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Abstract

Time change is a powerful technique for generating noises and providing flexible models.
In the framework of time changed Brownian and Poisson random measures we study the
existence and uniqueness of a solution to a general mean-field stochastic differential equation.
We consider a mean-field stochastic control problem for mean-field controlled dynamics and
we present a necessary and a sufficient maximum principle. For this we study existence
and uniqueness of solutions to mean-field backward stochastic differential equations in the
context of time change. An example of a centralised control in an economy with specialised
sectors is provided.

Keywords: time change, martingale random fields, mean-field SDE, mean-field BSDESs,
mean-field stochastic optimal control
MS classification: 60G60, 60H10, 93E20, 91G80

1 Introduction

The modelling of the interactions and the equilibrium of a large number of agents is an issue
in several fields, e.g. in statistical mechanics with the kinetic theory for gases, in quantum me-
chanics or chemistry. Equilibria of a large number of agents also naturally appear in biology, in
neural networks, and in some economic issues as e.g. systemic risk, commodity markets, and en-
ergy related issues. The agents, whatever representing, are assumed symmetric, having similarly
shaped dynamics, interacting with the whole population without privileged connections.

The mean-field approach consists of approximating the large number or agents N with a con-
tinuum of them N — oo. As clearly presented in e.g. [7], there are two ways to consider such
approximation corresponding to different forms of equilibrium. If the single agents are deciding
upon their own individual optimal strategies, then the framework corresponds to a Nash type
asymptotic equilibrium. This leads to mean-field games, see e.g. [14], [12]. On the other hand
another situation is when the decision on the optimal strategy is taken in ”centralised form”
on the asymptotic common behaviour, which corresponds to a controlled mean-field stochastic
differential equation (SDE) and the optimisation problem refers to this dynamics. In this case
we have a control problem of a mean-field SDE. See e.g. [1], [6]. The two approaches sketched
above are not conceptually equivalent though under some specific conditions the solutions may
coincide, see the analysis and examples in [7]. For an overview see e.g. [3] and references therein.

This paper deals with the stochastic control of a mean-field SDE. Our contribution consists in
the study of dynamics that are driven by a martingale random field and hence a more general
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framework than the one considered so far in the literature. To give a uniform presentation we
focus on martingale random fields generated by time changed Brownian and Poisson random
fields. However we stress that the first part of the paper, dealing with the existence of solutions of
a mean-field SDE; is valid for a general martingale random field with conditionally independent
values as defined in [8], see also [5]. The reason for choosing these time changed driving noises
comes from the balance between the relative easiness in generating noises in this way and the
flexibility of this class of models from the point of view of applications. Classical examples
taken from the mathematical finance literature range from the modelling of stochastic volatility
to the modelling of abrupt movements in default and more generally in credit risk. In general
time changed noises provide the flexibility to cover naturally the modelling of many stochastic
phenomena where inhomogeneous behaviour and erratic jump movements are detected. From
a mathematical perspective we relate the time changed noises in the representation as doubly
stochastic noises as defined here below. We stress that the time change applied is not necessarily
a subordinator, which means that the framework suggested goes well beyond the Lévy structures.
The specificity of the use of time changed Brownian and Poisson random measures comes in when
considering the actual mean-field control problem. In this case, in fact we deal with mean-field
backward stochastic differential equations (BSDEs), the solution of which relies on a stochastic
integral representation theorem involving the integral with respect to the driving measure only.
The existence of such representation theorems depends on the noise and the information flow
fixed on the probability space. It is well known that we can obtain these results for mixtures
of Gaussian and Poisson type measures and in [9] it is proved for time changed Brownian and
time changed Poisson random measures. See also [10] for a specific study on the structure of
the doubly stochastic Poisson random noises.

To summarise in the framework of time change noises, in the sequel we study the solution of a
general mean-field SDE in which the coefficients depend not only on the state of the system, but
on the distribution of such state. Here we generalise the work of [13], which deals with the Lévy
case. Restricting the dynamics and the performance functional to depend on functionals of the
distribution of the system, we study a mean-field stochastic control problem by the maximum
principle approach. The mean-field control problems are typically time inconsistent and the
approach by maximum principle is a good response to tackle such control problems. For this
we solve the adjoint equations, studying the mean-field BSDEs driven by time changed noises.
In this we extend the work of [4]. The mean-field stochastic control problem considered were
first studied by [1] in the Brownian context. Another way to study maximum principle can be
done by the use of Malliavin calculus exploiting the duality between Malliavin derivative and
Skorohod integral. For this an adequate extension of the Malliavin calculus needs to be applied.
This goes beyond the scopes of the present paper and it is topic of other research.

As illustration of our results we study a centralised control problem in an economy with spe-
cialised sectors.

2 Framework

Let (2, F, P) be a complete probability space and T > 0. Let A := (AZ, M) € L1([0,T] x Q; R?)
be a two dimensional stochastic process with nonnegative components which are continuous in
probability. Let v be a o-finite measure on Ry := R\ {0} satisfying fRo 2?v(dz) < oo. Define



the random measure A on B([0,7] x R) as

A(A) == AB(AN[0,T] x {0}) + AH(AN[0,T] x Ry)
T
- / (1at.0NF + / La(t 2N V(d2))dt, A € B(0.T] x )

0 Ro

(2.1)

and let the o-algebra F* be generated by the values of A on B([0,7] x R).

The driving noise for the dynamics we are studying later on is given by the martingale random
field p on B([0,T] x R) defined by the mixture

u(A) :== B(AN[0,T] x {0}) + H(AN[0,T] x Ro)

of a doubly stochastic Gaussian random field B on [0,7] x {0} ~ [0,T] and a doubly stochas-
tic centred Poisson random measure H on [0,7] x Rg, such that B and H are conditionally
independent given FM. This yields,

E[u(A)|FA =0, Elu(A)?|FY = A(A)

(2.2)

Elu(A1)u(A2)| FA = 0 for Ay,Ay disjoint.
See e.g. [9] for details. The doubly stochastic noises B and H are set in relationship with time
change by the characterisation [18, Theorem 3.1] (see also [11]). In view of this result B has
the same distribution of a time changed Brownian motion and, for any © € B(Ry), the process
H([0,-] x ©) has the same distribution as a time changed centred pure jump Lévy process. The
corresponding time change processes are independent of the Brownian motion and of the pure
jump Lévy process respectively and they are related to the process .

For any ¢, let F}' A= FI'VF] be the o-algebra generated by the values of y and A on B([0, ] xR).
Then the filtrations F and G are defined by

Fpo= ) FA (2.3)
s>t
G = Fih v FA = Fiv FM (2.4)

Remark that, while Fy is trivial, Gy = F*. The filtration F is relevant for modelling when ap-
plications are in view and the control problems will be studied under this information flow. The
filtration G is technical, better revealing the noise structure and it will serve for computational
purposes. Notice that p is a martingale random field with respect to G (F, and F“) in the sense
of [8, Definition 2.1] and an Itd type non-anticipating integral I(¢) := fo fR os(z)u(ds,dz) is
then well-defined. Indeed, it is worth to remark that A and A are F—adapted (and hence G-
adapted), i.e. for every ¢ € [0,T] and every A € B([0,t] x R), A(A) is Fi-measurable. Moreover,
under the filtration G, A is the conditional variance measure of the martingale random field p,
i.e. for all t € [0,7] and all A € B((¢,T] x R), we have

E[u(A)?|G:] = E[u(A)?|FY] = A(A).

See [8] (see also [2] for the specific case of martingale random fields with independently scattered
values).



In this paper, we work with the calculus under the filtration G. The space of integrands Z :=
L2([0,T] x R x Q,B([0,7] x R) ® F,A ® P), is the L%space of the elements admitting a G-
predictable version. The norm ||-||z is given by

T T
613 = £[ [oulk,dt] = ] [ (160 PAZ + [ oronituaz))ar]
0 0 Ro

Here above we have used the short-hand notation ||-||5, (for any s € [0,7]) for the seminorm
defined (w-wise) by

ol = la@)PAZ + [ la()PAv(do).
Ro
We recall that G-predictable refers to the predictable o-algebra
Po=0((s,ul xOxA: 0<s<u<T, AecG,0 € B(R)),
For later use we introduce also the F-predictable o-algebra Pr C Pg as
Pr=o((s,u] xOxA: 0<s<u<T, AecF,;0 € B(R)).

When considering the stochastic integration with respect to p and G, we have a stochastic
integral representation theorem of the following form: for any Gr-measurable F € L*(2, F, P),
there exists ¢ € T such that

T
F_FO@/O /R@(z)u(dt,dz) for F® — B[F|FY,

where the integrand ¢ can be explicitly expressed in terms of the non-anticipating derivative. See
[8, Definition 3.4, Theorem 3.1] (see also [9, Theorem 3.3]).

3 Mean-field SDEs

Following a classical approach by the fixed point theorem, yet adapted to the present framework,
we prove the existence of a strong solution to the mean-field SDE

t t

X :x—l—/b(s,Xs,EXS)dsﬂ—//ﬁ(s,z,Xs,EXS),u(ds,dz), (3.1)
0 0 R

for appropriate b : [0,7] x R x Mp(R) x 2 — R and k: [0,7] x R x R x Mp(R) x Q — R, where
My(S) denotes the space of probability measures on the topological space S equipped with the
Borel o-algebra and, for all s, Lx, denotes the law of Xs. Mean-field SDEs driven by Brownian
or Lévy noises were studied in e.g. [1] and [13]. Note that the results of this section are valid
for any martingale random field with square integrable conditionally independent values as in
[8, Definition 2.1]. To keep the exposition uniform throughout the paper we present the results
for the time changed noises. In this case, for the filtration G, we have that, for all B € B(R),
(u([0,-] x B))r = A([0,t] x B), € [0,T]. See [8, Theorem 2.1].

Hereafter we consider two metric spaces with Wasserstein metric. The first is the space M2 (R)
of elements @ € My(R) such that fR|r]2Q(dr) < oo equipped with the metric dr given by the

infimum .

dr(P,Q) = inf </|U _ w|2R(dv,dw))§

R2



over all measures R € My(R?) with marginals P and Q, that is R(U x S) = P(U) and R(SxU) =
Q(U), for all U € B(R).

Let D denote the space of all real cadlag functions on [0, 7] equipped with the sup-norm ||-||cc.
We recall that (D, ||-||oc) is a non-separable Banach space. In this work, there is no specific need
for separability on . As above we define the metric space Ma(ID) of elements @ € My(D) such
that [p[|Y]|2,Q(dY) < oo, equipped with the metric

ax(P.Q) =t ( [1V -~ WL r(av; aw)’
D2

where the infimum is taken over all R € My(D?) with marginals P and Q. The above spaces
M5(D) and My (R) are equipped with the topology induced by the metric and the corresponding
Borel o-algebras.

Let Q € My(D) and, for every s, let Qs be the probability measure corresponding to:

Qs(A)=Q{Y eD: Y(s) € A}

At first we study an SDE of type:

¢ ¢
Xe=xz+ [ b(s, Xs—,Qs)ds + k(s, 2z, Xs—, Qs)p(ds,dz), (3.2)
/ /]

and then we specialise the result to (3.1). To guarantee that the terms in the above equation
are well-defined, we summarise some results.

Lemma 3.1. For all s € [0,T], the probability measure Qs € Ma(R) and the function s — Qs
1s cadlag and Borel measurable.

Proof. The proof is based on direct arguments, which can also be partially retrieved within the
proof of [13, Proposition 1.2]. Hereafter follows a sketch. The proof of Qs € M3(R) exploits the
domination by the sup-norm. The cadlag property is obtained by dominated convergence. For
this we observe that Qs_ is the weak limit of @, for u T s and it is also

Qs—(A)=Q{Y eD: Y(s—) € A}.
The measurability is proved by point-wise approximation taking, e.g., the sequence of step
functions F, : [0,T] — Ma(R) of type

FE.(t) = Z Q%Tl[%T,%T) (t)
j=1

Here we make use of the cadlag property proved earlier. ]

For later use, we introduce the notation Sg for the F-adapted stochastic processes Y such that
IV 12,= B | suprego | Vil?] < oo.
Assumptions 1.

(E'1) The real functions b(s,z,Y,w) and k(s,z,z,),w), s € [0,T] z € R, z € R, Y € Ma(R),
w € Q are Pr ® B(R) ® B(M2(R))-measurable.



(E2) The functions (z,)) — b(s,z,Y,w) and (z,Y) — k(s,-,x,V,w) are globally Lipschitz, i.e.
for all s,w there exists a constant C > 0 such that

’b(S,l’l,yl,W) - b(S)x27y27w)|+||’€(57 5 L1, yl,W) - K(Sa '7:1727\))270‘])”)\5
< CO(lxr — 22| +dr(V1,d2))  for all z1,29 € R, V1,V € Ma(R)

(E3) For the Dirac measure at 0, we have
T
E[/ (16(s.0.60) P+ 1s(s. - 0, )|, ) ds] < ox.
0

Remark 3.2. Under assumptions (E1) and (E2) we have that, for any F-predictable process
x, t € [0, T] and Q¢ as defined above, the stochastic process

(t,z,w) — K(t, z,2¢(w), Qr,w) (3.3)

is predictable, i.e. Pp-measurable. To see this it is enough to observe that (t,z,w) — z(w) is
Pr-measurable and then proceed by composition of measurable functions.

Theorem 3.3. Assume (E1) — (E3). For any fized probability measure Q) € My(D), the SDE
(3.2):

t t
XtQ :x—l—/b(s,XSQ_,QS)ds—i-//ﬁ(s,z,Xg,Qs)u(ds,dz), (3.4)
0 0 R

has a unique cadlag solution in Sg.

Proof. The proof is organised in two steps. First, we show that, if there is a cadlag solution X?
to (3.4), then it necessarily lies in the Banach space 55 . In a second step, we use Banach’s fixed
point theorem in order to obtain existence and uniqueness. To do so, we define the mapping
F:8Y — S5 by

¢ ¢
F(X) ::x+/b(s,X5_,QS)ds+//ﬁ(s,z7X5_,QS)M(ds,dz),
0 0

R
and we show that the n'" composition F°" is a contraction for large enough n.

Step 1: We prove that any cadlag solution X© to (3.4) necessarily lies in SY. For this, we
consider the increasing sequence of stopping times 7, := inf{t € [0,7]] : ]XtQ |>n}, n € N. Since
X@ is cadlag, we have |X3|§ n for each s < 7,. Recall that HX_C}Q\TnH?92 = E[supte[O’T]\XS\Tnﬂ.

Consider the function [0,7] > r E{supte[oﬂ ]XtQ |2} € R4. For all r € [0,T], we have

NTn
TNTn
E| sup X2, 12| <3laP+3rE| / b(s, X2, Qy) %ds| + 3| sup [Minr, 2],
tefo.r] / tefo.r]

t
where M, := [ [ k(s, z, X?_, Qs)u(ds, dz). By the Burkholder-Davis-Gundy inequality we have
0R

TNATn

B[ sup |Mine, P] < C1B[M],r,] = €1 / (s, X2, Qu)[2.ds].

te|0,r
0. )



Therefore, exploiting (E2) and (E3) together with the fact that r € [0, 7], we get

TNTn

B[ sup 1X2, ] < slal+3(rv CoB| [ (w6 X2 QU+ s, X2, Qu) R, )]
tel0,r
0

T

< 3faf?+30v CE[ [ (21b(5,0.80) P2l 0,80, ) ]

0
TNATn

+3(rv Cl)E[ / <2|b(s,XSQ_,QS) — b(s,0,60) > +2]|k(s, ~,X§_,Q5) — K(s, -,0,60)H§\S>ds}

0
r

< 3\x|2+6(T\/C'1)E[/ (1o(s,0.60) P+ l1(s. 0. 60)1R. ) ]

0
rNATn

+6(TV cl)CQE[ / (|X§?_|2+dR(QS, 50)2)515} . (3.5)
0
Moreover, observe that
dz(Qs. 50)? /\v—wy Qs(dv) 5o (dw) /HYH? (dY) <
Substituting this in (3.5) and exploiting \XSQJQ§ n?, for all s < T A 1,, we get

Bl sup X3, | < B[ sup (X2 P
te(0,r] te[0,7)

T
< 3|z|*+6(T v C1)E / [b(s,0,00)[*+|[ (s, ,0,50)\\35)6@
0
+6(Tv e T (4 [IYRQUY)) < oo

Hence the monotonic function r — Efsup,cg |X3Tn 2] is Lebesgue integrable. In fact

dr < TE[ sup |X3\Tn\2] < 0.

[ e sy
te[0,r] t€[0,7]

The integrability allows us now to apply Gronwall’s inequality (see, e.g. [19, Theorem 0] or [20,
Lemma 2.2]) to (3.5) since, for all r € [0, T],

E[ sup [X9, 12} < K +K2/E[ sup yXfiTn\?]ds
te[0,r] t€[0,s]
with the finite positive constants
T
K1 = a6 v O] [ ([06s.0.80)P+n(s,.0.80)13, )as] + 6T v )T [ v IE@ay)
0
Ky :=6(T Vv C)C2



Thus we obtain E[supcjq,, ]Xgmf] < K1ef2" for r € [0, T). Hence, evaluation at r = T yields

IXZ-, 1%, = Bl sup [X2, 7] < K1 < oo,
te[0,7)

which is an estimate that is independent of n. By monotone convergence we can conclude
| X QH§2 < 00.

Step 2: Here we see that for any X € S5 the value F(X) is well-defined. Since ¢ ~, (Xs—)sefo,n)
is caglad (and therefore predictable as it is adapted), thanks to Remark 3.2 we can guarantee
that ¢s(-) := k(s, -, Xs—, Qs) is predictable.

For any X € S§ and being  Lipschitz, we get that ||¢||z < co. This implies that F is well-defined
on the entire S5 and the stochastic process fot Jg ?s(2)u(ds, dz), t € [0,T], is a martingale (see
[8], Remark 3.2)). Since F is right-continuous, then the martingale process of the integrals has
a cadlag version (see, e.g. Theorem 6.27 (ii) in [15]). Then, w.l.o.g., we choose F(X) to be
cadlag (the integral w.r.t. ds is continuous). By the same arguments as in Step 1, with the only
difference being that we exploit E[sup,¢(o 11 | X¢|?] < oo instead of using the Grénwall inequality,

we can see that E[supc(o 7| F'(X )¢|?] < co. This proves that F' indeed maps into Ss.

Let F°' = id, i.e. F°°(X) = X, and let F°" denote the n'™ composition of F. Now we show
that, for n large enough, this is a contraction on S5. By the same reasoning as above, we have

IF"(X) = F(V)I, = B[ sup IF(F™ (X)) = F(F™ ()P

t
B[ sup | / (s, FH(X)am, Qs) = bls, F" (Y )a, Qu)dls
te[0,T7] 5

+ 0/ [ o P02 Q) = sy P (V) Qs d2)|

R

T
<21V COE[ [ Ibls PN Q) — b Y Q) s
0

T
b [l F L0, Qu) = (o F Y ) QR ]
0

t<s

T
< 9TV 01)02/E[sup|F°"_1(X)t — PN (Y )2 ds.
0



By iteration down to 0, making use of F° = id and Fubini’s theorem, we get

T tn to
||F°"(X)—Fon(Y)H%2 §2"(T\/C1)"C'2”//..-/E[Sup|Xt_ytﬂdtl...dtn_ldtn

t<t1

t<ty

0 0 0
T T T
:2”(Tv01)”02"//--- / E[sup\Xt—Yt|2]dtn~-dt2dt1
0 t1 tn—1
T

t<t1

T T
:2"(T\/Cl)”02”/E{sup|Xt—Yt|2} / / dty, - - - dtadty
0 t1 tn—1

T —¢ n—1
|2i| ( 1) dtl

(n—1)!

t<t1

T
=2"(TV Cl)"CQ"/E[sup|Xt -Y;
0

n n2ngm
_ 2TV C)"CT

B[ supl X, - Y]
n!

t<T
Since
oo
2M(T v C)"C?nT™
( 1') = exp(2(T Vv C1)C?T) < oo,
o n!
the term Ww vanishes as n goes to infinity. Thus, for n large enough, we have

(¢} (¢} 1
|Fon(x) — E (YR, < 51X - VI,
and F°" is a contraction. By Banach’s fixed point theorem there exists one unique point X< € S
such that X@ = F°"(X?). This is then also a fixed point for F. Observe that F(X?) =
F(F°"(X?)) = F(F(X?)). Hence F(X®) is fixed point for F°". By uniqueness of the fixed
point we have then F(X%) = X®. By this we conclude. O

We turn now to the study of (3.1).

Theorem 3.4. Assume (E1) — (E3). The mean-field SDE (3.1) has ezactly one non-exploding

cadlag solution X in the sense that X € S, i.e. E[supte[ovT]\Xt\Q < 0.

We remark that in the case of the SDE (3.4), being @ € M»(D) fixed, we could deduce that the
unique solution was necessarily an element of S5. For the SDE (3.1) this is not the case. Hence
we restrict the study to the non-exploding solutions.

Proof. Relying on Theorem 3.3 the arguments follow the same steps as [13, Proposition 1.2],
which is though formulated for Lévy processes only. Hereafter, we only sketch the main steps.

First we observe that, having restricted the study to non-exploding solutions X we have

/”yngocX(dY) :/ sup [X,(w) PP(d) = B[ sup |X,P] < oo,
2 5 t€[0,T] t€[0,T

Therefore necessarily Lx € Ma(ID). Define the function ® : Ms(D) — Ms(D) such that @ —
L yq, where X? is the solution of (3.4) corresponding to the input measure Q. By Theorem



3.3, X9 € S, which implies Eg@( € My(D)). Observe that X% is a non-exploding solution of
(3.1) if and only if @ is a fixed point of ®. Finally we show that, for n large enough, the n'h
composition ®°" is a contraction. This is done following the same arguments as for Step 2 in
the proof of Theorem 3.3. 0

4 Mean-field BSDEs

In the sequel we intend to study the stochastic control problem

T
sup B[ [ Fls 0 X Bp(X])], ua)ds + 9(XF, EX(XF))]
u 0

via a maximum principle. Hence we deal with the adjoint equation associated to the Hamiltonian
function, which follows backward dynamics. Before entering the core of the issue we present the
necessary results related to mean-field BSDEs. We follow the approach of [4] and exploit the
techniques suggested in [9] and [10] for time changed Lévy noises.

First we introduce some notation. For any random variable X on (£, F, P), we draw its in-
dependent copy, which is denoted by X’. More precisely, we consider the product probability
space (Q2, F® P®) = (2 x Q, F®F, P® P) where we can identify the original random variable
X with

and its independent copy X’ with
X'(@,w) == X(@).

Moreover, we define the functional E : L'(Q? R) — R:

/Y w)P®?(da, dw)

and the operator E' : L'(Q% R) — LY(Q,R):

EY](w) = / ¥ (@, w) P(d3).

Q

In particular, for the random variable X and its copy X’ we have that
F'[X]= X and F'[X'] = E[X]. (4.1)

Let us also introduce the spaces L2,(G) and Lfmd
predictable stochastic processes such that E[ fo |Y;|2ds] < co. Also we define S§ as the space of

G-adapted stochastic processes such that [|Y|[5, = E[sup,<p|Ys|?] < co. Furthermore we define

pred(}"®G) of F ® G-predictable stochastic process such that E [ fo |Ys |2d5} < 0. Here F®G

is the filtration given by F ® Gy, t € [0,T]
Finally, let

(G) of G-adapted and, correspondingly, G-

2 V) =3O IO[QSZO[ 2 a22yz o .
2200 +0) = {a R R ol = @)+ [ ja(:)Pv(ds) < oo}

10



In this framework we study existence and uniqueness of the G-adapted solutions of the BSDE
of type:

{dYt _E [h(t,At,A;,E,W’Zt(.),zg(.))]dHfR Zy(2)u(dt, dz) 2

Yr =F
for appropriate conditions on F' and h : [0, 7] x Ri x R? x (L?(d + V))2 x 02 — R,
For any (Y, Z) € L?,(G) x T define the real function

Rt 1y, () = E' [h(t,l, A;,y,m’,z(-),zt(-)’ﬂ, te0, Ty e R ze L2 +v). (4.3)

Assumptions 2.

(C1) F € L*(Q, F, P) is Gr-measurable

(C2) Y1,Y;5 € de(G) and all Z1, Zo € T the stochastic process h(t, Aty AL Y, Y2’71t7 ARIOF Z27t(-)’),
t€1[0,7], is F ® G-adapted

(C3) For all y1, 4, y2, vh € R, 21, 2}, 29, 2 € L?*(6g + v) and (0,w) € Q2, there exists a
constant K > 0 such that

’h(ta )‘ta )\;7y173/1: 21, Ziadjvw) - h(t7 )\tu /\273/273/57 22, zé,@,w)\

< K (I — el o = val+21 = 22l + 121 = Bl

(C4) the stochastic porcess h(t, A, A}, 0,0,0,0), t € [0,T] belongs to Lfmd(]:@) G)

(C5) For all (Y,Z) € L2,(G) x T the stochastic process h(t, \,0,0) belongs to Lgred(G).

Theorem 4.1. Assume (C1) — (C5). Then there exists a unique G-adapted solution (Y,Z) €
S$ x T to the mean-field BSDE (4.2).

Proof. First we study the following BSDE for any given couple (Y0, Z(0)) ¢ L2,(G) x T:

0 = B (02 YO, 60, 200,20 ) )+ Jy 280 Gt dz)
= 0t A, Y, 20 (Nt + [ 20 (2)u(dt, dz) (4.4)
vV =F
T = 1,

It is easy to check that, under the assumptions (C'1) — (C5), for any fixed input (Y, 2(©)) ¢
L2,(G) x I, (4.4) satisfies the conditions of [9, Theorem 4.5] that yields existence and uniqueness
of the solution (Y1), Z(1)) in S$ xT. Remark that the cited result relies on the stochastic integral
representation theorem for the martingale random field x4 under the filtration G, see [9, Theorem

3.3).

Define the mapping
U:L2(G)xT — L?,(G)x T (4.5)
(Y(O),Z(O)) — (Y(l)7 Z(l))
where (Y1), Z() is solution to (4.4). If ¥ is a contraction on L2,(G) x Z, then there exists a
unique point in (Y, Z) € L?,(G) x T such that ¥(Y,Z) = (Y, Z), which necessarily belongs to
S$ x T, as discussed above. Furthermore the fixed point (Y, Z) corresponds to the solution of the
original equation (4.2). Thus, we show that ¥ has a unique fixed point by standard arguments

via the Banach’s fixed point theorem. This follows standard arguments. The details are in the
Appendix. O

11



In the case of a linear mean-field BSDE, the set of assumptions guaranteeing existence can be
detailed differently.

Corollary 4.2. Consider the case of the mean-field BSDE (4.2) where h : [0,T] x R? x R? x
(L2(60 + ) x Q2 — R has linear form:

h(tv l7 l/,y, y/v Z(')a Z/(')’(D’w) = At(w’w) + Bt( )y + Ct(@ w)yl
+ Dy(0,0)2(0)1Y) + By(0,,w)2'(0) (V)

(4.6)
4 / Di(£,w)2(E)1® + Ey(€,0,w) ()1 v(de),

where | = (1D 1) 1" = (1MW, (1)), Assume

(C1°) F € L*(Q, F, P) Fr-measurable

(C2’) A, C., E(&) are F ® G-adapted and B., D.(§) are G-adapted for all £ € R.

(C3°) B., C., D.(0)\/AE, E.(0)/(AB), [ ID-(E)PATv(dg) and [ |E.(&)|2(A)v(dE) are bounded.
(C4’) Ae Lpred(}"® G).

(C5) E'TA+C.(Y )Y +E.(0)(Z(0)+ [, E(€)(Z(€))v(d6)] € L2, 4(G) for all (Y©), ZO0)) €
L2,(G) x T.

Then there exists a solution in S§ x T to the linear mean-filed BSDE.

pred

5 The mean-field stochastic control problem

Let us consider the controlled stochastic process described by the following mean-field SDE:
t
X} :x—i-/b(s sy Xoo, B[ XY, us ds+// (s,2,As, Xoo, E[X ], us)p(ds, dz), (5.1)
0

where u = (ut);e[o,7] denotes the control variable. Here,
b:[0,T]xRIxRxRxRx QR
k[0, T]xRxRI xRxRxRxQ— R

The dynamics (5.1) are a special case of (3.1). Hereafter we reformulate and specify the as-
sumptions (E1) — (E3) to fit the present study. From now on we shall assume the following
conditions on the coeflicients b and « to hold.

Assumptions 3.

(E1°) b and k can be decomposed as follows:

b(&)\,%y,uaw) = bO(wa Sa)‘) : bl(S, A:'xvyau) + b2(wvsa)‘)

’%(Sa z,)\,aj,y,u,w) = HO(wasa 2, )‘) ' ’{l(sazv )\,.ﬁU,y,U) + '%2(("}7 S)Zv)‘)v
where by, by, Ko, ko are such that for i = 10,2
(UJ,S,Z) = bi(w>87)‘8(w))7 (UJ,S,Z) = Ki(W,S,Z,)\s(OJ))

are F-predictable and by and k1 are C* in (s,z,\,z,y,u).

12



(E2°) There exist the deterministic constants 0 < K, L < oo such that for 0;b and 0ik, i = x,y, u,

the following boundedness and Lipschitzianity conditions hold Leb([0,T] x R3) ® P-a.e.

|0;b(s, As(w), z, y, u,w)|+]|0ik (s, -, As(w), x, y, u,w)|[r, < K .
|0;b(s, A\, x1,y1,ut,w) — O;b(s, N, X2, Y2, Uz, w)|< L(|z1 — z2|+|y1 — yo|+|ur —ue|) (5.3)
[0ik(s, -, As(w), 1, Y1, U1, w) — Gik(s, -, As(W), T2, Y2, ua, w) ||,

< L(|lz1 — 2|+|y1 — yol+|ur — uzl) (5.4)

(E3’) E[foT\b(s,/\5,0,0,0)|2+H/€(s,-,/\S,O,O,O)H?\Sds} < 0.

We introduce the space H* of F-predictable processes in such that [|Y||%,:= Efsup<p|Ys[?*] < oo.
Lemma 5.1. Let u € HY. Then the SDE (5.1) has a unique solution in S, .

Proof. Define the random functions b : [0, 7] x R x Ma(R) x Q@ — R, KM% : [0, T] x R x R x
My(R) x Q — R

b (5,2, Y, w) 1= b(s, As(w), 2, (id, V), us(w))
/{()\7’“)(87 Z,l’,y;W) = K:(S7 Z, )\S(W)7£B’ <1d7 y>,US(W))7

where (a, V) = [ @(a)Y(da). We verify that assumptions (E1) — (E3) hold and apply Theorem
3.4 to conclude. Observe that the particular structure of b and x given in (E1’) implies (E1).
As for (E2), we check the Lipschitzianity for kM%) only as the same argument can be applied
to b, By condition (E1'), the function (z,y) — (s, 2, As(w), x,y,u) is C*. Then applying
the generalisation of the mean value theorem for functions in several variables, there exists
a=a(w) € [0,1], w € Q, such that

K(8y+, As(w), x1, Ad, V1), us(w)) — k(s, -, As(w), z2, (id, Vo), us(w))

= <vx,y’{(5a o) As(‘”)» a(w)xl + (1 - a(w))x% <ida a(w)yl + (1 - a(w))y2>a us(w)), (<1d:’r3;1__x2y2>

This, together with Cauchy-Schwarz’s inequality and the definition of ||-||x, yields

HK’(AVU)(Sv '7:L'17y17w) - K/(AVU)(Sa '7$2¢y23W)H>\5
< Haﬂﬁ"i(‘s? ) AS("U)?:E.(W)v <id75}(w)>vu8(w>)u>\s ) ’1‘1 - xQ‘
+ Hay”(s’ '7)‘8(("])7'%(("))’ <idv~)~}(w)>’u5(w))H>\s : |<idvyl - y2>|’

where #(w) = a(w)z; + (1 — a(w))zy and Y(w) = a(w)V1 + (1 — a(w))Vs. Moreover, the
boundedness (5.2) of the partial derivatives from (E2’) implies

||"{(>\7U)(57 '71'17:))17(")) - KO\M)(& '7x27y27w)||>\s < K(|:‘C1 - l‘2‘+‘<1d,y1 - y2>|)
The Lipschitzianity of the identity and Kantorovich-Rubinstein’s theorem give (E2):
[ (s, 21, V1, w) — KO (s, 29, Vo, ) a, < Ki(|z1 — za|+dr (D1, I2)).

Finally, (E3') and the (E2) just proved imply (F3). O
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In the sequel we study the optimal control problem

J(u) = sup J(u) (5.5)
ucA
with objective functional
T
I(w) = B[ [ £su0e, X2, Blo(X) u2)ds + g, Ex(XP) (56)
0

for the dynamics (5.1) and on a class of admissible controls A characterised below.
The objective function J is subject to the following assumptions.

Assumptions 4.

(01) For all (s,z,w) € [0,T] x R x Q:
(@, y,u) = f(5, As(w), z,y,u) € CHR?)
(z,y) = g(x,y) € C'(R?)
¢, x € CH(R).

(02) g, ¢, x are concave.

(08) Oy and Oyx are Lipschitz.

(04) 1t holds

— either ¢ is affine or Oy f(s, \s(w),z,y,u) >0 for all (s,z,z,y,u,w) € [0,T] x R xR x
R xR x Q.

— either x is affine or Oyg(x,y) > 0 for all (z,y) € R x R.

(05) g is such that for all X € L?>(Q, F, P) and all y € R:
0:9(X,y) € L*(Q, F, P) and 8,9(X,y) € L'(Q,F, P).

Hereafter we characterise the admissible strategies.

Definition 5.1. Let U C R be a convex set. A stochastic process u € HY with values in U is
called an admissible strategy if the following conditions are satisfied

(A1) The objective J(u) is well defined for u, i.e.
s f(5, A, X, B[p(X")], us) € LY(Q x [0, T], F @ B([0,T]), P ® Leb)

and
9(X¢, Elx(X{)]) € LY(Q, F, P).

(A2) For i = x,y,u, the stochastic processes 0;f(s, s, X, E[o(X¥)],us), (s,w) € [0,T] x Q,
are elements of L*([0,T] x Q,B([0,T]) ® F, Leb® P). For i = x,y, the random variables
9i9( X%, E[x(X%)]), w € Q belong to L*(Q, F, P).

The set of admissible strategies is denoted by A.
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The presence of the mean-field terms makes the optimal control problem (5.5) inhomogeneous
in the sense that it does not satisfy the Bellman principle for the state process X* as given here.
We remark that the use of the Bellman principle would be possible if considering feedback type
controls and translating the problem into an appropriate infinite dimensional setting, see e.g.
[16, Remark 3.2] and [17].

Here we study the problem (5.5) via the stochastic maximum principle and we suggest a sufficient
and a necessary result. For these we shall work with the Hamiltonian function in which the
solution of the adjoint equation appears. In the context of this paper the adjoint equation is a
mean-field BSDE driven by time changed Lévy noises.

In order to make things more readable in the sequel, we introduce some short-hand notation.
Consider two admissible strategies u, 4 € A. We can bear in mind that @ will eventually take
the role of the optimal strategy in (5.5). For the time being, 4 is just some admissible control.
We write

X, = X¥, X, = X2,
o1 = (Xy), G = p(Xy) R R
(t,):t,Xt_,E[Xt],iLt)

b := b(t, A\, X, E[X¥],ug), by :=b
Xt 'it(')a ftv gr accordingly, Xt, '%t(')a fta QT aCCOTdnglY-

The adjoint equation corresponding to the strategy @ € A has the form below:

e = ={ Oufi + 0ube - pr + 0afie(0)a(0)AF + / Dufia(2)au(2) N v (d2) + B(0y fi)0up
Ro

+E0,b 5 + B[00 + [ 0,f(2)an(:Nv(d2)|
d (5.7)

+/@@mwuw>
R
pr = 0291 + E[0yg7]0:XT

Remark 5.2. It follows again from Doob’s regularisation theorem (Theorem 6.27 in [15]) that
we can replace the p— by P inside any integral w.r.t. dt if either of the two versions of the
BSDE has a solution. The same applies to X;— and Xy. We will apply this reqularly in the next
sections without additional notice.

To make sense of a solution to (5.7) we embed the equation in the theory of Section 4. Notice that
there the analysis is carried through under filtration G. Indeed it is under G that an appropriate
stochastic integral representation theorem is provided. However, the stochastic control problem
(5.5) we are facing is given under the information flow I, which is more reasonable from a
modelling perspective. We shall deal with this form of ”partial” information in the sequel.

Lemma 5.3. Let u € A. Then the adjoint equation (5.7) has a unique solution in Sg’ xT.

Proof. In the notation of Section 4, by the relationship (4.1), we can rewrite the adjoint equation

15



(5.7) as
do = E'[ A+ By b+ Cr- 4+ Du(0)a( 0N + Ei(0)g(0)/(AFY

+ [ DN + B N v(do) | di
Ro

T / G(2)uldt, d),

R

A

pr = F
where
Ay = Opfr + (0yf1) 0u
Bt - ari)t
Cy = (9yby)’
Dt(') = a”ﬂ"%t(')
Ei(-) = (Oyhu(-))
F= ang + E[8ygT]8:v>A<T

Being an equation of linear type we apply Corollary 4.2 after verifying the conditions required.
This can be easily done and we omit the details. O

5.1 A sufficient stochastic maximum principle

Let us now define the Hamiltonian function H : [0,7] x R2 x Rx Rx R x U x Rx R — R,

H(tv)‘t7x7y17y27uap7 q) = f(t7 )\hx?yl’u) + b(t7 )\tux7y27u) P

+ K(t,0, A, z, Y2, u)q(0)AB (5.8)
+//i(t,z,)\t,x,yg,u)q(z))\fy(dz).
Ro
We introduce an F-Hamiltonian given by
HE (6, My y1, y2,w, Po—s G) := E[H(t, M, @, 41, Y2, w, Do, G1)| Fi] (5.9)

= f(ta Atyxvylau) + b(ta >\t7x7y27u)E[pAt*|]:t]
+ ’i(tvoa )\t,CC,ZJQ, U)E[Cjt(oﬂ}—t})‘tB

+ / it 2 Mo 2 o, 0) Bl (2) | FANT v (d2),
Ro

where (p, ¢) is the solution to the adjoint equation (5.7) corresponding to the strategy 4. Note
that in this definition, v denotes a fixed value in U. As anticipated earlier we deal with a form of
partial information given by F when compared with G. Note that G includes the information of
the whole evolution of the time change process A, hence not feasible from a modelling perspective.
For this we adopt techniques from [9]. Hereafter we formulate a sufficient maximum principle
in the framework of Assumptions 3 and 4.
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Theorem 5.4. Let & € A and (p,q) be the solution of the mean-field BSDE (5.7). If the
function

ht(af'? Y1, y2) ‘= sup H]F(t7 )\tv €, Y1,Y2, 'U7ﬁt—7 th) (510)
velU

exists for all t € [0,T], P-a.s., and is concave in (x,y1,y2) and if furthermore
HF(tv >‘t7 Xzfiv E[QO(X?)], E[XI?L ﬂhﬁt—u Cjt) = ht(X;lfv E[()O(X?)L E[X?])7 (511)
then 4 is an optimal control.

Proof. Let u € A. Define X; := X}, X; :== X and use the short-hand notation introduced in
the previous section. We shall prove that, for any v € A,

T
J(@) = J(u) = Elgr — gr] + B| /
0

First of all we observe that

E[0.97 - (X7 — X7) + 0y - E[0uXT - (X1 — X7)]]
E0ugr - (X7 — X71) + Edyd7] - 0uX1 - (X1 — X71)]
Elpr - (X1 — X1) — po - (Xo — Xo)]

Elgr — g7] >

Y

where we have used the product rule, the form of the technical condition of (5.7), Xo = Xo = =,
and the observation that, for any two random variables X and Y,

E[E[X]-Y] = E[X]- E[Y] = E[X - E[Y]]. (5.12)

0
T
+/—(XS— J{Ouf+ Dabs - By + 02 (0)a (007
0
/5 fis(2)ds ()N v(dz) + [0y fs)0sps + E[0ybs - bs]
Ro
+E[a (0)s( AB+/8yns Ga(2)2 (dzﬂ}d
Ro
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Recall that p is a martingale random field and It6 calculus rules apply (see Section 2). Then
using (5.12) we obtain

Elgr — g7

\'ﬂ

ZE[ _(bs — by ds+/T ) — ks(0))ds (0)AB +/ ) — ks(2))ds () A v (dz)}ds
0 R

[ (Ko = X ){0ufo 4 0by - Do+ Bty (0)4,(NF + / Oufes(2)s(INTw(dz) }ds

Ro

+ {a fs' [ CL‘SDS'(XS_XS)]_‘_ayl;S'ﬁS*'E[XS_XS]

o\ﬂ St~ o

+ (0,4 (0027 + / 0, ()i (INI V() ) - E[X, — X, s
Ro

Since u, 4 € A, the terms that are G-adapted, but not necessarily F-adapted, are p and §. So
Fubini’s theorem and the tower property yield

Elgr — gr]
T

> B[ [ {Blpe |76, ~ b+ (50(0) — (O ELGOIFINE + [ (5u(2) = (o)) Eldn(2) FNT ()
0 R

— (Xoe = X ) {00 fs + Oubs - Blp- | o] + 0o (0)E[a:(0)| Fu AP + / Ouis () Elas(2) | Fi) M v(d2) |

- {ayfs  E[0aps - (X — X)] + Oybs - Elps_|Fs] - E[X, — X,

+ (05 (0) El, ()| FJAE + / Oyis(2) Elds (2) | FIMIV(d2) ) - BIX - X] pds|. (5.13)
Ro

Observe that

Elp-|F.)(be = be) + (30(0) ~ k(O EGOIRINE + [ (5u(2) = mu(2) Elan () RN ()
R
= (H" (s, M Kam, Blo(X)] BIXL), Uy B 85) = HE (5, My Xom s Blp(X0)) BIX ) e, e )

- (fs - fs) .
By (5.10) and (5.11) we have that, for all (z,y1,y2) € R3,

H]F(S))‘S)Xs—uE[@S]uE[XS]7ﬂSJﬁS—7QS) - HF(Sa ASJ$)y17y27u8)ﬁS—7qu)
> hy (X5, Blp(X,)], E[X,)) — b5 (@, 51, 92),

and thus the two relationships above give

E[ﬁs—‘}_S](Bs —bs) + (Rs(0) — K5(0)) E[gs(0)| Fs ])‘B /(HS(Z) - HS(Z))E[QS(Z”-FS])‘EV(GZZ)
R

(5.14)

> (WE(X,-, Elp(X0), EIX]) — B2 (X, Blp(X,)], BIX))) = (f = ) (5.15)
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Now, by the concavity of hf and a separating hyperplane argument, there exists a vector a € R3
such that for all (z,y1,y2) € R3:

X —x
WX, Blp(X,)], BIXD) — B G, ) — (o (E[so<g%s>Jy1)>>o (5.16)
E[XS]_ZW

Define

p(iL‘, Y1, y2) = HF(Sa As) XS—) E[SO(XS)L E[Xs]a U, Ps—» (js)

A~

X —
— HF(S,Asngaylvaaasaﬁsfa(js) - <a7 E[QO(‘AXVS)] U >
E[Xs] — y2

By (5.14), it holds p(z,y1,y2) > 0. On the other hand, we have
p(Xs—, Elp(X)], E[X,]) = 0,
i.e. p obtains a maximum in (X,_, E[p(X,)], E[X,]). Since p is C we have
0 = Vp(Xs-, Elp(X,)], E[XJ])

_ F S 5
=-VH (37 Asy Ty Y1, Y2, Us, Ps—, qg) I:Xs—7y1:Ef[<p(Xs)}, +a,
y2=E[X,]

where V denotes the gradient w.r.t. (z,y1,y2). Plugging this into (5.16) finally we obtain

0 ShIsF(Xvs—a E[SO(XS)LE[XSD - hIsF(Xs—a E[‘P(Xs)]v E[Xs])

<VH]F ) S Ko = X (5.17)
- (Sa>\37X377E[S03]7E[Xs]auwpsf»qga E[@(Xf) - (P(Xs)] >
E[XS — XS]

Since ¢ is concave and either ¢ is affine or 8yf s > 0, it holds

{axfs + Oubs - Elps_|Fs] + 0uiis(0)E[Gs (0)| FINE + / Dpivs(2)Elds(2)| Fs) NE y(dz)}(f(s, ~X,)
n {ayfs  E[0yps - (Xy — Xo)] + Oybs - Elps_|Fs] - E[X, — X,
+ (%I%S(O)E[ds(O)IfsM? + / Oyits(2) EGs (2)| Fo AT v(dz)) - E[X, - Xs]}
Ro
< {00 fs 4 Oubs - Blpe- |7 + 057t (0) Elas(0) | FJAY + / Ouks (2) Blas(2) | F NI v(d2) (Ko = Xo)

+{0ufs - Blou(%0) = ou(X) + Oybs - Elpy-|F] - BIX, - X,]

+ (Os (0) BLa:(0)| FIAE + / 0y () Bl (2) FNI(d2)) - BIX, - X.]}

Xoo — X4
= <VHIF(5,AS,XS_,E[(ﬁS],E[XS],us,ﬁs_,cjs), (E[@(Xf) - ‘P(XS)]) >
E[Xs; — X

19



Plugging this last result, together with (5.15) and (5.17), into (5.13), we finally obtain
T
E[QT_QT] > E[_/fs _fsds}v
0

thus J(a) — J(u) > 0. O

5.2 A necessary stochastic maximum principle

For a necessary maximum principle we introduce additional specifications to the objective func-
tional (5.6).

Assumptions 5.

(06) The functions f and g have quadratic increments in (x,y,u) uniformly in (s, ), i.e.

|f(8,)\,l‘1,y1,U1) - f(sv )\7$2>y2au2)|+|g(wlayl) - g($2,y2)|
< M+ [z ||z |+ yr [+ yz |+ u [+ |uz|) (|21 — 22| +|y1 — y2|+{ur — ual)

(O7) Each of the functions

(‘/I:7 y7 u) }_) alf(‘s?A? "1:7 y? u)? 1/ — ‘/1:7 y7u
(z,y) = Oig(x,y), i =z,y

is either Lipschitz (uniformly in (s,\) in the case of f) or independent of s and \ (auto-
matically fulfilled by g) and bounded.

Remark 5.5. Note that, by differentiability of f and g, assumption (O6) is equivalent to

10;f (s, A2, y,u)| < M(L1+ 2|2 |+2|y|+2lul), i = z,y,u
10ig(z,y)] < M(1+ 2|z|+2[y]), i = z,y.

This can be easily checked by the fundamental theorem of calculus.

First we present some preparatory lemmata. The arguments of the proofs are rather classical
and the structure is similar to the one in [1]. Some of our conditions differ to fit the framework
and the theory we presented in the earlier sections.

Lemma 5.6. Let & € A and v € HY such that for 8 small enough, 4 + 6v € A. Then, the
following mean-field SDE has a unique solution in S5 :

dEt = {8356,5 : Et_ + ayi)tE[Et] + Bul;t . ’l)t}dt

+ /{811%15(2) . Et, + By/%t(z)E[Et] + au/%t(z) . vt},u(dt, dZ)
R
S0 =0. (5.18)

Moreover,

—
=t

Xﬁ+9v _ X
E[ sup | ot 2t

2
] 0, as 0 — 0. (5.19)
t€[0,T] 0
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Proof. Notice that (5.18) we can be rewriten as

t t
= :/E(S,Es_,ﬁgs)ds+//R(s,z,Es_,Egs)u(ds,dz),
0 0 R

where
b(s,2,Y) = Opbs -  + Oybs(id, V) + dubs - v
R(s,z,2,Y) = 0phs(2) - & + Oyhs(2)(id, V) + Ouks(2) - vs
To show existence of the solution we apply Theorem 3.4 after having checked that band & satisfy
conditions (E1) — (E3).
Concerning (E1), we make use of the special structure of b and #. In fact

Oib(s, A\, x,y,u,w) = bo(s, \,w)0ib1(s, A\, z,y, u)

0ik(8, A\, z,y,u,w) = Ko($, 2z, \,w)0ir1(s, z, \,z,y,u) fori=x,y,u,
where we recall condition (E1’) and we note that

s
As(w)
(s,2,w) = [ Xi(w)
<id> EX;J>
s (w)
is Pp-measurable, as A and @ are F-predictable, (X;—);c[o,7] is F-adapted and caglad and ¢ —
(id, £ X21> is deterministic. Then the processes

aibl(sa )\t<w)7 Xg;a <1d7 £X§>7 us) and 81"%1 (37 Z, )\S(W), X2;7 <1d7 £X§‘>7 us)

are F-predictable. Again by (F1’) the processes by and ko are Pp-measurable. Since v € HF is
predictable, this implies that &Ei)s, ayés, Gués-vs, Oxks(), OyRs(-), Ouks() - vs are all predictable
processes,then also the processes E(s, x,Y,w) and i(s, z,x, Y, w) are Pp-measurable and therefore
(E1) is fulfilled.

Observe that, by (E2'),

1b(s, x1, V1, w) — b(s, x2, Vo, w)|+||R(s, -, z1, V1,w) — &(s, -, T2, Va2, w)||r,
= |0pbs(w) - (21 — x2) + Iybs(w) (id, V1 — Va)|

+ | 0zhs (- w) - (21 — 22) + (9y/%5(-,w)<id,y1 - y2>||>\s
<AK (|1 — 22| +[(id, V1 — D)) < C(|z1 — w2|+dr (Y1, D2)).

Hence (E2) holds. Finally consider v € HF, then
e 2 2 g 7 2 2
B [ (150,00 P+ (s, 0.00) 1R, )ds| = [ [ (10ub - 0+ 00 ) - 0B, )]
0 0
T
< ZKQE[/ |Us‘2d8} < 00,
0
which gives (E3).
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We now prove (5.19). Fix now 6 > 0 so that @ + v € A. Since the mean-field SDE for X %+0v

4+0v _ 34
has a unique solution in S§, then also the mean-field SDE for T := M — Z¢ has a unique

solution. Observe that X ™% = X + 9(I'Y + Z;). Now define
b = b(t, A, X2 +a(T? +2,), B[X + a(TY + Z))], 6y + avy),
K(2) = Kt 2, A, XL 4 a(T9 + Z42), BE[X[ + a(T) 4 Z4)], i + avy).
It holds b, = b9 and
1 + B )

bE0d] = / Vb, 9Er9 =] >dl
0 Q’Ut

@..‘g_‘

Z

OubY0 - (T + 2, )+ 9O ETY + 2] + 9,017 - vt)dl.

%
O\H

We have an analogous equation for x?(z) — 4;(2). By the definition of T"?,

dré = (dX“Jr@”— dX®) — d=,

Q;\n—l%\

b"—bt dt—i—/f@ — By(2)uldt, dz)> A5
R
1
= {/&cbi‘g-l“f_dhr/ (8,019 — 0,b4) =4 dz+/a beO BT dl
0
1 1
- / (8,60 — 9,b:) E[Z4)dl + / (8,0L7 — D,by) -vtdl}dt (5.20)
0 0
1
{/axﬁgﬂ(z)-rﬁdu/(aﬁg (2) — Duita(2))Zs_ dz+/a W0 () BT di
0

1
(9,559 (=) — B ive(2)) EIEd)di + / (0us4 () — Oufia(2)) - vyl dz).
0

Hereafter we study the convergence to 0 in L? of all the terms in the dynamics of T'? that contain
a difference. We take the term fot fol ((%bf{e — Bxl;t)Et_dlds as an example, the other ones work
the same way. First note that, by the definition of I'? and the Lipschitzianity of b and x which
follows from (FE2'), we have for every r € [0, 7],

E[ sup (] + =,)[*] = E[ sup |X] — X}'[’]

te[o,r] te(0,r]
= E[ sup

s | ft=baiss [ [ oo miomutaea]
A7y B[ [ (1= b1 —@«)Hi)ds}

2TV cl)E[/ <6K2\9(F§_ 2, ) P43K2E]0(Y + =) + 6K292|v8|2)d5}
0
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< K, E [ sup |0(TY + Z;)|*]ds + 92K2”U||3{IF‘
t€0,s]

By an argument in the proof of Theorem 3.4, the function [0, T] 5 r — E[sup;¢q 0(T9+24) %] =
E [supte[O’T”Xf — X*?] € R is integrable and we can apply Gronwall’s inequality to get

E[ sup [0(TY +5,))?] < 92K2||U||3{F6K” — 0, as § — 0, for every r € [0, 7.
te(0,r]

Moreover, by Lipschitzianity of 9,;b (see (E2)),

/ 1(a$b§'9 - axi)t)dzﬂ
0

1
< E[ sup 3L2/ (yze(rﬁ_ FEL)PHE[IOTY + 2] + 1202yvt|2)dz]
te[0,r] 0

E { sup
te[0,r]

< L?E[ sup [0(T) + Z)*] + 6>L?||v||3, — 0 as 6 — 0.
t€[0,r]

This shows that, for every r € [0, T], supyc(o | fol(f)xbé'g — 8,b;)dl|? vanishes in L' and therefore
also in probability. From the fist part of this proof we have that = € S5, hence the continuous
mapping theorem yields

sup ]/ (DL 8btdl‘)-sup]_t\—>0 as 6 — 0,
te(0,r] te(0,r]

Moreover, note that the family sup; ) (| fol(ambé'g — Ouby)dl|?) - supte[O,r]]Et\Q, 0 € (0,0) (for
0 small) is uniformly integrable. This follows from the boundedness of d,b and the fact that
=€ Sg . Then we can apply Vitali’s theorem and get

1 R 2
sup ‘/ (9,010 — &Cbt)dl’ ) - sup |Z¢)*— 0, in L'(Q) as § — 0
tel0,r] te(0,r]

So all together, for 8 — 0,

r

1
E[/ (O/(axbg"—axét)at_dz)th} < rE tzl[épr] )/ (DbY0 — 9,b; dl‘ ).tim\zﬂ - 0.

0

The same arguments apply to all the other terms in the dynamics of I'Y that contain a difference.
Therefore, by the boundedness of the derivatives assumed in (E2'), we have for every r € [0, 7],

/ /a bt r9_dz+/a bLOE Fe]dl)ds‘ }

1

// /aw” S\ dl+/8y/<; E[r) dz) (ds,dz)ﬁ
0

0

E[ sup |TY?] < G(r,0) +3E[ sup
te[0,r] te[0,r]

+3E sup
te[0,7]

SG(T,9)+3K2(T\/01)/ ] sup |T?]2]ds
0 te[0,s]
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where G(r,6) contains all the terms in (5.20) that contain a difference and therefore vanishes
as 0 goes to zero. Furthermore, by Theorem 3.4, we have that, for each 6 > 0, || X?||s, < oo,
| X%||s, < oo, and ||Z||s, < co. This implies that also ||T?||s, < oo. Since E[supt€[07r]\I‘f\2] <
IT?||s,, we see that the function r Elsupeo ITY|?] is integrable on [0, T]. By application of

Gronwall’s inequality we finally obtain that E[sup;cp,, ITY?] — 0, as § — 0, for every r € [0, T],
in particular for r =T, see (5.19). O

Remark 5.7. The last lemma shows that the process = actually corresponds to

d [
- . +0v
7Xt

AT 9=0’

Lemma 5.8. Let Assumptions 4 be satisfied and let 4 € A be an optimal control. Moreover, let
v € HY such that for @ small enough, @+ 6v € A. Then

25 (14 00) oo (5.21)

ds

T N N ) N
o F(s, A, XEFO E[p(XEH)], 1 + Bv) — f(5, A, X, E[p(X1)], s)
= hmE[ 7
0

9(XT, Ep(X7)]) — 9(X3, EIX(X$)])
J :

An application of the mean value theorem as in the proof of Lemma 5.1 yields the existence of
stochastic processes (s)se(o,1], (Bs)sefo,1] and random variables v and ¢, with values in [0, 1], s.t.

+

d
7(](71 + Ov ’9:0

do
T Xﬁ-‘r@v _ Xﬁ . R
1 s— s— 1 Xu+6’v — Xa
— 1 - «a B u+6v _ ya — Y T T
%ﬂ%E[/ 5 Vi | Blowes (‘%U X | s+ 5(9" <E[8mx5(X%+9” —X%)]) )
0 s
: r @ ngev — Xg— @ Ié; X;”H—Gv - Xg o
=i B[ [ (s S g Blawel S gt v
0
Xﬁ+9’v _ Xﬁ, Xﬁ-‘r@l} _ Xﬂ
+ 8,97 - T J T—l-aygV'E[amxé'%T”,
where
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Now we prove convergence of the five terms on the right-hand side to the corresponding ones in
(5.21). As illustration we develop the computations for the first term. Consider the sum

Xu+9v Xu
/a o o ds] (5.22)

A Xu+9v XU_ R
/ a fs 0 = — O fs '~57> + <axfs Es— — 0Oy fs'~57> Jraxfs'Es}dS]
0

The first summand vanishes. In fact, by Holder’s inequality

T

u—i—@v m
O/ s ; XX, f 2o |ds]
’ X0 xa 29172
/ ds <EL§[%PT] — g 5 D =(I)-(II).

0

Thanks to (O7), the first factor is either bounded or, if 9, f& is Lipschitz in z, y and z, then

T T 9
E[O/ E[O/(2 @ _9,f, )ds}
T
< B[ [ {3202 (141X P Bl CED)P+a )
0

613, 5 (1XE — XZF P4 Blp(XD)] - Elp(XIH )| [2+ay0v, ) ]
< O+ Co|| X5 + 3|l XT = XTF0 o + CalliillFe + C567||vlf3e-
Here we used that
[p(21) = @(@2)] < (10x0(21)|V[Ozp(w2)]) |21 — 22| < (|0x0(21) |+ Loyl w2 — 1]) |21 — T2
< (19:0(0)[+Lo,p|w1|+Lo, w2 — 1]) |21 — 22|,
as o is concave and J, is Lipschitz, this implies that
|E[p(X)IP < (I9(0)|+E[lp(0) — o(X)[])>

< (Ip(0) a0 OE(IXE]) + Lo, o B X7 )2
< 3p(0)*+31up (O)2X I3 +3L3, .| X4

and accordingly
Blp(X3)] = Elp(X{T)]2< 3|00 (0) 7| X" — X5
B3, X2 X7 — X002 313 |IXT - Xt L (5.03)

Being || X% — Xﬁ“‘S@”HSg — 0, then (I) is bounded. Lemma 5.6 yields the convergence of (I7)
towards zero as  — 0. Therefore, the first summand in (5.22) vanishes.
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Now we consider the second summand in (5.22). By Holder’s inequality we have

T

T
B] [@uf - 00 - 2-ds] < Bl (8] [10.52 ~ 0.5 Pas]) "
0

0

With reference to Assumption (O7), we have two cases. In the first case, where 0, f is Lipschitz,
we get convergence to 0 by the same arguments as before.

In the other case, where 9, f is only bounded and does not depend on (s,)\), we have that
Xitashv o X in SE and thus also w.r.t. the finite measure Leb ® P and by the same ar-
gumentation @ + as6v converges w.r.t. Leb ® P towards 4. Also, by similar arguments as
before E[p(XiT:0)] - Elp(X¥)] as  — 0. By Assumption (O1), 9,.f is continuous and the
continuous mapping theorem yields

O™ — O, f, as 6 — 0 in measure w.r.t. Leb® P.

Moreover, the boundedness of 9, f implies that the family (|0,f% — Ox fs\2)9>0 is uniformly
integrable w.r.t. Leb ® P. Therefore, Vitali’s theorem yields that

T

lﬂﬁ%ﬁ—%ﬂ%%%&aw—w.

0

This proves that also the second summand in (5.22) converges to 0 and so we get
Xu—i—@v _ X R
/8P5d%%ﬂ @pa@]

The same applies to all the other terms in the representation of d%J (4 + Ov)|p=o- ]

Lemma 5.9. Let @ € A be an optimal control and let v € U be fixed. Moreover, let t1 < to €
[0,T] and S € Fy,. The strategy

up(w) = ﬂt(w)l[o,tl}u(tz,ﬂ (t) + Ule(tl,tQ](% t) + at(w)lscx(tl,tz](wv t) (5.24)
1s an admissible strategy.

Proof. We verify Definition 5.1. Clearly, v € H¥ and also, by construction, u takes values in U.
In order to check the integrability of f, g, 0;f and 0;g, i = x,y,u, we use Gronwall’s inequality
obtaining

IX® = X% < K(0° + [[all3e) (b2 — tr)e™T

for some constant K. This, together with (O6), Remark 5.5, and the relation of type (5.23) for
|E[p(XH)] — E[p(X™)]|?> prove the required integrability conditions. O

Theorem 5.10. (a) Let & € A be an optimal control. Then, there exists a solution (p,q) of
the corresponding adjoint mean-field BSDE (5.7) such that for all v € U:

aUHF(tv )‘h Xz?—? E[QD(Xtﬁ)]v E[Xtﬁ]a atvﬁtf) (jt) ’ (U - ut) § 0. (525)
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(b) Let, on the other hand u € A such that
OuH (t, M, X{ ) E[p(X1)], E[X Y], s, pr—, G¢) = 0. (5.26)
Then, 4 is a critical point for J, i.e. d%J(ﬁ +0(u —0))|p=0= 0 for all u € A.

Proof. Part (a). Since @ is optimal and .J is C'', & must be a critical point for .J, i.e. by Lemma
5.8, for v € HF such that for # small enough, @ + 6v € A, we have

d
> —J(u _
0> —2J (@ + 6v)lo-o

T
= E|:/ <aacfs . Es + ayfs . E[amgf)s . Es] + 8ufs . 'Ug)dS —+ aach . E’T + aygT . E[axf(T . ET]]
0

— [ <afs~_s+8fs- E[0y@s - Bs| 4 Oufs - vs)d5+p:r =1 —po-Zo|-

O\H

In the last equality, we used the terminal condition in (5.7), (5.12), and Zy = 0. The product
rule together with (5.7) and Lemma 5.6 yields

T T
0> E / a o fo - g+ Oy foE0ups - Zo] + Oufs - vs)ds n /ﬁs_{azés B + Oybs B[] + Oubs - ve}ds

0 0

T
/E 8 fs ‘|‘a bs ps— +a Iis( )QS( >‘B /8 K’S QS( )>\H (dz) +E[ yfs] x@s
0 Ro

+

E0,b. ) + B[00 O + [ 0,2 (NIv(d2)] s
Ro

T
+ / {45(0) : (890/%8(0)  Bor + 0y #5(0) - E[Z4] + ufis(0) - US)ASB
0

Gs(2) - <8x/%5(z) Byl + Oyhis(2) - B[Z4] + Oukis(2) - vs) A y(dz)}ds}

R
T A~ ~
— E[/ {8’U,f8 - Vs + ﬁsfaubs - Vs + (js(o)au"%s(o) : USASB + /(is(z)au/%s(z) : Us)\fy(dz)}ds} .
0
R

As v and = are F-adapted, the only terms that are G-adapted, are p and §. Applying Fubini’s
theorem, the tower property and again Fubini’s theorem we achieve

T
0> E[/ {8 fs - s + Elps—|Fs)0ubs - vs + E[ds(0)|Fs)0ufis (0) - vsAZ

/E )| F0uis(2) vs)\fy(dz)}ds}

T
~ B| /0 OuH" (5, Mo, X1, Blp(X] BIXE, .o ) - vads].
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By Lemma 5.9, the strategy u given by

ut(w) = e (W)L 1110t 1] () + V1G5 (1,20] (W, ) + Ut(W) Lger (1 10) (W, T)

is admissible for every v € U, S € F;, and all t; < ty € [0,T]. Defining v; := u; — 4y, the
convexity of A implies that also 4; + v, € A for all 6 € [0,1]. Thus, v; satisfies the conditions
above and we get for all t; <ty € [0,7]

to R R R
0> E[/ lsauHF(s,)\S,X;L_,E[@(X;L)],E[Xg],ﬂs,ﬁs,,q}) (v — us)ds]|.

t1

Letting t2 | t1, this implies that
E[1sd,H" (s, A, X;—, Blp(X])], BIX]], s, Ps—, s) - (v —15)] 0

for all S € Fs a.e. s €[0,7] and (a) is proved.

Part (b). Let now 0,H" (s, \s, X% , E[p(X®)], E[XY], G5, ps—,4s) = 0. Then, putting v; :=
up — Uy, it directly follows from the computations in (a) that, for all u € A,

d 9 5 —_—
27 (@ +0(u—1a))lg=0=0.

5.3 Example: A centralised control in an economy of specialised sectors

Consider an economy of N specialised sectors, all of them with more or less the same debt and
having comparably sized volumes (as a motivation for this assumption, see Ricardo’s theory of
comparative advantages). We identify one sector with one (leading) agent in the economy. Each
agent ¢ can sell bonds at a rate (ri)tE[O,T]a whose dynamics follows a generalised Vasicek model:

dri = 0,{(Fy — ug) — i}t + /gt(z)m(dt,dz), =1 N (5.27)
R

1 s
Ty = N;rg.
J:

The martingale random fields u‘(dt,dz) are iid, as the sectors are specialised, each one on a
different industry, but the volatilities are the same, as we assume equal economic strength. The
process (0¢).c(o,7) is assumed to be positive, predictable and bounded by some constant K. We
also assume that ||os(-)||x, < K. The term u; > 0 is a control term that models the influence
of the central bank regulating this economy. The central bank can buy a basket of bonds (in
this example equally weighted) in order to lower the average interest rate. So the term 7 — uy
models the target average rate at time ¢. By linearity and the independent noises in (5.27) and
a propagation of chaos argument, we have that, as N — 0o, each state’s dynamics behaves like:

dry = 0{(Elr] — w) — ro}dt + / oo(2)(dt, d2), (5.28)
R

28



for a martingale random measure p 4 p'. The main focus of the central bank is on keeping the
currency stable and it is necessary to keep u; small over time, while still promoting liquidity in
the economy.Then the central bank faces the following optimisation problem
J(4) = max J(u)
u
T
J(w) = B / ~(ue)? ~ (B[ — (o). (5.20)
0

In the notation of the previous sections, the functions b, k, f and g are given by

b(t, \t, z,y,u) = 0 (—x +y — u)
K(t,z, A, T, y,u) = or(2)

f(tv At,x,ym) = _12 - y2 - ’LL2

g(x,y) =0

We can solve this optimisation problem explicitly, as it is quadratic (see [7] for the classical
Brownian case) applying the results before. First we need to check Assumptions 3, 4, and
Definition 5.1.
Concerning assumption (E1’), defining by(s, As,w) = 05(w) and by (s, A\, z,y,u) = —x+y —u and
Ko(8, 2, As,w) = 05(2,w), kK1(s, 2, A\, z,y,u) = 1, we have b(s, As, z,y,u) = bo(s, As)b1(s, s, z,y,u)
and K(s, s, z,y,u) = Ko(s, 2z, As)k1(s, 2, As, T, y,u). Since |0;b|= |0s|< K, and |os(-)|[x, < K
does not depend on (x,y,u), (F2') holds. (E3') is equally simple. About the conditions on f,
g, ¢ = id and x = 0, note that f is obviously C! in (z,y,u), g is obviously concave, ¢ and y are
affine and thus 9,p, 0, are Lipschitz. This proves that conditions (O1) — (O5) are all satisfied.
About condition (A1), we know that (w,s) — X% (w) € L3([0,T] x ) since we only allow for
solutions of the mean-field SDE in S} and, by Theorem 3.4, there is exactly one such solution.
For v € HF, Jensen’s inequality implies that

S f(S, As, ngv E[X;LL us) = _|X;L|2_’E[X:”2_‘us‘2€ L2(Q X [07 T])?
which proves (A1). Condition (A2) is proved similarly.

We first apply the necessary maximum principle Theorem 5.10). Note that the additional
conditions (O6) and (O7) are obviously satisfied and the F-Hamiltonian

HF(t7 )\t7 T,Y1,Y2, uuﬁt—) (jt) = _$2 - y% - U2 + et(_l‘ + Y2 — U)E[pt—‘f't]
+ o (t,0)E[G:(0)| F AP + /a(t, 2)ElGi(2)| Fi) M\ v(dz).
Ro

Then we get the following candidate for the optimal control
. O .
Ut = —%E[Pt—LFt]

Notice that it makes sense to restrict only to nonnegative values, as short selling is not allowed
by the central bank. For 4 := —% E[p;_|F] > 0, we get
H]F<t7 )\tv Z,Y1,Y2, ataﬁt—v Cjt) = h(t, )‘ta Z, Y1, y2)

16:?
4
+0(t,0)B[q:(0)| FJ AT + /G(t, 2) Bl (2) | F A v(dz),

Ro

=—(@®+u}) + Ou(y2 — ) — | E[pe—| F¢]|?
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which is a concave function in (z,y1, y2). Then @ is optimal by the sufficient maximum principle
Theorem 5.4. The boundary u = 0 must be checked separately.

6 Appendix

Proof that the mapping ¥ in (4.5) is a contraction. Fix § > 0. We define the norm ||-||
on L2,(G) x T by

T
2= (B[ [ e v.P+1203,)ds] )
0

which is equivalent to the canonical one. Let (y(), 2(1)), (y2), 2)) € L2 (G) x T be two given
inputs and define (Y1, ZM) .= w(yM ) (Y3 Z?)) .= ¥(y?), 2(?)), which are indeed the
corresponding solutions of (4.4). Furthermore, define

A

Vi=yW _y®, g = y(l) _ y(2)’ 7 =70 _ 72 z.— 1) _ )
Then (Y, Z) satisfies the BSDE

avi = B [n(t XY @) 20, VY ) = n(6a0 YD ), 22 (DY) e

+ Jp 207 (2) = 22 (2)u(dt, dz)
Yy =F—F=0.

The application of Ito’s formula on e%*|Y;|? yields
0> B[ (V7 —e O[3 /Mm [2ds +// Y, Z,(€)u(ds, d¢)

265V, B [ (5,20, o YO, (1), 200, (20) ) = (5,05, X Y2, (02), 220, (2 ) | as

S

+
o\*ﬂ

T T
1 N N N ~ N N
by 22O s+ [ [P+ 2P 1T P) - 267V ZUO M) s
0 0 Ro
Since ZW, Z2) € T, then the process M; := fo fR u(ds,dz) is a martingale. Since the fil-

tration G is right continuous (see [9, Lemma 2.4]), Doob s Regularlzatlon Theorem (see, e.g. [15,
Theorem 6.27]) implies that M has a cadlag version and, being the integral w.r.t. ds continuous,
we conclude that Y has a cadlag version. Hence the cadlag version of Y has only countably
many discontinuities, we can replace the Y,_ by Y; in the integrals w.r.t. ds. Rearranging terms
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and the Lipschitzianity of h, given by (C3) yields
T T
2l /5e53|}7 2ds + /eﬁsuzsnisds}

0

T
< E / 8 As, )\;’ Ys(l) (y gl))’7 Z§1)7 (zél))’) — h(S, As, )\;, )/;(2)7 (y§2)),a Z§2)a (29)),)] dS}
0

Ja]

S S

< E[/zeﬁsm!E’[

0

<S7 AS’ >\IS7 }/;(1)’ (ygl))/, Z§1)7 <Z§1))/) - h(s7 AS’ A/S’ ¥9(2)7 (y(2))/7 Z(2)7 (z.gQ))/)

T
< B[ [ 2R NIE [V = YO L) = @) 1120 = 2], + 10 = G2y ]
0

By the definition of the operator E’, we have

EMYS —Y?) = [yV - Y= |

E'[I(y (1)) WY = Ellyl) — 9PN = Ellgs|]

ENNZO - 2205 =12 = ZP|s, = | ZslIx,
E' D) = Y] = Bl = 221 = Ellizll)-

Making use of the fact that 2ab < ka? —F%b2 for all a,b € R and all £ > 0, and choosing k := 16K,
= |Ysl, b = (Ys|+E[[gs]] + [ ZslIx, + Ell|Zs]Ix.]), we get

T T
B[ [ fds + [ o) 2.18,as]
0 0
T T
2 Bsiv 12 1 Bs (|1 ~ 5 2 2

<16K2B| [ e\ViPds| + B[ [ (Tl + 1 Zel. + Ellz],)%ds]
0 0
T 1 T 1 T

< 2 Bs|v |2 - Bs|v |2 - Bsin 12

< 16K E[/e V] ds] +4E[/e V] ds} +4E[/e 19| ds}
0 0 0

1 ’ 1 ’
3B [ 1208,as] + 1B] [ ¥R a].
0 0
where we also used that (3.1, a;)?> <n> 1, a? and E[X]* < E[X?]. This yields
1 ’ 3 ’ 1 ’
(- 16K% — DE[ [ Hvipas| + 18] [ e1203,05] < 1B[ [ (a3 )0ds
0 0 0
Choosing 3 = 16 K2 + 1 > 0, we finally get
’ 1 ’ 1
(V. 2)lls = B[ [ e (¥:Pas + 1Zu18)ds] < 5B [ (1 Pl218,)as] = 511G 2o
0 0
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By this we see that ¥ is a contraction.
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