A CONVERGENT FINITE DIFFERENCE SCHEME FOR
THE VARIATIONAL HEAT EQUATION

G. M. COCLITE, J. RIDDER, AND N. H. RISEBRO

ABSTRACT. The variational heat equation is a nonlinear, parabolic equa-
tion not in divergence form that arises as a model for the dynamics of the
director field in a nematic liquid crystal. We present a finite difference
scheme for a transformed, possibly degenerate version of this equation
and prove that a subsequence of the numerical solutions converge to a
weak solution. This result is supplemented by numerical examples that
show that weak solutions are not unique and give some intuition about
how to obtain the physically relevant solution.

1. INTRODUCTION

In this paper we investigate the Cauchy problem

up = c(u)(c(uw)uyg)yz, ref,t>0
u(z,0) = uo(z), x € Q,

(1)

where 2 = R or Q = [0, 1] with periodic boundary conditions. We assume
that

(H.1) ¢ € C?*(R), ¢ > 0, with ¢(¢) = 0 only at isolated points, and, w.l.o.g.,
c <1,
(H.2) ug € WHH(Q) nWL2(Q), ug . € BV(Q).

We call the “variational heat equation”, because it can be derived from
a variational principle, similar to the variational wave equation [4} 5] 11| 13,
21], see below.

The variational heat equation arises in the context of the continuum the-
ory for nematic liquid crystals as a model for the dynamics of the director
field. Liquid crystals are materials in a state of matter between the solid
and the liquid state. In the case of uniaxial nematic liquid crystals, this
means that the elongated molecules can move freely like in a fluid, but tend
to align along the same direction like in a crystal. On a macroscopic scale
such a state can be described by two vector fields, the velocity field and
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the so-called director field, which are governed by the Ericksen-Leslie equa-
tions [8] O T6HIR] 22 24]. The director field is a unit vector field that gives
the average direction of the molecules at each point.

To arrive at equation (1), we assume the simplified setting of a uniaxial
nematic with no flow and a director field n that lies in the = — y plane
and varies only in z-direction. Then the director can be described by an
angle v as n = (cos(u),sin(u),0). The Oseen-Frank energy, which models
the tendency of the director to align along the same direction everywhere,
reduces to

o ;/(c(u))z(uz)zdx,
where
(2) c(u) = /ky cos(u)? + kg sin(u)?,

and k; and kg are the Oseen-Frank elastic constants corresponding to bend
and splay deformations [8,[10} 19, 22, 24]. In addition, the director is subject
to the dissipation

D= H/(ut)2d$,
where k is the rotational viscosity coefficient. From the energy law
d

—E=-D
dt ’

we obtain

0= /c(u)c’(u)(um)%t + (c(u) Uzt + r(ug)? d

= / (— c(u)(c(u)uq)s + Kug)us da

which gives after scaling k = 1.
A similar model is the variational wave equation [13] 21],

(3) ug = c(u)(e(w)us)e ,

which is derived in the same way from the Oseen-Frank energy, but ne-
glecting dissipation and instead including inertia in the form of the kinetic

energy
aglu X
2 t 9

where ¢ is the rotational inertia of the director, scaled to 1 in . Typical
values for the elastic constants k1 and k9 in are of order 10711-107!2, the
dissipation & is of order 1071-1073, and the rotational inertia o is of order
10713, [22, 25]. On small length scales, the term from the elastic energy
and the dissipation can be of the same order. The inertia term however is
usually dominated by the dissipation, therefore is a more suitable model
than in most physical settings [2].

From a mathematical point of view, if k1 and ko are strictly positive, i.e.,
¢ > 0, equation (1] is a nonlinear, uniformly parabolic equation. While (3]),
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and also the combination of and where both u; and wuy are included,
does not possess a unique classical solution [4, 5 [I1], standard theory of
nonlinear parabolic equations guarantees well-posedness of , see [14].

We are therefore interested in the degenerate case of (1)) where c is allowed
to vanish at some points, i.e., if ¢ is given by , in the case that k; =0 or
ko = 0. Although this case is not known to be directly physically relevant in
the context of liquid crystals, it is interesting from a mathematical point of
view and also ensures that the estimates in this paper do not depend on the
ratio between k; and k9. the Solutions of degenerate parabolic equations are
not necessarily smooth or unique, therefore new concepts of solutions, e.g.,
weak solutions, entropy solutions, or viscosity solutions are required. In the
case of , a formal calculation shows that there is no maximum principle
for u,, but for c(u)u, (see Section [3)). At points where c(u) vanishes, this
allows for gradient blow-up.

The goal of this paper is to design a convergent numerical scheme for .
The form of the right-hand side and the resulting lack of a gradient bound
suggests that one should transform first.

One possibility to do this is to define

(4) v:kv(u):/ucé)dﬂ

Then becomes
(5) vr = (¢ (ko(0))ve)e

where k, is the inverse of k,(u). For this equation it is straightforward to
obtain an L? bound and one can also show uniqueness of weak solutions. If
we assume ¢ > 0, a simple finite difference scheme based on central differ-
ences and averages in space can be shown to converge to a weak solution
using Aubin-Lions lemma, see also [15] 20] for examples in a similar setting.
If however ¢ = 0 for some u, then is not necessarily finite and a bound
on v, does not follow directly from the L? bound.
An alternative transformation of is

(6) w=ho(w) = | "6y de,

so w satisfies

(7) wy = 2 (kw(w))Weg .

The transformation k,, and its inverse k,, are well-defined for any ¢ > 0 if ¢
vanishes only on single points. It is also possible to show a priori bounds for
both w and w, in L* and BV (functions of bounded total variation), see
Section |3} However, does not guarantee uniqueness of solutions. Indeed,
Ughi et al. [3, [7, 23] showed that for the special case where c?(k,(w)) = w,
weak solutions of (defined in a standard way, see Section are not
unique. To choose one unique solution, they define “viscosity solutions”
which are obtained by taking the limit of classical solutions of the equation
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with ¢ > 0 or suitable initial data. In the setting of , these viscosity
solutions correspond to sending k1 or ko to 0 or choosing the solution that
corresponds to a solution of . Ughi et al.’s concept of viscosity solutions
is not generally the same as Lions’ theory of viscosity solutions for degen-
erate parabolic equations [3], [6]. The uniqueness theory of the latter is not
applicable here, because the right-hand side of , or , is not proper, i.e.,
it is not monotonically increasing in w, or u, respectively.

The scheme that we will present in this paper discretizes . Based on
discrete versions of the L and BV bounds on w and w,, we use Kol-
mogorov’s compactness theorem to show that the numerical approximations
for both w and w, converge strongly in L!(€2). The strong convergence of
the derivative is important, because the weak formulation of includes
nonlinear terms in w,. Passing to the limit in the definition of the scheme,
we prove that a subsequence of the numerical solutions converges to a weak
solution as Ax, At — 0.

Our numerical experiments confirm the nonungiueness properties dis-
cussed above. If k1 = 0 in and the grid is chosen such that c(ug(z))
is positive at every grid point, then the numerical solutions converge to
Ughi et al.’s viscosity solution. This solution is the same as the one ob-
tained by a method based on and as the limit k1 — 0 of solutions of the
w-based scheme for any set of grid points. If however one of the grid points
coincides with a zero of c(up(x)), we get another solution which corresponds
to a classical solution of (7)), “glued together” at the zeros of c(ug(x)) with
Dirichlet boundary conditions. Interpreted as solutions of , the gradient
of u for this type of solutions becomes unbounded at the zeros of ¢(ug(z))
as t — oo.

The rest of this paper is structured as follows: In Section [2| we will de-
fine the scheme for @, introduce the notion of weak solutions, and state
our convergence result. Section [3| contains discrete a priori bounds, which
are based on Harten’s lemma and motivated by formal calculations in the
continuous case. Time continuity is shown in Section [4 and the convergence
proof is carried out in Section In Section [6] we present a series of nu-
merical experiments that confirm the convergence result and highlight the
nonuniqueness properties of .

2. A NUMERICAL SCHEME FOR w AND THE MAIN RESULT
To be precise, let us restate @ in the form that will be the basis of our
scheme. Assume that

(H.3) B € C%*(I) for some interval I C R, and 0 < B < 1,
(H.4) wo € WHH(Q) n Wh>(Q), wy , € BV (Q), with wo(z) € I.

Then we want to solve
wy = B(w)wgy, t>0,z €9,
w(x,0) = wo(z), x € Q,

(8)
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on Q =R or [0,1] with periodic boundary conditions.

Equation can be transformed to by defining w as in @ If ug sat-
isfies then wy will satisfy but not vice versa. Similarly, [(H.3)|
follows from As an example, if we choose ¢ according to with
k1 = 0 and ko = 1, then ky,(u) = |sin(u)| and B(w) = 1 — w?, see also
Section [6]

To define the scheme, let ) be discretized by the equidistant grid points
zj; = jAz, 7 = 0,...,N, and let " = nAt denote the time steps. If
Q = [0, 1], we set periodic boundary conditions. We will implicitly assume
that all functions are periodically extended outside of the domain, so that
no boundary terms occur.

A straightforward discretization of is

9) Difw} = B(U);-"W)DQ@U;.H"9 ,

where we used the difference quotients

1 1

Dia; = E(%’H —aj), D_a; = EU(%' —aj-1),
1
Dja™ = Kt(a”+1 —a"), D*a; = Dy D_a;,

and the convex combination

w;?+9 — Qw?+1 +(1- G)w?, where 6 € [0, 1].

For 6 = 0, the scheme is explicit, for § = 1, it is fully implicit, and for § = %
we have the Crank-Nicholson time discretizationm In the fully implicit case

of # = 1, the scheme is unconditionally stable. Otherwise, we require that
the time step At and grid size Ax satisfy the CFL condition

At 1
(A2 “20-6)

For the discrete derivatives 27" = Diw? and yj = D_z7, the scheme defined
by @ becomes

(10) A=

(1) Dy 2} = Dy (B(w*)D_211),

(12) Dy} = DX(B(ul )y ).

We will use these forms below to get a priori bounds on wi'.
For given initial data wy € W21 N W1 define the discrete initial data,

1 T 1
(13) w? =iz / e wo(z) dx .
;1

INote that formally, i.e. for smooth solutions, the scheme with 6 = 0 and 8 = 1 is of
order 1 while for 8 = 1/2 it is formally of order 2.
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To get from the discrete approximations w? back to continuous functions,
we use the piecewise linear and piecewise constant interpolations

A Tjp1— X T —z;
(14) w(z,t) = =2 AL wi + AL Lwl
for x € [z, xj11), t € [t", "),

(15) wit(z,t) = w?,

for x € [z 1), t€ [t ¢,
2

i-3%5
(16) 2D (z,t) = wh(z,t) = Dyw! = 27,
for x € [xj,j41), t € [t",t"T).

Our main result is the convergence of the numerical scheme. Since B(w)
is allowed to vanish, equation is a degenerate parabolic equation and
solutions are not necessarily smooth. In particular, the derivative of w may
not be defined at every point. We will therefore prove convergence to weak

solutions of .

Deﬁnition 2.1 (Weak solutions of (8)). A function w € L>°(0,00; H'(£2))x
L>®(Q x (0,00)) is a weak solution of (§) if it satisfies

(17) / / W= B(w)usa B/ () (ws Podadts [ wn(z)o(z,0)ds =0,
Q
for all ¢ € C°(Q x [0,00)).
The convergence result, which we will prove in Section [5], reads as follows.

Theorem 2.1. A subsequence of the interpolations was of the solutions of
the scheme defined by () converges in C([0, 00), WH(€2)) to a weak solution

of as defined in Definition .

Note that only a subsequence of wa; converges, because weak solutions
of are not unique. We will comment more on this in Section @
For the a priori bounds in the next section, we will use the discrete norms

"o =suplaf|, [la", =Ax> |af], |a"gy =Y |a} —al ],
J j j

la

3. A PRIORI BOUNDS

In the following, we will show discrete maximum principles and BV
bounds for w"f and z;? = D+w§L. Here, note that the original equation
only possesses a maximum principle for u, but not for u,, since in

1
S ()" (we)?,
the third term can lead to growth of local maxima in u,. Our numerical

examples in Section [6] confirm this. One advantage of the transformation to
w is that for equation both w and z = w, are bounded in L.

Uy = (c(u))Qumx + de(u)d (u)ugtpe +
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The BV bound for z will be important in the convergence proof, because
strong convergence for both w and its first derivative is needed to pass to
the limit in the third term of the weak formulation . Before turning to
the discrete setting, let us show formally how L! bounds for z and y = 2,
(i.e., BV bounds for w and z) can be obtained in the continuous case.

For z, multiply

2zt = (Bzg)s

by 7/(z), where 7 is some convex smooth function, and integrate in space to
get,

d 2,1
— | n(z)dx =— | B(w)(zz)n"(2)dz <0.

Letting  — |-|, we get an L' bound for z.
For y, the formal continuous equivalent of equation is

(18) Yyt = (B(w)Y)az-
Again, let n € C?(R) be convex and multiply by 7'(y). Then,
0yt = (Byas + 2B2ys + Bawt)7 (y)
< (y2)*Bn" (y) + Byzan (y) + 2Ban(y)e + Buay ' (y)
= Bn(Y)ae + 2Ben(Y)a + Beay 1 (y)
= (Bn(y)x)z + Bun(y)x + Brzy ' (v)
= (Bn(y)a)z + (Ban(y))z — Buan(y) + Buay ' (y)
= (Bn(Y))az + Bee(n'(y)y — 1) -

Integrating over € and taking 7(y) = |y|. such that it converges to |y| as
€ — 0, we get

d
= dr < 0.
dt/ﬂ\y! z <

In the discrete case, we will base our proofs on an extended version of
Harten’s Lemma [12], p. 118].

Lemma 3.1. Let vj be given by
(19) Uj = u] — Aj_l/QA,’UJj + Bj+1/2A+Uj — Cj_l/QA,Uj + Dj+1/2A+Uj s
where Atuj = £(ujp1 — uj).
(i) If Aj1/2, Bjsi/2, Cjti1/2, and Dy 9 are nonnegative for all j, and
Ajp1/2 + Bjpi2 <1 for all j, then
vy < lulpy -

(i) If Aji1/2, Bijti/2, Cjq1/2, and Djyq /9 are nonnegative for all j, and
Aj_1/2+ Bjpi2 <1 for all j, then

minu; < vj; < maxu;
K2 1
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Proof. From , we get
(L4 Cjray2 + Djay2)Aqvj = (1 = Ajyija — Bjri2) Agu,
+ Aj1j28-uj + BjigpAyujn
+ Cjo1/28-v5 + Djy3/281 0541 -
Hence, under the assumptions of

Z(l + Cjy12 + Djtapo)|Agvj| < Z(l — Ajr12 — Bjay2)| Ay
J J

+ Z Aj 12| A uj| + Bz Auji
J

+> CiapalA vl + DjysplAivjp
J

= Z]A+uj! + (Cj+l/2 + Dj+1/2)\A+Uj’ )
J

from which the BV bound follows.
For the maximum principle, we can write as

(I +Cj12+ Djgape)vy = (1= Aj_1)0 — Bjra2)uj + Aj_1pouj—1 + Bj1oujt
+ ijl/ij_l + -Dj+1/2vj+1 .
Thus, if the assumptions of hold, vj = max; v; satisfies
(L+Cy1ja+ Djryijo)vje < (1= Aj 172 — Bjryaya) Max u;
+ Ay _qjp maxu; + Bjiyq /o maxu;
7 (2
+ Cj’—1/2vj’ =+ Dj’—i—l/QUj’ ,
and hence, max;v; = vy < max;u;. Similarly, min; v; > min; u;, which

concludes the proof. O

The L* and BV bound for w} and zj follow directly from the above
lemma.

Lemma 3.2. Let w} be the solution of @D and 2} = Dyw?. Then

minw? < wf < maxwl, gy < [0%5,
1 7
min z) < zi < max 2}, 2”5y < 2% 5v-
(2 1

Proof. Rewriting @, we get
w;-”l =wji + (1 - H)AtB(w?w)Dzw;‘ + 9AtB(w;?+9)D2w?+1.
+1

To apply Harten’s lemma, set v; = w;l U= w;-l, and

Aj_1p=(1- 0)>\B(w;?+9)7 Ci_1jp = QAB(w;lJrO)’

Bjy1j = (1= OAB(wj ™), Dji1/2 = OAB(w;*?),
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where A = At/(Ax)?. Because ) satisfies the CFL condition and 6 and
B(w) take values in [0, 1], the assumptions of Harten’s lemma hold and we
get the maximum and BV bound for w’.

J
For z, write as

A =2 4+ (1= 0)AtD (B(w} ™) D_2}) + 0ALD (B(w]+?)D_21"*).

Set v; = z;-”l, uj =z}, and

Aj 1y = (1= 0)AB(w]*?), Cj1/2 = OAB(w*),

Bj+1/2 =(1- 9))\3(1”?:19)7 j+1/2 = GAB(wﬁff),
in Harten’s lemma. Again, due to the CFL condition and the bounds on B,
the conditions are satisfied and the claim follows. O

4. CONTINUITY IN TIME

In order to show compactness, we will need continuity in time of both
At and AL, For w?! this follows directly from the definition of the scheme
and the BV bound for z above.

Lemma 4.1. Let w™! be the interpolation of the solutions wi of @
Then, for any t,t+ 71 > 0,

/ w3 (2.t + 1) — w2, 1) de < (1 + O(AL))[2°] gy + O(Az) [0y
Q
Proof. Using the piecewise constant interpolation wAt, we get
/]wAt(x,t—i—T)— (:L't|dm</\wmxt—|—7) WAzt 4 )]

Q

+ [P (2, t) — whl(z, 1)
+ [wA (2, t + 7) — wA (2, )| da .

Regarding the first two terms on the right-hand side, note that for ¢ €
[t7, "),

/|wAt:Ut l‘t|d.’E—Z/ j — o)D_wjl|dz

mj+% n
+ [(x — zj) Dywi|dx
o

il

J
Ax Ax
7|wn|BV— 1 |w0|BV>

where the last inequality is due to Lemma For the last term in ,
let m, n be such that ¢t + 7 € [t",¢"T1) and t € [t™, ™). Using the BV
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bound on z from Lemma we get

1
/|wAtmt+T J:t|dx—Z/]+§|w?—w;”|daz
1
2

J—

< Az S At|Dfwf
ZZ! |

7 k=m

n—1
= AzAtY > |Bwit?)D_2Et

7 k=m
< At(n—m)|2°| gy = (1 + O(A)|2°| gy,
and the claim follows. O

For ﬁ, we will use a version of Kruzkov’s interpolation lemma [12}, p. 208,
Lemma 4.11], which gives continuity in time if for all ¢;,¢2 > 0 and ¢ €
Co (B ), where B, = [—r,r] N,

) / (. 12) — . 12))0() do| < Colld g (12 — ta] + O(A))

in addition to the L>*® and BV bound from Lemma 3.2

Lemma 4.2. Let 25t be the piecewise constant interpolation of zj" = D+w§L,
where wi is the solution of @ Then zAt satisfies for any t,t+71 > 0, r > 0,

At
]zm(a: t—f—T)—z tHax,t)|de < C, max(|z v, (V|1 + —=),
B, By VAl

where B, = [—r,r] N Q.

Proof. To apply Kruzkov’s interpolation lemma, we need to show . First,
note that for any time step n,

’/Q(zm(x,tnﬂ) _ﬂ(z,t"))d)dx’ = Z(Z]TLH —z7) /:Hl d)dx’

J

- AtD, ”+9D w0y [ d
- Z ) Z] ) ¢ X

J

1 Tj+1
— | Y- atBp D / " ola) — ola — Aa) do

<Y AtAZ| D¢ | oo o
J
< AL || oo (012l gy -

For given t1,t3 > 0, let n,m be such that ¢; € [t",t"*!) and t, € [t™, t™T1).
By the definition of the piecewise constant interpolation, , the above
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estimate then yields

‘/ (z,t2) — 220z, 1)) pdz| < ||¢f [l 0o )|20]Bv(tm —t")
< ||¢/HL°°(Q)|20’Bv(t2 —t1 + 2At¢).
Kruzkov’s interpolation lemma [I2] p. 208, Lemma 4.11] then implies

|| + 2At)
€ J

[ it 4 ) = e 0) do < Clet el + 1]y
B,
for any € > 0. Choosing € = +/|7|, we arrive at the claim. O

5. CONVERGENCE

Finally, we are able to prove the convergence of the scheme, Theorem

Proof of Theorem[2.1. We will apply Kolomogorov’s compactness theorem [12),
Thm. A.11, p. 437] tw1ce, first on w®* and then on z2%, to get a subsequence
of w™* that converges strongly in C([0, 00), WH1(Q)).

For the compactness of w®t, the L> and BV bound on wj from Lemma
imply, for t € [t7,t"F1),

A
|w t(t)HLOO < JJwls < Jw’lo < lwoll poe () < €
(W (t)| gy = \wn|BV < ']y < CHonLl <,

where the constants on the right-hand side are independent of At. Together
with the time continuity from Lemma[d.1] Kolmogorov’s theorem guarantees
that a subsequence of w™! converges in C([0,00), L'(2)).

Similarly, for ﬁ, we have from Lemma

1221 ()| oo () = 12" loo < 2%l 0 < wtll ooy < €

|2At(t)|BV = |Zn|BV < |ZO|BV < C|“’6|Bv <C.

Because of the time continuity of 22t from Lemma and Kolomogorov’s
theorem, we can thus take another subsequence (for simplicity, we omit

the subindices in the following) such that both w® and 28t converge in
C([0,00), L}(2)). Let w and z denote the corresponding limits.

For the piecewise constant interpolation w2?, recall from (21)) that for any
t>0,

[w3(t) = wAH(t) ]| 1) < CA,

where C is independent of t. Hence, also w2t converges to w in C ([0, 00), L1 (2)).
Moreover, if we define

WA = G wAl(- 4 At) + (1 — 0) wit,
2088 = 280 4 At) + (1 — 9) 221,
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then due to the time continuity from Lemma and also w?At and

208t converge in C([0, 00), L1(2)) to w and z, respectively.
Because Dywj = 2}, we have that for any ¢; = d(xj), ¢ € CZ(),

Y wiD_¢j=—Y Zd;.
J J

Passing to the limit, we get

/wgf)xdx:—/zgi)da:,
Q Q
i.e., wy = 2.

Next, let ¢ be a test function in C2°(Q2 x [0,00)) and set ¢ = ¢(x;,t").
Multiplying the equation of the scheme, @, by ¢’ and summing in j and n,

we get
DD Dfwp el =33 Bl ) DM gy,

n>0 j n>0 j

which is the same as

DD witDiey ) widi =) Y Diwi' Do} Bw;™)

n>0 j j n>0 j
6 6
+ Dywi Dy B(wi ™) di

or

(23) / b / wA(t + At) D pAt dadt + / wi(z,0)pA (z,0) dz
0 Q Q

= / / 2088 D oAt B(wfA) + 208t D, B(w?At) pA(z + Ax, t) dedt
0 Q

where DAt $At etc. denote the piecewise constant interpolations corre-
sponding to D;rqﬁ?, . etc. Similarly, 2047 B(w?A%), and Dy B(w?AY)

are the piecewise constant interpolations that take the values D+w;7+9,

B(w;“rf)), and Dy B(w"t?); for x € [v;_10,2112), t € [t",¢"T1).

Since ¢ € C°([0,00) x Q), we have that D;¢At, ¢pAt, D, ¢t converge
in L*(Q x [0,00)) to ¢, ¢, and ¢,, respectively. Furthermore, by the
construction of the initial data, ,

[wAt(-,0) = woll oo () < Azl|whll 1) =0, as Az — 0.

It follows that the left-hand side of converges to

/Ooo/ﬂw(x,t)¢t(m,t) dxd“’/gwo(x)qﬁ(m,o) de.
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For the right-hand side, since B and B’ are LipschitzE| the convergence
of w?At also implies the convergence of B(w?At) to B(w) and of B'(w?At)
to B'(w). Furthermore,

D, B(w}"’) = B'(w!**)D w

n AJ;‘ n
j 0 S B(©(D w0,

J J
for some & € I, so

DB - B/ ()i 1 gy < | B @IS — B ()1

Ax —— ——
+ 7”B”HLOO(I)||29’AtHL1(Q)HZG’N”Loo(Q)

< ||B' (w?8) — B'(w)]| 1oy 1272 oo o
+ 1B (W)l oo (o 1292 = wall 1

Az — 7 N
+ 7HB”HLOO(I)||29’AtHL1(Q)HZQ’N”Loo(Q)
— 0,

uniformly in ¢ as Az — 0. Altogether, this allows us to pass to the limit
also on the right-hand side of to get

| [ Bwywnts + B w)wPodod,
0o Ja
which together with gives the weak formulation ([17]). ([

6. NUMERICAL EXPERIMENTS

As mentioned in the introduction, weak solutions of are not necessarily
unique, see also the analysis of Ughi et al. [3] [7, 23] for the special case
B(w) = w. The following experiments show the nonuniqueness for B(w) =
% (ky(w)), where c is given by with k1 = 0 and kg = 1, ie., c*(u) =
sin?(u). Then the transformation from u € [0, 7] to w is given by

w=ho(w) = [ el€) d§ = —costu),

™

2
SO

B(w) = *(ky(w)) = sin®(arccos(—w)) = 1 — w?.

In the first series of experiments below we will construct the “viscosity
solution” of Ughi et al. This is achieved by choosing grid points such that
|lwo(z;)| < 1, i.e., B(wo(x;)) # 0 for all j. We will see that in this case the
method converges and the limit is the same as the limit that one obtains

2By assumption, B € C2(I), so
| B(w?-At) — B(w)HC([o,oo),le)) < ||B/||Loo<1)“w0’m - wHC([o,oo),le)) )

| B (wfAt) — B’(w)HC([O,oo),Ll(Q)) < ||B”\|Loo<1>||w9’m - w”cqo,oo),Ll(Q))
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T 1

5
0.5

$ /2 s 0 S0
-0.5

-5
0 -1

0 0.5 1 0 0.5 1 0 0.5 1
(A) uo (B) wo (€) vo

FiGURE 1. The initial data

by letting k1 — 0 (for any set of grid points) or using a method for v based

on .

Let the initial data be given by

—2rx+5%, forazell, %],
up(z) = 2mr — 5, for z € [i,%],
—2rz + Sm, for x € [3,1],
i.e.,
wo(x) = —sin(2rx), for z € [0,1],
or
—tan(2rz), for z €0, 1],
vo(z) = < tan(27z) , for x € [%, %],

—tan(2rz), for z € [3,1],

where vy = f:/OQ Tlg) dg, see also Figure|l|l In all of the following experiments

we will construct the discrete initial data directly by setting w? = wo(x;)
(v;-) = vo(z;) for the v-based scheme), instead of using (13).

Let N be an odd number, so the grid points z; = j/N do not coincide
with the critical points 1/4 and 3/4. For the time discretization, we choose
tof =1/2in @D, i.e., a Crank-Nicholson type discretization. The resulting
implicit equation is solved using a standard Newton iteration. The time
step is set to At = 100(Ax)2. To check convergence, we calculate a solution

w™"" on a fine grid (N = 100 - 28 — 1) and define the errors
(40)  erry= WA, T) — W (T gy s 2 € {1oo)
(24b) ErTip = HwIAt(vT) - /w:BAt*("T)HLP(Q) , D€ {17 OO},

where T' = 0.04. Table [I] shows that the numerical solutions with an odd
number of grid points converge to w®!" with rate ~ 1.

Next, we calculate numerical solutions for ky = 107", n=1,...,5. If k;
and ko are positive, the transformation k., is given by

Fw(u) = /7:;2 \/k:l CoS2(E) + kasin2(€) df = k‘gE(u - g ‘ 1 Z;)
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N+1 |err erri,1 erreo err 0o

100-2° [ 1.2-1071 1.5 3.9-1071 4.1

100-2' | 7.4-1073 (4.0) 6.1-1072 (4.6) 1.3-1072 (4.8) 9.6-1072 (5.4)
100-22 [ 1.5-1072 (2.3) 1.6-1072 (2.0) 2.7-1073 (2.3) 2.9-1072 (1.7)
100-23 | 54-107* (1.4) 6.6-1073 (1.2) 9.8-107* (1.4) 1.3-1072 (1.1)
100-2% | 2.5-107% (1.1) 3.2-1073 (1.1) 4.5-107* (1.1) 6.6-1073 (1.0)
100-25 [ 1.2-107% (1.1) 1.5-1073 (1.0) 2.1-107*(1.1) 3.3-1073 (1.0)

TaBLE 1. L! and L™ errors and rates (in brackets) of the
numerical solutions and their derivatives at time 7" = 0.04
for the scheme based on w with k; = 0, ks = 1, 0 = 1/2,
CFL number At/(Az)? = 100, and an odd number of grid

points.

™ 1
ky =1le—01 ky =1le—01
k= 1le—02 ky =1le—02

il ky =1e— 03 0.5 f——k =1e—03
— ki =1le—04 — ki =1le—04
— ki =1e—05 — ki =1e—-05

S gN——hk=0 3 O ——k=0

0 0.5 1 0 0.5 1
xT x
() u (B) w

F1GURE 2. Convergence of solutions to viscosity solution as
k1 — 0. The plots show the solutions at T" = 0.04 for the
scheme based on w with ko = 1, § = 1/2, CFL number
At/(Az)? = 100, and N = 400 for k; > 0 and N = 399 for
k1 =0.

where E(u|m) is the elliptic integral of the second kind. Because the func-
tion B(w) = c?(ky(w)) does not have an explicit form, another Newton
iteration is needed to solve for k. In practice, this significantly slows down
the method and a scheme based on or would be preferable. Figure
shows that for a fixed number of grid pointg’, as k1 — 0, the solutions
converge to the same w!" as above.

Another way to obtain the viscosity solution is to use the transformation
to v variables, . A straightforward scheme based on is

(25) D;rvjn =D, (A_c2(lgv(v));7’ D_U;-L), ,

3 In Figure [2| we chose N = 400, but for other N, in particular also for odd N, the
result is the same.
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N+1 |err erri,1 erreo err 0o

100-2° [ 5.2-1073 6.1-102 1.0-1072 1.3-1071
100-2' | 2.6-1073 (1.0) 3.0-1072 (1.0) 5.0-1072 (1.0) 6.6-1072 (1.0)
100-22 [ 1.3-1072 (1.0) 1.5-1072 (1.0) 2.5-1073 (1.0) 3.3-1072 (1.0)
100-23|6.1-107* (1.0) 7.3-1073 (1.0) 1.2-1073 (1.0) 1.7-1072 (1.0)
100-2*]2.9-107* (1.1) 3.6-1073 (1.0) 5.8-107* (1.1) 8.2-1073 (1.0)
100-25 [ 1.4-107% (1.1) 1.7-1073 (1.1) 2.7-107*(1.1) 3.9-1073 (1.1)

TABLE 2. L! and L* errors and rates (in brackets) of the
numerical solutions and their derivatives compared to the
“viscosity solution” at time T" = 0.04 for the scheme based
on v, , with k1 = 0, ks = 1, § = 1/2, CFL number
At/(Az)* = 100, and an odd number of grid points.

where A_c?(k,(v))" =

7 (CQ(EU(U?)) + 02(1%1,(0?_1))). For ¢ given by (2)), we
have

N[ —

“ 1 1 s k1
Ky = dés=—Flu——=|1——),
(u) /7r/2 \/k:1 cos2(€) + ko sin?(€) ¢ ko (u 2 ’ kg)

where F'(u|m) is the elliptic integral of the first kind. Using Jacobi’s am-
plitude function “am”, the inverse k, can be expressed as

ky(v) = am(k:gv ‘ 1- :;) + g
For k1 = 0 this method is only applicable if none of the grid points is a zero
of c¢(up(x)), because v would not be finite at such a point. Table [2[ shows
the convergence of the v-based method to w®*" for an odd number of grid
points and k; = 0. The errors in Table [2| are calculated with w?? and w?t’
in replaced by the u®? (the linear interpolation of k, (v7)) and uPt" (the

linear interpolation of I%w(w;‘)), respectively.

Finally, we construct a weak solution of the w-equation different from the
viscosity solution w®!" by choosing an even number of grid points in the
scheme defined by (9). By definition, if B (w?) = 0, we have B(w}) = 0 for
all n. This differs from the solution above, where for sufficiently large times,
e.g., at T = 0.04, we have B(w™" (x,T)) > 0 at all z. Figures show the
evolution of the two solutions in time. The errors in Table [3] are calculated
as in , with w?t" replaced by the numerical solution for N = 100 - 28
grid points. The results confirm the convergence of @ for an even number
of grid points. The decreasing convergence rates for the derivatives are due
to the fact that the error is calculated using an approximation of the exact
solution. Intuitively, the second solution corresponds to solutions of several
Dirichlet boundary value problems with the boundary points given by the
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UAL‘

FIGURE 3. Time evolution of the viscosity solution w?™!’
(limit when N is odd)

FIGURE 4. Time evolution of the second weak solution (limit
when N is even)

points where B(w?) = 0. As T' — o0, the function w(x,t) converges to

—4x, for z € [0, 1],
Woo(x) =< 42 — 2, forx € [i, %],
4—dz, forze[31],
which means that u(x,t) tends to
arccos(4zx) , for z € [0, 1],
Uso () = { arccos(2 — 4z), for z € 1, 3],
arccos(4z —4), for x € [2,1],

and thus u,(z,t) — co at = 1 and 2 as t — oc.

17
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N erry erri,1 erreo err 0o
100-2°[1.3-1073 1.9-1072 2.3-1073 5.1-1072
100-2' [ 1.1-107* (3.6) 2.3-1073 (3.1) 1.7-107%(3.8) 7.4-1073 (2.8)
100-22 [ 1.3-107° (3.0) 9.3-107*(1.3) 2.0-107° (3.0) 2.1-1073 (1.8)
100-23 [ 2.7-107% (2.3) 4.7-107* (1.0) 4.1-107%(2.3) 1.0-1073 (1.1)
100-2%16.9-1077 (2.0) 2.7-107*(0.8) 1.1-1076 (2.0) 6.0-10~* (0.7)
100-2° [ 1.9-1077 (1.9) 1.9-107* (0.5) 2.9-1077 (1.9) 3.8-107* (0.7)

TABLE 3. L' and L™ errors and rates (in brackets) of the
numerical solutions and their derivatives at time 7" = 0.04
for the scheme based on w with k; = 0, ks = 1, 0 = 1/2,
CFL number At/(Ax)? = 100, and an even number of grid
points.
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