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Abstract Satellite observations have revolutionized oceanography, capturing diverse phenomena
over much of the globe. However, it remains to understand how surface fields, like sea surface height,
reflect the motion occurring at depth. The vertical structure of ocean eddies is often expressed in terms
of “baroclinic modes,” which are basis functions derived assuming a flat ocean bottom. Bathymetry alters
the modes though, weakening the bottom velocities. Using analytical solutions, we demonstrate that with
realistic bathymetry and/or bottom friction, the bottom velocities are nearly zero. The resulting “surface
modes” should be ubiquitous in the ocean. This would explain the dominant mode of variability obtained
from globally distributed current meter data and is consistent with energy spectra derived from sea surface
height data. The results yield a simple way to infer subsurface velocities from satellite data and suggest that
ocean analyses should be made in terms of surface modes and topographic waves.

Plain Language Summary Observations of the sea surface from satellites have revolutionized
oceanography. But it is important to understand how the surface fields, such as sea height and surface
temperature, reflect the motion occurring at depth. Traditionally, oceanographers have represented
the vertical structure of ocean currents using “modes.” One of these, for example, does not vary with depth.
The present work demonstrates how these modes change when realistic bottom topography is taken into
account. The results suggest a simple way to predict subsurface velocities and have implications for our
understanding of ocean dynamics.

1. Introduction

Time-dependent features in the ocean are generally referred to as “eddies.” At low latitudes, ocean eddies are
often wave-like and trapped near the equator, with scales of thousands of kilometers. The eddies are smaller
at middle and high latitudes, having scales comparable to the “Rossby deformation radius,” typically from
10 to 100 km. Extratropical eddies also tend to be more nonlinear than at low latitudes, having advective
(rotational) speeds in excess of their propagation speeds (Chelton et al., 2011). Nevertheless, the propagation
speeds at midlatitudes are comparable to those of linear planetary (Rossby) waves, and as such, Rossby wave
theory is relevant for understanding their dynamics.

Much of what we know about ocean eddies comes from satellite data, particularly from altimetric measure-
ments of dynamic sea surface height (SSH) (e.g., Wunsch, 2015). Gridded global surveys of SSH are now
available with 1/4∘ resolution (the spatial smoothing applied to SSH data reduces its actual resolution, to
roughly 100 km). But it remains to fully understand how SSH reflects the motion occurring at depth.

In a seminal paper, Wunsch (1997) employed data from globally distributed current meters to determine the
vertical structure of subinertial currents, projecting the subsurface velocities onto “baroclinic modes.” These
are orthogonal basis functions, derived using climatological density and assuming a flat bottom. The gravest
modes are the “barotropic” (BT), with depth-invariant velocities, and the “first baroclinic” (BC1), whose veloc-
ities change sign once in the vertical. Wunsch found that in many locations, over 80% of the subsurface
variance was captured with the BT and BC1 modes alone. This was in line with earlier theoretical work, which
suggested that nonlinear interactions cause energy to accumulate in these modes (Fu & Flierl, 1980). BC1
has a larger amplitude at the surface, so Wunsch concluded that SSH anomalies probably reflect that mode.
Consistently, SSH anomalies have lateral scales proportional to the Rossby deformation radius (Stammer,
1997), the scale associated with BC1.

Interestingly, Wunsch also found that the primary empirical orthogonal function (EOF1), calculated with the
same current meter data, often did not resemble either the BT or BC1 modes. Rather, it decayed monotonically
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with depth, without changing sign. He suggested that this could be due to having a combination of BT and
BC1 modes present, in roughly equal proportion.

The vertical EOFs were reexamined by de La Lama et al. (2016), using a larger current meter data set. EOF1
exhibited the same vertical structure, decaying monotonically with depth to a value near zero at the bottom.
The primary EOF was found to capture a substantial fraction of the subsurface variance, typically over 80% in
many locations. But while the structure differed from BC1, it was very similar to another type of mode, which
we refer to as a “surface mode.”

Surface modes are baroclinic modes that are obtained over steep or rough bathymetry. Having bottom
relief alters the bottom boundary condition for the baroclinic mode calculation, because the horizon-
tal and vertical velocities are coupled when the lower surface is not flat. This has several consequences.
For one, the depth-varying modes become more surface intensified and have weaker horizontal flow
at the bottom, to minimize cross-isobath motion (Charney & Flierl, 1981; Rhines, 1970; Samelson, 1992;
Veronis, 1981). The surface modes are obtained in the limit of very steep bathymetry, having zero horizontal
flow at the bottom. Bathymetry also affects the BT mode, which is replaced by bottom intensified topo-
graphic waves. Surface modes might be expected near the continental margins, where topographic waves
are observed (Garrett, 1978; Pickart, 1995), or over mid-ocean ridges (Fu et al., 1982). The flat bottom baro-
clinic modes, on the other hand, ought to apply in the ocean interior, over the abyssal plains. But EOF1
resembles the gravest surface mode in most extratropical regions, regardless of bathymetry (de La Lama
et al., 2016).

As seen hereafter, the explanation concerns what constitutes “steep” bathymetry. With even modest bottom
slopes, the modal structure shifts from flat bottom to surface modes. Bottom friction has a similar effect,
reducing the bottom flow. As such, surface modes should be preferred to traditional baroclinic modes nearly
everywhere in the ocean.

2. Results
2.1. Vertical Modes Over Bathymetry
Oceanic motion at scales of tens to hundreds of kilometers is governed approximately by the
“quasi-geostrophic potential vorticity” (QGPV) equation (Charney & Flierl, 1981; Pedlosky, 1987). Rossby waves
are a time-dependent solution of the linear QGPV equation. The latter is separable, allowing the definition of
an equation which determines the vertical structure. With appropriate surface and bottom boundary condi-
tions, this constitutes a Sturm-Liouville problem, yielding a complete set of orthogonal eigenvectors—the
baroclinic modes (Gill, 1982). The modes are often obtained numerically, using climatological density (Kundu
et al., 1975; Wunsch, 1997). The usual assumption is that the bounding upper and lower surfaces are flat,
preventing vertical motion.

The modal problem can also be solved analytically with certain idealized density profiles. One is a constant
stratification, corresponding to a density which increases linearly with depth. As is well known, the eigen-
vectors over a flat bottom are cosine functions (Gill, 1982; Pedlosky, 1987). That the solutions change if the
bottom is sloping was first shown by Rhines (1970). We will reexamine his solution, to test the dependence
on the bottom slope. As in that work, we assume that the lower boundary is a smooth incline, sloping in
the north-south direction. The slope direction does not affect the results for most wave vectors. Only when
the wave vector is parallel to the topographic gradient, so that the bottom velocities are parallel to the
isobaths, does the slope’s influence vanish. The details are given in section S1 of the supporting information.

The first eigenvectors for a 100 km wave with different bottom slopes are shown in Figure 1a. The stratification
is set so that the inverse of the first eigenvalue, the mode’s deformation radius, is approximately 40 km, a
typical value at midlatitudes. With a bottom slope of 10−6, the mode is essentially like that with a flat bottom:
a half cosine wave with equal amplitudes at the surface and bottom. But the bottom amplitude decreases as
the slope is increased, and with a slope of 10−3 the amplitude is near zero. This is the gravest surface mode
with constant stratification. The change in the modal structure is as expected, but it is notable that the surface
mode obtains with a fairly modest slope.

The problem can also be solved analytically with exponential stratification, which is a more realistic represen-
tation for oceanic density (Munk, 1966; Wunsch, 2015). We derive this solution, assuming a stratification with
a surface value of 10−2 s−1 and an e-folding depth of 1,000 m, in the supporting information.
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Figure 1. The first baroclinic eigenvectors with (a) constant stratification and (b) exponential stratification, for a 100 km
wave over different bottom slopes. (c) The first baroclinic eigenvalue as a function of bottom slope with exponential
stratification, for different wavelengths. The eigenvalues for the flat bottom BC1 and the gravest surface mode are
shown for comparison.

The first eigenvectors for a 100 km wave are shown in Figure 1b. These are surface intensified, decaying rapidly
over the upper 1,000 m. With a slope of 10−7, the eigenvector has a zero crossing near 1,300 m and opposed
flow at the bottom, as over a flat bottom (Garrett & Munk, 1972; LaCasce, 2012; Zang & Wunsch, 2001). But
with a slope of 10−5, the bottom flow is near zero (the result with a slope of 10−4 is nearly the same). Thus, the
bottom velocity vanishes with a weaker slope with exponential solution than with constant stratification.

The greater sensitivity to bottom slope with exponential stratification can be understood as follows. The
bottom boundary condition is determined by the quasi-geostrophic (QG) density equation (Pedlosky,
1987; equation (3) in section S1 of the supporting information). From this, one can see that the vertical
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Figure 2. Bottom topographic slopes, with 100 km resolution, calculated from the etopo1 data set (https://www.ngdc.
noaa.gov/mgg/global/).

velocity—and hence the cross-isobath velocity—is proportional to the vertical shear divided by the strati-
fication, N2. The latter is weak with exponential stratification, but the deep shear is even weaker (Figure 1b).
In contrast, with constant stratification the deep shear actually increases with bottom slope (Figure 1a). With
a slope of 10−4, the bottom shear-to-N2 ratio is 2 orders of magnitude smaller with exponential stratification
than with constant stratification. The bottom velocities are similarly weaker.

The results for different size waves are similar. Shown in Figure 1c are the first eigenvalues with exponential
stratification, plotted as a function of bottom slope. The corresponding values for the flat bottom BC1 and
for the gravest surface mode are indicated for comparison. As noted, the inverse of the first eigenvalue is
the mode’s deformation radius, so the smaller eigenvalue for the surface mode implies that it has a larger
deformation radius.

The eigenvalue is close to that of BC1 when the slope is weak and approaches the surface mode value when
the slope is strong. But again, the transition between the two limits occurs for modest slopes. Shorter waves
transition over weaker slopes, but in all cases the shift happens for slopes less than 10−4, that is, a topographic
grade of only 0.01%. The largest wave shown has a scale of 1,000 km, but larger waves yield essentially the
same result as for that wave.

Thus, slopes greater than 10−4 should favor surface modes. But how large are the topographic gradients in
the ocean? The answer depends on the lateral scale, but assuming a wave scale of 100 km yields the values
contoured in Figure 2. The slopes vary with region, being largest near the continents and over the mid-ocean
ridges. Nevertheless, they exceed 10−4 nearly everywhere. This suggests that the baroclinic modes should
resemble surface modes in most of the ocean.

2.2. The Forced Ocean Response
Bathymetry affects the forced response similarly. We illustrate this with a simpler QG system, in which the
stratification is represented by two layers of constant density (Pedlosky, 1987; Phillips, 1954; Vallis, 2006), with
thicknesses of 1,000 m (upper) and 4,000 m (lower). The upper layer is forced by the wind, and the bottom
slope lies entirely in the lower layer. This linear problem can also be solved analytically, as shown in section S2
of the supporting information.

We illustrate the response using wave number-frequency spectra of the upper layer stream function,
obtained by solving the system neglecting variations in the y-direction (Figure 3a). The spectra reflect
the upper layer response if the wind forcing has a white spectrum (as is often the case; Frankignoul and
Hasselmann, 1977); different forcing spectra alter the amplitude of the response but not the general char-
acter. Without a bottom slope or friction, the system has two resonances, corresponding to BT and BC1
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Figure 3. Wave number-frequency diagrams for the variance of the surface stream function from the linear two-layer
model, with (a) a flat bottom and (b) a bottom slope of 10−3. The contour intervals are from [−5 ∶ 5] × 1034 m4/s2.
Superimposed are the dispersion curves (given in supporting information S2) for the BT mode (dashed black), the flat
bottom BC1 (dashed red), and the surface mode (dashed blue). (c) The ratio of the surface kinetic energy in the flat
bottom BC1 to that in the surface mode, integrated over wave number. The blue curve corresponds to zero bottom
friction, while the red and yellow curves have Ekman layer depths (𝛿e) of 1 m and 10 m, respectively.

Rossby waves, and the upper layer response is accordingly greatest near the waves’ dispersion curves
(supporting information S2). With a bottom slope of 10−3, the surface response is intensified instead near
the dispersion curve for the surface mode Rossby wave, and the BT and BC1 modes are absent (Figure 3b).
The response in the lower layer (not shown) is similar but weaker, but there is additional energy at higher
frequencies and wave numbers, associated with topographic waves.
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Figure 4. (a) The wave number-frequency spectrum from SSH measurements from 24∘N in the Pacific, with the dispersion curve for a surface mode Rossby wave.
Adapted from Figure 4 of Early et al. (2011) by J. Early. (b) The maximum growth rate (in blue) and the fraction of energy transferred to larger scales (in brown)
for a surface mode Rossby wave, as a function of wavelength divided by the deformation scale, Ld .

Shown in Figure 3c is the ratio of the upper layer kinetic energy associated with BC1 to that in the surface
mode. With no bottom friction (the blue curve), BC1 dominates for the smallest slopes. But as the slope
increases, BC1 weakens and the surface mode intensifies, dominating for slopes exceeding 3 × 10−6. With a
slope of 10−3, the surface mode kinetic energy is roughly a thousand times greater than that in BC1.

Bottom friction has relatively little effect over strong slopes, because the bottom velocities are already weak,
but it does alter the response with weaker slopes. Friction in this model is represented by a (linear) Ekman layer,
whose damping is proportional to its thickness. With a modest 1 m thick layer and a bottom slope of 10−8, the
energy in BC1 is reduced to only about 10 times that in the surface mode. With a more realistic Ekman depth
of 10 m (Perlin et al., 2007; Weatherly & Martin, 1978), the surface mode dominates for all slopes. Note that an
Ekman depth of 10 m corresponds to a friction coefficient of R = 5 × 10−4 m/s, a typical value used in ocean
studies (Gill, 1982; Isachsen et al., 2003). Thus, bottom friction acts in a similar way, favoring the surface mode.
Hence, the flat bottom baroclinic modes are applicable only over very weak slopes, without bottom friction.

2.3. Comparison With Surface Energy Spectra
Wave number-frequency spectra can be also calculated from sea surface height data (Wunsch & Stammer,
2010). A typical example is shown in Figure 4a, derived from data from the North Pacific (Early et al., 2011).
The energy is clustered around a straight line for negative values of the wave number. This implies westward
phase propagation at a constant speed, because the phase speed is the slope of the spectral curve. As demon-
strated originally by Chelton and Schlax (1996), the phase speed inferred from such spectra is often faster than
that of flat bottom BC1 Rossby waves. It is however similar to that of surface mode Rossby waves (Tailleux &
McWilliams, 2001), and the spectrum in Figure 4a accordingly agrees with the surface mode dispersion curve
at the smallest wave numbers. However, waves smaller than the deformation radius (the scale at which the
dispersion curve is maximum) are conspicuously absent. Recall that the subdeformation scales are poorly
resolved by altimetry, so this is also a contributing factor.

Using numerical experiments with a surface layer flow, Early et al. (2011) demonstrated that such wave
number-frequency spectra are strongly affected by nonlinearity. In linear solutions with a random initial wave
field, the resulting spectra resembled the surface wave dispersion curve, as shown in Figure 3. But in nonlin-
ear simulations, the energy below the deformation radius shifted to larger scales, yielding spectra much like
that in Figure 4a.

Such a shift is known as an inverse energy cascade, a phenomenon associated with turbulent two-dimensional
flows and readily observed in numerical simulations (Fjørtoft, 1953; Fu & Flierl, 1980; Merilees & Warn,
1975; Rhines, 1977; Salmon, 1978). Surface Rossby waves exhibit a similar tendency, passing energy through
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nonlinear interactions to larger waves, and this can be demonstrated analytically. Rossby waves interact in
threes (“triads”), whose wave numbers and frequencies sum to zero. If the energy is initially in one wave,
energy will flow to both a smaller and a larger wave, usually with a greater fraction going to the larger wave. If
the initial wave is unstable, the secondary waves grow exponentially in time (Gill, 1974; Pedlosky, 1987). Such
a calculation is given in section S3 of supporting information.

The maximum growth rate for a surface Rossby wave is plotted against the wave’s initial scale in Figure (4b).
The most rapid growth occurs for waves much smaller than the deformation radius, but the rate decreases
markedly for larger waves. The fraction of kinetic energy transferred to larger scales also changes significantly
with wave scale. With the smallest waves, over 70% of the energy is passed to the largest wave in the triad.
But this fraction is nearer 50% when the initial wave is large. Thus, waves smaller than the deformation radius
tend to pass energy rapidly to larger waves. This transfer then slows above the deformation radius, suggesting
that larger waves should persist longer in the ocean interior.

In reality, small-scale oceanic eddies are less likely to be wave-like, but the tendencies are the same. Numerical
simulations of surface flows over a resting lower layer indicate that the inverse cascade does slow at scales
greater than the deformation radius (Cushman-Roisin & Tang, 1990; Early et al., 2011; Larichev & McWilliams,
1991). Thus, wave number-frequency spectra such as that in Figure 4a probably reflect an inverse cascade
occurring below the deformation radius and stabler, larger features, propagating like surface mode Rossby
waves. The latter are favored because bottom topography weakens the deep flow.

3. Discussion

The present results suggest that the preferred set of baroclinic modes in the ocean are the surface modes,
with topographic waves accounting for velocity fluctuations at the bottom. This would explain the gravest
EOFs of Wunsch (1997) and de La Lama et al. (2016), which resembled the gravest surface mode in many
extratropical regions. As surface modes obtain with only modest bottom topography and friction, they should
apply essentially everywhere in the ocean. Higher baroclinic modes are found with current meter data nearer
the equator, but these modes also have nearly zero flow at the bottom (de La Lama et al., 2016).

The results have implications for the use of SSH data. Recently, it was shown that subsurface velocities could
be reconstructed down to roughly 1,000 m depth knowing only the surface density and SSH, using a sim-
plified version of the gravest surface mode (LaCasce & Wang, 2015). The density component was important
only in the upper tens of meters; below that, the surface mode dominated. This suggests that subsurface
velocities could be estimated from SSH alone using the gravest surface mode, and this only requires climato-
logical density. Subsurface velocity reconstructions have numerous applications, from ocean prediction (e.g.,
of subsurface oil spills) to data assimilation in ocean models.

The prevalence of surface modes also affects how we interpret the dynamics of SSH anomalies. For one, it
explains why they propagate faster than expected for flat bottom baroclinic Rossby waves (Chelton & Schlax,
1996; Tailleux & McWilliams, 2001). The phase speed of long Rossby waves is proportional to the square of the
deformation radius, and since the surface mode has a larger deformation radius, it propagates faster. As noted,
SSH anomalies at the 100 km scale are significantly nonlinear, having large advective speeds (Chelton et al.,
2011). Such large vortices would be expected to be baroclinically unstable over a flat bottom, splitting into
smaller vortices (Flierl, 1988; Helfrich & Send, 1988). However, bottom topography can stabilize large vortices
(Hart, 1975; LaCasce, 1998). Thus, the presence of large, nonlinear eddies, propagating like Rossby waves, is
probably an indication that bathymetry is hindering the spin-up of the deep layers.

The inverse energy cascade also occurs in the vertical, with energy shifting to graver modes. In turbulence
simulations, energy inevitably arrives at the barotropic mode (Rhines, 1977). Barotropization is delayed with
more realistic stratification but occurs eventually (Fu & Flierl, 1980; Smith & Vallis, 2001). The situation changes,
however, with strong bathymetry and/or bottom friction (Arbic & Flierl, 2004; LaCasce, 2000), which favors
surface intensification. As shown recently, the inclusion of (parameterized) topographic lee wave drag acts
similarly, weakening the deep flow (Trossman et al., 2017). Thus, with realistic bathymetry and bottom drag,
energy should accumulate in the gravest surface mode, rather than passing to the barotropic mode.

Perhaps most interesting is that the traditional barotropic mode probably does not exist. Barotropic Rossby
waves, for example, are replaced by topographic waves. The latter have a vertical scale which depends on
their horizontal wavelength, and waves much larger than deformation scale have significant surface flow.
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Thus, large bathymetric features, like mid-ocean ridges or basins, could support topographic waves that are
nearly barotropic. However, the sense of wave propagation for topographic waves is along isobaths rather
than westward, and this affects how the ocean responds to surface forcing (Isachsen et al., 2003; Kamenkovich,
1962). Many fundamental theories of ocean circulation are based on barotropic, flat bottom idealizations
(Anderson & Gill, 1975; Fofonoff, 1954; Munk, 1950; Stommel, 1948), and we must understand how the relevant
concepts change if the barotropic mode is replaced by topographic waves.

A number of questions remain. The present arguments pertain to large-scale waves, and variability on smaller
scales and at higher frequencies could differ. The current meter results of de La Lama et al. (2016) suggest that
motions with periods as low as a day can also be described by the gravest surface mode, but the wider appli-
cability of this result deserves further examination. To what extent linear baroclinic modes apply to nonlinear
eddies must also be studied (despite that the modes are often used in describing such features).

There is also the issue of how energy is dissipated in such an ocean. With zero flow at the bottom, the surface
mode is largely shielded from bottom friction. Energy must therefore pass to topographic waves to be dissi-
pated. But how this occurs, whether at western boundaries (Zhai et al., 2010), over mid-ocean ridges (Barnier,
1988) or in regions with special topographic configurations (Hallberg, 1997; Straub, 1994), also deserves
attention. The issue is important for assessing the dissipation of energy supplied by the winds (Wunsch &
Ferrari, 2004).

In addition, the baroclinic modes examined here are applicable to a resting ocean. The derivations neglect
mean flows, which can significantly alter the vertical structure and also produce deep flow via baroclinic
instability (Berloff & Kamenkovich, 2013; Pedlosky, 1987). Instability is greatly affected by bottom topogra-
phy (Benilov, 2001; Blumsack & Gierasch, 1972; Chen & Kamenkovich, 2013; Hart, 1975; Samelson & Pedlosky,
1990; Thompson & Sallée, 2012), which also can alter the vertical structure of the eddies generated. All such
issues, relevant for nonflat oceans, need to be better understood.
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