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Abstract

Given a non-principal ultrafilter, we define and prove properties of ultra-
limits of measure spaces (including o-algebras, filtrations and measures),
random variables and discrete-time stochastic processes. Among other
things, considering Brownian motion as the ultralimit of random walks,
we define the stochastic integral as the ultralimit of sums involving the
random walk and we show that solutions to stochastic differential equa-
tions can be written as the ultralimit of solutions to difference equations.
We also show that the ultralimit of the Cox-Ross-Rubinstein model is the
Black Scholes model.
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CHAPTER 1

Introduction

1.1 The purpose of this master’s thesis

When it comes to convergence of stochastic variables and stochastic processes, a
great deal of work has been done on weak convergence. A sequence of stochastic
variables { X, }new, where each X, is defined on a probability space (Qy,, Fp, P),
is said to converge weakly (or converge in distribution) to a stochastic variable
X defined on a probability space (2, F, P) if E,[f(X,)] — E[f(X)] for all
bounded continuous functions f. A disadvantage of weak convergence is that
a given sequence of random variables {X,, },cn may not converge weakly at
all. Furthermore, even though we have weak convergence of random variables,
we do not have a concept of weak convergence of measure spaces, only weak
convergence of measures (and the measures may not weakly converge even if
{X, }nen converges with respect to these measures).

In this thesis we will focus on what is called ultrafilter convergence. This allows
us to define, given a sequence of probability spaces (2, Fr, Py), a limiting prob-
ability space (€2, F, P), which is such that for a sequence of random variables
{ X, }nen, with each X, defined on (£2,,, Fy,, Pp,), given some weak assumptions,
we have F,,[X,] — E[X] with respect to the ultrafilter, where X is the ultralimit
of {X, }nen. This gives us the framework to define certain continuous-time
stochastic processes living on the measure space (Q, {F; }er, F, P) as limits
of discrete time processes living on measures spaces (2, {F{" }t, €1, Fns Pn),
where (€, {F;}tcr, F, P) is the ultralimit of the spaces (., {F" }t,e1,,, Fny Pn)-
We can then define the stochastic integral (with respect to Brownian motion) as
a limit of sums of discrete-time stochastic processes and solutions to stochastic
differential equations as limits of solutions to difference equations.

The notion of ultrafilter convergence of measure spaces, which relies on The
Axiom of Choice, is not new and has been used in non-standard analysis
(which is reliant on ultrafilter convergence), in particular in the treatment of
Loeb-measures. Further work has been done within the field of non-standard
stochastic analysis including (but not limited to) stochastic integrals and stochas-
tic differential equations. Nonstandard analysis deals with what is called the
extended real number line. In layman’s terms this means that we define a
number (or equivalently, a point) for each sequence of real numbers and let
these “sequences” constitute the extended real number line, making room for
infinitesimals (“infinitely small” numbers) that is used to derive analytic results.



1. Introduction

What is new in this thesis is that we will use the notion of ultrafilter con-
vergence within the standard universe only. That is, we will not make use of the
extended real number line. We have tried to make this thesis as self-contained
as possible. Only a prior knowledge of introductionary standard analysis and
some basic knowledge of stochastic analysis is assumed.

1.2 An overview

The thesis is divided into six chapters, the first chapter being this introduction.
In chapter two we first give the definitions of a non-principal ultrafilter and
of ultrafilter convergence. We then present some basic properties of ultrafil-
ter convergence before we define the ultralimit of measure spaces and show
some properties of this measure space. We define the ultralimit of a sequence
{ X, }new of random variables and show that under some weak assumptions
we have E,[X,] — E[X] and E,[X, | G,] — E[X | G] with respect to the
ultrafilter (where G C F is the “ultralimit” of the G,’s, where G,, C F,,).

In chapter three we extend the notion of ultrafilter convergence of random
variables to ultrafilter convergence of discrete-time stochastic processes. We
call these discrete processes, for which there exists a continuous-time ultra-
limit, skeleton processes. In section one, we show that given our definition of
ultrafilter convergence of skeleton processes, such an ultralimit must necessarily
be continuous. We next define an ultralimit filtration and derive some basic
properties of ultralimits of martingale (or sub-/supermartingale) skeleton pro-
cesses before we show that we can define Brownian motion as the ultralimit of
random walks. In section two we define a stochastic integral of an ultralimit
X to {X,, }nen (with respect to Brownian motion) as the ultralimit of discrete
time stochastic integrals involving random walks given that {X,, },ecn satisfies
some weak assumptions. Both the construction of Brownian motion and the
construction of the stochastic integral is inspired by .

Chapter four, which is focused on stochastic differential equations, is divided
into two sections. In section one we use what we derived in chaper three to give
conditions for which a stochastic differential equation has a strong solution in
our given measure space. This section is inspired by . In section two
we show that there exists weak solutions to some given stochastic differential
equations.

In chapter five we give an overview of the terminology of mathematical fi-
nance and give a short description of mathematical modelling of a financial
market in discrete time and in continuous time before we show that the Cox-
Ross-Rubinstein models converges with respect to an ultrafilter to a Black
Scholes model and prove the Black Scholes fair price of a European call option.

The last chapter, chapter six, is devoted to discussion. We summarize our
work and express some afterthoughts.



1.3. My work

1.3 My work

My work on this thesis has been as follows: Some times my advisor would give
me problems to solve. These would be either specific or in the form of more
loosely formulated questions. Other times, especially during the last semester, I
would find problems on my own to solve. For some of the problems I was given
by my advisor in the beginning, there already existed a solution in some book
(although I never read these solutions myself), but mostly the problems had not
been solved before. As already mentioned, some of the problems I was given
to solve by my advisor were inspired by work in non-standard analysis, much
of which I was not aware of before the end of writing this thesis. Also, for a
few of the results that I chose to prove myself in my thesis there already ex-
ists a proof (although the proof is different since it’s proved in a different setting).

In order to come up with problems and give proofs I had to study some
(new to me) theory. At times my advisor would provide me with reading
material, other times I would find reading materials on my own. Although most
of this thesis is my own work, chapter two section one contains results and
proofs that are well-known while a considerate portion of chapter two section
two is based on (this bachelor thesis is a work in non-standard analysis
and contained multiple errors). Although some of the results in chapter two
section two is not completely my own work, I spent a considerable amount
of time adapting the results to a standard universe, as well as correcting mis-
takes and filling out details. It is unfortunate that this thesis ([Warl2]) is no
longer available online, but I have a copy should anyone be interested in seeing it.

For a full list of my work in this thesis, see the appendix.






CHAPTER 2

Preliminaries

2.1 Ultrafilter convergence of real numbers

Definition 2.1.1. An ultrafilter (on IN) is a family ¢/ of subsets of IN such that
the following holds true:

(i) f Fel and G D F, then G eU.
(ii) If F,G €U, then FNG € U.

(iii) If F C IN, then precisely one of the subsets F, F© is in U.

We get a simple example of an ultrafilter by picking an n € IN and letting
U, = {F C N | n e F}. This is called a principal ultrafilter. All other
ultrafilters are called non-principal. It follows by Zorn’s lemma that there exist
non-principal ultrafilters on IN (see ) We will in this thesis assume
that U is a non-principal ultrafilter.

Proposition 2.1.2. Assume that U is an ultrafilter.
(i)) NeU, D¢ U.

(i) If F¢U and G C F, then G ¢ U

(i) If F¢U,G ¢ U, then FUG ¢ U

(iv) If F and G are disjoint, and F UG € U, then precisely one of the sets
F,GisinlU.

(v) If the sets Fy, Fy, ..., F, are disjoint, and F; U F, U ...UF, € U, then
precisely one of the sets Fy, Fo, ..., F,, is in U

Proof. The proofs are direct consequences of Definition [2.1.1} The proof of
(iii) follows from De Morgan’s law, while the proof of (v) is just an induction
argument that applies (iv). [ |

Lemma 2.1.3. IfU is a non-principal ultrafilter, and I C IN is finite, then
I¢u.

Proof. For each n € I, {n} ¢ U and so I = U,cr{n} ¢ U by Proposition 2.1.2]
(ii). ]
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Definition 2.1.4. Let {z,},en be a sequence of real numbers. We say that
{zp }new U-converges to a € R if for all € > 0, the sets

F.={nelN| |z, —a|] <e}
are in /. In that case we write limy; x,, = a.

Proposition 2.1.5. A sequence {z,}new cannot U-converge to more than one
point a € R.

Proof. Suppose that {z, },enw U-converges to aj,as € R and that a; # as.
Let ¢ = @ and for i = 1,2, let

Ff ={neN| |z, —a;| <€}

By Deﬁnitionm (i), F** U F™ € U, but by Propositionm (iv), since the
sets F21, F* are disjoint, only one of the sets F*' ) F*2 is in U, a contradiction
by Definition [ |

Definition 2.1.6. A sequence {x, }nen is called U-bounded if there exists an
M € R such that
{neN ||z, <M} el.

Theorem 2.1.7. Assume that {x,}nen is a U-bounded sequence. For each
r € R, we set

Gy ={neN|z, <z}
Then there is an a € R such that G, ¢ U when x < a and G, € U when x > a.

Furthermore, a = limy x,,.

Proof. Let I = {x € R | G, € U}. Since {z,, }nen is U-bounded, there is an
M € R such that {n € N | |a,| < M} € U, so M € I. Since M € I, I is
non-empty. Since {z,}nen is U-bounded, inf I > —oco. Indeed, if {z,}nen
is U-bounded by M, {n € N | |z,| < M} NG, = 0 for all z < —M. Let
a = inf I € [-M, M] and notice that G, € U for > a (since there by definition
of I'is m € I such that a < m < x so that G, D G,,, and thus z € I for z > a)
and G, ¢ U for = < a (by definition of I). Now let € > 0. Then
Fo={neN| |z, —al <€}
={neN|z,<a+eN{neN |z, > a—c¢}
2 Ga+§ n (GafE)c eu,

hence I, € U. So limy x,, = a. [ |

Definition 2.1.8. We set limy; x,, = oo if there is no x € R such that G, € U,
and we set limy, z,, = —o0 if G, € U for all z € RR.

Corollary 2.1.9. For any sequence {x,}nen there is an a € R U {—o0, 00}
such that limy x, = a.

Proposition 2.1.10. Suppose that limy, x,, = a and that
{nelN |z, =y,} €U.

Then limy vy, = a.

6
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Proof. Let € > 0. Then

FY={neN]||y, —a| <e}
DF'N{neN |z, =yn}
=F'N{neN |z, =y,} €U.

Proposition 2.1.11. Suppose that {zn} is a sequence of real numbers such
that lim,, oo , = ¢ € R. Then limy z,, = x.

Proof. Suppose that x € R. Let ¢ > 0. Since lim,,_ ., z, = x, there is an
N € N such that |z, — x| < € for all n > N. By Lemma [2.1.3] any finite subset
of IN is not in U, hence the complement of a finite subset of IN is in U. So
{neN| |z, —2| <€} D{1,..,N—1}° € U. Suppose that x = co. Then
for each M € R, there is an N € IN such that z,, > M for all n > N. Thus
Gy ={nelN |z, <M} ¢U for each M € R, hence limy x,, = x. Similarly,
if t = —00, Gy € U for each M € R, hence limy, = x. [ |

The converse to Proposition need not be true. Consider the sequence
1,—1,1,—1,... in R. This sequence does not converge in the ordinary sense, but
has a U-limit, which is either 1 or —1 (depending on the ultrafilter /).

Proposition 2.1.12. Suppose that {x,}nen and {y,}nen are sequences of
real numbers such that limy x,, = x € and limy y,, = y. Suppose that either

z,y € R
reR,y € {—o0, 0}
T,y =00

Z,Yy = —00.

Then
lllllIl(l‘n +yn) =T +y.

Proof. Suppose z,y € R. Let € > 0. Then

F = {n € N | [an +yn — (2 +y)| < €}
D {n el ||o,—a| < Z}N{neN| |y, —y| < 5}
=FiNF el

Suppose that 2 € R and that y = co. Then

v={neN[z,+y, >N}
D{neN|y,>N+1—ztn{nelN| |z, —z| <1}
:(GZIJV+1—m)CﬂFiE€u7

hence limy(z,, +yn) = x+y = 0o. The proofs of the other cases are similar. W
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Proposition 2.1.13. Suppose that {z, }nen and {yn }nen are sequences of real
numbers such that limy x,, = x and limy y,, = y. Suppose that either x,y € R
orz € R\ {0} and y € {—o0,00} or z,y =00 orz,y = —cco. Then

lilgn Tnln = TY.

Proof. Suppose that =,y € R. Let € > 0. Let

€
F*, ={nelN||tn—2|<-—"},
oty — (€N | an —al < 5=
€
F' , ={nelN||lyp—yl <
D { [ Hym =9l 2(1+|y|)}

and
Ff={neN||z, —z| <1}

Then, since
|ZnYn — Y| < |Tnyn — Tnyl + |20y — 2y| = |Tallyn — vl + Y[z — 2

we have that forne F* , NFY |, NFF,
2(1+TyD) 2(1+T=])

|Tnyn — zy] < (L + |2))|yn —y| + A+ [y)||zn — 2] <e
Thus

F* ={neN | |z ,y, — zy| < €}
ODF* ., NFY, NFfelU.

2(1+[y[) 2(1+]=])

Suppose that € R,x > 0 and y = co. Then

TnYn = (Ccn - x)yn + xTYn,

so that
Yy={neN|z,y, >N}
S{neN| |xn—x|<g}m{nem\ Yn >¥}
=Fi NGy €U.
The proofs of the other cases are similar. |

Proposition 2.1.14. Suppose that f : R — R 4s continuous and that we
have a sequence {x,}nen of real numbers such that limy x, = x € R. Then

limy f(x,) = f(x).

Proof. Suppose f(x) € R. Let € > 0. Since f is continuous in z, there is a
0 > 0 such that |f(x) — f(y)| < € whenever |z — y| < J. Then

FI® = {neN||f(z) - f(za)] < €}
2{nelN| |z, — x| <d}
=Fyel.
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Suppose f(z) = oo and let N € IN. Then there is 6 > 0 such that f(y) > N
whenever |z —y| < §. Then

v={neN| f(z.) > N}
OD{neN| |z, — x| <d}
=Fyel.

The proof of the case f(z) = —oo is similar.
|

Proposition 2.1.15. Suppose that f : R — R is continuous and that we
have a sequence {x,}nen of real numbers such that limy x,, = x € R. Then

limy f(zn) = f(x).

Proof. Suppose 2 € R. As is Proposition [2.1.14| we get that limy, f(2z,,) = f(x).

So suppose & = oo and f(x) € R. Let e > 0. Since f is continuous, there is an
M € R such that |f(z,) — f(x)|] < € whenever x,, > M. Since limy, z,, = oo,
there is an (G%,)¢ € U such that x, > M whenever n € (G%,)¢. Hence

{nelN||flz,) - fl@)<etD2{neN|z,>M}=(G3) €lU.

The other cases are similar. [ |

2.2 Ultralimits of measure spaces

Suppose that we for each n € IN have a measure space (2, Fy, i) and let
[T~ €, be the space of all sequences (wy,ws, ..., wy, ...) where w,, € Q,, for all
n € N. We define an equivalence relation ~ on [[ 2, €, by

wr~w S {neN|w,=w,}elU.

We let Q be the set of all equivalence classes of ~, and we let [w,] denote
the equivalence class of {wy}nen. Suppose that we for each n € IN have a
function X,, : Q,, — R. Then we can define a function [X,,] : @ — R (where
R =RU{-00,0}) by

[Xn]([wn]) = 1iZ/r{an(wn)~
By Corollary the product functions [X,,] are well-defined.

We have a similar construction for sets: Suppose we have a set A, € F,
for each n € IN. Then we construct the ultraproduct [A,] C Q by

[wn] € [4An] & {neN|w, € A,} €U.
We let A be the set of all ultraproducts, which are easily seen to be well-defined.
Proposition 2.2.1. Let [A,],[B,] € A.
(i) [An]° = Q\ [A5] = [4,°]
(i) [An] N [Bn] = [An 0 By]
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(7ii) [An) U [By] = [An U By,
Proof. (i)

[wn] €A e {neN|w, € Ay} ¢U
s{nelN|w,¢ A} eld
s {neN|w,eAfteld
& jwn] €[4, € A

(ii) We first prove that [A, N B,] C [A,] N [B,]: Suppose [w,] € [A, N B,).
Then, since

{neN|w,cA,NB,} C{nelN|w, € A,} and
{neN|w, €A, NB,} C{nelN|w, € B,},

[wn] € [An] N [Bn}

We next prove that [A,] N [B,] C [4, N By,] : Suppose w,, € [A,] N [B,].
Then

{neN|w, e A,NByt={neN|w,e A, }N{neN|w, € B,} €U,
hence [wy] € [A, N By].

(iii) This follows from De Morgan’s law, using (i) and (ii).

Proposition 2.2.2. A is an algebra, that is
(i) be A
(i) If Ae A, then A°=Q\Aec A
(iii) If C,D € A, then CUD € A.
We define a function u: A — R by
u(1A]) = lim p(Ar)
By Corollary w is well-defined.

Proposition 2.2.3. pu is a finitely additive measure, that is

(1) p(@) =0
(i) u(AU B) = u(A) + u(B) for all disjoint sets A, B € A

Proof. (i) p(0) = limy pn(0) =0

10
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(ii) Assume that AN B = (. We have that there for each n € IN are
A, By, € F, such that A = [A,] and B = [B,].

We argue that G = {n € N | A4, N B, = 0} € U. Suppose G ¢ U.
Then G = {n € N | A, N B, # 0} € U. We can then pick [w,] €
[An] N [Bn] = [An N By by letting w, € A, N B, for n € G°, a contradic-
tion since [A,] N [B,] is empty.

We can finally prove the assertion. Let € > 0. Then (remember that
each i, is a measure)

{n € N | [pn(An + Bn) — (u(A) + p(B))| < €}
2{n € N | |un(An + Bn) — (W(A) + p(B))| < e} NG
={n e N | |un(An) + pn(Bn) — p(A) = u(B)| <efNG

2 {n € N | [un(An) = p(A)] < S} {n € N | |ua(Ba) = u(B)| < 3} NG €U.
|

We want to extend p to a measure. In order to do this we need to show that
any countable union of ultraproducts that lies in A is actually a finite union of
ultraproducts. To do this we need the following Theorem.

Theorem 2.2.4 (Countable Saturation Theorem). Suppose {Ay}ren is a
sequence of ultraproducts such that

N
ﬂ A £0
k=1

for all N € IN. Then
() A # 0.

kelN
Proof. We will construct an [w,,] €  such that [w,] € ﬂ]kvzl Ay, for each N € N

using a “diagonal” argument.

First we notice that, for N € NN, ﬂivzl A, = ﬂszl[Ak,n] = [ﬂgzl Ak,n:|,
where Ay, = [Ay ], and that

N
{nG]N| ﬂAk,HA@}eu.

k=1

For each n € N, let ¢, = sup{¢ € {1,...,n} | ﬂizl Apn # 0} and pick
wp € ﬂf;"zl A n. Then for N € N, by Lemma |2.1.3

N N
{(neN|w, € () Aen} 21, s N=1}N{neN| (] Aen #0} €U,
k=1 k=1
hence [w,] € ﬂivzl Ap. |

Corollary 2.2.5. Any countable union of ultraproducts in A is actually a finite
union of ultraproducts.

11
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Proof. Suppose that (J, o Ax € A. Let By = ;e Ai \ U?=1 A;. Then each
By is an ultraproduct, By D By D ... and (), Br = 0. By Countable

Saturation Theorem, there is an IV € IN such that By = ﬂkN:1 B, = 0. But
then (J, o Ar = Uszl Ap. |

Next we will need Caratheodory’s Extension Theorem, which we will state
here without proof (which can be found in [Lin18]). We will also use the notion
of a premeasure.

Definition 2.2.6 (Premeasure). A premeasure on A is a function
u: A — [0, 00] such that

(i) u(@) =0

(ii) if Ay, Ao, ... is a countable collection of disjoint sets in A and if their union
is contained in A, then

H (U Ai) = ZM(Ai)-
i=1 i=1

Theorem 2.2.7 (Caratheodory’s Extension Theorem). Assume that A is an
algebra and that p is a premeasure on A. Then the measure i generated by the
outer measure construction is a complete measure extending p. If p is o-finite,
the extension is unique.

Theorem 2.2.8. u can be extended to a (complete) measure [i.

Proof. By Proposition 2:2.3] 4 is a finitely additive measure. By Corollary 2.2.5]
1 is a premeasure. By Caratheorody’s Extension Theorem, u can be extended
to a (complete) measure ji on F, where F is the completion of the o-algebra
generated by A. [ |

(In a non-standard analysis setting this measure is called a Loeb measure.)

Definition 2.2.9. We call the measure space that we have constructed in this
section for (Q, F, [1).

We will from now on assume that each pu, is a probability measure, making
it a probability measure.

Lemma 2.2.10. Let { Ay }rew be an increasing family of sets, with each Ay € A,
and let A= J,cn Ak Then there is a set B € A such that

(i) AC B
(iii) p(B\ A) =0

Proof. We will find a sequence { B, },en, with each B,, € F,, such that B = [B,,].
We may assume that if Ay = [Ag.n] C [Aen] = Ag, then Ay, C Ay, for each
n € IN. For each k € IN, let

Fio = {n € N | |un(Akn) — p(A)] < 1.

12
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Ifné¢ Fy,let B, =Q,. Ifne¢ ﬂle F; for some k € IN, let
B, =Uj—, Akn = Apn, where m =sup{k <n |n¢€ ﬂ?:l F;}.

Since (iii) follows from (i) and (ii), we only have to prove the first two as-
sertions.

(i)
k
{(neN| A, CB.} 2 (| Fn{l...k—1}° €U,

j=1
which implies that A, C B for each k € IN. So A C B.

(ii) Pick ny, € V;_, FjN{L,....k—1}*N{n € N | |, (By) —i(B)| < +}. Then
lttn, (Bn,) — i(B)| < £, so we get that

klim tiny, (Bp,) = lim p, (By,) = i(B).
—00 u

Furthermore, (i, (Bn,,) = fin, (Amy n, ), where k < my < ni. We have
that limg 00 fi( A, ) = limp 00 1(Ag). Since

_ _ 1

|ty (Bny) = B(Am)| = [k (A ) — B(Am, )| < 7
we must have limg_,o p(Ag) = a(B).

|

Proposition 2.2.11. Suppose that ' € F and that € > 0. Then there are
ultraproducts A, B such that A C F C B and

p(F\A)<e and p(B\F)<e.
Proof. Let F € F and cover F with a countable covering { A }rew of elements

of A such that
i (U Ak> < 3" (A < AF) + e

k=1
By the outer measure construction, such a covering exists. By Lemma [2:2.10]
there is A € A such that (J;—, Ax € A and A\ [J,—, Ax has measure zero.

(09U ()
(@) u (g4

hence (AN F) < i (UpZ; Ae) \ F) + (A \ U2, Ar) < e
Now cover F° with a countable covering {C} }ren of elements of A such that
Iz (U Ck) < Zﬂ(ck) < (F°) + e
k=1 k=1

13
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By Lemma [2.2.10| there is C' € A such that |J;—, Cx C C and C'\ -, C, has
measure zero. Then C¢ € F and C¢ C (;—, Cx)" C F. Let B = C°. Then
B C F and

F\B=F\C*
=FnC
— O\ Fe

(e u (e (o))
“((9e)r) u (G ))

hence i(F'\ B) < ((Uk 1 Ci) \ F°) + u(C\ Uk 1 Cy) < =

Corollary 2.2.12. Suppose that F' € F. Then there is an ultraproduct A € A
such that p(FAA) = 0.

Proof. For each k € IN, using Proposition [2.2.11] pick A € A such that Ay C A
and ji(F \ Ag) < 4. Then

F\Ly% < A(F\ A,) <
k=1

for each n € IN, hence a(F \ U, Ax) = 0. By Lemma [2.2.10] there is an
A € Asuch that A D ;o Ay and (A \ Up—, Ax) = 0. Then

A(FAA) = i(F\ A) + (A \ F)

< a(F\ | Ao + A | 40 =0,

k=1 k=1

We will next turn our attention towards integration theory.

Proposition 2.2.13. Suppose that we for each n € N have a probability space
(U, Fny ). Suppose furthermore that we for each n € W have a random
variable X,, : I, x Q, — R that is measurable with respect to F,. Then
X = [X,)] is measurable with respect to F.

Proof. Since X = X — X~ it suffices to assume that X > 0. For each n € IN
and m € N, let gy, : 2, — R be defined by

22m _q
k
gm,n(wn> - E om 1A$n, (wn) + 2™ 1B, n.( )7
k=1

14



2.2. Ultralimits of measure spaces

where AF, = X 1([5, 5EL)) and By, = X, 1([2™, 00]). Then each AF, €

Frn and By, € Fp. Let gy, : Q@ — R be defined by

22m_1
) k m
g ([wn]) = lim g n (wn) = > om Lag, 1 ([wa]) + 27115, 1 ([wn))-
k=1

Then for all w € Q, limy,_,o0 gm(w) = X (w). Since X is the pointwise limit of
a sequence of F-measurable variables, X is F-measurable. [ |

Theorem 2.2.14. Suppose that Y : Q — R is F-measurable. Then there ezists
a sequence { X, }nen of Fn-measurable functions such that X = [X,,] is equal
to'Y p-almost everywhere.

Proof. Let Y+ and Y~ denote the positive and negative part of Y respectively.
Since Y = YT — Y, it suffices to prove the theorem for Y > 0. For each
m € N, let g,, : @ — R be defined by

22'rn_1
k m
gm(w) = Z 27,11135;(“) +2 1{w€Q \ Y(w)227n}(w)7
k=0
where EF, = Y1 ([5%, &5L). Then {g, }men is a sequence of simple functions

converging pointwise to Y. Using Proposition |2.2.12 we can for each E¥ find
an ultraproduct [A¥ ] € A such that ji(EX A[AF ]) = 0. For each m € IN, let

m,n m m,n

hp : 2 — R be defined by

92m _ 1

k
P (w) = —1jae (w)+2M1 — ().
kzzl gm ] A Ak, L]

Then, since a countable union of measure-zero sets has measure zero, {hm, }men
is a sequence of measurable functions that converges pointwise to a function
Z : 2 — R that is equal to Y ji-almost everywhere.

Since we may disregard sets of measure zero, for fixed m, we may assume
that [A*, ]N[AL, ] =0 for all k,¢ € N with k # €. If Ef, = E2* | U EZVEL,

we may assume that [AF ] = [AZF, U [Affjflln] Moreover, if [A% ] =
[AZF, U [Affrlln] we may assume that A% = A2 U Aifilln for each

n € IN. We also note that if [Aé o) € [AF ], then we may assume that
AZ n C Aﬁl’n for each n € IN.

Notice that for [A,] € Q, 114,1([wn]) = limy 14, (w,) for all [w,] € ©, so
that 1(4,) = [1a,]. Hence hy, = [l ] is a product function. For each n € N,
let X, : Q, — R be defined by X,, = hy,,,. We will show that X = [X,,] is
equal to Z p-almost everywhere.

Suppose Z([w,]) € R and let € > 0. Pick N; € IN large enough such that
gm([wn]) < 2™ for all m € N such that m > N;. Pick Ny € N such that
o5 < 5. Let N = max{Ny, N2} and let

F= {n €N | |hy, n(wn) — b (Jwa])| < ;V} cu.

15



2. Preliminaries

Then for all m € N and all n € F, |y n(wn) —hm([wn])| < §. Indeed, if m < N
and n € F, then |hy ,(wy) — hy([wn])| < 5k, which means that hy,(w,) =
h ([wp]), which implies that hy, n(wn) = hp([wp]). I m > N and n € F, then,
since A%, = A%, U A%“j_'lln and 50 on, |Am n(wn) = A ([wa])] < 55 < 5.
So pick M € IN such that |h,,([wn]) — Z([wn])| < § for all m > M. Then

{n € N| [Xu(wn) = Z(wal)| < ¢}
2 {n €N | [Xa(wn) = hu(lwn)| < 5} 0 {n € N[ |hn(wa) = Z(wa))l < 5 }
DFN{1,2,...M —1}°€lU.

Since hy, = g, for almost all w € Q, by the definition of g,,, Z(w) < oo for
almost all w € . Hence we need not check that limy, X, (wy,) = Z(Jwy]) when
Z([wn]) = oo.

|

Theorem 2.2.15. Suppose { X, }nen is a sequence of un-integrable functions
such that X = [X,,] is bounded. Then X is p-integrable and

/Xdﬂzlim/ X, diy,.
Q U Ja,

Proof. Let XT and X~ denote the positive and negative parts of X, respectively.
Since X is integrable if and only if both X and X~ is integrable, is suffices to
assume that X > 0. Suppose that X is bounded. Then there is M € IN and
G € U such that |X,,| < M for all n € G. Pick m € IN such that 2™ > M and
define, for each n € N, by, : Q, = R by

22m_q

k; m
hnn(@n) = D golan (@n) + 2" L, | X, (w220 (@),
k=0

where AF, = Xo ([, 5EL)). Then |hy, .| < | X, for all n € N and

[P — Xn| < L for all n € G. We have that

27”,
Q" Qn

1
< —
- om

for all n € G, hence

1
lbr[n/Q Pomn dpin, ILI{H/Qn n dfin lcrtn/gn(hm’” ) dpin| < o
Also,
= - _ 1
We shall show that
Q u Q.

Since we can construct [h, ] for m as large as we would like, this proves the
theorem.

16



2.2. Ultralimits of measure spaces

Notice that [hm, ] is a simple function. Indeed,

227n —1

honad(wn)) = Y o tpas, (o))

k=0

Since [hm,n] is a simple function, by linearity, it is enough to show (2.1]) for
characteristic functions. But this is just the definition of p:

/ l(a,) dip = ja([An]) = lim u(A,) = lim/ la, dup.
Q u U Ja
|

Lemma 2.2.16. Suppose {X, }nen i a sequence of un,-integrable functions
and suppose X = [X,,] is real-valued and X,, > 0 for each n € N. Then X is
p-integrable and

/X dip < lim/ Xy dpy,. (2.2)
Q U Ja,

Proof. For each n,m € N, construct the simple function Ay, , : Q, — R as in
Theorem [2.2.15| Then hyy, ,(wy) < X, (wy,) for each n € N and Ay, : @ - R
defined by hy, = [hm,n] converges pointwise to X. We then have that for each
m e N,

B (wn) < Xp(wy) for alln € N = / [ T / X, duy, for alln € N

:>hm/ mnd,un<hm/ X, ditn

=>/h du<hm/ X, diy,

where the last inequality stems from the fact that h,, is bounded. By the
Monotone Convergence Theorem,

m—r oo

/Xdﬁ:/ hmh , dp = lim hmdﬁglim/ X, dy,.
Q U Ja,

|
We may not always have equality in ([2.2]) as the following example shows.

Example 2.2.17. For each n € N, let Q,, = [0, 1] and define X, : Q,, — R by
Xn(wn) =nly_1 qy(wn). Let Q, be equipped with the Lebesgue o-algebra and
let g, denote the Lebesgue measure on [0, 1]. Then

. o 1 _
hLI{n/Qn X, dpyn, = hz/r{nn,un([l - 571]) =1
Let A=][1— %,1] ]. Then
[i(A) = lim g ([1 : 1])=0
) = Tt Hn n’

17



2. Preliminaries

Since
0 iflw,] €eQ\A

X([wn]) =lim X, (w,) =
(kon]) U (n) {oo otherwise,
we have that [, X du = fQ\A X dip=0.

We want to find sufficient constraints on {X, },en so that we can prove
Theorem [2.2.15] for a broader class of functions X on .

Definition 2.2.18 (A-integrability). Let { X, }nen be a sequence of p,-integrable
functions. We call this sequence A-integrable if the following two conditions
hold:

(i) limg, an ‘Xn| dp, < 00
(i) 1f [A,] € A and ji([A,]) = 0, then limy [, |Xo| dpt =0

Theorem 2.2.19. Suppose {X,, }nen is a sequence of p,-integrable functions.
Consider the following two statements:

(i) The sequence { X, }nen s A-integrable
(i) X = [X,] is p-integrable and

/Xd/j:lim/ X, duy,
Q U Ja,

We always have (i) = (ii). If X,, > 0 for each n, the two statements are
equivalent.

Proof. (i) = (ii):

Let X;' and X, denote the positive and negative parts of X,,, respectively.
Then {X,, }nen is A-integrable if and only if both {X;F},en and {X,, }nen are
A-integrable. It therefore suffices to assume that X,, > 0 for each n € IN.

Suppose limy [, Xy dpn < oo. Then, by Lemma [2.2.16] [, X dp < oo.
For each k € IN we have that limy [, Xp Ak dun, = [ X ANk dp < [, X d.

Let € > 0 and notice that for each k € IN,

{ne]N / Xn/\kdun</Xdu+e}eu.
Qp Q

Construct the sequence {k;,}nen of integers as follows:
Ifon X Nk dpn < [ X dii+ € for some k € IN, let

kn:sup{ke{l,...,nﬂ/ Xn/\k:d,ung/Xdu—i—e}.
Qn Q

Otherwise, let k, = 1. Then {n € IN | fm X Ak dpy, < fQX din+e€} €U,
hence limy, fQ X ANk dpyn < [, X dii + €. Furthermore, for N € IN,

{(neN |k, > N}

:{nG]N|/ Xn/\Ndun</Xdu+e}ﬂ{1,2,..,N_1}ceZ/l,
Qn Q

18



2.2. Ultralimits of measure spaces

hence limy, k,, = oo.

For each n € N, let A, = {w, € Q, | Xpn(wn) > k,}. By measurability,
each A, € F,, so that [A,,] € A. We have that

115{n/Qan d,unglibr{n/Aan dun—HiLI{n/Qan/\kn dpin

Since X < oo ji-almost everywhere (since [, X di < 00), i([A,]) = 0. By

A-integrability,
hzjrln/Aan dpy, = 0.
So we get that

lim/ X, dung/Xdque.
U Ja, Q

Since this holds for all € > 0, limy, ffln X, dpn < [, X dp, which combined
with Lemma [2:2.16] gives the desired equality.

(ii) = (i) if X,, > 0 for each n:
Suppose that (ii) holds. Then limy, an Xy dpn = [ X djp < co. Suppose
A=[A,] € Aand [i([A,]) = 0. Then, by Lemma [2.2.16]

/Xdﬂ: X di < lim Xndunglim/ Xndyn:/Xd,a,
Q Q\A U Ja, Q

Qn\An
hence
lim X, = / X dj.
U Jao\A, Q
Also,
lim X, duy, + lim/ X, du, = lim X, duy, +/ X, duy,
U Ja\A, U Ja, U Ja\a, An
= hLIln /Qn Xn dﬂn
_ / X di.
Q
Combined we get that limy, ‘[An X, du, = 0. [ |

Proposition 2.2.20. Suppose there is a real number p > 1 such that
limy [ |Xnl? dpn < co. Then {X,}nen is A-integrable.

Proof. Let ¢ € R be such that % + % = 1. By Hoélder’s inequality,

1 1
lim/ | X0 | dpy, < lim (/ 19 dun> (/ | X P dun>
U Ja, u Q, Q,
1
= lim (/ | X0 |P dun) < 0.
u Qo

19
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Suppose [A4,] € A and ji([Ay]) = limy pn (Ay) = 0. Then, by Holder’s inequal-
ity,

1 1
< lim (/ 19 d/,én> (/ | X [P dun>
u Q, n Q,

= liLI[n ,Un(An)% </ | X [P dﬂn) ' =0.

n

Theorem 2.2.21. Suppose Y : I x Q — R is F-measurable and that
/ | X|P di < oo
Q

for some p € [1,00). Then there exists a sequence { X, }nen of Fn-measurable
functions such that X = [X,,] is equal to Y p-almost everywhere and such that

lim | X0n|? dpen :/ Y|P diiy,.
u Ja, Q

Proof. By Theorem [2.2.14] there exists a sequence {7, },en of F,-measurable
functions such that Z = [Z,] is equal to Y p-almost everywhere. For each
ke N, let Z : Q2 — R be given by

ko if Z(w) >k
Zpw)=4¢ -k if Z(w) < -k
Z(w) else.

For each k € IN, for each n € IN, let Z} ,, : 2, — R be given by

k it Z(wn)
Zn(wp) =1 —k if Z(wy)

Zn(wy) else.

k

>
< —k

Then for each k € IN we have Zy, = [Z ,]. Furthermore, for each w € Q, we
have
Z(w) = lim Zy(w).
k—o0

By dominated convergence theorem (since Y and thus Z is in LP(j1)),

lim / | Z,|P d/j:/ |Z|P dﬂ:/ Y|P dfi.
k—o0 O Q Q

Moreover, by boundedness of {Zj ,, } nen, for each k € IN we have

lim/ |Zk’n|p ditn :/ ‘Zklp dji.
u Ja, Q
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2.2. Ultralimits of measure spaces

We wish to construct a sequence {X,, }nen such that X = [X,,] = Z and such

that
lim/ | X0n|P dpin, :/ |Z|P dj.
u Ja, Q

For each n € IN, we choose X,, as follows: if

\ [ 1210l d~ [ 10 dn\ =1
Q. Q

let X,, = Z;,,. Otherwise, let X,, = Z, ,, where

1
kn = sup{k e{l,.,n}| ‘/ |Z; n|P dp, —/ |Z;|P dﬂ‘ < 7 for all j < k:}
Q. Q

Then

lim/ | X0l dpin, :/ |Z|P dj.
U Ja, Q

Indeed, let € > 0. Choose K € IN such that

/lzup dﬂ—/ Z|P dﬂ‘ <:
Q Q 2

for all £ > K and such that % < % Let

K
1
F:m{nEIN| ‘/ |Z;€7n|”d,un—/|Z;€Pdu’<}€U
k=1 Qp Q k

Then for all n € F,

< €.

[z dn- [ 1% a,
Q Q"L

It remains to show that X = [X,,] = Z. Let [w,] € © and suppose | Z([w,])| < co.
Let € > 0. Choose K € N such that |Z([w,])| < K —e. Let

K

1
Fl:m{”EH\” ’/Q Zk,n|”dﬂn—/QZk|pdu‘<k}eu

k=1

and
Fy={n e N |[|Z,(wn) = Z([wn])| < €}.

Then for all n € Fy N Fy, X,, = Z,, , for some k,, > K and we have
| Xn(wn) = Z([wn])| = |an([wn]) - an,n(wn)‘ = |Zn(wn) = Z([wn])| < e

Now suppose Z(|wy]) = oo. Let M € IN. Let

M
1
F:ﬂ{ne]l\w‘/ |Zk}n|pd,un—/|Zk|de’<}eu
k=1 n 2 K

and
G={nelN|Z,(w,)| > M} elU.
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Then for all n € FNG, X, = Z,, » for some k,, > M and we have
| X (wn)| = |Zk, n(wn)| > M.

A similar argument shows that Z([w,]) = limy X, (w,) when Z([w,]) = —oc.
|

Suppose that we have two measures P,Q on (O, F ). Then Piis called
absolutely continuous with respect to @, and we write P < @, if P(E) = 0

whenever Q(E) =0, E€ F. If P< Q and Q < P, we say that P and Q are
equivalent measures.

Suppose that we for each n € IN have two measures P, Q, on (1, such that
Qn < P,. Then the ultralimit ) need not be absolutely continuous with respect
to the ultralimit P as the following example shows.

Example 2.2.22. For each n € IN, let Q,, = [0,1] be equipped with the
Lebesgue o-algebra F,, and let u, denote the Lebesgue measure on §2,. Let
X : Qn — [0, 00) be defined by Xy (wn) = 57 10,1- 21(wn) + 1l 1 gy(wn).
Define the measure A,, on €2, by

M(E) = /E X, djun

for £ € F,. Then u, and )\, are equivalent for each n. For each n € NN,
let A, =[1— %,1] € Fp. Then ji([A,]) = limy p,(A,) = 0, but M\([4,]) =
limy An(Ap) = 1.

In order to find sufficient constraints on {Q }nen so that Q is absolutely
continuous with respect to P, we will need the notion of a Radon-Nikodym
derivative.

Definition 2.2.23 (Radon-Nikodym derivative). Let P,,Q, be probability
measures on (€2,, F,) such that @, < P,. The (unique up to P,-null sets)
nonnegative measurable function X,, such that

Qn(E) = [EX,L dp,

for all F € F, is called the Radon-Nikodym derivative of @Q),, with respect to

P, and is denoted by '(%:.

As long as the measures P,, Q,, are o-finite, which is the case for probability
measures, such a function exists (see [Ran02]).

Proposition 2.2.24. Suppose that we for each n € IN have a probability space
(Q, Frn) and that we for each n have two probability measures P,, Q, on Q,
such that Q,, < P,. Let ‘fl%" denote the Radon-Nikodym derivative of @, with

respect to P,,. Then the ultralimit Q of {Qn}nen is absolutely continuous with
respect to the ultralimit P of {Pp}new if and only if {%}nem is A-integrable.
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2.2. Ultralimits of measure spaces

Proof. Suppose {%}nem is A integrable. For all [A,] € A,

dQn
P,.
ap, "

Q) =l Qu(4,) =t | n

d n
dpP,

Since { tnen is A-integrable,

aQ _ [dQn

where 5% -

ap ]. By Caratheodory’s extension theorem (by finiteness of @),
the extension of the measure @@ on A to F is unique, hence

_ C[dQ -
Q(E) = b P

for all E € F. Thus if P(E) =0, then Q(E) = 0. So Q < P.

Conversely, suppose Q < P. Then {‘leT”}n@N is A integrable: Suppose

{i%: }nen is not A-integrable. Then there exists [A,,] € A such that P([A4,]) =
0, but

- o dQn
Q) =tip [ G a0

a contradiction. So {%}nem is A-integrable. [ |

It follows from Proposition [2.2.24] that is we for each n € IN have two
equivalent measures P,,,Q, on £,, then the ultralimits P, Q are equivalent if
and only if both {%}nem and {(CilQTn}nelN are A-integrable.

We will end this section with a result about conditional expectation.

Proposition 2.2.25. Suppose that we for each n € IN have a probability space
(Qp, Fn, Pr) and that we have used ultraproducts to construct a limit space
(Q, F, P). Suppose that we for each n have a sub-sigma-algebra G,, C F,, and
let B be the algebra consisting of all ultraproducts [B,,] such that B, C G, for
each n € IN. Let G be the completion of the o-algebra on ) generated by B.
Suppose that we have an A-integrable function X = [X,]. Then

EIX16) () = lign Bul X016, )
for almost all [w,] € .
Proof. For each n € N, let Y,, = E,[X,,|G,] and let Y : © — R be defined by

Y (w) = limy Y, (wy,). We first show that Y is G measurable. Let g, 0 25, = R
be defined by

22m_q
k
gm,n(wn) = E 27m1Aﬁ17n(wn) + 2manL,n(wn)7
k=1
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where A¥, =V "1([55, EEL)) and By, =Y, H([2™, 00]). Let g : 2 — R be
defined by

22m _q

gm([wn]) = lilgngmm(wn) = Z i 1[Ak L]([Wn]) + 2m1[B,,,,,n]([WnD-

m,m
k=1

Then for all w € Q, lim,, 00 gm(w) = Y (w) Since Y is the pointwise limit of a
sequence of G-measurable functions, Y is G-measurable.

We now show that [,Y dP = [, X dP for all G € G. Let G € G. Then,

by Corollary [2.2.12] there is [B,,] € B such that P([B,]AG) = 0. Let ¢ > 0 and
let

Ffz{nell\u/ YdP—/ YndPn|<E}
; (Ba] B, 2
and

FX={neN| Xdﬁ—/ X, dP,| < <1,
2 (Ba] B, 2

which both are in U since {X,, }nen is A-integrable. Indeed, since {X,, }nen is
A-integrable it follows by Jensen’s inequality for conditional expectation (the
absolute value function is convex - see [Dool2]) that

E[E[Xn | Gull] < BIE[| XAl | Gnll = E[|Xn]]

and for any B,, € G,, we have

/ \En[ X, | Gul| APy < / B[ Xl | Gu] APy — / IX,.| dP,.
B, B, B,

Pick n € F%X N Fg Then we get that

|/ v b / ¥ ap
/ X dP — / X,, dP,| + / Y dP — / Y, dP,
[By] [Ba]

So fip, )Y dP = [i5 ;X dP and thus [, Y dP = [, X dP. ]

24



CHAPTER 3

Construction of the skeleton
approximations

3.1 Skeleton processes

We assume that I C [0,00) is a closed interval that can be either [0, 00) or a
finite subinterval [a,b]. An approxzimation sequence I to I is a sequence {I, }en
of discrete subsets of I such that there for each a € I is a sequence {ay, }nen
where a,, € I,, and a = limy, a,,.

We let T be the set of all sequences {a, }nen such that a,, € I, for all n € IN,
and we let T = T /U. If [a,], [by] € T, we write [a,] & [by] if limy, a,, = limy, b,,.

Definition 3.1.1. If {f, },en is a sequence of functions f, : I, = R, we can
define a function f: T — R by

f([an]) = lig{n fn(an)-

Definition 3.1.2. Assume that {f,, }nen is a sequence of functions f,, : I,, = R
and let f: T — R be as in Definition If [a,] ~ [by] implies that
f([an]) = f([bn]), we can define a function f: I — R by

i
7(5) =l fu(an)
for all sequences {a, }w € T such that limy a, = s.

Proposition 3.1.3. The function f: I — R in Deﬁm’tz’on s continuous.

Proof. Suppose that {s}rew is a sequence of numbers in R such that

limg 00 5% = s € R. We show that limsupy,_, . f(sx) = f(s). The proof that
liminfy o f(si) = f(s) is similar.

Let r = limsup,_, ., f(s) and suppose r € R. For each k € NN, there is
sy € {Sm | m > k} such that

|f(sk) = sup flsm)| <

m>k

I =



3. Construction of the skeleton approximations

Furthermore, for each k& € IN and for each n € IN, there is an s; , € I, such
that sy = limy sy ,, and thus f(st) = f([8%.,))- For each n € N, define a,, as
follows: if

{kettiwn) | 15aGsin) = Fsil < £} {k € @nd | Isin = sil < 1}

is non-empty, let a,, = s ,,, where

L 1
e=sup {im € (L) [ (650 - 75l <+
and |s} ,, — 87| < ffor all j € {1,.. ,m}}

Otherwise, let a, = s7,. We will show that limy f,(a,) = r and that
limy a, = s, so that limsup,_, . f(sx) = f([an]) = f(s).

Let € > 0. Pick NV, E IN such that |sup,,>, f(sm) — 7| < & for all k > Ny. Pick
Ny € IN such that 5~ < §. Pick N3 € IN such that [s — s| < § for all k> Ns.
Let N = max{Nl,Ng,Ng} and let
N . 1
F={1,.N-1}° m {n €N | [fulsk,) — flsh)| < k}
k=1
* * 1
N{mew st —sil < £}

which is in . If n € F, then a,, = szn for some k € N, N < k < n, so that

[fulan) =7 = |fu(skn) — 7]

< | falsion) = F(s0) + 1 F(sk) — sup f(sm)l + |7iu>i F(sm) =1l

< €.

Hence {n € IN | |fn(an) — r| < €} D F. Furthermore, if n € F, for some k > N
we have a,, = s’,;n so that

lan, — s| <lan — si| + |55 — s] <,
and thus {n € N | |a,, — s| <€} D F.
Now suppose that r = oco. For each k € IN there is s} € {s,, | m > k}

such that f(s}) > k. Define a,, as before and define F' as before, only this time
omitting N;. We have that

for some k € {1,..,n}. Since

N N 1 1

f’n(sk,n) > f(sk,n) - % > k- %
on a set F’ € U and we have that & — oo when n — oo, f(s) = r. The proof of
the case r = —oo is similar. |
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3.1. Skeleton processes

Example 3.1.4. For each n € N, let I,, = {% | k=0,1,2,3,...}, and let

fn I, = R be defined by
k E\"
() (d)
n n

Then {I,, }new is an approximation sequence for [0, 00) and f is defined by

f(x) =e€".

We will from now on assume that I = [0,7] is a bounded interval and that
I, is finite for each n € IN.

Definition 3.1.5. Suppose that we for each n have a stochastic process
X, I, x Q, — R. Then we define a stochastic process X : T x 0 — R by

X([an]v [wn]) = li&n Xn(anawn)o

Definition 3.1.6. Suppose that we for each n have a stochastic process

X, : I, xQ, > Rand let X : T x Q — R be defined as in Definition [3.1.5]
Suppose that we for almost all w € Q have that [a,] = [b,] implies that
X ([an],w) = X ([by],w). Then we can define a stochastic process X : I xQ — R
such that for almost all [w,] € Q,

X(57 [wn]) = hg{an(anawn)

for all sequences {ay, }neny € T with limy a, = s for all s € 1.

Notice that it follows by Proposition that if we for each n € IN have
a stochastic process X,, : I, x 2, — R and the ultralimit X : [ x Q@ — R to
{ X }nen exists for almost all w € Q, then X is continuous for almost all w € Q.

Next we want to define a filtration on €.

Definition 3.1.7. Suppose that we for each n € IN have an approximation
sequence I, to I and a filtered probability space (€2, {F{ }t,e1,,, Fny Pn). Sup-
pose we have constructed €2 as previously. For each ¢ € I, define a sequence
{tn}nen € T, where each t,, = inf{r,, € I,, | r, > t}. Let A; denote the algebra
consisting of ultraproducts [4,], where each A,, € F;,. We define the filtration
{Fi}ter on Q by letting F; be the completion of the o-algebra generated by
A;. We let F be the completion of the og-algebra generated by the algebra A
consisting of ultraproducts [4,], where each A,, € F,,. Thus we get a filtered
probability space (2, {F;}ier, F, P). We let {Fiy }ier be the augmented right
continuous filtration of {F}ier (i.e. Fry = (Neug Frte)-

Proposition 3.1.8. Suppose that we for each n € N have an approximation se-
quence I, to I and a filtered probability space (2, {F{ }t,er1,>Fn, Pn). Suppose
furthermore that we for each n € IN have a stochastic process X, : I, X 0, = R
that is adapted to the filtration {FJ Yy c1, . If the ultralimit X : I x Q — R to
{ X, e exists (and is continuous) for almost all w € Q, then X is adapted to
the filtration {F; er.
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3. Construction of the skeleton approximations

Proof. Since X = Xt — X, it suffices to assume that X > 0. We have
to show that for each ¢ € I, X, is F;-measurable. For each n € IN, let
t, = inf{r, € I, | 7, > t}. For each n € N and m € NN, let g, », : 2, — R be
defined by

2%m 1
gm,n<wn> = Z 27771114?17.,17, (wn) + 27”13,",” (wn)a
k=1
where A%, , = (Xa(t)~ ([ 551)) and By, = (X, ()~ (2", oc]). Then

each A*F ¢ Fi and By, € F' . Let gy, Q — R be defined by

m,n

22m _1
Gon(fn]) = 0 () = D0 o dpa () + 27015, ).
k=1

Then for all w € Q, lim,;, 00 gm(w) = X(Ly). Since X, is the pointwise limit
of a sequence of F;-measurable variables, X; is F;-measurable. [ |

Definition 3.1.9 (Stopping times in continuous time). In continuous time, we
say that 7: Q — I U {oo} is a (strong) stopping time for {F; ey if

{we|r(w) <t} eF (3.1)

for all ¢t € I. If (3.1)) holds with < instead of <, 7 is said to be a weak stopping
time.

A (strong) stopping time is a weak stopping time, but the converse is not
necessarily true. The following result can be found with proof in [Weil3].

Proposition 3.1.10. 7:Q — T U {occ} is a weak stopping time with respect to
the filtration {F;}ier if and only if T is a strong stopping time with respect to
the right continuous filtration {Fiy ter.

Definition 3.1.11 (Stopping time in discrete time). In discrete time, we say
that 7, : ,, — I, U {oo} is a stopping time if

{Wn €y, | Tn(wn) < tn} € ‘FIZL
for each t,, € I,,.

Proposition 3.1.12. Suppose that we for each n € N have a probability space
(UAF Yt,en,, Fny Pn) and a stopping time 1, : Qy, — I, N {oo} with respect
to the filtration {F{' }+,er,. Then T = [1,] is a weak stopping time with respect
to the filtration {Fi}ter.

Proof. By Proposition [3.1.10] it suffices to prove that 7 is a strong stopping
time with respect to {Fy4 tier. Let t € I. For each n € N and each m € IN,
define g, ,, : 2, = IN by

m
22"

1
gm,n(wn) = Z 1Afn'n (wn) +1B,,. (wn)7
k=1
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3.1. Skeleton processes

where Aﬁz,n = (Tn)il([zﬁm k;bl)) and By, = (Tn)il(pma oa]). Let gm = [gm,n]~

We shall now prove that for each M € N,

{r<ty= ) g.'(00,1])

m=M

First we prove that {7 <t} C(°_,; 9 ([0,1]). Suppose 7([w,]) < t. For each

n € IN, for each m € N, g, < 7. Thus g, ([wn]) < 7(Jwy]) <t for all m € N,
in particular for all m > M.

The inclusion {7 <t} D (N °_,, g:,* ([0,¢]) follows from the defintion of the g,,’s.
Suppose g (w) <t for all m > M. Then 7(w) = limy, 00 gm (w) < .

Now choose M € N such that 2 > t. For m > M, let K,, = sup{k €
N | & < t}. Then

Km Km
g ([0,1) = [ J 1A% 0] = 1L A%
k=0

k=0

For each n € IN, let t,, ,, = inf{r, € I,, | r, > ¢t + %} For each k < K,,, we

have that A¥ € F' for each n € IN so that [A}, ] € Fiy - So for M € N

m,n

high enough we have {r <t} € ft+#M7 Since this holds for each M € IN high
2
enough, {7 <t} € Fiy. |

Proposition 3.1.13. Suppose we have an interval I with an approximation
sequence {I, }nen. Suppose for each n € N we have a filtered probability space
(U AFY Htner,, Fy Pn) and a process Xy, @ In X Qn, — R that is adapted to
{F Y, c1,- Suppose furthermore that the ultralimit X : I xQ — R to {X, }nen
exists (and is continuous) for almost all w € Q. Let s,t € I with s < t. For
each n € N, let t, = inf{r, € I, | r, >t} and s, = inf{r, € I,, | r,, > s}. If
{ X0 (tn) tnen is Ag-integrable, then

E[X(t”}—S]([WnD = liz/r{n En[Xn(tn)‘f?n](wn)

for almost all [w,] € Q
Proof. This follows from Definition [3.1.7] and Proposition [2.2.25] [ |

It follows by Proposition that if we have a sequence of martingales
(or supermartingales or submartingales, respectively) X,, : I, x Q,, — R with
respect to the filtrations {7} },ew, if the ultralimit X : I x © — R exists for
almost all [w,] € Q and {X,,(t,) }nen is A-integrable for any {t,}nen € T,
then X is a martingale (or supermartingale or submartingale, respectively) with
respect to the filtration {F; }icr. But if we do not have A-integrability, X need
not be a martingale. We do however have the following results. First we will
give the following definition.

Definition 3.1.14 (Local martingale). An F;-adapted stochastic process X :
I x Q — R is called a local martingale with respect to the filtration {F; }iey if
there exists an increasing sequence of stopping times {74 }ren (with respect to
{Fi}ier) such that 7, — oo for almost all w € Q as k — oo and X (- A7) is a
martingale with respect to the filtration {F; }4er for each k € IN.
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3. Construction of the skeleton approximations

Proposition 3.1.15. Suppose that we for each n € IN have a martingale
X, : I, x Q, = R and suppose that the U-limit X : I x Q — R exists for all
points t € I for almost all w € Q. Suppose furthermore that E[|X (t)|] < oo
for allt € I. For each k € N and each n € IN define the stopping times
Thn : Qn — I, U{oo} by 7, = inf{t, € I,, | | X,| > k}. If

im E,[ sup  (Xn(tn) — Xn(t, — Aty))?] < 00
u tn€l,
0<tng7'k,n

for each k € N, and if limy E,[X,,(0)] < co, then X is a local martingale with
respect to the filtration {Fiy }rer-

Proof. Let 1, = [T n]. By Proposition T, is a weak stopping time with
respect to the filtration {F;};c; and we have that X (- A 73) is the ultralimit
to {X, (- A Tin) bnen for almost all [w,] € Q. Then for each k € IN, for any
{tn}nelN S T7

E,[sup X, (tn A Tkyn)2]

tn€l,
< E[Xn(0)] +2k* +2E,[ sup  (Xn(tn) — Xn(tn — Aty))?],
n I’VL
0 <tt neg Tk,n

hence {|X,,(t A T n) | }new is A-integrable by Proposition By the same
argument as in Proposition X (- A 1) is a martingale with respect to
the filtration {F;y }+er. Indeed, given s,t € I with s < ¢, for any k € IN high
enough we have

_ _ _ 1
/GX(t/\Tk) dP:/GX((erE)ATk) P

for all G € Fy. Since X (s A7) is dominated by sup,c; X (t A7) for all s € T
and since
sup )_((t A7) =lm sup X, (tn A Thon),

tel U tnel,
by Lemma we have
Elsup X (t A7y)] < lim B[ sup X, (tn A Thon)] < 00.
tel u tn€ly

So by dominated convergence theorem,

/ch(tmk) dP:/GX(s/\Tk) dP.

Now we have that {7 }rew is an increasing sequence of stopping times (with
respect to the filtration {F;; }scr) such that 7, — oo for almost all w € Q as
k — o0. So X is a local martingale with respect to the filtration {Fii }te;. W

Proposition 3.1.16. Suppose that we for each n € IN have a martingale

X, : I, x Q, = R and suppose that the U-limit X : I x Q@ — R exists for all
points t € I for almost all w € Q. Suppose furthermore that E[| X (t)]] < oo
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3.1. Skeleton processes

for allt € I. For each k € N and each n € N define the stopping times
Thon : Q= InU{oo} by 7y = inf{t, € I, | | Xn| > k}. If

lmE,[ sup (Xn(tn) — Xn(th — Aty))?] < 0
u tn€ly,

0<tn<Tk.n
for each k € N, if limy, E,,[X,,(0)] < 0o and limy, E,[| X, (T)| In* | X,,(T)|] < oo,
then X is a martingale with respect to the filtration {Fii }icr.

Proof. By Proposition [3.1.15, X is a local martingale. Since sup,.; | X (t)| =
limyg sup;, 7, | X (tn)| and since by Doobs martingale inequality (see [Doo53|)

we have

e

En[ sup |Xn(tn)|] <

o — (14 B[ Xa(T)| 0™ [ X (T)]])

for each n € IN, it follows by Lemma [2.2.16] that

Esup |X(t)]] < lim E,[ sup |X,(t,)]] < cc.
tel u tn€l,

Since we have | X (s A 73)| < sup,e; | X (t)| for any s € I for all 7, and since
T, — 00, by dominated convergence theorem for conditional expectation, since
X is a local martingale, X is a martingale. Indeed for any s,t € I with s < ¢
we have

Ba[X (1) | Fo = Eallim X(tA7) | F = lim Ba[X(EAT) | F] = X(s).
n

It follows by Fatou’s lemma for conditional expectation (see ) that
if X is a local martingale (with respect to {F; }nen) and X > 0 for almost
all w € Q, then X is a supermartingale with respect to {F;; }new. Similarly,
if X < 0 for almost all w € Q, then X is a submartingale with respect to
{Fi+}nen. A related result is given below.

Proposition 3.1.17. Suppose that we for each n € IN have a supermartingale
X, : I, x Q,, = R and suppose that the U-limit X : I x Q — R ezists for all
points t € I for almost all w € Q. Suppose furthermore that E[|X(t)|] < oo
for all t € I. If there is a constant K € N such that X > —K, then X is a
supermartingale with respect to the filtration {F;}ier. Similarly, suppose that
we for each n € N have a submartingale X,, : I, X Q, — R and suppose that the
U-limit X : I x Q — R exists for all points t € T for almost all w € Q. Suppose
furthermore that E[|X (t)|] < oo for allt € I. If there is a constant K € IN such

that X < K, then X is a submartingale with respect to the filtration {F;}ier.

Proof. We first show the supermartingale argument. Suppose n € N, X, is a
supermartingale and suppose there is a constant K € IN such that X > —K.
For each k € IN, by Jensen’s inequality for conditional expectation (since the
minimum function is concave - see )7 we have

B[ X (tn) ARIFL] < Xo(50) Ak
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3. Construction of the skeleton approximations

for each n € IN and each s,,t, € I, such that s, < t,. For each k € IN there is
an F' € U such that | X, (¢,) A k| is bounded by max{K + 1,k} for all n € F,
hence {X,,(t,) A k}nen is A-integrable for any {t,}nen. So by Proposition
X Ak is a supermartingale for each k € IN. By dominated convergence
theorem for conditional expectation (see ), since X A k is dominated by
X for any k € IN, X is a supermartingale. Indeed, for any s,t € I with s < ¢
we have

En[X(t) | -Fs] = En[klggoj((t) Nk ‘ ]:s]
= lim B, [X(t) Ak | Fd

< lim X(s) Ak = X(s).
k—o0

Now suppose that for each n € IN, X,, is a submartingale and suppose there is
a constant K € IN such that X < K. Using the argument above for —X shows
that X is a submartingale.

|

We will next construct skeleton processes (namely random walks) that
converge to Brownian motion on a bounded interval with respect to an ultrafilter.
Theorem 3.1.18. Let I,, = {0, %, %, . ”;1,1} and let 0, consist of all func-
tions wy, : I, = {=1,1}. Let P, be the probability measure on §2,, which gives
each wy, the same weight. For each n € N we define a random walk
X, I, x Q= R by setting X,,(0,w) =0 and

B, S ()
Xn i) n) — ~on
(=, wn) ; NG

for ky, > 0. Then X exists and is a Brownian motion under P with respect to
the filtration {Fi}ier.

Proof. We need to show that X T X 2 = R as defined in Definition
exists so that X; : Q@ — R defined by X:(w) = X (¢,w) is well-defined and that
the following properties hold:

(i) Xo=0.

(ii) The increment X; — X, is normally distributed with mean 0 and variance
t—sfort>s.

(iii) The process {X;},c[0,1] has stationary increments, where each increment
X; — X (where t > s) is independent of F.

(iv) With probability 1, the function ¢ — X; is continuous.

We will show all but the last part of (iii) in three steps, where we, given two
sequences {%}new, {%}nem € T with limy, kln" < limy, sz’ determine the

distribution of the variables X ([£2]) and X ([522]) — X ([E=)).

n n n
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3.1. Skeleton processes

Step 1: Let ¢t € I and suppose %" € I, for each n € IN and limy, %" = t.

Suppose that limy k, = oo. Pick a subsequence {]Z"’” bmen of {%}nem

such that lim,, oo ’Z# = ¢ and lim;, yo0 kpn,, = 00. For each i < n, let

Yin : Qn — {—1,1} be defined by Y; »(wn) = wn(5). Let Xk, : Q, — R be
defined by ’

kn—1 kn—1
kn x wn(i) S Y; n(wn)
Xy (wn) = X (2 wp) = Y oml =y Zintn]
n T &=

We have that the characteristic function

n
n

iuX K,

ox,, (W=Ee ]

) Rnp —1 s
:E[ew(zj:o Y’*”’")}

nm

= H E[em Vi | by independence of the Y,

))fnm since the Yj,, are identically distributed

i

=(1- o + o(n))knm by Taylor approximation.
m

Frm 4] < e for all m > N.

Let 0 < € < t and pick N large enough so that |
Then for m > N,

2 2

Fo(n)) " < (1= (t-) -

u? kn,,

krnm < (1— knm
g o) < (1St +o(n)

(1=(t+e)

m

Using a similar argument for the term o(n), we have that

2

w2
lim (1 — (t — 6) u + O(n))knm _ e*(tfe)T.
m—r o0 T
Similarly,
U2 k w2
lim (1—(t+e¢) + o(n))krm = e Gk=]
m—r oo T
Hence we get that
1. (1 u2 + ( ))k %tuz
1m - — oln nm — e .
m—r o0 ’,’Lm

A rand02m2 variable Z with the normal distribution has characteristic function
. 1
eth=397u" where u = E[Z] and 0? = Var(Z). Thus the sequence {X k.., }men

nm

converges weakly to a random variable Z ~ N(0, t).

Suppose that {ky, }nen is U-bounded by M. Then limy k2 = 0 and

n
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3. Construction of the skeleton approximations

limy | X b ()] < limgy 2 = 0.

Step 2: Suppose we have a sequence {%“}nem as in Step 1 such that

limy, k,, = oo and limy, %" = t. We want to show that X[%n] = X([%]) is
normally distributed with mean 0 and variance t. We show that the cumulative
distribution function to X [ta] is the cumulative distribution function for the
normal distribution with mean 0 and variance t.

Let a € R and € > 0. We have that

(X, ([=00,a])] € X[y, ([=00,a]) C [X ) ([-00,a+¢])].

n n n

Pick a subsequence {%}mG]N as in Step 1 such that lim,, .. k; =1,

lim,—y 00 b, = 00,

lim P, (Xb., <a)=P(Xw <a)

m—r 00 n

and

lim Py, (X, <a+te)=P(X

m—o0

:|F
IN
S
+
o
N—

nm

We then have that

P(Xta) < a) = P([Xrw <a]) < P([Xpw <at+e]) = P([Xea <a])
=Fy(a+¢€)— Fz(a)
<€

where Fz is the cumulative distribution function to Z ~ N(0,t). Here we
have used that {X,, , }men converges weakly to Z if and only if the cumulative
distribution to X, converges pointwise to the cumulative distribution function
to Z and that the cumulative distribution function to X,,,, in a € R is given
by an(XM < a)'

Since this is true for all € > 0,

FX[@](G) :P(X[’m] < a) = P([X@

<a)) =lim P, (X1, < a) =lim Fx,, (a).

We can now pick a subsequence again as in Step 1, only this time ensuring
that lim, o0 Fix,, (a) = FX[m] (a). It then follows that Fx[m](a) = Fy(a).

Since this holds fo;Wzlill a € R, X[Ln] ~ N(0,t). Notice that we have proved that
for a € R, P(X; < a) = P([X#. < a]). This will be useful later.

Step 3: Suppose that we have two sequences {%}new and { %}nem such
that [522] [#22) € T and that limy, ]“T" =t > limy kzn" = s. Since

n n

X([@L"‘)) — X([kai’n],w) = lizjrln(Xn(k;’n7wn) - Xn(ki;n7wn))

n n
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3.1. Skeleton processes

for almost all w € €, notice that X, ( k;") — Xn( kgn") has the same distribution
as ‘ ‘
kin—k2n|—1
" 2 Yz’, |k1,n - k2,n| -1

S Maex (el

if we assume that |k1,, — k2,,| > 0. If we can show that X exists, then Step
1 and Step 2 shows that (ii) and the first part of (iii) holds. If we define

X (0,w) =0 for all w € Q, we have also proved (i).

We first need to show that X exists for almost all w € Q. First we show
that

{we | libr{n Xn(tn) = librln Xn(sp) for all
[sn], [tn] € T such that liz/rtn t, = h&n Sn =t}

is measurable and has measure 1 for all ¢ € I. We have that
{we Q| 3t,],[sn] € T with lig{rltn = 1ig{nsn =t
such that lilgn Xn(tn) # liLr{n Xn(sn)}
c . . _ _
- U {w e Q| 3tn], [sn] € T with hg{ntn hlgnsn t

meN

1
such that hbr{n | X (tn) — Xn(sn)| > m}

For each k € IN we have

{we Q| 3t,],[sn] € T with liumtn = hzins" =1

1
h that lim | X - X > —
such that lbrln\ n(tn) n(sn)| > m}
1

g {w €N | lim sup |Xn(rn) - Xn(un)‘ Z 7}7
Uy elt—L 41101, 2m

where v, = min{s,, € I,, | s, >t — %} Let v,, = max{s, € I, | s, <t+ %}
By Doob’s martingale inequality (see [Doo53]),

5 1
P(lim sup | X0 (rn) — X (up)| > =—)
rn€lt—% t+ 301, 2m
. 1
S hmPn( sup |Xn(rn) - Xn(un)| Z 47)
u r€lt—1 t+1]n1, m

< 16m” lim By (X (vn) = X (un))’]
= 16m2E[(X ([vn]) — X ([un]))?]

22

by Step 1,2 and 3. Hence

{w e Q| 3t,], [sn] € T with liZI}ltn = hz,I{nSn =t

1
such that hzf{n | X0 (tn) — X (sn)| > m}
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3. Construction of the skeleton approximations

is contained in a set of measure 0 and is thus measurable with measure 0. Hence

P(3[tn], [sn] € T with lizf{n tn = lizf{n Sn = t such that liLr{n Xn(tn) # liLr{n Xn(sn)) =0,
(3.2)
which is what we wanted to show. For [r,], [t,] € T, we will write [r,] < [t,] to

mean that limg r, < limgy t,. Similarly, we will write k; < [t,] < ko to mean
that &y <limgyt, < ko. For m,k € IN, let

1
Omr= we|Vie{0,1,...k—1} sup | X([sn],w) — X([rn],w)] < —
[rn]<[sn]< L m

hmu'rr,:%

In order to show that X exists and is continuous with probability 1, it suffices

to show that the set
o= U Qs
melN kelN

has measure 1. We have that

O ={[w,] € Q| forall [t,],[r,] €T, [ta] = [rn]
implies that liLr{an(tn,wn) = liLr{an(rn,wn)}.

Indeed, if [w,] € Q is such that for all [¢,],[r,] € T, [t,] ~ [r,] implies
that limg, X,, (¢, wn) = limy X, (7, wy,), then by Proposition X ([wn]) is
uniformly continuous (since it’s defined on a closed interval) and so [w,] € €.
Conversely, if [w,] € €, then for each m € N, there is k € IN such that

sup [ X([sn]; [wn]) = X ([rn], [wn])] <%

for all ¢ € {0,1,...,k — 1}. Thus limy X, (tn,wn) = limy X, (r,, w,) for all
[rn], [tn] € T such that [r,] = [t,]. We will show that

lc __ c
= [ %
meN k€N

has measure 0 (we will soon show that these sets are measurable). Suppose
that P(£“) > 0. Then there is mo € IN such that P((,cy 25,,.%) > 0. We

mo,k
show that limg_, o P(ano’k) = 0, which leads to a contradiction.

We have that

mok = qw € Q] 3ie{0,1,...,k — 1} such that sup X (s,w) — X(+—,w)| > —

[rnl<[sn]< 2

limur”:%
k—1 . 1
=U{jweal s IX(w) - Xl 2 -

i=0 [rn]<[sn]< A

limgy 7y é
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3.1. Skeleton processes

For each ¢ € {0, ..., k}, let [s,;] € T be such that limy s, ; = % By 1D

sup X ([ta], [wn]) =X ([ra], [wa])| =1im — sup [ X (tn, wn) = Xn (80,0, wn)]
[ra)<[ta]< T2 Sn,iStnSspit1
limyy 7y :%

for almost all [wy,] € § (this shows that the sets are measurable). We have

k—1
_ _ 1
P(@ ) =P | [Jgwe@l  sup  |X([sa]sw) = X([ra)w)| > —
im0 [rn]<[sn]< 2 mo
limg ¢ rn:fi
k—1 1
<> P|Qweql  sup [X([sal,w) = X([ra],w)| > =
i+1 mo
i=0 [rn]<[sn]< %
limyy rp=1¢
k—1 1
N I )
by (3.2)
k—1 1
S ZohngZPn <{wn € Qn | |Xn(3n,i+1,wn) - Xn(sn,uwn)' Z 2m0 })

by the reflection principle for random walks (see [MP10])

IN

[\

ol
/N
—

wEQHX@MHMA—XMMAMNZJ4D

2m0
2 —is
< 4my k—e 8my 50 as k — 0o
T

where the last inequality follows from a tail inequality for the normal distribution
(see |Fel68]), which states that if Z ~ N(0,0?), then

2 t2
P(|Z|>1t) < \/70—6202.
Tt

So X exists for almost all w € Q. By Proposition [3.1.3] X is ¢-continuous with
probability one.

s
I
<}

We are now ready to prove the last part of (iii). Let ¢,s € I with ¢t > s.
Suppose a € R and G € Fs. We want to show that

For each n € N, let t,, = inf, c; |, >¢ and s, =inf, c; |, >s. By Corollary

2.2.12] there is [A,] € A, such that P(GA[A,]) = 0. By a previous observation
we have that

{Xn(tn) — Xn(sn) <a}] C {Xt - X, < a}

and
P({X; — X, < a}) = P{Xu(tn) — Xn(sn) < a}].
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3. Construction of the skeleton approximations

Thus we have
PHXFQ&SaNMD:/lgr&QﬂgﬂB
0 <

=/Q1[{Xn<tn>fxn<sn>3a}]1[An] ap

=Um [ Loy ()Xo (sn)<ay la, dPn
U Ja,

= Hbrln P,({Xn(tn) — Xn(sn) <a}nA,)
= 115{11 Pp({Xn(tn) — Xn(sn) < a})Pa(Ay)

= P([{Xn(tn) — Xn(sn) < a}])P([An))
P({X; - X, <a})P(G),

which is what we wanted to show. So X; — X is independent from F;, i.e. the
second part of (iii) holds.

Note that we can, by the same construction as above, construct Brownian
motion on any interval [0,7]. Note also that we, by the same construction as
above, doing some small adjustments, can define several different random walks
on €2, giving us different Brownian motions on 2.

Proposition 3.1.19. For each n € N, let B,, denote the process in Theorem

defined on the interval I, ={*% | k €{0,...,n}}. Then, for d € N, for
each {28} e € T, {Bn(225) %} e and {525}, e (where B> 0) are
A-integrable.

. dpBj,
Proof. Let {j’;lT tnen € T be asequence of numbers. Showing that {e BEY N

BBj,T
is A-integrable is equivalent to showing that {e t }nen is A-integrable (since

we assume that 8 > 0 is arbitrary). By Proposition [2.2.20] it suffices to show
that there is a real number p > 0 such that

. ﬁB.’V‘L
hzjr{n/ ep et dP, < oo.

Let p = 2. We will need the following useful inequality which we derive from
Taylor series representation:

<> % e (3.3)

i=0

(e + %) iw

N
I

=)

.
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3.2. Stochastic integrals

We have that

28B ;T InT 9BAB;, T
Bl = B[P0
Jn 2BAB;, T .
= H E,le =] by independence of the AB% s
in=0
1, VI 1 5 VI
= (56 B n + 56 B oy )]n
2
<e it by B3).
. 26Bj, T 28T Lo
so that limy E,[e ] <e , which is what we wanted to show. To show

that {Bn(%)d}nem is A-integrable, notice that by symmetry of random walks,

JnT JnT
En[an(TNd—H] = 2En[1Aan(T)d+l]7
where A,, = {w,, € Q| Bn(%) > 0}. Thus
JnT JnT
EnHBn(%”d—H] = 2En[1Aan(nT)d+l]

< 2B, [14, eldHDBa (0]

< 2B, [ed+D)Ba (355

which proves that {B,,( M)d}nem is A-integrable. [ ]

n

3.2 Stochastic integrals

Let I, ={0,1 2 .. 1} and let B, : I,, x Q,, — R be the usual random walk

Snon?

1
Bn(g,wn) = %an(g)

We will from now on use a different notation for this expression, namely

tn

By (tn,w,) = % D walsn).

sp,=0

Notice that s,, = ¢,, is not included in the last sum. We shall also use the
notation

1
ABn(tnawn) = Bn(tn + 77wn) - B(tnvwn)'
n

This is the increment of B,, into the future.

If X, : I, xQ, — R is another process, we define the stochastic integral
| X, dB,, to be the process given by

(/ X, dBn> (tn, wn) = i X (S, wn ) ABy (1, )

Sn=0
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3. Construction of the skeleton approximations

We use the same summation convension as above: s, = t,, is not included in
the sum.

Remark: To make notation easier, we will from now on omit the bar over the
(well-defined) measures and processes that we construct on the measure space.

Proposition 3.2.1. If r,,t, € I,, 7 < tn, then
t71,

B, (tpn)?* = Bu(rn)? = 2/ By (sn) dBp(sn) + (tn —12)

Proof. We have that

B, (tn)* =(By(tn) — Bu(tn — Aty) + By (t, — Aty))?
=(By(tn) — Bp(tn — Aty))? + By (t, — At,)?
+ 2(Bp(tn) — Bu(tn — Aty))Bu(t, — At,)
=At,, + Bn(t, — Atp)? + 2B, (t, — Aty,) AB,(t, — At,).

Thus,
B, (tp)?* — Bu(t, — Atp)? = Aty + 2B, (t,, — Aty,) AB,(t, — Aty).

Summing over we get

Bo(t)? — Bu(rn)? = 2 /t" By(5n) dBn(sn) + (tn — ).

n

In general, the stochastic integral [ X, dB, is not particularily well-
mannered, so we will constrict ourself to the case where X, is an adapted process.
That X, is adapted means that X,,(¢,,w,) only depends on the coin tosses
that has happened before t,,, that is w;, (0), w, (Aty), wn (2At,), ..., wp (t, — Aty,),
where At,, = %, and not by the future coin tosses wy, (t5 ), wn (tn + Aty ), .oy Wi (1).
Mathematically this can be expressed by saying that if w,,w!, € €, with

wn(0) = wl (0), wn(Aty) = Wl (Aty), .y wpltn — Aty) = W), (L, — Aty),
then X, (tn, wn) = Xy (tn, wh).

Proposition 3.2.2. Suppose that X,, is adapted. If r,,t, € I, and r, < t,

then
tn 2
(/ X, dBn)

where f:: E[X(s0)? ds, = 1" E[Xn(50)2]At,.

Sn="Tn

= En[Xn(sn)Q] ds,,

Tn

En
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3.2. Stochastic integrals

Z Z X0 (0n)AB, (uy)ABy, (vy)

Up=Tp Un=Tn

in

= " EulXu(s2)2(ABa(s4))?]

Sn="n
since the increments of a random walk are independent
tn

= Y Eu[Xau(s)*)Asy,

Sn="n

/ E,] n)?] ds,.

Proposition 3.2.3. Suppose that ¢ is twice continuously differentiable. If
Tnytn € I, and ry, < t,, then

QS(Bn(twuwn)) - ¢(B'7L(TTL7 wn))
tn tn
— [ 6Busnn)) dBulsnwn) + 5 [ 6 Ol ))dsn

n Tn

where 0, (sy,wy) lies in the interval between By, (t,,w,) and By (t, + Aty,, wy).
Proof.
¢(Bn(tn + Atna Wn)) - ¢(Bn(tnawn))

= ¢ (B (tn, wn))(Bn(tn + Aty,wn) — By (tn, wn) + %qﬁ”(f)Asn (3.4)

by Taylor series representation, where ¢ lies in the interval between B,, (¢, w,,)
and By, (t, + At,,w,). Hence

&(Bn (tnawn)) — ¢(Bp(rn,wn))

Z ¢ Sn+A3nawn)) _¢(Bn(3n7wn))

Sn="n

Z &' (Bn($n,wn))(Bn(sn + Asp,wpn) — By(sn, wn))

+ 5 Z " (O (5, wn)) Asp by ([B-4)
t,; ! tn
= ¢(Bn(3nawn)) dBn(SnaWn) + 5 (b//(en(snvwn)) dSn,

where 60,,(s,,w,) lies in the interval between B,,(t,,w,) and By, (t, + Aty wy,).
[ |
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3. Construction of the skeleton approximations

Theorem 3.2.4. Let {X,,}nen be a sequence of adapted processes

X, i Ly x Q= R such that {X,,(5,)? }new is A-integrable for all {s, }new € T.
Suppose the ultralimit X to {X,}nen exists for almost all w € Q for all but
a finite number of t € I = [0,T].Then we may define the stochastic integral
J X dB to be the ultralimit of { [ X,, dBp}nen-

Proof. For simplicity, we will let I = [0, 1] and show that

1 1
hzgn/0 X0 (sn) dBp(sn) :/0 X(s) dB(s).

We first show the equality for simple functions. The simple functions on
the form Z;-V:o €1, t;41), Where the e;’s are random variables, are dense in

L3(I x Q,B(I) ® F,u x P) (see [0ks03]). By linearity, it suffices to show the
equality for functions of the form elf,.;), where e is a random variable and
r,t € I with r < t. We have that the stochastic integral

1 ¢
/ el dB = / e dB =e(B; — B,).
0 r

Let [ry], [tn] € T such that limy r, = r and limy ¢, = t. For each n € IN, let
en be an F,. -adapted random variable such that [e,] is equal to e P-almost
everywhere (by Theorem [2.2.21] such variables exist). Then, for u € I\ {r, t},
for all [u,] € T such that limy u, = u we have limy e, (wn)1f, b,) (Un) =
[en]([wn]) 1[4 (u) for all [w,] € Q. Then the ultralimit

1 1
/0 61[,«7” dB = hZ}ln en/O 1[7“n7tn) dBy,

tn
=lime, )  AB,

Sn=Tn

= hzgn en(Bt, — By,)
= [en](B: — B;).

for almost all [wy,] € Q, which is equal to e(B; — B,) P-almost everywhere.
Now suppose that {X,},cn is a sequence of adapted processes X,, : €, x
I, — R such that {X,(s,)?}nen is A-integrable for each [s,] € T.. To avoid
confusion we will let U — fol X dB denote the “ultralimit integral” and we will

let I — fol X dB denote the Ito integral. Since the simple functions are dense
in L2(I x Q,B(I) ® F,pu x P), for e > 0, by Ito isometry (see |[Oks03]), there is
a simple function ¢ such that

(1_/01Xd3_/01¢d3)2

Consider now the ultralimit U — fol X dB. For each n € IN there is a simple
function ¢,, : [0,1] x €, — R such that ¢ is the ultralimit of {¢, }nen for all
but a finite number of ¢ € [0, 1] and such that the ultralimit fol ¢ dB exists and
is equal to the Ito integral. Indeed, by Theorem [2.2.21| such a sequence exists

E = /0 E[(X — ¢)?] ds < e.
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3.2. Stochastic integrals

and we may find such a sequence such that {¢, (t,)?},en is A-integrable for

all {t,}new € T. We want to show that
1 1 2
(/ X,, dB,, —/ On dBn>
0 0

1 1 2
(L{—/ XdB—/ qde)
0 0
(3.5)
and that

1 1 2
lim E,, </ X, dB, —/ bn dBn>
u 0 0

By Proposition [3.2.2

1 1 2
</ Xn dBn _/ d)n dBn>
0 0

By A-integrability of { X,,(s,)?}new and of {¢,,(s,)? }new for each {s, }nenw € 7T,
2
(fol X,, dB,, — fol On dBn) is A-integrable and so 1) holds. Indeed, since

E = lim E,,
u

— [ Blx -2 as
0

1
E, :/0 E,[(X,, — ¢n)?] dsy.

hm SUP En[(Xn(Sn) - djn(sn))Q} < o,
U s eI,

limg, E’"[(fol X, dB, — fol ¢n dB,)? < oco. Furthermore, if [4,] € A and
limy, P, (A4,) = 0, then

lim sup E,[1a, (X, (sn) — énlsn))?] =0

U s.el,
and so limy By [La, ([} Xo dBy — [ 60 dB,)?] =0,
Lot fo : I, — R be defined by
fa(tn) = En[(Xn(tn) = ¢n(tn))’]
and let f : [0,1] — R be defined by
f(t) = BI(X(t) — ¢(1))?].

Let ¢ > 0. By Proposition f is continuous in all but a finite number of
points ¢ € [0,1]. Hence f is Riemann integrable. So there is an N € IN such

that
1 1 ¢
/0 fds— Z f(sn)Asy| < 3

Sn=0

for all n > N. Suppose that ti,to,...,t;_1 are the points of discontinuity
of f and let ty = 0 and ¢, = 1. Since f is continuous for all but a finite
number of points, and since f(t) < oo for all ¢ € [0, 1], there is an M; € IN
such that f < M;. By A-integrability, there is an My € IN and a Gar, € U
such that f,, < My for all n € Gpy,. Choose m € IN large enough so that
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3. Construction of the skeleton approximations

w < ; and so that = < \tH_l t;| for each i € {0,1,...,m — 1}.

Then for each 1nterval( tz+1 m) fori=0,1,....,k —1,
neIN||fu(sn) — f(s )|<€—/f0ralls el ﬂ(t-—i—it- —l) =7
n\on n 4 n n i mv i+1 m .

Suppose not. Then there is an interval (¢; —|— tiv1 — E) and an F; € U such
that for each n € F; there is r,, € I,, N (¢; + tir1 — —) such that

m
~

[fn(rn) = fra)| =

> |

We have that limy 7, = 7 for some r € [t; + =, ¢;41 — ] and
limy fr(rn) = f(r). Since Y is continuous in r hmu flrn) = f(r). But now we
arrive at a contradiction, since there is a G € U such that

!

[Farn) = FO)| < [fara) = £ +1£() = )| < 5

for all n € G. So we get that there is an F' € U such that

/

|E[(X (50) = ¢(50))°] = Enl[(Xn(sn) = ¢n(50))%]] < %

for all s,, € UZO(ti + %,ti+1 — %) NI, for all n € F. So for
neFN{1,2,..,N—1¥n0Gy,,

1 1
/ E[(X — ¢)?] ds / Enl(Xn — 60)%] dsn
0 0

1

tim [ Bl = 0,7 ds = [ BIX =0 s

0
<U—/01XdB—/01¢dB)

Note that the proof above generalizes: If X, is as above, {t, }new, {Sn }nen €
T and limy t,, =t > limy, s, = s, then limy, f:: X, dB,, = f: X dB. Note also
that the proof above also shows that, given a sequence of skeleton processes
X, : I, xQ,, — R with ultralimit X : I x) — R such that X is continuous in all
but a finite number of points for each w € Q, limy, f;: X (ry) dry, = f; X(r) dr,
where t = limy, t,, and s = limy, s,,.

< €.

So

hence
2

E < €.

Theorem 3.2.5. Let { X, }hen be a sequence of adapted processes

X, Iy x Q= R such that { X, (sn)* new is A-integrable for all {s,}nen € T -
Suppose the ultralimit X to { X, }nen exists for almost all w € Q for all but a
finite number of t € [0, 1]. Then the ultralimit process fX dB to the discrete-time
processes { [ X, dBp}nen exists (and is continuous).
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3.2. Stochastic integrals

Proof. First we show that

tn n
P(lim/ X, (spn) dBy(sp) = lim/ X, (8n) dBp(sn)
U Jo U Jo
for all [t,], [rn] € T such that liz/r{n Ty = HLI{D tp,=1)=1
for all t € I. We have that

{we Q| 3 [tn],[rn] € T with liz/r{n t, = liz/rtn r, = t such that

tn

([ X, (50) dB(s,) - / Xu(84) dBy(s.))| # 0}

C U {we Q|3 [tn], [rn] € T with librlntn = liLrlnrn =t such that
melN

tn Tn 1
|1im(/ X1 (sn) dBn(sn) — / X, (sn) dBu(s0))] > —}.
u 0 0 m
For each £ € IN we have

{w e Q| 3 [tn],[rn] € T with li&n ty, = liZI}l T, = t such that

. in ™ 1
| Lim( ; Xo(sn) dBn(sn)—/ Xo(sn) dBn(sn))l = —}

0
Clwenllm s ([ X dBu(s)
0

rn€lt— % t+ 5N,
t—+ 1
- b naXn n dBn n Z — .
| b Xuts) aBu(s)l = 5}
By Doob’s martingale inequality (see [Doob3|),

Plim  sup | /O " X (5n) dBa(sn)

U oy elt—L 41101,

- [T X aBus)l = o)

<tmP( s () Xa(sa) dBa(s)
0

rn€lt— 1 t+ 3101,

t—% 1
; (sn) (sn))l = =)
t+5
< lim 16m” B, [( Xn(sn) dBn(sn))?]
t—%
1
<1im32m? sup E,[X,(s,)%]- = 32m?sup E,[X (s)?]
u sn€l, k sel

T =

Since this is true for each k € N,

{we Q|3 [t,],[rn] € T with libr[n ty, = liLI{n rn = t such that
t

| im( ; Xn(sn) dBn(sn)—/O Xo(sn) dBn(sn))| > —}
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3. Construction of the skeleton approximations

is measurable and has measure 0, since it is the subset of a set of measure 0.
Hence

{we |3 [t,],[rn] € T with lizf{n tn, = liLI{n rn, = t such that

t,

([ X, (s0) dB(s,) - / Xn(50) dBu(s0))| # 0}

is measurable and has measure 0. We want to show that

P(lim /O b5y Xn(sn)) dBn(sn) ~lim /O b5y Xo(50)) dBo(50)
whenever [t,] & [r,,] for all [t,],[r,] € T) = 1.

We will use the following notation: For [t,], [r,] € T, we will write [r,] < [t,]
to mean that limgy, 1, < limy, ¢,,. Similarly, we will write k1 < [t,] < k2 to mean
that k1 <limy t, < k. Let Y : T x Q — R be defined by

Y ([tn], [wn]) = ligln Yo (tn, wn),

where .
Valtwon) = ([ Xalo) @B ) 1)

We will proceed in a similar way to the proof of Theorem [3.1.18] For m, &k € IN,
let

Qo = {lwn] € Q| Vie{0,1,....k—1}

1
sup Y ([tn], [wn]) = Y ([rals [wa])| < —
[ra]<[ta] < DT mn

. T
limy ="~

In order to show that Y exists as in Definition [3.1.6] it suffices to show that

V=1 U

meN k€N

has measure 1, since
4 :{[wn] € | hZ/Iln Yn(tnawn) = hZEn Yn(rnvwn)
whenever [t,] = [ry] for all [t,],[r,] € T}.

o= U )%

meN kelN

We show that

has measure 0 (we will soon show that these sets are indeed measurable).
Suppose that P(€') > 0. Then there is my € IN such that

P(() Qi) > 0.
kelN
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3.2. Stochastic integrals

We show that limy_,~ P(Q%O)k) = 0, which leads to a contradiction. We have
that

mok = 1wn] € Q| Fi €{0,1,....,k — 1} such that

1
sup  |Y([tn], [wa]) = Y([rn], wa])| =2 —
[r]<[tn] < EEIT o
limg, rn:%
k—1 1
= U [wn] € Q] sup Y ([tn], wn]) = Y ([rn], wa])| =2 —
=0 [T‘n]g[tn]gw mO

) i
limy 7 ="~

For each i € {0,...,k}, let {sni}ew € T be such that limy, s, ; = % Then, by
the previous observation that

P({[wn] € 2 | 3ltal, 5] € T with Timt, = Tim s, = ¢

such that hg{n Yo (tn, wn) # li&HYn(Sn,wn)}) =0,

sup Y ([tnl: [wn]) =Y ([ral, [wn]) = lim —sup Yo (tn, wn) =Ya(sni, wn)l
[rn]<[tn]< (i+k1>T U sp,i<tn<sp,it1

limgy Tw,:%

for almost all [w,] €  (this shows that the sets are measurable). Then

k—1
c 1
P(Qpgx) =P U [wn] € € | sup  |Y([tn], [wn]) = Y([ral, lwa])] 2 —
i—0 [ra]<[tn]< GEDT 0
limg, rnz%
k-1 1
<Y Plqlalel  sup  Y(tal, fwa)) = Y([ral, on)) = —
=0 [rn)<[tn]< CEDT 0
limgy rn:%
where we have used the old summation convention. We have that
1
Pl lwn] € sup Y ([ta], [wn]) = Y ([rn], [wn])] 2 —
[rn]<[tn]< SEDT 0
limg, ’V‘n:%
1
< lim P, wn € Qn su Yo(tn,wn) — Yn(Sn,i,wn)| > —
u ({ | Sn,iStnSP?n,iJrll ( ) ( )| 2mo })
by (4.3)

< lim 16maE,
u

( sup |Ya (tn, wn) —Yn(sn,i,wn)|> ]

Sn,iStn<sSp it+1
by Markov’s inequality (see |Bil08|).
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3. Construction of the skeleton approximations

Next we will use the Burkholder-Davis-Gundy inequality for martingales (see
[BDG72|), which gives us that

4
En ( sup |Yn(tnvwn) - Yn(sn,iawn)>

Sn,i Stn<Snit1
< CEnHYn(tn) - Yn(Sn,i)]?n:sn,iH]v

for some C' € R, where

Sn,i+1

[Yn(tn) - Yn(sn,i)]tn:snyi_H - Z Xn(sn)QASn

Sn=358n,i
is the quadratic variation of Y;,(sn i+1) — Yn(8n,:). Thus
4
En ( sup |Yn(tn7wn) - Yn(sn,iawn)>
Sn,i <tn<Sn,it1

)

<C SUII) K, [X7l(5n)4]|5n,i+1 — Sn,i
tn€ly

Hence

P( fnok) < lizﬁn 16mokC sup En[Xn(sn)4]|sn,i+1 — Spi 2
i tn€l,

1
= 16m2C sup E[X(s)4]T2E — 0 as k — oo,
sel

which is what we wanted to show. By Proposition [3.1.3] the ultralimit [ X dB
to { f X, dBy,}nen exists and is continuous for almost all w € Q. [ |

Corollary 3.2.6. Suppose that {Bp}nen s a series or random walks. Let B
denote the a Brownian motion we get by taking the ultralimit. Suppose that
r,t € I and that r <t. Then

B(t) — B(r) = 2/ B(s) dB(s) + (t —1).

Proof. This follows from Proposition and Theorem [3:2.4] [ |

Corollary 3.2.7 (Simple Version of Ito’s Formula). Suppose that ¢ is a twice
continuously differentiable function. Suppose that { By, }nen is a series of random
walks and let B denote the Brownian motion we get by taking the ultralimit.
Suppose thatr,t € I and thatr < t. Furthermore suppose that {¢'(Bp(tn))* }nen
is A-integrable for for each {t, }nen € T. Then

H(B®) = 9(B(r)) + | ¢(B) dBGs)+ 5 [ (B ds.

Proof. This follows from Proposition and Theorem |
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CHAPTER 4

Stochastic differential equations

4.1 Strong solutions to stochastic differential equations

In thi section we will focus on strong solutions to stochastic differential equations,
namely we will find criteria for when there exists a strong solutions to a stochastic
differential equation. First we have the following result, which might look a
little impractical at first, but will be useful later on.

Proposition 4.1.1. Suppose that a : I x R — R and b : I x R — R are
continuous functions and that we have a stochastic differential equation

dX(t) = a(t, X (t))dt + b(t, X (¢))dB(t), X(0)=xo. (4.1)
Suppose that for each n € IN, X,, is the solution to the difference equation
AX,(tn) = altn, X (tn)) Aty 4 b(tn, Xpn(tn))ABn(tn), Xn(0) =27, (4.2)

where limy 2l = xo, and that the ultralimit X to {X, }nen exists and is con-
tinuous for almost all w € Q. If {b(tn, X (tn))*}nen is A-integrable for all
{tn}nen € T, then X is a solution to ({.1)).

Proof. Suppose that X, is the solution to (4.2]) for each n € IN, and that the

ultralimit X of {X,, },en exists and is continuous for almost all w € Q. Suppose
that {t,}new € T and limy t,, = ¢ € I. We have that

X (tn) — Xn(0) z/ona(sn,Xn(sn)) dsn+/0"b(sn,xn(sn)) B, (s»)

By an argument similar to the one in Theorem [3.2.4]

tn t
Jim / (5ms X (50)) dsn = / a(s, X (s)) ds
U Jo 0

and by Theorem|3.2.4] since {b(t,,, X, (t,))? }nen is A-integrable for all {t,, } e €
T,

liI/I{n/O b5, X (s0)) dBn(sn):/O b(s, X () dB(s).

Hence X is a solution to (4.1). |



4. Stochastic differential equations

We want to find constraints on a and b such that the solution to (4.1)
exists. Suppose that a: I x R — R and b: I x R — R are continuous, bounded
functions and that we have a stochastic differential equation as in (4.1)). Suppose
that for each n € IN, X, is the solution to the difference equati. First
we show that, given ¢t € I,

P(libr{n Xn(sn) = hz,r{n X (tn) for all [t,], [sn] € T such that
li =limt, =t) =1.
o =gt =0

Since a and b are bounded, there is an M € R such that |a| < M and |b] < M.
Since

tn
|/ (5ms Xon(50)) dsn] < Mt — 1],

tn Tn
hm/ a($n, Xn(sn)) ds, = lim/ a($n, Xn(sn)) dsn
for all [s,], [t,] € T such that limy, ¢,, = limy, r,, for all w € Q. Hence it suffices
to check that
tn n

P(lim b(sn, Xn(8n)) dBn(s,) = lim b(8n, Xn(sn)) dBp(sn)
U Jo U Jo

for all [t,], [rn] € T such that liLI{n Ty = lig{n t,=1)=1

for all t € I. We have that

{we Q|3 [t,],[rn] € T with lizf{n ty, = li&n rn, = t such that

Tn

[l / " b(5ny Xn(5n)) dBn(5n) — / b(n> X (5n)) dB(sn))| # 0}

0
c o o _
C |J{we |3t Ira] € T with limt,, = limr, =t such that
meN
tn Tn 1
|lim(/ b(Sn, X (8n)) dBn(sn) —/ b(Sn, Xn(8n)) dBn(sn))| > —}.
For each k € IN we have
{we Q|3 [tn], [rn] € T with libr{n t, = hz,r{n rn, = t such that
tn Th 1
i [ b X)) dBalsn) = [ blsn X)) dBa(s.)] = 1)
u - o m

C{we| lilgn sup |(/ 'b(sn,Xn(sn)) dB,(sn)
0

rn€lt—4,t+ 51Ny

_ / " b(50y Xn(50)) dBa(sa)] = ﬁ}'
0

50
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By Doob’s martingale inequality (see [Doo53]),

Plim s ([ b Xa(su) dBa(sn)
Uy et—Le+inn, Jo

1
Qm)

- /0 - b(snaXn(Sn)) dBTL(Sn))‘ >

< lizinPn( sup |(/ b(8n, Xn(sn)) dBy(sn)

rn€lt—4,t+ 51Ny

[ b X)) dBAs )] = )
0

m
t+% 1
< lim 16m2En[(/ b(X0(5n),5n) dBn(sn))?] < 32m2M2E.

t—
Since this is true for each k € N,

{we Q| I [tn],[rn] € T with lig{n ty, = librln rn = t such that
trn Tn 1
| Jim( / b(50 X (52)) dBo(sn) — / b(5n Xn(52)) dBo(sn))] >~}
u 0 0 m

is measurable and has measure 0, since it is the subset of a set of measure 0.
Hence

{we Q|3 [tn], [rn] € T with li&n t, = libr{n rn, = t such that

Hium(/o b(sn, Xn(sn)) dByn(sn) _/0 b(8n, Xn(sn)) dBn(sn))| # 0}

is measurable and has measure 0. Thus

P(3 [tn], [rn] € T with librln ty = liz/r{n rp, =t such that

|hlf{n(/0 b(s’an(sn)) dBn(sn) _/0 b(sn; XTL(S’IL)) dB’rL(Sn))| = 0) :(Z 3)

We want to show that X exists and is continuous for almost all w € ). Since a

is bounded,
hm/ X, (sp)) ds, = hm/ n(sn)) dsp

whenever limg, t,, = limgy, r,,. Hence it suffices to check that

P(lim /0 b5y Xn(50)) dBo(s0) = lin /0 (s X (50)) dBo(50)
whenever [t,] = [r,] for all [t,],[r,] € T) = 1.

o1



4. Stochastic differential equations

We will use the following notation: For [t,], [r,] € T, we will write [r,] < [t,]
to mean that limy, r, < limy, ¢,,. Similarly, we will write k1 < [t,] < k2 to mean
that k1 <limy t, < k. Let Y : T x Q — R be defined by

Y([tn]v [Wn]) = HLI{n Yn<tnvwn>v

where
Vation) = ([ 6ons Xa(s0)) aBalon)) )

We will proceed in a similar way to the proof of Theorem [3.1.18] For m, k € IN,
let

Qg = {lwn] € Q| Vie{0,1,...k—1}

sup Yt o) = V(b lonl)] < -
[ral<[ta]< CEDT

limy ry,= %

In order to show that Y exists as in Definition [3.1.6] it suffices to show that

V=1 U

meN kelN

has measure 1, since
) :{[wn] SRY) | hZ/Iln Yn(tnawn) = hZEn Y;z(rmwn)
whenever [t,] = [r,] for all [t,], [r,] € T}.

2= U () %

meN kelN

We show that

has measure 0 (we will soon show that these sets are indeed measurable).
Suppose that P(€'¢) > 0. Then there is my € IN such that

P(() Qi) > 0.
kelN

We show that limy,_, oo P(ano,w = 0, which leads to a contradiction. We have
that

; {lwn] € 2] 3Ji€{0,1,...,k — 1} such that

mo,k

sup —|Y{([ta], [wn]) = Y ([ra], [wa])| = .
] <[tn]< CEDT o
limgy 7‘":%
k—1 1
= (e sup Y ([tn], lwn]) = Y ([ra], [wa])| 2 —

i=0 [rn] <[tn] < EERT

limy 7= %

52



4.1. Strong solutions to stochastic differential equations

For each i € {0, ..., k}, let {sni}enw € T be such that limy s, ; = % Then, by

@3,

sup Y ([tn], [wn]) =Y ([ra], [wa])l = Tim —sup Vo (tn, wn) =Ya (8,0, wn)|

[rn]<[tn]< CEDT U s i<tn<snit1

limg, 'r,Lf k

for almost all [w,] € © (this shows that the sets are measurable). Then

P(%) U wal €@ sup [¥(ltal. fon]) — Y([ral )] >

[ra]<[tn]< SEDT

limy 7= 7,3‘

k—1
1
<Y Pl sup Y ([tal, fwn]) = ¥ (fral, [on])] = —
i=0 [ral<(ea)< 25 0
limy ryp =4~ k
where we have used the old summation convention. We have that
1
Pllldeal s ¥(ta lon) = Y(iral fonl)] > —
[rn]<[tn]< GEDT 0
limg 4 rn:%
. 1
< lim P, ({wn €Qy, | sup |V (tnywn) — Yo (Sn,i,wn)| > })
u Sn,i <tn<Sn it1 2mo
by ([&.3)

< lim 16maE,
u

( up Yn<tn,wn>—n<sn,i,wn>|>]

Sn,iStn<sp it1
by Markov’s inequality (see |Bil08|).

Next we will use the Burkholder-Davis-Gundy inequality for martingales (see
[BDGT72]), which gives us that

sn,igtnfsn,i{»l

4
En < sup |Yn(tn7wn) - Yn(sn,ivwn”)

< CEnHYn(tn) - Yn(sn,i)]Q ]

tn:Sn,i+1 )
for some C € R, where

Sn,i+1

[Yn(tn) - Yn(sn,z)] n=S8n,i+1 = Z b sna ))2Asn S MQ‘Sn,i+1 - Sn,i

Sn=S8ni

is the quadratic variation of Y;,(sy i+1) — Yo (8p,:). Hence
Py, ) < lig{n 16moCkM*(spi41 — Snil* = 16m 4CM4T2k —0as k — oo,

mg,k
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4. Stochastic differential equations

which is what we wanted to show. By Proposition [3.1.3] the ultralimit X to
{ X, }nen exists and is continuous for almost all w € Q. Hence X is a solution
to (4.1). We will formulate this as a lemma.

Lemma 4.1.2. Suppose that a : I x R — R and b: I x R — R are bounded,
continuous functions and that we have a stochastic differential equation

dX(t) =a(t,X(t))dt + b(t, X (t))dB(t), X(0)= xo. (4.4)
Suppose that for each n € N, X,, is the solution to the difference equation
AXy(tn) = a(tn, Xn(tn)) Aty 4+ b(tn, Xn(tn)) ABn(tn), Xn(0) =2,

where limy xf = xo, Then the ultralimit X to { X, }nen exists, is continuous
and is a solution to for almost all w € Q.

Theorem 4.1.3. Suppose thata : I xR — R andb: I xR — R are continuous
functions with at most linear growth, i.e. there is a C € R such that

la(t, )] + [b(t, )] < C(1 + [=]).
Suppose we have a stochastic differential equation
dX(t) = a(t, X (t))dt + b(t, X (t))dB(t), X(0) = xo. (4.5)
and suppose that for each n € IN, X,, is the solution to the difference equation
AX, (tn) = altn, X (tn)) Aty + b(tn, Xn(tn))ABn(tn), Xn(0) =2af

where limy xf = xo, Then the ultralimit X to {X, tnen exists, is continuous
and is a solution to for almost all w € Q.

Proof. Let

Q' ={w € Q| X(w) exists and satisfies
t t
X(t,w) =g —|—/ a(s, X (s)) ds —|—/ b(s, X (s)) dB(s) for all t € I}.
0 0
For m € Ry, let a™ : I x R and b™ : I x R be defined by

a(s,x) if |a(s,x)] <m
a™(s,x) =< m if a(s,z) >m

—m if a(s,z) < —m

and

b (s,x) =< m if b(s, x)

For each N € N, let
Oy ={w € Q| XN (w) exists and XV (t,w)
t t
= 20 +/ a®IN) (5, XN (5,w)) ds —|—/ bCIHN) (5, XN (5,w)) dB(s,w)
0

0
for all t € I}.
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4.1. Strong solutions to stochastic differential equations

Then for each N € N,

0° C{we Q| sup [X([t],w)| > N}UQS.
[tn]€T

Indeed, if

sup | X([tn],w)| < N,
[tn]eT

then
lal,[b] < C(1+N)

so that either w € Q% or X (w) exists and

t t
X(w,t):x0+/ a®IHN) (s, X (s,w)) ds+/ bCU+N) (5, X (s,w)) dB(s,w)
0 0

t t
= 10 —I—/ a(s, X (s,w)) ds —I—/ b(s, X (s,w)) dB(s,w)
0 0
by Lemma [£.1.2] We have that

P( sup [X([tn],w)| = N) = P(lim sup [X,(t)| = N)
[tn]€T U t.el,

N
2)

< lim Pn( sup ‘Xn(tn” >
u tn€ln

Furthermore, by Markov’s inequality (see [Bil08]),

N 4
P(sup [Xp(t)] = —) < ﬁEn[ sup Xy, (t5)%].
tn€ly 277 N e,

We have that for each u,, € I,

E,[ sup  Xn(tn)?]
tn €1, N[0,y ]

<E,[ sup (/O " (s Xn(s)) dsn)?) + Eu|  sup (/O " b5 Xn(50)) dB(50))?),

tn€1,N[0,uy] tn€1,N[0,uy]

where

tn ) Up )
E,[ sup ](/0 a(8pn, Xn(sn)) dsn)?] < un/o E,la(sn, Xn(sn))"]ds,

tn€1,N[0,uy

by Holder’s inequality (see [Dool2]) and

tn ) Un 9
B sup ]</0 (50, X(50)) dB(5,))?] < 2 / Bolb(5ms X (50))?] dsn

tn €1,N[0,un,

by Doob’s martingale inequality (see [Doob3]). Since

a(Sn,Xn(Sn))Q,b(Sn,Xn(Sn))Q < 2074207 X, (s,)* < 2C%+2C2 sup Xn(rn)2
7 €1,N[0,85]

we have

B, sup X, (t,)?] < C*(AT(T+2)+C*(4(T+2) / E,[ sup  X,(rn)? dsp,.
tn €1,N[0,uy] 0 7 €1,N[0,85,]

%)



4. Stochastic differential equations

By Gronwall’s inequality (see [Dks03]),

B[ sup X, (t,)?] < CPAT(T + 2)eC 4T (T+2),
tn€ln

Hence

1602
N2

P( sup |X([tn],w)] > N) < T(T + 2)e“ 4 TT+2) 5 0 as N — .

[tn]eT

Since (by Lemma4.1.2) P(Q%;) = 0 for all N € IN, we get that ¢ is contained in
a set of measure 0 and is thus measurable with measure zero. Hence P()') =1,
which is what we wanted to show. u

Below is a widely known stochastic differential equation, whose (unique)
solution is called geometric Brownian motion, which we will use later in this
thesis.

Proposition 4.1.4. Consider the stochastic differential equation
dX(t) = adt+ BdB(t), X(0)= xo, (4.6)
where «, 8 € R. Define a process X, : I, x Q, — R by X,,(0) =29 € R and
AX, (tn,wn) = X (tn, wn) (@At + BAB, (tn,wy)) for all t € I,,.

Then
tn—Aty

Xn(tnywn):xO H (1+O‘Atn+ﬁABn(Sn>wn))

sn=0

Furthermore, when n is large, then

Xn (t’ru Wn) ~ xoe(a_%ﬁz)t"—i_ﬁBn(t"’w”)

so that X : I x Q — R given by X (t) = zoe@= 28t +8Bu(tn) s o solution to
Proof. We have that
AX(tn,wn) = Xp(tn, wn)(alAty, + BAB,(tn, wy)) for all t,, € I,

and that
AXn(tnawn) = Xn(tn + Atnawn) - Xn(tnawn)a

hence

Xn(tn + Atn) = Xn(tna wn)(l + aAtn + /BABTL(tnywn))
Xn(tn — Aty wn) (1 + alt, + BAB, (tn, wn))
(1 + aAt, + BAB,(t, — Aty,wy))

X

tn
= [] 1+ alt, + BAB,(sn, wn)).

sy, =0
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4.2. Weak solutions to stochastic differential equations

Let Y, : I, x 2, — R be defined by

tn
Yo (tn,wn) = (X (tn, wn)) = In(20) + Y In(1 + @Aty + BAB(sn,wn)).

5n=0
By Taylor series representation In(1 + z) ~ x — % when z is close to 0. So
In(1 + aAt, + BAB,(sn,wn)) = aAt, + BAB,($n,wn)
— %(aAtn — BABn(sn,wn))2
= Mty + BAB, (50, 00)) — 507(A)
— S (AB, (s0,00))? — bt SAB (50, 00)
~ (o — %ﬁQ)Atn + BAB, (Sp,wn)

since the last two terms are of higher order and can be omitted. So we get that

tn
Yo (tn,wn) =In(zo) + Y (1 + aAt, + BAB,(sn,wn))

S, =0
tn

~ ln($0) + Z (Oé - %62)Atn + BAB"L(STHWH)

S, =0
1
=In(zg) + (o — 552)75” + BBy (tn,wn).
Therefore, when n is large,
Xn (tna wn) ~ .’Eoe(a7%52)tn+ﬁB"(t"’w").

If ¢ = limy ty,, then limy In(X, (ty,wy)) = In(zo) + (a — $8%)t + BB(L, [wy])
and thus limy X, (t,,w,) = zoe(@ 3B tHBB(t[wn])  where B is a Brownian
motion. |

4.2 Weak solutions to stochastic differential equations

In this section we will look at weak solutions to stochastic differential equations.
We will use Girsanov’s theorem, which we will state here without proof (which

can be found in |[Dks03)).

Theorem 4.2.1 (Girsanov’s theorem for stochastic differential equations). Let
a,a’ : I xR —=Randb:I xR — R. Let X be an Ito process of the form

dX, =d'(t,X(t))dt + b(t, X (t))dB:, X(0) = zo,
and suppose there exists functions a: I x R — R and § : I x Q — R such that
b(t, X (£)0(t) = a'(t, X (t)) — alt, X (t)).
Put
M) = e f;e(s) st—%fo"e(s)Q ds
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4. Stochastic differential equations

and
dQ = MrdP

on F. Assume that M is a martingale (with respect to F and P). Then Q is a
probability measure on F, the process B defined by

B(t) = /0 0(s) ds + B(1)

is a Brownian motion with respect to Q and in terms of Q, the process X has
the stochastic integral representation

dX, = a(t, X (t))dt + b(t, X (t))dB,.
Suppose we have two differential equations
dX: = a(X(t))dt +b(X(t))dB:, X(0)=uxo (4.7)
and
dX; =ad'(X'(t))dt + b(X'(t))dB;, X'(0) = zo (4.8)

and that we know the solution to and that we wish to find out whether
there exists a solution to (4.7)). Girsanov’s theorem says that if

is well-defined and . .
M) = efo 0(s)—1 fo 0(s)2ds

is a martingale, then a weak solution to (4.7]) exists.
We will consider stochastic differential equations of the form
dX; = X(t)(a+~vIn X (¢))dt + X (t)dB;, X(0) =z (4.9)

for some constants «, 8,7y € R with 8 £ 0 and zg > 0. We will show that there
exists a weak solution to (4.9) even though it does not satisfy the linear growth
assumptions in Theorem [£.1.3]

First we solve the stochastic differential equation
dX; = aX(t)dt + X (t)dB;, X(0) = xq,
which has the solution
X(t) = zoePBit(a—387)t

For each n € IN define 6, : I, x Q, — R by

O(tn) = L (n(x0) + BBa(ta) + (0 — 56)tn)

@2
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4.2. Weak solutions to stochastic differential equations

and 0/, : I,, x Q, — R by

On(tn) if |On(tn)l < 3V
)< —

—% n if 0,(t,

We then have that there is a constant C such that
05,(tn)? < 0 (tn)? < C(1+ B (tn)?)
for all t,, € I,,. Let M, : I,, x Q, — IN be defined by

tn—Aty,

My(tn) = ] (1+46,(sn)ABn(sn)).

sp=0

and let M : I x Q — R denote the ultralimit. Then by Taylor approximation
(using the same argument as in Proposition [4.1.4)),

M(t) = elo @) 4P=3 [0 s

for almost all w € Q, where 6 is the ultralimit of {0, },ecw which satisfies

aX(s)— X(s)(a+vIn X(s))
BX(s)

for almost all [wy,] €  (note that we can use the Taylor series argument since
0 exists and is continuous for almost all [w,] € Q). Indeed, since the ultralimit
0 of {0, }nen exists for almost all [w,] € Q, for almost all [w,] € Q, 0([w,]) is
continuous for almost all [w,] € Q. If [w,] € 2 is such that 6 is continuous, then
|0([wn])] is bounded (since it’s defined on a compact interval and since B takes
values in R) and so there is G € Y and K € IN such that |0, (w,)| < K for all
n € F. Then for all n € FN{1,.,4K? — 1}¢, 0! (w,) = 0,(wy). So 0 is the
ultralimit of @/,. Since 6,,(,,)* is A-integrable for any {t, }nen, so is 0, (t,)* for
any {t, }ne7. So we have that the ultralimit to {fot" 0! (sn) dBy(sn)} (which is

fot 0(s) dBs, where t = limy, t,,) exists and is continuous for almost all [w,] € Q.
Again, since the ultralimit to {0}, },en exists for almost all [w,] € Q, by the
same argument as in Proposition [£.1.4] (since {6,,(wy) }nen is U-bounded for
almost all [w,] € ) we have that

0(s) = (4.10)

tn—Aty . L ft s
lig{n H (146, (s0)AB(50)) = efo 0(s) dB.+3 [0(s)* ds

S, =0
for any {t, }nen such that limg, ¢, = t. Furthermore, since 0,, satisfies

aXn(sn) — Xn(sn)(a+7In X, (sn))
BXn(sn) ’

where X, is given is given in Proposition we have that equation (4.10)
holds.

en (Sn) ==
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4. Stochastic differential equations

By Proposition B.I.15] since each M,, is a local martingale, we have that
M is a local martingale. Indeed,

En[ sup (Mn(tn) - Mn(tn - Atn))2]

tn €1, 0<tn§7'k,n
1
< k2B, [0, (tn — Aty)?(AB,(t, — At,))?] < Zk2
and E,[M,(0)] =1 for each n € IN. We want to show that

lim 72, [M (T) In" M, (T)] < .

It then follows by Proposition [3.1.16|that M is a martingale. Let In™ : (0, 00) —
R be defined by

In~ (z) = In(z) — In* ().
Then we have
En[My(T) In™ (M (T))] = En[ My (T) In(Myy(T))] = En[M(T) In™ (My(T))].
Since |z In(z)| <1 for z < 1, it suffices to check that

liz B, (M, (T) In(M, (T))] < cc.

Letting @,, be the probability measure defined by dQ, = M, (T)dP,, we
consider the term

Eg, [In(1+ 6, (rn)AB(ry))]

for some r, € I, 1, <T — At,,. By Jensen’s inequality, since In is a concave
function, we have

Eq, [In(1 + ag(rn)ABn(rn))] <In(1+ Eq, [GQ(TH)ABn(Tn)])-

We will next use the following theorem, which we will state here without proof

(which can be found in [@ks03]):

Theorem 4.2.2 (Bayes’ rule). Let G, C F, be any sub-c-algebra. For any
Frn-measurable random variable X,,, we have

Lemma 4.2.3.
Eq, [0, (rn)ABy (rn)] | F1 1 = 0 (rn)?At,,.
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4.2. Weak solutions to stochastic differential equations

Proof. This follows by Theorem [£.2.2] Indeed, we have that

T—At,
En[Mn(T) | F?n] = En[ H (1+ Q;L(S"L)ABH(S”)) | ]:772]

sp=0

Tn—Aty,
:< I (1+9;(sn)ABn(sn)>>

sp,=0

x F,

T—At,
T (1+6,(s0)ABu(s0)) | f:‘n]

Sn="n
Ty —At,

= H (1 + 9;(sn)ABn(Sn)) = Mn(rn)'

Sp=0
Furthermore,

T—Atyp
En [0, (rn) ABu (rn) Ma(T)] = Enl0(rn)ABu(ra) [[ (14 05(50)AB(s0)) | . ]

sp=0

_< 11 (1+e;<sn>ABn<sn>>>

sn=0

X Eyp,

0, (ra)ABu(rn) [ (1+60(s2)ABu(s)) | f:;,]

Sn="n

_< 11 (1+e;<sn)ABn<sn>>>

sp=0
X En[(00(rn) ABy(ra) + 05 (rn)* Atn)]
T—Aty

[T G+6s)aB(s) | f&]

Sn=rn+Aty

_< 11 (1+e;(sn)ABn(sn))> 0., (rn)*Aty.

sn=0

x Ey,

Hence

EqQ,[07(rn)ABy(rn)] = En[an(r;)nA[JS:((;;)fwfngz]ﬂ) 2 = 0;,(rn)* Aty

By Lemma we have
Eq, [eg(rn)ABn(Tn)] = Eq, [9;(7’”)2]Atn <C(1+ Eq, [Bn(rn)z])Atn

for some constant C' by definition of 6,,. By Proposition [3.2.1| we have

Tn

Bu(rn)® =Y 2Bu(sn)ABy(sn) + -

Sn=0
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4. Stochastic differential equations

Again (using an argument similar to the one in Lemma [4.2.3)), for high enough
n, by conditional expectation, we have

Eq, [2By(sn)ABn(sn)] < C'(1+ Eq, [Bn(sn)?]) Aty
for some constant C’. To summarize,
BQ,[0,,(rn) ABy(rn)] = Eq,[0,,(rn)*] Aty
< C(1+ Eq, [Bn(rn)?]) At,,.
Since we have
Bo,[Ba(ra) < 3 C'(1+ Bo, [Bulsn) Aty + 1),
$n=0
by Gronwall’s inequality,
Eq,[Bua(ra)?] < (C"+T)e7
(where T is the endpoint of the interval [0,77]) and so
EQ, [0, (r) ABy(r,)] < C(1+ (C' + T)eC T)At,
So
Eq, [In(1+ 0., (rn)AB,(r))] < In(1 4+ C(1+ (C" + T)eT)Aty,).
By Taylor approximation (using an argument similar to the one in Proposition

1),

lim > Ba, (1 + 0, (r)ABn(ra))] < lim > 1+ C+ (C'+T)e"T)At,)

=0 75, =0
= C(1+(C"+T)eTT < 0

So M is a martingale. By Girsanov’s theorem, a solution to (4.9) exists. We
have thus proved the following result:

Proposition 4.2.4. There exists a weak solution to the stochastic differential
equation

dXy = X)(a+~vIn X (¢))dt + X (t)dB;, X(0) = xp,
where a, B,y € R with  # 0 are constants and xo > 0 is constant.

Proposition [£:2:4] also follows from Benés condition, for which a proof can

be found in [KL14].

Sometimes it can be useful to model a certain phenomenon in discrete time
and take the limit to get a model for the behavior in continuous time. We
will consider a particle moving along an axis and find a stochastic differential
equation describing the position of the particle in continuous time. We start by
discretizing the process. For each square number n € IN we let Ax,, = ﬁ and

Sp = {0, Az, ..., 1 — Ax,, 1} be a discretzation of the interval [0,1]. As usual
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we let I, = {0, At,,, 2At,, ..., 1}, where At,, = %, be a discretization of the time
interval. We assume that there is a function o : R — R independent of n such
that if the particle is in an inner point x,, of the interval at time t,, € I, then
the particle will be at the point x, + Ax,, at time ¢, + At,, with probability
%(1 + a(z,)Ax,) and at the point x,, — Az, at time ¢, + At, with probability
5(1 —a(r,)Azr,). We assume that if the particle is at the point 0 at time ¢,
then the particle with be at the point Az, at time ¢, + At,. Similarly, we
assume that if the particle is at the point 1 at time ¢,, then the particle will
be at the point 1 — Ax,, at time ¢,, + At,,. We will model the particle through
a stochastic process X,,. At time ¢t = 0 we assume that the process is at one
of the points z € S,, with probability p,(z), that is X,,(0) = Z,, is a random
variable (taking values in S,,) distributed according to the probabilities given

by pp.

First we assume that the particle can move in the interval {—y/n,—y/n +
AZp, s/ — ATy, /0, .y /1 + 1} and that « is defined for all these point
(this will make sense later on). For each path the particle may take there is a
corresponding path the random walk B,, with starting value Z,, takes and vice
versa. Both the particle x,, and the random walk B, can either move up or
down a distance of v/At, during the time interval At,. The only thing that
separates them is the probability of going up and down. While the probability
of going up for a random walk is the same as the probability of going down,
namely %, the probability of the particle moving up is not necessarily the same
as the probability of the particle moving down. Furthermore, the probability
of the particle moving up or down is dependent on the current position of the
particle. We want to find a measure @),, such that the probability of B,, taking
a certain path under @,, is equal to the probability of z,, taking that path. We
find @,, by finding the Radon Nikodym derivative of @,, with respect to P,.
We see that the Radon Nikodym derivative of @,, with respect to P, is

dQ, T 20" L1+ a(Bu(s.)ABy(t,) 75"

dP, - (%)" - t}_:[O 1 alBn ) AB(0))

Then under @Q,, the position of the particle is a solution to the difference equation

AX, () = AB (L),

that is, X,,(¢,) = Bn(tn). If we can show that {‘é%: tnen is A-integrable, then
by Proposition |3.1.13] % = ‘é?,"] is a martingale and so by Girsanov’s theorem,
if we let Q = dP7 then B: 1 xQ— R given by

B(t):B(t)—/O a(X(s))ds

is a Brownian motion under ) (since we may define an ultrafilter on the square
numbers) and so the ultralimit X to {X,, }nen is a weak solution the stochastic
differential equation

dX; = a(X;)dt +dB;  X(0) = Z,

where Z = [X,,(0)]. Now, given « defined on the interval [0, 1], we extend « to
the entire real number line by letting v on an interval [k, k + 1] for k € Z \ {0}
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4. Stochastic differential equations

be the negative of the reflection of « of the adjoining interval closest to the
interval [0,1]. Then on the entire real number line, X “will behave like the
particle on the interval [0,1]”. We then say that the particle at time ¢ is at the
point g(X (t)), where g reflects X back to the original interval [0, 1].

Now given a probability density f for the position of the particle on the
interval (0,1), we would like to find a. We will assume that there exists a
constant K > 0 such that f > K, and that f is differentiable on (0,1) with
bounded derivative. Now let p,,(z,t) denote the probability of the particle being
in the point z, that is z,, = z, at time ¢,, = t. For t,, € I, and z,, € S,, we have

(T, by + Aty) = %(1 + azy, — Azy)Azy)pp(z, — Axy, ty,)
1
+ 5(1 - Oé(ZEn + Axn)Axn)pn(xn + Az, tn)~

If we assume that p,,(-,t,) = pn(-, sn) for t,,s, € I,, we say that p, is an
equilibrium state. In that case we write p,(z,) instead of p,(x,,t,) and we
have

1 1
on(xn) = 5(1 + a(z, — Ax,)Axy,) + 5(1 —axy + Axp)Axy,).

Rearranging this equation we have

(T + Axy)pp(Tn + Axy) = oz — Azy)pn(x — Axy,)

pn(x + Axn) - 2pn($n) + pn(mn - Awn)
+ .
Az,

If we let u(z,) = a(x,)pn(z,) this can be written as

pn(r — Axy) = 2pn(20) + pn(Tn — Azy,)

A = — A
u(zy, + Azy) = u(x xn) + Ac.

Summing over from 0 to z,, = k,Ax, we have

u((kn + D) Azy,) + u(k,Azy,) — u(Azy,) — u(0)

_ pn((kn + 1)Axn) - pn(]meAxn) - pn(Axn) + pn(O) ) (4.11)

Now we know that

pu(0) = 3 (1 — a(A2) Az )pu(Aa) + 3 (1 + (- Aaa) Az, ) pn(~Acy)

= (1 — a(Ax,)Ax,)pn(Azy,)

(since we have reflected «). Rearranging this yields

- pr(Azy) — pr(0)
u(Az,) = Ac. ,

which substituted into (4.11) gives us

pu((kn + 1)Azy,) — pn(knAzy)
Az,

u((kn + D) Az,) + u(k,Az,) —u(0) =
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If we further assume that a(0) = a(1) = 0, we get

u((n + DAz,) + u(ky Azy) = Lot I)AZ;)[ pu(knAty)

Now we would like to have an approximation to p,. A natural choice for p,, on
the inner points of .S, is

Tn+ 3 AT,
pn(Tn) = / f(t) dt,
znféAazn

where f is the probability density of the particle’s position. Now (4.11)) can be
written as
u((kyn, + 1) Az,) + u(k,Azy,)

_ F((kn + 3)Azy) — 2F((kn + 5)Azy) + F((kn — 5A2,)Azy,)
- Az, ’

where F' is the cumulative distribution function. We see that if {z, },cn is a
sequence of points in S, such that limy, z, = € (0,1), then if we divide
by Az, we get that the U-limit of this equation (using the approximation to
the second derivative) is
2a(x) f(x) = f'(x),

which gives us that
_ @)

2f(x)
for all z € (0,1). Since f’ is bounded on (0,1) and since there exists a K > 0
such that f > K by assumption, since a(0) = a(1) = 0, « is bounded. By an
argument similar to the one in Proposition {%@:}nem is A-integrable.
So we have found a stochastic differential equation (with a solution) to our
problem, namely

a(z)

dX; = a(Xy)dt + dB,, X(0)=Z

)

where Z has the probability density function f.
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CHAPTER 5

Mathematical Finance

5.1 Terminology

An asset is a resource with economic value that is owned by an entity with the
expectation that it will provide future benefit. A financial asset is a non-physical
asset, an investment that derives value because of a contractual claim of what
it represents. Examples of financial assets are stock shares, bonds and bank
accounts. A financial market is an environment in which a range of financial
assets are traded. A security is a tradable financial asset.

A shareholder in the stock of a company owns a part of the company in-
cluding its assets and earnings. The value of a share will vary over time and
cannot be determined in advance. We say that shares are risky, meaning their
value may rise or fall in the future. The share price of a given stock is modelled
mathematically by a stochastic process.

A bond is an investment in which the investor loans money to an entity. Bonds
are issued by companies, governments or banks as a way to borrow money.
The owner of a bond is entitled to receive from the issuer a fixed sum at the
maturity date of the bond. In addition the bond will yield interest over its
lifetime. Bonds (especially government bonds) tend to be less risky than stock,
although they are not entirely risk free since a company or government may go
bankrupt. We may make the assumption that a bond price is deterministic, i.e.
risk-free.

A derivative, sometimes called a derivative security, is a financial asset whose
value depends on one or more other more basic assets, called the underlying se-
curities. It is a financial contract whose value at expiration date T is determined
exactly by the price of the underlying financial assets at time 7. Examples of
derivatives are call and put options.

A call option is a contract giving the owner the right, but not the obliga-
tion, to buy a share of a given stock at a specified date at a specified strike
price K. A put option is a contract giving the owner the right, but not the
obligation, to sell a share of a given stock at a specified date at a specified
strike price K. An American option give the owner the right to buy/sell at any
time prior to or at expiry, while an European option give the owner the right to
buy/sell at the expiry date.
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A portfolio is a collection of financial assets such as stocks and bonds. We may
call a portfolio a trading strategy. These terms will be interchanged throughout
this chapter depending on the subject. A trading strategy is called self-financing
if all trades are financed by selling or bying assets in the portfolio.

An arbitrage opportunity is a self-financing strategy for bying and selling
shares and bonds at any times in the period [0,7], with zero initial outlay,
that provides a positive probability of profit, and no risk of loss. Since many
wish to exploit arbitrage opportunities, if they exist in real markets, they must
yield very small profit margins and be available for a very short time before
the market prices adjust to eliminate them. We make the assumption that in
a realistic market, no-one can guarentee a riskless profit, that is, there is no
possibility of arbitrage. A model is said to be viable if there are no arbitrage
opportunities.

5.2 Modelling a financial market

We will model a continuous-time financial market by an (m + 1)-dimensional
Fi-adapted stochastic process X : I x Q — R™T X(t) = (Xo(t), ..., Xm (1))
for ¢ € I, where X (t) denotes the value of the riskless asset at time ¢ € I and
X;(t), i € {1,..,m}, denotes the price of the risky asset i at time ¢t € I. A price
process {X;(t)}ier is called adapted if X;(t) is Fy-measurable for each ¢ € I.
We will assume that the market is of the form

dX()(t) = p(t,w)Xo(t)dt,
Xo(0) =1, and
dX;(t) = pi(t,w)dt + o;(t,w)dB;.

A portfolio in the continuous-time market {X(¢)};cs is an (m + 1)-dimensional
Fi-adapted process 0 : I x Q — R™F1 where 0(t) = (0y(t), ..., 0, (t)) for t € I.
A portfolio 0 is called self-financing if

m—+1 m—+1

T
| 10ap(e) X0l + Y- 0. (6)] + (3 0u(5)ors(s))? ds < o
0 i=1 i=1
almost surely and the value process satisfies

VOt) =vo0) + /t 0(s) - dX(s)
0

for t € I. A derivative with payoff D at time T is called attainable if there is
a self-financing trading strategy # such that V9 (T, w) = D(w) for w € Q. The
trading strategy @ is then called a replicating strategy for D. A market model is
called complete if every derivative is attainable.

The discounted asset price X;(t) at time ¢ of an asset is the price of the
asset, X;(t), at time ¢ divided by the risk-less asset, X(t), at time ¢, where
X0(0) = 1. A risk-neutral measure is a probability measure @), equivalent to the
real-world measure P, under which the discounted asset price is a martingale,
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5.3. Cox-Ross-Rubinstein Model

ie. {ﬁ;—%}tej is a @-martingale for all ¢ € {1,..,m}. A market is arbitrage
free if and only if there exists a risk-neutral measure and a market is complete
if and only if the risk-neutral measure is unique.

Analogously to the continuous-time case, we will model a discrete-time financial
market by an (m+1)-dimensional 77 -adapted stochastic process X, : I, x€,, —
R™ X, (tn) = (Xon(tn), s Xmon(tn)) for t, € I,, where X ,(t,) denotes
the value of the riskless asset at time ¢,, € I,, and X; ,,(¢,), ¢ € {1, ..,m}, denotes
the price of the risky asset ¢ at time ¢, € I,,. A discrete process {0(tn)}+, er,
is called predictable if each 0(t,,) is F, A, -measurable. A portfolio in the
discrete-time market {X,,(t,)}+, er,, is a predictable (m+1)-dimensional process
O : In X Qp — R™FL where 0,,(t,) = (0o.n(tn), o, Omn(tn)) for t, € L,. A
portfolio is called self-financing if the value process satisfies

m—+1 t,

VI () = VI (0)+ ) Y Oin(sn) AXi(sn).

=0 s,=0

The definitions of attainable derivatives, replicating strategies, complete markets
discounted asset prices and risk neutral measures are the same for discrete-time
as in continuous-time.

The goal of this chapter is to define continuous-time markets as limits of
discrete-time markets.

5.3 Cox-Ross-Rubinstein Model

Let I be the interval [0,7] and let I,, = {£L | k € N,k < n}. We con-
sider a discrete-time multi-period financial market model called the Cox-Ross-
Rubinstein model. Suppose we have a (riskless) bond or bank account with
initial value 1 and that the value at time t,, = k’;LT €1, is Byn(ty) =(1 + 1)

where the interest rate r,, > —1 is fixed and known at time 0. The model has a
single (risky) stock with initial price X7 ,,(0) > 0 and price process

un X1 n(t) with probability p

X, (t+ At,) =
o ) {anLn(t) with probability 1 — p,

where t € I,,, t < T, and the parameters u,, and d,, are fixed and known at time
0, with 0 < d,, < u,,. The underlying probability space is (2, Fn, P,,), where

Qn = {dn,un}t"
Pa({wn}) = Pa({wl}) % oo X Pa({w}) (where Pu(fun}) = pn , Pa({da}) =1 - pn)

Fio=0(X1n(t1), o, X1,n(tn))
Fr = Fn = P(Q) (class of all subsets of £2,,).

The following results can be found with proofs in |[CR12|:

Proposition 5.3.1. The following statements are equivalent for the Cox-Ross-
Rubinstein model with parameters T, 1y, X1,,(0),u, and dy,.
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(i) The model is viable
(ii) dp <141, < up.

Proposition 5.3.2. If a Coz-Ross-Rubinstein model is viable, then it admits a
unique equivalent martingale measure Q.,,. The one-step conditional risk-neutral
probabilities are given by

1 — — (1
(qml—qn)=< + 1y —dy u—( +Tn))7

b)
Up, — dy, Up — dy,

where g, 1is the Q,-probability of going up and 1 — q, is the probability of going
down. For any wy € Qy, if X1 0(T,wn) = X1,,(0)usdr=° for some s < n, then
Qn(wn) = ¢ (1 — gn)"°, which depends only on X1 ,(T,wy) and not the full
price history of wy,.

Proposition 5.3.3. If a Cox-Ross-Rubinstein model is viable, then it is com-

plete. The unique fair price D, at time t, = knl e [ of any derivative with

n
payoff D at time T is

Dy, =V (tn) = (L+1,)" "Eq, (D|F"),

where V,2(t,) is a random variable describing the value of the the unique
replicating strateqy ® for D at time t,, and Q,, is the unique equivalent martingale
measure given in Proposition[5.3.9

Note that in a continuous time market, if the bond price function is
Xo, then the value of a derivative at time ¢ with payoff D at time T is

D, = ))((;’(;)) Eq[D|F;]. We will use this later on.

A derivative D is called path-independent is there exists a payoff function
D such that D = D(X,,,(T)). Suppose that D is a path-independent deriva-
tive. For any time s there are (:) scenarios w, with the same final stock price
Xin(T,wp) = X1, (0)usdr*, and that each of the scenarios has risk-neutral
probability @, (w,) = ¢3(1 — g,)" *. Thus the Q,-probability that the final
stock price is equal to X ,,(0)u?dl'~® can be written as

Qulfen € 2 | X1(Tn) = X1 Ot =) = (M2 = )" ()

Hence we get that

D = (43 (1)1 - 0 DX a0,

s=0

We will use the Cox-Ross-Rubinstein model to approximate the Black-
Scholes model. The Black Scholes model is a continuous-time market model
wih one bond and one stock over the interval [0,7]. The bond price at any
time s is Xo(s) = €™ where r is the rate of continuous compounding. The stock
price at any time s > 0 is

Xi(s) = X1(0)6(O‘_%’82)S+ﬂB57
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5.3. Cox-Ross-Rubinstein Model

where § > 0 is the wvolatility of the stock, the initial stock price X;(0) > 0
is constant, and the process By is a Brownian motion. X;(s) is given by the
differential equation

dXi(s) = aXi(s)ds + fX;1(s)dB(s).

We will discretize this differential equation. Divide the interval [0, 7] into n
intervals of length At,, = % Let this be the time-steps of the n-th Cox-Ross-
Rubinstein model. Let X , be given by

AX1,(t) = aX1, () Aty + 8X1 (1) AB,(1).

with X3 ,(0) = X71(0). This gives

Uy, = 1+ alt, + 6/ At,

and

d, = 1+ alt, — B/ At,.
Let the risk-free obligation be modelled by Xoyn(k—T) =1+ %)k for ’%T e 1,,

n
i.e. let the interest rate be r, = rAt,,.

(r—a)?

Proposition 5.3.4. Let N be the smallest integer such that N > 72

(i) The n-th Cox-Ross-Rubinstein model i viable if and only if n > N.

(i) For n > N the unique one-step conditional risk-neutral probabilities for
the n-th Coz-Ross-Rubinstein model are (gn,1 — q,), where

1+r,—d, 1 a-—r
n = = - — v At,.
1 un—d, 2 23

(iii) For n > N, the unique equivalent martingale measure Q, in the n-th
Coz-Ross-Rubinstein model satisfies

Qufen € | X1() = X n Ot ™)) = () a0 -

for k <n.

Proof. By Proposition [5.3.1] the n-th Cox-Ross-Rubinstein model is viable if
and only of

dp <141, < Up,

which is equivalent to

1+ aAt, — BV AL, <1+ 1rAt, <14+ alt, + B\ At,,

which is equivalent to —8+v/At, < (r — a)At, < v/ At,, which holds true if
2

and only if n > U=¢0 This gives (i). (ii) follows from Proposition and

(iii) follows from (5.1])
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We have that X, and X, are the ultralimits of {Xo ,}nen and {X1 »}new,
respectively, with respect to the measure P. Notice that B is not a Brownian
motion under @ unless a = r, but that B(¢) is normally distributed for each
tel.

Suppose that D™ is a path-independent derivative with payoff function D
in a viable Cox-Ross-Rubinstein model. By Proposition [5.3.3] its fair price at
any time t,, = kjLT is

Dy, = (14 1) " Eq, [D"| 7]

Suppose that {D"},cn is A-integrable, with U-limit D = [D"] and that
{tn}nen, with ¢, = kTT"LT, is such that limy, t,, =t € I. Then

(1 +r,)* " Eq, [D"F}.] = e """ Eq|D|.F). (5.2)

(r— a) , we know that X—é is a

,n

Since § is a martingale under @, for each n >
martmgale under @Q. If we can show that @ is equlvalent to P, we know that
@ is the unique (the Black Scholes model is complete) equivalent martingale

measure and the fair price of D is given by (|5.2).

Proposition 5.3.5. Suppose that for each n € N, the measure P, has proba-
bilities p,, = % and 1 —p, = % Let P denote the ultralimit of { P, }nen and let
Q denote the ultralimit of {Qn}nen. Then P and Q are equivalent.

Proof. Suppose that w,, has s, <n ups and n — s, downs. Then the Radon-
Nikodym derivatives of ),, with respect to P, in w, and of P, with respect to
@, in w, are, respectively,

AQn g (82)" (e
dp, " Pn 1—pn

dpn( ) <pn>577 (lpn>n_sn
dQy, qn 1—¢qn '
Using that ¢, = %— 0‘273’” Vitpand 1—q, = %—&- 0‘273’" V/tn, this gives the expressions

and

dQn = ]]a (W, t)) _ o ier, = SFEAB (wn )
tel,
and
dpn 1 —Z In(1— 92T AB,, (wn,t))
dQ, - - teln B n{Wn,
a0, =l ioeag gy =

tel,

for wy, € Q. Using Taylor series expansion of the expressions In(1— 25" ABy, (wn, t))

as in Proposition ‘4.1.3 by the proof of Proposition |3.1.19L ‘fl%’: and jgz are
A integrable. It then Tollows by Proposition 2.2.24] that P and @ are equiva-

lent. [ |
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Theorem 5.3.6. The unique fair price at time t € I of a Furopean call option
with strike K and expiry T in the Black Scholes model is

Dy = N(d1)X;(t) — N(dy)Ke T,

where N is the cumulative distribution function to the standard normal distri-
bution and

In 28 4 (4 152)(T —¢)

dy = —*&
BT —t
and 0
PR s el Gl 120 | A}
VT —1
Proof. Suppose that {k:'LT tnen € T and that limy, % =t. Let

k., T

Ap(wn) = min{i € No | X1p(=> ,wputdt Tt S K

Since the payoff function of the call option is X3 ,(T") — K, we have that

Epr (Wn)
= (L+71,)" "Eq, [D"F;](wn)
n—kny
_ kn—n n—Fkn\ ;  \n—kn—i kT i n—kn—i _
R D S (e Vo K)
i:An(UJn)
kT " n— ko L :
= X1n(@n, =) > ( . ")q;u_qn)"kw
i:An(WH)

n—=k
" — k. .
_K(l_’_rn)kn—n Z (n i )q;(l—Qn)n kn 0
)

i=An (wy

Un

where ¢, = go7y2- and 1 — g = (1 —¢y) 9o Thus we have that
T, ~

147,
kn,

)Qn(Xl,n(wnv knT)Y > K)

n n

TI:,LJ(WTL) = Xl,n(wna
o kT
_K(1+Tn)kn Qn(XLn(w"’T)Y > K)’
where Y is binomially distributed with up u,, and down d,,, with parameters

n — k, and ¢, with respect to (Q and parameters n — k,, and §,, with respect to
Q... Hence

o

nT A 1 Xl,n(w’ruknTT)
Rl

—n 1 Xl, (Wna ;ILT)
_K(l"_rn)kn Qn(? < “ K )

Dh (Wn) = Xl,n(wna

>

kT . ~ X1 (wn, knT

= X1 n(wn, " )Qn(—In(Y) < hﬂ%))
knT

_ K(l + Tn)kn—nQn(_ ln(Y) < IH(W))
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By Proposition 4.1.4] In(Y) = (a — 182)(T — £2T) + BB, (T — £2L) + o(n).
Thus we get
’;%T(wn)
X1,n(wn T) _ 12 knT
— X (o, k:LT)Qn (B - k T)Jro(n) _ In( 7 )+éa BT — %= )>
Xl,n(W'lkazT) 1452 _ kaT
—K(1+ ), <—Bn(T— Bl 4 o < H—m = a0 )>.

By the argument given before Proposition [5.3.5] we have that

Di([wn)) = lim Dityr ()

HM o — 182y (T —
:XM%$W%<—MT—G<1( >+; 182)(T w)

e 0q, (e < M=)

B

It follows by the proof of Theorem [3.1.18| that B(T — t) is normally distributed
with respect to Q and Q. By Proposition [5.3.5 dQ" tnen and {dP }nelN
are A-integrable for any p > 1. Thus {B,, (T — &= T) }nE]N is A-integrable with

respect to @ and Q for any d > 1. Since B(T — t) is normally distributed with
respect to Q and () with means

EQlB(T —1)] = lim Eq, [B(T -

and

EQUB(T ~ T) =lim Eg [B,(T ~ *25)] = 5(T' ) - “Z(T ~ 1

and variances
kn,T

Varg(B(T —t)) = li&n Varg, (Bn(T — ——))=T—t
n
and
. k,T
Varg(B(T —t)) = er{n Varg, (Ba(T — p ) =T —t,

(these values can also be found by going through the proof of Theorem |3.1.18])
since a standard normal distributed variable is symmetric, we get that

Dy([wn]) = N(d1)X1([wn], t) — N(da)Ke "0,

where N is the cumulative distribution function to the standard normal distri-

bution and .
In 1([]";71}775) + (,r + %/BQ)(T _ t)

“= BTt
and X1 (walit) L o
T Gt T ]
BT —t
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CHAPTER 6

Discussion

6.1 Summary

The purpose of this master thesis (as the title suggests) was to explore ultrafilter
convergence in stochastic analysis and mathematical finance. In chapter one we
introduced the topic and gave some motivations. In chapter two we focused on
preliminaries (namely ultrafilter convergence of measure spaces and stochastic
variables) in order to build the foundation of ultrafilter convergence of stochastic
processes in chapter three. In chapter four we showed some applications to
stochastic differential equations, while in chapter five we gave a proof of ultrafilter
convergence of the Cox-Ross-Rubinstein models to the Black Scholes model in
mathematical finance.

6.2 Afterthoughts and regrets

Working on this master thesis has been a fun and interesting experience. It
has been challenging at times, but I have learned a lot during the year of
working on this thesis. As I mentioned in the introduction, I sometimes had to
come up with ideas on my own, but not all of them were fruitful. Transferring
certain results from our probability space to other probability spaces proved
to be challenging. Furthermore, on the probability space that we have created
in this thesis, processes can “have a life of their own” and may not be the
limit of discrete processes (in addition to the fact that a sequence of discrete
processes may not have any ultralimit). This made some possible applications
cumbersome. For example, chapter five originally consisted of one additional
section that my advisor and I decided to omit since it did not add anything
meaningful to the thesis. Even if I was able to come up with results in chapter
five, they were restricted and only valid for our measure space. Furthermore,
there were a few results in chapter three that I chose not to prove because I did
not think they were interesting or useful.

As I finish this master thesis I do have a few regrets. I regret choosing to use
some notation, but once it occured to me that I should have chosen differently,
it was to late. For instance there is the unfortunate notion of “A-integrability”.
I chose this notation as it was close to the notion used in [Cut04] (which uses
“S-integrability*, where S stands for standard - a convention I was not aware
of), but it soon (although not soon enough) occured to me that I should have
chosen differently. A more appropriate notion would be one that incorporated
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the measure to which the sequence of variables is “A-integrable®, such as
” P-integrability“, or better, one that incorporated both the measure and the
algebra such as ”(A, P)-integrability*.

Another regret is the fact that I eventually stopped using a ”bar® over the
stochastic processes in continuous time that were well-defined (defined on the
regular real number line and not just the extended one). To be honest, I
stopped using the "bar* because I forgot after a while to include it since I never
included it in my own calculations done in my notes. Once I discovered that
I had throughout chapter three section two omitted the notation, I decided
to continue doing so. This solution works just fine since I believe the reader
by then has grown accustomed to ultralimit processes, but I still feel that the
thesis would be slightly more uniform had I chosen not to skip the extra notation.

Notation in general in this thesis has been difficult. I struggled for a long
while to find a suitable notation with all those indices that I had to keep track
of. T ended up changing my chosen notation a few times during the early stages
of writing the thesis (when extra indices just kept popping up!), but I eventually
settled on the one present today. I am not sure if it is the best choice, but I
have not found any better alternative.

In the last stage of writing my thesis I discovered some weaknesses and gaps
that I had to fill out. For example, one of the results that I have included is
a product of some last minute work, namely Theorem 3.2.5. I chose to use
the condition that {X,,(t,)*}nen is 7 A-integrable” ((A, P)-integrable!) for all
{tn}nen € T, but it is possible (and more natural) that the result should
hold as well if {X,,(t,)?}nen is "A-integrable” for all {t,},en € T. However,
showing this would take time (time that I unfortunately did not have).
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APPENDIX

A detailed list of my work

In the sections that follows I will list my work on this thesis (that I have done
under guidance of my advisor). If I have come up with a result on my own, I
will list it. If my advisor has given me a specific problem to solve or if I have
found the result elsewhere, I will just list its proof.

My work in chapter 2

These are the results that I have proved for which I believe that a similar (or
more or less identical) proof exists:

The proof of Proposition 2.1.2
The proof of Lemma 2.1.3

The proof of Proposition 2.1.5
The proof of Theorem 2.1.7
The proof of Proposition 2.1.10
The proof of Proposition 2.1.11
Proposition 2.1.12 and its proof
Proposition 2.1.13 and its proof
Proposition 2.1.14 and its proof
Proposition 2.1.15 and its proof
The proof of Proposition 2.2.1
The proof of Proposition 2.2.2
The proof of Proposition 2.2.3
The proof of Theorem 2.2.4
The proof of Corollary 2.2.5

The proof of Theorem 2.2.8



. A detailed list of my work

The following is my own work (for which I believe there does not exists a similar
of identical proof):

e The proof of Proposition 2.2.10: I was inspired by a proof in [Warl2]
e The proof of Proposition 2.2.11

e The proof of Corollary 2.2.12

e Proposition 2.2.13 and its proof

e The proof of Theorem 2.2.14

o The proof of Theorem 2.2.15: I have corrected a proof in [Warl2|, adapted
it from a non-standard universe to a standard universe and filled in some
details

e The proof of Lemma 2.2.16
o Example 2.2.17
o Definition 2.2.18: I was inspired by a definition in |Cut04]

o The proof of Theorem 2.2.19: T have corrected a proof in [Warl2], adapted
it from a non-standard universe to a standard universe and filled in some

details
e Proposition 2.2.20 and its proof
e Theorem 2.2.21 and its proof
o Example 2.2.22
e Proposition 2.2.24 and its proof

e Proposition 2.2.25 and its proof

My work in chapter 3

These are the results that I have proved for which I believe that a similar (or
more or less identical) proof exists:

e The proof of Proposition 3.2.1
e The proof of Proposition 3.2.2
e The proof of Proposition 3.2.3

The following is my own work (for which I believe there does not exists a similar
of identical proof):

e The proof of Proposition 3.1.3
e Definition 3.1.7
e Proposition 3.1.8 and its proof

e Proposition 3.1.12 and its proof
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. My work in chapter 4

Proposition 3.1.13 and its proof
Proposition 3.1.15 and its proof
Proposition 3.1.16 and its proof
Proposition 3.1.17 and its proof
The proof of Theorem 3.1.18
The proof of Theorem 3.2.4
Theorem 3.2.5 and its proof
Corollary 3.2.6 and its proof
Corollary 3.2.7 and its proof

My work in chapter 4

These are the results that I have proved for which I believe that a similar (or
more or less identical) proof exists:

The proof of Proposition 4.1.4

The following is my own work (for which I believe there does not exists a similar
of identical proof):

Proposition 4.1.1 and its proof
The proof of Lemma 4.1.2
The proof of Theorem 4.1.3
Lemma 4.2.3 and its proof
The proof of Proposition 4.2.4

The remaining part (after Proposition 4.2.4) of chapter 4 section 2 (with
some help from my advisor).

My work in chapter 5

Section 1 and 2: These have been written by me after reading texts referenced
in the bibliography.

These are the results that I have proved for which I believe that a similar
(or more or less identical) proof exists:

The proof of Proposition 5.3.4

The following is my own work (for which I believe there does not exists a similar
of identical proof):

Proposition 5.3.5 and its proof
The proof of Theorem 5.3.6
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