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In this work we will test an alternative model of gravity belonging to the large family of Galileon models.
It is characterized by an intrinsic breaking of the Vainshtein mechanism inside large astrophysical objects,
thus having possibly detectable observational signatures. We will compare theoretical predictions from this
model with the observed total mass profile for a sample of clusters of galaxies. The profiles are derived
using two complementary tools: x-ray hot intracluster gas dynamics, and strong and weak gravitational
lensing. We find that a dependence with the dynamical internal status of each cluster is possible; for those
clusters which are very close to be relaxed, and thus less perturbed by possible astrophysical local
processes, the Galileon model gives a quite good fit to both x-ray and lensing observations. Both masses
and concentrations for the dark matter halos are consistent with earlier results found in numerical
simulations and in the literature, and no compelling statistical evidence for a deviation from general
relativity is detectable from the present observational state. Actually, the characteristic Galileon parameter
ϒ is always consistent with zero, and only an upper limit (≲0.086 at 1σ, ≲0.16 at 2σ, and ≲0.23 at 3σ) can
be established. Some interesting distinctive deviations might be operative, but the statistical validity of the
results is far from strong, and better data would be needed in order to either confirm or reject a potential
tension with general relativity.
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I. INTRODUCTION

The latest, most precise sets of measurements concerning
the dynamics of our Universe, the second release of the
Planck satellite [1,2],1 have confirmed that theΛCDMmodel
has to be considered as the best model to explain most of the
phenomena occurring in it. Nevertheless, it is undisputable
that it also has many problems and caveats; a nonexhaustive
list can be found in [3] and references therein.
For what we are interested in, the ΛCDM paradigm is

based on the following: on the cosmological constant (CC),
introduced to explain the accelerated expansion of our
Universe detected for the first by means of Type Ia
supernovae in [4,5]; on dark matter (DM), as the main
ingredient of large scale structure formation and evolution;
and on the acceptance of general relativity (GR) as the
theory of gravity. The intrinsic simplicity of the CC makes
it difficult to confirm or refute on a statistical base; and we
still lack a direct laboratory detection of one of the many
suitable candidates for DM.

GR endures any challenge and passes any test it has
undergone [6]. But both the DM and the CC problems
might be closely connected due to the adoption of GR; thus,
overcoming GR might help to solve them. Unfortunately,
extension or modification of GR can be performed in
too many ways; an interesting summary of most of the
approaches still being studied is in Fig. 3 of [3] and in [7].
The main problem is that GR is a very well-tested theory at
Solar System scales [8], and this poses very strong and
limiting bounds on any possible extension. Among the
plethora of models that have been proposed so far, theories
which exhibit a screening mechanism are gaining much
interest. Basically, most of such scenarios require a scalar
field coupled to matter, and mediating a so-called “fifth
force” which, in principle, might span the entire range from
the Solar System up to cosmological scales. In regions of
high density, this force has to be self-suppressed, so that no
deviation from GR should be operative or, at least, if there
was any, it should hardly be detectable [9]. Where the
density is lower, the modification to GR should start to be
effective and possibly some observational signature arises
(what kind of and what order it might be depends on
the model).
The screening can be accomplished in many ways

[10,11]: with a weak coupling between the field and matter
in regions of high density, thus inducing a weak fifth force
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as in symmetron theories [12,13]; the field can acquire a
large mass in high density environments, being short
ranged and undetectable, and be light and long ranged
in lower density regions, as for chameleon fields [14–18]
and fðRÞ models [19–22]; or one may change the kinetic
contribution of the field to the Lagrangian, with first
or second order derivatives becoming important in a
certain range, as it happens with the Vainshtein screening
mechanism [23].
Among all of them, we have decided to focus on the

Vainshtein screening partially driven and/or partially bro-
ken (first discovered by [24] and further discussed in [25])
by the so-called Galileon fields which, as pointed out in
[26], are the most common approach for it, but not the only
one. Galileon fields are so defined because, by construc-
tion, they are invariant under the Galilean shift symmetry

ϕðxÞ ↦ ϕðxÞ þ cþ bμxμ: ð1Þ

Given this property, the peculiarity of Galileon models is
that, although being higher-derivative field theories, they
still have second order equations of motion. Since their first
introduction in [27], Galileons have been studied in many
works [28–30], so that we have now a fully comprehensive
analysis which has helped to give them the right place in
the very extended branch of theoretical alternative to GR
[31–33]. In this work we will deal with a relatively new
formulation of Galileon fields, as presented in [26].
Galileon models (and Vainshtein screening) have also

been tested against observational data [34–42], and using
numerical simulations [43–49]. This point is fundamental
because when dealing with alternative models of gravity,
the main problem is to find some clear signature which
robustly discriminates between GR and a competing
alternative candidate. It would be helpless to have a theory
which includes GR, solves some of its problems, and fits
data with the same statistical accuracy, but we had no
smoking gun to clearly differentiate it from GR. Examples
of such possible probes are in [50–55]. In this respect,
clusters of galaxies are one of the most interesting tools
to be used for such analysis: being at the border of the
astrophysical and cosmological regimes [56–62].
Through this work, when necessary, we will assume

a fiducial cosmological background described by a
ΛCDM model with Ωm ¼ 0.27, ΩDE ¼ 0.73, and H0 ¼
70 km s−1Mpc−1 (as we will explain in the next sections,
this choice has very negligible impact on our study, and
it is not in contrast with our adoption of an alternative
theory of gravity).

II. THEORY

In this section we will introduce the theoretical model
we have chosen for our analysis. We will describe only
the properties which are important for our goals, and
the differences with previous similar approaches; the

interested reader can find more details about it in [26]
and references therein.
Following [30], the most general Galileon Lagrangian in

four dimensions and flat space-time can have only up to
five different terms; using the notation of [26] it can be
written as

L ¼ M2
Pl

X
i

Li

Λ2ði−2Þ
i

þ αϕT þ Tμν∂μϕ∂νϕ

M4
; ð2Þ

where Tμν is the energy-moment tensor in the matter sector;
T is its trace; ϕ is the Galileon field; α is a possible coupling
between the Galileon field and matter; M is a possible
coupling to the kinetic part of the field; Λ is a mass
dimension scale/constant [63], which might be associated,
for example, with the current accelerated expansion of the
Universe [in which case Λ ∼ ðMPlH2

0Þ1=3]; and Li are the
five Lagrangian functions depending on the Galileon field
and its kinetic contribution,

L1 ≡ ϕ;

L2 ≡ X;

L3 ≡ X□ϕ − ϕμϕ
μνϕν;

L4 ≡ −X½ð□ϕÞ2 − ϕμνϕ
μν� − ðϕμϕνϕμν□ϕ − ϕμϕμνϕρϕ

ρνÞ;
L5 ≡ −2X½ð□ϕÞ3 − 3ϕμνϕ

μν
□ϕþ 2ϕμνϕ

νρϕμρ�

−
3

2
ðð□ϕÞ2ϕμϕνϕμν − 2ϕμϕ

μνϕνρϕ
ρ

− ϕμνϕ
μνϕρϕ

ρσϕσ þ 2ϕμϕ
μνϕνρϕ

ρσϕσÞ; ð3Þ

where ϕμ1���μn ≡∇μ1 � � �∇μnϕ and X ≡ −1=2∂μϕ∂μϕ is the
standard kinetic term. In [26], they do not assume any
coupling α, but note instead that, after the quartic term is
covariantized, the Galileon appears to be coupled to the
curvature tensor; thus the total Lagrangian looks equivalent
to the one analyzed in [34] and companion papers.
In particular, in [26] the authors focus on a relatively new

subclass of this family, defined by the Lagrangian

Lffiffiffiffiffiffi−gp ¼ M2
Pl

�
R
2
−
1

2
∂μϕ∂μϕþ L4

Λ4

�
; ð4Þ

where g is the determinant of the metric and R is the
Ricci scalar. Following the notation introduced by [26,32],
we will call such a model G3 Galileon. It is important to
point out that the reduced Planck mass appearing in the
Lagrangian is defined as MPl ¼ ð8πGÞ−1, where G is the
bare gravitational constant and differs from the usually
measured one, GN .
Assuming a metric signature ð−;þ;þ;þÞ, and the

Newtonian gauge, the perturbed Friedmann-Lemaître-
Robertson-Walker metric can be written as
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ds2 ¼ −
�
1þ 2

Φðr; tÞ
c2

�
c2dt2 ð5Þ

þa2ðtÞ
�
1 − 2

Ψðr; tÞ
c2

�
δijdxidxj; ð6Þ

where c is the speed of light; a is the cosmological scale
factor; and Φ and Ψ are the gravitational and the metric
potentials. After having defined the parameter

ϒ≡
�
_ϕ0

Λ

�4

; ð7Þ

the model can be fully characterized by the following
equations:

dΦðrÞ
dr

¼ GNMðrÞ
r2

þϒ
4
GNM00ðrÞ; ð8Þ

dΨðrÞ
dr

¼ GNMðrÞ
r2

−
5ϒ
4

GNM0ðrÞ
r

; ð9Þ

where the measured gravitational constant GN is defined as

GN ¼ G
1þ 5ϒ

; ð10Þ

and the mass enclosed in a radius r, MðrÞ, and its
derivatives with respect to the distance are

MðrÞ ¼
Z

r

0

4πr02ρðr0Þdr0;

M0ðrÞ ¼ 4πr2ρðrÞ;

M00ðrÞ ¼ 8πrρðrÞ þ 4πr2
dρ
dr

: ð11Þ

As it can easily be seen from Eqs. (8), (9), and (11), we
have two main unknown quantities: the theoretical param-
eter ϒ, and the matter density ρ, which we need to define.
The parameter ϒ can be recognized as quantifying the

deviation of our G3-Galileon model from GR, which is
recovered for ϒ ¼ 0. It is worthwhile to point out that the
model under consideration has one intrinsic theoretical
parameter ϒ, but this is only the simplest version: it can be
generalized to the case of two constants ϒ1 and ϒ2, for Φ
and Ψ, respectively (while writing this work, a paper on
this topic has appeared [64]). Current bounds on such a
parameter are given in [65,66], where the specific model
we are considering here is tested against red dwarf stars
and their minimum mass for hydrogen burning; in [67],
where white dwarf stars are used; and in [68], where the
generalized model with two constants is considered.
For what concerns the matter density ρ, as we are going

to study clusters of galaxies, we have to specify their three
components: DM, gas, and galaxies. The DM distribution

can be inferred only indirectly from observations and is
generally described by phenomenological profiles mainly
derived from numerical simulations. The gas mass can
contribute up to 10%–15% of the total mass budget; due to
internal dynamics, gas is mainly detectable at x-ray wave-
length and can be described quite well, when in hydrostatic
equilibrium, by the so-called β model [69], which is often
modified in order to account for some peculiar dynamical
behaviors which take place in the inner regions of the
clusters. Finally, galaxies cannot be properly described by a
continuous density function [70], at least, on the entire
spatial scale of the cluster; in [71], the central profile of
the brightest cluster galaxy is inferred mostly by stellar
kinematics using long-slit spectroscopy.
Wewill follow the usual custom to model the total matter

density of the cluster with a Navarro-Frenk-White (NFW)
profile [72], given by

ρNFW ¼ ρs
ðr=rsÞð1þ r=rsÞ2

; ð12Þ

where the only free parameters are a density (ρs) and a
scale (rs).
As an illustrative case, also discussed in [26], we

calculate the gravitational and metric potentials, assuming
a NFW profile, from Eqs. (8) and (9),

ΦðrÞ ¼ −
4GNπr3sρs

r

�
log

�
1þ r

rs

�
−
ϒ
4

r2

ðrþ rsÞ2
�
;

ð13Þ

ΨðrÞ ¼ −
4GNπr3sρs

r

�
log

�
1þ r

rs

�
−
5ϒ
4

r
rþ rs

�
: ð14Þ

It is clear that theG3-Galileon model predicts “less gravity”
than GR (the same conclusion is obtained for—up to some
extent—a similar quartic Galileon model in [44]). The
reason for such a behavior is easily explained; as pointed
out also in [26], the final corrective term in Φ is typically
negative, provided that the density decreases outwards
as a NFW profile, and the parameter ϒ is positive. We
can check this even closer, if we calculate the first and
second order derivative of the mass for a NFW profile,
given by

M0ðrÞ ¼ 4πrr3sρs
ðrþ rsÞ2

;

M00ðrÞ ¼ 4πr3sðrs − rÞρs
ðrþ rsÞ3

: ð15Þ

It can easily be checked that M00ðrÞ > 0 for r < rs: at least
in principle, in this range we may need more dark matter in
order to fit observations. The same is true for Ψ: M0ðrÞ is

BREAKING THE VAINSHTEIN SCREENING IN CLUSTERS … PHYSICAL REVIEW D 95, 044038 (2017)

044038-3



always greater than zero, leading to the same “less gravity”
conclusion. In Sec. (IV.A) of [26], the authors qualitatively
discuss the possible implications of this property on
rotation curves of spiral galaxies, which depend on
dΦ=dr. We add here that the same conclusions would
apply to the case of mass reconstruction of clusters of
galaxies using x-ray hot intracluster gas observations,
because, as we will discuss in the next section, this latter
mass estimation is related to the derivative of the potential
Φ. And it also applies to lensing mass reconstruction,
because it depends on the derivatives of both Φ and Ψ.
Then, we can finally conclude that the G3-Galileon model
will require a larger amount of dark matter, with respect to
GR, in order to match both x-ray mass and strong/weak
lensing observations in clusters of galaxies. We can also
check that our model has Φ ≠ Ψ, as long as ϒ ≠ 0,
different from GR, for which the condition Φ ¼ Ψ holds.
This is an interesting difference with respect to, for

example, [40] where a Galileon model is studied using the
same lensing data we will consider in this work. From their
Eq. (20), from the bottom panel of their Fig. (1), and from
the right panel of their Fig. (9), where the same quantity
of our Eq. (8) is shown, it can easily be checked that the
extra terms in the gravitational potential give a negative
contribution all over the testable distance range; thus,
the model predicts a slightly stronger gravity; i.e., it can
possibly mimic a small amount of DM. Actually, this can
also be verified by inspecting the mass value estimates
given in their Table II, where the Galileon-derived masses
are slightly lower than the GR-derived ones; even if, after
taking into account statistical errors, the Galileon model
finally does not predict a significant departure from GR,
at least in the range of scales covered by data. Moreover,
such a model implies that Φ ¼ Ψ, exactly as in GR.
On the other hand, in [73], we have a Galileon model

which, in principle, may allow both positive and negative
extra terms to the gravitational potential, and which has
Φ ≠ Ψ, as in our case. At the end, after using a set of
combined gas and lensing data, the model seems to favor
positive values, which our model is forced to have by
default. It is also true that the constraints are statistically
very weak, maybe because the considered cluster, the
Coma cluster, is not the best target for this kind of analysis,
being not a relaxed system, with observations suggesting
substructures and orientation dependence [74].
To summarize, in this work we will try to make some

small further steps toward a more complete view:
(i) we will consider a model with Φ ≠ Ψ; thus, a

departure from GR, if any, might be found from
the combined use of both x-ray observations and
gravitational lensing;

(ii) we will apply this model on an extended set of
clusters of galaxies, in order to enforce the statistical
validity of our results, and have a broader and more
general picture.

III. DATA

We will approach the problem of reconstructing the
mass distribution in clusters of galaxies using two different
astrophysical probes:

(i) x-ray observations of the hot intracluster gas;
(ii) detection and analysis of strong and weak gravita-

tional lensing.
In [75] and [76] two samples of clusters, with a large

overlap, have been analyzed, respectively, using proper-
ties of the x-ray emitting hot intracluster gas, and
through the analysis of gravitational lensing events
produced by each cluster. The sample has been observed
within the survey program Cluster Lensing and
Supernova survey with Hubble (CLASH) [77], a multi-
cycle treasury program which, using 524 Hubble Space
Telescope (HST) orbits, has targeted 25 galaxy clusters.
Among them, 20 clusters were selected mainly following
the criterion of an approximately unperturbed and
relatively symmetric x-ray morphology. Possibly, they
constitute a reference sample of clusters with regular
density profiles that might be proven to be an optimal
ruler to compare models of cosmological structure
formation, to test ΛCDM predictions and, eventually,
to test possible departures from GR. These same x-ray
selected clusters have been extensively studied in the
context of weak-lensing and magnification analysis
[78,79], and compared with identically selected clusters
derived from a ΛCDM simulation [80].
Thus, we have the possibility to analyze the same

clusters with both an x-ray and lensing approach, in a
consistent way, and to compare the results. This is very
important because these two observational tools are sensi-
tive in different ways to the gravitational potential of the
cluster: lensing delivers a nearly unbiased estimate of the
total mass, although with significant scatter from line-of-
sight matter distribution out of the cluster; x-ray gas
dynamics has less statistical scatter, but can be disturbed
by local dynamics, with gas not in hydrostatic equilibrium,
mainly in the inner regions (< 100 kpc), thus leading to
wrong mass estimations.
Moreover, x-ray gas, as nonrelativistic matter, is sensi-

tive to the gravitational potential Φ only; while lensing
(photons) is sensitive to the combination of both the
potentials, ΦþΨ. This is very important in our case,
because we want to test a model for which Φ ≠ Ψ. In GR
the two potentials are equal. This implies that in a
combined analysis of x-ray and lensing observations,
possible divergences between the two mass estimations
are automatically shared between the two probes. And,
eventually, inconsistencies can become dominant. Instead,
in models like the G3 Galileon, these problems might be
alleviated: the information from x-ray gas only involves Φ,
with Ψ still having some freedom to adjust lensing expect-
ations to observations.
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A. X-ray hot gas

All the CLASH clusters have been selected using
Chandra telescope observations; in [75], archival data
from both Chandra and X-ray Multi-Mirror Mission are
used to estimate the total mass of the clusters from x-ray
observations and to compare them with gravitational-
lensing estimations. These archival data (we will focus
only on Chandra-derived data because they are available for
all the clusters in the sample) are reprocessed, recalibrated,
and analyzed using the procedure outlined in [75].
When working with x-ray observations of clusters of

galaxies, some preliminary hypotheses are generally
needed, the main ones being the assumption of spherical
symmetry and that the system is in hydrostatic equilibrium
(HSE); such assumptions are also made in [75]. Then,
starting from these hypotheses, we use the collisionless
Boltzmann equation

−
dΦðrÞ
dr

¼ kTgasðrÞ
μmpr

�
d ln ρgasðrÞ

d ln r
þ d lnTgasðrÞ

d ln r

�
; ð16Þ

from which, in GR, we can simply obtain:

MtotðrÞ ¼ MgasðrÞ þMgalðrÞ þMDMðrÞ

¼ −
kTgasðrÞ
μmpGN

r

�
d ln ρgasðrÞ

d ln r
þ d lnTgasðrÞ

d ln r

�
: ð17Þ

From the right-hand side, making direct use of observations
(gas density and temperature profiles), one can obtain the
total mass in the cluster,Mtot; of course, from the observed
density ρgas, one can also derive the mass of the hot gas,
Mgas. Thus, Eq. (16) is used to indirectly infer properties of
the dark matter halo embedding the cluster, MDM. It is
better to highlight here that the mass estimated through
Eq. (16) should be more properly named as the thermal
pressure-supported HSE mass; but nonthermal contribu-
tions might arise as, for example, among other, bulk
motions, turbulences, cosmic rays, and magnetic fields.
In GR, the nonthermal contributions are derived and
parametrized from numerical simulations; thus, in order
to be taken into consideration when an alternative gravity
scenario is studied, one should, in principle, run the same
simulations and find for a new parametrization [73,74,81].
The approach followed by [75] is slightly different: they

use the Joint Analysis of Cluster Observations (JACO) code
from [82], which may provide a simultaneous fit of many
kinds of observations related to clusters of galaxies, like
x-ray, Sunyaev-Zeldovich, and weak-lensing data, once
parametric models for matter components are considered.
In [75], only the x-ray ones are used. JACO starts from
assuming separate matter components (in our case, DM and
gas; stellar contributions might also be considered, but this
is not done in our case), and from them it directly calculates

synthetic multiwavelength spectra which are then com-
pared with the observed ones. Thus, it performs a fit of
the spectra directly in terms of the interested theoretical
parameters (NFW parameters, for example), and quantities
like the temperature are not directly needed from measure-
ments, but once matter components are given and the
HSE is assumed, they can be calculated as pure theoretical
quantities. Then, the constraints from JACO might be
stronger than the approach based on the use of Eq. (16),
but at the expense of a partial loss of model independency,
because some parametric model has to be assumed for the
mass distribution.
In [75], as input for JACO, a NFW DM profile is

assumed, as in Eq. (12); while for the gas they use a triple β
model [69], with one component being truncated at low
radius by a power law,

ρgas ¼ ρ0

�
r
r0

�
−α
�
1þ

�
r
re;0

�
2
�
−3β0

2

þ
X2
i¼1

ρi

�
1þ

�
r
re;i

�
2
�
−3βi

2

; ð18Þ

where ρ0, ρi, re;0, re;i, β0, βi are determined by fitting the
spectra as described above. The final JACO constraints on
the total mass are obtained from a Monte Carlo Markov
chain (MCMC) procedure. The final output, the total
cluster mass of the cluster, Mtot, can then be used to
constrain our G3 Galileon model through the relation

Mtot ¼
r2

GN

dΦ
dr

; ð19Þ

which is valid regardless of the theory of gravity. What is
going to change is, of course, the content of the right-hand
side which, in our alternative scenario, is given by Eq. (8),
and the possible interpretation of some “modified gravity
aspects” as a sort of effective mass (if it is the case).

B. Gravitational lensing

In [76] many clusters in common with the sample of [75]
are used for a lensing-based study; in particular, the lensing
analysis is extended by combining weak-lensing con-
straints from the HST and from ground-based wide-field
data with strong lensing constraints from HST.
In [83,84], the typical configuration of a gravitational

lensing system comprises a source, positioned at a (angular
diameter) distance from the observer,Ds, and a lens (in this
case a cluster), situated at a distance, Dl, with the distance
between the lens and the source generally indicated as Dls.
In the cluster regime, the nonrelativistic gravitational
potential Φ and the peculiar velocity of the lens are small,
and one can presume that a locally flat space-time is being
disturbed by the potential Φ, with a metric given by Eq. (5).
Moreover, given that the distance observer lens and lens
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source are much larger than the physical extension of
the lens, the latter can thus be approximated as a two-
dimensional system (“thin-lens” approximation). The main
effect of the lens, in such a regime, is to deflect light rays

from the source by a certain angle ~̂α, which, in GR, can be
defined as

~̂α ¼ 2

c2

Z þ∞

−∞

~∇⊥Φdz ð20Þ

with ~∇⊥ being the two-dimensional gradient operator
perpendicular to light propagation. The relation between
the real (unknown) position of the source and the apparent
one, then, can be obtained by simple geometrical consid-
erations to be

~β ¼ ~θ −
Dls

Ds
~̂αð~θÞ ¼ ~θ − ~αð~θÞ; ð21Þ

where ~β is the original (two-dimensional) vector position of

the source, ~θ is the new apparent position, and ~̂α (~α) is the
deflection (scaled) angle. In a more general (relativistic)
context, this equation can be generalized to large deflection
angles too, as pointed out in [85].
Finally, the angle deflection can be expressed in terms of

the effective lensing potential, Φlens, i.e., the line-of-sight
projection of the full three-dimensional gravitational poten-
tial of the cluster on the lens plane, properly rescaled,

ΦlensðRÞ ¼
2

c2
Dls

DlDs

Z þ∞

−∞
ΦðR ¼ Dlθ; zÞdz; ð22Þ

where R is the two-dimensional projected radius and z is
the line of sight direction.
It is easy to verify that the gradient of Φlens gives the

scaled deflection angle ~α, i.e., ~∇Φlens ¼ ~α. Another impor-
tant relation is given by the Laplacian of the same potential,
which results to be equal to the convergence κ,

κðRÞ ¼ 1

c2
DlDls

Ds

Z þ∞

−∞
∇rΦðR; zÞdz; ð23Þ

where, again, R is the two-dimensional projected radius; z
is the line of sight direction; r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ z2

p
is the three-

dimensional radius; ∇r is the Laplacian operator in spheri-
cal coordinates; and c is the speed of light. The potential Φ
satisfies the Poisson equation,

∇2
rΦðrÞ ¼ 4πGNρðrÞ; ð24Þ

and, using it in Eq. (23), we obtain the final expression for
the convergence in GR,

κðRÞ ¼
Z þ∞

−∞

4πGN

c2
DlDls

Ds
ρðR; zÞdz≡ Σ

Σcrit
; ð25Þ

with the surface density of the lens defined by

Σ ¼
Z þ∞

−∞
ρðR; zÞdz ð26Þ

and the critical surface mass density for lensing defined as

Σcrit ¼
c2

4πGN

Ds

DlDls
: ð27Þ

Finally, it results that the convergence is nothing more than
the two-dimensional projected total matter density of the
lens. Actually, all the previous relations have been obtained
assuming GR; but the most general expression for the
convergence, irrespective of the gravity theory, is

κðRÞ ¼ 1

c2
DlDls

Ds

Z þ∞

−∞
∇r

�
ΦðR; zÞ þΨðR; zÞ

2

�
dz; ð28Þ

with Φ and Ψ the total gravitational and metric potentials.
In GR, as known, Φ ¼ Ψ, and we obtain Eq. (25); but in
general, they can be different, as it is in the case of our G3

Galileon model. Thus, for our analysis, we will use directly
the more general definition, Eq. (28).
The importance of gravitational lensing, in the context of

searching for confirmation or rebuttal of a model alternative
to GR, is thus strikingly plain: it is sensitive to both the
potentials and, in principle, could help to detect if they are
equal or not. Future planned surveys like ESA satellite
mission Euclid2 [86–89] will take advantage of it. In our
case, such use would be even stronger and more decisive if
combined with other complementary independent probes
(like dynamics of hot gas) which are, instead, sensitive to
only the gravitational potential Φ. The combined use of
both might help to disentangle the contributions from both
potentials and state, with more or less statistical evidence, if
GR or an alternative theory is feasible or not.
In order to use Eq. (28), we need the convergence from

the data and the two potentials from theory. For what
concerns the latter point we can rely on the definition
of the Laplacian operator in spherical coordinates,
∇r ¼ ∂2

∂r2 þ 2
r
∂
∂r, and use directly Eqs. (8) and (9); then,

after providing a functional form for the matter density
(in our case we will use a NFW DM profile), the integral in
Eq. (28) can be calculated numerically.
The data are provided by [76], where the cluster selected

by CLASH are analyzed. Lensing events are retrieved from
the HST field of the CLASH program, which provides
lensing constraints for both strong and weak lensing; these
weak lensing maps are also combined with ground-based

2http://sci.esa.int/euclid.
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catalogs, mostly from Suprime-Cam on the Subaru
Telescope. Given the properties of the CLASH survey,
new lensed galaxies can be identified and their redshifts
measured with greater accuracy, with a net improvement of
the signal with respect to previously available literature. In
order to infer matter distribution from lensing events, the
Strong and Weak Lensing (SaWLens) algorithm is used
[90]. The main property of this approach is that no a priori
assumption is made about the mass distribution (by con-
trast, in JACO, you need to input a functional form). More
details about the application of this method to the CLASH
data are in [76].
One last point should be addressed here: in principle, in

order to calculate the convergence, we need some infor-
mation from the cosmological background, as it involves
the calculation of the angular diameter distances observer
lens, observer source, and lens source. Angular diameter
distances are generally defined as

DAðzÞ ¼
1

1þ z

Z
z

0

cdz0

Hðz0; θÞ ; ð29Þ

where the Hubble function Hðz; θÞ depends on the par-
ticular model one considers through the set of vectors θ. As
for Galileon models, in [40] there is a comparison between
the ΛCDM and the Galileon version. Then, one should first
consider how the G3-Galileon model behaves at cosmo-
logical scales and use its HðzÞ expression in the lensing
analysis in order to calculateDl, Ds, and Dls. We lack such
cosmological scale analysis for our model; but one could
also question if these distances might have some influence
on putting bounds on the theoretical parameters θ. In
principle it would be possible, but we are highly confident
this is not the case.
First of all, Ref. [38] shows that the final expression for

Hðz; θÞ for a Galileon scenario does not depend on
Galileon parameters, but only on the total matter content,
Ωm (the dimensionless matter density parameter today).
Furthermore, Ref. [40] shows that the value of Ωm, one of
the parameters which enters in HðzÞ, is unchanged when
moving from ΛCDM (GR) to Galileon and is basically
noninfluential both in the determination of the mass
profiles and in the constraints on the Galileon parameters.
Moreover, we do not believe that the distances might help
to constrain such parameters: cosmological geometrical
probes are generally very weak when used to compare
ΛCDM (GR) with other alternative models; we have no
observational errors on these distances which, thus, in
principle, could rescale in a completely free and unphysical
way. Finally, in [38] it is shown that the Hubble function
HðzÞ derived from their Galileon model can differ from the
expected ΛCDM behavior for ≲5% in the redshift range
covered by our data; a variation which is smaller than
present observational errors and dispersion and, thus, is still
not detectable in a statistically valid way nowadays. It is

worthwhile to stress that results from [38] are obtained
using only Planck cosmic microwave background and
some baryon acoustic oscillations data, which very likely
pinpoint high redshift regime behavior quite well, but not
equally well as the lower one. The fit would have surely
benefited (and maybe reduced the deviation from the
baseline ΛCDM background) from considering two further
elements: SNeIa, which are well known to play a comple-
mentary role with respect to baryon acoustic oscillations in
fixing many cosmological parameters; and by applying a
prior on H0 from independent observations, given that
present errors on H0 are ∼2% [91], which is less than half
the deviation fromΛCDM depicted in the same [38]. For all
these reasons, we will use the fiducial cosmological back-
ground we have defined in the Introduction to calculate the
critical surface mass density.

C. Methodology

In order to perform the statistical analysis of our model,
we have built the respective χ2 function for each set of
observations and for each cluster. In the case of hot x-ray
gas mass profiles, the χ2gas is defined as

χ2gas ¼
XN
i¼1

ðMtheo
tot ðri; θÞ −Mobs

tot ðriÞÞ2
σ2
Mobs

tot
ðriÞ

; ð30Þ

whereN is the number of points, for each cluster, for which
measurements of the total mass as a function of radius are
provided; ri is the distance from the center of the cluster;
Mobs

tot is the total mass finally obtained from JACO [the left-
hand side of Eq. (19)]; σMobs

tot
are the observational errors

on the total mass; Mtheo
tot is the total mass calculated from

our model from the right-hand side of Eq. (19); and θ is
the vector of the model parameters. As we are going to
consider that all the mass in the cluster is described in terms
of a NFW DM profile, this vector will be θ ¼ fρs; rsg, for
GR, and θ ¼ fρs; rs;ϒg for the G3 Galileon. We could
have used the gas mass estimated by JACO from [75], but
found it problematic because the gas density is very likely
to depend not only on the global gravitational potential Φ
but also on local dynamics. We have checked that, even
when taking into account gas density, the results do not
change in a statistically significant way.
For the lensing, the χ2lens is defined as

χ2lens ¼ ðκtheoðθÞ − κobsÞ ·C−1 · ðκtheoðθÞ − κobsÞ; ð31Þ

where κobs is the vector of the observationally measured
convergence; κtheoðθÞ is the theoretical convergence
obtained from the right-hand side of Eq. (28); and C is
the related observational covariance matrix.
The total χ2, defined as the sum of the gas and lensing χ2,

is minimized by a MCMC method, and its convergence is
checked using the method developed by [92]. The main
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outputs of the MCMC are used to recover the 68%
and 95% marginalized constraints of the theoretical
parameters, and can also help us to assess how much
the G3-Galileon model compares to GR. This is done by
calculating the Bayesian evidence for both GR and G3

Galileon for each cluster, using the algorithm described
in [93]. As this algorithm is stochastic, in order to reduce
the statistical noise we run it ∼100 times obtaining a
distribution of values from which we extract the best
value of the evidence as the median of the distribution.
The evidence, E, is defined as the probability of the
data D given the model M with a set of parameters θ,
EðMÞ ¼ R

dθLðDjθ;MÞπðθjMÞ: πðθjMÞ is the prior on the
set of parameters, normalized to unity, and LðDjθ;MÞ is
the likelihood function. There are many other tools to
compare models but the Bayesian evidence is considered
the most reliable, even if it is not completely immune to
problems, like its dependence on the choice of priors [94].
In order to minimize such problems, we have always
used the same uninformative flat priors on the parameters
and over sufficiently wide ranges (much wider than the
physically acceptable ones), so that further increasing
them has no impact on the results. In particular, we only
assumed the obvious priors: ρs > 0, rs > 0, and ϒ > 0.
Note that the parameter ϒ can have any sign, in general.
In the peculiar case we are considering, through its
definition Eq. (7), it is clear it has to be positive.
Once the Bayesian evidence is calculated, one can obtain

the Bayes factor, defined as the ratio of evidences of two
models, Mi and Mj, Bi

j ¼ Ei=Ej. If Bi
j > 1, model Mi is

preferred overMj, given the data. For each cluster we have
used the NFW-GR case as reference model Mj. Even with
the Bayes factor Bi

j > 1, one is still not able to say how
much better is modelMi with respect to modelMj. For this,
we choose the widely used Jeffreys’ scale [95]. In general,
Jeffreys’ scale states that if lnBi

j < 1, the evidence in favor
of model Mi is not significant; if 1 < lnBi

j < 2.5, the
evidence is substantial; if 2.5 < lnBi

j < 5, the evidence is
strong; if Bi

j > 5, the evidence is decisive. Negative values
of lnBi

j can easily be interpreted as evidence against
model Mi (or in favor of model Mj). In [94], it is shown
that the Jeffreys’ scale is not a fully reliable tool for model
comparison, but at the same time the statistical validity of
the Bayes factor as an efficient model-comparison tool is
not questioned: a Bayes factor Bi

j > 1 unequivocally states
that the model i is more likely than model j. We present
results in both contexts for the reader’s interpretation.
Finally, in order to quantify the relative contribution of

x-ray gas and lensing to the total χ2, we have used the so-
called σ distance, dσ, i.e., the distance in units of σ between
the best fit points of the total sample and the best fit points
of x-ray and lensing separately. Following [96], the σ
distance is calculated by solving

1 − Γð1; jΔχ2σ;X=2jÞ=Γð1Þ ¼ erfðdXσ =
ffiffiffi
2

p
Þ; ð32Þ

where X stands for x-ray or lensing, and Δχ2σ;X is defined
as χ2ðθtotÞ − χ2ðθXÞ, i.e., the difference between the total
chi-square function evaluated at θtot and θX which are,
respectively, the best fit parameters from the joint analysis
and the x-ray or lensing one. Of course, the condition
dGasσ < dLensσ would imply that x-ray gas is the leading term
in the χ2, and vice versa if dLensσ < dGasσ .

IV. RESULTS

In this section we are going to discuss the main results
we obtained from our analysis.

A. NFW and GR analysis

First of all, we have performed separate fits using both
x-ray gas and lensing data in the classical GR scenario
and present the results in Table I. For now, we will focus on
the primary fit parameters, the NFW parameters ρs and rs,
and we compare our results with [75,76] as a cross-check.
They are in full agreement, with small differences only
with respect to the lensing estimations from [76], mainly
due to the stochastic nature of the MCMC we have used to
perform the fit, in contrast with the Levenberg-Marquardt
code used in that work. Anyway, both estimations are
statistically consistent at the 1σ level, the same level of
consistency as with the analysis from [75].
From the values given in Table I, it is clear that for some

clusters there is a tension between the mass estimated using
x-ray data and that derived from gravitational lensing.
Given our discussion in previous sections, this is quite
expected but, as we are interested in joining the two data
sets, we will pay some more attention to these results and
will discuss them in more detail.
In [75], their Fig. 7 shows the mass bias between the total

cluster HSE thermal mass that can be derived from x-ray
observations, and the total mass derived from gravitational
lensing. In the right panel of the same figure are shown the
results from using Chandra telescope data for the x ray
(which we have used in this work) and the algorithm
SaWLens used in [76] to process lensing observations.
Actually, it is natural and possible to expect an intrinsic
deviation of ≈10% in this mass bias (due to hydrostatic
equilibrium hypothesis, or projection effects), as obtained
from numerical simulations; in this range of uncertainty
the two mass estimations would be statistically consistent
with each other. Even if the average behavior derived from
the CLASH sample is within this range or, at least, not in
striking contrast, it is also clear that many clusters, taken
individually, can exhibit larger deviations, mainly in the
inner regions. Even if nonthermal effects are not considered
explicitly, in [75] it is argued that they can account,
maximum, for about 10%–20% of the total pressure
(or, equivalently, mass). Thus, in general, astrophysical
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processes are excluded as main sources of such large
deviations; otherwise, they would imply that the gravita-
tional potential at small radii is actually unable to balance
the astrophysically generated pressure of the gas [75]. As a
possible solution, the authors suggest that one should take
into account the central galaxies stellar contribution, which
is not considered there, and which actually results to be
dominant exactly in the < 100 kpc region. It is worthwhile
to mention that in [75] also analyzed are x-ray data from
X-ray Multi-Mirror Mission, which finally result in mass
profiles with a larger tension than Chandra, in terms of
shape and normalization, with respect to lensing profiles.
Moreover, in [79] lensing-lensing cross-checks show a
generally good agreement despite some exceptions.
The tension between the x-ray estimations and the

lensing ones is also made visually clearer in Fig. 1, where
we plot the likelihood contours for the primary NFW
parameters derived using only lensing data (blue curves),
using only x-ray observations (red curves), and joining the
two data sets (black curves). From this figure, we are led to
divide the clusters from our sample into three different
groups:

(i) group 1: clusters whose 1σ confidence regions from
both the approaches, taken separately, overlap or
coincide. The clusters A209, RXJ2129, A611,

MACSJ1720, MACSJ0429, MACSJ0329,
MACSJ1311, MACSJ1423, and MACSJ0744 show
a full overlap of their likelihood contours, while
MACSJ1206 is a partial overlap.

(ii) group 2: clusters whose likelihood contours overlap
only at 2σ: A2261, RXJC2248, MACSJ1931,
RXJ1532.

(iii) group 3: clusters whose x-ray and lensing like-
lihoods are in tension at more than 2σ: MACSJ1115,
RXJ1347; and A383 and MS2137, which play a
special role, as we will explain later in this section.

When considering results from the joint use of both data
sets, the final results for the NFW parameters are clearly
dependent on what group the cluster belongs to. As it is
possible to visually check from Fig. 1, and from values of σ
distances in Table III, in general, the fits are in some way
led by x-ray data, which give more stringent constraints
on the mass estimations (without forgetting all caveats
about possible astrophysical interferences in this case).
Anyway, clusters from the first group generally exhibit
joint estimations which are consistent with the separate-
data approaches, respectively, and also show some
improvement in the final errors on the parameters.
Lesser improvements are from clusters of group two, while
there is no improvement at all for group three.

TABLE I. Primary NFW parameters from separate fits for x-ray and lensing data. Units: densities are in 1015 M⊙ Mpc−3; masses are
in 1014 M⊙; and radii are in Mpc.

Separate fits for x-ray and lensing data: “Non-normalized” x-ray mass profiles

Lensing X-ray gas
Name z ρs rs M200 c200 r200 ρs rs M200 c200 r200

A209 0.206 0.639þ0.417
−0.257 0.601þ0.212

−0.152 12:6þ3.5
−2.8 3.49þ0.87

−0.79 2.09þ0.18
−0.17 0.415þ0.220

−0.157 0.739þ0.299
−0.183 12:8þ5.2

−2.9 2.86þ0.62
−0.60 2.10þ0.25

−0.17

RXJ2129 0.234 1.227þ0.747
−0.463 0.386þ0.125

−0.098 7.92þ2.33
−2.07 4.66þ1.07

−0.88 1.78þ0.16
−0.17 1.703þ0.119

−0.117 0.333þ0.015
−0.013 7.98þ0.39

−0.33 5.35þ0.16
−0.15 1.78þ0.03

−0.03

A611 0.288 0.752þ0.426
−0.269 0.541þ0.180

−0.138 11:2þ3.5
−2.9 3.60þ0.81

−0.66 1.96þ0.19
−0.18 0.786þ0.107

−0.094 0.554þ0.052
−0.046 12:7þ1.4

−1.0 3.70þ0.21
−0.23 2.04þ0.07

−0.06

MACSJ1720 0.391 1.480þ1.219
−0.682 0.389þ0.151

−0.112 9.80þ2.70
−2.16 4.70þ1.33

−1.05 1.81þ0.15
−0.14 2.254þ0.401

−0.370 0.295þ0.036
−0.032 7.57þ0.96

−0.95 5.64þ0.39
−0.41 1.66þ0.07

−0.07

MACSJ0429 0.399 1.277þ2.251
−0.859 0.424þ0.307

−0.170 10:4þ2.6
−2.8 4.35þ2.31

−1.69 1.84þ0.14
−0.18 1.975þ0.727

−0.578 0.316þ0.093
−0.065 7.91þ2.92

−2.12 5.28þ0.80
−0.75 1.68þ0.19

−0.17

MACSJ0329 0.450 1.246þ0.919
−0.536 0.416þ0.153

−0.116 9.33þ2.95
−2.57 4.19þ1.18

−0.92 1.74þ0.17
−0.18 1.664þ0.348

−0.291 0.325þ0.048
−0.040 6.68þ1.11

−0.94 4.77þ0.41
−0.38 1.56þ0.08

−0.08

MACSJ1311 0.494 1.662þ0.786
−0.511 0.315þ0.081

−0.071 5.86þ1.50
−1.49 4.77þ0.85

−0.73 1.47þ0.12
−0.14 1.494þ0.514

−0.408 0.332þ0.083
−0.061 6.14þ1.60

−1.22 4.42þ0.66
−0.55 1.49þ0.12

−0.11

MACSJ1423 0.545 2.472þ2.363
−1.248 0.283þ0.125

−0.091 7.06þ2.76
−2.18 5.40þ1.75

−1.46 1.53þ0.18
−0.18 3.454þ0.390

−0.399 0.234þ0.022
−0.017 6.24þ0.73

−0.56 6.28þ0.29
−0.32 1.47þ0.05

−0.05
MACSJ0744 0.686 1.921þ1.362

−0.731 0.346þ0.111
−0.093 8.73þ2.47

−2.11 4.52þ1.20
−0.78 1.56þ0.14

−0.14 1.715þ0.744
−0.522 0.357þ0.086

−0.067 8.49þ1.41
−1.28 4.29þ0.75

−0.61 1.54þ0.08
−0.08

MACSJ1206 0.439 1.561þ1.301
−0.694 0.401þ0.141

−0.113 11:5þ2.5
−2.5 4.67þ1.44

−1.02 1.87þ0.13
−0.15 0.923þ0.278

−0.225 0.602þ0.118
−0.093 19:0þ3.5

−2.7 3.70þ0.47
−0.47 2.22þ0.13

−0.11

A2261 0.225 0.649þ0.565
−0.312 0.634þ0.292

−0.192 14:9þ4.6
−4.5 3.48þ1.18

−0.95 2.20þ0.21
−0.25 2.764þ0.338

−0.335 0.270þ0.024
−0.020 8.00þ0.71

−0.56 6.60þ0.40
−0.36 1.79þ0.05

−0.04

RXCJ2248 0.348 0.923þ1.029
−0.530 0.547þ0.315

−0.186 14:5þ4.6
−4.3 3.92þ1.44

−1.33 2.09þ0.20
−0.23 0.462þ0.082

−0.074 1.054þ0.143
−0.117 40:7þ5.6

−4.6 2.78þ0.23
−0.22 2.95þ0.13

−0.12

MACSJ1931 0.352 1.242þ1.907
−0.743 0.359þ0.260

−0.152 6.34þ3.26
−2.44 4.40þ2.13

−1.43 1.59þ0.24
−0.24 2.663þ0.128

−0.124 0.270þ0.009
−0.008 7.31þ0.30

−0.27 6.15þ0.13
−0.12 1.66þ0.02

−0.02

RXJ1532 0.363 0.692þ0.517
−0.315 0.485þ0.198

−0.136 6.93þ1.76
−1.84 3.38þ0.95

−0.78 1.63þ0.13
−0.16 1.135þ0.042

−0.043 0.443þ0.013
−0.012 10:4þ0.3

−0.3 4.21þ0.07
−0.07 1.86þ0.02

−0.02

MACSJ1115 0.352 0.341þ0.156
−0.101 0.818þ0.197

−0.174 12:0þ2.7
−2.4 2.38þ0.52

−0.38 1.96þ0.14
−0.14 1.118þ0.168

−0.149 0.468þ0.054
−0.045 12:1þ1.7

−1.4 4.20þ0.27
−0.27 1.97þ0.09

−0.08

RXJ1347 0.451 0.867þ0.621
−0.381 0.572þ0.204

−0.148 15:1þ3.3
−3.0 3.59þ1.02

−0.83 2.04þ0.14
−0.14 2.912þ0.180

−0.164 0.394þ0.017
−0.016 24:7þ1.2

−1.3 6.10þ0.16
−0.14 2.41þ0.04

−0.04

A383 0.188 1.405þ0.986
−0.638 0.434þ0.162

−0.108 14:2þ3.7
−3.2 4.86þ1.40

−1.06 2.19þ0.17
−0.17 2.630þ0.142

−0.135 0.211þ0.007
−0.006 3.61þ0.11

−0.10 6.57þ0.14
−0.15 1.39þ0.01

−0.01

MS2137 0.313 0.564þ0.349
−0.223 0.728þ0.256

−0.189 18:1þ4.8
−4.7 3.17þ0.74

−0.66 2.28þ0.18
−0.22 5.573þ0.569

−0.598 0.158þ0.013
−0.010 3.74þ0.44

−0.29 8.55þ0.35
−0.41 1.35þ0.05

−0.04
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How the different degrees of tension between the
separate approaches influence the final comparison with
observations can be visually inspected in Fig. 2; in dashed
blue lines, we show the best fit from using gas-only (left
panels) and lensing-only (right panels) data; in solid blue
lines we represent the best fit from a joint use of both sets of
data. While from gas (left) possible differences between the
models are barely distinguishable, more information can be
derived focusing on lensing data (right). If we consider the

joint analysis (solid blue lines), we can easily verify how
the clusters from the first group show a very good agree-
ment with data. For clusters of groups two and three, we
can note how there is a progressive degradation in the
goodness of the fit. In particular, the joint fit translate in an
overestimation of the mass (convergence) in the central
regions. Clusters A383 and MS2137 are the really prob-
lematic cases in this sample, because the NFWþ GR fit
from joint data sets is unable to provide a satisfactory match
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Fig. 1. (Continued).
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to data, producing a global and extended underestimation
of the mass all over the range covered by the lensing
analysis. Unfortunately, neither in [75] nor in [79] can one
find some peculiar hint for such misbehavior.
Again, these different levels of tension and their relation

with a specific cluster may be not unexpected: if we
compare our classification with Fig. 7 of [75], it clearly
emerges that all the clusters belonging to the second and
third groups are those which exhibit the largest departures
from the average mass bias in the central region. From now

on we will discuss the results for the full cluster sample,
but we want to stress that our main statistical conclusions
will be centered only on clusters from group one, which
constitute half of the sample.

B. NFW and G3-Galileon analysis

If we now move to ourG3-Galileon model, the first thing
to be said is that we have problems constraining our model
using only lensing data. For the sake of clarity, in Table II
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FIG. 1. NFW parameters likelihood, with scale rs in Mpc and density ρs in 1015 M⊙ Mpc−3. Blue curves: separate fits for lensing
data; red curves: separate fits for x-ray gas data; black curves: joint analysis.
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A611 X ray
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we will only report results from the joint fit, and not those
derived from the separate use of both the chosen sets of
observations, but we will discuss them here.
Basically, the lensing-only analysis is unable to put any

bounds on our alternative model. From a “conservative”
perspective, one would expect small deviations from GR.
Instead, the statistics derived from the χ2 minimization only
marginally contains the GR limit, being the minimum very
far (in a statistical sense) from what is expected for a “small
deviation from GR.” Just as illustrative examples, we report
here the best fits for three clusters, in the form ðρs; rs;ϒÞ,
with the same units of Table II:

A209∶ð26.5; 141; 0.97Þ;
MACSJ1311∶ð99.8; 72; 1.09Þ;

RXJ1347∶ð21.1; 181; 0.97Þ: ð33Þ

We generally obtain a characteristic radius rs ≈ 100 kpc,
well constrained at the lower limit, but poorly at the higher
end. For what concerns the central DM NFW density
distribution it exhibits a minimum for very high values
(much larger than what is expected from GR simulations),
but is basically unconstrained, as its likelihood function is
almost flat on a large range of values (from ∼1015 up to
∼1017 M⊙ Mpc−3). Finally the Galileon parameter ϒ is

well constrained at ≈1, and it is never consistent with the
GR limit. It is interesting to note that the χ2 minimum can
be as lower as 35%, 50%, and 5% (for A209, MACSJ1311,
and RXJ1347, respectively) with respect to the NFWþ GR
scenario. This net improvement is mainly due to a better
match of the theoretical convergence with data at
≈100–200 kpc, while the fit remains as poor as GR at
larger distances from the center, which have much larger
errors and thus much less weight from a statistical point of
view. However, we lack a strong theoretical and physical
motivation in support of such results and, eventually, their
statistical validity seems to be low.
On the other hand, our constraints from x-ray observa-

tion are much more stringent and appear to be small
deviations from the GR case but still consistent with
GR, i.e., with ϒ ¼ 0. And also the total χ2 obtained from
the joint analysis is much more consistent. As discussed
above, still the gas contribution is leading the χ2 sum; but
the more interesting considerations can be derived from the
values assumed by the parameter ϒ. In Table II, in the ϒ
columns, we indicate in parentheses the level of consis-
tency of the best fits with the zero value (i.e., with GR):
< 1σ means that the zero value falls within the 1σ
confidence level (< 2σ and > 3σ are self-explanatory);
≠ 0 means that the probability distribution does not reach
the zero value at all. It is straightforward to check that all
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FIG. 2. Mass profiles from thermal x-ray gas (left) and gravitational lensing reconstruction (right). Color code: grey regions/points,
observational data; dashed blue lines, NFWþ GR fit from gas-only (right)/lensing-only (left); solid blue lines, NFWþ GR GR from
joint fit; solid red lines, NFWþ Galileon from joint fit.
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TABLE II. Primary NFW and Galileon parameters from joint fits for x-ray and lensing data. Units: densities are in 1015 M⊙ Mpc−3;
masses are in 1014 M⊙; and radii are in Mpc.

Joint fits for x-ray and lensing data: Non-normalized x-ray mass profiles

NFW (GR) NFW (Galileon)
Name ρs rs M200 c200 r200 ρs rs ϒ M200 c200 r200
A209 0.419þ0.156

−0.107 0.743þ0.165
−0.139 13.2þ2.7

−2.3 2.86þ0.47
−0.37 2.13þ0.14

−0.13 0.373þ0.149
−0.107 0.804þ0.211

−0.163 < 0.098ð< 1σÞ 14.2þ3.4
−2.7 2.70þ0.45

−0.42 2.18þ0.16
−0.15

RXJ2129 1.692þ0.117
−0.117 0.335þ0.016

−0.014 7.99þ0.40
−0.33 5.33þ0.15

−0.16 1.78þ0.03
−0.03 1.451þ0.160

−0.156 0.368þ0.027
−0.023 0.144þ0.094

−0.079 ð< 2σÞ 8.69þ0.58
−0.51 4.97þ0.24

−0.26 1.83þ0.04
−0.04

A611 0.785þ0.101
−0.091 0.554þ0.049

−0.044 12:7þ1.3
−1.0 3.70þ0.21

−0.21 2.05þ0.07
−0.06 0.701þ0.103

−0.092 0.595þ0.059
−0.053 0.102þ0.066

−0.057 ð< 2σÞ 13:5þ1.3
−1.2 3.51þ0.23

−0.22 2.08þ0.07
−0.07

MACSJ1720 2.078þ0.391
−0.307 0.312þ0.035

−0.034 7.99þ1.04
−0.92 5.43þ0.42

−0.39 1.69þ0.07
−0.07 1.758þ0.353

−0.311 0.346þ0.047
−0.038 < 0.184ð< 1σÞ 8.73þ1.33

−0.91 5.06þ0.40
−0.42 1.74þ0.08

−0.06

MACSJ0429 1.647þ0.498
−0.350 0.362þ0.070

−0.063 9.38þ2.28
−2.06 4.86þ0.63

−0.46 1.78þ0.13
−0.14 1.156þ0.436

−0.356 0.453þ0.134
−0.091 0.271þ0.199

−0.167 ð< 2σÞ 11:2þ3.8
−2.6 4.19þ0.66

−0.69 1.89þ0.19
−0.16

MACSJ0329 1.509þ0.284
−0.239 0.348þ0.046

−0.039 7.26þ1.20
−0.93 4.58þ0.34

−0.34 1.60þ0.08
−0.07 1.290þ0.277

−0.244 0.385þ0.058
−0.048 < 0.179ð< 1σÞ 7.84þ1.24

−0.96 4.27þ0.36
−0.37 1.64þ0.08

−0.07

MACSJ1311 1.484þ0.392
−0.291 0.334þ0.054

−0.049 6.13þ1.14
−0.94 4.45þ0.47

−0.40 1.49þ0.09
−0.08 1.376þ0.372

−0.273 0.352þ0.058
−0.052 < 0.086ð< 1σÞ 6.41þ1.24

−0.96 4.33þ0.46
−0.43 1.51þ0.09

−0.08

MACSJ1423 3.384þ0.381
−0.378 0.238þ0.021

−0.017 6.35þ0.70
−0.60 6.22þ0.32

−0.28 1.48þ0.05
−0.05 2.594þ0.522

−0.467 0.280þ0.037
−0.032 < 0.285ð< 1σÞ 7.42þ0.96

−0.97 5.56þ0.47
−0.47 1.56þ0.07

−0.07

MACSJ0744 1.642þ0.555
−0.415 0.369þ0.070

−0.057 8.81þ1.31
−1.18 4.23þ0.59

−0.51 1.56þ0.07
−0.07 1.599þ0.539

−0.408 0.378þ0.072
−0.059 < 0.093ð< 1σÞ 9.14þ1.40

−1.16 4.19þ0.56
−0.55 1.58þ0.08

−0.07

MACSJ1206 1.189þ0.258
−0.221 0.507þ0.067

−0.058 16:2þ1.9
−1.6 4.12þ0.42

−0.36 2.10þ0.08
−0.07 0.930þ0.259

−0.226 0.588þ0.109
−0.082 0.225þ0.14

−0.129ð< 2σÞ 18:2þ2.6
−2.1 3.69þ0.43

−0.43 2.18þ0.10
−0.09

A2261 2.633þ0.358
−0.322 0.279þ0.023

−0.021 8.24þ0.68
−0.67 6.48þ0.40

−0.35 1.81þ0.05
−0.05 2.253þ0.364

−0.331 0.307þ0.029
−0.025 < 0.191ð< 1σÞ 8.98þ0.74

−0.64 6.06þ0.40
−0.43 1.86þ0.05

−0.05

RXCJ2248 0.610þ0.084
−0.073 0.857þ0.081

−0.075 32:2þ3.3
−3.0 3.19þ0.20

−0.18 2.73þ0.09
−0.09 0.293þ0.083

−0.064 1.356þ0.248
−0.206 0.517þ0.132

−0.145 ð≠ 0Þ 44:8þ6.3
−5.9 2.25þ0.28

−0.26 3.05þ0.14
−0.14

MACSJ1931 2.672þ0.123
−0.125 0.270þ0.009

−0.008 7.27þ0.25
−0.25 6.16þ0.12

−0.12 1.66þ0.02
−0.02 1.945þ0.231

−0.206 0.326þ0.022
−0.020 0.295þ0.112

−0.108 ð> 3σÞ 8.57þ0.41
−0.44 5.36þ0.28

−0.25 1.75þ0.03
−0.03

RXJ1532 1.145þ0.042
−0.043 0.439þ0.012

−0.011 10:3þ0.3
−0.3 4.22þ0.07

−0.07 1.86þ0.02
−0.02 0.784þ0.102

−0.088 0.551þ0.041
−0.038 0.342þ0.112

−0.116 ð> 3σÞ 12:2þ0.6
−0.6 3.56þ0.22

−0.19 1.96þ0.03
−0.04

MACSJ1115 1.108þ0.142
−0.127 0.465þ0.043

−0.039 11:8þ1.4
−1.2 4.19þ0.24

−0.22 1.95þ0.07
−0.07 0.732þ0.123

−0.107 0.608þ0.073
−0.064 0.340þ0.071

−0.067 ð≠ 0Þ 14:9þ2.0
−1.7 3.46þ0.27

−0.23 2.11þ0.09
−0.08

RXJ1347 3.029þ0.196
−0.161 0.382þ0.015

−0.016 23:5þ1.1
−1.1 6.21þ0.17

−0.14 2.37þ0.04
−0.04 1.684þ0.193

−0.158 0.540þ0.033
−0.035 0.554þ0.090

−0.093 ð≠ 0Þ 31:0þ1.8
−1.8 4.81þ0.24

−0.21 2.60þ0.05
−0.05

A383 2.582þ0.137
−0.133 0.214þ0.007

−0.006 3.65þ0.12
−0.10 6.53þ0.15

−0.15 1.39þ0.02
−0.01 2.262þ0.232

−0.260 0.233þ0.017
−0.013 < 0.158ð< 1σÞ 3.97þ0.24

−0.21 6.15þ0.27
−0.33 1.43þ0.03

−0.03

MS2137 5.302þ0.578
−0.541 0.163þ0.014

−0.011 3.90þ0.44
−0.32 8.37þ0.39

−0.37 1.37þ0.05
−0.04 4.008þ0.591

−0.496 0.197þ0.017
−0.016 0.186þ0.108

−0.099 ð< 2σÞ 4.84þ0.41
−0.41 7.44þ0.45

−0.39 1.47þ0.04
−0.04

Joint fits for x-ray and lensing data: “Normalized” x-ray mass profiles

NFW (GR) NFW (Galileon)
Name ρs rs M200 c200 r200 ρs rs ϒ M200 c200 r200

A209 0.624þ0.207
−0.163 0.615þ0.134

−0.105 13:0þ2.7
−2.1 3.45þ0.46

−0.45 2.12þ0.14
−0.12 0.548þ0.206

−0.155 0.670þ0.166
−0.125 < 0.140ð< 1σÞ 14:2þ2.9

−2.3 3.23þ0.49
−0.46 2.18þ0.14

−0.12

RXJ2129 1.062þ0.083
−0.076 0.427þ0.022

−0.021 8.95þ0.52
−0.46 4.34þ0.15

−0.15 1.85þ0.04
−0.03 0.946þ0.099

−0.101 0.458þ0.034
−0.028 < 0.141ð< 1σÞ 9.44þ0.62

−0.56 4.12þ0.20
−0.20 1.89þ0.04

−0.04

A611 0.729þ0.095
−0.083 0.558þ0.050

−0.045 11:7þ1.1
−1.0 3.58þ0.21

−0.20 1.99þ0.06
−0.06 0.671þ0.097

−0.086 0.588þ0.057
−0.051 < 0.099ð< 1σÞ 12:2þ1.2

−1.0 3.44þ0.22
−0.21 2.02þ0.07

−0.06

MACSJ1720 1.318þ0.224
−0.192 0.416þ0.048

−0.044 10:5þ1.3
−1.2 4.43þ0.32

−0.30 1.85þ0.07
−0.08 1.097þ0.227

−0.198 0.466þ0.066
−0.056 < 0.185ð< 1σÞ 11:6þ1.5

−1.5 4.09þ0.35
−0.35 1.91þ0.08

−0.08

MACSJ0429 0.701þ0.177
−0.136 0.574þ0.105

−0.094 11:6þ2.8
−2.4 3.32þ0.36

−0.30 1.90þ0.14
−0.14 0.475þ0.183

−0.148 0.741þ0.231
−0.158 < 0.352ð< 1σÞ 14:4þ4.6

−3.4 2.77þ0.45
−0.45 2.05þ0.20

−0.18

MACSJ0329 1.112þ0.215
−0.174 0.442þ0.060

−0.054 9.77þ1.57
−1.48 4.00þ0.35

−0.29 1.77þ0.09
−0.09 0.946þ0.205

−0.182 0.489þ0.080
−0.063 < 0.177ð< 1σÞ 10:6þ2.0

−1.5 3.70þ0.36
−0.35 1.82þ0.11

−0.09

MACSJ1311 1.719þ0.452
−0.361 0.308þ0.052

−0.046 5.80þ1.03
−0.94 4.76þ0.51

−0.48 1.46þ0.08
−0.08 1.578þ0.403

−0.322 0.326þ0.054
−0.046 < 0.099ð< 1σÞ 6.19þ1.11

−0.91 4.57þ0.45
−0.43 1.49þ0.08

−0.08

MACSJ1423 1.672þ0.214
−0.188 0.363þ0.035

−0.032 9.04þ1.21
−1.01 4.57þ0.26

−0.24 1.66þ0.07
−0.06 1.337þ0.265

−0.245 0.417þ0.060
−0.049 < 0.239ð< 1σÞ 10:1þ1.6

−1.2 4.15þ0.34
−0.39 1.73þ0.09

−0.07

MACSJ0744 1.788þ0.621
−0.443 0.369þ0.068

−0.059 9.91þ1.47
−1.37 4.35þ0.65

−0.49 1.63þ0.08
−0.08 1.740þ0.568

−0.420 0.380þ0.068
−0.057 < 0.138ð< 1σÞ 10:4þ1.5

−1.3 4.31þ0.58
−0.48 1.65þ0.08

−0.07

MACSJ1206 1.326þ0.373
−0.280 0.434þ0.065

−0.059 11:7þ1.6
−1.3 4.35þ0.51

−0.44 1.88þ0.08
−0.07 1.149þ0.336

−0.269 0.473þ0.081
−0.066 < 0.208ð< 1σÞ 12:7þ1.5

−1.5 4.04þ0.53
−0.45 1.94þ0.07

−0.08

A2261 0.529þ0.077
−0.066 0.725þ0.073

−0.067 16:9þ1.9
−1.8 3.17þ0.21

−0.20 2.30þ0.08
−0.08 0.441þ0.085

−0.081 0.810þ0.117
−0.089 < 0.200ð< 1σÞ 18:3þ2.5

−1.8 2.90þ0.24
−0.27 2.36þ0.10

−0.08

RXCJ2248 0.614þ0.099
−0.090 0.686þ0.078

−0.065 16:8þ1.9
−1.6 3.20þ0.23

−0.24 2.20þ0.08
−0.07 0.491þ0.113

−0.102 0.786þ0.124
−0.098 < 0.260ð< 1σÞ 18:4þ2.3

−1.9 2.88þ0.28
−0.30 2.26þ0.09

−0.08

MACSJ1931 0.587þ0.029
−0.027 0.594þ0.022

−0.022 10:2þ0.4
−0.5 3.12þ0.07

−0.07 1.86þ0.03
−0.03 0.490þ0.057

−0.056 0.663þ0.052
−0.044 0.152þ0.109

−0.089 ð< 2σÞ 10:9þ0.6
−0.6 2.88þ0.15

−0.17 1.90þ0.03
−0.04

RXJ1532 0.563þ0.024
−0.023 0.563þ0.018

−0.017 8.16þ0.32
−0.28 3.05þ0.06

−0.06 1.72þ0.02
−0.02 0.481þ0.053

−0.059 0.621þ0.051
−0.040 < 0.184ð< 1σÞ 8.70þ0.50

−0.43 2.83þ0.15
−0.16 1.75þ0.03

−0.03

MACSJ1115 0.308þ0.046
−0.038 0.871þ0.101

−0.092 12:5þ1.7
−1.5 2.31þ0.16

−0.15 1.99þ0.09
−0.08 0.267þ0.049

−0.044 0.959þ0.145
−0.120 < 0.107ð< 1σÞ 13:6þ2.5

−1.9 2.13þ0.19
−0.19 2.05þ0.12

−0.10

RXJ1347 1.058þ0.066
−0.063 0.533þ0.024

−0.023 16:0þ0.9
−0.9 3.90þ0.11

−0.11 2.08þ0.04
−0.04 0.868þ0.116

−0.117 0.606þ0.056
−0.046 0.172þ0.124

−0.101 ð< 2σÞ 17:5þ1.4
−1.2 3.56þ0.23

−0.24 2.15þ0.06
−0.05

A383 1.192þ0.084
−0.080 0.473þ0.026

−0.023 14:5þ1.0
−0.9 4.66þ0.15

−0.14 2.21þ0.05
−0.05 1.020þ0.126

−0.140 0.522þ0.050
−0.038 < 0.176ð< 1σÞ 15:7þ1.4

−1.2 4.36þ0.23
−0.28 2.27þ0.06

−0.06

MS2137 0.543þ0.076
−0.071 0.703þ0.091

−0.075 15:4þ2.8
−2.1 3.08þ0.18

−0.19 2.16þ0.12
−0.10 0.477þ0.082

−0.075 0.767þ0.115
−0.092 < 0.108ð< 1σÞ 16:6þ3.2

−2.5 2.89þ0.22
−0.22 2.22þ0.13

−0.12
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the clusters which have only an upper limit on ϒ, thus
being consistent with GR, are from group one. The only
exception is A2261 which, while being consistent with
GR, is from group two. It is also interesting to highlight
that some clusters from group one (RXJ2129, A611,
MACSJ0429, and MACSJ1206), and thus, have no sta-
tistically relevant discrepancy between x-ray and lensing
observations, may exhibit a clearer departure from GR, at
2σ level maximum. All clusters with a departure from GR
greater than 2σ fall in groups two and three; in this case,
such departures from GR may be due to inconsistencies
between mass estimations obtained from x-ray observa-
tions and lensing events. The only exceptions are A383 and
MS2137 which have a very poor fit to data, but have also
been proved to be the most problematic clusters even in the
classical GR scenario.
In order to test if such departures from GR are real or

how much they might be due to the tension between x-ray
and lensing observables, we have performed some checks.
We initially focused on one cluster only, RXJ1347, which
exhibits the largest deviation from zero for the ϒ parameter
and one of the largest tension between the observations.
First, we have checked if the value of ϒ might depend on
the choice of the dark matter density model. Thus, we have
compared three models for DM distribution [79]: the
classical NFW, already described in previous sections; a
generalized NFW (gNFW) [97], given by the density
profile

ρgNFW ¼ ρs
ðr=rsÞγcð1þ r=rsÞ3−γc

; ð34Þ

and a DARKexp model [98],

ρDARK ¼ ρs
ðr=rsÞγcð1þ r=rsÞ4−γc

: ð35Þ

The first two models are phenomenological, and the
gNFW reduces to NFW if γc ¼ 1; the third one has some
theoretical basis, as it can describe the distribution of
particle energies in finite, self-gravitating, collisionless,
isotropic systems, and has the interesting property that it
cannot be reduced to a NFW profile. Finally we have

NFW∶ϒ ¼ 0.554þ0.090
−0.093 ;

gNFW∶ϒ ¼ 0.550þ0.094
−0.095 ;

DARKexp∶ϒ ¼ 0.533þ0.095
−0.096 : ð36Þ

First, it comes out that, from a statistical point of view, the
NFWmodel is definitively the best model (that is consistent
with results from [79]). Then, it is also plain that there is no
dependence of ϒ on the used dark matter model, at least
for this cluster. We are aware that, in principle, one should
check the same for all other clusters, but we think this kind

of analysis is out of the main topic of this work, and we
postpone it to a dedicated future work.
Following our previous discussion about Fig. 7 in [75],

we have performed a further check: first, we have added a
constant 10% mass budget to the total mass estimated from
the x-ray, as a crude way to take into account possible
nonthermal pressure and other astrophysical effects; sec-
ond, we have extracted the radial behavior of the mass bias
for RXJ1347 from the same figure and rescaled the masses
from x-ray observations (and the related errors) with it.
Then, we have repeated the fit using these new normalized
mass profiles for x-ray observations, obtaining

original X-ray∶ ϒ ¼ 0.554þ0.090
−0.093 ;

constant bias∶ ϒ ¼ 0.497þ0.098
−0.099 ;

radial bias∶ ϒ ¼ 0.189þ0.141
−0.113 : ð37Þ

It is plain that the constant bias does not lower the value
of ϒ in a statistically significant way. Instead, the radial
bias lowers the value of ϒ by almost 70%, and the final
estimation is consistent with zero, and then with GR, at 2σ,
thus alleviating in a very considerable way the tension with
GR we have detected in the previous cases of non-
normalized mass profiles from x-ray observations. Based
on this preliminary result, we have extracted the radial mass
biases from Fig. 7 of [75] for all the clusters in our sample
and used them for a new analysis; finally, all the results are
shown in Table II as the normalized case. It is clear that in
this case we obtain a general decrease of ϒ for all the
clusters, and now they are mostly consistent with GR at a
higher statistical level (less than 1σ for most of them).
It is good to stress that this check was performed only in

order to better quantify the validity of our main results, but
it is not realistic: it would resemble the case of having only
lensing measurements (because the x-ray–derived profiles
are scaled in order to match lensing estimations) but with
an increased precision, as the error on the masses derived
from x-ray observations are better than those from lensing
analysis. In fact, this radial bias is an a posteriori quantity
that can be quantified only if one has both x-ray and lensing
mass estimates and uses them separately to infer informa-
tion about radial mass profiles.
Assuming that x-ray observations can suffer problems

from some astrophysical effects of varied origin, while
lensing not, one is basically stating that the real and
complete mass estimation comes from lensing; and one
could think about this mass bias as an indirect tool to
quantify how much such perturbing astrophysical effects
can alter the x-ray–based mass estimations. Anyway, at
least for clusters from group one, we find no reason for
such particular treatment: when gas and lensing outputs
coincide, in general, we find agreement with GR. Even if
this is not the rule, as pointed out above, some of these
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clusters, which have consistent mass estimation from both
sides, still can have ϒ ≠ 0 at 2σ.
It is also interesting to stress another point: with the

exception of A383 and MS2137, for all the clusters the
G3-Galileon model works well even when the GR mass
estimations seem to be in tension and show a bad fit for the
joint analysis (mainly visible in the convergence profiles).
In some way, the extra terms introduced by theG3-Galileon
model, and related to a breaking of the Vainshtein mecha-
nism, can mimic the physics behind the discrepancy
between gas and lensing (whatever is the cause of such
a discrepancy). If such extra terms from the G3 model had
been dependent in an explicit way on the gas density
distribution (as it happens, for example, in the case of
nonthermal effects in GR), then the best performance of the
G3-Galileon model with respect to GR would have been
quite obvious. But that is not the case: we have extra terms
depending only on the NFW profile which, in principle,
carries no information at all about the internal gas dynamics
and/or properties.
Maybe the reason for such behavior is in the introduction

of the parameter ϒ: for GR we have ϒ ¼ 0, thus resulting
in the gravitational and metric potential being equal,
Φ ¼ Ψ. In other words: in GR we have much less freedom
to accommodate the tension between x-ray and lensing
observables in the mass estimation than in the G3-Galileon
model where, even if the potentials are still strictly
correlated, they both depend onϒ but throughM00 (through
Φ) and M0 (through Ψ), thus, with a different quantitative
contribution. We might think that, with Φ playing some
main role in the gas dynamics, while Ψ works only for

lensing, the G3 Galileon can, in some way, readjust the
tension with gas observations. Of course, the difference
between the classical and the alternative scenario is
expected to be small; this is also clearly shown in
Table III, where we report the minimum χ2, for both GR
and G3 Galileon, and the Bayesian ratio, both in its pure
form and in the logarithmic Jeffreys’ scale units. It is
clear that while, in general, the classical and alternative
approaches are basically equivalent (the logBgal

GR is always
in the range ½−1; 1� implying no evidence in favor of one
model or another), all the clusters for which the tension is
predominant (groups two and three) show a clear statistical
preference for the G3 Galileon, which provide a much
better fit to data than GR (except for A383, MS2137).

C. NFW mass concentration

In Tables I and II we also show some parameters
which are typically used in literature as comparison rulers:
after fixing an overdensity level, Δ, relative to the critical
density of the Universe at the cluster redshift, ρcðzÞ ¼
3H2ðzÞ=8πG, we can calculate the DM mass in a sphere of
radius rΔ, MΔ, as

MΔ ¼ 4

3
πr3ΔΔρc ≡ 4πρsr3s

�
lnð1þ cΔÞ −

cΔ
1þ cΔ

�
; ð38Þ

where the second expression on the right-hand side is
explicitly derived when a NFW profile is used. By
comparing the two expressions, one can numerically derive
the concentration parameter cΔ, defined as

TABLE III. χ2 and Bayesian evidence ratio comparison.

Joint fits for x-ray and lensing data: Joint fits for x-ray and lensing data:
Non-normalized x-ray mass Normalized x-ray mass

Name χ2GR dGasσ dLensσ χ2Gal BGal
GR lnBGal

GR χ2GR dGasσ dLensσ χ2Gal BGal
GR lnBGal

GR

A209 3.66 0.04 2.17 3.66 0.53 −0.63 2.89 2.49 0.09 2.87 0.69 −0.37
RXJ2129 7.01 0.03 > 3 5.78 1.40 0.34 5.70 > 3 0.90 5.68 0.74 −0.30
A611 5.57 0.05 > 3 4.61 1.24 0.22 4.62 > 3 0.49 4.59 0.70 −0.36
MACSJ1720 5.81 0.16 > 3 5.87 0.70 −0.36 4.47 > 3 0.46 4.47 0.70 −0.36
MACSJ0429 3.29 0.47 > 3 3.09 0.84 −0.17 1.99 > 3 0.24 1.98 0.77 −0.26
MACSJ0329 8.10 0.22 1.89 8.18 0.62 −0.48 6.53 0.42 2.18 6.52 0.67 −0.40
MACSJ1311 4.70 0.007 0.39 4.68 0.61 −0.49 4.79 0.58 0.12 4.79 0.68 −0.39
MACSJ1423 7.85 0.007 > 3 7.61 0.88 −0.13 7.24 > 3 0.64 7.15 0.67 −0.40
MACSJ0744 3.81 0.09 0.84 3.83 0.56 −0.58 3.51 1.87 0.36 3.30 0.85 −0.16
MACSJ1206 8.32 > 3 1.02 7.46 1.19 0.17 4.88 > 3 0.07 4.89 0.65 −0.43

A2261 9.61 0.13 > 3 8.36 1.44 0.36 3.89 > 3 0.31 3.88 0.69 −0.37
RXCJ2248 15.38 2.13 > 3 5.91 80.36 4.39 2.03 > 3 0.06 2.02 0.68 −0.39
MACSJ1931 12.15 0.10 > 3 5.42 20.80 3.03 7.18 > 3 > 3 6.52 1.08 0.08
RXJ1532 18.34 0.07 > 3 9.68 54.80 4.00 7.87 > 3 > 3 7.78 0.74 −0.30

MACSJ1115 32.30 0.67 > 3 6.57 ∼105 ∼11.5 5.63 > 3 0.0002 5.63 0.63 −0.46
RXJ1347 39.11 0.51 > 3 4.85 ∼107 ∼16 4.54 > 3 > 3 3.79 1.13 0.12
A383 22.69 0.25 > 3 22.95 0.47 −0.76 2.26 > 3 1.98 2.27 0.62 −0.48
MS2137 19.74 0.08 > 3 18.99 1.09 0.09 3.10 > 3 2.39 3.12 0.58 −0.54
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cΔ ¼ rΔ
rs

; ð39Þ

and from it calculate the radius rΔ. The overdensity value
which is typically used as a standard ruler isΔ ¼ 200; other
possible choices are Δ ¼ 500, 2500 (corresponding to
progressively inner regions within the cluster), and Δvir
(virialized), whose value depends on the redshift of the
cluster and, what is more important, can be numerically
derived from simulations based on GR. For our sample, it is
in the range [110;140] assuming ΛCDM cosmology; given
that many alternative models of gravity can produce notable
changes in the structure formation history, one should run
simulations in a modified context and derive the corre-
sponding new values for Δvir in order to check differences.
If we first consider the GR analysis, a quick comparison

between the mass values M200 given in Table I for the gas-
only and lensing-only analyses, with those in Table II for
the joint fits, clearly shows how the mass estimations are
statistically consistent (we strictly refer to clusters from
group one). We add that the results are very sensitive to
the tension between the x-ray and the lensing observables;
even a slight shift in the likelihood contours, toward a not
complete overlap, as it is in the case of MACSJ1206, can
suddenly lead to lower statistical consistency between the
two approaches. This is made even more obvious when
considering clusters from groups two and three. The same
conclusion can be driven for the concentration parameter
evaluated at the same overdensity, c200: we have sta-
tistically consistent results from the x-ray, the lensing,
and the joint approaches.
A visual summary is also given in Fig. 3, where

observationally derived values for masses and concentra-
tions are compared with theoretical expectations. Clusters
with higher statistical significance from group one are

shown as black points; clusters from groups two and three
are in grey. Colored lines are the expected relations for
relaxed clusters (as most of our clusters are) derived from
numerical simulations: dashed cyan lines are derived from
[99]; dashed yellow lines are from [100]; dashed green lines
are from [80]. Red lines are not obtained from simulations,
but from fitting the M200 − c200 relation when a NFW
profile is used with lensing observations: the dot-dashed
red line relation is derived in [76], while the dashed red line
one is from [79]. It is clear that even after joining lensing
data with x-ray observations, the clusters are still consistent
with expectations from simulations. It is interesting to
note how in [76] and [79] the same sample of clusters is
analyzed, but using different reconstruction methods; even
if the final M200 − c200 relation appears to be somewhat
different, there are still statistical consistent with each other,
with a little underestimation of the normalization factor,
i.e., on average, slightly smaller values for both masses and
concentrations. Anyway, in general, as shown in Fig. 10
of [79], the convergence profiles from both works are in
good agreement, except only three cases (MACSJ1931,
RXJ1347, and, even if at a lesser level, MACSJ0744)
where the reconstruction is systematically lower. The two
first clusters belong to our groups two and three; thus, in
this case, the tension between x-ray and lensing measure-
ments might be, possibly, an intrinsic hidden source for the
discrepancy.
If we now move to the G3-Galileon model, we can

appreciate what has been discussed in previous sections:
the model needs more DM to match observations. This is
clear in the (small) shift in Fig. 3 toward the right-hand side
of the plot which, however, does not alter in any consistent
way the accordance of our results with numerical simu-
lations relations. Moreover, in most of the cases, the change
in the mass is within the statistical errors, thus having a
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FIG. 3. Concentration and masses for CLASH clusters, derived from a NFW profile in GR (left panel) and G3-Galileon model (right
panel). Black points are clusters from our group one; light gray point are clusters from groups two and three. Dashed colored lines are
mass-concentration relations from numerical simulations for relaxed clusters: dashed cyan lines from [99]; dashed yellow lines from
[100]; dashed green lines from [80]. Red lines are mass-concentration relations from lensing observations, fitting the M200 − c200
relation when a NFW profile is used: dot-dashed lines from [76]; dashed lines from [79].
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general equivalence, in this sense, between GR and the G3-
Galileon model. At this stage, once again, we have that GR
and Galileon are indistinguishable. At the same time, we
may note a shift toward smaller values of concentrations in
Fig. 3 when moving from GR to the alternative scenario.
About how much more DM is required from our chosen

model, in Fig. 4 we plot (only for clusters from group one)
the relative difference between the mass enclosed in a sphere
of radius r derived from using a NFW mass profile in the
context of our alternative scenario, and the same quantity but
derived in GR. As pointed out in [26], the net effect of a
Galileon inside a cluster or galaxy would be to reduce the
gravity strength (see their Figs. 7 and 8). From our Fig. 4 it is
clear that, in order to work inside a cluster, the G3-model
requires from 2% to 7.5% more DM at r200 ∼ 2 Mpc
(maximum range covered by our data). But this trend is
not uniform at all scales: it can be seen that below some scale
ranging from 200 to 500 kpc (it depends on the cluster), the
model can require up to 10% less DM than GR. This means
that, on that scales, Galileon induces an attractive force
which can mimic dark matter effects. Thus, summarizing
previous considerations, we might state more correctly that
the G3-Galileon model predicts less concentrated and
slightlymoremassive haloes in clusters of galaxies than GR.

V. CONCLUSIONS

In this work we aimed to test an alternative model of
gravity, proposed for the first time in [26]. It is one of the
many versions in which the Galileon fields can be accom-
plished but, apart from being a quite new approach, its
main attraction is the intrinsic breaking of the Vainshtein
mechanism inside large astrophysical objects. The main
consequence of such a breaking is that, while a fully
operative screening would make this alternative model
almost completely equivalent to GR in astrophysical
objects with departures only at cosmological scales, in
this case, instead, we have the interesting consequence of
possible peculiar signatures imprinted in, for example, the

internal dynamics and mass profiles of clusters of galaxies.
Then, at least in principle, one should have a useful tool for
differentiating this model from GR. The model we have
considered, in particular, has recently been considered in
[64–66]. In [65,66], in particular, it has been applied to
stellar scales and found to be basically consistent with GR,
with an upper limit of ϒ < 0.027. In [64] a particular
version of the same model, with two constants ϒ1 and ϒ2

for Φ and Ψ, respectively, is considered. In this case
they might have both positive and negative signs, and
the best fits are ≈ − 0.1 and ≈ − 0.2; but still there is full
consistency with GR.
We have tried to address this point by focusing on the total

mass profiles of clusters of galaxies. We have compared the
theoretical predictions from this model with the observa-
tions. The profiles are derived using two complementary
tools: x-ray hot intracluster gas dynamics, mainly derived
from a reanalysis of archival data in [75]; and strong and
weak gravitational lensing, obtained by updating archival
data with novel observations run through the CLASH survey
program [76]. One of the main goals of this work is just to
check in detail the compatibility of these two approaches,
and if those discrepancies which are generally ascribed to an
astrophysical process in the context of GR might instead be
due to an alternative gravity scenario.
As the main result, we have to point out that, if we look

at global mass estimations, or concentration parameters
for dark matter haloes, they are consistent with GR results.
In other words, given present observational accuracies, it is
impossible to state a clear difference between the two
approaches; the two models are statistically equivalent.
What might sound more interesting is that there might be

a dependence of the outcomes of our analysis with the
dynamical internal status of a cluster, which would make
the Galileon approach more viable than the classical GR to
match some observations. It is well known that a tension
between x-ray and lensing observations (in terms of mass
estimations) is present [75]. Because of this tension, we
have classified all the clusters from our sample into three
groups: clusters for which the separate analysis from x ray
and lensing are consistent at the 1σ level belong to group
one; when the tension is at least at the 2σ level, we define
group two; finally, in group three we consider clusters with
a tension higher than 3σ. It comes out that clusters which
are more relaxed and, thus, whose x-ray profiles are less
perturbed by possible astrophysical local processes belong
to group one. In this case, the Galileon model gives a good
fit to both x-ray and lensing observations. Generally, the
parameters which quantify the deviation from GR, ϒ, is
consistent with the GR value being ≲0.086 at 1σ, ≲0.16 at
2σ, and ≲0.23 at 3σ; such values are also considered in
[65,66] as a safe limit under which deviations from GR
are healthy. Anyway, statistically speaking, using tools like
the Bayesian ratio, there is not clear evidence in favor of
this model, with respect to GR. At least, we can assert that
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the Galileon model is as good as GR in order to explain
observations.
Clusters from other groups exhibit much more positive

and striking evidence in favor of the Galileon. In particular,
it seems that the Galileon is more able to reduce the tension
between x-ray and lensing data than GR by mimicking in
some way, through the terms that lead the Vainshtein
breaking, the physics behind it. But even in this case, in
order to be statistically confident about such results, and
state in a more confident way that a real possible deviation
from GR is operative, better data are needed (reducing
some of the systematic uncertainty from calibration; exact
choice of modeling methods; larger samples to limit scatter
from the relaxation state of the clusters or their asymmetry).
It is also true that there could be astrophysical phenomena
at nonlinear scales from baryonic physics that could be
degenerate with Galileon effects. Such possible degener-
acies with nonlinear baryonic effects should be studied and
considered; nevertheless, we believe that at cluster scales
astrophysical effects from baryons are most probably small

and may not alter our effects. That would not be the case if
we look at galaxy scales for instance.
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