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Abstract

Stochastic systems with memory naturally appear in life science, economy, and finance. We
take the modelling point of view of stochastic functional delay equations and we study these
structures when the driving noises admit jumps. Our results concern existence and uniqueness
of strong solutions, estimates for the moments and the fundamental tools of calculus, such as
the Itd formula. We study the robustness of the solution to the change of noises. Specifically,
we consider the noises with infinite activity jumps versus an adequately corrected Gaussian
noise. The study is presented in two different frameworks: we work with random variables in
infinite dimensions, where the values are considered either in an appropriate LP-type space
or in the space of cadlag paths. The choice of the value space is crucial from the modelling
point of view, as the different settings allow for the treatment of different models of memory or
delay. Our techniques involve tools of infinite dimensional calculus and the stochastic calculus
via regularisation.

Keywords: Stochastic delay equations, memory, jump diffusions, It6 formula, moment
estimates, calculus via regularisation.

AMS classification: 34K50, 60HO7

1 Introduction

Delay equations are differential equations whose coefficients depend also on the past history of
the solution. Besides being of mathematical interest on their own, delay equations naturally arise
in many applications, ranging from mathematical biology to mathematical finance, where often
the effect of the memory or delay on the evolution of the system cannot be neglected, we refer to
[8, 9, 28, 29, 32, 33, 36] and references therein for applications in different areas.

When dealing with a delay differential equation (DDE), one cannot in general relay on standard
existence and uniqueness theorems, but ad hoc results have to be proven. In general this is done
by lifting the DDE, from having a solution with values in a finite dimensional state space, such
as R?%, to having values in an infinite dimensional path space, which has to be carefully chosen
according to the specific problem. For the case of deterministic delay differential equations an
extensive literature exists, we refer the reader to the monographs [21, 24] for details.

When considering stochastic delay differential equations (SDDE), that is DDE perturbed by
a stochastic noise, one encounters problems that did not appear in the deterministic case or in
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classical stochastic differential equations. In particular the SDDE fails to satisfy the Markov
property, hence one cannot rely on the well established setting of Markov processes for the study
of the solution. As in the deterministic case, however, one can apply the key idea to lift the SDDE
to have values in a suitable infinite dimensional path space. In doing so, one is able to recover
the Markov property, nevertheless the main drawback is that now one is dealing with an infinite
dimensional stochastic partial differential equation (SPDE). Although a well established theory
for SPDE’s exists, some fundamental results, known in the finite dimensional case, fail to hold
true in the infinite dimension. In particular when considering infinite dimensional SPDE’s; the
concept of quadratic variation is not a straightforward generalisation of the classical notion of
quadratic variation. We recall that this concept is crucial in essential tools of stochastic analysis,
such as the It6 formula. Some concrete results around the concept of quadratic variation in infinite
dimensions have appeared only recently, see [20].

SDDE’s have been first studied in the seminal works [10, 35] and then extensively studied
in [26, 36, 44|, though in a different, but yet related setting. Recently there has been a renewed
interest in SDDE’s motivated by financial applications. In [23] a path dependent stochastic calculus
was first suggested and then widely developed in [12, 13].

From the stochastic calculus point of view, the technique of regularisation, recently intro-
duced, proved to be powerful to define a stochastic integral and to prove a general It6 formula for
stochastic differential equations both in finite and infinite dimensions. The first results exploit-
ing the stochastic calculus via regularisation are found in [41, 42|, where a generalisation of the
It6 formula was proved. More recently in [19] a new concept of quadratic variation for Banach
space-valued processes was proposed and applied to prove a suitable It6 formula for infinite di-
mensional stochastic processes. This triggered a stream of studies aimed at deriving a suitable
1t6’s formula for delay equations and at studying deterministic problems that can be tackled by
a stochastic approach. Particular attention was given to the Kolmogorov equation. We refer to
[14, 16, 15, 25, 26]. Eventually in [16, 25| the relationship between the path-wise calculus and the
Banach-space calculus was detailed.

We remark that all the aforementioned results for delay equations are proved in the case when
the driving noise is continuous, such as for a standard Brownian motion. Very few results exist
when the noise allows for random jumps to happen, see, e.g. [39, 40].

As mentioned above, there are different approaches to deal with SDDE’s. We work with the
setting of stochastic functional delay differential equations (SFDDE), first introduced in [35] and
further developed in [36, 44]. This choice is motivated by the fact that it appears to be the right
compromise between a general purely infinite dimensional SPDE and a classical finite dimensional
SDE. In fact, even if the stochastic delay equation is treated as an infinite dimensional equation,
there is always a clear connection with its finite dimensional realisations, so that standard finite
dimensional It6 calculus can be often used.

The aim of the present paper is to extend the theory of SFDDE, studied in [35] for a Brownian
driving noise, to include jumps, that is to deal with noises of jump-diffusion type. Specifically
we aim at settling the existence and unicity of solutions, and derive the fundamental tools of
a stochastic calculus for SFDE’s with jumps. We also study the robustness of the solutions of
SFDDEs to changes of the driving noise. This is an important analysis in view of the future
applications. From a finite dimensional point of view this was studied in e.g. [6].

We consider an R?—valued SDE of the form

dX (t) =f(t, X (), X (t +-))dt + g(t, X (t), X (t 4 -))dW (t)

+/ Bt X (1), X (¢4 ) (2)N(dt, dz), ¢ € [0,T], (1.1)
Ro

where W is a standard Brownian motion, N is a compensated Poisson random measure where
Ry := R\ {0}, and f, g and h are some given suitable functional coeflicients. With the notation
X(t+ -) we mean that the coefficient may depend also on the past values of the solution on the
interval [t — r,7] for some fixed delay r» > 0. It is this dependence on the past values of the
evolution that is identified as memory or, equivalently, delay. The formal introduction of the



current notation will be carried out in the next section. Notice that at this stage equation (1.1) is
a finite dimensional SDE with values in R?.

We now lift the process (1.1) to have values in a suitable infinite dimensional path space. The
choice of the suitable space is truly a key issue. As illustration, consider the purely diffusive case
and denote the maximum delay appearing in (1.1) by » > 0. Then, in [44] a product space of the
form MP := LP([-r,0];R%) x R, p € [2,00), was chosen, whereas in [36] the space of continuous
functions C := C([—r, 0]; RY) was taken as reference space. With the former choice one can rely on
well-established results and techniques for LP—spaces. Nevertheless this choice may seem artificial
when dealing with a past path-dependent memory. For this reason the second choice, the space of
continuous functions, is often considered the “right” space where to study delay equations, though
it requires mathematically careful considerations.

When we consider the lifting of equation (1.1) to an infinite dimensional framework, we have
to be cautious. The lift of SFDDE’s of the jump-diffusion type presents two naturally possible
choices of setting: the product space MP and the space of cadlag (right continuous with finite left
limit) functions D := D([—r,0]; R?). We decided to carry out our study in both settings in order
to give a general comprehensive and critical presentation of when and in what sense it may be
more suitable to treat the study in the one or the other setting. To explain, on the one side, we
have the inclusion D C MP, with the injection being continuous, so that the MP?—setting appears
to be more general, on the other side we can see that the existence and uniqueness of the solution
of an SFDDE cannot be established in full generality in the space MP. This, in fact, depends on
the type of delay or memory. The drawback of the MP approach is that it does not apply, for
instance, to SFDDFE’s with discrete delay, as e.g.

X(t) :/0 X(s+p)d5—|—/0 X(s+ p)dW(s) —I—/O A X(t+ p)zN(dt,dz), (1.2)

where p € [-7,0) is a fixed parameter. We refer to the discussion in Remark 2.2 for details. This
case, can be well treated in the D-setting.
In the sequel, we thus lift equation (1.1) to have values either in M?, with p € [2,00), or in
D, exploiting the notion of segment. We denote X; the segment of the process X on an interval
[t — 7, t], that is
X ={X({t+6):0c[-r0]},

being r > 0 the maximum delay. We denote the present value of the process at time ¢ by X(t).
We then study an SFDDE of the form,

dX (1) = F(t, X,)dt + g(t, X,)dW (1) + / h(t, X0)(2)N (dt, d2) (1.3)
Ro

Xo=n

where 7 is a function on [—7,0].

In this paper, first we establish existence, uniqueness and moment estimates for the equation
(1.3) where the segment X; takes values either in D or it is considered as the pair (X;1;_, o), X(t))
with values in MP, depending on the framework chosen.

Then we look at the robustness of the model to changes of the noise. In particular, we study
what happens if we replace the small jumps of the infinite activity Poisson random measure N,
by a continuous Brownian noise B. This is done by comparing a process X with dynamics

) :f(t,Xt)dt+g(t,Xt)dW(t)+/ ho(t, XA (2) N (dt, d2) (1.4)
Ro

Xo = 7,
to the process X (9 defined by

dX©(t) = f(t, X V)dt + g, X)W (t) + ho(t, X)) / IN(2)[2v(dz)dB(t)

|z|<e



+ / ho(t, X\ )N (z) N (dt, dz) (1.5)

X(()E) =n.

We remark that the choice of this approximate guarantees the same so-called total volatility, using
a terminology from financial modelling.

Eventually, exploiting the stochastic calculus via regularisation we prove an It6 type formula
for stochastic delay equations with jumps, showing that the results are in fact coherent with
the results obtained in [36, 44]. We work with forward integrals in the following sense. For the
stochastic processes X = {X,,s € [0,T1}, and Y = {Ys,s € [0,T]}, as mappings on [0,T] x
and taking values, respectively, in LP([—r,0],R?) and its topological dual, we define the forward
integral of Y against X as

¢ ¢ Xore — X,
/ o(Ye, dX,), := lim <Y +> ds, (1.6)
0 eNO0 Jg € »

where the limit holds in probability. Here we denoted the paring between LP([—r,0],R%) and its
dual by (-,-),. Furthermore, if the above limit holds uniformly in probability on compact sets
(ucp), we immediately have that the process

t
([aroax,)
0 te[0,T]

admits a cadlag version and we say that the forward integral exists. When the two processes
have values in the space MP and MP*, we are able to show that the above limit holds in fact
ucp, characterizing thus the forward integral in terms of the derivative of the process X, which
coincides with the operators introduced in [44] and in [25].

The present work is structured as follows. In Section 2 we introduce the main notation used
throughout the whole paper. In Section 2.3 we study existence and uniqueness results for equation
(1.3) with values in D, whereas in Section 2.4 we prove the same results in the M? setting. Then,
in Section 2.5 we prove the robustness of equation (1.3) to the change of the noise. Eventually in
Section 3 we prove a suitable Ito-type formula for SFDDE’s with values in MP and in D.

2 Stochastic functional differential equations with jumps

2.1 Notation

Let (Q, F,F := {Fi}iejo,1); P) be a complete, filtered probability space satisfying the usual hy-
potheses for some finite time horizon T" < co. Let r > 0 be a non-negative constant denoting
the maximum delay of the equations considered. We extend the filtration by letting Fs; = Fy for
all s € [~r,0]. This will still be denoted by F. Let W = (W',...,W™)T be an m-dimensional
F-adapted Brownian motion and N = (N*',..., N™)T be the jump measures associated with n
independent F-adapted Lévy processes, with Lévy measures v = (vy, ..., v,) respectively. Recall
Ry := R\ {0}. We denote by N, the compensated Poisson random measure

N(dt,dz) := (N*(dt,dz) — vi(d2)dt, ..., N™(dt,dz) — v, (dz)dt)" .

Consider the equation

dX(t) = f(t, Xy)dt + g(t, X )dW (t) + [ h(t, X,)(z)N(dt,dz)
Ro (21)

X0:77a

where f,g and h are some given functionals on a space containing the segments Xy, ¢t € [0, T of the
process X. We will give precise definitions of the segments and the coefficient functionals below.



Equations of the form (2.1) will be referred to as stochastic functional delay differential equation
(SFDDE).

We remark that equation (2.1) is to be interpreted component-wise as a system of SFDDE of
the following form:

AX'(t) = f(t, Xo)dt + > g™ (6, X )dWI () + / RHI (t, Xy, 2) N7 (dt, dz),
j=1 j=1"Ro

Xi=n" i=1,...,d.

With the component-wise interpretation in mind, it is natural to require that the images
f(t, X¢) and g(t, X;) of the coefficient functionals f and g are contained in the spaces L?(2, R%)
and L2(Q, R¥*™) respectively. Similarly, we want the image h(t, X;) of h to be contained in a
set of matrices with j’th column in L?(Q, L?(v;,R%)). To express the space of all such matrices
in a compact manner, we introduce the following notation. For the R™-valued measure v =

(v1,...,vn)T", we will write LP(v) = LP (v, R4*™) (p > 2), to denote the set of measurable functions
H: Ry — R¥™,
such that
M) = S IHIL, o) < o0 (2.2)
j=1

Here we have used the notation H*/ to denote the j’th column of H. Notice also that the Bochner
space
LIQ, LP(v,RT™)) (¢ >2)

consists of the measurable functions H : Q — LP(v,R4*") such that
||H||(2P(Q,L;D(V7]Rd><n)) = E[||H|‘%P(,/7Rd><n)] < 00. (2'3)

For convenience, we will sometimes omit to explicitly specify the spaces R%, R¥>™ and R¥*"
when it is clear from the context which space to consider and no confusion is possible. In this
paper, when no confusion will occur, the standard Euclidean norm || - |gex:, will be denoted by
|- | for any k, [ € N.

Hereafter we introduce the relevant spaces we work with in the sequel. For 0 < u < T, let
D, := D([-r,u],R%), (2.4)
denote the space of all cadlag functions from [—r, u] to R?, equipped with the uniform norm

Inllp, == sup {0}, n€Du. (2.5)

—r<o<u
Set D :=Dy. For 2 < p < oo, let L2 := LP([-r,u],R?) and
MP = [P x R?
with norm given by
161 0) 5 += I, + of?, o € ME
Set LP := Lf and M? := M.

We recall that the MP-spaces are separable Banach spaces and M2 is also a Hilbert space. On
the other side D,, equipped with the topology given by (2.5) is a non-separable Banach space. The



space D, equipped with the Skorohod topology is a separable metric space. Moreover, there exists
also a topology on D, equivalent to the Skorohod topology, such that D,, is a complete separable
metric space. See e.g. |7, 37].

Observe that if n € D, then

1L (—r0), 1O e = ML {=r0) 120 + IN(O)” < (r + 1)Inl[p- (2.6)

By (2.6), and since the elements in M? have at most one cadlag representative, the linear functional

1= (N1 -r,0),1(0))
is a linear continuous embedding of D into MP. Note that we will write ||n||a» in place of
112 =r,0)>1(0)) | aze-

We now introduce the notion of segment that will play an important role in this paper.

Definition 2.1. For any stochastic process Y : [—r,T] x Q — R?, and each t € [0,T)], we define
the segments

Y, : -0 x Q=R by Y(0,w):=Y(t+6,w), 6c[-r0, we

In view of the arguments above, for each ¢, the segment can also be regarded as a function
Q53wr— Y (,w)eD

or

Q3 wr— (Vi w) g (), Y (t,w)) € MP

depending on the type of memory or delay in the process and provided the necessary conditions of
cadlag paths or integrability. Indeed it is this interpretation that allows for the lifting of equation
(1.1) to an infinite dimensional framework, as anticipated in the introduction.

Remark 2.2. We need here to stress that the two frameworks D or MP are not equivalent when
Jjumps are present and one has to choose where to set the study depending on what type of memory
the model involves. As illustration, consider the case of discrete delay, as in equation (1.2) for
example. There the term X (t 4+ p) with fix p € [—r,0), corresponds to the segment X; = {X (t +
s), 8 € [—r,0]} evaluated at the point s = p. The evaluation is not a well-defined operation in MP.
To see this, consider two elements n1,n2 € D such that n(s) = n2(s) for all s € [-r, 0]\ {p} and
m(p) # n2(p). These are clearly distinguished elements in D. However, if we were considering
them as pairs (n1,m(0)), (n2,12(0)), then they would be two representatives of the same class in
MP. Thus, for (w,t) fized, the evaluation X.(p) = X (t + p) is not uniquely determined in MP.

We recall the following definitions. Let G C F be a P-augmented o-algebra of events in (). Let D
be equipped with the o-algebra © generated by the Skorohod topology.

Definition 2.3. We say that a function n: Q — D is a (G-measurable) D-valued random variable
if it is G-measurable with respect to the o-algebra © or, equivalently, we can say that n is G-
measurable if for every 0 € [—r,0], the R%-valued function w — n(0,w) is G-measurable.

Recall that © coincides with the projection o-algebra and that ® C B(D), where B(D) is the
Borel o-algebra generated by the topology given by the norm (2.5).

Definition 2.4. We say that a function (n,v) : Q@ — MP is a (G-measurable) MP-valued random
variable if it is measurable with respect to the o-algebras G and B(MP), or equivalently if the

function
0

w (6, w)e(0)do + v(w) - u

-

is G-measurable for every (¢,u) € MP* = M7,



Notice also that if n is a G-measurable D-valued-random variable, then it is G-measurable as an
MP-valued random variable. Corresponding definitions apply in the cases of the D,, or M? spaces
above.

We are now ready to introduce the spaces of measurable D-valued and MP-valued random
variables.

Recall that D, is equipped with the o-algebra ®, generated by the Skorohod topology on D,,.
Let 1 be a Dy-valued random variable. For p > 2, define

=E| sup [n0)"| = E[[nO)lp,],

1701%s
SP (D) oc[—r,u]

and the equivalence relation 9y ~ 72 < |91 — 12| gr(0;p,) = 0. Let
SP(Q,G;Dy)

denote the space of equivalence classes of D-valued random variables w — n(w, -) such that
H77||gp(Q_Du) < 0o. We have used the notation SP(£2,G;D,,) to distinguish the space above from

L?(Q,G;D,), which consists of the equivalence classes of the (G, B(D,))-measurable D,-valued
functions.

Remark 2.5. In the continuous setting (see e.g. [36]), the segments of an SFFDE are often
considered as elements of the Bochner space L?(Q;C), where C denotes the set of continuous
functions from [—r,0] to R, We remark that the cadlag counterpart, namely the Bochner space
LP(Q,G; D), turns out to be too restrictive to contain a sufficiently large class of cadlag segments.
This can bee seen from the following lemma:

Lemma 2.6. Suppose that X is a cadlag Lévy-Ité process with X € LP(Q,G;Dla,b]). Then X is
continuous with probability 1.

To see why this holds, we first recall that by an equivalent definition of Bochner spaces (see [22]
for more on these spaces), LP(§2,G; D) consists of equivalence classes of the (G, B(D))-measurable
functions X : Q — D such that the image X (€2p) is separable for some subset Qg C Q with P(Qg) =
1, and E[||X|\%([a’b])] < oo holds!. By [27, lemma 9.12], we know that X () is separable if and
only if there exist a countable set Ty € [a,b], such that AX (t,w) = 0 whenever ¢ ¢ Ty, w € Q.
In other words, except for a negligible set of sample paths of X, all the jumps of X occur at a
countable number of times.

Proof of Lemma 2.6. Since X € LP(Q2,G;D([a,b])), we can choose Qg, Ty be as above. Now since
X is a cadlag Lévy-Ito process, it also holds that P(w : AX(¢t,w) # 0) = 0 for every ¢, and hence

Ni= [ J{weQo: AX(t,w) # 0}

teTo

is a null set. But then if w € Qg \ N, it holds that AX (¢,w) = 0 for every ¢, that is X is continuous
OHQ()\NaHdP(Qo\N):l. ]

We also consider the following space. For p > 2, let
LP(Q,G; ME),

denote the Bochner spaces LP(§), M?) consisting of the MP-valued random variables (1, v) such
that the norm given by

1m0 00y = Bl 0)I12]

Lin fact this definition is valid for D([a, b]) replaced by any Banach space V'



is finite. We recall that both SP(;D,) and LP(Q2; MP?) are Banach spaces. Observe that if
n € SP(Q,G; D), then

1 1O 2 gy < (4 DIl ) (2.7)

thus, it also holds that
SP(,G;D) C LP(Q,G; MP),

and the embedding is continuous. With the appropriate boundedness and integrability conditions
on a cadlag adapted process Y, then for each ¢, the segment Y; can be regarded as an element in
the spaces SP(Q, Fi; D) or LP(Q, Fy; MP).

In line with the definitions given above, we also use the following notation for any u € [0, 7]
and 2 < p < oco. Let
SP(Q, Fu; Dy) € SP(Q, Fu; Dy)

denote the subspace of elements in SP(Q, F,;D,) admitting a F-adapted representative. We
remark that if Z € SP(§2, Fr; Dr), then we have that

1Z]ls»:p) < 1 Zlse:p) < 1Z]lsp(25D0) (2.8)

Also, consider the Banach space
LP(Q; L7)

with the usual norm given by:

Y10 unn) = E[IYII75] < oo

Remark 2.7. For later use, we remark that, if the stochastic process Y : [—r,T] x Q — R? is
also Y € LP(Q; LY.), then it make sense to consider the process of the segments {Xy, t € [0, T},
as a mapping

wr— {t = (Xe(w) o) (1), X (t,w)) }.

which is well-defined in LP([0,T], MP).

Let
LY (s LE) € LP(Q; LY)

denote the subspace of elements admitting F-adapted representative.
Suppose now that Y € L? (Q; L%.). Since Y (t) is well-defined for a.e. ¢ € [—r, T}, it makes
sense to consider the segments Y; as elements in L?($2, Fy; LY) for a.e. t. Also,

|10 Y Ot < /nnmﬂuwwﬁ[nnmmmww

- trmwwwuwmwymmmﬁ
<+ DIV g
Even though we can not consider S?,;(Q;D,) as a subspace of L ,(Q; L}), since the function
SP(Q;Dy) 3 me LY (S LY)
is not injective, this function is continuous, and

IVell7o ey < (4 PIY2l S0 0up, ) (2.10)



2.2 Examples

To illustrate some possible ways to model memory or delay in a stochastic differential equation,
we include some examples of delay terms appearing in applications.

i)

ii)

iii)

Distributed delay: the functional

Sy —> ' S(t+0)a(d). (2.11)

-r

where « is a finite Borel measure on [—r,0], is an example of a distributed delay-functional.
This is a general type of delay in the sense that examples ii), iii) below, can be regarded as
particular cases of this one.

A general financial framework in this setting has been studied in [8, 9] where the authors
considered a price evolution for the stock of the form

dS(t) = M(S,)dt + N(S,)dW (t) = ’ S(t + s)ans(ds)dt + ’ S(t+ s)an (ds)dW (¢),

—r -

apr and an being suitable functions of bounded variation.See also [36, Sec. V|, where « is
taken as a probability measure.

Absolutely continuous distributed delay: in the particular case o << L, where we have
denoted by L the Lebesgue measure, we have that the measure o admits a density x := g—z.
Therefore the functional (2.11) reads as

0
Si— | S(t+0)k(0)do,.

-T

A more advanced example has been provided in [29] where a functional of the form

(t,8)) — " 0(t, S(t + 0))h(6)do,

-Tr
for some functional ¢, has been treated.

Discrete delay: if we let a = §,, in equation (2.11), where ¢, is the Dirac measure concen-
trated at 7 € [—r, 0], then we have a discrete delay functional, namely

Sy — ’ S(t+0)5.(do) = S(t— 7). (2.12)

-

A discrete delay model using functionals on the form (2.12), is widely used in concrete ap-
plications, spanning from mathematical biology, as in the case of the delayed Lotka-Volterra
model, see, e.g. [21, 32, 36], to mathematical finance, as it happens for the delayed Black-
Scholes model, see, e.g. [3, 28|, or for commodities markets, see, e.g., [33]. In particular,
in [3], the authors give an explicit form for the price a European call option written on an
underlying evolving as

dS(t) = pS(t — a)dt + o (S(t — b))dW (),

for 4 € R and a suitable function o.

A particular case of the discrete delay example is the no delay case, i.e. 7 = §p. A multiple
delay case, can be defined by letting o = Zf\il dry 7 € [-1,0],i=1,2,...,N.

)



iv) Brownian delay: our setting allows also to consider delays with respect to a Brownian

motion, namely
t

Si— | SO)dW ().

t—r
Hence this permits to take noisy memory models into account. These cases are arising e.g.
in the modelling of stochastic volatility see, e.g. [28, 43] and when dealing with stochastic
control problems, see e.g. [18].

v) Lévy delay: similarly to the Brownian delay, we can also consider a delay with respect to a
square integrable Lévy process of the form

Stl—>/t S(O)dL(0) .

Such type of delay has been employed in [43] in order to consider some stochastic volatility
models related to energy markets.

vi) Mean field delay: we can consider a delay of the form

0
Sy — E [ S(t+ H)a(dﬁ)] ,
where « is as in example i), see e.g. [1].
2.3 D framework
Fix p € [2,00). Consider again the equation
dX(t) = f(t, Xy)dt + g(t, X;)dW (¢) +/ h(t, X;)(z)N(dt, dz) (2.13)
Ro

XO:na

In this section, we require that f(¢,-), g(t,-), h(t,-) are defined on SP(Q2, Fy; D) for each fixed
t. Therefore, we introduce the space

S, = {(t,¥) € [0,T] x SP(Q, F; D) such that 1 € SP(Q, F;; D)}, (2.14)

as the domain of the coefficient functionals f,g,h in the SFDDE (2.13). In particular, we will
require that:

f:8, — LP(Q,R?)
g:Sp — LP(Q,RY™),
h: Sy — LP(Q, L (v,R™™)).

Moreover,
n € 5P(Q, Fo; D)

To ensure that the integrals are well-defined, the following assumptions are imposed on the coef-
ficient functionals f, g and h.

Assumption (P). Whenever Y € S? (Q; Dr), the process
[0,T] x xRy 3 (t,w,2) = h(t,Y;)(w)(z) €R>*" (2.15)
has a predictable version, and
0, 7] xQ 3 (t,w)— f(t,V)(w) €RY,
0, 7] x Q > (t,w)— g(t,Y;)(w) €R?

have progressively measurable versions.
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Predictable and progressive should be interpreted in the standard sense for R*-valued processes
(see e.g. [2]). We emphasise that the integrals in (2.13) should be interpreted with respect to the
predictable and progressive versions of the respective integrands. For a range of SFDE’s likely to
be encountered in applications, the assumption P is fairly easy to verify.

Example 2.8. Most of the examples presented in Section 2.2 satisfy Assumption P. For instance,
the functional displayed in i), which is more general than i), i), is predictable whenever the point
zero is mot an atom of the measure a, i.e. the discrete delay in (2.12) is not allowed when
7 =0. The mean-field delay in example vi) is deterministic and hence predictable. The Brownian
delay can also be considered, since the process t — f:fr S(0)dW (0) is a continuous martingale, in
particular it admits a version with left-limits.

Definition 2.9. Suppose that the assumption P holds. We say that X € S ,(;Dr) is a strong
solution to the equation (2.13) if for each t € [0,T]

X(t) :7](0)—1-/0 f(s,Xs)ds—&-/o g(:zXé,-)dW(s)—i-/0 /IR h(s, Xs)(2)N(ds, dz) (2.16)
Xo =,

in SY,(Q;Dr) (in particular P-a.s.). If the solution is unique, we will write "X to denote the
solution of (2.16) with initial datum "Xy = 1.

To prove existence and uniqueness of the solution of the SFDDE, we rely on the following
result.

Lemma 2.10 (Kunita’s inequality). Let ¢ > 2. Suppose that F,G and H are predictable processes
taking values in RY, R¥>™ and R4*™ respectively. If

t
Y(t):Y0+/ ds+/ G(s)dW (s / H(s,z)N(ds,dz), te[0,T),
0 Ro

then there exists a constant C = C(q,d, m,n,T), independent of the processes F,G and H and the
initial value Yy, such that whenever t < T the following inequality holds

t
Bl sup V()| < C{ Vol 0z + / (1)1 00y + 1GS) [ 0

(2.17)
) S ag0, 0y + a0, 1200 ) 5

For n = 1 (and arbitrary m and d), this is a rewritten version of Corollary 2.12 in [34]. We
have justified the extension to general n in Appendix A.1.
2.3.1 Existence, uniqueness and moment estimates

Before giving sufficient conditions for existence and uniqueness of solutions to the equation (2.13),
we will establish a set of hypotheses.

Assumption. (Dq) There exists L > 0, such that whenever t € [0,T] and n1,n2 € SP(Q, F; D),
then

1 (tm) = £m2) s ey + N9t ) = 9 1)
+ 1At m) = bt m2) 10,10 (1)) T 108 ) = B 1) 00,1200
< Llm = 2080 0,p)-
(D2) There exists K > 0, such that whenever t € [0,T] and n € SP(Q, Fy; D), then
LI st + 19 DI e
+ ||h(t Mooy + 1EDIT 0,200 (2.18)
K+ 1l )

11



Remark 2.11. As usual, Doy is implied by Dy, if we assume that whenever n = 0, the left-hand-
side of inequality (2.18) is bounded by some K', uniformly in t € [0,T].

Theorem 2.12 (Existence and Uniqueness I). Consider equation (2.13) with P satisfied.

(i) Suppose that assumption Dy holds. If X, Y € S? ,(;Dr) are strong solutions to (2.1), then
X =Y inS?,(Q;Dr).

(ii) Suppose that assumptions Dy and Dg hold. Then there exists a strong solution X € S¥ ,(Q; Dr)
to the equation (2.1). Moreover, there exists D = D(K,p,T,d, m,n) > 0, such that

1X1%0 gy < €D+ 1] ) (2.19)

whenever t < T.

Proof. We will use a standard Picard iteration argument to show that a solution exists. First, we
define, for each k > 0, a sequence of processes in S¥,(Q; Dr) inductively by

X'(t) =n(0), t e [0,T7,
X5 =n
XFL(1) = 5(0) + / f(s, XE)ds + / 9(s, XE)dW (s)
.Y 0 te[0,7]
+ / h(s, X*)(2)N(ds,dz),
0

Xg'H =n.

We immediately have that X! € S?,(Q;Dy). Also if we assume that X* € S?,(Q;Dy), then
by assumption f(X*), g(X*), and h(X*) admit progressive and predictable versions respectively.
Thus by assumption (D2) it follows that

T
[ QXN g0+ N XN g
+ ||h(t,Xk)pr(Q Lp(y)) + Hh(t7Xf)||ip(Q7L2(u))>dt (220>
/ KU X )t < KT+ [XFS, ) < 00,

In particular, the integrands of X**1 are Ito integrable, so that X**! is cadlag and adapted, and
finally by Kunita’s inequality, we have that X*+1 € S? (Q; Dr).
We now claim that for each k& € N the following estimate holds for every ¢ € [0, 7],

(LCt)~

k+1
HX X HSP J(2Dy) ﬁux X HSP (D7)

(2.21)

This trivially holds when k& = 1. Now suppose that (2.21) holds for each t € [0,7]. Using the
definition of X**+2 X*+1 Kunita’s inequality (2.17), and assumption (D3), we find that

k42 k+1 k 1 k k+1 k
”X * -X M ”SP (Q D) = C/ Hf X * f(57XS)||ip(Q;Rd) + Hg(57XS+ )_g(‘s?XS)HI[),p(Q;]Ran)

+ 15, XY = s, XEVWE 0y + (s, XEHT) = h(s, XE)|2

”Lp(n,m(u)))ds

t t
< LC/ | xEHE — Xf||’s’p<Q;D)ds < LC’/0 X+ - Xk”gp(S}D yds

(LC )"

(LCs)*
LC/ 7)”)( X ||SP 2 DT)d = ||X X ||SP LD
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Now, by induction, (2.21) holds for each k € N. In particular

Ky 2 ~ (LTC) ! ,
|X —XHP(QD)\HX XHSP (D7) Z; }W%O, as k, i — oo,
j=min{k,:

so that {X*},> is a Cauchy sequence in S?,(€; Dr). Since S¥,(Q; Dr) is complete, we have that
{X*} >0 converges to some X in S (Q; Dr). Clearly Xy = n P-a.s.
We will now show that the limit X satisfies (2.16) by showing that

d::]E[ sup

0<t<T

X(t) - 77(0) + /t f(s,Xs)ds + /Otg(s,Xs)dW(s)

//RO (s, X.)(2)N(ds, dz)

For arbitrary k, we subtract X**! and add its integral representation inside the supremum in
(2.22). Then by the triangle inequality, Kunita’s inequality, and finally the Lipschitz condition
(D1) we find that

p] T _ (2.22)

T
41X =X g oy +{C [ (196X = 10 X0 000
+ ”g(t7 Xt) - g(ty Xt )”ip(gﬂngn) + ”h(ta Xt) - h(ta Xf)”ZL),P(Q,LP(u))
1/p
1t X0) = Bt XD 120 ) 2}
T
1/
<X - Xk+1||Sgd(Q;DT) + {CL/O | X: — thng(Q;D)dt} g
<X = X sr @ + (CLT)Y?||IX — X* sz (@) = 0.
Since for any € > 0 we have that 0 < d < ¢, it follows that d = 0, and hence a solution exists.
Suppose now that X and Y are solutions of (2.13). We will show that X = Y. Exploiting

the integral representation of X and Y, Kunita’s inequality and the Lipschitz condition (Dy), we
have that, for all ¢ € [0, T7,

HX _YHSP (Q D) \C/ ||f S, X (S7Y3)Hip(Q;Rd) + ||g(S7XS) (S Y)HLP(Q ]Ran)
+ Hh(S7X9) - (87Y9)||Z[7,P(Q LP(v)) + ||h(57X9) - h(S7Y9)||§p(Q’L2<V)))dS
<cL/ 1X, = Yl o CL/ 1X = Yy o ds.

and thus we have || X — Yugfjd(ﬂ;Dt)

Similarly, if X is a solution to (2.13), from the integral representations, Kunita’s inequality
and the linear growth condition (D2) we have that

=0 for every t € [0,T] from Gronwall’s inequality.

X0 e <O+ [ (1565 XM
195, XD gy + 105 XN 20y + IS XD 1200 ) 05
(e + K[ 141Xl 00)) € oy + ORT+CK [ X1 0,5
so applying Gronwall’s inequality we obtain

CK
1X I ey < (ClllEsop) + CKE) e,

for all ¢ € [0, T].

13



Remark 2.13 (Path dependent SDESs). Suppose that for each t € [0,T] and every n €
SP(Q, Fo; D) it holds that,

a

ftn)(w) = F(t,n(w)
g9(t,n)(w) = G(t, n(w)
h(t’ n,w, C) = H(tv 77(

&
N
Y
N

P-a.s for some deterministic functionals

F:0,T) x D — R,
G :0,T] x D — R&*™,
H :[0,T] x D — L*(v) N LP(v).

then the assumptions (D1) and (D2) hold whenever F,G are Lipschitz continuous in the second
variable, uniformly with respect to the first, and H is Lipschitz continuous in the second variable,
uniformly with respect to the first, using both norms || - |2y and || - ||Le (-

2.4 MP framework

Now, consider equation

dX(t) = f(t, Xe, X(t))dt + g(t, Xy, X(2))dW (2) —&-/R h(t, X¢, X (t))(2) N (dt, dz) (2.23)

(X0, X(0)) = (1, ).

Here (2.23) we have used the notation f(-, X;, X (¢)) to emphasize the structure of the product space
of MP. Now for each ¢ € [0, 7] we will require that (X, X (¢)) belongs to the space LP (2, Fy; MP)
for some p € [2,00), that will be fixed throughout the section. Therefore, we introduce

LY .= {(t, (1,v)) € [0,T] x LP(Q, F; MP) such that (1,v) € LP(Q, Fy; M)}, (2.24)
In particular, we will require that:

foLy = LP(Q,RY)
gLy = LP(Q,RT™),
h: Ly — LP(Q, L*(v,R™™)).

Moreover,
(77733) € LP(QMFO;MP)'

To ensure that the integrals are well-defined, the following assumptions are imposed on the
coefficient functionals f, g and h.

Assumption (Q). ForY e L? (Q; L%.), the process
[0, 7] x Q x Rg 3, (t,w,z) = h(t, Y, V(1)) (w)(z) € R>"
has a predictable version, and

[0,T] x Q,3 (t,w) = f(t, Y, Y (1) (w) €RY,
[0,T] x Q,3 (t,w) = g(t,Y;, Y (1)) (w) € R™

have progressively measurable versions.

14



Definition 2.14. We say that X € L” ,(Q; L%.) is a strong solution to (2.23) if for each t € [0,T]

X(t) =+ / F(s, X0, X (5))ds + / 95, X, X (s))dW (s) + / / (s, X, X(5)) (=) N (ds, d2)

(X07 X(O)) = (777 JJ),
(2.25)

in LY (4 LY) (in particular P-a.s.). If the solution is unique, we will sometimes write "X to
denote the solution of (2.25) with initial data (Xg, X(0)) = (n, x).

Proposition 2.15. Let Y : [0,T] x Q — RY be a stochastic process with a.s. cadlag sample paths.
Then the associated MP-valued segment process

0, 7] x 23 (t,w) = (Vi(w),Y(t,w)) € MP (2.26)
is a.s. cadlag.

Observe that the property that the segment process is cadlag whenever Y is cadlag, depends on
the topology of the infinite dimensional space MP. In general, such property does not hold if we
replace MP with D.

Proof of Proposition 2.15. Tt suffices to show that if Y (w) : [-r,T] — R? is a cadlag path, then
the function

[0,7] 5t = (Yi(w), Y (t,w)) € MP (2.27)

is also cadlag. The function (2.27) is right continuous. In fact, for every sequence 7,k € N with
rr > 0 and rp — 0 as kK — oo, we have that

i [V, (@) = Vi), V(4 ri) = Y (£0) B,
0
= lim [Y(t+ 7+ B,w) =Y (t+ B,w)Pds + klim Y (t+ 7, w) = Y(t,w)P =0.
— o0

k—oo J_,.

by the dominated convergence theorem. Now given ¢ € [0, 7], we define (Y, (w), Y~ (t,w)) € M?
by

Y (0, w) = Yi(0,w), 6 € [-r0)
AT im0 Yi(u,w), 6 =0.

Consider ri as above, we can use the dominated convergence theorem to observe that

i [[(Yer () = Vi (@), V(= 7i,w) = Y7 (8,0)) [

0
= klim Yt —ri+ B,w) =Y (t+ B,w)|PdB + klim Y (t —rp,w) =Y (t,w)|? =0,
— 00 —r — 00
and hence the function (2.27) has left limits. O

2.4.1 Existence and uniqueness
The LP(§2; MP)-analogue of the hypotheses (D7) and (D3), are defined below.

Assumption. (Ly) There exists L > 0, such that whenevert € [0,T] and (n1, 1), (92, x2) € LP(Q, Fy; MP),
then

||f(t7nlaxl) - f(t7772; z2)||ip(g2;Rd) + Hg(t777171'1) - g(t’n2’x2)||ip(£2;Ran)
+ [|A(t, m1, 1) — h(t, 772vx2)||111p(Q,Lp(,,)) + ||ty 1) — h(t77727$2)||1£p(Q;L2(,,))

< Ll 1) = (02, 22) 70 (0, 010)-
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(L) There exists K > 0, such that whenever t € [0,T] and (n,v) € LP(Q, Fy; MP), then

L D ety + 190 2) 2
+ ||h(t717,$)\|1£ Q,rrw)) T Hh(t»mx)||’£p(g}p(,,))
K(l + H(n» )HLp Q;MP) )
Theorem 2.16 (Existence and Uniqueness II). Consider (2.23) with Q satisfied.

(i) Let (n,z) € LP(Q, Fo; MP) such that n is cadlag P-a.s. and X € LP (Q;LY) be a strong
solution to equation (2.23). Then the segment process

QO x[0,7] 3 (t,w) — (Xt(w), X (t,w)) € MP (2.28)
has a cadlag modification.

(ii) Suppose that qssumption (Ly) holds. If X,Y e L? (Q;L%) are strong solutions to (2.23),
then X =Y in LY (Q; LY.).

(iii) Suppose that assumptions (Ly) and (L2) hold. Then there exists a strong solution X to
equation (2.23). Moreover, there exists D = D(K,p,T,d, m,n) > 0, such that

”XH;ZZd(Q;Lf) < eDt<Dt + H(n’$)”z[7,p(Q;Mp))a (229)

whenever t < T.

Proof. (i) Recall that since X is a strong solution of (2.23), it is a semimartingale on [0,7] and
hence it admits a modification which is cadlag on [0,T]. Since Xy = n is cadlag, X is cadlag, on
[-r,T]. By Proposition 2.15 (i) holds.

sake of brevity we do not write out the details. However, we remark that if one replaces the norms
| - ls»@;p) and || - [[s» (:p,), with the norms || - ||LP(Q;MP) and || - [|zr_ (o;Lr)) respectively, then
all the inequalities hold true, except for the choice of constants. As an example, we provide the
following M? analogue of (2.20), namely

T
/O (178, XE XEONE s my + gt XE XE DI upaeey
+ Hh(ta vaXk(t))||ip(Q7LP(y)) + ||h’(t7thvXk(t))||ip(Q,L2(y))>dt (230)
T
< / K1+ [[(XE, X0 0nre)dt < KT+ KT+ 1| XED, 000 < 0.

This follows immediately by the assumption Lo and inequality (2.9). O

Let us stress that when the initial value is cadlag, then the setting of Section (2.3) is more
general than the one in this section. In fact, the assumptions (Ly) and (Lg2) imply assumptions
(D7) and (D2), respectively.

2.5 Robustness SFDDEs

In the present section we study robustness of SFDDE to changes of the noise. In particular, we
want to approximate the solution of an SFDDE X, with an approximate processes X€¢, where
X¢ are defined by substituting the integrals with respect to the small jumps with integrals with
respect to scaled Brownian motions. We follow rather closely, the presentation in [6] for ordinary
SDE’s and remark that a related problem is also considered in [31]. In this paper we also include a
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new ingredient, by giving sufficient conditions which ensure that the approximations X¢ converge
to X in the p’th mean.

The main motivation for studying such robustness problem is that it is difficult to perform
simulations of distributions corresponding to a Lévy process. Indeed, simulation of such distribu-
tions are often performed by neglecting the jumps below a certain size e. However, when needed to
preserve the variation of the infinite activity Lévy process, a scaled Brownian motion is typically
replacing the small jumps. Under some additional assumptions, it is known that given a square
integrable (1-dimensional) Lévy process with Lévy measure p and compensated Poisson random

t
/ zz,u(dz)flm// zM(dz,ds),
|z]<e 0 J|z|<e

converges in distribution to a standard Brownian motion W, as € tends to 0. We refer to [4, 11]
for more details on this topic. We remark that the robustness problem in this paper, does not rely
on the above mentioned additional assumptions.

measure M, the expression

2.5.1 The model

Fix p € [2,00). We want to consider the following dynamical systems with memory and jumps in
the setting of Section 2.3:

X(t) = n(0) + /Ot F(s, X.)ds + /Otg(s,XS)dW(s) + /Ot [ hols XNV (ds. d2), ¢ 0.7
Xo=1ne€SP(Q,D). 0 (2.31)
Here,
ho : Sp — LP(Q,RPF),
and
A€ L2 (v, RF*™) 0 LP (v, RF*™)
for some k € N. Observe that

hi=hoX: S} — LP(Q, L (v,R™™)).

Example 2.17. Suppose that n = k = d and that ho(t,n) and X are diagonal matrices. In
particular that,

ho(t, mA(2)

is a diagonal matriz with entries hf)’i(t,n))\iyi(z) fori=1,...,n. Then the component-wise form
of the jump integral in the SEFDDE (2.31) is given by

t
// hg' (s, Xs)Nii(2)Ni(ds,dz).
0 JRg
If we let the delay parameter r be equal to 0, then this example reduces to the problem of
robustness to model choice treated in [30].
Now, let us impose the following assumptions on f, g, hg and A:
Assumption. (i) The coefficient functionals f and g are assumed to satisfy the assumptions (P),

(D1), (Dg2) of Section 2.3.
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(ii) WheneverY is a cadlag adapted process on [—r,T), then ho(t,Y:) is predictable. Moreover, the
functional hy satisfies the Lipschitz and linear growth conditions:

|ho(t,m1) — ho(t, 772)”2;;(97]1@(1“) < Ll — 772||gp(Q-D)
||h0(t’n)||§p(Q’Rd><k) <K(1+ ”77”517 Q: D))

We claim now that the map h := hoA satisfies the assumptions (P), (D1), (D2) from Section 2.3.
In fact observe that

[ (t,m) — h“”ﬁ)”ip(g@p@,)) + [[R(t,m) — h(Z, 772)||Z£p(Q,L2(l,))

= Z [[(Ro(t,m) — hO(tv772)))"j||2p(Q,Lp(yj)) + (| (ho(t,m) — hO(ta772)))"j||[£p(97L2(yj))

< ||h0(t7 771) - hO(t7772)Hip(Q;Rdxk) 2; (H)\JHiP(yj) + “A’j||iz(yj))
]:

< Lim - 772||gp(9;1))(||)‘||1£p(,,) + |‘>‘H]22(V))~

Thus h satisfies the Lipschitz assumption (D;). A similar argument yields h satisfies the linear
growth assumption (D). Thus, by the existence and uniqueness Theorem 2.12; the following
result holds.

Corollary 2.18. The equation (2.31) has a unique solution "X in S (Q; Dr). Moreover, there
exists D = D(K,\,p,T,d,m,n) > 0, such that

B| sw PXEP| < PO 0l 00 232

foranyt <T.

2.5.2 The approximating model

Let us first introduce some notation. For any € € (0,1), define \.(z) € RFX" by
Ae(2) = 1q1z1<e1 (2)A(2),

for a.e. z. Now, let B be an n-dimensional F-adapted Brownian motion, independent of N.
Independence of B and W is not required, (see e.g. [6]). We want to approximate equation (2.31)
by replacing the integral with respect to the small jumps with an integral with respect to the
Brownian motion B. More specifically, we will replace the integrators

AGI(2)NY (dt,dz) , (2.33)
Ro
with the integrators
A ()dBI(t), (2.34)
fori=1,...,k;j5 =1,...,n. Here, A(e) can be any bounded deterministic function with values

in R¥*" converging to 0 as £ — 0. We choose to let
AW (e) = AL [l L2 -

This choice corresponds to what has previously been used in the literature, see e.g. [6]. A
justification of this choice is considered in Remark 2.19 below. Notice now that

IAE)l2 = AcllL2(wy)
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Remark 2.19. The choice A" (e) = ||\o7||2(,,) above is reasonable in the sense that for a given
predictable square integrable process Y, this change of integrator preserves the wvariance of the
integrals, i.e.

//Y YALI () N9 (ds, dz /Y ds |)\”||L2 _E[(/Oty(s)AiJ(e)dBj(s))z],

fori=1,... k;5=1,...,n. From a financial terminology perspective where these models can be
applied (see e.g. [3, 6, 8, 9, 28, 29, 33]), this choice of A, preserves the total volatilityof a process,
when (2.33) is replaced by (2.34). However, this particular choice of A is not necessary for the
analysis, as we will see in Remark 2.22 below.

Now, we are ready to exploit the dynamics of the approzximated processes X €. Consider
t t
XOW) =n0)+ [ 16X+ [ (s, X)W ()
0
! - (2.35)
/ (s, XOMAAEG) + [ [ ho(s, XDOG) - M) N(asds)  *
0 JRg

X

Before proceeding to the main result of this section, we make the following observations regarding
the functionals in the approximated equation (2.35):

e The functionals
n ¥ ho(t,mA(e)
0 ho(tm)(A = Ae)
satisfy the corresponding hypotheses from Section 2.3

e The Lipschitz and linear growth constant appearing in assumptions (D7) and (D3) can be
chosen independent of €. In particular, we can deduce the following linear growth estimate:

||h0(t,n)A(e)HiP(Q;WX") + [[ho(t, m) (A — )\E)HII[),P(Q’LP(V)) + [[ho(t, m)(A — )‘6)||ip(Q,L2(V))
S Hho(t’n)Hi(Q;Rdxk) sesg)pl) |A(O)” + [lho(t, 77)||1£p(Q;Rdxk)||)‘||1£p(y) + ||h0(tv77)||Izp(Q;Rdxk)||/\||zz2(y)

<K' (L4 [0ll% o)
A similar estimate holds for the Lipschitz condition (Dy).
The following existence and uniqueness result immediately follows from Theorem 2.12.
Corollary 2.20. For each € > 0, there exists a unique strong solution "X¢ to the equation (2.35).

Moreover, there exists a D = D(K, \,p,T,d,m,n) > 0, independent of €, such that

B| sup PX()P| <P+ 0% gm) (2.36)

—r<s<t
foranyt <T.

Now, we are ready to state the main result of the present section. This result guarantees that,
when ¢ tends to 0, X, converges to X in S?,(Q; Dr).

Theorem 2.21 (Robustness). Suppose that X satisfies equation (2.31) and X€ satisfies equation
(2.35). Then there exist a constant A := A(p,T,n, K,L,\) > 0, independent of €, such that

E| sup ["X(s) = "X(s)I"| < A (INclTzq,y + Il (2.37)

—r<s<t
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Proof. Writing out the integral representation of X (s) and X¢(s), we have that
/ . Xe) = f Xiitu+ [ gl X.) = glo, X)W ()

/ /Rd (ho(uw, Xu) — ho(u, X5)A(2) + ho(u, X5)Ae (2)N (du, dz)

~ [ Bt XA, (@dB(w)

0
Xo — X& = 0.

Let us first consider some estimates for the integrands of N and B. Observe that

([ (Ro(u, Xu) = ho(u, X3))A + ho(u, X3)Ac||Le (010 (1)
[ (Ro(u, Xu) — ho(u, Xo) || o (@iraxe) [AllLe ) + [ho(w, Xo) Lo uraxsy [ Ac || 2o (1)

<
< LY Xy — XE |l so @yl ey + K21+ 1XE | sr i) P Il Lo (1)

and hence
[ (ho(u, Xu) — ho(u, X)X+ ho(u, X;) A ||Lp Q,LP(v))

<2t (LHXu — Xall%r @y IM Loy + K (L + ||X5||gp(Q;D))||LP(Q)||/\a||€p(y)>'
(2.38)
In an analogous manner we have that
[1(ho(u, Xu) = hol(u, X5))A + ho(u, X3) A0 0, 120
<27 (LIXy = Xy IME 2y + KO+ IX B0 X 2y ) (230

and that
(1o (u, X3 A0 axny < K (L + X5 IG0 00 IA ()P

Using Lemma 2.10, the Lipschitz condition (D7), estimates (2.38), (2.39), and Corollary 2.20 we
have that there exist a constant D’ := D’(p, K, L, \), independent of ¢ such that

ac(t):=E[ sup ["X(s) =" X“(s)["]

—r<s<t

t
< /0 (||f(u7Xu) - f(quZ)le,p(Q;]Rd + ||g(u7Xu) - g(ua XZ)||1£P(Q;Rd><n)
+ ”(hO(uaXu) - ho(quvi)))‘ + ho(u XG))‘ ||LP Q;LP(v))
(o, X) = holu, XA+ ot XA w1 120

+ I1ho(u, XA, qygaxn ) du

t
D' / (1% = Xy + (1 IX i 0m) (A2 + X,y + IAE) ) du

<D / ac(w)du + D' (14 P Dt 4 [0l1% ) (A2 + I + [AEP).

Now, set By := tD'(1+ e”*(Dt + |15, q.py)) Which is a non-decreasing function in ¢ and hence
by Gronwall’s inequality, it follows that

ac(t) < BieP (Al + A2, + [AE)P).

Since |[A(e)|P = || Ae HLQ(V the result holds with A := max{2By,D'}. O
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Remark 2.22. We have chosen to scale the Brownian motions B? in the equation (2.35) for X¢
with A (€) := ||AL7|| p2(,,). However, if we return to (2.33)-(2.34), we could let A. be any RF*"-
valued function A(g) > 0, € > 0, bounded from above and converging to 0 as € — 0. Corollary
2.20 and Theorem 2.21 still hold, with the inequality (2.37) replaced by

E| sup [|"X(s)—"X(s)|? gA/eA't(||)\EH’22(V)+\|AE||§p(V)+|A(g)|p)_ (2.40)

—r<s<t

This can be easily seen by reexamining the proofs of Corollary 2.20 and Theorem 2.21.

3 Itd’s formula

In this section we aim at deriving It6’s formula for the SFDDE’s studied in Section 2, which we
recall, have the form (2.1),

dX(t) = f(t, Xy)dt + g(t, X)dW (t) + [ h(t, X, 2)N(dt, dz)
Ro

XO:nv

where X is the segment of the process X in [t — r,t], with » > 0 a finite delay, taking values
in a suitable path space, and X () € R? the present value of the process X. For the whole
section we work in the MP-framework. See Section 2.4. Moreover, we assume that f, g and h are
deterministic functionals, see Remark 2.13.

The main problem, when dealing with the SFDDE (2.1) is that the infinite dimensional process
(Xt)tepo,m) fails, in general, to be a semimartingale and standard It6 calculus does not apply. In
order to overcome this problem several approaches have been used in the literature.

The first attempts go back to [36, 44] where an It6-type formula for continuous SFDDE was
proved via Malliavin calculus. More recently, exploiting the concepts of horizontal derivative and
vertical derivative, a path-wise It6 calculus for non-anticipative stochastic differential equation was
derived in [12, 13].

In [20], an It6 formula for Banach-valued continuous processes was proved exploiting the cal-
culus via regularisation, where an application to window processes (see [20, Definition 1.4]) is also
provided. Several works have followed studying Ito-type formulae for delay equations exploiting
the calculus via reqularisation and showing that the Banach-valued setting and the path-dependent
setting can be in fact connected, see, e.g. [14, 16]. Eventually, the connection between the Banach
space stochastic calculus and the path-wise calculus was made definitely clear in [15, 25].

We remark that the literature on It6 formulae by the calculus via regularisation deals with
equations driven by continuous noises. In this paper, we focus on the SFDDE’s with jumps, thus
extending the existing literature in this respect. We have chosen to consider the approach of the
calculus via regularisation, first introduced in [41, 42|, which was proved to be well-suited when
dealing with infinite-dimensional processes or in the non-semimartingale case, see e.g. [14, 15, 17,
19, 20]. In particular, we prove an It6 formula for the SFDDE (2.1) with values in MP and we
show that our result is coherent with those of [36, 44]. In the Appendix we provide a connection
with the path-dependent calculus developed in [12, 13].

Recall that, for a finite delay r > 0, LP := LP([—r,0]; R?) endowed with the standard norm
I - llze, p € [2,00). In what follows we implicitly identify the topological dual of L?, i.e. (LP)*,
with L9 being % + % =1, via the natural isomorphism given by

J L — (LP)*
g J(9) = ¢(9:)p:

where J(g) acts on LP as follows

0
J@)(F) = olg: flp = / o(s) - f(s)ds, gelLs, felP,

-
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being - in the integral the usual scalar product in R?. It is well-known that .J is a continuous
linear isomorphism and hence, with a slight abuse of notation, we just write h € (LP)* when we
actually mean J~1(h) € LY, i.e. (LP)* = L9,

Moreover, we denote by C(LP) the space of once Fréchet differentiable, not necessarily linear,
functionals F' : LP — R with continuous derivative, that is DF : LP — L(LP,R) where L(LP,R)
denotes the space of continuous linear operators from LP to R. Now, since F' is R-valued, we
actually have that L(LP,R) = (LP)*. Hence we can regard DF(f), f € L? as an element in L?
via J71. In a summary, we identify DF(f) with J~'(DF(f)) and simply write DF : LP — L9 so

that
0

DFE(f)(9) = o(DF(f),9)p = | DF(f)(s)-g(s)ds, felL gelL,

-Tr
where the first equality is, by an abuse of notation, meant as an identification.
Also, recall that | - | denotes the Euclidean norm in R?. Finally, recall that M? = LP x R¢
endowed with the standard product norm.
Let the SFDDE

dX (t) = f(t, Xe, X(1))dt + g(t, Xo, X ())AW (t) + [5, h(t, X;, X (t))(2)N(dt, dz) (3.1)
(XO, X(O)) = (77795) € Mp7
for t € [0,T], T < co. We assume that f : [0,7] x MP — R% g : [0,T] x MP — R¥™ and
h:[0,T] x MP x Ry — R4*™ satisfy Assumptions (L) and (Lz) so that Theorem 2.16 holds and
equation (3.1) admits a unique strong solution.
In the sequel every process is indexed by the time ¢ € [0, 7] and following [20], if necessary, we
extend the process X = (X (t))c[o,) to the positive real line as follows

X(t) = X(t) fortel0,T7],
T\ X(T) fort>T,

Next, we consider the definition of forward integral.

Definition 3.1. Let X = {X(s),s € [0,T]} and Y = {Y(s),s € [0,T]} two R¥—valued process.
For every t € [0,T] we define the forward integral of Y w.r.t. X by fg Y (s) -dX(s) as the following
limit,
t t
X - X
/ Y(s) - dX(s) = lim [ v(s) 25+ =X()
0 eNO Jo €
where the convergence is uniformly on compacts in probability (ucp).
Similarly, let X = {Xs,s € [0,T]}, and Y = {Ys,s € [0,T]}, be LP-valued and L?-valued
processes, respectively. For every t € [0,T] we define the L —forward integral of Y w.r.t. X as
the following limit,

ds, (3.2)

e — 1; L .Xs-i-ew)_Xs(e)
/O [ Y.(6)- aX.(0) = lim /O v : dods (3.3)

where the convergence is uniformly on compacts in probability. We introduce the short-hand nota-

tion: /th<ys,dxs>p = /Ot /OT Y, (0) - dX,(0).

Recall that a sequence of real-valued processes {X"},>1 converges to a process X uniformly
on compacts in probability (ucp), if for each ¢ € [0,T] we have that

sup |XI — Xs|—0,
0<s<t

in probability. See e.g. [38, p.57]. In this section, if not otherwise stated, any limit will be taken
in the ucp sense.
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Remark 3.2. Following [20], in Definition 3.1 we have considered the ucp limit. In fact the space
of cadlag functions is a metrizable space with the metric induced by the ucp topology, see, e.g. [38,
p.57]. This implies that, being the approximating sequence in the right-hand-side of equation (3.2)
cadlag, the ucp convergence ensures that the limiting process, that is the forward integral, is also
cadlag.

Let us now introduce the notation we will use in the present work.
Definition 3.3. Let F': [0,T] x LP x R? — R a given function, we say that
Fec 2 ([0,T] x LP x R?) |

if F' is continuously differentiable w.r.t. the first variable, Fréchet differentiable with continuous
derivative w.r.t. the second variable, and twice continuously differentiable w.r.t. the third variable.
We thus denote by 0y the derivative w.r.t. to time, D;F' the Fréchet derivative w.r.t. the i-th
component of the segment X; and 0; the derivative w.r.t. the i-th component of the present state
X(t) and finally, 0; ; the second order derivative w.r.t. the i,j-th component of X (t).
We will then define the Fréchet gradient w.r.t. the segment as

D:=(Dy,...,Dy) ,
the gradient w.r.t. the present state
Ve :i=(01,...,04),
and the Hessian matriz w.r.t. the present state
Vi = (a@j)i,j:l,.“,d :
Definition 3.4. Let n € WLP([—r,0;RY) =: WP then we define by 0y.n and 8&7) the weak

derivative and the right weak derivative, respectively, of the i-th component of . Accordingly we
define the gradient as

Vo :=(091,...,00,a) , TESP. V;‘ = (33:1,...,83:0 .

Eventually, in proving It6’s formula, we will need the notion of modulus of continuity of oper-
ators between infinite-dimensional normed spaces.

Definition 3.5 (Modulus of continuity). Let (Y1,] - |lv,) and (Ya,| - |lv,) be two normed spaces
and F : Y1 = Ys a uniformly continuous function. We define the modulus of continuity of F' as

w(e):= sup |F(y) = F)y,, €¢>0.
ly—=y'llv, <e

We thus have the following It6’s formula for SFDDE (3.1).

Theorem 3.6 (Ito’s formula). Let X be the solution to equation (3.1). Let F': [0, T]x LP xR% — R
be such that F € C11:2 Q[O,T] x LP x RY); for any t € [0,T), n € LP and v € R, DF(t,n,z) €
Wha,  (q such that % +5 = 1) and VoDF(t,-,x) : LP — L9 is uniformly continuous. Then the
following limit exists in the ucp sense,

t

1 t
li\r‘%f o(DF (s, X5, X(5)), Xsye — Xs)pds =: / o(DF (s, X5, X(s)),dXs),. (3.4)
€ € Jo 0
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Moreover, fort € [0,T], we have that

F(t,X,, X (1)) = F(0, X5, X(0)) + / 0P (5, X X ())ds + / | (DF(s, X, X(s), dX.),

/ V.F(s,X,, X(5))-dX(s) + ;/ Tr [g*(s, X5, X (s))V2F (s, Xs, X(5))g(s, X5, X(5))] ds
/ /R (5, Xs, X (5) + h(s, Xs, X(5))(2)) — F(s, X4, X(s))) N(ds, dz)

—/0 [V E (s, X, X(3))hs, X, X () ()N (ds, d2)

(3.5)
holds, P-a.s., where we have denoted by Tr the trace and by g* the adjoint of g and the one but
last term in equation (3.5) has to be intended component-wise, that is

| 60X 4 B X X 9)(2)) = P, X2 X (5)) N (s, d2)

*Z//R F(s, X5, X (s) 4+ h"(s,Xs,X(5))(2)) — F(s,Xs, X(5))) N*(ds,dz) .

Proof. Let t € [0,T). First, observe that for € > 0 small enough, we have
1

¢

o[ PG+ e s X(s ) = Fls X X () ds =
€Jo

1 t+e 1 t

7/ F(s7Xs,X(s))dsfg/ F(s,Xs,X(s))ds =
€ Je 0

1 t+e 1 €
=- F(s,Xs,X(s))ds — 7/ F(s,Xs, X(s))ds,
€ 0

(3.6)

t €

which, by the continuity of F' and X and the right-continuity of X (s), s € [0, T, recalling remark
3.2 and arguing as in [5, Theorem 3.10], converges ucp to

F(t, X, X(t)) — F(0, Xo, X(0)).
The first part of (3.6) can be rewritten as

t
o[ Pl e Xt X (s +0) - Pl X X(5) ds
€Jo
1

t
/ F(s+ e Xste,X(s+€) — F(8, Xsqe,X(s+€))ds
€Jo

J?
1 t
b [ P X X5+ ) = Fls X X(9) ds
€ Jo
J2
1 t
+f/ F(s,Xe1e,X(8)) — F(s,Xs,X(8))ds .
€ Jo
J3

€

Following the same arguments as in the proof of [20, Theorem 5.2] we can show that
t
lim J! = / OcF (s, X5, X(8))ds, ucp.
e\0 0
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Let us now consider J2. A straightforward application of |5, Theorem 3.10] implies that
J2 o /0 UL F (s X.. X(s)) - dX(s)
I /tTT[ *(5, X, X () VEF (5, X5, X (5))g(s, X5, X (s))] ds
/ /R (5, X, X (5) + h(s, Xo, X (5),2)) — F(s, Xu, X (5))) N(ds, d)
0
- / /R VF(s,Xs, X(8))h(s, Xs, X(8),2)N(ds,dz), ase\0.
Let us now show tha:t

t
E%ng/o JDF(s, Xy, X(5)), dXs)yds

By an application of the infinite-dimensional version of Taylor’s theorem of order one (see e.g. [45,
Ch. 4, Theorem 4.C]), we obtain

%/ F(S,XS+E,X(S)) 7F(S’XS’X(S))dS
0

_1 /t /1 J(DF (5, Xo+ 7(Xose — X), X(8)), Xope — Xo)pdrds
_1 / / 3 DF (s, X+ 7(Xsye — Xs), X(5))(a) - (X (s + e+ a) — X(s + a))dadrds

¢ 0
_/0 g/ : (DF(S,X;S+E,X(S))(04+€) DF(s XSS+6,X(3))(O<))~X(s+e+a)dad7’ds

3,1
Jos

t 0
+/ f/ DF(s,X] o, X(5))(a+¢€)  X(s+ a+e€)dadrds
o € -r '

3,2
Js,s

tq g1 o0
—/ f/ DF(s, X 1o, X(5))() - X(s + a)dadr ds,
o €Jo Jr '

Jz2
(3.7)

where we have denoted by X7 . = Xg+ 7(Xsye — Xs). We apply the change of variables
g(a) = a + € to the first term of J3 2 in Equation (3.7) in order to obtain
1 1 €
JB = 7/ DF(s, X[ . ., X(s))(a) - X (s + a)dadr
’ €Jo —r+e

140
—1/ DF(  Xiorer X(8))() - X (s + a)dadr

/ / DF (s, XI 1y 0r X())(0) - X (s + a)dadr

JE
_,/ /_HE XT 00 X())(0) - X (5 + a)dadr .

3,2,2
Jels
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We thus have, from the continuity of DF and X, that s-a.e.,

11{% J¥2' = DF(s,Xs,X(5))(0) - X(s), 11\% J3%% = DF(s, X4, X(s))(=7) - X(s — 7).

Let VoDF(s, X7 ..., X(s)) denote a version of the weak derivative of DF (s, X7 X(s)) €

s,5+€) s,5+¢€?
W4, Consider Jg’sl. Using the mean value-theorem and interchanging the order of integration

by Fubini’s theorem we have

1 1 0 a+te
=t [ [ VDR X X)) 5 X+ e+ adadr
0 —-rJa

1 1 —r—+e
_1 / / VoDF (s, XT 1,0 X())(8) - X(5+ ¢ + ) dodfdr
oS e (3.8)

1 [t 0 8
+ E/ / VoDF(s,X{ 10, X(8))(B) - X(s + €+ ) dadBdr
0 —r+eJB—e

1 1 e 0
+ E/ / VoDF(s, X{ o1, X(5))(B) - X(s + €+ a)dadfBdr.
0 0 JpB—e

Now, we add and subtract integral terms so that the second integral on the right-hand side of
(3.8) goes from —r to 0, that is

1 L0 B
=1 /O / | TODFG XL X)) X+ ) dodids
1 1 € 0
b2 [ ] VaDFGXTL X)) X (s + e+ a) daddir (39)
0 0 Jp—e

1 1 —r—e —r

— f/ / VoDF(s,X] .., X(5))(B) - X(s+ €+ a)dadBdr.
€ Jo —r B—e ’

Then, Lebesgue’s differentiation theorem implies that the second and third integral on the right-

hand side of (3.9) converge to 0 as ¢ — 0 for a.e. s. Concerning the first integral on the right-hand

side of (3.9), we add and subtract the corresponding terms in order to have

1 [l 0 8
E/ / VoDF(s,X{ e, X(8))(B) - X(s+ €+ ) dadBdr
0 —r JfB—e

1 (0 B
= % /0 /_ (VgDF(s7 X sres X(8))(B) — VoDF (s, Xy, X(s))(ﬁ)) . < X(s+e+ a)doz) dpdr

B—e

VA
1 0 A
n 1/ VoDF(s, X, X(s))(B) - (
0

€ —r

X(s+e+ a)da) dgdr .
B—e

3,1,2
JEs

(3.10)

Using Hélder’s inequality with exponents, p,q > 2, + 4+ < =1 on J3/"! we have

1.1
P q

|31
0 1 B+e
- Xs(a)da
€
B

P 1/p
dg)

1
< [ IVaDF(sXT 0 X(9) = VoDF (s X, X(5)| odr ( /
0

-r

1
</ IVoDF (s, X{ 1 e; X(5)) = VoDF (s, Xs, X(5)) || LadT | X{]| o,
0
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where, for a.e. s,

1 [Bte
Xﬁﬂw:smyf/’ X.(@)|do, B € [~r,0]
e>0 € Jg

is the Hardy-Littlewood maximal function evaluated at 3. For a.e. s, the Hardy-Littlewood
operator Xg — X is a (non-linear) bounded operator from L? to LP, p > 1. Hence, we can
apply Lebesgue’s dominated convergence theorem and the fact that by Lebesgue’s differentiation

theorem we have
0 1 B 1/17
li - X Pdad = || Xs||Le-
i ([ [ IXGterafdoas) =Xl

The above arguments imply the following estimate and convergence s-a.e.,

‘J€3’781,1

< ws(€)|| Xs|lr = 0, €—0,

where w,(e) denotes the modulus of continuity of VyDF'(s,-, X (s)) from Definition 3.5. Further,
we can formally apply integration by parts to J331’2 in order to obtain

8 0

1
Joy? = —DF(s, X4, X(5))(8) - Xsre(a)da
; B e

. _
. DF(&XS,X(S))(ﬁ)'XHE(B)E Xs(B)

-

dB.

(3.11)

Then it follows that
J2b? = DF (s, X, X(5))(=7) - X(s — 1) — DF (s, X, X(5))(0) - X(5) — ¢(DF (s, X, X (5)) , dX)p,

s-a.e. as € \, 0. Altogether, we have finally shown that

t
lié%Jf’ :/O «(DF (5, X5, X(5)), dXs), .

This corresponds to (3.4). Hence, we conclude the proof. O

In Appendix ?7? it is shown, exploiting the results obtained in [25], that the Ito6 formula (3.5)
is coherent with the Itd formula for path-dependent processes with jumps proved in [12], as well
as the results obtained in [25].

Let us consider the forward integral

/th<DF(S,XS,X(S)) , dXs)p,

introduced in Theorem 3.6, we want now to relate the forward integral to the operator introduced
in [44]. In fact, since the right-derivative operator introduced in Definition 3.4 is the infinitesimal
generator of the left-shift semigroup introduced in [44], it can be shown that the forward inte-
gral does coincide, under some suitable regularity conditions, with the operator SF(s, X, X(s))
introduced in [44].

Proposition 3.7. Let X be the solution to equation (3.1) and let F : [0,T] x LP x R? — R be such
that F € CY12([0,T] x L? x RY) and such that the forward integral defined in Equation (3.4)
is well-defined as a limit in probability uniformly on compacts. Additionally, let us assume that
X, € WHP for every s € [0,T]. Then

t t t
/ «(DF(3,X,,X(5)), dXs), = / o(DF (s, X5, X(5)), Vi Xs)pds = / SF(s,X,, X(s))ds
0 0 0
(3.12)
holds P-a.s., where SF(s, Xs, X(s)) is the operator introduced in [44, Section. 9].
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Proof. Let X, € WP, From the fundamental theorem of calculus for absolutely continuous
functions we have, P-a.s.,

lim o(DF (s, X, X(3)), S22 - 01X,
0 — X (s
lm [ DF(s, X0, X(5)(8) ((X(S+E+ﬁz X(s+5) —V;;*X(8+B)> ds
0 1 s+B+e 4
=lim | DF(s, X, X(5)(5) <6 /s+/3 VoX(r)dr — ViX(s +5)> dB

Now, by Lebesgue’s dominated convergence theorem, which is justified by analogous arguments
as for the convergence of (3.10), we finally get

0

1 s+pB+e€
lim DF(s, X5, X(s))(P) - (e / VoX(r)dr — Vi X(s+ ﬂ)) dg =0.

N0 Sy s+p
O

Exploiting the standard definition of the Poisson random measure, we can now give another
formulation of the Itd formula (3.6).

Theorem 3.8 (Itd’s formula). Let the hypothesis of Theorem 3.6 hold, then

F(t, Xy, X(t)) = F(0, Xo, X(0)) + /t o(DF (s, X5, X(s)) , dXs)pds+
0

+ /t 0, F (s, X, X(5))ds + /t VL F(s, Xa, X(5)) - dX (s)ds+
0 0 (3.13)

5/0 /0 Tr [g*(s, X, X(8)) VEF (5, X, X (5))g(s, X, X(5))] ds+

+ ZF(S,XS,X(S)) — F(s,Xs,X(s—)) — AX(s) - V. F(s,Xs,X(3)),

s<t

holds P-a.s., where the notation is as in Theorem 3.6 and AX (s) is the jump of the process X at
time s, namely

AX(s):=X(s)— X(s—).
Proof. Tt immediately follows from Theorem 3.6 and [2, Theorem 4.4.10]. O

Hereinafter, we state a crucial probabilistic property of the solution of SFDDE (2.1) which
is needed for the derivation of Feynman-Kac’s formula also stated below. As it is perceptible,
the finite-dimensional process ("®) X (t), t € [0,T], (n,2) € MP is not Markov, since the value of
(mx) X (t) depends on the near past. Nevertheless, if we enlarge the state space and regard the
process X as a process of the segment, i.e. with infinite-dimensional state space, in the present
case MP, then such process is indeed Markovian.

The proof follows almost immediately given the fact that the Markov property of the solution
is fully known for the case without jumps, i.e. h = 0, see [35, Theorem (III. 1.1)|, which actually
follows from measure theoretical properties of the driving noise and not path or distributional
properties of it. More concretely, one would expect the Markov property of the solution to hold
if, for instance, the driving noises have independent increments which is the case in our setting.

In order to state the Markov property one is compelled to look at solutions starting at time
t; > 0, that is we hereby consider 1) X, t > t;, (n,z) € MP, the segment of the solution
starting in (1, z) at times ¢; > 0, i.e.

t
(b2 X (f) = /f (o) y (tne) x (g ))ds+/ g(s, Emo) X () X () dW (s)
ty
// tl,nr)X (tlﬂI)X() )]\Nf(ds,dz),
Ro
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for every t € [t;,T] and (%) X (t) = n(t — t1) for every t € [t; — t,t;). Define further the family
of operators

T/ LA(Q, Fiy s MP) — L*(Q, Fy; MP)
(n, ) — ((tly"hl')‘)(t7 (tlﬂlvl')X(t)) .

We denote Ty = T?. It turns out that, under hypotheses (L) and (Ls), T}* is Lipschitz continuous
and the family of operators {T}" }o<¢,<t< defines a semigroup on L?(Q, MP), i.e.

th (777 :L') = Ttt; o Tt1 (777 1’),

for every 0 < t; <ty < T and (n,7) € L?(Q, Fo; MP). The latter property can easily be obtained
by showing that both sides of the identity solve the same SFDDE and the fact that solutions are
unique, see [35, Theorem (II. 2.2)| for the case h = 0.

Theorem 3.9 (The Markov property). Assume hypotheses (Ly) and (L) hold and %) X (t),
t €10,T), (n,x) € MP denotes the unique strong solution of the SFDDE (2.1). Then the random
field

{(9x, 0 x(0)) : t e 0,71, (nx) € M7}
describes a Markov process on MP with transition probabilities given by
p(tla (777x)7t2)B) = P(w € Q’ /1—?21 (nvx)(w) € B)7

for 0 < t1 <t2 <T, (n,x) € MP and Borel set B € B(MP). In other words, for any (n,z) €
L2(Q, Fo; MP) and Borel set B € B(MP), the Markov property

P(th(nax) € B|]:t1) :p(tlaTtl (nax)at%B) = P(th(mx) € B|Tt1 ("773:))
holds a.s. on 2.

Proof. we can see that for every 0 < t; < t2 < T and every (n,2) € MP, the mapping B —
p(t1, (n,2),t2, B) = Po (T{}(n,x))"*(B), B € B(M?) defines a probability measure on MP, since
the random variable T} (n,z) : @ — MP is (F, B(MP))-measurable. We would then like to show
that, if 0 < t; <t < T, then

P(w € T, (n2)w) e B|]-‘t1> (W) = p(tr, Ty, (n, 2)(&"), t2, B) (3.14)

for almost all w’ € Q, every Borel set B € B(MP) and any (n,z) € L*(€, Fo; MP). The right-hand
side of (3.14) equals

[ 1 (@ @) @) Pl

for almost all W’ € Q. Hence, by the definition of conditional expectation, identity (3.14) is
synonymous with

/ 15 (T, (1, 2) () Pldw) = / / 15 (T2 (T, (,2)(@)) (@) Pw)P(de)  (3.15)
A AJQ

for all A € F;, and all B € B(M?P). In a summary, the main challenge is to verify relation (3.15)
which is stated in quite general terms.

Let G, t € [0,T] be the o-algebra generated by {N((s,u],B),t < s < u < T,B € B(Ry)}.
The key steps in proving (3.15) according to [35, Theorem (III. 1.1)] are the following. First, the
family of operators {7} }/c[o,7) defines a semigroup on L?(Q, MP). Secondly, the o-algebras F; and
G are independent for every ¢t € [0,T], and {T}*(n,z)}+>¢, is adapted to {F; N Gy, }i>t,, being
each F; N G, independent of F;,. Finally, a key point to prove (3.15) is that one can first prove

/f(th(n,x)(w))P(dw)=/ F (T (Th, (0, 2) (")) (w)) P(dew)P(de) (3.16)
A AJQ
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for any bounded continuous function f : MP — R. Then one can use a limit argument to show the
relation (3.15) for the case f = 15 being B just an open set of MP and eventually for any general
indicator function on Borel sets. The argument which transfers (3.16) into the case f = 1p for
any open set B in MP requires that the state space in consideration is separable so that 1z, being
B an open set of M?, can be approximated by uniformly continuous partitions of unity { f, }men,
fm : MP — R such that n}gnoo fm = 1p. All these properties above mentioned are indeed satisfied

in our framework. O

Exploiting Itd’s formula from Theorem 3.6 together with the Markov property from Theorem
3.9, we can now prove a Feynman-Kac theorem for MP—valued SFDDE’s with jumps.

Theorem 3.10 (Feynman-Kac theorem). Let (X;, X(t)) be the solution to the SFDDE (3.1).
Assume that a function F : [0,T] x LP x R? — R satisfies the hypothesis of Theorem 3.6 and that
F solves the following path-dependent partial integro-differential equation (PPIDE)

WE(t,n,x) = o(DF(s,n, ), dn)p + Vo F(t,n,z) - f(t,1)
+3Tr [g(t,n,2)g* (t, 0, 2) Vo F(t,n,2))]
+ Jg, (F(t,m, 2+ h(t,n,2)(2)) — F(t,n, ) — Vo F(t,n, 2)h(t,n, 2)(2)) v(dz),
F(Tnz)  =®(0),
(3.17)
with ® a given function defined on MP = LP x R?, then we have the following representation

F(t,n,z) =E[®( X, X(T))| Xe =n, X(t)=2], te€][0,T]. (3.18)
Conversely, consider the function F given by (3.18) where ® € CL2(LP x R?) and for any n € LP
and x € RY, D®(n,z) € Wh4, (q such that % + % =1) and VyD®(-,x) : LP — L7 is uniformly
continuous, then F satisfies (3.17).
Proof. We have to show that if a function F : [0, 7] x LP x R — R satisfies the PIDE (3.17), then
we have that the representation (3.18) holds. Let us assume X is the unique solution to equation
(3.1), as in Section 2.4 we will use the notation (""%) X to denote the process with initial time
7 € [0,T] and initial value (n,z) € MP.

If F satisfies equation (3.17) by Ito’s formula (3.5) we have

F(T,(7m®) X (T0:2) X(T)) — F(r, 1, )

T
- / Vo F(s,(mm2) X (0m:2) X (5)) . g(s,(7m%) X (712) X ())dW (s)

T

T . . - (3.19)
+ / / (F(s,(””l) X, X (s) 4+ h(s, (71 X, (1) X (s))(2)N(ds, dz)
T Ro

T
- / F(s.779) X, 009 X(s))) N(ds, dz).
T RO

Taking now the expectation, exploiting the fact that the right-hand side of equation (3.19) has
null conditional expectation and using the terminal condition we have for any 0 <7 <t < T,

F(t,n,z) = E[®(Xr, X(T))| X; = n, X(t) = 2],

and the result is proved.

Conversely, let us now suppose that F' is given by (3.18), then from the Markov property from
Theorem 3.9 of the MP-valued process and the tower rule for the conditional expectation, we have
that for 0 <7<t < T,

E[F(t, X, X)) - F(r, X, X(")| X, =n,X(1)=2] =
= E[E[®(X7, X(T))| X¢, X (0)] = E[®(Xp, X(T))| X, X(7)]| X7, X(7)] =
— E[®(Xr, X(T))| X, X(7)] — E [®(Xr, X(T))| X+, X ()] = 0.
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On the other side, the assumptions on ® imply that F fulfils the hypothesis of Theorem 3.6.
In particular, applying the It6 formula to ® and taking the conditional expectation, we can see
that I is time differentiable. Then we can apply the Itd’s formula to the function F'. Hence, for
0<7<t<T,

F(t, X3, X (1)) F(T,X—,—,X(T))+/th<DF(S,Xs,X(S)), dXs>p+/: O F (5, X.. X (5))ds
/ Vol (s, X5, X(s)) - dX(s) + ;/tﬂ[ “(5, Xy, X (5))V2F (s, X5, X (5))g (5, X5, X (5))] ds
/ (P50 B X0 X00)(2) = Pl X, X)) () s

‘/T o VaF(s, X5, X (5))h(s, Xs, X (5))(2)v(d2) ds

_ / t [ V(s X, X (5, X X () ()N 5, d2)

+/Tt /RO (F(s, X4, X(s) + h(s, Xs, X (5))(2)) — F(s, Xs, X(5))) N(ds, dz).

Then taking conditional expectation the PPIDE (3.17) holds true. O

A Appendix

A.1 Kunita’s inequality

In Section 2.3, we introduced a general version of Kunita’s inequality, (Corollary 2.12 in [34]). For
n = 1, this is a rewritten version of Corrolary 2.12 in [34]). Below, we explain how to extend the
result to general n.

Proof of Lemma 2.10. Notice that since norms on R™ are equivalent, it holds that

> layl* < oY layl)", and

=1 =1
n n
(Yl <Y layl?,
=1 j=1

for some constants Cy, C; depending only on n and ¢. We may assume that Cy > 1

n q

an Mgz = 2 (| 1HI(5.2)0(d2)”

j=1 “Ro

Z \HJ s, 2) Vj(dz)%) = CollH(s)lI72(, gay-

Then, if we write out "the columns wise" form of the N-integral, we obtain

n

w . - q q
sup Z/ H’](s,z)N(ds,dz)’ <n?™" sup ‘/ H"(s,2z)N(ds,dz)
7Jo JRo Ry

0<ust! 42 0<ust

nooat
<t Z/ IH7 ()| e, Lo, rey) + 1H (8)| Lo, L2 (v, RaY) d8
— /o
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n
— o / B[S HI )L, Rd)+2nH MLy, g ds

J=1

t
<t [ B[Ny ey + OOV e

<n?” 1CO/ HH ||Lq(Q La(y,RixnY) + ”H(S)Hqu(QVB(,,,Ran))dS-
O

In what follows we provide a connection between Itd’s formula (3.6) and the path-dependent
t6’s formula given in [12, 13] which relies on the concepts of vertical and horizontal derivative,
there introduced. Let us first set the notation we use in the current section.

Let (€2, F, P) be the probability space with Q = D([0,T],R¢) endowed with the P-augmented
(right-continuous) filtration {F;}:c(0,7] generated by the canonical process Y : [0,T] x © — R<,
Y (t,w) = w(t) and here F := Fp. In this setting we define, for every w € Q and ¢t € [0,T],
wy = {w(s), 0 < s <t} € D([0,¢]), the trajectory up to time ¢. A stochastic process is a function
©:[0,T] x Q = Re (t,w) = ¢(t,w). In addition, we say ¢ is non-anticipative if it is defined on
D([0,1];RY), i.e. p(t,w) = p(t,wr) = @1 (wr)-

Let ¢ = {¢,t € [0, 7]} be a non-anticipative stochastic process and {e; }¢_; C R¢ the canonical
basis, we define the so-called vertical derivative as the following (path- Wlse) limit

hel)

or(wy pr(wr)

h )

Vi o
D" pp(wr) lim

where Wl (s5) == wy(s) + he;ly(s), for every s € [0,t]. Here, wl'* means adding a jump of size h

at time ¢ on the direction of e; and hence the name. We then define the vertical gradient of ¢, as
’Dvgpt = (’Dv’lgﬁt, e ,IDV’d(pt) .

Furthermore, we define the horizontal derivative as the following (path-wise) limit

H T Orn(wWen) — pe(we)
D @t(wt) - %41\n% h

i

where wy (s) 1= wi(s)1[0,4(8) +wi(t) 14,445 (5), for every s € [0,¢+ h]. Here, wy p, is the extension
of the trajectory w; on [0,t] to [0, + k] by an horizontal line of length h at w:(t) and hence the
name.

We consider a functional F : [0, T] x D([0,T]; R?) — R which will act on processes ;. We say
F' is non-anticipative if

F(t7"/]) = F(t7wt) = Ft(z/}t)a

for every non-anticipative stochastic process ¢;. Next, we state an It6 formula for F;(¢;) where
F; is a non-anticipative functional which is once horizontally and twice vertically differentiable.
This result is taken from [12, Proposition 6].

Theorem A.1 (Functional Itd’s formula). Consider an R%-valued non-anticipative stochastic pro-
cess py which admits the following cadlag semimartingale representation

o0 = w0+ / (s + / ()W (s) + / t / o= )N (s d2)

for processes p : [0,T] — R, o : [0,7] — R>*™ and v : [0,T] x Ry — RY"™ such that
fOTE [|u(s)| + |lo(s)]1% + fRo ||fy(s,z)||21/(dz)} ds < oo being || - || a matriz norm.
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Let F be a once horizontally and twice vertically differentiable non-anticipative functional sat-
isfying some technical continuity conditions on F (see [12, Proposition 6]), DV F;, DVDVF, and
DHFE,. Then for any t the following functional Ité formula holds P-a.s.

Ft (Spt) = FO (QDO) + 0.4 IDHFS(QOsf)dS + (0.4 IDVFS(QOS,) dX(S)
0,t 0,t

+ /(0 ) %Tr [U*(S)DVDVFS(QOL)U(S)} ds (A.1)

+ / / DY () (Falpn + (5= 2)1(a)) — Felpe) — (51 2)) N(ds, dz)..
(O,t] Ro

To be able to show that the path-dependent Itd’s formula (A.1) and the It6’s formula from
Theorem 3.6 do coincide we need first to connect the two settings. Such a link can be established
following [25], where the following operators are considered:

e the restriction operator, for every t € [0, ]
R, : D([-r,0],RY) — D([0,],R?),
Ri(f)(s) = f(s=t), s€0,1),
o the backward extension operator, for every t € (0,r)

B, : D([0, ], RY) — D([—r,0],R?),
BL(F)(3) = FO)Liory(3) + F(E+ Lrpfs), s € [-1.0),

Let us consider a non-anticipative functional b : [0, T] x D([0, T]; R?) — R, b(t, ) = b(t, ;) =:
bi(¢) for any non-anticipative stochastic process 1, then one can define a different functional b
on [0,T] x D([-r,0];R%) x R? as
B(t, Xy, X () = by (Rtxt) . (X, X(t) € D([-r,0;RY) x RY
with
Rt(Xt)(S) if se [O,t)

R Xi(s) := {Xt(s) ifs—t

The converse holds true as well, in fact let us consider a given functional b on [0, T] x D([—r, 0]; R%),
then we can obtain a corresponding functional b; on D([0,];RY) as

bi(e) == b(t, Beor, 21(t)), 0 € D([0,8];RY), (A2)

see [25] for details.

We can now show how the vertical and horizontal derivatives can be written in terms of the
Fréchet derivative D and the derivative with respect to the present state. Part of the next theorem
was already established in [25, Theorem 7.1].

Proposition A.2. Consider a function F : [0,T] x D([-r,0];R?) — R and let us define u; :
D([0,t]; R?) — R as above in (A.2) uy(Xy) := F(t,B¢X¢, X(t)). Then the i-th vertical derivative
DV of uy coincides with the derivative with respect to the present state X'(t) of F, namely

DYy (Xy) = 0., F(t, B Xy, X (1)) . (A.3)
Furthermore, we have
ut(Xthi) —uy(Xy) = F(t, B Xy, X(t) + h'(t, B Xy, X (1)) — F(t, B, Xy, X (1)) . (A.4)
If we assume that X, € WP, then
Dy (X,) = 0,F(t, B: Xy, X (1)) + (DF(t,B; Xy, X (t)), VjBtXQD , (A.5)

holds, where the notation is given in Section 3.

33



Proof. Concerning (A.3) we have

, 1 1
Vi _ 1 h _ 1 h h
D U,t(Xt) = }LIEE) E (ut(Xt ) — ut(Xt)) = }llli}%) E (}‘—|(IJ,'7 BtXt ,X (t)) — F(t,BtXt,X(t)))

= %ig%% (F(t, X))+ h,BX]") — F(t,X(t),B: X)) = 0;F(t, X (t), B¢ Xy). o
For what concerns (A.4), proceeding as in (A.6), we immediately have
w (XI) = uy(Xy) = F(£, B X, XM (1)) — F(t, By Xy, X (1)) =
= F(t, X(t) + ', B,X]") — F(t, X (), B,X,).
We refer to [25, Theorem 7.1] for a proof of equation (A.5) O

In the framework of this section, exploiting the previous proposition we have that, for suitable
regular coefficients, Itd’s formula from Theorem 3.6 and the path-dependent It6’s formula in
Theorem A.1 coincide. In particular let us consider a process X evolving according to

(A7)

{dXt = F(6X)dt+ g(t, Xe)dW (1) + [ h(t, Xe, 2)N(dt, dz),
XO =1,

for some suitably regular enough coefficients f, g and h. Then proceeding as above we have that
Equation (A.7) can be written as a path dependent process

dX, = fo(Xp)dt + §o(X:)dW (t) + fRO he(Xy)N(dt, dz),
Xo = m,

with ft, g and h: defined as in (A.2). Then we have the following result.

Theorem A.3. Let F : [0,T] x M? — R, F € CY12([0,T] x D x R?) and let us define u; :
D([0,t]; R?) — R as in (A.2) us(X;) := F(t,B;Xs, X(t)). Then Ité’s formula from Theorem 3.6
and the path dependent Ito’s formula from Theorem A.1 coincide.

Proof. Tt is straightforward from Proposition A.2 exploiting the backward extension operator By
and eventually using It6’s formula from Theorem 3.6 and the path-dependent 1t6 formula from
Theorem A.1. O
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