.17. The space C([0,7],X) comprises all continuous function
v:[0,T] — X with

vl o, x) = Jhax, [v(@)] < o0

Definition A.0.18. Let v € L'(0,T; X). We say u € L*(0,7T; X) is the weak
derivative of v. written
v =u

provided
T T
¢ tbdt =— [ gult)dt

0 0
for all scalar test functions ¢ € C°(0,T).
Definition A.0.19.

o The Sobolev space WP(0,T; X) consists of all functions v € LP(0,T; X)
such that v” exists in the weak sense and belongs to LP(0,T; X). Further-
more,

1
(S Io@l + o/ @Pae) ™ 1< p < oo

HU”WLP 0,T:X) =
OT% " Yess sup o)+ |0 @) p=oc.
0<t<T
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o We write H(0,T; X) = W12(0,T; X).
Let H denote a real linear space.
Definition A.0.20. A mapping (-,-) : H x H — R is called an inner product if
1. (u,v) = (v,u) for all u,v € H,
2. the mapping u — (u,v) is linear for each v € H,
3. (u,u) >0 forall u € H,
4. (u,u) = 0 if and only if u = 0.

Definition A.0.21. A Hilbert space H is a Banach space endowed with an inner
product with generates the norm. Fxamples

o The space L?(2) is a Hilbert space, with
(.9) = | Jods
Q
e The Sobolev space H*(f2) is a Hilbert space, with
(f.9) = [ fa-+0f.09dz.

Definition A.0.22 (Mollifiers). |5, p. 713]
o Define n € C*°(R™) by

for a constant C selected so that

/ ndz = 1.

Ne(w) = einn (%) :

We call ) the standard mollifier. The function n. are C*> and satisfy

e For each € > 0, set

/ nedz =1, spt(ne) € B(0,¢).

Theorem A.0.23 (Properties of mollifiers). [5, p. 714]
o fCEC®(Q), where Qc:={x € Q| dist(z,00) > €}.

o f¢— f almost everywhere as € ] 0.
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o If f € C(U), then f¢ — f uniformly on compact subsets of .

e If1<p<ooand feLl (Q),then f¢— f in L} (Q).
Proof. We refer to |5, p. 714] for the proof. |
Finally, we list below some useful inequalities:

1. Cauchy’s inequality.

1 1
ab < §a2 + 5b2, (a,b € R). (A.4)
Proof. We have 0 < (a — b)? = a® — 2ab + b. [ ]

2. Cauchy’s inequality with e

1
ab < ea® + 4—6b2, (a,b>0,e>0). (A.5)

Proof. Write

1 b
ab = ((25)5a) ( T )
(26)
and apply Cauchy’s inequality (A.4)). [ |
3. Young’s inequality. Let 1 < p,q < 0o, such that zl) + % = 1. Then
1.1
ab < —a? 4+ —b7, (a,b>0). (A.6)
p q
Proof. The mapping = — e® is convex, and consequently
ab = eloga+10gb _ 6% log a”+% log b?

< lelog aP + lelog b4

p q
aP b4
P q

4. Holder inequality.
Assume 1 < p, ¢ < oo, such that %—i—% = 1. Then if u € LP(Q), v € LI(Q),
we have

/Q fwoldz < ull oy 0]l oce)- (A7)

Proof. By homogeneity, we may assume ||ul|» = ||v]|lr« = 1. Then
Young’s inequality (A.6]) implies for 1 < p,q < oo that

1 1
/ luv|dz < 7/ [[ulPdz + f/ [v]|?dz =1 = [|ul|Lr[|v]| La.
Q P Ja q.Jq

89



A. Theories

5. Gronwall’s inequality.

o (Differential form) Let 7(.) be a nonnegative, absolutely continuous
function on [0, 7], which satisfies for almost every ¢ the differential
inequality

' (8) < ¢(t)n(t) + (1), Vte[0,T] (A.8)

where ¢(t) and 1 (t) are nonnegative, summable functions on [0, 7.

Then .
o) <l 40 (o) + [ uopas)

forall0 <t <T.

L] If
—n/(t) < Cin(t) + Cy, VYt e [0,T] (A.9)

then
n(t) < et (n(T) + Cat) .

e In particular, if
n(t) < Cy /t e(s)ds (A.10)
for almost every time 0 <t < T, thoen
n(t) = 0.
Proof.
o From we see

i (e oot ) < = ) gt

< e Jose @iy ()

for almost every 0 < s < T. Consequently for each 0 <t < T, we
have

t s
n(t)e™ o DY < oy 4 / ¢ Jo @Dy
0

< n(0) + / (s)ds.

This implies the result.
o Lett =T —sfor s € 0,T], then s = T —t. Rewriting (A.8)), we have

1'(s) < Cin(T = s) + Cy
Applying the differential form of Gronwall’s inequality above
n(s) < e (n(T — 5 = 0) 4 Cys).

Hence,
n(t) < et (n(T) + Cat), t€[0,T).
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APPENDIX B

Notations

Sets
R. the real line
Ry the set of nonnegative reals

[a,b] an closed interval in R
(a,b) an open interval in R

N the set of all nonnegative integers
Q a bounded domain in R
Q the closure of 2

Functional spaces

C(Q)
C*(Q)

Cc>(Q)
G ()

N
Lr(Q)

L>=(Q)
-l e )

Wa ()

WyP(9)
H*(Q)
HE(Q)
C*([0,T]; X).
LP(0,T; X)

L>(0,T; X)

spt(u)

the space of functions, continuous in 2
the space of functions whose derivative up to the order
k € N belong to C'(£2)

0 CH(Q)
the space of infinitely differentiable functions with
a compact support in
the set of all nonnegative integers
the space of measurable functions in 2
such that [, [v[Pdz < 400, p € [1,00)
the space of measurable functions in 2
such that sup,cq |v(z)] < +00
the norm in LP(Q), p € [1, 0]
the set of measurable functions whose generalized
derivatives up to the order
k belong to LP(2)
the closure of C§°(£2) in WkP((Q)
Wk72 (Q)
Wy ()
the space of continuous X-valued functions in [0, T
whose derivatives up to the order k € N are continuous
the space of measurable X-valued functions in (0,7T)
such that fOT lul%dt < +o0, p € [1,00)
the space of measurable X-valued functions in (0,7")
such that ess sup |u(t)||x < +oo

0<t<T

the support of the function u
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Functions
0,V (t,x), % the derivative of V (¢, z) at =
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APPENDIX C

Matlab program

The Matlab program is given below for solving the price of an American put
option based on power penalty method.

function [gcall, gput, x, powercall, powerput] = ...
PowerPenalty(r, d, sigma, epsilon, k, K, L, T, J, N)
deltax = L/J;
deltat = T/N;
x = zeros(J+1)
gcall = zeros(J+1);
gput = zeros(J+1)

for j = 1:(J+1)
x(j) = (j-1) * deltax;
gput(j) = max(K-x(j), 0);
gcall(j) = max(x(j)-K, 0);
end

powercall = gcall;
powerput = gput;

for n = 1:N
% put
u = powerput;
v(l) = K;
v(J+1) = max(K-L, 0);

for j = 2:J
m = max(gput(j) - u(j), 0);
temp = u(j) + (r-d) * (j-1) * deltat * (u(j+1) - u(j))
+ .5 % sigma™2 * (j-1)"2 * deltat * (u(j+1) - 2 * u(j) + u(j
-1))
- r x deltat = u(j) + (1 / epsilon) x deltat x m™(1/k);
v(j) = max(gput(j), temp);
end
powerput = v;

% call

u = wcall;

temp (1) =

temp(J+1) = max(L-K, 0);

for j 2:]
m = max(gcall(j) - u(j), 0);
y =u(j) + (r-d) = (j-1) = deltat = (u(j+1) - u(j)) ...

+ .5 x sigma”2 * (j-1)72 x deltat * (u(j+1) - 2 * u(j) + u(j
-1))
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- r x deltat * u(j) + deltat * (1 / epsilon) * m~(1/k);
temp(j) = max(gcall(j), y);
end
wcall = temp;
end
end
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