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BASED ON SIMPLEX SPLINES

ELAINE COHEN, TOM LYCHE, AND RICHARD F. RIESENFELD

ABSTRACT. We introduce a simplex spline basis for a space of C''- quadratics
on the well known Powell-Sabin 12-split triangular region. Among its many
important desirable properties, we show that it has an associated recurrence
relations for evaluation and differentiation. Also developed are a Marsden-like
identity, quasi-interpolants, approximation methods exhibiting unconditional
stability, a subdivision scheme, and smoothness conditions across macroele-

ment edges.
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1. INTRODUCTION

Surfaces defined over triangulations have widespread application in many areas
ranging from finite element analysis and physics and engineering applications to the
entertainment industry. For many of these applications piecewise linear surfaces
do not offer sufficient smoothness. To obtain C! smoothness, one must either use
quintic polynomials with 21 degrees of freedom over each triangle or use lower degree
macroelements that subdivide each triangle into a number of subtriangles. Thus
far, the second approach has largely been based on using the Bernstein-Bézier basis
on each subtriangle, manually enforcing the smoothness internal to each triangle
and solving the resulting constrained system.

In this paper we introduce the S-spline basis, a B-spline-like basis, over a sin-
gle macroelement known as the Powell-Sabin 12-split (PS12-split). Internal to the
macroelement, each of the 12 basis elements is C' and the basis is uncondition-
ally stable independent of the shape of the macroelement. Analogous results for
analytical and shape properties, so inextricably intertwined in the B-spline/Bézier
formulation of surfaces, are shown for the S-spline basis.

1.1. Background. Consider a triangulation 7; of a domain Q € R? and integers
r,d with —1 <r < d. Let

Sy(Th) :=={f € C"(Q) : fir is a polynomial of degree d, VT € T1}

be the space of piecewise C” polynomials of degree d over T;. To evaluate f €
S5(T1) the standard approach is to represent f piecewise using a Bernstein-Bézier
representation on each triangle in 77 and use the de Casteljau Recursive Algorithm
[13] for evaluation. It was shown in [15] that the L, normalized Bernstein-Bézier
basis on a triangle is stable in any L, norm.

Now suppose 77 is obtained from a coarser triangulation Ty by splitting each
triangle in 7y into subtriangles. Suppose for each triangle A € 7; there exists a
basis Ba of the space S;(71) restricted to A that has:

e stable recurrence relations
differentiation formula
minimal support
local linear independence
nonnegative partition of unity
explicit dual functionals
L, stable basis, 1 < g < 00
simple conditions for C'! joins to neighboring triangles
well conditioned collocation matrices for Lagrange and Hermite interpola-
tion using certain sites, and
e subdivision algorithms of Lane-Riesenfeld type.

These characteristics yield a B-spline-like basis within each A, but they do not
give a B-spline basis for the whole triangulation 7. So B behaves like the triangular
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F1GURE 1. Left: PS6-split, and right: PS12-split configurations.

Bernstein—Bézier basis across the edges of 7p, but like a B-spline internal to each
triangle of 7y. The characteristics of this basis make it unnecessary to convert it to
a Bernstein—Bézier representation on each of the subtriangles of A. Instead there
is a single control mesh to facilitate control and early visualization of the surface
over each triangle A in 7.

We develop a quadratic C! spline basis with the above desired behavior on each
element of 7y that has been split according to the scheme of the Powell-Sabin 12-
Split (PS12) [20]. Each triangle in 7y is split into 12 subtriangles delineated by the
complete graph connecting all vertices and edge midpoints. (See Fig. 1). The union
of the bases over Ty can be used to represent the space of C! quadratic splines on
Ti.

An interpolatory subdivision scheme for the PS12 split introduced in [9] can be
used to evaluate a quadratic PS12 specified surface on an arbitrary triangulation.

There are other notable approaches to constructing spline spaces over triangu-
lations, in particular:

e The nodal basis, dual to the degrees of freedom for the Hermite constraints,
is commonly employed [3] in finite element calculations.

e Elaborate constructions exist based on perturbing the knots of a Bernstein-
Bézier triangle representation in [6, 7, 12, 22]. However, the space thusly
obtained, represented by a simplex spline basis over the perturbed knot set,
depends on the particular perturbations applied. Also, evaluation based on
simplex spline recursion is slow [10, 11].

e An approach employing Delaunay configurations based on points in general
position is introduced and studied by Neamtu in [18, 19] . This approach
uses a sum of simplex splines as basis functions and generalizes many B-
spline properties; however, there is no associated recurrence relation relat-
ing these functions to basis functions of lower degree.

e Box splines [2] can be applied to uniform triangulations.

e Schemes using a different split rule, called the Powell-Sabin 6-Split (PS6)[20],
create T from Ty by dividing each triangle of 7j into 6 subtriangles by con-
necting the incenter of a triangle to its vertices and to the incenters of
its adjacent triangles. Dierckx [8] introduced a B-spline like basis for C!
quadratics on a 7; split of Ty according to the PS6 rules. Since there is no
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recurrence relation for this basis, evaluation is done by transforming them
to the Bernstein-Bézier representation on each of the 6 subtriangles. Being
nonnegative and forming a partition of unity, the basis functions can be
manipulated with their corresponding control points. They form a stable
basis in the L, norm, 1 < g < oo, where the stability constant depends on
the smallest angle in the underlying triangulation [16, 23].

e The Dierckx basis was recently extended in [25] to a space of C? quintics
on triangulations amenable to the PS6-split.

In this paper we introduce the S-spline basis, a quadratic simplex spline basis
Sa, for the PS12 macroelement. In addition to having simplex spline properties,
we prove that the S-spline basis has many desirable B-spline properties. In par-
ticular, they form a partition of unity, provide a recurrence relation down to hat
functions, satisfy a Marsden-like identity, and exhibit L, stability for a scaled ver-
sion. Furthermore, the restriction of each basis element to the boundary edges of
the macroelement reduces to a standard univariate B-spline. A control mesh can
be formed that mimics the shape of the surface and exhibits distance O(h?) to
any one of its control points from its surface, where h is the length of the longest
edge. We obtain a pyramidal evaluation algorithm in terms of the control points
that is strikingly reminiscent of the analogous one for triangular Bézier surfaces.
An unusual hybrid, the control mesh presents both triangular and quadrilateral
connectivity.

The S-spline basis can be used to represent surfaces over arbitrary triangulations.
We derive conditions for C' smoothness across macrotriangle edges in terms of
control points similar to the triangular Bézier case.

We obtain two algorithms for the subdivision approach considered. One subdi-
vides each macroelement into 4 submacroelements so that the S-spline basis ele-
ments are subdivided giving formulas analogous to Oslo Algorithm 1 [4]. The other
is an analog of the the Lane-Riesenfeld Algorithm for Bézier surfaces [14]. Repeated
subdivision converges quadratically due to the aforementioned distance result and
can be used for evaluation, rendering and other computations commonly associated
with freeform geometric modeling.

Now we preface the ensuing mathematical development with a description of the
notation consistently used throughout.

1.2. Notation. We use small boldface letters to denote vectors and capital boldface
letters for matrices, while calligraphic fonts like R, S indicate sets. With function
spaces we associate symbols like S.

The symbol R™" denotes the class of m x n real matrices A, R,.... We de-
note the unit vectors in R™ by ey, ..., e,, the identity matrix with I, and e :=
[1,1,...,1]T € R™. We write #A for the number of columns of A, and #8 for
the cardinality of set S. If A € R™" and i = [i1,...,i.]7, § = [j1,...,]s]7 with
1<ip <<, <m, 1 <j <. <js <mn, then A(Z,5) € R™* denotes the
matrix whose k, £ element is a;, j,. In particular, ¢(¢) denotes the vector whose jth
element is ¢;;. For a vector of functions f the symbol f(i) denotes the subvector
of functions whose jth element is f;;. The support of a function f, denoted by
supp(f), is the closure of the set of values in the domain of f at which f is nonzero.

We denote by I14(IR?) the space of bivariate polynomials with real coefficients
of total degree < d, i.e., the span of all monomials of the form xzfa:;z, where
the nonnegative integers satisfy i1 + io < d. The dimension of Hd(RQ) is vg =
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FIGURE 2. Reference labels for vertices and induced 12 subtrian-
gles for the PS12-split.

(d+1)(d+2)/2. S;(A) denotes the space of piecewise polynomials of degree d and
smoothness C" on a triangulation A of R2.

To denote the closed or open convex hull of a set S we use ch(S) or ch(S)?,
respectively. When S, consisting of the columns of A, spans R™, we say simply “A
spans R™”.

1.3. PS12-Split. Prominent among the known macroelements is the Powell-Sabin
12-split (PS12-split). Given three noncollinear points p;, p,, p3 in R?, the triangle

(1.1) A := ch({p;y, P2, P3})

with vertices p;, py, ps Will serve as our macrotriangle. The PS12-split divides A
into 12 subtriangles delineated by the complete graph formed by the 3 original
triangle vertices and its 3 edge midpoints (see Fig. 2).

We number the vertices p;,...,p;, and the triangles Aq,..., Ao of the PS12-
split as depicted in Figure 2. Note that

1 1 1
Py = 5(P1 +P2), P5i=5(P2+P3), Psi= 5(1)1 + ps3),

2 2
1 1 1
(1.2) pr = 5(104 +pg), Dgi= 5(1)4 +p5), Dy = 5(195 + Dg),

1
g(pl + py + p3).

Apgio is the PS12 triangulation of A. We follow the convention in [22], to decide
in which subtriangle each edge and vertex belongs. The author defines a point p
to be in the half-open convex hull of Ay if and only if there is a vector i with
positive slope, and a scalar € > 0 such that {p+se; +tn:0<s,t <s+t<e}is
completely contained in the interior of Ag. The resulting configuration is shown in

Pio =
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FIGURE 3. Scheme that uniquely assigns each © € A to a unique
(possibly half-open) subtriangle Ay.

Figure 3 for a typical triangle. Note that in what subtriangle each edge and vertex
is contained depends on the orientation of the triangle. This convention extends to
associate every edge and vertex in the PS12-refinement of an arbitrary triangulation
with a unique subtriangle. Thus this uniquely and completely defines a piecewise
polynomial at all points of the PS12-refinement of an arbitrary triangulation.

The following algorithm determines a unique subtriangle for a point in R? with
respect to a single PS12 macroelement. The algorithm is consistent with the con-
vention described above for the triangle in Figure 3.

Algorithm 1.1. Let & € R? and A be partitioned by {Ay, ..., A2} as in Figure 3:

(1) Find the barycentric coordinate triple (51, 82, 83) of & with respect to A.
(2) Compute sw := [2°,2%,23 22 21 20]t where

t:= (61> 3),(B2 > 5): (B3 > 3), (b1 > B2), (Br > B3), (B2 > B5)] "
(3) Select k from the table below.
sw (384613919 |17[8|25|12|6|7|3| 1|0 |4
k|l 1] 1234|555 |6|7[8[9]10]11]|12
(4) € Ay. x ¢ A for other values of sw.

Note that t is a Boolean vector consisting of zeros and ones. For example the
second to last component is one if « is closer to p; than to p;, constraining it to
lie in only one of the triangles Ay, kK =1,2,3,7,8,9.

2. SIMPLEX SPLINES OVER PS12-SpLIT

On the triangulation Apgio of the triangle A, we consider the spline spaces:

(2.1) Sa =S4 (Apsi2), d=0,1,2.
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FIGURE 4. Shaded areas indicated support for knot configurations
of the 10 linear simplex splines S;; on PS12-split.

Since there are 12 triangles and 10 vertices in A pgi2 (see Fig. 2), ng := dim(Sy) =
12 and np := dim(S;) = 10, respectively. Similarly, ny := dim(S3) = 12, and there
is a unique f € So that interpolates function values and gradients at the vertices
D1, Do, P3 and cross derivatives at the midpoints py, ps, pg [20].

Definition 2.1. For d =0, 1, 2, we define S-splines for S; by

v; ‘
(2.2) Sjd = #jM('|Kj,d)v J=1...,na,
where M(-|K; 4) is a degree d simplex spline normalized to have unit integral, and
vj,q := V(€ ¢) is the 2-dimensional volume (area) of ;4 := supp(S;.4) = ch(K; 4).
The set

(2.3) Sd = {Sl,d,---;Snd,d}y d:O,l,Q,

is the S-spline basis of degree d for the PS12-split. The knot sets K ; 4 are defined as
follows: Ko consists of the three vertices of A;, while K;; and K> are defined
as follows:

(2.4)
K= [p?),pmpﬁ] Ky, = [pé2),p5,p4] K3 = [péQ),p6,p5]
K4)1 = [pl,p4,p2,p10] K571 = [pg,p57p3,p10] K6,1 - [p3ap63p13p10]
K71 =[p1,Ps:P10:Ps]  Ks1 = [P2,P5,P10:P4] Ko = [Ps; Ps, P10, P5]
K101 =[P4, P5; Ps» P10
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1
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11 4
5
5
4 222
333
9
6 5
FIGURE 5. Shaded areas indicated support for knot configurations
of the 12 quadratic simplex splines S; 2 on PS12-split.
(2.5)
3 2
K1,2 = [Pg ),p4,p6] K2,2 = [Pg )7p47p27p6] K3,2 = [p17p47p27p57p6]
2 3 2
Ki2=[p.ps.pips)  Ksz2=[pS ps,pl] K2 = [pS”, ps, s, Pl
2 3
K12 = [py, 05,05 P6:P1]  Ks2 = [0S, Pg, Py, 5] Ko = [p5”, pe, ps)

2 2
K= [pP6,p1,ps] K2 = P3P P1Psyps) K1z = [0V, D4, D3, D)

Note that superscript indicates multiplicity so that [p?) 2 Pas Ps] = [P1,P1s P4, Pe)-
Comprised of points in R?, the d + 3 columns of K 4 are called the knots of S; 4.
A spline of degree d on Apgi is any linear combination Z;Lil ¢;Sjd.

The supports of the 10 linear S-splines are shown in Figure 4. There are 4
distinctly structured types grouped as follows: the 3 corners S; 1,521,551, the 3
midpoint edges S4.1, 55,1, 56,1, the 3 Egyptian pyramids S7 1, Ss1, 59,1, and the cen-
ter pyramid Sy,1. For quadratic S-splines shown in Figure 5 there are three distinct
types, namely, the 3 corners Si 2,552,592, the 6 edges S22,S54,2, 56,2, 58,2, 510,25
S12,2 and the 3 with trapezoidal support S32,57,2,.511,2. Observe that all support
sets are shaped either like a triangle or a quadrilateral.

The S-splines have the following properties.

Theorem 2.2. Ford=0,1,2, j=1,...,ng4, and x € A:
(1) Smooth piecewise polynomial: S, € Sq.
(2) Nonnegativity and positivity: S;q(x) > 0, Sjq(x) > 0 for x €
Ch(Kj,d)o.



SIMPLEX SPLINES FOR THE POWELL-SABIN 12-SPLIT 9

(3) Partition of unity: "¢, S;a(x) = 1.

(4) Convex hull: If the S-spline coefficients ¢; are points in R* or R? then
f(x) == 3772, ¢;S.a(x) is contained in ch({c;}i").

(5) Local linear independence: On each of the 12 subtriangles Ay the

nonzero Sj 4 constitute a basis for I1;(IR?).

Basis: The S-basis Sq := {S1,d,...,Sn,,a} is a basis for Sq.

Degree 0: S0 = Xa, the characteristic function of A;.

Sj,l(pi):éi’j, i,j: ].,...,].0,
9) Edge restriction: For d = 1,2 a spline f = 2;21 ¢;S;j,q reduces to a
univariate spline with one interior (midpoint) knot along an edge of A. In
particular, for d =1 along the edge ch({py,pPs}),

(27) f((l — t)p1 + tp2) = ClBl’l(t) + 0432)1(0 + 0233)1@), te [0, 1],

where {Bj,l}?zl is the set of 3 consecutive univariate linear B-splines on the

(
(
(8) Linear hat: S} is a piecewise linear hat function with,
)
(

knot vector (0,0, ,1,1], normalized to form a partition of unity on [0, 1].

Similarly, for d =2
(28) f((l — t)pl +tp2) = ClBLQ(t) +CQBQ,2(t) —|—C4B3,2 (t) +C5B472(t), te [O, 1],

where {Bj,2}§:1 is the set of 4 consecutive univariate quadratic B-splines
on the knot vector [0,0,0,1/2,1,1,1]. Again, they are normalized to form
a partition of unity.

Proof. As bona fide simplex splines, the elements of the S-basis exhibit the following
desirable properties [5, 17]:

(1) Sj,q has d + 3 knots and is a piecewise polynomial of degree d.

(2) The support of S, 4 is ch(K; q).

(3) Sj,q is positive in the interior of its support.

(4) The knot lines of S; 4 form the complete graph of the knots.

(5) Sj,a has d+ 1 —m continuous derivatives across a knot line containing m

collinear knots.

Since all knot lines of S; 4 are segments of edges in Apgi2 it follows from Property 1
that S; 4 is a piecewise polynomial of degree d on Apgi2. Moreover, since there
are exactly two knots on those knot lines of S; 4 containing a point in the interior
of A, Sja € C%1(Aps12) by Property 5. It follows that Sj.a € Sq. There are
precisely v4 nonzero S; 4 on each triangle Ay (cf. Figures 4 and 5). In particular, it
follows from the support, continuity and partition of unity that for d = 0, S; ¢ is the
characteristic function of A;, and that for d = 1 equation (2.6) holds. We show a
Marsden-type identity in Section 3 that implies that functions in Sy span I14(R?) on
every Ay and this identity also implies partition of unity, local linear independence,
and basis properties. The convex hull property follows from nonnegativity and
partition of unity. The edge restriction property will be proved using the recurrence
relations in Theorem 2.3. ([l

Figure 6 illustrates the edge restriction property along the front edge ch({p;, p>}),
where S; o, for j = 1,2,4,5, exhibit the proper shapes of a univariate quadratic B-
spline. Along the boundary of the triangle, the S-spline S3 2, whose support is
trapezoidal, has function value 0, but its cross-boundary derivative is nonzero.
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FIGURE 6. The S-splines S; for j = 1,2,3,4,5, on the unit tri-
angle P = (070)7p2 = (170)7 and p3 = (07 1) .

2.1. Recurrence relations: basis form. Consider the recurrence relation for

univariate B-splines B, 4 of degree d and with d 4+ 2 knots t;,...,%; 1441,
X — tj tj+d — X
Bja = pjaBja-1+ Ny1,aBjr1,d-1, pa(x) = ———, N4(z) = —F,
titd —tj titd —t;
and where \j 4 = pjq = 0if tj1q = t;. On a knot vector ¢ := (tj)g-”zl with
t;1 < tg < -+ < t,, the recurrence relation for the (r := m — d — 1) B-splines of
degree d that are defined on t can be written in matrix form as,
(2.9) [Bi,ds -« Bral = [Brda-1,-- Bryra—1]Rae, t1 <@ <tpy,
where
H1,d
A2d  H2.d
(2.10) Ry = As g - e RHLT,
Hr.d
/\r+1,d
If t), <z < ty41 for some integer k, then only By_q,4(z), ..., Bk a(z) can be nonzero

and (2.9) reduces to the polynomial version

(211) [Blkc—d,dv s ’Bllg,d] = [Blkc—d+1,d—1a RS Bllj,d—l]RZ,ta
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where BY ; is the polynomial of degree < d representing Bj 4 on [y, tx41) and

Ai—dt1,d  Mhk—d+1,d

(2.12) R), = € R4

Akd  Mhd

We now give analogs of equations (2.9) and (2.11) for the S-spline basis. Consider
first (2.9).

Theorem 2.3. If

(2.13) sy =[S1d -, 50,4, d=0,1,2,
then
(2.14) sq =8y 1Ra, d=1,2,
where Ry € R'%10 and Ry € R'%12 are given by
(2.15) ) )
v 0 0 0 0 2832 4B 0 0 0
Y1 0 0 25273 0 0 463 0 0 0
0 Y2 0 2ﬁ1’3 0 0 0 453 0 0
0 v O 0 2B31 0 0 45, 0 0
0 0 Y3 0 25271 0 0 0 4ﬂ1 0
L 0 0 Y3 0 261,2 0 0 4ﬁ2 0
Riz)= g ¢ o o 23355 4B1s 0 0 -3y
0 0 0 263 0 4612 0 0 —371
0 0 0 233 0 0 481 0 =37
0 0 0 0 253’1 0 0 4,82’3 0 —3’72
0 0 0 0 26271 0 0 0 45372 —3’)/3
|0 0 0 0 251 2 0 0 4831 —3vs)
and
(2.16)
Ty 28, 0 0 0 0 0 0 0 0 287
0 0 0 26 7 28 0 0 0 0 0 0
O 0 0 0 0 0 0 2 4 26 0 0
0 Bis 385 Bos 0 O O 0 0O 0O 0 0
0 0 0 0 0 B21 361 PBz1 O 0 0 0
Rz)=10 0o 0 0 0 0 0 0 0 B2 38 Bis
0 & ¥ g o 0 0 0 0 0 ¥ 42
0 0 2 P2 B 39 9 0 0 0
0o 0 0 0 0 0 L B B2 3o
L0 0 -y 0 0 0 -y 0 0 0 - 0 |

Here B = [B1, B2, B3] is the vector of barycentric coordinates of & with respect to
the triangle A so that B;(p;) = d; j and

(217) Vi = 25] - ]-7 ﬁi,j = Bz - ij fO’/‘ 7’7] = 17273'
Moreover, Ry(i,7)Sia—1(x) > 0 for all i,j and x € A.
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TABLE 1. Enumeration of the sets 7—[2 and g};.

kE [HF=GF HE Gl

1 1,6,7 1,2,12 [1,2,3,10,11,12
2 1,4,7 4,5.6 1,2,3,4,11,12
3 2,4,8 8,9,10 2,3.4,5,6,7
1] 258 2,34 345,678
5 3,5,9 6,78 6,7,8,9,10,11
6 3,6,9 10,11,12 | 7,8,9,10,11,12
71 67,10 [23,11,12]2,3,7,10,11,12
8 | 4,7,10 3,4,6,7 | 2,3,4,7,11,12
9 | 48,10 [78,10,11| 2,3,4,6,7,11
10| 58,10 | 3,711 | 34,6,73811
11] 59,10 3,6,7,8,10,11
12 6,9,10 3,7,8,10,11,12

To prove this result we use the recurrence and knot insertion relations found in
[17]. The details of the proof can be found in Appendix A.
Using (2.14) repeatedly we obtain,

Corollary 2.4. Suppose x € A for some 1 <k <12 and 0 < d < 2. Then

d
sa(@)" = [S1a(@),. .., Snya(@)] = ef [[ Ril=).

(2.18)
i=1
Moreover, for a spline with coefficients ¢ = [c1,...,cn,]",
ndg d
(2.19) fa() = ¢;Sjalx) = ef [[ Ri(w)e
j=1 i=1

We need to establish some notation before developing an analog of (2.11) for the
S-spline basis.
Definition 2.5. We define
Gk = {j: Ay Csupp(S;a)},
HE = {j : Ra(k,j) # 0 for some x},

d=0,1,2,

(2.20)
k=1,...,n4-1, d=1,2.

We use the symbols g% and h’; for the vectors consisting of the elements in G¥ and

’H’(}, respectively, arranged in increasing order.

The elements in 95 single out the indices of the S-splines of degree d that are
nonzero over triangle Ay. It is easily verified that each Qé“ contains vy elements,
so that g’j = [i1,...,iy,|T with iy <--- <i,, (cf. Figures 4 and 5), and we recall
that v4 is the dimension of the polynomial space I14(R?), d = 0, 1,2. We show the
elements in the sets ’H’j and g(’; in Table 1.

We also note that

(2.21)  GF =HY and G =HY UHZ UHE, [ir,iz,i3] =gF, k=1,...,12.
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Definition 2.6. For d = 0,1, 2 define Sj’.“’d to be the polynomial representing S; 4
on Ay. Also define,

8 =15 g....8E A", sh=3l(gh) erR™,
which represents the ordered vector whose elements are in the set S¥ := {S¥ i€
Ga}-
Definition 2.7. For 1 < k < 12 define submatrices
Ri := Ri(k,g7) €R"’, Rj:= Ra(gf,g5) € R*,
where 95 is defined in Definition 2.5.

For example, from Table 1 it follows that g1 = [1,6,7] and g3 = [1,2,3,10,11,12].
Thus,

M 262 0 0 0 283

Ri(z)Ry(x) = [ 2vs2 4682 [0 0 0 32 38 72
0 xs 382 g 36 w2
2 2 2 2

We are now ready to state the polynomial version of Corollary 2.4 (cf. equation
(2.11)).

Corollary 2.8. Fork=1,...,12,d=0,1,2 and ¢’ =[c1,...,¢cn,],

d d
(2.22) si" =] R, fi=][Riclgl), d=0,12
i=1 i=1
kY . , T ko 1 C T ko,
Here c(gjj) is the vector [¢;,, ..., c“d] , where g5 = [i1,...,%,,]" . Moreover, fj is

the function fq restricted to triangle Ay.

Proof. Clearly sf(x) = f¥(z) = 1 showing the result for d = 0. By (2.18)
Sk, =Ri(k,j), j=1,...,10,

and (2.22) follows for d = 1. For j =1,...,12

10
SFy=ef RiRy(;,j) = Y Ri(k,i)Ra(i, j)
i=1
iegh
But then (2.22) follows for d = 2. O

The edge property of Theorem 2.2 can now be proved. Suppose f; = Z?L ¢jSj.d
is a spline of degree d on Apgis and * = (1 — t)p; + tp,. The corresponding
barycentric coordinates are 1 =1 —1t,02 = t, and 3 = 0. Let {B;, 1}3:1 be the
consecutive univariate linear B-splines on the knot vector [0, 0, 5,1, 1], normalized
to form a partition of unity on [0,1]. If 0 < ¢ < 1/2 then & € Aq, and (2.22) takes
the form

T
fi(z) = Ri(x) [e1 ca 7] =Bia(t)er + Baj(t)e, Ri(x) = [1—2t 2t 0],
while if % <t<1, then x € Az and

fix) = Ri(x) [c2 s 08]T = By 1(t)ca+Bai(t)cs, Ri(x)= [2t—1 2-2t 0].
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For d = 2 and © € Ay let {B;, 2} 1 be the consecutive univariate quadratic B-

splines on the knot vector [0, 0, 0, %, 1 1,1], normalized to form a partition of unity
on [0,1]. Then

1-—2¢ 2t 0 0 0 0 -
f22 (iB) = R? (iB) 0 11— t ;9 t 0 ) 0 [Cl Ca C3 C4 C11 012]
—t t
0 = 7 00 3-¢
= (1 - 2t)281 + 2t(2 — 3t)02 + 2t2C4 = Bl,g(t)cl + BQ,Q(t)CQ + B372(t)64,
while for z € Ag,
0 0 2-2t 2t—1 0 0 r

f3(x)=Ri(x) | 1t 0 0 0 0 [02 c3 C4 €5 Cg 07]

t
0o 31—t & 0 t—1 0
= 2(1 — t)262 + 2(1 — t)(3t — 1)04 + (1 — 2t)265 = 3272(25)02 =+ Bg,g(t)Cz; + B4,2(t)65
This proves the edge property.
3. A MARSDEN-LIKE IDENTITY

In the univariate B-spline case, the Marsden identity is usually written,

j+d
(z —x) ZBJd H (z —tg),
k=j+1
where B; 4 is a B-spline of degree d with knots ¢;,¢;11,...,tj4441, and {B; q};

is normalized to be a partition of unity. Dividing both sides by z? and setting

y := 2~ we obtain a form more amenable to multivariate generalization

j+d
(3.1) (1 - ay)? ZBM 2)Ysa), Yiaw) = [ O —te).
k=j+1

The ;4 are polynomials of degree < d called dual polynomials.

Consider now the S-spline basis. We define dual polynomials 1; 4 of degree d for
j=1,...,nq. For d =0, 9;0 =1 and for d > 0,

d

(3.2) '(!Jj,d(y) = H(l - p;fl,ry)7 d=1,2, ye€ RQ;

r=1
where
Pj11:=p5 J=1,...,10,
(3.3) [PI 2.1, Pl221] = [P1,P1,Pss Pa> P2, P2 Ps» Pss P3» P3s Po» P,
[P12.2: -+ Pl22.2] = [P1: P4, Pr0: P2, P2s P5: Pros P3, P3s Ps: Pros Pil-

are called dual points. There are no dual points for d = 0.

Theorem 3.1 (Marsden-like Identity). Ford=0,1,2
(3.4) (1—xTy)? ZSJ a(@);a(y) = sa(x) P, (y), =€l yeR?

where

sa(@)" = [S1a(@), ..., Snga(@)]s Pa(y) = [1.a(y),- - Ynga(y)]”
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Also, there are 12 polynomial versions, one for each subtriangle A, k= 1,...,12.
If g% :=i1,...,i,,]T is given as in Definition 2.5, then
(3.5)
2
(1 - wTy)d = Z SZ,d(w)wij,d(y) = SS(m)T¢§(y)7 k= 17 R 12a T,y < RQ'
j=1

Here Sj’-fd is the polynomial representing S;q on the subtriangle Ay and

(36) 35(1")T = [Sfi,d(w)v"'7sfyd7d($)]7 1/’5(3/) = [wil,d(y)a""wiud,d(y)]T'

Note the similarity between equation (3.1) and equation (3.4). In the linear case
the term 1 — ¢;4,1y is replaced by 1 — p;fpy, and in the quadratic case, we move
around the boundary of A inserting p,, for the S;» with trapezoidal support. In
contrast to the univariate case, the dual points are not always knots of the S-splines.
In particular, p,, is not a knot of any quadratic S-spline.

The Marsden-like identity can be used to give explicit representations for mono-
mials.

Lemma 3.2. For x = (z1,22) € A,

ng

1= Sja(@), d=0,1,2,
j=1

ng
(37) xr = ij,dsj,d(w)7 d=1,2,
j=1
2¢?  xyx 12
1 12| ' _
{xgm Zx%] - Z:IHWM)SJQ(?B)»
§=
where
mj1=pj,=p; Jj=12,...,10,
(3.8) 1 511 = Pj

Mo = (Pjo1 +Pj22)/2, =12,...,12,

and pj . are given by (3.3). Moreover,

DZ (j2) DelDez(lﬂj,z)}
De,De,(¥j2)  DZ (52) |-

Proof. We set y = 0 in equation (3.4) to get,

(3.9) H(;2) :=

ng

L= sa(@)"$4(0) = sa(x) e =3 _ 5ja(=),

which proves Property 3 in Theorem 2.2, the partition of unity normalization. To
show the expression for « in (3.7), we differentiate equation (3.4) with respect to
y, and set y = 0 so,
—da” = sa(2)"Vy1p,(0),
where Vy1,(y) is the ng x 2 matrix whose rth column is dv,(y)/0y,, 7 = 1,2.
Differentiating and setting y = 0 lead to,
—z = —81($)T[PT,1,1a e 7PT071,1]T7

—2z" = _32(33)T[P>1k,2,1 +Pi22 -, Plz2y + pTz,z,ﬂT»
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FIGURE 7. Quadratic domain mesh Ms(A) and the corresponding
control mesh for some surface f.

from whence the identity for @ follows.
Applying second order partial derivatives with respect to y on both sides of
equation (3.4) and setting y = 0, we obtain the last equation. O

Definition 3.3. The points m; 4 given by (3.8) for j = 1,...,n4 are called domain
points. The domain mesh M4(A) is defined by vertices and edges. Two domain
points mjas = (Pjo; + Pj22)/2 and my o = (P} 51 + Pk 2o)/2 define an edge if
{Pj 2,1 P} 22} VD) 21, Pk 2o} # 0. Alternatively,

(3.10) Ma(A) = U dch({m,q:j € Hi}),

i=1

where 7—[3 is given in Definition 2.5 and Jch is the boundary of the convex hull of
{mjd 1 j € HZl}
A spline fy := Z?L ¢;S;,q4 has control points

(311) Yid = (mj,dvcj)v J=1...,nq,

where the m; 4 are the domain points given by (3.8). The control mesh I';(A, ¢)
is defined by lifting the domain mesh by a piecewise bilinear mapping A : My(A) —
T4(A, ¢) defined so that A(my 4) =, 4 for all j.

The edges of M;(A) are simply the mesh lines in Apgio as shown in Figure 2.
The domain mesh and the control mesh for d = 2 are shown in Figure 7. The
domain mesh defined in Definition 3.3 is also related to the pyramidal Algorithm
4.1 (d =2, r = 0) as shown in Figure 8. It is unusual in that it is a hybrid mesh
comprised of both triangular and quadrilateral faces.

In the univariate B-spline case, the numbers used to represent x in terms of B-
splines are known as nodes, knot averages or Greville points. For Apgio they
could analogously be called dual point averages or Greville points. Following
the terminology used in [13], we shall call them domain points.
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3.1. Proof of the Marsden-like Identity. The same matrices R, introduced
in subsection 2.1 for recurrence relations for S-splines also appear in recurrence
relations for the dual polynomials.

Theorem 3.4. For x,y € R? and d = 1,2,

(3.12) Ry(x)py(y) = (1 —a"y)vp,_ (y),
(3.13) Ri(x)ylhi(y) = 1 —z"y)vi (y), k=1,...,12,

where Ry and Ry are given by (2.15) and (2.16), ¥y, %, %, by (3.2), RY and RS
in Definition 2.7, and ¥% = ¥,(gh). Moreover, gk is given in Definition 2.5.

Proof. Let £; = {;(y) =1 —pjy for y € R®. Fix x,y € R* and let 8 be the vector
of barycentric coordinates of x with respect to A. Then

(3.14) 1 —a"y = (B1 + B2+ B3) — (Bipy + Bobs + B3p3) Yy = Bily + Bala + Bsls.

Consider first d = 1. Because of the symmetry of the equations for the boundary
triangles and analogous similarity for the interior triangles, we consider only a
single outer triangle A; corresponding to 7, and a single interior triangle Az
corresponding to 17 9. Combining (2.15),(1.2), (3.14) and (3.2) we obtain,
(Ri(x)v,(y)), = 71b1 + 203206 + 4P2L7
= (Zﬂl — 1)51 + ([‘33 — 52)(51 + 53) + ,32(2& + 4o + £3)

= Bily + Bals + B3ls = (1 — " y)1 0,

and

(R1($)¢1(y))7 = 2833206 + 481307 — 371410
= (B3 — f2)(l1 +€3) + (B1 — B3) (201 + €3 + £3)
— (281 = 1)(41 + L5 + £3)
= Bil1 + Baly + Bals = (1 — =" y)vr 0.
For d = 2 we consider rows 1,4,7,10. Again, from (2.16), (1.2), (3.14), and (3.2),
row 1 becomes
(Ra(x)5(y)), = 7112 + 2Batba2 + 251122
= Y107 + 2820144 + 2B3L6l,
= ((281 — 1)y + B2(b1 + £2) + B3(L3 + £1)) b4
= (Bil1 + Bl + Bsls)ly = (1 — " y)y 1,
and, row 4 becomes
(Ra(x)1h5(y)),, = B1,3%2,2 + 303132 + P2,3042
= B1,30144 4 38344810 + P2,304l
= ((B1 = B3)ly + Ba(ly + L2 + £3) + (B2 — B3)€2)) L
= (B1l1 + Bols + B3ls)ls = (1 — xTy)1/)4,1~
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Inserting ¢7 = i(2€1 + {5 + £3) for row 7, we get

(Rao(x)5(y)), = (Bisthz.2 + 362932 + 3B3¢112 + Prathiz2) /2
= (Brslals + 3820410 + 3B3lsl10 + Pr2lslr) /2
= (51(34 +46)l1 + ﬂz((& + Uy + l3)y — flge)
+ B3 ((0r + bo 4 l3)ls — 0144)) /2
= (Buly + Bala + B3ls)lr = (1 — " y)ibr s
and for row 10, we produce,
(Ra(®)5(y)),, = —V3¥3.2 — M¥7.2 — Y2112
= —73lalro — 11ls5l10 — v2L6l10
(1 —=283) (01 + L2) + (1 —2B1) (L2 + £3)
+ (1 = 2B2) (61 + €3) ) l10/2
= (B1lr + Balo + Bsls) lig = (1 — " y)bio.1.
Next consider (3.13). Since R;(k,j) =0 for j ¢ GF, it easily follows that
R (@)9(y) = ef Ri(x)d;(y) = ef (1 — 2Ty)ppo(y) = (1 — T y)dg(y).

Finally, consider d = 2. Let GF = {i1,i,43}. Since Ry (i, ) =0 for j ¢ Hy c G&
for r =1,2,3,

T
7
7

i3

T

Ry()ty(y) = [ef] (1 —z"y)y,(y) = (1 — =" y)Yi(y).

Q0
®

RS (x)h(y) = A

e is

O
Invoking the recurrence relations for the dual polynomials we arrive at
Theorem 3.5. Ford=1,2, x; € R2,j=1,...,d and y € R?,
(3.15) (1—2{y) - (1 —ziy)b(y) = Ri(x1) - Ra(za)pa(y)-

Moreover,

(316)  (I-={y)- (1 -agy) = Ri(a1) - Ri(xa)pa(y), k=1,...,12,
where RY is given in Definition 2.7 and % (y) by (3.6).

Proof. We simply apply (3.12) and (3.13) repeatedly. O

Proof of Theorem 3.1. We use (3.15) and (3.16) with &y = --- = x4 = «. If
x € A, then € Ay, for some k. Using the kth component of (3.15) we find, using
Corollary 2.4, that

d
(1-2z"y)" = H = s4(x) 4 (y).
This proves (3.4), and then, by (3 16) and (2.22),

(1—aTy)? HR’“ = sh(@)Tyli(y).
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3.2. Linear independence. In this section we show linear independence of both
the S-splines and subsets of the dual polynomials. Recall in our notation that S Jk d

is the polynomial that represents S; 4 on Ay and that S]’?,d =0ifj¢ gg.

Theorem 3.6 (Local linear independence). Suppose d = 0,1,2 and 1 < k < 12.
Then pairs of sets S§ := {S},: j € G§} and Wk = {4p; 41 j € G5} are both bases
for T4 (IR?).

Proof. The fact that S% forms a basis for II;(R?) follows directly from conjoining
the two requisite conditions, namely, Lemma 3.2 affords the spanning property for
the set S(’j, and their linear independence follows from the observation that the set
gg; contains exactly vy elements.

We now show that ¥* is also a basis. Inasmuch as ¥% has the same cardinality
as T14(R?), it remains only to show that ¥% spans IT4(R?). Setting = 0 in
equation (3.5) yields 1 = s%(0)T4%(y), so the constant 1 can be expressed as a
linear combination of ¥’s. For d > 0, differentiating (3.5) with respect to @ and
then setting = = 0 to get —dy = Vs%5(0)T4p%(y), establishes that y is in the span
of the ¢’s. Taking the Hessian with respect to @ on either side of equation (3.5)
and setting & = 0, we obtain the quadratic case. ([l

Theorem 3.7. Ford =0,1,2, the set of S-splines {Sj,d}?il forms a basis for Sy.

Proof. Let ng = dim(S4). By Theorem 2.2 the ng4 functions S; 4 belong to Sy. The
result then follows as a consequence of local linear independence. O

Marsden’s identity and linear independence also imply the following symmetry

property.
Lemma 3.8. For x, z € R?,
(3.17) RY(x)RS(z) = RY(2)RE(x), k=1,...,12,
(3.18) Ri(z)R3(z) = Ri(z)Ra(x).
Proof. For any «,y,z € R2 and 1 < k < 12,

R (@) RS (2)wh(y) = (1 - 2 y) RE@)wh(y) = (1 - 2Ty)(1 - 2 y)$l(y)

=(1-a"y)(1 - 2"y (y) = (1 - z"y)Ri(2)¥] (v)

= R} (2) B3 ()95 (y).
Since 9% is a basis for IIy(R?), (3.17) follows. Furthermore, for x,z € Ay, (3.18)
follows from (3.17). Thus, (3.18) holds for all z, z € R?. O

3.3. Differentiation. In this section we derive a formula for the directional deriv-
ative of the S-splines S 4. Let Dy, :=u -V = ula%l + uga%z with u = [uy,u2]T be
a directional derivative. The unique solution a := [aq, oo, a3]T of
a1+ oo+ ag = 0,

(3.19)

a1py + az2py + a3ps = u
is called the directional coordinates of u. If u = q; — q,, with q;, € R? for
i=1,2 then o := 81 — faj, j = 1,2,3, where 8" := [B;.1, Bi2, Bi 3] is the vector
of barycentric coordinates of q;, i = 1, 2.

We have the following differentiation formula:
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Theorem 3.9. If u € R? has directional coordinates a, then for d =1,2

(320) Dusg == dsg_lUd,ua
(3.21) Dysi” =dsi"\Ul,,, k=1,...,12,
where with o; j == a; — oy,
(3.22) )
20[1 0 0 0 0 20[372 40[2 0 0
20[1 0 0 2&273 0 0 4C¥3 0 0
0 2&2 0 2@1,3 0 0 0 40[3 0
0 2a2 O 0 2031 0 0 4o 0
0 0 2043 0 20(271 0 0 0 4041
U L 0 0 20(3 0 0 20&172 0 0 4052
tvw=1 0 0 0 0 0 2a3s 413 0 0
0 0 0 2&2’3 0 0 40[172 0 0
0 0 0 20&1,3 0 0 0 40(2’1 0
0 0 0 0 20(371 0 0 4042,3 0
O O 0 O 20[271 0 O O 4043,2
L 0 0 0 0 0 20[172 0 0 40&3,1
(3.23)
U2,u =
[ 200 2a9 0 0 0 0 0 0 0 0 0
0 0 0 2001 209 2ag3 0 0 0 0 0
0 0 0 0 0 0 0 200 2a3 20 0
0 1.3 30&3 23 0 0 0 0 0 0 0
0 0 0 0 0 Q21 30[1 Qa3 1 0 0 0
0 0 0 0 0 0 0 0 0 w32 3o
0 =2 32 0 0 0 0 0o 0 o0 3w
0 0 0 0 0 0 =52 5 0 5 =t
| 0 0 —2a3 O 0 0 —20 0 0 0 —2as
and
(324) Ullc,‘u, = Ul,’u(kagllc)a UIZC,'U, = U27u(glfvg§)'
For a spline fq:=sic= ?il ¢;Sj.d
Nd—1
(3.25) Dufa=dsh 'V =a " e84,
j=1
where the cg»l] are given in Table 2. Moreover, fork=1,...,12
(3.26) Du Y eiSty=d Y sk, d=1.2
jegk jegh_,

Proof. Let 1 <k <12 and =,y € R2. Recall from (3.13) that

Ri(x)yh(y) =1 —2"y)vl_1(y), z=[11 22" y=1[y 1]" €

OO O OO

*60&1
—6041
—60(2
—6042
—6053
*60&3

R2.
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TABLE 2. The coeflicients cgl] in (3.25). Here a;; = o — ¢,
Cij = Ci — Cj.

j A d=1 M d=2

1 20&37286,1 + 40[20771 20[262,1 + 20&361271

2 4&367’1 + 2042’304’1 2(1104’5 + 20[366’5

3 201 34,0 + 4ai3cg 2 20i9¢8 9 + 201 €109

4 doycga + 203,152 Q1 ,3C2.3 + (2.3C4,3

5 209 1¢5,3 + 4aicg 3 Q9,1C6,7 + Q3,1C87

6 doocg 3 + 2001 26,3 3,2€10,11 + Q1,2€C12,11

7 | 2a30c6,10 +4oa3cr00 | 1/200 3¢2.3 + an3c3 11 + 1/200 2¢12,11
8 | 4o 2¢7,10 + 202,3¢4,10 1/2ag,3¢43 + 1/2021¢6,7 + t31C7,3
9 | 201 3¢ca0 + 41800 | 1/2a31c87 + 1/203 210,11 + Q1,2C11,7
10 | 4o 3cs,10 + 203,165,100 | 2/3s,107,3 +2/302 36311 + 2/31 2117
11| 29 1¢5,10 + 43 2¢9,10

12 | 4o 109,10 + 2001,2€6,10

Let r € {1,2}. Differentiation gives

0
(3.27) o, Ba(@)¥a(y) =~y (v).
But, then
0 : (3.5 0 _
g i@ Way) = -1 —aTy)! = —dy, (1 -aTy)"
(3.5)
= —dQTSS—l(m)T¢§—1(y)
(3.27) 0
= sy (@) o~ R(@)wl(y).
Ly
Since the elements of 1/;2 are linearly independent it follows that
0 0
Sosh(@) = dsl (@) 5 -Ri@), r=1.2

and (3.21) with Ug,u = Dy RE(x) follows by linearity of the directional derivative.
Moreover, (3.20), with U g, = Dy Rg4(x), follows immediately from (3.21).

Let & have barycentric coordinates 8 with respect to A. For ¢t € R the barycen-
tric coordinates of « + tu are 3 4 ta, where the « is determined from (3.19). But
then,

Uigu(z) = DuRy(T) = %Rd((ﬁl +tar)py + (B2 + taz)ps + (B3 + tas)ps)|i=o
— OR; + OR, +as OR,
B 0B B3
= a’VsR,.
R, has elements like v; = 28; — 1 and f; ; = B; — 8. Therefore,
% = 20;,; and aaﬁ—ék] = Ok,i — Ok,js

and the formulas for U, ,, and Uy ,, follow.
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To prove (3.25) we note that (3.20) implies that cl) = Ugy,c. The entries in
Table 2 are then obtained by eliminating one a; using oy + a2 + a3 = 0 and
regrouping terms. O

For d = k =1 (3.26) takes the form D, (c151,1 + c656,1 + ¢757,1) = 203.9¢6.1 +
daerp or in terms of control points Dy, (€1511 + €6561 + €7571) = 2a32¢61 +
dager 1, where ¢; = (p;,cj) and ¢;; = ¢; — ¢;. This involves two differences of
control points pointing from ¢; to ¢g and from ¢; to ¢7. Similarly, on an inner
triangle, say k = 7, (3.26) will involve differences of control points pointing from
c10 to control points ¢g and ¢; of A7;. Only those two types of differences are
involved in computing e!*). For d = 2, to each component CEH of elll there is a
corresponding triangular or quadrilateral region. The differences of control points
used are along directed edges of that region.

There is also a simple differentiation formula for the second derivative of a qua-
dratic S-spline.

Theorem 3.10. For direction vectors u,v € R? and any x not on a knot line of

A, we have

(3.28) DyDysh(x)" =2U} U5, =2U% US

(3.29) DvDuSQ(CC)T = 250(w)TU1,vU2,u = 230(w)TU1,uU2,v,

where the U matrices are defined according to the conventions in Theorem 3.9.

Proof. Applying D, to (3.21) and since Ug,u := D, R%(x) is independent of z,
DyDysh(z)" = 2D, (s} ()" Dy RS) = 2D, RY D, RS = 2U% U5 ,,.

The commutativity of differentiation follows from Lemma 3.8. O

4. EVALUATION ALGORITHMS

Consider computing an S-spline fy(x) = sq(x)Te. If £ € Ay, then by Corol-
lary 2.8,

d
fa(x) = si(@)c” = [ Ri(2)e”, < :=clgy), d=1,2.
i=1

We also consider computing directional derivatives D, fq and D, D, fq of order
r =1 and r = 2, respectively.

For d = 1 and & € Ay we start with c® = ¢(g¥). Then for r = 0, DS fi(z) =
fi(x) = R¥(x)c®, while DLf(x) = U]f’uc0 for r = 1. In the quadratic case,
d =2, and & € A we start with ¢® = ¢(g}). Then for r = 0, ¢! = Rb(x)c”
and DO fo(x) = fo(z) = RY(xz)c! and for r = 1, DL fo(x) = ¢ = R¥(x)c!, where
c' =2U% ,c°. Finally for 7 = 2, Dy Dy fo(z) = ¢ = U% ¢!, while ¢! = 2U% .

We giv76 two algorithms. Going from right to left, we obtain Dr fa(x), and from
left to right, we can compute the S-spline elements Dzsg(w) that can be nonzero
at x.

Algorithm 4.1. Given x € A, r € {0,1,2}, u € R? if r > 0, and coefficients c.

(1) Determine the barycentric coordinates of & with respect to A and k such
that € Ay using Algorithm 1.1.

(2) " =clgg)-
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2
C11

(@] C5 005

FIGURE 8. Evaluating f(x) using Algorithm 4.1 for (a) & € Ayy,
and (b) x € Ag

(3) fore=0,...,7r—1
¢t =(d- i)U’;_i7uci.

(4) fori=nr,...,d—1
¢t =RE_(x)c.

(5) Dy fule) = e.

In Figure 8, the algorithm is illustrated for d = 2, r = 0, and 2 values of k.
Table 1 gives the relevant values of g% and g5. For k = 5, the 6 coefficients with
indices 6,7,8,9,10, 11 are combined to give c}, 7 =3,5,9, and these 3, in turn, give
rise to fo(x) = c. The ¢;’s needed for € Aq; have indices 3,6,7,8,10,11 giving
cj, j =5,9,11, and these 3 give rise to fa(z) = ¢f;. We see that c§ requires 4 ¢;’s,
while the other two level one coefficients combine only 3 ¢;’s.

Consider next an algorithm for computing D, s%(z)T for some z € A. If z € Ay,

then sk(z)” = [\, R (z), and this leads to,

Algorithm 4.2. Given x € A, r € {0,1,2}, and u € R? if » > 0.

(1) Determine the barycentric coordinates of @ with respect to A and k such
that © € Ay using Algorithm 1.1.

(2) sk =1.

(3) fori=1,...,d—r
st = s R ().

(4) fori=d—r+1,...,d
sb=isk | UY,.

(5) Dysi(@)" = s§.

Since the elements in R¥(x) and RE(x) are nonnegative for & € A, the algo-
rithms for » = 0 are quite stable.
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FIGURE 9. A triangle divided into 48 triangles

5. SUBDIVISION

Suppose we divide the triangle A in Figure 2 uniformly into 4 triangles d1, d2, d3,
04, and on each of these triangles we use the PS12-split. Thus, we develop a

triangulation Ag?sm of A comprised of 48 triangles (Figure 9). On §; we have ng
linearly independent S-splines Wy, ,(i—1)4+j4, J = 1,...,nq for i = 1,...,4, for a
total of,

Id = 4nd.

Since Sq(Apgsi2) C Sd(Agém) and W, spans Sd(Ag;u), the S-spline S; 4 is a
linear combination of the W; 4,

14
(5.1) Sj7d = Zaj,d(i)Wi,d, j = 1,...,nd.
=1
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In analogy to B-splines, the numbers «; 4(i) are discrete S-splines of degree d
relating Apgi2 to Agﬂ%mv and the matrix,

Eiq4
(5.2)  Ag=[aja(i)]i1e_; = Ezj € RI™ where E;j 4 € R™™,
E,q

is called the knot insertion matrix of degree d taking Apgio to Aggu.
In succinct vector form (5.1) is expressed by,

(5.3) sT =wl Ay,
where

Sg = [Slyd,...,Snd,d], wg = [W1¢d7~~~7WId,d]~
If

nda Id
} : T T 2 :

f = Cij,d =SCc=wyw = wiWi7d,
j=1 i=1

then
(5.4) w=Agc.

To compute the coefficients of the subdivided surface we can either: i) compute
the knot insertion matrix and do a matrix vector multiplication or use a modified
approach that directly averages the original coefficients. We will present both and
start by deriving the knot insertion matrix.

5.1. Computing the knot insertion matrix. To determine the matrix A, we
start with a lemma involving the dual polynomials 1 4 of S; 4 and ¢; 4 of W; 4. For
fixed 7 with 1 <i < Iy we let «1,..., x4 be the dual points of W; 4, so that,

d

(5.5) ¢ialy) = [J(1 - 2fy).

r=1

Recall that the 12 triangles of the PS12-split of A are denoted by Ay, for k =
1,...,12. Tt is easy to see that the d dual points of W; 4 are located in (at least)
one closed triangle Ay, the closure of Ay,.

Lemma 5.1. For firedi, 1 <i < I; andd=1,2, we get

(5.6) bia = Zaj,d(i)"/}j,d = Z @j,d(1)Yj.d

j=1 J€Lia

and

(5.7) {7 ajali) # 0} C Lig,

where

(5.8) Lia = {j : supp(Wia) C supp(Sj,a)}-

Moreover, L; 4 C Q(’j for all k such that Ay N supp(W; q) # 0. In particular, the
number of elements in L; q is at most v4.
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Proof. Fix i. By linear independence of the W; 4 it follows that o 4(7) # 0 only if
the support of W; g is contained in the support of S; 4. Therefore, if a; q(i) # 0,
then j € £; 4. Usmg (3.4) and (5.1), for ¢ € A and any y € R,

(1—=z"y)? = > Sja(@)ij.aly)

j=1

(Sl)i Zajd @) 5.t
= Z (Z%‘,d(i)%d(y))Wi,d(m).

i=1 j=1
On the other hand, by adding together the Marsden like identities on 4, for r =
1,...,4, we also have,

(1—a"y)! Zm ().

Equation (5.6) follows from the linear 1ndependence of the I; S-splines W; 4 on A
and (5.7).

Suppose Ay Nsupp(W; q) # 0. Then, for all j € £; 4, Ap Nsupp(S;.q) # 0, and
simplex spline properties assure Ay C supp(S;,q). Therefore, j € g[’j, so L;q C gg.
Noting Q§ has exactly vy elements independent of k, the result follows. |

A recurrence relation for the «; 4's in the ith row of A4 can be determined from
the following theorem.

Theorem 5.2. Suppose, for fived d € {1,2} and 1 < i < Iy, that @1,...,xq are
the dual points of W; 4. Also, let k be such that x1,...,xq € Ag. Then

(5.9) ali(i)" = Aa(i, g¥) H R}(x,)
and
(5.10) aq(i)T = [ara(i), ..., on,.a(i)] = ef H R,(z,).

Moreover, a;j 4(i) = 0 for j & G&. Here Ry(z) is given by (2.15); Ra(x), by (2.16);
and R, in Definition 2.7.

Proof. By Lemma 5.1,
¢z a\y Z Qg d ¢] a\y Q(Z)T'I/JZ (y)

jegk
By (3.16) ) ]
$iay) = [[(1 - aly) = [[ RE @) 9li(w).

Theorem 3.6 shows that the set given by the vector wlj is linearly independent, so
(5.9) follows. From (5.7) the remaining ¢ ¢’s in row ¢ of A4 are 0. Thus, (5.10)
follows (cf. Lemma 5.1). O
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The blocks E, 2 of the quadratic subdivision matrix (5.2) are as follows:
(1. 0 00 000O0O0O0 0 0 ]
3 3 0000000000
I3 100000000 1
6%241 6
02 01200000000
0%0%00000000
E_O%%ooooooooo
12 0O+ 0000000 + 1 |’
0000000000%%
00 00O0O0DO0OO0GO 2 0 3
000000000%03
%%00000000%1%
|20 00 0000O0O0O0 5 |
Ess=Q,E1:Q), Q,=[es ey €3, e,e1,e19,€11,€10, €9, €8, €7, €5,
E3>=Q3E12Q}, Q= ey, es, er €5 €5 €e4,€3 €, €1,€12,€11,€10],
and
'00000%0%0000'
000000%10000
oooooogoooéo
000000000%10
00000000050%
E“:OO?OOOOOOO%Z
* 00 20000000 3 0
ol§000000000
0%0%00000000
00 2 3+ 000O0O0O0O0 0
00%000%00000
00 000 F 3000 0 0]

5.2. Coefficient averaging algorithm. For any n € N and real numbers
r1,...,Tn, we define,

n
(5.11) p(ry, ..o rp) = er/n.

j=1
As shorthand we write for some [cy,...,c12]T and 1 < iy < -+ < iy, < 12,
(5.12) Hiyig,.im — M(Ch yCigy v e 7cim)'

Continuing as defined above, we state the following:

Theorem 5.3. If
12 48
f= ZCij,z = ZwiWi,Qa
j=1 i=1

then
(5.13) Wiar—1)45 = &5y T=1,2,3,4, j=1,...,12,
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2o,
ST
N,

s

of subdivision.

FIGURE 10. Subdivided domain mesh and surfaces. Left: one level
of subdivision; center: two levels of subdivision; right: three levels

where E = [¢;,,] € R'24 is the following,
C1 H2,4 H10,12 He,8
H1,2 N(M2,4, 04) N(N10,117 C11) N(N7,87 07)
M(M1,2,12, ,Uz,g) N(M4,5,6, M3,4) M(M7,8; ,u10,11) 7,11
M(Cz,u2,4) H4,5 M(M7,87C7) M(M10711,C11)
H2.4 Cs H6,8 110,12
(5.14) B = H(M2,3,C3) H5.,6 p(pe.85Cs) w1112, €11)
’ T plpes, mne)  pu(pase, per)  p(Hs,0,105 H7,8) 13,11
plein, piz2) p(cs, te,8) 18,9 p(cs, p2,3)
H10,12 He,8 Co 2,4
(10,12, c12) w(te,7,C7) 19,10 w34, €3)
,u(,u1,2,127 u11,12) H(H3,4, ,U6,7) ﬂ(#8,9,107 Mlo,n) w37
H1,12 u(u3,4, c3) M(u10,127 c10) ﬂ(ﬂG,% c7)
Proof. This is straightforward using the explicit form of the matrices E; o,

...7E4,2.

O
Figure 10 illustrates a geometric interpretation of the subdivision algorithm.

6. STABILITY OF THE S-BASIS AND THE DISTANCE TO THE CONTROL POINTS

6.1. Linear and quadratic quasi-interpolant. We recall from (3.7) that the
domain points m; 4 are specified as

nd
T = ij’de,d(:c), ford=1,2 and € A.
j=1
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Of the many possible quasi-interpolants to consider, we examine only Qg :
C(A) — Sq given by

10
Qlf = Z()\jvlf)sj"l, where >\j,1f = f(ij),
(6.1) )
1 1
Qaf = (Nj2f)Sj2, where \jaf :=2f(m;,) — §f(p;,2,1) - §f(P;,2,2)a
j=1

where my 4, pj o, and pj,, are given in (3.8) and (3.3). We next show that the
Aj,a’s are dual functionals with respect to the S-spline basis.

Lemma 6.1. Ford=1,2,i=1,...,12, and j = 1,...,n4, Xi,aSjq = 0ij-

Proof. The case d = 1 follows trivially because the corresponding basis functions
are hat functions. Now, consider the case d = 2, for which the value of the jth
quadratic S-spline at the ith linear domain point is Y1 (4,7) in the matrix below:

—_
(an]
(an]
(an]
(an]
o
(e
(e

Tl = [Sj72(mi71)] =

QO OO O O O
Q- O OO © O O O
O O OO © O O O

[ev i e B e B s i o i an I e B e M an}
O O~ O OO O
Wi~ Owjuwojlw © © O O O
O OO O OO O
OO OO OO O o -
wiFolwmlw © © © O O O
QO O OO O O
[cNeoNeNeNeNeoNel =
wl—wlw Qoujew © © O O O O

o
jen}

Analogously, Ya(i,7) below describes the value of the jth quadratic S-spline at the
ith quadratic domain point:

1 00 00O0OO0O OO0OTOTUO O
120 £ 000 0O0O0O0 O
0 Iz f 00 £ 0 0 0 L 0
? 12 g 1 12 12
0 g0 2200 0000 0
000 01 00 0O0UO0OTUO0O O
000 o0+ 30 Lo o0 o0 o0
000 00 2 0 % 100 0
000 0O0O0OO OT1TU0TUO0 O
000 0O0O0OO0O 0 3 % 0 %
00 5 000 & 00 § = 5
| 00 00 O0O0 00 5 0 2]
The value of [A; 2512, - - ., Ai 2512,2] is found by combining row i of Yo with suitable

rows of the matrices X and Ys. For example,
2Y5(2,:) — (¥1(1,:) + Y1(4,:))/2=10,1,0,0,0,0,0,0,0,0,0,0],
2Y(3,:) — (¥1(4,:) + Y1(10,:))/2 =[0,0,1,0,0,0,0,0,0,0,0,0],
showing that A2 2S;2 = d2 j, and A3 252 = 03 ;. [l
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6.2. Stability of the quadratic S-spline basis. For each j we let Q;, :=
supp(S;,q4) be the support of S; 4. The following theorem shows the S-spline basis
achieves stability in the L., norm.

Theorem 6.2. For any fq = sgc € Sy,
(6.3) Kitllelloo < Mallzca) < e, d=0,1,2,

where Kg = Ky = 1 and Ky = 3. Furthermore, the constants K; are the best
possible.

Proof. Since the S-splines form a nonnegative partition of unity the upper bound
is elementary. Also the values for Ky and K; follow easily. Using Lemma 6.1 we

see that ¢; = 2f(my2) — 5f(P},1) — 5f(P}22) for all j. Since p}, ;. P}, and
m,; o all belong to €2; 4 we obtain for each j,

(6.4) lejl < 3l fallLwc (0,00 < 3l fallLc(a)s
thus establishing the lower bound. Equality follows by choosing f so that it reduces
to the quadratic Chebyshev polynomial, on say, the edge [py, p,]- O

Consider next the L, norm. The next theorem and corollary show that a scaled
S-basis is stable in the L, norm.

Theorem 6.3. For any fq = s}c € Sy and q > 1 there is a constant Cy depending
only on d such that,

(6.5) Citlellgo < llfallLyay < llelqs, d=0,1,2,
where

(8
66 leloo = (Clelon o= [ 50= 2000,

J
Proof. We first show that there is a constant x depending only on d such that for
any g € Sq,

K
6.7 < — d Q; i=1,...,nq.
( ) |g(x)| = U(Qj,d) \/(\2j7d|g(2)| zZ, xTE g.ds J ) > Nd
To show this, observe that for all k, 7,

’U(Qj@) < %U(A) < Z . 24U(Ak) = 18U<Ak).

If « € Qjq, then * € Ay for some k. Now g is a polynomial on A, and by
equivalence of norms there is a constant C' depending only on d such that

C C
9@ < 55 [ o= < e / ot

which proves (6.7).
The rest of the proof is based on standard L, gymnastics. For the upper in-
equality, using the relation 1/¢ + 1/¢’ = 1, and Holder’s inequality for sums

IIfH%q(A)=/A(chs;/45;/q)qgZ\cj\q/Asj,d:||c||g,(,.
J J
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For the lower inequality, using (6.4), (6.7) and Holder’s inequality for integrals over
Qj ,ds

1
oii1es] < Ko {1 F b, 0 < 11/q|\f||L 0,0 < FlfllL, @0
jd

Here k1 is a constant depending only on d. Raising this to the gth power and
summing over j gives

lellt., < & anHL @ < I o)

for some constant ko depending only on d. Taking the gth root proves the lower
inequality with Cy = ko. O

By scaling the S-basis appropriately we can remove the weights in the discrete
lq norms.

Corollary 6.4. Define L, scaled S-splines by
(6.8) S][qc]z = Uj_’;/quyd, i=1...,ng, 1<q<o0,

where 04 = fA j.d, and set s[q]T = [SH ST[qu al- For any fq = sgq]Tc € Sy

and q > 1 there is a constant C’d dependmg only on d such that
(6.9) Ci'llella < Mallzya) < llellg, d=0,1,2.

Notice that the constant Cy does not depend on the shape and size of the triangle
A.

6.3. Distance between a surface and its control points. We show that the
distance between a surface and its governing control points is O(h?), where h is the
length of the longest edge of the triangle A.

Theorem 6.5. For any fo = slc € Sy there is a constant K independent of h
such that

(610) |Cj —fg(mj,2)| S Kh,2, ] = 1,712

Proof. Recall from the proof of Theorem 6.2 that ¢; = 2f2(mj,2) — %fz(p;ﬂ,l) _
%fz(p}izg) for all j. Define

* *
Djoo pj,2,1)

Qj(t) = fo (P;,z,l +1 . y o hy= ||p§,2,2 - P§,2,1||27 t €0, hj]-
J
Observe that g; is a quadratic polynomial since p7 , 1, Pj 5 o, M 2 lie on an edge of

a subtriangle, so,

2lej — fa(my2)| = [2f2(my2) — fa(P]21) — f2(P]2)]

B h? Iy
=) —g;(0) — gj(hy)| = ZJLCJ}'(?J

. I

= |2g,(

Since ||W|| = 1, we can bound |g7 (7])| independent of h;, and then claim

the desired résult O
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Fi1cURE 11. Constraints on the three control mesh regions of each
surface for C! continuity.

7. SMOOTH SURFACES JOINS: CONDITIONS ON PS12 REFINEMENTS OF
TRIANGULATIONS

Let T be a triangulation of a polygonal region € in the plane. Further let Tpg1o
be the refined triangulation obtained by splitting each T" € T using the Powell-
Sabin 12 split. For d = 0,1,2 and —1 <7 < s < d let S;*(Tpg12) be the space of
functions f in C" (), such that the restriction to any triangle of Tpg12 is a degree
d polynomial and f € C*(T) for each T € T. We set S;(Tps12) := SZ’d_l(Tpsm).
Over each T; € 7 we have an S-spline basis {Sj 4} of degree d. In particular,
S;ai € CHT;). For r = —1 the collection {{S;4.:};}: constitutes a basis for
Sy (Tpsiz2).

We seek conditions on the S-spline coefficients to guarantee C” continuity r =
0,1, across a common edge (cf. Figure 11).

Theorem 7.1. Suppose T = {T1,T>} share a common edge ch({p,,py}). We use
the quadratic domain points my  to number the vertices, so that Ty = ch({m] ,,m} 5, M4 5 })

and Ty = ch({m} ,,m} ,,m3,}), (c¢f Figure 11). Let f € S;'(Tpsi2) be a spline
of degree d € {1,2} and let

(7.1) fii=fln = chsj,d,h f2 = flr, = Zdjsj,d,z
J J

be the restrictions of f to T; fori=1,2.

(1) f €SYTpsi2) if and only if ¢; = d; for j =1,2,4.
(2) f €SY(Tpsiz) if and only if c; = dj for j =1,2,4,5.
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(3) f €S Tpsi2) if and only if f € SY(Tpsi2) and in addition
di2 = Prc1 + Paca + B3ciz2,

(7.2) 4y = 25 ; B B 1; 26

ds = Bica + Bacs + Bscs,

where ma2 = 61m%72 + Bgm%,2 + ﬂgmé727 so that By, B2, B3 are the barycentric
coordinates of the vertex ma2 of Ty with respect to T7.

¢4 + Pscs,

Proof. We show only the quadratic case and consider first C° continuity.

By the edge property (2.8) the restriction of f; to the edge ch({m%z,még}) is
a sum of univariate quadratic B-splines {Bj’Q}?:]_ over the common knot vector
[0,0,0,1/2,1,1,1]
fi=cBig+caByg+cuB3a+c5Bay, fo=diBig+doBao+dyBsa+ dsBy .

Therefore, the surface is continuous if and only if these curves are the same, a
condition that follows if and only if ¢; = d; for j =1,2,4,5.

We proceed to discuss conditions on f; that ensure C! continuity for a quadratic
[ given we already have C° continuity, that is, ¢; = d; for j = 1,2,4,5. C'-
continuity holds if and only if
71(t) = Dafi(1—tyml g tml y) = Dufo((1-t)ml y+tml ) = mo(t), 0<t<1,

where u := mg’g — m%,z is the cross-boundary direction chosen to be along the
edge ch({mf 5, m§,}) of T>. To apply the differentiation formula in Theorem 3.9

we observe that for this u the a’s in the theorem are given by a! = [3; —1, 32, B3]T
for Ty and o? = [-1,0, 1]T for Ty. By the differentiation formula (3.25), Table 2,
and the edge restriction formula (2.7), we get

1
1 1 1 1
3T = (2a3c,1 + 2a5¢12,1) Bi1 + (061,302,3 + 0427304,3) By

+ (20&%6475 + 201;,06,5) BS,l
and
1
372 = (203d21 +203d12,1) Bia + (af 3da + a5 3da3) Ba
+ (20[%d475 =+ 204%(16,5) B3,17

where Bj 1, j = 1,2, 3 are the partition of unity linear B-splines on the knot vector
[0,0,1/2,1,1]. By linear independence of these B-splines and since 71 = 75,

205¢2,1 + 203¢12,1 = 2053d2 1 + 2053d121,

O] 3Ca3 + (g 3Ca3 = aigdl:} + a§,3d4,3,

2a7c45 + 205¢6 5 = 2a7dy 5 + 203ds 5.
Substituting in values for a',a?, ¢; ;, and d; ; yields

Ba(c2 — c1) + Ba(ci2 — c1) = di2 — dy = dy2 — ¢,
(B1—1—B3)(ca —c3) + (B2 — B3)(ca — c3) = —2(d2 — d3) — (dy — d3) = 3d3 — 2c2 — c4,
(B1 —1)(cg —c5) + Ps(cg —¢5) = —(dg — ds) + (dg — ds) = dg — ca.

Solving for dj2,ds, ds and simplifying we obtain (7.2). O
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The equations at (7.2) give d; as affine combinations of three neighboring points
in Ty for j = 3,6,12. Hence, the C! conditions (7.2), illustrated in Figure 11, also
show that each of the sets of four coefficients in (7.2) can be used to define coplanar
points located at the quadratic domain points. More precisely,

Corollary 7.2. C' constraints for the control points can be written as
(Mg, d12) = Bi(m] 5, 1) + Ba(mi o, c2) + Bs(miy o, c12),
2081 + B B+ 25
(7.3) (m3 5, d3) = %(mé,m ca) + %(mig,%) + Bs(m3 5, c3),

(Mg 9, ds) = B1(my o, ca) + Ba(my 5, ¢5) + B3(mg o, o).
Proof. Since the triangles ch({mj 5, mj 5, m1,,}) and ch({m1 5, m} 5, mg ,}) are
similar and mg, = fimi, + famj | + Bzmg, it follows easily that mi,, =
prmi 5 + famiy y + Bamiy . Similarly, mg, = fimy, + fami 5 + famg,. We
leave the proof that m%y2 = %m%Q + Wmiz + ﬁgm%“2 to the reader. 0O

8. APPROXIMATION METHODS

Using the S-spline basis we can consider the usual linear approximation methods
like various types of interpolation, least squares, and quasi-interpolants. In this
section we discuss two types of interpolation and return to the quadratic quasi-
interpolant defined in (6.1).

8.1. Lagrange interpolation. We consider first Lagrange interpolation. Given
12 distinct points «1,...,x12 in the triangle A and 12 real numbers z1, ..., z12.
The problem is to find g € S, such that,

g(x;) = 2, fori=1,...,12.

In general the collocation matrix C := (S;2(®;))}%_, can be singular. This hap-
pens, for example, if there are more than 6 points in one subtriangle.
We show that interpolation at the quadratic domain points is uniquely solvable.

Theorem 8.1. The collocation matriz Cy := (S;j2(mi2))i5—, for interpolation
at domain points is nonsingular. Moreover, |Cy oo = 28/9. Hence, if g =
Zjlil ¢;Sj2 is the interpolant to z € R then ||glle < |lcloc < 2| 2|0, where
c:=[c1,...,c12]t. Thus the interpolation at domain points is stable independently
of the geometry of the triangle.

Proof. The matrix C is given by (6.2). Because it is strictly diagonally dominant,
it must be nonsingular. The elements of C5 are independent of the location and
shape of A so the inverse of C5 can be easily computed symbolically. From this

calculation it follows that ||C5'||ec = 28/9. The S-splines form a nonnegative
partition of unity and the inequality ||g|loo < ||¢]|oo follows. Since Cac = z we find
c=C5 'z and hence |[c/ls < 2| 2| O

8.2. Hermite interpolation. The classical interpolation problem in finite ele-
ments over the PS12-split is to interpolate values and gradients at the vertices and
unit normals at the midpoint of the edges. These interpolation conditions can be
described as linear functionals {p; }.ﬁl’ such that,

p(f) =lpr(f),- - pr2(HIT
:[f<p1)7fa:(p1)a fy(pl)’fns(p4>7f<p2)7fa:(p2)> .- '7fy(p3>7fn2(p6)]T’
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where f,, is the derivative in the unit normal direction to the edge opposite p;, =
[x1,;]T pointing inwards, i = 1,2,3. The coefficients in the interpolant g = s”¢
are solutions of the linear system

Ac = p(f),

where the rows of A € R'2:12 are given by

(8.1)
A(l,:) = e,
A@2,)=4y2—ys y3—y1 0 0 0 0 0 0 0 0 0 w1 —y2]/6,
AB,:)=4[x3—22 x1—23 0 0 0 0 0 0 0 O O m=x—2x1 |/0,
A4, = |lp; —polla] 0 4lisg 6 4lys 0 0 0 0 0 0 0 0]/4,
A(5,:) = es,
A(6,:)=4[0 0 0 y2—ys ys—y1 y1—y2 0 0 0 0 0 0]/,
A(7,:)=4[0 0 0 z3—x9 w1 —23 a22—x1 0 0 O O 0 O0]/4,
AB,:)=|pa—ps3ll2[ 0 0 0 0 0 4oy 6 4l36 0 0 0 0]/4,
A(9,:) = ey,
A(10,:)=4[0 0 0 0 0 0 O ys—y1 Y1—Y2 Y2—ys O 0]/6,
A(11,:)=40 0 0 0 0 0 0 a1—x3 22— x3—x2 O 0]/0,
A(12,)=|ps—pyll2[0 0 0 0 0 0 0 0 0 4l35 6 4lys 1/0,
where
(8.2) liji = (pi’z’j)z(g:?;, 5= xll xlrz xlg
v v noy2 Y3

We note that ||p; —p;||2€i;x is the length of the projection of p; —p,, in the direction
of p, — p; and that ¢ is twice the signed area of A.

The matrix A is sparse, and simple to compute.

Let hy = [Hya,...,Hi22]" be the nodal basis for Sy defined by p;(H; ) = 6
Then

(VN

T _ T A-1
h; =s; A

gives the representation for the nodal basis in terms of the quadratic S-spline basis.
We find that columns 1 through 6 and columns 7 through 12 of A™! are given by
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the two matrices

(8.3)
A7M(:1:6) =
[ 1 0 0 0 0 0 i
1 %3321 %ym 0 0 0
*%5126 %1125126 %%25126 5/(6”1712”2) *%5215 %50216215
0 0 0 0 1 ZI12
0 0 0 0 1 0
0 0 0 0 1 iZL’gQ
0 0 0 0 —%5234 %$23€234 ’
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
—%5134 %$135134 éy13€134 0 0 0
L 1 ixg,l iyg,l 0 0 0 |
AT, T:12) =
[ 0 0 0 0 0 0 i
0 0 0 0 0 0
§y216215 0 0 0 0 0
Zle 0 0 0 0 0
0 0 0 0 0 0
1y32 0 0 0 0 0
tyosloss 0/(6|paslla) —32ls26  sw32l326  §Ys2ls2e 0 ’
0 0 1 1293 1403 0
0 0 1 0 0 0
0 0 1 1113 1y13 0
0 0 15 gwailsis §ysilsis 6/(6]psyll2)
0 0 0 0 0 0|

where [;;; and § are given by (8.2), xi; = x; — x;, yij = yi — yj, and p;; = p; — p;-

The inverse A ™! is also sparse and easy to compute. Further we observe that each
position nodal function uses 5 S-spline basis elements, while those for the partial
derivative conditions use 4 S-spline basis elements, and the normal derivative ones

are the scaled S-spline basis functions with trapezoidal support.

8.3. Quasi-interpolants. Consider the quasi-interpolant () given in (6.1) as
12

Qaf = (Nj2f)Sj2, where \jaf :=2f(m;,) — %f(p§,2,1) - %f(p;,2,2)~

j=1
This is a projection Qg : C(A) — Sy since the {\;2}}2, is a dual basis for the
S-spline basis. Moreover, it is easy to see that the L., norm of Q)2 is bounded,
Q2L (a) < 3.

Using a standard argument,

||f - Q2f||Loo(A) < K,h" VT3§T||DV7MJC||LOO(A)3 r=123, f € CT(A)v
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where h is the length of the longest side of A, K, depends only on r, and DV*f
means taking v, respectively p derivatives with respect to the first (second) variable.

9. CONCLUDING REMARKS

In this paper we introduced the S-spline basis, a B-spline like basis, for a single
PS12 macroelement. Locally this basis is a B-spline basis within a single macroele-
ment, but globally it behaves like a Bernstein-Bézier basis across macroelements.
We prove that the S-spline basis has many desirable B-spline properties including
that it forms a partition of unity, offers a recurrence to hat functions, provides a
Marsden-like identity, enjoys L, and Lo, stability, and has an associated control
mesh. The control mesh is unusual in that it is a hybrid with both triangular and
quadrilateral connectivity. The distance from a surface to any one of its control
points is O(h?), where h is the length of the longest side of macrotriangle A. Fur-
thermore each basis element reduces to a single univariate B-spline on the boundary
edges of the macroelement. Using the S-spline basis over each triangle, the PS12-
split becomes amenable for use in both surface fitting and finite element analysis
over an arbitrary triangulation. We have provided a simple, sparse, explicit basis
transformation matrix for expressing the nodal basis in terms of the S-spline basis,
as well as its sparse inverse. In addition to deriving subdivision algorithms, we
also develop pyramidal algorithms both for evaluation and differentiation. They
are simple to use for both explicit and parametric macroelements. Explicit condi-
tions for smoothness across a common edge of two macrotriangles are derived in
terms of the respective control meshes. These results highlight both the similarities
to and differences from the triangular Bernstein-Bézier approach. The ordering of
vertices, triangles and domain points used herein changed several times during the
development of this work. We recognize that there are many alternative ways for
ordering these quantities. For example, the vertices could be numbered by moving
around the edges counterclockwise in such a way that A = ch({py,ps,p5}). In
the polynomial Bernstein/Bézier literature, the basis functions are indexed using
a scaling of the barycentric coordinates of the triangular domain points [13]. Such
a scheme could also be adopted for the S-basis, not to mention the myriad other
possibilities that might come to mind. Feeling that a naturally convenient scheme
will likely arise from further considerations and experiences over a longer time, we
opted for a somewhat arbitrary approach that sufficed for our initial purposes.

APPENDIX A. PROOF OF RECURRENCE RELATION THEOREM 2.3
Proof. For any knot set X € R?" we use the simplex spline normalizations

S(-|X) = v(ch(X))Q(-|X),
Q(|X) = {Vd_lM(.|X), if span(X) = R?,

0, otherwise,
where [M = 1. Recall that M(:|X) = M(:|Y) for any permutation Y of the
columns of X. For x not on any of the knot lines we have the recurrence relation
[17]
(A2)  Q|X) =B QX)) + B Qe X ;) + By Q| X ),
where X, := X \ {x, } is defined by removing one of the knots equal to @, from X
and the 5%7:F’s are the barycentric coordinates of & with respect to a non-degenerate

(A1)
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triangle ch({p;, p;, Py }). In the quadratic case we will also use the knot-insertion
relation [17]

(A.3) g g g

Qx| X) = 817" () Q= X,U{y})+8;"" (¥) Q= X ;U{y ) +6,”" (1) Q= X xU{y}),
where the 3%7%’s are now the barycentric coordinates of y with respect to ch({p;, Pj
p;}) and we add the inserted knot y to the knots on the right in (A.3). We need

to express the barycentric coordinates of B7F for r = i,4, k in terms of 3, for
r=1,2,3. A few samples that we need are

/8172’§7FY17 1;1(55*2/827 1i672637

51126_517 62126_52,37 5512;_2ﬁ37

(A.4) By =P, By =02, BgT =28,
i 156 1,5,6

4 = —73, 5 =", 6 = -2,

P10 = B3, 21’2’10 = B2,3, 11()2’10 = 3fs.
Using the recurrence relation (A.2), the equations (A.4) and the normalization
(A.1) we determine column j of R, corresponding to S;, for j = 1,4,7,10. As in
Definition 2.1 we set v;1 := v(supp(K, 1)). and apply the shorthand notation
Qir, .- in) = QI[P 2, 1), Slin,...yin) = SCI[Dy, - P;, 1)
Consider first the corner hat S ;.

51,1 = Ul,lQ(la 1,4, 6)

(A.5) =011 (B19Q(1,4,6) + 1°Q(1,1,6) + 5 °Q(1,1,4))
S(1,4,6 S10+ S
= vl,lVlg = 1)1,171M = 71510 + 11520
V1,1 V1,1

This determines the first column of R and it is easy to see that 715 0(x) > 0 for
i=1,2and x € A.
For the edge hat S4 1 we obtain

5471 = ’1)471Q(1 4 2 10)

=011 (B71°Q(4,2,10) + B> 1°Q(1,4,10) + 8157 Q(1,4,2))
B S(4,2,10) S(1,4,10)
(A.6) =41 (BLSW + 52,3W)

S3.0+ 59,0 Sa0+ Ss.,0
= 4,1 (61’3’0471/2 + BQ’STMQ)

= 2(B2,352,0 + B1,3593,0 + B2,358,0 + £1,359.0),

giving the 4th column of R;. Moreover, 8235;0(z) > 0 and £1 35k 0(x) > 0 for
1=2,8, k=39 and « € A. Consider next the 7th column of R; corresponding
to the Egyptian pyramid S7;

5771 = U7’1Q(1 4 10 6)

= vr,1 (B1°Q(4,10,6) + £ °Q(1,10,6) + 55 Q(1,4,10))

S7,0 + 58,0 S1,0 + 57,0 S2,0 + Ss,0
= _ [t b bk 2 4 1 7o,Y
vra(n S + 20, - + 2833 vr1)2 )

= 4(B251,0 + B352,0 + B1,357,0 + £1,255,0)

(A7)
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and again all terms on the right are nonnegative on A. Finally, for the center
pyramid we obtain
S101 = v10,1Q(4, 5,6, 10)
=101 (87°°Q(5,6,10) + B57°Q(6,4,10) + B5°°Q(4,5,10))
Y S11,0 + S120 " S70+ 880 " S9.0 + S10,0
’ v10,1/3 v10,1/3 v10,1/3
= —3(71(S7,0 + Ss,0) +72(So0,0 + S10,0) + ¥3(S11,0 + S12,0))

which determines column 10 in R;. Also the nonnegativity assertion follows. The
remaining columns follow by symmetry.

In the quadratic case the recursions are shown for the first columns of Ry corre-
sponding to the typical cases S;2, j = 1,2,3. We let v be the area of the triangle
A. For the corner S-spline, the relation

v 4
(A9)  Si2=7Q11,1,4,6) = I149Q(1,1,4,6) = T S1 = S,

gives the first column of Rs, and nonnegativity follows. For the second column we
need to show that

(A.10) Sa2=2B251,1 4+ B1,3541 + %51,357,1.
Clearly, all terms on the right are nonnegative on A. Now
Sy = 5Q(1, 1,4,2,6) 51 200(1,4,2,6) + 51 20Q(1,1,4,6)
The first term does not have the knots of any of the S;i. We correct this by

inserting the knot p,, according to

(A3) v

612662(1 4,2,6) FPus( 120 (p10)Q(4,2,6,10)

126(1) 0)Q(1,4,6,10) +5126(p10)Q(1,4,2, 10))
= 7ﬁ173(% 1,4,10,6) + Q(l 4,2,10))
3
= *ﬂl 3(;57 1+ 2- 54 1) =131 + §ﬁ1,357,1-

Adding the second term ”Bl 2 6Q(l, 1,4,6) = %ﬂg%SLl = 2(251,1 we obtain (A.10).
Finally, we derive the recurrence relation

3 3
(A11) S32 =3B3541 + 552»97,1 + 5515&1 + (—3)S10,1-
To start

3
Ss2 = 7 Q(1,4,2,5,6)
(A2) 3v
4

None of the knot sets of these linear simplex splines is among the S; 1, so we need
to use knot insertion for all 3 terms on the right of the equality sign. For the first

(B1°Q(4,2,5,6) + B°°Q(1,4,5,6) + 85 *°Q(1,4,2,5)).
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term,

30 126

3v
L B70Q(4,2,5,6) = = B15(857 (p19)Q(4,5,6, 10)

+ 8570 (P10)Q(4, 2,6, 10) + 557 (p19)Q(4,2, 5,10))
3v 14 23 3
= 151,3(55510,1 + 5558,1) = 51,3(558,1 + S10,1),

and similarly for the second and third term,
3v 3
1521’2’662(1’4, 5,6) = 52(557,1 + S10,1),

3v 3
Zﬁé’z’ﬁQ(l,‘l, 2,5) = B3(3541 + 558,1)-

This proves (A.11). Again each of the 4 terms on the right of (A.11) are nonnegative
on A. This completes the proof. O
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