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1. Introduction

Many problems in physics and engineering are modeled by nonlinear, possibly
strongly degenerate, convection diffusion equation. The Cauchy problem for such
equations takes the form

{ut +div f(u) = AA(w), (2,1) € Iz,

(0, z) = uo(x), r € R4, (1)

where Il = R? x (0,7) with T > 0 fixed, u : II7 — R is the unknown function,
f = (f1,..., fa) is the flux function, and A is the nonlinear diffusion. Regarding
this, the basic assumption is that a(u) := A’(u) > 0, for all u. When (1.1) is
nondegenerate, i.e., a(u) > 0, it is well known that (1.1) admits a unique classical

solution [33]. This contrasts with the degenerate case where a(u) may vanish for
some values of u. A simple example of a degenerate equation is the porous medium
equation

ug = A(u™), m>1,

which degenerates at u = 0. This equation has served as a simple model to describe
processes involving fluid flow, heat transfer or diffusion. Examples of applications are
in the description of the flow of an isentropic gas through a porous medium, modelled
by Leibenzon [27] and Muskat [31] around 1930, in the study of groundwater flow by
Boussisnesq in 1903 [3] or in heat radiation in plasmas, Zel’dovich and collaborators
around 1950, [39]. In general, a manifestation of the degeneracy in (1.1) is the finite
speed of propagation of disturbances. If a(0) = 0, and if at some fixed time the
solution u has compact support, then it will continue to have compact support for
all later times.

By the term “strongly degenerate” we mean that there is an open interval such
that a(u) = 0if w is in this interval. Hence, the class of equations under consideration
is very large and contains the heat equation, the porous medium equation and scalar
conservation laws. Independently of the smoothness of the initial data, due to the
degeneracy of the diffusion, singularities may form in the solution u. Therefore we
consider weak solutions which are defined as follows.

Definition 1.1. Set Il = R? x (0,T). A function
u(t,z) € C ([0,T]; L'(RY)) N L (L7)
is a weak solution of the initial value problem (1.1) if it satisfies:
D.1 grad A(u) € L>(Il7).
D.2 For all test functions ¢ € D(R? x [0,7))

// (upt + f(u) - grad o + A(u)Ay) dxdt + / uo(x)p(x,0)dx = 0.
i “ (1.2)
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In view of the existence theory, the condition D.1 is natural, and thanks to this
we can replace (1.2) by

// wpr + (f(u) — grad A(w)) - grad ¢ dxdt —|—/ ug(z)p(x,0)dx = 0.
IIr

Rd
If A is constant on a whole interval, then weak solutions are not uniquely determined
by their initial data, and one must impose an additional entropy condition to single
out the physically relevant solution. A weak solution satisfies the entropy condition
if
o(u) + divg(u) — Ar(u) <0 in D'(Il7), (1.3)

for all convex, twice differentiable functions ¢ : R — R, where ¢ and r are defined
by

q'(u) = ¢'(u)f'(u), and r'(u) = o' (u)A'(u).

Via a standard limiting argument this implies that (1.3) holds for the Kruzkov
entropies o(u) = |u — ¢| for all constants c. We call a weak solution satisfying the
entropy condition an entropy solution.

For scalar conservation laws, the entropy framework (usually called entropy
conditions) was introduced by Kruzkov [24] and Vol’pert [37], while for degenerate
parabolic equations entropy solution were first considered by Vol’pert and Hudajev
[38]. Uniqueness of entropy solutions to (1.1) was first proved by Carrillo [4].

Over the years, there has been a growing interest in numerical approximation
of entropy solutions to degenerate parabolic equations. Finite difference and fi-
nite volume schemes for degenerate equations were analysed by Evje and Karlsen
[11,10,9,12] (using upwind difference schemes), Holden et al. [18,19] (using oper-
ator splitting methods), Kurganov and Tadmor [25] (central difference schemes),
Bouchut et al. [2] (kinetic BGK schemes), Afif and Amaziane [I] and Ohlberger,
Gallouét et al. [32,14,15] (finite volume methods), Cockburn and Shu [7] (discon-
tinuous Galerkin methods) and Karlsen and Risebro [23,22] (monotone difference
schemes). Many of the above papers show that the approximate solutions converge
to the unique entropy solution as the discretization parameter vanishes. Rigorous
estimates of the convergence rate of finite volume schemes for degenerate parabolic
equations were proved in [20] (1-d) and [21] (multi-d).

This classical paradigm for designing efficient numerical schemes assumes that
data for (1.1), i.e., initial data ug, convective flux and diffusive flux are known
exactly.

In many situations of practical interest, however, these data are not known
exactly due to inherent uncertainty in modelling and measurements of physical
parameters such as, for example, the specific heats in the equation of state for
compressible gases, or the relative permeabilities in models of multi-phase flow
in porous media. Often, the initial data are known only up to certain statistical
quantities of interest like the mean, variance, higher moments, and in some cases,
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the law of the stochastic initial data. In such cases, a mathematical formulation
of (1.1) is required which allows for random data. The problem of random initial
data was considered in [29], and the existence and uniqueness of a random entropy
solution was shown, and a convergence analysis for Multilevel Monte Carlo Finite
volume discretizations (MLMCFV) was given. The MLMC discretization of balance
laws with random source terms was investigated in [30].

The first aim of this paper is to extend this mathematical framework to include
degenerate convection diffusion equations with random convective and diffusive flux
functions with possibly correlated random perturbations. We define random entropy
solutions and provide an existence and uniqueness result, generalizing the classical
well-posedness results to the case of uncertain initial data, and flux functions.

The second aim of this paper is to design fast and robust numerical algorithms for
computing random entropy solutions. In particular, we focus on statistical sampling
techniques of the Monte Carlo (MC) type. However, since the rate of convergence of
MC method is 1/2, we propose a MLMCFD method based on implicit/explicit finite
difference schemes for deterministic convection diffusion equations. In particular,
we show that MLMCFD schemes converge. Moreover, we use a Lagrange multiplier
type argument to determine the optimal number of MC samples needed to minimize
the computational work.

The rest of the paper is organized as follows: In Section 2, we present the prob-
abilistic framework used in this paper. In particular, we review notions of random
variables taking values in separable Banach spaces. Section 3 is devoted to a review
of convergence rates from [20,21] on convergence rates for scalar degenerate deter-
ministic convection diffusion problems. Particular attention is paid to the defini-
tion of entropy solutions and to existence-, uniqueness- and continuous dependence
results, and to the definition of the random entropy solutions, and to sufficient
conditions ensuring their measurability and integrability. In Section 4, we address
the discretization of such underlying problems. First, again reviewing convergence
rates of FD schemes for the deterministic case from [20,21], which we then extend
to MC as well as MLMC versions for the degenerate convection diffusion problem
with random coefficients and flux functions. The final Section 5 is then devoted
to numerical experiments which confirm the theoretical convergence estimates and,
in fact, indicate that they probably are pessimistic, at least in the particular test
problems considered.

2. Preliminaries from Probability Theory

To set the notation, we recapitulate prerequistes from measure and probability
theory which are needed in the subsequent sections. For proofs and further details,
we refer for example to [36, Chapter 1] and to the references there.
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2.1. Random wvariables on Banach spaces

Let (2, F,P) be a probability space, and let (F,B(E)) be a Banach space E with
its Borel o-algebra B(E). A map G : Q — E is called a P-simple function if it is of
the form

1 weA,

0 otherwise,

J
w) = Zgj]lA_,- (w), where 14(w) = {
j=1

and g; € E for j =1,...,J, for some finite J and for A; € 7. Amap f:Q — Eis
strongly F-measurable if there exists a sequence of simple functions f, converging
to f (in the norm of F) P-almost everywhere on €.

We call two strongly P-measurable functions f, g : 0 — F which agree P-almost
everywhere on 2, P-versions of each other. We shall need the following lemma.

Lemma 2.1. [90, Corollary 1.13] Let Ey and Es be Banach spaces, and (2, F,P)
a probability space. If f : Q — FEy is strongly measurable, and ¢ : E1 — Es is
continuous, then the composition ¢ o f : Q — FEs is strongly measurable.

Next, we define the integral of a simple function G = g;14; by

N
[aar=>"gr)
Q =

If f:Q — FE is strongly measurable, we say that f is Bochner integrable if there
exists a sequence of simple functions {f,}, -, converging to f P-almost everywhere,
and

Jim [~ fullp a2 =0,

([36, Def. 1.15]). We then define the Bochner integral of f by

/ fdP:= lim fn dP. (2.1)
n—roo
A strongly measurable function f : ) — E is Bochner integrable if and only if
L1515 ap < oo
Q
(see for example [36, Prop. 1.16]) in which case

| [ e, < [t ae. (22)

For each 1 < p < 0o we can define the Banach spaces LP({); E) to consist of those
strongly measurable functions f for which the integrals

1515 @ < oo
Q
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These spaces have the natural norm

1/p
oy = ([ 1715 o)

If p = oo, we define L>(Q; E) to be the space of strongly measurable functions
f : Q — FE for which there exists a number r > 0 such that P(||f||lg > r) = 0.
Together with the norm

[fllzo (@ p) = inf{r = 0: P(|f[lz > r) = 0},

this space is a Banach space as well.

If f:Q — F is strongly measurable and (€, F,P) is a probability space, we call
f an E-valued random variable.

In the following, we will be interested in random variables X : Q@ — F;, j = 1,2,
mapping from some probability space (2, F, P) into subsets of the Banach spaces
Ej, j = 1,2, equipped with the Borel o-algebra B(E;), where E; = L'(R?) x
Whee(I) x Whee(T), for a closed and bounded interval I = [M_, M,] C (—o0,0),
—00 < M_ < My < oo, and Ey = C([0,T); LY(R%)), T > 0. On WHee(I), we
choose the norm

[fllwoery = ess sup |f(z)] + ess sup [f'(@)],  fewhe(D).
e e
On Eq, we will use the sum norm

lgllz, = g1l ey + llg2llwr ) + lgsllwice (), &= (91,92,93) € En,

and on Fs, the norm

H%ZW#WW%M%
0<t<T JR

2.2. Approximation of moments of random variables on Banach
spaces

Often, one is not interested in the law of a random variable X : 2 — E; on a Banach
space E1, but only in statistics, such as the mean field (ensemble average) E[Y] of
quantities of interest Y = g(X) of it (for some continuous mapping g : F1 — Ea, Es
another Banach space). As explicit expressions for those are not always available,
one has to approximate them. This can be done using Monte Carlo sampling. To this
end, let Y, = g()?l) :Q — FEy,i=1,...,M, be independent identically distributed
random variables. We define the the sample average

1 s
EnlY] = i Z)fiv (2.3)
=1

as so-called Monte Carlo estimator for E[Y]. We would like to know how good of an
estimate the sample average Fj/[Y] is for the expectation E[Y] of Y. Specifically,
we are interested in at what rate

E[[E[Y] - Ex[Y]Il5,]""



March 17, 2017 15:26 WSPC/INSTRUCTION FILE KRSW170317

Multilevel Monte Carlo method for degenerate convection diffusion equations 7

converges as M — oo for some 1 < p < oco. If p =2 and if F is a Hilbert space then
it is classical that the so called mean square error (MSE) satisfies

E [IBY] - BaulV]I3] = DBV ~EVIR] = o Varly] . (24

Equation (2.4) is only meaningful for Hilbert space valued random variables.
For general Banach spaces, the convergence rate depends on the type of the Banach
space, [26, Page 246].

Definition 2.2. Let 1 < ¢ < oo and Z;, j € N a sequence of independent
Rademacher random wvariables. A Banach space E is said to be of type ¢ > 1
if there is a type constant Cy > 0 such that for all finite sequences (xj) ., CFE,
N e N,

1/q

N N
> Ziwi| <G| D gl
=1 - =1

Remark 2.3. (i) By the triangle inequality, every Banach space has type 1. (ii)
Hilbert spaces (and in particular finite-dimensional spaces) have type 2 (with the
type constant C; depending on the dimension, in general) (iii) LP-spaces have type
g = min{2, p} for 1 < p < oo, [26, Page 247].

One has the following result [26, Proposition 9.11] for Banach spaces of type ¢:

Proposition 2.4. Let E be a Banach space of type q with type constant C;. Then,
for every finite sequence (YJ)]M:1 of independent random variables in L1(); E) with
zero mean, one has,

q

N N
E[N v | <@c)> E[Y;L]
JEE j=1
This implies a convergence rate in L(Q2) for the Monte Carlo estimator (2.3).

Corollary 2.5. Let E be a Banach space of type q with a type constant Cy. Then

for every finite sequence (Y])é\’:1 of iid random variables with zero mean and with

Yj(w) ~Y(w) in L) and Y € LY(Q; E), there holds
" q
1 -
E(IEvY]IE =E ||57 2% | < QCMTE[Y]F] -
= E
For ¢ = 2, we recover (2.4) (up to the value of the constant).

3. Degenerate Convection Diffusion Equation with Random
Diffusive Flux

We develop a theory of random entropy solutions for degenerate convection diffusion
equation with a class of random flux flunctions, proving in particular the existence
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and uniqueness of a random entropy solution. To this end, we first review classical
results on degenerate convection diffusion equation with deterministic data.

3.1. Deterministic Scalar Degenerate Convection Diffusion
Equation

We consider the Cauchy problem for degenerate convection diffusion equation of

the form
{ut +div f(u) = div (a(u) gradu), (z,t) € I, (3.1)

u(0, ) = uo(z), T € Rdv

3.2. Entropy Solutions

It is well-known that if f is Lipschitz continuous and a(u) > 0, then the deterministic
Cauchy problem (3.1) admits, for each uy € L'(R?) N L>°(R?), a unique entropy
solution (see, e.g., [16,35,5]). Moreover, for every t > 0, u(-,t) € L*(R%) N L= (R%)
and several properties of the (nonlinear) data-to-solution operator
S (ug, f, A) — u(-,t) = S(t) (uo, f, A), t>0,
will be crucial for our subsequent development. To state these properties of
{S(t)}+>0, following [11], we introduce the set of admissible initial data
A(f,A) == {z € LY(RY) N BV(RY) | 1f(z) — grad A(2)| gy < o0} . (3.2)
Next, we collect fundamental results regarding the entropy solution u of (3.1)
in the following theorem, for a proof see [38,5],

Theorem 3.1. Let f and A be locally Lipschitz continuous functions. Then

1) For every ug € A(f, A), the initial value problem (3.1) admits a unique BV
entropy weak solution u € C ([0, T]; L (R%)).

loc

2) For every t > 0, the (nonlinear) data-to-solution map S(t) given by
U(,t) = S(t) (Uo, fv A)
satisfies
i) For fived f,A € Lip(R), S(t)(-, f, A) : LL (RY) — LY (R?) is a (non-
expansive) Lipschitz map, i.e.,
15 (@) (uo, f, A) = S(#)(vo, f, Al pr(ay < llwo = vollprmay- (3:3)
it) For every ug € A(f,A), f, A € Lip;,.(R)

1S(2) (a0, £ A o ety < Nl o ey, (3.4)
1S () (wo. £ A 1 gty < N gy (3.5)
15(t) (uo, f, A)”BV(Rd) < HUOHBV(Rd)’ (3.6)

|f(u(-,1) — grad A(u(-, 1)) | gy (ray < [f(uo) — grad A(uo)| gy (ga) -
(3.7)
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iii) Lipschitz continuity in time: For any t1,ta > 0, ug € A(f, A),

1S (1) (uo, f, A) = S(t2)(uo, f, Al 11 (ga)
< [f(uo) — grad A(uo)| gy (gay [t1 — t2| . (3.8)

Proof. Point 1) of Theorem 3.1 is proved in [38] or [5, Thm 1.1], (3.3), (3.5) also
follow from [5, Thm 1.1], (3.4) was proved in [5, Thm 1.2], and (3.6), (3.7), (3.8)
were proved in [38]. |

Remark 3.2. We can use the entropy condition (1.3) to obtain L?(R%)-estimates
on the solution at time ¢. Let p. be a smooth, sign-preserving approximation of the
function p(u) = |ul? for 1 < p < oo, then (1.3) implies after integrating in space
and time

/Rd pe(u(t, x)) dr < /Rd pz(uo(x)) de.

Letting € — 0, we obtain

aCt M gy < N2 - (3.9)
In our convergence analysis of MC-FD discretizations of degenerate convection

diffusion equation with random fluxes, we will need the following result regarding
continuous dependence of S with respect to f and A ([6, Thm. 3]):

Theorem 3.3. Assume ug, vo € BV (RY) N LY(RY) N L>®(RY), and f(-), g(-), A(),
B(+) € Lip;,.(R) with A", B’ > 0.

Then the wunique entropy solutions u(t,-) = S(t)(ug, f,A) and v(t,-) =
S(t)(vo,g,B) of (3.1) with initial data ug, vo, convective flux functions f and g
and with diffusive flux functions A and B satisfy the Kruzkov entropy conditions,
and the a priori continuity estimate

Hu('vt) - U('at)”Ll(]Rd) < ||UO - UO”Ll(Rd) (310)

0t = a4V [V -V

)

L°°(M,M+))
where M_ < ug < My and C = |“0|Bv(Rd) < 0o. The above estimate holds for
every 0 <t < T.

Remark 3.4. Using that for nonnegative numbers a,b > 0, a # 0,

Va— VBl = V=B < o
it follows from (3.10) that under the assumptions of Theorem 3.3,
Ju(-,t) — U(’at)”Ll(Rd) < fluo — UOHLl(Rd) (3.11)
+C (17 = 9w ararey + AVEIA = Bl s,y )
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hence the mapping S(t) : L*(R?) x Wb ([M_, My]) x Wh*([M_, M]) — L*(R9),
(ug, f, A) — u(t,-) is continuous as a mapping between Banach spaces if restricted to
initial data ug in Uy := {ug € L*(RY) : M_ < wup(z) < My, ae. z € R} C L(RY)
and A satisfying A’ > 0.

3.3. Random Entropy Solutions

Existence and uniqueness for random initial data ug and random flux f for A =0
for the Cauchy problem was proved in [28,34]; we now review these results. We
remark that these results remain valid in bounded, axiparallel rectangles D with
periodicity conditions with respect to each variable.

Here we are interested in the case where the initial data ug, the convective flux
function f and the diffusive flux function A in (1.1) are uncertain, that is, random
functions taking values in the Banach spaces BV (R?) N L>°(R?) and W1>(R;R)
respectively.

To define these, we denote by (£, F,P) a probability space. We consider spa-
tially homogeneous random flux functions and diffusion operators f, A, i.e., strongly
measurable maps f :  — Lip(R; RY), A : Q — Lip(R; R?), and random initial data
ug being strongly measurable maps from {2 to the intersection of the Banach spaces
BV (R?) and L>(RY).

Definition 3.5. Random data for the scalar degenerate convection diffusion equa-
tion (1.1) is a random variable taking values in

Ey = (BV(RY) N L®(RY) x W (R;RY) x Wh(R;RY).
The set E1 is a Banach space which we equip with the norm

[ (u, £, A)HE1 = ||u||L1(Rd) +TV(u) + H“”Loo(]Rd) + ||fHW1,OO(R;Rd) + ”A”WLOC(R;Rd) :

(3.12)
In particular, random data (ug, f, A) for the degenerate convection diffusion equa-
tion (1.1) is a strongly measurable map

(ug, f,A) : (Q,F) — (F1,B(Ey)) . (3.13)
For the ensuing convergence analysis, we shall also require that for P-a.e. w it
holds

— 00 < M_ < up(w;z) < My < oo, ae. xR (3.14)

|uo(w; )| py (rey < Crv < 00, (3.15)

IS (s ) lwroe ar v,y < Cr < 005 (3.16)

Al(w;) >0, (3.17)

[ Aw; Moo nyp) < Ca < o0, (3.18)

(s uo(w; ) — grad A(wi uo(ws; ) gy ey < Cag <o (3.19)
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We shall refer to a random flux f which satisfies (3.16) as bounded random flux
and similarly to A satisfying (3.17)—(3.19) as bounded random diffusion operator.
In addition, we shall assume

[woll pr ;0 (Ra)A L1 (RE)) < 00, (3.20)
for some p,r > 1. By (2.2), for random data with (3.14)—(3.20) the map

Q>w
+

(||u0(w; ')HLl(]Rd) vTV(Uo(M ')), Huo(w; ')HLOO(Rd) ’ ||fHWL°o(R;Rd) ) ||A||W1=°C(R;Rd))
(3.21)
is in L"(Q; R).
Then we are interested in random solutions of the random degenerate convection
diffusion equation

{ut(w;x,t) + div(f(w; u(w; z,1))) = AA(w; u(w; 1)), t >0, z € RY, (3.22)

u(w; x,0) = ug(w; ), © € R

Definition 3.6. A random field v : Q > w — u(w; x,t), i.e., a measurable mapping
from (0, F) to C([0,T); L*(R?)), is called a random entropy solution of (3.1) with
random initial data ug, flux function f and diffusive flur A satisfying (3.13) and
(3.14) - (3.21) for some r > 1, if it satisfies:

(i) Weak solution: for P-a.e. w € Q, u(w;-,-) satisfies

[ [ (st .00 (st 2,8) ~ grad Alwsules ,0)-grad o) das
0 Rre
+ /uo(x, w)p(z,0)dx =0,
R4
for all test functions ¢ € CL(R? x [0, 0)).

(i) Entropy condition: For any pair consisting of a (deterministic) entropy
and (stochastic) entropy fluz q(w;-) and r(w;-) i.e., n,q and r are func-
tions such that n is conver and such that ¢'(w;-) = 0/ f'(w;-), '(w;-) =
' A'(w;-)and for P-a.s. w € Q, u satisfies the following integral identity:

//(U(U(w;ar7t))<pt+gradQ(w;U(w;m,t))-grad<p+r(w;U(w;x,t))Aw) dzdt
0 Rd

+ /n(uo(w;w))cp(x,O) dx >0, (3.23)
R

for all test functions 0 < ¢ € C}(R? x [0, 0)).
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We state the following theorem regarding the random entropy solution of (3.22):

Theorem 3.7. Consider the degenerate convection diffusion equation (3.1) with
random initial data ug, flux function f and random diffusion operator A, as in
(3.13), and satisfying (3.14) — (3.20) for some r € [1,00]. Then there exists a unique
random entropy solution u : Q > w — C ([0, T); L*(R)) which is “pathwise”, i.e., for
P— a.s. w € Q, described in terms of a nonlinear mapping S(t) which depends only
on the random fluz and diffusion,

w(w; - t) = S(t)(uo(w; ), flw; ), Alw; ), t>0,P—ae weN

such that for every 0 <t < T < oo and for s=1,p;

lull i o,ryLe ey < Mol r9;pe ey - (3.24)
15 (t)(uo, f, A)(w)H(leLoo)(Rd) < Juo(w; ')H(leLoo)(Rd) : (3.25)

Moreover, we have P-a.s.
1S(8)(uo, f, A)(w)| gy (ray < [uo(w; )| gy @ay > (3.26)

|f (w; u(w; -, 1)) — grad A(w; u(w; -, )| gy (zey
< [f(wsuo(w; ) — grad A(w; ug(w; '))‘BV(RL‘) ,(3.27)

l[uw; - t1) — wlw; - t2)l| L1 (may
< |f(wiuo(w;-)) — grad A(w; uo(w; ) gy (ray [t1 — t2| . (3.28)
and, with M := max{|M_|,| M|} for M_, M, as in (3.14),
o?tlET l[u(w; - )| oo (ray < M P-as.weQ. (3.29)

Proof. For w € (2, we define, motivated by Theorem 3.1, for P-a.e. w € 2 a random
function u(w;t, z) by

u(w;-) = S(t)(uo, f, A)(w). (3.30)
By the properties of the solution mapping (S(¢));>0, see Theorem 3.1, the ran-
dom field defined in (3.30) is well defined; for P-a.e. w € Q, u(w;-) is a weak
entropy solution of the degenerate diffusion equation (3.1). Moreover, we obtain
from Theorem 3.1 that P-a.s. all bounds (3.25)—(3.28) hold, with assumption (3.14)
also (3.29). The measurability of the mapping @ > w — wu(w;-,t) € LY(R),
0 <t < T follows from Lemma 2.1, (3.11) and the assumption that the map-
ping 2 > w > (ug, f, A)(w) € E is a random variable. Finally, (3.24) follows from
(3.20) together with (3.5) in Theorem 3.1. O

Theorem 3.7 generalizes the existence of random entropy solutions for random
initial data from [29] and random convective flux function [28].
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Remark 3.8. All existence and continuous dependence results stated so far are
formulated for the deterministic Cauchy problem (3.1). By the ‘usual arguments’,
verbatim the same results will also hold for solutions defined in a bounded, axi-
parallel domain D C R?, provided that periodic boundary conditions in each space
coordinate are enforced on the weak solutions.

4. Numerical approximation of random degenerate convection
diffusion equation

We wish to compute various quantities of interest, such as the expectation of the
solution u to the random degenerate diffusion equation (3.22). We choose to split
the approximation into two steps: On one hand, we need to approximate in the
stochastic domain w € 2 and on the other hand, since in general exact solutions to
(1.1) are not available, we need an approximation in the physical domain (x,t) € Ilr.
In this paper, we will consider a Multilevel Monte Carlo Finite Difference Method
(MLMC-FDM), that is, a combination of the multilevel Monte Carlo method with a
deterministic finite difference discretization. We will briefly review the two methods
and mention some relevant results in the following sections.

4.1. Monte Carlo method

To “discretize” the stochastic domain, we will use the Monte Carlo method as
described in Section 2.2. We again assume that (ug(w;-), f(w;-), A(w;+)) € E; and
that satisfy in addition (3.14)—(3.19) and (3.20) for some r, p € [1,00) to be specified
later. We shall be interested in the statistical estimation of the first moment of w,
i.e. E[u]. The Monte Carlo (MC) approzimation of E[u] is defined as follows: given
M independent, identically distributed samples (i}, I A, i=1,..., M, of initial
data, flux function and diffusion, the MC estimate of E[u(:,¢;-)] at time ¢ is given
by

Eulu(, 0] = 57 3 7, 1) (4.1)

where 4%(-,t) denote the M unique entropy solutions of the M Cauchy problems
(1.1) with initial data @}, flux function f* and diffusion operator A’. Since

ai('?t) = S(t) (aéaﬁ’g7)v

we have for every M and for every 0 < t < oo, by (3.5) (for p = 1) or the entropy
(p > 1) condition (3.23) (cf. Remark 3.2),

M
1 ~i 7 i
||EM[U('7t,W)]||LP(]Rd) = HM ;7S(t)<u07f 7A )((U)‘ Lp(R4)

1 M o
<Y |sw@, 7', A w)|

LP(R4)
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M
Z |U0 HLP(]R")

o~ o~ M
Using this inequality, the i.i.d. property of the samples {(%, 7, AZ)} , we obtain
-
the bound '

E [IBuu(, Ol oy < E [ Znuo )l ey |

_E [Huoumw)} = lwoll sz quey) < 0

Theorem 4.1. Assume that in (3.22) the random variable (ug, f, A)(w) as in (3.13)
satisfies (3.14) — (3.19) and that A'(w;-) > 0, for P-a.s. w € Q and, for some
r €]l,00[, p > 1,

ug € L™ (Q; LP(RY)) .

Then the Monte Carlo estimates Epr[u(-,t)] in (4.1) converge in L9(; LP(RY)) for
q :=min{2,p,7} > 1 as M — oo, to M (u(-,t)) = E[u(,t)]. In addition, for any
M e N, 0 <t < oo, we have the error bound

[E[u(,t)] - EM[U('vt)]”%q(Q;LP(Rd)) <CM' HUOH%Q(Q;LP(Rd)) : (4.2)
Proof. By the linearity of expectation, we have

IELu(8)] — Barlul, ] Laoumgeay = E [HE[U(', B — Enlu(, t)JHqu(Rd)}
M .
Z z('7t))

It follows from Remark 2.3 (iii), that the Banach space E = LP(R?) is of type
¢ = min{2,p,r} > 1. Hence we can apply Corollary 2.5 to the iid random variables

q

Lp(R4)

Y; := E[u(-,t)] — (-, t) which have zero mean in the last term to estimate

1 M ey 1 1 M q
’ " ; (]E[U( e ’t)) Lp(R4) " M ;Yi Lr(R4)
< B [0
= %E [IIE[u(wt)] - u(-,t)Hqu(Rd)}

C
o E [Jul Dl g

IN
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Using the entropy condition (3.23) (cf. Remark 3.2), the last expression can be

bounded by
C c
a7 E [IuC, Ol | < 7o E [0l g
and the claim follows. O

4.2. Finite Difference Methods for degenerate convection diffusion
equations

So far, we considered the MCM under the assumption that the entropy solutions
Wi (x, t;w) = S(t) (@, f1, A)(w) for the Cauchy problem (1.1) with the data samples
(4, fi, A?) are available exactly. In practice, however, we must use numerical ap-
proximations of S(t)(a, Fi, A). We next present a family of convergent discretiza-
tion schemes, with corresponding stability and consistency bounds.

4.2.1. Definition, Stability and Consistency of the Scheme

The presentation will, from now on, be restricted to the one-dimensional case, that
is, we consider

{ut + f(w)e =AWz, t>0, 2z€DCR, (4.3)

u(z,0) = up(x).

We thus assume that D C R is a bounded interval in R and we shall consider D-
periodic solutions u. We shall examine the class of fully discrete monotone difference
schemes for which Karlsen, Risebro and Storrgsten obtained a convergence in L'
rate of Az'/? where Az is the discretization parameter, in [20]. These schemes
are easily generalized to several space dimensions, but rigorous results regarding
convergence rates are much worse. To date, the best convergence rate in L' (RY) for
2/094d) o0 1],

For Az, At > 0, we discretize the space-time cylinder II; = D x [0,T] by a grid
with cells

a fully discrete, implicit in time scheme is Ax

I = [zjo1/2,%j412) X (tn-1,ta], 120, €N,

where x41/9 = (j £ 1/2)Az, j € N, and t,, = nAt, n € N. N := {N,N; +
1,...,No — 1, N2}, where N1,Ny € Z are such that |D|/|N2 — N1| = Az and
TN, —1/2 = infy D and @ n,11/2 = sup, D. We define cell averages of the initial data
via

1
0 _ .
uj = A /IQ uo(z)dz, j € N,. (4.4)

Then we consider the following implicit scheme

D'} +D_F (u},u},) = D_DyA(u}), n>1,j€N,, (4.5)
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and the explicit scheme,
Dl + D_F (u},u},,) = D_DyA(u}), n>0,jeN,, (4.6)
where we have denoted for a quantity {07 }jen, nen,

1 1
Dioj =+ (0j™ = o), Diof =+ (07s1 = ).

We then define the piecewise constant approximation to (4.3) by

ua(z,t) = U;L, (z,t) € I]n, (4.7)

where u? is defined by either (4.5) or (4.6). The numerical flux F' € C(R?) is
chosen such that it is consistent with f, that is, F(u,u) = f(u) for all u € R, and
monotone, which means

%F(u,v) >0 and %F(uw) <0.
In order to obtain convergence rates, it is furthermore necessary to choose F' Lips-
chitz continuous and such that it can be written

F(u,v) = Fi(u) + F»(v), F{(u)+ Fy(u) = f'(u), (4.8)

see [20]. Examples of monotone numerical fluxes satisfying (4.8) are the Engquist-
Osher flux as well as the Lax-Friedrichs and the upwind flux. In order to show
convergence of the explicit scheme, the following CFL-condition is needed [11],

At < CAz?, (4.9)

and in order to show a convergence rate, one even needs
At < CAL3, (4.10)
see [20]. Whether this restrictive CFL-condition is sharp in order to prove a conver-

gence rate is not known. Naturally, no CFL-condition is needed to ensure stability
of the implicit scheme, [13]. In order to obtain & priori estimates for the explicit
scheme, the numerical flux function F' and the diffusion operator A have to satisfy
the following condition

At At

E(F{(z) — Fi(2)) + 2@14’(11)) <1, forall z and w, (4.11)
see [11]. Then we have the following stability and convergence results for the schemes
(4.5) and (4.6), [11,9,20] (which also hold for the bounded domain D replaced by

R.)

Theorem 4.2. Let ug € BV(D)NLY(D), M_ <wug < My, f,A € Lip([M_, M]),
A" >0 and ug € A(f, A), where A(f, A) is defined in (3.2). Let F be a monotone
numerical fluz function consistent with f, satisfying (4.8). Denote by ua(x,t) the
piecewise constant function defined in (4.7), where uj are computed by either the
explicit scheme (4.6) or the implicit scheme (4.5). Assume for the explicit scheme
in addition that At satisfies (4.9) and that (4.11) holds. Then we have
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i) The approzimations ua converge, as the discretization parameters
(Az, At) — 0 subject to the CFL condition (4.9) and (4.11), to the unique
entropy solution of (4.3). Moreover they satisfy

luaC Ol zipy < lluollprpy
lual Ol L py < luoll L= (p) - (4.12)
|uA("t)|BV(D) < |U0|BV(D)»
Sup |F(U?, u?—&-l) - D+A(u?)| < Sup |F(u9vu2+l) - D+A(u?)| ;
J J
S |D_F(u},ujy) - D_DyA(u})| <> |D_F(uf,uf,,) — D_D i Au)].
J J
Furthermore, ua is L'(D)-Lipschitz continuous in time, viz., for any tn,
tm >0,
lua (s tn) = waCotm)ll 1y < 1F(0) = Ato) gyt = -

1) If for the explicit scheme in addition (4.10) holds, the approzimations ua
converge at the rate 1/3 to the entropy solution u of (4.3):

||UA(7tn) - u('vtn)”Ll(D) S ||UA(7O) - UOHLl(D) + OTAxl/gv (413)

where the constant Cp takes the form

C(147) ((1 + [1f lip) [wol gy (py + 1A(w0)ell L1 (py + |f (u0) — A(u0)$|BV(D)) ;
with C' independent of ug, f and A.

Point i) was proved in [11, Thm. 3.9, Cor. 3.10] for the explicit scheme and [9,
Thm. 3.9, Lem. 3.3, 3.4, 3.5] for the implicit scheme , ii) in [20].

Remark 4.3. Combining (4.12), (3.4) respectively, with (4.13), we can obtain a
(possibly not optimal) estimate for the rate of convergence of the scheme in LP(D)
for 1 < p < oo using Holder’s inequality:

1 1-1
luaCotn) = s ta)ll ooy < MuaCta) =l )1V ) lua Cotn) = ul ta) 15200,

<C (IIUA(-,O) _ uO”}J/lIED) n C%/prU(?)p)) 7
(4.14)

where the constant C' is dependent on the L°-norm of uqg.

4.2.2. Work Bounds

For the purpose of analyzing the efficiency of the MC- and MLMC-method, it
is important to have an estimate on the computational work used to compute one
approximation of the solution by the deterministic FD-schemes and how it increases
with respect to mesh refinement. By (computational) work or cost of an algorithm,
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we mean the number of floating point operations performed during the execution of
the algorithm. We assume that this is proportional to the run time of the algorithm.
Because we deal with bounded domains in the actual computations, the number of
grid cells in one dimension scales as 1/Ax.

Work estimate for the explicit scheme (4.6). For the explicit scheme, the number
of operations per time step scales linearly with the number of cells in the spatial
domain D, which in turn scales as Az~' (we assume the computational domain is
bounded). Hence the work can be bounded as WP < CAt 'Az~'. Taking the
CFL-condition (4.10) into account, we obtain the (likely pessimistic) work bound

WR = 0(Az~1/%)

Work estimate for the implicit scheme (4.5). In the implicit scheme we have to

solve the nonlinear equation (4.5) for w"*' := (..., u" T w7H ...) in each

JU U U
timestep. Since solving this equation exactly is either iIilpOSSiZble orjc-:)mputationally
very expensive, we prefer to solve it only approximately by an iterative method. We
consider here the case that this method is the Newton iteration, which we iterate
until the residual is of order Az At (this is possible since the mapping u™ — u"*! =:
U(u™) defined by (4.5) is a contraction for sufficiently small At and CFL constant.
In general the Lipschitz constant should scale as 1/Az, so a small value of At
alone is not sufficient for the contraction property to hold. For details, we refer to
[9]. The additional error introduced by finite termination of the iterative nonlinear
system solver will not increase the overall error: denoting by w™(?) the approxi-
mation at time ¢ = ¢, obtained by solving (4.5) exactly in each time step, w0
the approximation obtained by solving (4.5) approximately via Newton iteration
™) =y (-, t,) is the
approximation obtained by using Newton’s method in each timestep), we have

in the first j timesteps and afterwards exactly (so that u

gn,(n) - u('7 tn)

lua(tn) = u(ta)ll r oy = ‘

L1(D)
n—1

= Z (ﬂn7(m+1) — Env(m)) 4+ un’(O) — u(.) tn)
= L1(D)

u™(© — (-, t,)

@n,(m-&-l) _ un,(m) ‘

n—1
<> |
m=0

n—1
< Z H@m+1,(m+l) _um—&-l,(m,)‘
m=0

L1(D) ‘ L1(D)

+CrAgt/?

LY(D)
< nAzAt + CrAz'/?
—t, Az + CpAz'/3 < CrAzt/?,

where we have used the L'-contraction property of the scheme for the third last
inequality. If the starting value for the Newton iteration is chosen such that it is
in a sufficiently small neighborhood of the fixpoint, the convergence order of the
Newton method is locally quadratic. In order to achieve an error of less than CAx At
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in one timestep by solving the nonlinear system only approximately, it suffices to
perform O(log(Az~"At™1)) many Newton iterations. If we take At = Az for some
constant 6 > 0, these are altogether O(log(Az"?)) = O(log(Az')) Newton steps.
In each step of the Newton iteration, we invert and multiply a tridiagonal matrix of
size O(Az~?) with a vector of length O(Az~!) and subtract it from another vector
of length O(Az ™). The tridiagonal matrix can be inverted in O(Az ') operations
using the Thomas algorithm (in case of periodic boundary conditions we use the
Sherman-Morrison formula). Hence the total number of floating point operations
which are necessary for one Newton step is O(Az~!). Tt follows that the work done
in one timestep is of order O(log(Az"")Az""). As there are altogether n = T/At
timesteps, and since we can choose the timestep of order At = 6Ax, we obtain the
following bound on the total work for one execution of the implicit scheme,

Wi = O(Az 2 log(Az™h)) .

4.2.3. Application to random data

In the Monte Carlo Finite Difference Methods (MC-FDMs), we combine MC sam-
pling of the random initial data with the FDMs (4.5) and (4.6). In the conver-
gence analysis of these schemes, we shall require the application of the FDMs (4.5)
and (4.6) to random initial data, flux function and diffusion operator (ug, f, A) €
LP(Q; Ey) for some 1 < p < oo. Given a draw (ug(w;-), f(w;-), A(w; ) of (uo, f, A),
the FDMs (4.4) with (4.6) or (4.5) define families ua (w;x,t) of grid functions. We
have the following stability and consistency estimates, which hold uniformly, i.e.
P-a.s. with respect to w.

Proposition 4.4. Consider the FDMs (4.4)—(4.6), (4.5) for the approximation of
the entropy solution corresponding to the draw (ug, f, A)(w) of the random data.

Then, the random grid functions Q 3 w — ua(w;x,t) defined by (4.7) satisfy,
for every 0 <t < oo, 0 < Az < 1, and every r > 1 the stability bounds:

[uas- )]

L7 (L% (D)) < HUOHLT(Q;LOC(D))’

[ua(;-7)]
We also have the consistency bound: there exists a constant C' > 0 independent of
t and of A, such that

< Juo|

L7(Q;LY (D)) L™ (Q;LY (D)) *

HU(, 7¥) - UA('; ai)’ L7 (Q;L1(D)) < ||u0 - UA('; '7O)||LT(Q;L1(D))
+ o+ DA || (14 1@l ) 10)@) gy )|

Aoy + [ 1(700) = A0)) @ gy, o} (415)

()

Remark 4.5. Reasoning as in Remark 4.3, under the assumptions (3.14) — (3.19),
(4.15) becomes
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7 i1/ 1
Hu(,,t)—UA(,,t)’ )) SCM pHuO_uA(,70)||L/TIZQ)L1(D))

L7 (L (D

e ) 1/p
+omtr ((1 + ) A2 {(1+ Cy + Ca) Crv + CA=f}) ’

where M = max{|M_|, | M|} (c.f. (3.14)).

4.3. MC-FDM Scheme

We next define and analyze the MC-FDM scheme. It is based on the straightforward
idea of generating, possibly in parallel, independent samples of the random initial
data and then, for each sample of the random initial data, flux function and diffusion
operator, to perform one FD simulation. The error of this procedure is bounded by
two contributions: a (statistical) sampling error and a (deterministic) discretization
error. We express the asymptotic efficiency of this approach (in terms of overall
error versus work). It will be seen that the efficiency of the MC-FDM is, in general,
inferior to that of the deterministic schemes (4.6) and (4.5). The present analysis
will constitute a key technical tool in our subsequent development and analysis of
the multilevel MC-FDM (“MLMC-FDM” for short) which does not suffer from this
drawback.

4.3.1. Definition of the MC-FDM Scheme

We consider once more the initial value problem (3.22) with random data (ug, f, A)
satisfying (3.14) — (3.19) and (3.20) for sufficiently large r € R (to be specified
in the convergence analysis). The MC-FDM scheme for the MC estimation of the
mean of the random entropy solutions then consists in the following:

Definition 4.6. (MC-FDM Scheme) Given M € N, generate M i.i.d. samples
{@, 1, ANIM, . Let {u'(-,t)}M, denote the unique entropy solutions of the degen-
erate convection diffusion equations (1.1) for these data samples, i.e.

@i t) = S(t) (ag,ﬁ,;ii) . i=1,...,M.

Then the MC-FDM approzimations of MF¥(u(-,t)) are defined as statistical esti-
mates from the ensemble

{ONGUIF

obtained from the FD approximations by (4.6) or (4.5) of (1.1) with data samples
{@b, f1, ADYM, : Specifically, the first moment of the random solution u(w;-,t) at
time t > 0, is estimated as

S

M () & Exglua (0] i= -

?

'\ (-, 1). (4.16)

Il
-
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4.3.2. Convergence Analysis of MC-FDM

We next address the convergence of Ejr[ua] to the mean E[u]. We combine The-
orem 4.1 for the convergence of the Monte Carlo method with the error estimate
Proposition 4.4 for the finite difference method to obtain,

Theorem 4.7 (MC-FD Error bound). Assume that
ug € L™ (9 LY (D) N BV (D))

for some r €]1,00] and that (3.14) - (3.19) hold. In addition, assume that D is a
bounded, axiparallel rectangle and periodic boundary conditions for uw. Then the MC
estimate Epflua(-,t)] defined in (4.16) as in Definition 4.6 satisfies, for every M,
and for ¢ = min{2,r} €]1,2] the error bound

[Efu(-,t)] = Enlua(w;-, t)]HLq(Q;LP(D)) <C {Ml/q_l ||u0||LQ(Q;Lmax{p=q}(D))

—1-1/ —1-1/ _
+M P Huo —uA(-;-,0)HlL/leQ;LP(D))—i—Axl/(?’p)M p(l-‘rt)l/p{HA(’LL()):I;HlL/q:‘EQ;Ll(D))
1/p 1/p
+H (1 + |1 f (w; ')”Lip) [uol sy (p) (‘*’)‘ Lq(m+H|f<“0) — A(uo)z| pyv(py (“’)‘ Lq(m}}
(4.17)

where C' > 0 is independent of M and of Ax as M — oo and as Az, At | 0 and
M :==max{M_, M.} as in (3.14).

Proof. The triangle inequality implies, for any 1 < p,q < oo

IEfu(-, )] = Earlua @i Ol pacarir (o)
< [Efu(w; - )] = Barfu(w; - )]l ga(ouin(oy
[ Earfuw: )] = Barfus @ O] poginoy - (4:18)

For p < ¢, we estimate the first term in the upper bound of (4.18) with Holder’s
inequality

[E[w(ws; - )] = Ear[u(w; - O ooy < Cp [[E[w(ws - 0)] = Enrlu(ws - Ol pao;Lo(p)) -

By Theorem 4.1, we have

IEfu(w; -, O] = Brlu(@; - Olll aaszo(pyy < CMY T luoll o ouopy)

where p = max{q, p}. Hence, we arrive at

|E[u(w; -, t)] — Enfu(w; '»t)]HLq(Q;Lp(D)) < CpMHe! ||U0||Lq(Q;Lpt(D)) :
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For the second term in the upper bound (4.18), we use the linearity of the estimator
E)[] and the triangle inequality, and Remarks 4.3, 4.5 to obtain
| Basfu(ws - )] = Barfua(@: - Ol pognse (o)

< ||u(7t) ( 7t)HLf1(Q LP(D))

1-1
< lluaCtn) = uC bl oy 1ea (o tn) = uCsta)ll o o)

—1-1/ - 1
<CM g (HUO - UA('; , )”Lq(Q Lr(D)) Jr Axl/(Sp)(l + t)l/p{||A(U0)z||L/qIZQ;L1(D))

(17 ) ool vy @ )

where the last inequality follows from the error estimate for the finite difference
scheme, Proposition 4.4. Combining the two, we obtain the estimate (4.17). ]

+ |1£(0) = Alwo)e | py () ()]

La(Q)

4.3.3. Work estimates

We have seen that the computational work to obtain {ua(-,t)}o<t<r, computed
by the explicit or implicit scheme respectively, is asymptotically, as Az, At — 0,
bounded as

W< CAz~ W3 Wwin < CAz~2log(Az™Y),

which implies that the work for the computation of the MC estimate Eys[ua(-,?)]
is of order

WZ’TMSC’MAm_Hm, Wlm < CMAz™?log(Az™), (4.19)

so that we obtain from (4.17) the convergence order in terms of work: To this
end we equilibrate in (4.17) the two bounds by choosing M(=9/4 ~ Azl/(P) je.
M = CAx30=9 . Inserting in (4.19) yields

g+11p(g—1) : a+6p(g—1)

Wiy < CAz w=b Waty, < CAz™ K log(Az™"),

so that we obtain from (4.17)

1
IE[u(, )] = Enrlua ()]l ooy < (Chypoa,p) /P D2 (4.20)
< (CZo,t,A,f)l/p W)~ ol

. g—1
[E[u(-, )] = EmluaC )l o0 (py) < (Czo,t,A,f)l/p (WA (log(WRMy,)) 1)~ 7o,
(4.20b)

where C}l ;4 ; is given by
Chotay =CU+ t){|| (L + 1f (w; )lip) [wol gy (py (@)llLa(e)

+ 1 A(uo)allze (4 LN (D)) + [ 1 (o) — A(uo)e| gy () (W)Ilm(ﬂ)}- (4.21)
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Estimates (4.20) hold for ¢ = min{2,r} as we used Remark 2.3 in its derivation.
Assuming r > 2 in (3.20), we may optimize the bound (4.20a) with respect to ¢
for any p € [1,00[. For 1 < ¢ < 2, the function ¢ — ¢/(¢ — 1) is monotonically
decreasing. Therefore,

qg—1 1
max ——————— = max ————————
1<q<2 q+ 1lp(g—1) 1<e<2q/(q—1)+1lp
is attained for ¢ = min{2, r} resulting at best (for > 2) in the error vs. work rate

1/(2 + 11p) in (4.20a), and 1/(2 + 6p) for the implicit scheme in (4.20b). On the
other hand, in the deterministic case the convergence rates with respect to work

read
lu(-,t) — ua(, t)”LP(D) < C;/prl/(sp) < C}/” (WXX)_l/(up)’ (4.22a)
lu(-st) = ua ()l oy < C7'" (WA (log (W) ™) =1/ (4.22b)

4.4. Multilevel MC-FDM

We next present and analyze a scheme that allows us to achieve almost the accuracy
versus work bound (4.22) of the deterministic FDM also for the stochastic data
(ug, f, A) satisfying (3.14) - (3.20), rather than the single level MC-FDM error
bound (4.20). The key ingredient in the Multilevel Monte Carlo Finite Difference
(MLMC-FDM) scheme is simultaneous MC sampling on different levels of resolution
of the FDM, with level dependent numbers M, of MC samples. To define these, we
introduce some notation.

4.4.1. Notation

The MLMC-FDM is defined as a multilevel discretization in x and t with level
dependent numbers M, of samples. To this end, we assume we are given a family
of nested grids with cell sizes

Azy =27 Azy, (€N, (4.23)
for some Axy > 0. Similarly, we denote,
Aty = CAzY?,
the size of the time step for the explicit scheme corresponding to grid size Az, and
Aty = 0Axy,

the size of the time step for the implicit scheme at level £. We denote by u, the
approximation to (4.3) computed by (4.6) or (4.5) on the grid with cell and time
step size Ay := (Axy, Aty).
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4.4.2. Derivation of MLMC-FDM

As in plain MC-FDM, our aim is to estimate, for 0 < ¢ < oo, the expectation (or
“ensemble average”) E[u(-, t)] of the random entropy solution of (3.22) with random
data (ug, f, A)(w), w € Q, satisfying (3.13) — (3.20) for sufficiently large values of k
(to be specified in the sequel). As in the previous section, E[u(-, t)] will be estimated
by replacing u(-,t) by a FDM approximation.

We generate a sequence of approximations, {us(-,t)}72, on the nested meshes
with cell sizes Axy, time steps of sizes Aty. In the following we set u_1(-,t) := 0.
Then, given a target level L € N of spatial resolution, we have

L

Elur(,t)] = E{Z (ue(-t) — ’Uféfl(',t)):|- (4.24)

£=0

We next estimate each term in (4.24) statistically by a MCM with a level-dependent
number of samples, My; this gives the MLMC-FDM estimator

L
EL[U('vt)] = Z B, [ue(- ) — ue—1(-,t)] (4.25)
£=0

where Epslua(-,t)] is as in (4.16), and where u(+, t) is computed on the mesh with
grid size Ax,; and time step Aty.

4.4.3. Convergence Analysis

We analyze the MLMC-FDM mean field error

|E[u(-,t)] — E¥[u (4.26)

('a t)] ||Lq(Q;LP(D))

for 0 <t < o0, q €]1,2], p € [1,00] and L € N. In particular, we are interested
in the choice of the sample sizes {M,}7, such that, for every L € N, the MLMC
error (4.26) is minimized. The principal issue in the design of MLMC-FDM is the
optimal choice of {M,}7° such that, for each L, an error (4.26) is achieved with
minimal total work given by (based on (4.19)),

L L
Wiviive = C’ZMzWe’; = (’)(Z MgA;vé_ll/?’), (4.27a)
=0 =0
L L
Wiliie =CY MW = o(z M,Az;2| log(Axg)D. (4.27b)
=0 =0
To estimate (4.26), we write (recall that u_; := 0) using the triangle inequality,

the linearity of the mathematical expectation E[-] and the definition (4.25) of the
MLMC estimator

IELuC D]~ E D110t ()
< Cq ”E[u(at)] - E[UL('vt)quQ(Q;LP(D))
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+ Cq HE[UL(a t)] - EL[U("t)]Hqu(Q;Lp(D))
= Cy [[E[u(-,t)] - E[UL(‘at)]”%q(Q;Lp(D))

+Cqy H;: Elue — ue—1] — Eng, [ue — ue*l]‘ q

La(Q;Lr (D))

= 1411
We estimate terms I and II separately. By linearity of the expectation, term I equals

I=Cq||Ef[u(-,t) - uL('7t>]||%q(Q;Lp(D)) < Cqllu(-t) - UL('vt)H%l(Q;Lp(D)) (4.28)

As the function Efu(-,t) — up(-,t)] is deterministic, the L9(92; LP(D))-norm is
bounded by the L(; LP(D))-norm due to P(2) = 1. Term I is therefore of the
order of the deterministic FV discretization error that can be bounded by (4.15)
with » = 1 (cf. Remarks 4.3, 4.5 for p > 1). We hence focus on term II. For p < ¢,
we have that

q

L
Eluy —up—1| — F — Up_
Hez_% [ty — up—1] M, (e — we—1] (L (D)

q

L
> Elu — 1] — Eng,fug — Wq]‘
=0

< |D|(q—P)/P

La(@;Le(D))’

hence

q

L
n<c H Efur — we_r] — Eng, [te — s ,
- ez:; e = o) = Enselue = well] oy

where p = max{p, ¢}. The bound for term II can be written as

L M,
1 ~ o~ a
Im< C'DH; ; 7 (]E[W —up_q] — (u( — ue_l)) -

L M,

ol S
=0 i=1

q

La(;LP(D))

where Y; , := Mi[ (E[uz —ug_q] — (ﬂz - @_1)), i =1,...,M;, £ =0,...,L. The
Y; ¢ are independent, mean zero random variables. Since p = max{p, ¢}, LP(D) is
of type q €]1,2] (cf. Remark 2.3 (iii)). Therefore we can apply Proposition 2.4 to



March 17, 2017 15:26 WSPC/INSTRUCTION FILE KRSW170317

26 Koley, Risebro, Schwab, Weber

the finite sum Zf:o Zf‘i‘l Y; ¢ (first inequality in the following calculation):

L M,
sz N onssioy < CE S0 S Waallgisaoy
£=0 i=1
L
= (2Cy)? ZMz Y1l Lo o)
£=0

q

L
B 1 ~1 ~1
- (2Ct)q ;:O MZH M€ (E[ue - uefl] - (ue - u[_1))‘ La(;LP (D))

L
= (2C1)" Y M, " |Blug — ue—1] = (ue = we) | 3o guro(py)

£=0
L
17
< (2Cy)? ZMz e — W—l\quq(Q;La(D)) .
£=0
(4.29)
We estimate for every ¢ > 0 the size of the detail uy — up—1 with the triangle

inequality

[we(-,t) — uffl('ﬂt)”LtI(Q;Lf’(D)) < ul-t) - W(‘at)”Lq(Q;Lﬁ(D))"‘HU('vt) - ulfl('vt)HLQ(Q;Lﬁ(D)) :
Combining this with (4.14), (4.15) with ¢ = ¢, r = ¢, (4.21) and (4.23), we obtain
for every £ € N the estimate (using Holder’s inequality to get from LP(D) to L' (D),
cf. Remark 4.3, 4.5)
[[(we — we—1) (-, t)”Lq(Q;Lﬁ(D))
—1-1/p
< M7 (1o = wels 0) [ Reups oy + o = o105 0) [ Reypn o))

+ (CZo,t7A,f)1/pM1 Y7 Ay,

where M = max{|M_|, | M|}, cf. (3.14).

We use that the initial approximations u(+; -, 0) of u(-;-,0) satisfy for any 1 <
r < 0o to get

||u(7 K 0) - Ug('; '7O)||LT(Q;L1(D)) < AI@ H|UO|BV(D)| L™(Q) "

Thus we can estimate the contribution of the errors of the approximation of the
initial data by

~ 1/p
[+, 0) — ue(s -, O)HIL/qZZQ;Ll(D)) <C (Am@ H|u0|BV(D) HLq(Q))
< Oy |luslmv o)y -

We insert this in (4.30) to obtain

e+ 8) = s (oDl oy
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< lel/ﬁ <(Cgo’t7A7f)1/§+ Csz/(dﬁ)

1/p -
7 ) At/EP

‘IUO‘BV(D)’ La(9)

/7
) Az P (4.30)
La1(Q)

—1-1/p
<M (Cgo,t,A,f + H|U0\BV(D)‘
where we used that Az, < O(1).

Theorem 4.8. Assume (3.14) — (3.20) for some r > 1 and (4.23). Then, for any
sequence {M;}32, of sample sizes at mesh level {, we have for the MLMC-FDM
estimate EL[u(-,t)] in (4.25) the error bound, for ¢ = min{r,2},

q
L1()
L

~79—4/P - 3
+ oMY {Z Mgl qﬁxz/( iﬁ} (Cgo,t,A,f + HluolBV(D)‘
=0

q

HE[u(-,t)] — ELu(-,1)]

La(Q;L» (D))

uo, IUO‘BV(D)

< O (Ol ey )+ Ay

+ CM(}_q HUOH(ILq(Q;Lﬁ(D))

q/P
o)

(4.31)
where we have denoted p = max{p,q}, M = max{|M_|,|My|}, (cf. (3.14)) and

Clopns = O D{[| (1176 i) Tl v,

1A s 1 (o) + |1 (0) = Alwo)el gy )|

L:‘(Q)}’
forj=1,q. In (4.31), C > 0 is a constant that depends on the size of the domain
D, but is independent of L, of {MZ}EL:(); and of the parameters ug, f, t and A.

Proof. We raise (4.30) to the ¢-th power, and insert the resulting estimate into
the bound (4.29). The assertion (4.31) follows upon summing from ¢ =0, ..., L, and
using Azy < Azg < O(1) and adding the contribution from term I in (4.28). O

4.4.4. Determining the number of samples needed on each level

The upper bound obtained in Theorem 4.8 is the basis for an optimization of the
numbers M, of MC samples across the mesh levels. Our selection of the Monte Carlo
sample sizes M, will be based on the last term in the error bound (4.31); we will
use a Lagrange multiplier argument to determine the number of samples needed at
each level in order to minimize the computational work given an error tolerance €.

Lemma 4.9. Assume that Axy = 27Axy for some Axg > 0 and that the work
scales aymptotically as in (4.27), i.e.,

L L

WLE:,EMLMC = O Z MgAZ‘Zw, Wll,tnMLMC = O Z M[Al';w log(Aa,“Zl), (432)
£=0 =0
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forw >0, where w = 11/3 for the explicit scheme and w = 2 for the implicit finite
difference scheme. Assume furthermore that L and Axg are large enough such that
Az " > Axy™. Given an error tolerance € > 0 and that the error at level L scales

as (cf. (4.31))

L
Err, =C (Z M, TIAEEP 4 Azt 4 Mol—q> . (4.33)
£=0

Then, the optimal sample numbers My, with respect to the work measure (4.32) and
with respect to the error bound (4.33), are given by

Mg ~ Mg A 2G4, (4.34a)
, Ao t(5+)
M™ o pim =20 L 0=1,... L, (4.34b)
(¢ +log(Azyt))a
where
_ _1
1 & "
- £ S (g—Dw s
Mg o | g [ 1+ Agy Y 25 : (4.352)
e — Az 2w j=1
. 1 1 21 s L ) 1 g9=1 .((q71)w_
My" = | ———— | log(Azg ") @ + Azg Z (j +log(Azgt)) « 270
&~ Az 2777 j=1
(4.35b)

where the ~ indicates that this is the number of samples up to a constant which may
depend on the data (ug, f, A) and the domain but not on £ and L. In particular, as
L — oo, the error of the MLMC-FDM algorithm, (4.31) scales forp=1,r=q=2
with respect to work as

2 ~ « _
[ELu(, 1)) = B [uC )| 2,01 py) < Cuotat WESNrLare) ™", (4.362)
2 -~ im im —1\—2/7
HE[U(J)] - EL[u("t)]HL2(Q;L1(D)) < Clug,t,ALf (WL,MLMC(IOg(WL,MLMC)) 1)
(4.36D)

Proof. From (4.27), under the assumption Az, = 2~“Axq for some Axg > 0, in
space dimension d = 1 the work scales as in (4.32), that is,

L L

Wz),(MLMC == CZ M[Amzw = CA.’L'aw Z Mg2we,
£=0 £=0
) L L
Wimmwe =C Y MyAx; " log(Axzy ') = CAzg™ Y My (£ +log(Azg ') 2%,
£=0 £=0

for w = 11/3 in the case of the explicit scheme and w = 2 for the implicit scheme.

S

)
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The bound for the multi-level error (4.31) with L discretization levels reads,
asymptotically as L — oo,

L
Erry = C(Z lequxzs/p + Am%s/p + Molfq)
=0

L
= C(Mé_q + Axgs/p Z Mel_qQ*qSZ/ﬁ_F Al.gs/P 27qsL/p>
£=0

= C(Mol’q + AP f: M, 927 0P 4 AgP 2—qsL/P).
=1
We optimize error versus work assuming a generic convergence order s > 0 of the
FV scheme, bearing in mind that we will choose finally s = 1/3, based on the
convergence estimate (4.13).
Using a Lagrange multiplier A, we get for £ := W — A(e — Erry) the first order

conditions

_oc

= 0L
This means that (omitting the constants C') there exist constants A, and A, which
are independent of ¢ (but may depend on L) such that, for 1 < ¢ <2,

Azy 2" = Nop(q — V) AZI/P M T279/P =1L,
Azg® = Aex(qg—1)My %, =0,

(=0,...,L.

for the explicit scheme and
Aay ™ (0 4 log(Azg1))2 = N (g — VAP M, 92795/7 g =1,.. L,
Azg ™ log(Azy ) = Aim(qg — )My %, £=0,
for the implicit scheme. Since ¢ > 1, we may solve for the sample numbers:
1
1 it . Aim(g—1) \¢ it
ME* = (Aex(q — 1))7 (Azg270) 7" M"“:(lm Azg2= )7
V4 ( (q )) ( 0 ) 14 erlog(A:Eal) ( 0 )
for ¢=1,...,L, and
w i )\im -1 v w
M= Oy — D)8, = (R )
log(Axz; )

Using the constraint Erry = ¢, we get for the prescribed accuracy € > 0,

-

A w(l=gq) L

as s g 2 (@—Dw s

N S L <1 N 5>> |
=1

(Aex(q—1)) @
w(l=q) L
= qs a= £ g-1 —Dw s
e =Axy =% & —_— <log(Aa;01)q1 + Axf Z (¢+ log(A:val)) Tl _5)> .
=1




March 17, 2017 15:26 WSPC/INSTRUCTION FILE

30 Koley, Risebro, Schwab, Weber

We solve this for Aex, A\im respectively,

N = 1 1
“ TR |- pnge
1
Aim =
Axg(q—1)

1

4as gsL
e—Axy 277

L
£ S((a=Dw
LAy Y 205

J=1

L

KRSW170317

-3)

log(AacO_l)(%1 + Aa?O% Z (j+ log(Axal))q% 2/

Jj=1

and insert it in the expressions for My, resulting in (4.34):

1
MP e~ | ————
e —Azy 27
. 1
M —
e—Axy 27

Ax??fﬁ(%

1+Ax022j

log(Axgl)q%1 + Ax(;% Z (7+ log(Amgl))% 93 (=

+5)

(¢ +log(Axg )@

)

(=1

q—1

(q l)w %)
Jj=1

L
=1

oL

where the ~ indicates that this is the number of samples up to a constant which

may depend on the data (ug, f,

obtain
« 1
Mg = gas gsL
e—Azx 2777
: 1
My™ ~ =
&~ Az

1+Aw022j

(q l)w %)

Jj=1

=1

o [ los(ars )T + Azf S (j +log(angh) T 2

A) and the domain but not on ¢ and L. For M, we

Inserting into the work estimate (4.32), we obtain ther asymptotic work vs. accuracy

relations

ex ~
W vinme =

im
WL,MLMC -

1
qs
e —Axy
1
qs
| e — Az
x Axy™

qsL

2
<log Azy

Jj=1
L

H+ Aa:o Z (¢ + log(Axzy

{=1

1
q—1

1))% 2?(

w(g—1)

q

s
p

log(Azg )qT + Axf Z (j +log(Azyh)) g

>>.

{=1

(a— l)w

L
Azg® (1 + Axg 225(%}7 -
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Assuming that r > 2, we may choose ¢ = 2 and p = 1 which implies p = max{p, ¢} =
2. With s = 1/3 we obtain for the explicit scheme with w = 11/3, that
(g—Hw s w—s 11 1 5

= = =——-—==->0
q P 2 6 6 3

w—s

and hence the terms 2£72" dominate the sums in the expression for Wivinme-
Choosing ¢ = 2Ax5* - 27251 ~ 2Az?° the work for the explicit MLMC scheme is
thus of the order

w Sw s 2
Wisiae = Aeg 222" (Mg ® + Azg ™ 22*7°)
~ Axa2s22sL (Amaw + Ax87w2L(wfs)) (437)
~ Ax, % (Amaw + Axi_w)

If Az " > Axy", then this term is dominated by sz(sﬂu) and

2s

2s
~ 2s —(stw))  stw ~ ex ~SFw
e~ Az ~ (A‘TL ) = (WL,MLMC) .

For the explicit scheme sigw =1/6.

For the implicit scheme, we have

w

. 2 _w S— w—s 2
Wiiove = Axg252%5F (log (Am51)3/4A3@0 2+ Axy? (L +log(Axyt)) /22872 )

~ Axa2s22sL (10g (Axal)?J/QAxaw —|—A.’I}S_w(L+1Og(AJ)O_1))2L(w_S))

~ szzs (log (Ax51)3/2A335w + log(Aaczl)Axi_“’) .

(4.38)
So if log(Amal)g/QAxa“’ < log(Az; ") Ax3™", the work is asymptotically domi-
nated by
WiLIflMLMc = AmZ(Hw) IOg(ACEZl)»
and we get,

2s
o Ap2 o (Ap= T\ T L (qpim pyim —1) "
e~ Axy’ ~ (AxL ) = ( L.MLMC log( L7MLMC) ) .

Since s = 1/3 and w = 2 for the implicit scheme, the rate is S_%fw = 2/7 up to the
logarithmic factor.

Summing up, under Assumption 3.20 with » > 2 and for p = 1, we have, as
L — o0, the following error estimate of the MLMC method in terms of work

2 -~ ex -
B )] = B[l O] 20,00 (py) < Cuota s WESNL10) ™",

HE[U(’t)] - EL[“('7t)]Hi2(Q;L1(D)) < auo,zt,A,f (WIiTMLMC'(IOg(W.E?MLMC‘))_1)_2[67 .

Remark 4.10. This is worse than the error vs. work bounds (4.22) for the deter-
ministic schemes for p = 1 but an improved rate as compared to the single level
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Monte Carlo, c.f. (4.20). We conclude the analysis with the observation that in
(4.36), we assumed the integrability condition (3.20) holds with some r > 2. If
(3.20) holds with 1 < r < 2, analogous error bounds will result from the foregoing
analysis, albeit with more pessimistic error vs. work bounds.

5. Numerical Experiments

In this section, we will test the method on two examples motivated by two-phase
flow in porous media®. In one space dimension, the time evolution of the water
saturation u € [0, 1] can be modeled by the conservation law

u + f(u)e = (a(w)ug)z, () €[0,T] xR, u(0,2) =up(z), xzeR. (51)

The functions f and a are of the form

AY (u)
AV (u) + A0 (u)’

au) = Ay (5.2)

ft = = X+ e

here p/, denotes the derivative of the capillary pressure. In some models this deriva-
tive has the expression

Pty = — (w2 —1) 7" (5.3)

for a constant x € (0,1), see [17]. The functions A%, A° are the phase mobili-
ties/relative permeabilities of the water and the oil phase respectively. The rela-
tive permeability of the water phase A" is a monotone function with A" (0) = 0,
A¥(1) = 1, and the relative permeability of the oil phase A\° is a monotone decreasing
function such that A°(0) =1 and A°(1) = 0. Often one uses the simple expressions

AV () =u?, A°(u) = (1 —u) (5.4)

Such a form of the relative permeability is of course a simplification, more accurate
models are based on experiments. These functions therefore have some uncertainty
associated with them. Hence it is natural to model the relative permeabilities as
random variables.

Using (5.3) and (5.4) will yield an expression for A(u) = [ a(u) du that is costly
to evaluate numerically since there is no closed form expression available. Therefore
we use the expression

1

_ Au) 2
Alw) = @(Aw(u) n )\O(u)) ' (5:5)

This function is quite close to the diffusion function given by (5.2), (5.3) and (5.4)

for k = 4. In our numerical experiments, we use the domains D = (0,2) with
periodic boundary conditions. Furthermore, we test only the implicit scheme.

aThe codes used to produce these experiments can be found at http://folk.uio.no/nilshr/DMLMC.
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In the experiments we also indicate an estimator of the variance of the computed
estimation of the mean. The estimate of the variance is calculated using the following
formula

L

Vi=) AVi+V,
=1

AVy = Ey, {(W — w1 — Eng, Jug —ue1])?],

Vo = E, [(Uo — Engy[uo))?

When choosing the number of samples we use formulas (4.34) — (4.35) with “="
replacing “~” and p=1, r = ¢ = 2 and s = 1/3. If the resulting number is not an
integer, we choose the number of samples to be the smallest integer greater than
this number.

In order to compute an estimate of

E [[| £l T)) = Blul, D[} )

we use the root mean square estimate

N
RMS = | > (RMS;)?/N , (5.6)
k=1
where
[Uret (-, T) = U (-, T) || 2
e /A o 5 PP
In [29], the sensitivity of the error with respect to the parameter N is investigated.
In the present numerical experiments, we use N = 10 which was shown to be
sufficient for most problems [29,30]. The reference approximation of E[u(T)], Uscs,

was computed by first computing an approximation ua(w;;-,T) to u(wj;-,T') for
a large number of uniformly spaced points {wi}iK:l in ©Q (which in our examples
are a closed interval and a rectangle), and then finding U,ct(-,T) by applying the
trapezoidal rule to approximate the integral [, u(w;-,T) dw using {ua (ws; -, T™HE,.

The CFL constraint which ensures convergence of the nonlinear solver at each

(implicit) timestep was (empirically) chosen as
max{10Ax,0.08241log(Ax) + 0.7286}.

This is the maximum of a linear interpolation in log(Az) between (log(27%),1/2)
and (log(2711),1/10), and 10Az, and was found to be sufficient to ensure stability
for these two numerial experiments.

5.1. Random exponent
For this example we will model the relative permeabilities by

AV (u) = uP@ | A°(u) = (1 —u)P@), (5.7)
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where the random exponent p is uniformly distributed in the interval [1.5,2.5]. As
initial data, we use

(5.8)

- [0 wEl00nUL)
YT ze,

and periodically extended outside [0, 2]. Figure 1 shows a sample of the approximate
random entropy solution with p = 2.13 calculated using 2° grid points, at time
T = 0.5, and an estimate of the mean E[s(+,0.5)] computed by the implicit multilevel
Monte Carlo finite difference method with Azg = 274 and L = 5, which gives My =
4150. To compute the reference solution we approximated the expectation with

Fig. 1. Left: One sample of the random entropy solution of (5.1) with (5.8), (5.5) and (5.7) at time
T = 0.5 computed on a mesh with 512 points using the implicit scheme. Right: A sample of the
estimator E¥[u(-,T)] for (5.1) with (5.8), (5.2) and (5.7) at time T = 0.5 (solid line), the dashed
lines denote EX[u(-,T)] + standard deviation.

respect to the uniform probability measure in the interval (1.5,2.5) by a trapezoidal
rule with 200 equispaced grid points in [1.5,2.5].

Table 1 shows the estimated RM S errors as a function of the number of levels
L for L =1,...,6 and Azg = 27* In addition we show the rates 1 and 7o
based on a best linear fit under the assumptions that error ~ (Az)™ and error ~
(time used) 2. We see that the rates, both with respect to error vs. mesh resolution

L | 1 2 3 4 5 6 |rate
Azy 275 276 277 278 279 9710

RMS 105 50 30 15 06 03 | 104

run time (s) 1 4 16 73 321 1405 | 0.49

Table 1. RMS vs. L for experiment 1.

at level L and with respect to error vs. work (in this case crudely measured via the
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run time), are better than what theory predicts.

5.2. Random residual saturation

In the following numerical example, we will model the relative permeabilities by
two random variables

(u— uy (w1)”

(1 = uj(wr))?

2
w u
A (U) = 1u>u‘*;,(w1)(u) ) /\o(u) = luﬁug(wz)(u) <1 - ) )

u(w2)
(5.9)

with  uj,(w1) ~U(0.0,0.3), ul(w2) ~U(0.7,1.0), uy(w1) L ul(w2),

that is, we assume that the residual saturations uj,, v’ are independent, uniformly
distributed random variables. As initial data, we use again (5.8) with periodic
boundary conditions.

The resulting (f, A)(w1, we; ) again satisfies assumptions (3.13) — (3.19), so that
the random entropy solution from Definition 3.6 exists and Theorems 3.7, 4.8 apply.
In Figure 2 on the left hand side, we have plotted a sample u(w; T, -) of the random
entropy solution at time 7' = 0.5 and on the right hand side we have plotted
a sample of the MLMC-FDM estimator EL(u(T)) for L = 5, Az = 274 To

Fig. 2. Left: One sample of the random entropy solution of (5.1) with (5.8), (5.2) and (5.9) at time
T = 0.5 computed on a mesh with 512 points. Right: A sample of the estimator E®[u(-,T)] for
(5.1) with (5.8), (5.2) and (5.9) at time T = 0.5 (solid line), the dashed lines show E®[u(-,T)] £
standard deviation.

compute the reference solution in this case we approximated the expectation with
respect to the uniform probability measure over the rectangle [0,0.3] x [0.7,1.0] by
a tensorized trapezoidal rule with 60 x 60 uniformly spaced points in the rectangle
[0,0.3] x [0.7,1.0]. Table 2 shows the estimated errors RMS calculated using (5.6)
as a function of L. Again, we observe that the numerical convergence rates are larger
than the theoretical bounds.
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L |1 2 3 4 5 6 | rate

Azp 275 276 9277 978 9279 9-10
RMS 69 36 22 12 07 05 |075
run time (s) | 2 11 60 227 628 2457 | 0.37

Table 2. RMS vs. L for experiment 2.
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