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Abstract. We construct a new 20-dimensional family of projective six-dimensional ir-
reducible holomorphic symplectic manifolds. The elements of this family are deformation
equivalent with the Hilbert scheme of three points on a K3 surface and are constructed as
natural double covers of special codimension-three subvarieties of the Grassmannian G(3, 6).
These codimension-three subvarieties are defined as Lagrangian degeneracy loci and their con-
struction is parallel to that of EPW sextics, we call them the EPW cubes. As a consequence
we prove that the moduli space of polarized IHS sixfolds of K3-type, Beauville-Bogomolov
degree 4 and divisibility 2 is unirational.

1. Introduction

By an irreducible holomorphic symplectic (IHS) 2n-fold we mean a 2n-dimensional sim-
ply connected compact Kihler manifold with trivial canonical bundle that admits a unique (up
to a constant) closed non-degenerate holomorphic two-form and is not a product of two man-
ifolds (see [3]). The IHS manifolds are also known as hyperkihler and irreducible symplectic
manifolds, in dimension 2 they are called K3 surface.

Moduli spaces of polarized K3 surfaces are a historically old subject, studied by the clas-
sical Italian geometers. Mukai extended the classical constructions and proved unirationality
results for the moduli spaces M,; parametrising polarized K3 surfaces of degree 2d for many
cases with d < 19 (see [19,21,23]). On the other hand it was proven in [8] that M,; is of
general type for d > 61 and some smaller values. Note that when the Kodaria dimension
of such moduli space is positive, the generic element of such moduli space is believed to be
non-constructible.

There are only five known descriptions of the moduli space of higher dimensional IHS
manifolds (all these examples are deformations equivalent to K3!). In dimension four we
have the following unirational moduli spaces:
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2 lliev, Kapustka, Kapustka and Ranestad, EPW cubes

double EPW sextics with Beauville-Bogomolov degree g = 2 (see [24]),
¢ Fano scheme of lines on four-dimensional cubic hypersurfaces with ¢ = 6 (see [4]),

VSP(F, 10) where F define a cubic hypersurface of dimension 4 with ¢ = 38 (see [13]),

* zero locus of a section of a vector bundle on G (6, 10) with ¢ = 22 described in [6].

Moreover, there is only one more known family in dimension 8 with ¢ = 2 studied in [17].
Analogously to the case of K3 surfaces there are results in [9] about the Kodaira dimension of
the moduli spaces of polarized IHS fourfolds of K 3[2]—type: In particular, it is proven that such
moduli spaces with split polarization of Beauville-Bogomolov degree ¢ > 24 are of general
type (and for ¢ = 18 or 22 are of positive Kodaira dimension). We expect that the number of
constructible families in higher dimension becomes small.

According to O’Grady [24], the 20-dimensional family of natural double covers of spe-
cial sextic hypersurfaces in P> (called EPW sextics) gives a maximal dimensional family of
polarized IHS fourfold deformation equivalent to the Hilbert scheme of two points on a K3 sur-
face (this is a maximal dimensional family since b, (S [2]) = 23 for § a K3 surface). Our aim
is to perform a construction parallel to that of O’Grady to obtain a unirational 20-dimensional
family (also of maximal dimension) of polarized IHS sixfolds deformation equivalent to the
Hilbert scheme of three points on a K3 surface (i.e. of K 3031 type). The elements of this fam-
ily are natural double covers of special codimension-three subvarieties of the Grassmannian
G (3, 6) that we call EPW cubes.

Let us be more precise. Let W be a complex six-dimensional vector space. We fix an
isomorphism j : AW — C and the skew symmetric form

(1.1) AW xAPW — C,  (u,v) ~ juAv).

We denote by LG (10, A3W) the variety of ten-dimensional Lagrangian subspaces of A3W
with respect to 1. For any three-dimensional subspace U C W, the ten-dimensional subspace

Ty := AN2U AW C A3W

belongs to LG, (10, A3W), and P(Ty ) is the projective tangent space to G(3, W) C P(A3W)
at [U].

For any [A] € LG, (10, A>W) and k € N, we consider the following Lagrangian degen-
eracy locus, with natural scheme structure (see [28]):

D ={[Ul€ GG, W) |dmANTy >k} C GB3,W).

For the fixed [4] € LG,(10, A>W) we call the scheme Dé‘l an EPW cube. We prove that
if A is generic then Dé“ is a sixfold singular only along the threefold Dg“ and that Df is
empty. Moreover, Dg‘l is smooth such that the singularities of Dé‘l are transversal %(1, 1,1)
singularities along Dg‘.

Before we state our main theorem we shall need some more notation. The projectivized
representation A3 of PGL(W) on A3W splits P1° = P(A3W) into a disjoint union of four
orbits:

PP = PP \W)U(F\QUEQ\GB, W) UGB, W),

where G3,W) Cc Q c F c P, dim(Q) = 14, Sing(Q) = G3, W), dim(F) = 18,
Sing(F) = Q, see [7]. We call the invariant sets G, 2, F and P!? the (projective) orbits of
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A3 for PGL(6). See [16, Appendix] for some results about the geometry of € and its relations
with EPW sextics. For any nonzero vector w € W, denote by

Flw) = (w) A (A2W)
the ten-dimensional subspace of A3W , such that

U PFw) =2 cP(R*W).
[w]eP (W)

We follow the notation of O’Grady [26]:

= {[A] € LG, (10, A*W) | P(A) N G(3, W) # @},
= {[4] € LGy (10, A*W) | 3w € W:dim A N Fyy,) > 3}.

We also consider a third subset
r= {A € LGy(10, A3W) | 3[U] € GB.W):dimANTy > 4}.
All three subsets X, A, I' are divisors (see [26] and Lemma 3.6). Hence,
LG, (10, A’W) := LG, (10, W)\ (S UT)

is a dense open subset of LG (10, A3W). Our main result is the following.

Theorem 1.1. If [A] € LG;(]O, A3W), then there exists a natural double cover Yy
of the EPW cube Dé‘l branched along its singular locus Dgl such that Y4 is an IHS sixfold
of K 3[3]-type with polarization of Beauville—Bogomolov degree q = 4 and divisibility 2. In
particular, the moduli space of polarized IHS sixfolds of K 3[3]—lype, Beauville-Bogomolov
degree 4 and divisibility 2 is unirational.

We prove the theorem in Section 5 at the very end of the paper The plan of the proof is
the following: In Proposition 3.1 we prove that for [A] € LG} (10, A3W), the variety Df is
singular only along the locus D4, and that it admits a smooth double cover Y4 — DA branched
along DA with a trivial canonical class. The proof of the Proposition is based on a general study
of Lagrangian degeneracy loci contained in Section 2. By globalizing the construction of the
double cover to the whole affine variety LG,II (10, A3W), we obtain a smooth family

Y — LG, (10, A°W)

with fibers ¥[4) = Y4. Note that the family ¥ is naturally a family of polarized varieties with
the polarization given by the divisors defining the double cover.

In Lemma 3.7 we prove that A \ (I' U X) is nonempty. Following [26, Section 4.1],
we associate to a general [Ag] € A\ (I' U ) a K3 surface S4,. Then, in Proposition 4.1,
we prove that there exists a rational two- to -one map from the Hilbert scheme S [?)] of length-3
subschemes on S4,, to the EPW cube D, 40 We infer in Section 5 that in this case the sixfold
Y4, is birational to SEO]. Together with the fact that Yy4,, is smooth, irreducible and has trivial
canonical class, this proves that Y4, is IHS.

Since flat deformations of IHS manifolds are still IHS, the family ¥ is a family of smooth
IHS sixfolds. The fact that the obtained IHS manifolds are of K 3[3]—type is a straightforward
consequence of Huybrechts theorem [12, Thm. 4.6].
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During the proof of Theorem 1.1 we retrieve also some information on the constructed
varieties. We prove in Section 2.3 that the polarization £ giving the double cover Y4 — Dé“
has Beauville-Bogomolov degree ¢(£) = 4 and is primitive. Moreover, the degree of an EPW
cube D4 € G(3,6) C P is 480.

Let us recall that the coarse moduli space M of polarized IHS sixfolds of K 3[3]—type and
Beauville-Bogomolov degree 4 has two components distinguished by divisibility. We conclude
the paper by proving that the image of the moduli map LG}] (10, A3W) — M defined by ¥ is
a 20-dimensional open and dense subset of the component of M corresponding to divisibility 2
(see Proposition 5.3).

Acknowledgement. The authors wish to thank Olivier Debarre, Alexander Kuznetsov
and Kieran O’Grady for useful comments, O’Grady in particular for pointing out a proof of
Proposition 5.3.

2. Lagrangian degeneracy loci

In this section we study resolutions of Lagrangian degeneracy loci. Let us start with fixing
some notation and definitions. We fix a vector space W;; of dimension 2n and a symplectic
form w € A? Wz”;. Let X be a smooth manifold and let W = W5,, x Ox be the trivial bundle
with fiber W5, on X equipped with a non-degenerate symplectic form @ induced on each fiber
by w. Consider a Lagrangian vector subbundle J C ‘W, i.e. a subbundle of rank n whose fibers
are isotropic with respect to . Let A C W,, be a Lagrangian vector subspace inducing a
trivial subbundle A C W. For each k € N we define the set

D = {x € X | dim(Jx N Ax) > k} C X,

where Jx and # denote the fibers of the bundles J and + as subspaces in the fiber Wy. Let
us now define LG, (n, Wa,) to be the Lagrangian Grassmannian parameterizing all subspaces
of W», which are Lagrangian with respect to w. Then J definesamap ¢ : X — LGy (n, Way)
in such a way that J = (*£, where &£ denotes the tautological bundle on the Lagrangian
Grassmannian LG, (n, Wa,). Moreover, similarly as on X, we can define

D = {[L] € LGo(n, Wap) | dim(L N A) = k} C LGo(n, Wan),
which admits a natural scheme structure as a degeneracy locus. We then have
D =D,

i.e. the scheme structure on D ,‘;‘ is defined by the inverse image of the ideal sheaf of D#; see
[11, p.163].

2.1. Resolution of Dl‘f . Foreach k € N, let G(k, A) be the Grassmannian of k-dimen-
sional subspaces of A and let

D = {([L].[U]) € LGo(n, Wan) x G(k, A) | L D U}.

By [28], D ,‘;1 is a resolution of D ,‘;1. We shall describe the above variety more precisely. First of
all we have the following incidence described more generally in [28]:
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D¢ Gk, A).

The projection ¢ is clearly birational, whereas 7 is a fibration with fibers isomorphic to a
Lagrangian Grassmannian LG (n — k,2n — 2k). In particular, ]Ij)]‘c4 is a smooth manifold of
Picard number two with Picard group generated by H, the pullback of the hyperplane sec-
tion of LG(n, Way) in its Plicker embedding, and R, the pullback of the hyperplane sec-
tion of G(k, A) in its Pliicker embedding. Denote by @ the tautological bundle on G(k, A)
seen as a subbundle of the trivial symplectic bundle W2, ® Ogk,4). Consider the subbundle
QL c Wa, ® OG(k,4) perpendicular to @ with respect the symplectic form. The following
was observed in [28].

Lemma 2.1. The variety ]13);3 is isomorphic to the Lagrangian bundle
F:=LG(n—k,QY/Q).

Of course the tautological Lagrangian subbundle on LG (n —k, @+ /@) can be identified
with the bundle ¢*£/7*@ =: W. In particular, we have

c1(W) =¢*c1(£) —n*c1(Q) = R— H.
Lemma 2.2. The relative tangent bundle Ty, of m: ¥ — G(k, A) is the bundle S*(WY).

Proof. This can be seen by globalizing the construction of the tangent space of the
Lagrangian Grassmannian described for example in [22]. |

Lemma 2.3. The canonical class of]ﬁ);f is—(n+1—k)H —(k—1R.

Proof. 'We use the exact sequence
0> Tx > Ty — 1" TGk, 4) — 0.
Now WV has rank n — k, so
c1(Tx) = c1 (S (W) = (n + 1 —k)er (W) = (n + 1 —k)(H — R)
while 7*c1(Tg(k,4)) = nR. Hence
Ky =—1(Tg)=—-m+1—-k)H — (k—1)R. i
Lemma 2.4. The variety ID)f1 is a hyperplane section of LGy (n, Way).

Proof. Indeed ]D)f1 is the intersection of the codimension-one Schubert cycle on the
Grassmannian G(n,2n) with the Lagrangian Grassmannian, hence a hyperplane section of
the Lagrangian Grassmannian. o
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6 lliev, Kapustka, Kapustka and Ranestad, EPW cubes

Let us denote by [E the exceptional divisor of ¢.
Lemma 2.5. Fork = 2 we have [E] = [H] — 2[R].

Proof. 1t is clear that [[E] = a[H]| + b[R] for some a,b € Z. Let us now consider the
restriction of |E to a fiber of r, i.e. we fix a vector space V> C A of dimension 2 and consider
LG(n — 2, V2J-/V2). Since E = ¢_1D§4, we have

ENa '[Va] = {[L] € LG(n —2,V5"/ V) | dim(L/ V2N A/ Va) > 1}

It is hence a divisor of type ID)fl/ 2 which s a hyperplane section of the fiber by Lemma 2.4. It
follows that a = 1.

To compute the coefficient at [R] we fix a subspace V;,—» of dimension n — 2 in 4 and
consider the Schubert cycle

ov,_, = {lUl € G2, 4) | dim(U N V,—2) > 1}.

The class [oy,_,] in the Chow group of G(2, A) is then the class of a hyperplane section. We
now describe ¢« * (o, ) as the class of the Schubert cycle 0,2 , on LG(n,2n) defined by

on—2,n = {[L] € LG(n,2n) | dim(L N V,—) > 1, dim(L N A4) > 2}.
By [28, Theorem 2.1] we have
[Un—z,n] = Cl(iv)c3(<§ev) - 204(;6\/)

and
D4] = c1(£Y)ea(£Y) — 2c3(2Y).

In terms of intersection on @5“ the two equations give

H™ 3 0 D] = e (£ Zea(2Y) =201 (£7) 7 Pea(2Y)
and
H™ 4 RO DA = e1(2Y) 2 3e3(2Y) — 21 (£Y) ™7 Hea(2Y).

Since we know that E is contracted by the resolution to D4, we also have

nn+1)
I g

E-H 0.

We can now compute b:

Q1) 0=FE.H"5 "4

= (H +bR)- 1"

n(n+1) nn+1)
2 3 +bH 2 4, R

= 1 ()" (1 (£Y)2(EY) + (b — 2er (£Y)e3(£Y) — 2bea(£Y)).
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Using the theorem of Hiller and Boe on relations in the Chow ring of the Lagrangian Grass-
mannian (see [27, Theorem 6.4]), we get

c1(EY)* =2c2(LY) and  2(£Y)? = 2(c3(LY)e1(LY) — ca(LY)).
Substituting in (2.1), we get
0= (b +2)deg(c1(L£Y)c3(£Y) —2ca(£Y)) = (b + 2)degon—2.n.

It follows that b = —2. O

2.2. The embedding of G(3, W) into LG, (10, A3W). Let W be a six-dimensional
vector space. Let G = G(3, W) C P(A3W) be the Grassmannian of three-dimensional sub-
spaces in W in its Pliicker embedding. Now, recall for each [U] € G,

Ty = AN2U AW C A3W.

The projective space P (Ty ) is tangent to G(3, W) at [U]. Let T be the corresponding vector
subbundle of AW ® O¢. Let A be a ten-dimensional subspace of A3W isotropic with respect
to the symplectic form 7 defined by (1.1) and such that P(A4) N G(3, W) = @. Recall that for
k =1,2,3,4 we defined

D ={[U] € G | dim(Ty N A) > k} C G.

Observe that 7 is a Lagrangian subbundle of A3W ® @¢ with respect to the two-form 7.
It follows that we are in the general situation described at the beginning of Section 2, with
n=10, Wy =AW,X =G,J =T and A = A. Then T defines a map

LGB, W) — LG,(10, A*W), [U]+w [Ty

We denote by €y := P (Ty) N G(3, W) the intersection of G(3, W) with its projective tangent
space [U]. Then €y is linearly isomorphic to a cone over P? x P2 with vertex [U]. The
quadrics containing the cone €y plays in this situation a similar role in the local analysis of the
singularities of D ;;1 as the Pliicker quadrics containing the Grassmannian P (F,,) N G(3, W)
in [26]; this will be made more precise in Lemma 2.7.

We aim at proving the following result.

Proposition 2.6. Let A € LG;(10, A3W) such that P(A) N G(3, W) = 0. The map
t is an embedding and ((G (3, W)) meets transversely all loci ]D)]‘;1 \ ID);?_‘_I fork =1,2,3. In
particular, each D ,‘3 is of expected dimension.

For the proof we shall adapt the idea of [26] to our context. Let us first describe ¢ more
precisely locally around a chosen point [Ug] € G(3, W). For this, we choose a basis vy, ..., vg
for W such that Uy = (v1,v3,v3) and define Uy, = (v4,v5,v6). For any [U] € G(3, W)
we have Ty = A2U A W, so Ty, Ty, are two Lagrangian spaces that intersect only at 0:
Ty, N Ty, = 0. By appropriate choice of v4, vs, Ve We can also assume that Ty, N A = 0.

Let

V ={[L] € LG,(10.A’W) | LN Ty, = 0}.
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The decomposition A3W = Ty, @ Ty, into Lagrangian subspaces and the isomorphism
Ty, — Tl‘]’0 induced by 1 allow us to view a Lagrangian space L in 'V as the graph of a

o0

symmetric linear map Qy, : Ty, — Ty, = T(\J/o' Let g7 € Sym? T[\]/0 be the quadratic form
corresponding to Q7. The map [L] — ¢, defines an isomorphism V — Sym? T(}’O.
Consider the open neighborhood

u={[UleG@.W)|TyNTy, =0}

of [Up] in G(3, W). For [U] € U we denote by Qy := Or, and gy := qr,, the symmetric
linear map and the quadratic form corresponding to the Lagrangian space Ty .
We shall describe gy in local coordinates. Observe that for any [U] € G(3, W),

Ty NTy, =0 < UNUsp =0

and that any such subspace U is the graph of a linear map By : Uy — Us. In particular, there
is an isomorphism
p: U — Hom(Uy, Us), [U]+~ Bu

whose inverse is the map
a > [Us] i= [(v1 + a(v)) A (02 + @(v2)) A (v3 + a(v3))].

In the given basis (v1, v2, v3), (v4, V5, V) for Up and U, we let By = (b, )i, je{1,2,3 be the
matrix of the linear map By . In the dual basis we let (mo, M), with M = (m; ;); je(1,2,3}» be
the coordinates in

Ty, = (A*Uo & A2Up ® Uso)” = (A*Uy & Hom(Up, Us))".

Note, that under our identification the map ¢ : G(3, W) — LG (10, A3W) restricted to U is the
map [U] +— qy, which justifies our slight abuse of notation in the following lemma.

Lemma 2.7. [n the above coordinates, the map
:Us Ul qu =41, € Sysz,}/0
is defined by

qU(mo,M) = Z bi,jMi’j + my Z Bé}jmi,j +m% det By,
i,je{1,2,3} i,j€{1,2,3}

where M/, B z]j are the entries of the matrices adjoint to M and By .
Proof. 'We write in coordinates the map
3 2 3 2
AN Uy ® AUy Q@ Usg = AN Ugo ® N Uso ® Uy

whose graph is A3U @ A2U ® Uy, where U is the graph of the map Uy — Uy given by the
matrix By . m)
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Let now Q4 be the symmetric map Ty, — Ty, = TJO whose graph is A and let g4 be
the corresponding quadratic form. In this way

DANU={[U] el |dimTy NA4)>1} ={[U] eU|tk(Qu — Q4) < 101},

hence D lA is locally defined by the vanishing of the (11 — /) x (11 — /) minors of the 10 x 10
matrix with entries being polynomials in b; ;.

First we show that the space of quadrics that define €y surjects onto the space of quadrics
on linear subspaces in P(7Ty).

Lemma 2.8. If P C P(Ty) \ G(3,6) is a linear subspace of dimension at most 2, then
the restriction map rp : HO(P(Ty), de, (2)) — HO(P,0p(2)) is surjective.

Proof. 'We may restrict to the case when P is a plane. Since €y C P(Ty) N G(3,6) is
projectively equivalent to the cone over P2 x P2 in its Segre embedding, it suffices to show that
if P C P8 is a plane that does not intersect P2 x P? C P8, then the Cremona transformation
Cr on P3 defined by the quadrics containing P2 x P2 maps P to a linearly normal Veronese
surface. Note that the ideal of P2 x P2 C P8 is defined by 2 x 2 minors of a 3 x 3 matrix
with linear forms in P8, whereas the secant of P2 x P2 is defined by the determinant of
this matrix. Since the first syzygies between the generators of this ideal are generated by
linear ones we infer from [1, Proposition 3.1] that they define a birational map. Moreover,
this Cremona transformation contracts the secant determinantal cubic hypersurface V3 to a
to a variety linearly isomorphic to P? x P2, so the inverse Cremona is of the same kind.
Furthermore, the fibers of the map V3 — P2 x P2 are three-dimensional linear spaces spanned
by quadric surfaces in P? x P2. Now, by assumption, P does not intersect P2 x P2, so
the restriction Cr|p is a regular, hence finite, morphism. Since the fibers of the Cremona
transformation are linear, P intersects each fiber in at most a single point, so the restriction
Cr|p is an isomorphism. Thus, if Cr(P) is not linearly normal, the linear span (Cr(P)) is
a P4, being a smooth projected Veronese surface. Assume this is the case. Then Cr(P) is not
contained in any quadric. Since the quadrics that define the inverse Cremona map Cr(P) to the
plane P, these quadrics form only a net when restricted to the four-dimensional space (Cr(P)).
In fact, the complement of P2 x P2 N (Cr(P)) in (Cr(P)) is mapped to P by the inverse
Cremona transformation. Therefore (Cr(P)) must be contained in the cubic hypersurface that
is contracted by this inverse Cremona. Since this hypersurface is contracted to the original
P2 x P2, we infer that P is contained in P? x P2. This contradicts our assumption and
concludes our proof. ]

Lemma 2.9. Let K = AN Ty, = ker Q4 C Ty, and assume that k = dim K < 3.
Then for any | < k the tangent cone 6114 o of DIA N U at Uy is linearly isomorphic to a cone
over the corank-I locus of quadrics in P(H°(P(K), Opk)(2))).

Proof.  'We follow the idea of [25, Proposition 1.9]. If we choose a basis A of T[}’O,
the symmetric linear map Qg is defined by a symmetric matrix M (By) with entries being
polynomials in (b;,;); je{1,2,3}-

The linear summands of each entry in M (By) form a matrix that we denote by
N2 (By). Since Q¢ = 0, the entries of M (By) have no nonzero constant terms. Moreover,
by using Lemma 2.7 and Ag = (mo, M), we see that the map U > U + g, € SymZT(\]/O,
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10 lliev, Kapustka, Kapustka and Ranestad, EPW cubes

where qb is the quadratic form corresponding to the symmetric map defined by the matrix
N20(By), maps U linearly onto the linear system of quadrics containing the cone Cy,. Of
course, this surjection is independent of the choice of the basis.

We now choose a basis A in Ty, in which Q4 is represented by a diagonal matrix
Rj = diag{0,...,0,1,..., 1} with k zeros in the diagonal. Then

DNnU ={[U] el |dim(Ty N A4) > 1}
— {[U] € U | dimker(Qu — Q) = I
={[U] e U | tk(M*(By) — Rg) < 10—1}.
Hence DA is defined in coordinates (b;,;); je{1,2,33 on U by (11—/)x(11—/) minors of the ma-
trix MA(BU) — Ry Furthermore, since [Up] is the point 0 in our coordinates (b;,;);, je{1,2,3}

the tangent cone to DA N U at [Up] is defined by the initial terms of the (11 — /) x (11 — /)
minors of M2 (By) — Ry. Note that we can write

M2 (By) — Ry = —Ry + N*(By) + Z(Bu),

where the entries of the matrix Z(By ) are polynomials with no linear or constant terms. We
illustrate this decomposition as follows:

A A A A
Nikor 2041 - Niiot 210
Nli\‘ + Zx .
A A A A
Nick+1 1t Zick+1 -+ Nicio T Zic1o
A A A A
N/é\+1,1 —+-Z,’(\_i_1’1 N,é\_H’k +Z,‘(\_H.k 1+ N T 2k o Nirio T Zict10
: ' ) A A ' A A
Ny i+ Z{oy o N c+Z0, Niok+1 T Z10.4+1 o =1+ Nio 10+ Zio.10

Let ® be an (11 — /) x (11 — /) minor of M2 (By) — Ry and consider its decomposition
® = Py 4 --- + &, into homogeneous parts O, of degree d. Observe that &; = 0 for
d < k — [, moreover ®;_;,1 can be nonzero only if the submatrix associated to the minor ®
contains all nonzero entries of Ry. In the latter case @ _; ;isa(k +1—10) x(k +1—1)
minor of the k x k upper left corner submatrix le\ (By) of the matrix N2 (By). Let us now
denote by gy, the quadric corresponding to the matrix N A(By) and by V the map U qy-
Then, by changing ®, we get that the tangent cone of D lA N U is contained in

€y, = U1 e U | k(N (Bu)) <k —1} = {[U] € U | tk(qylx) <k —1}.

The latter is the preimage by rx o (" of the corank-/ locus in the projective space of quadrics
P(H°(P(K). Op (&)(2)-

By Lemma 2.8, we have seen that rgot*' is a linear surjection. So we conclude that () A.Uo
is a cone over the corank-/ locus of quadrics in P(H O(P (K), Op(k)(2))) with vertex a linear
space of dimension 10 — k(k + 1)/2. It follows that ! A4.U, 1s an irreducible variety of codi-
mension /(/ + 1)/2 equal to the codimension of DA Thus we have equality (Sl AU, = = ¢! AUo
which ends the proof. o

N ;

Corollary 2.10. If A is a Lagrangian space in A>W such that P(A) does not meet
G (3, W), then the variety D is smooth of the expected codimension (I + 1) /2 outside D i1
Moreover, if | = 2 and dimA N Ty, = 3, i.e. [Uo] is a point in Dg‘ \ DA, then the tangent
cone @fl, Uo is a cone over the Veronese surface in P> centered in the tangent space of D;l.
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Iliev, Kapustka, Kapustka and Ranestad, EPW cubes 11

Proof of Proposition 2.6. It is clear from Lemma 2.7 that ¢ is a local isomorphism into
its image, and by Corollary 2.10, the subscheme Dﬁ = LGB, W) N ID)ﬁ) is smooth
outside Dﬁ“, 50 t(G(3, W)) meets the degeneracy loci transversally. |

2.3. Invariants. We shall compute the classes of the Lagrangian degeneracy loci
D,‘: C G(3, W) in the Chow ring of G(3, W). We consider the embedding

LGB, W) = LGy(10, A3W)

defined by the bundle of Lagrangian subspaces 7 on G (3, W). According to [28, Theorem
2.1] the fundamental classes of the Lagrangian degeneracy loci D ,‘f are

[D{] = [c1(TY) NGB W), [D3] = [(c2e1 = 2¢3)(TY) N G3, W)]
and
[Dgl] = [(c1c203 — 2C%C4 + 2¢cac4 + 2105 — 2c§)(']’v) NnG@a3, w).

The P°-bundle P(7) is the projective tangent bundle on G(3, W). So TV fits into an exact
sequence
00— QG(3,W)(1) STV > (9G(3,W)(1) — 0

and we get

deg D! = 168, deg D4l =480, deg D4 = 720.

Remark 2.11. This may be compared with the degree of the line bundle 2H — 3E on
SB1 where S is a K3 surface of degree 10, H is the pullback of the line bundle of degree
10 on S, and E is the unique divisor class such that the divisor of non-reduced subschemes
in SB3 is equivalent to 2E. The degree, i.e. the value of the Beauville-Bogomolov form, is
q(2H — 3E) = 4, and the degree and the Euler—Poincaré characteristic of the line bundle are

(2H —3E)® =15¢2H —3E)> =960 and y(2H —3E) = 10.

So if the map defined by |2H — 3E| is a morphism of degree 2, the image would have degree
480, like D4.

In Section 4, we show that S13! for a general K3 surface S of degree 10 admits a rational
double cover of a degeneracy locus Dé‘l. However that double cover is not a morphism.
3. The double cover of an EPW cube
Proposition3.1.  Let [A] € LG,(10, A3W). IfP(A)NG(3, W) = @and D} = @, then
Dé‘l admits a double cover f : Y4 — Dé‘l branched over Dg‘1 with Y4 a smooth irreducible
manifold having trivial canonical class.

Before we pass to the construction of the double cover let us observe the following.

Lemma 3.2. Under the assumptions of Proposition 3.1 the variety Dé‘l is integral.
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12 Iliev, Kapustka, Kapustka and Ranestad, EPW cubes

Proof.  'We know that Dé“ is of expected dimension. Observe now that by Corollary 2.10
the variety Dé‘l is irreducible if and only if it is connected. To prove connectedness we perform
a computation in the Chow ring of the Grassmannian G (3, W) showing that the class [Dé‘l]
does not decompose into a sum of nontrivial effective classes in the Chow group 43(G(3, W))
whose intersection is the zero class in A%(G(3, W)). More precisely we compute

[D4] = 16h3 — 12hsy + 123,

where / is the hyperplane class on G(3, W), s, and s3 are the Chern classes of the tautological
bundle on G(3, W). We then solve in integer coordinates @, b, ¢ € Z the equation

(ah® —bsy + ¢s3)((16 —a)h® — (12 = b)sy + (12— ¢)s3) = 0

in the Chow group A®(G(3, W)) which is generated by sg’, h3s1s2, sg. Multiplying out the
equation in the Chow ring and extracting coefficients at the generators, we get a system of
three quadratic diophantine equations in a, b, ¢:

—5a? + 4ab — b? 4 56a — 20b = 0,
(3.1 —6a?% + 8ab — 2b% — 4ac + 2bc + 72a — 52b + 20¢ = 0,
6a%? — 6ab + b2 + 2ac — c? —72a + 36b — 4¢ = 0.

The only integer solutions are (0, 0,0) and (16, 12, 12). This ends the proof. O

The plan of the construction of the double cover in Proposition 3.1 is the following. We
consider the resolution 1551 — Dé“ with exceptional divisor E. We prove that E is a smooth
even divisor, and hence that there is a smooth double cover Y — 554 branched over E. Finally,
we contract the branch divisor of the double cover using a suitable multiple of the pullback of
a hyperplane class on Dé‘l by the resolution and the double cover.

Thus, we start by defining the incidences

Dy = {(U1.[U') € GG, W) x G(2,A) | Ty DU’}

and
D3 = {([L].[U"]) € LG,(10, A*W) x G2, A) | L D U'}.

They fit in the following diagram:

G(B, W) ——— LG, (10, \3W)

Ul Ul
pf—1 g
I I
D4 : D3

Lemma 3.3. Under the assumptions of Proposition 3.1 the variety 1551 as well as the
exceptional locus E of the map o are smooth. In particular, o is a resolution of singularities
A
of D5
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lliev, Kapustka, Kapustka and Ranestad, EPW cubes 13

Proof. Since we know that Df = (), the resolution « : 1351 — Dé“ is just the blow-up
of Dé‘l along D§4. Now, 55‘ \ E is isomorphic to D;‘ \ D4, so, by Corollary 2.10, we deduce
that 1551 is smooth outside E. Let p € E C DA Then a(p) € DA Take Py, P,, P3 to be
three general hyperplanes passing through «(p). Cons1der Zp = D NPy NP, NP3 andits
strict transform Zp C DA We have the following diagram:

ZP—>1351

JVOlP la

Zp — D4
The map ap : Zp — Zp is the blow- -up of Zp in DA N P; N P, N P3, which by Corollary
2.10 is a finite set of isolated points. By the assumption on P, Pz, P5 the strict transform
Zp contains the whole fiber o ~1(p) and hence also p € Zp Let P; be the strict transform
of P; fori = 1,2,3. Then P, is a Cartier divisor on D and Zp = P1 N P2 N P3 is a
complete intersection of Cartier divisors on D;‘. Now, from Corollary 2.10, the exceptional
divisor Ep = E N Zp of ap is isomorphic to a finite union of disjoint (P?), one for each point
in D§1 N P; N P, N P3. But Ep is itself a Cartier divisor on Zp by general properties of the
blow-up. Therefore Zp is smooth. We conclude that 1351 is smooth at p and similarly, that £
is smooth at p. |

We compute the first Chern class of the normal bundle of the embedding i : Dé“ — I@f

Lemma 3.4. One has

(T Nubypa) = (@ Ny a,wy) LG, (10,43w)) = 38,
where h is the pullback via the resolution o of the restriction of the hyperplane class on

G(3,W) to D4.

Proof. From the transversality (Proposition 2.6) we have

CNepgyipa = @ U N(GEW)ILG,(10.43W):

which gives the first equality.
To get the second, consider the exact sequence

0 — Teaw) = U (Trg,a0,/3w)) = ' (NqeawyILG,10.43w)) = 0,
and observe that
t*(TLG,,(lo,A3W)) =5(82%Y) = 2 EY) = $*T,

where £ denotes, as before, the tautological bundle on the Lagrangian Grassmannian
LG, (10, A3W). We obtain

(@™ N6 G.w) LG, (0.43w)) = —1la"cr(T) — 6h.
Now, from
00— (9G(3,W)(_1) -7 — TG(3,W)(_1) — 0
we obtain a*c1(7) = —4h, which proves the lemma. m]
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14 Iliev, Kapustka, Kapustka and Ranestad, EPW cubes

Note that in our notation we have
H =T"¢*c1(£Y) = a™1"c1(£Y) = a*c1(TY) = 4h.

We aim now at constructing a double covering of Df branched along E. It is enough to prove
that £ is an even divisor. This follows from the exact sequence

0— be — Z*T]ﬁ)ﬁg — Z*NZ(Bgl)Uﬁ)g‘ -0
and Lemma 2.3. Indeed, from them we infer
cl(Tﬁf) =1"(9H + R) —38h =1*(R) —
which, by Lemma 2.5, means
E=END4=0"(H-2R) = 2K 5.

By Lemma 3.3 there hence exists a smooth double cover f (Y - 1551 branched along the
exceptional locus E of the resolution &. Moreover, from the adjunction formula for double
covers we get Ky = f1(E) =

We now need to contract £ = f ~1(E) on Y. For that, with slight abuse of notation, we
denote by £ the class of the hyperplane section on Dé‘l C G(3,W). Then | f*a*h|is a globally
generated linear system whose associated morphism defines o o f and hence contracts E to
a threefold and is two-to-one on ¥ \ f ~1(E). It follows by standard arguments (for example
applying Stein factorization and [10, Proposition 4.4]) that there exists a number n such that the
system |n f *o*h| defines a morphism @ : ¥ — ¥ which is a birational morphism contracting
exactly E to a threefold Z and such that its image Y is normal. We then have the following
diagram:

}7—>DA
Yy ——

A
— D7,
in which Y admits a two-to-one map f : Y — Dé‘l branched along D?.

Proof of Proposition 3.1.  'We have constructed Y, a normal variety admitting a two-to-
onemap f : Y — Dé‘l branched along D§4. Clearly Ky = E implies Ky = 0. It hence
remains to prove that Y is smooth. Since & is a contraction that contracts only E, it is clear
that Y is smooth outside of Z = &@(E). Let now p € Z and let p’ = f(p). We then choose
three general hypersurfaces Py, P, P3 of degree n in P(A3W) passing through p’. Consider

Zp =D{NP NP, NP3 and Zp = D{NP NP, NPs.

Then Zp, is a finite set of points that includes p’. Consider the following natural restriction of
the above diagram:

yPsz

Jar f Jer

YP—P>ZP.
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lliev, Kapustka, Kapustka and Ranestad, EPW cubes 15

Here ap = afy-1(zp) : Zp — Zp is just the blow-up of Zp along Zp. The exceptional
divisor Ep is then, by Corollary 2.10, isomorphic to a finite set of disjoint planes that each have
normal bundle Op2(—2) in Zp. Taking the double cover of Zp branched along the exceptional
divisor Ep, the preimages of these (P2) are the components of Ep C Yp, each component a
P2 with normal bundle @p2(—1). The contraction @p contracts the divisor Ep to a finite set
of points in Yp. It contracts one of its (P?), denote it by E{,’ , to the point p. Note also that
from the construction, Yp is the intersection of three Cartier divisors on Y which is smooth
outside the finite set of points Zp. Thus, since we constructed ¥ to be normal, we deduce that
Yp is also normal. We claim that p must be a smooth point of Yp. Indeed, we know that ap
is a birational morphism onto the normal variety Yp. Moreover, all lines 1 C E{,’ = P2 are
numerically equivalent on Yp and satisfy

1- Ky

YP=—1<0.

It follows from [18, Corollary 3.6] that there exists an extremal ray r for Yp whose associated
contraction cont; : YP — Yp contracts E Ptoa point p and that @p factorizes through cont,.
By [18, Theorem 3.3] we have that cont; is the blow-down of Ep ;8 and p is a smooth point of
Yp. Let us now denote by o . Yp — Yp the morphism sat1sfy1ng ap = o o cont,. Consider
the restriction o, of o to small open neighborhoods of p and p. Then o, is a birational proper
morphism which is bijective to an open subset of the normal variety Yp. It follows by Zariski’s
main theorem that o, is an isomorphism and in consequence, p is a smooth point on Yp.

The latter implies that ¥ must also be smooth at p as it admits a smooth complete inter-
section subvariety which is smooth at p. ]

Corollary 3.5. Let [A] € LG,(10,A3W) be a general Lagrangian subspace with a
three-dimensional intersection with some space FJ,,) = {w Aat | & € A2W ). Then there exists
a double cover fq4 : Y4 — Dé‘l branched over D?, where Y4 is a smooth irreducible sixfold
with trivial canonical class.

Proof. It is enough to make a dimension count to prove that the general Lagrangian
space A satisfying the assumptions of the corollary also satisfies the assumptions of Proposi-
tion 3.1. Indeed, as in the introduction, let

A ={[A] € LG,(10, A*W) | 3w € W:dim(A4 N Fy) > 3},
I' = {[4] € LG,(10,A*W) | U € G3,W):dim(A N Ty) > 4}.

Lemma 3.6. The set T' C LG, (10, A3W) is a divisor.

Proof. Let us consider the incidence
= {([U].[4]) € G(3, W) x LG,(10, A*W) | dim(Ty N A) > 4.

The dimension of E can be computed by looking at the projection E — G (3, 6). For a fixed
tangent plane we choose first a P3 inside: this choice has 24 parameters. Then for a fixed P3
we have dim(LG (6, 12)) = 21 parameters for the choice of A. Thus the dimension of E is
9+ 24 +21 = 54. It remains to observe that the projection & — LG,(10, A3W) is finite, and
that diim(L G, (10, A>W)) = 55. o
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16 lliev, Kapustka, Kapustka and Ranestad, EPW cubes

Note that in [26, Proposition 2.2] it is proven that A is irreducible and not contained in
¥ = {[A] € LG(10,20) | P(A) N G(3,W) # @}. Our corollary is now a consequence of
Proposition 3.1 and the following lemma.

Lemma 3.7. The divisors A, I' C LG,(10, A3W) have no common components.

Proof. We need to prove dim(A N I') < 54 which, by the fact that A is irreducible
and not contained in X, is equivalent to dim((A N I') \ X) < 54. For this, observe that if
[A] € (A NT)\ X then there exist [U] € G(3, W) and [w] € P(W) with dim(A N Ty) = 4
and dim(A N F,)) = 3. We can hence consider the incidence

® = {([A], [W3], [Wa], [w]. [U]) | W3 = AN Fly), Wa = AN Ty}
C LGp(10, A3W) x G3, A3W) x G(4, A3W) x P(W) x G(3, W)
such that its projection to LGy (10, A3W) contains (A N T) \ X. Note also that if we take
([A]. [W5). [Wa). [w]. [U]) € © then Wy 1 W3 = W3 N Fiyy = W3 0 Ty

We shall now compute the dimension of ® by considering fibers under subsequent pro-

jections:

LG,(10, A3W) x G(3, A3W) x G(4, \3W) x P(W) x G(3, W)
ZL GG, A3W) x G4, ABW) x P(W) x G(3, W)
2 G, A3W) x P(W) x G(3, W)
T P(W) x G3, W).
We have two possibilities for pairs ([w], [U]) which give us two types of points to consider:
(i) fw ¢ U, then dim Ty N Fpy,,) = 3.
(i) If w € U, then dim Ty N Fp,) = 7.

We then have different types of elements in the intersection 75 Hw], [U]) N w2 (m1(©®)), de-
pending on the number

dy = dim(Wy N F[w]) = dim(W4 N W3) < 3.

If W4J- denotes the orthogonal to W, with respect to nin A3W, then dim W4J- N Fy) = 6+d;.
Now, in order for [W3] to be an element of n2_1 ([W4], [w], [U]) N 71 (®) we must have

W3 C W4J‘ AVIME

The fiber 7 1 ([W3], [Wa), [w], [U]) N © is of dimension (3+d})(4+d})/2. Hence to compute
the dimension of each component of ® it is enough to compute the dimensions of the spaces
F; 4, of elements ([W3], [W4], [w], [U]) of types (i,d1), wherei = 1if w ¢ U andi = 2 if
welU.

(i) Fori = 1 we start with a choice of [U] € G(3, W). Then [w] belongs to an open subset
of P>. We have d; < 3 and [W;] belongs to the Schubert cycle consisting of four-spaces
in the ten-dimensional space Ty that meet the fixed three-space Ty N Ffy,) in dimension
dy. And [W3] belongs to the Schubert cycle of three-spaces in the (6 4+ d1)-dimensional
space W4J- N Fjy) that contains the space Wy N FJy,) of dimension d4
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(i) For i = 2 we again start with a choice of [U] € G(3, W). In this case [w] belongs to
P(U). We have di < 3 and [W,] belongs to the Schubert cycle of four-spaces in the
ten-dimensional space Ty that meet the fixed seven-space Ty N F[y,) in dimension d;.
Then [W3] belongs to the Schubert cycle of three-spaces in the (6 + d;)-dimensional
space W4J- N F[y] that contains the space Wy N Fy,) of dimension d.

We have
94+5+d13—-dy)+ (@ —d)6+ (di +3)3—dy)
, = 47 — 3dy — 2d} fori =1,
dimF; 4, =
94+2+di(7T—dy)+ (4 —d1)6+ (d1 +3)3—dy)
:44+d1—2d12 fori = 2.

In each case we have
3+ d1)(4+dy) -

dim F; 4, + 7 53.
It follows that dim ® < 53 which implies dim(A N T") < 53. Hence A and I" have no common
components. |
This also concludes the proof of Corollary 3.5. ]

4. Special A

Let us recall from [26] the following construction. Let V' and Vj be two vector spaces of
dimensions 5 and 1 respectively. Let W = V @ Vj. Consider the space A3W equipped with
the symplectic form 7 given by the wedge product as above. Let vg € Vp, choose a general
Lagrangian subspace A of A3W such that 4 N Fly,] s a vector space of dimension 3, i.e. [A] is
a general element of the divisor A C LG, (10, A3W). In particular, we assume [4] € A \ X.
Note that, by [26, Proposition 2.2 (2)], for a general [A] € A there is a unique [vg] such that
Fyy) N A is of dimension 3.

Let K = ANF [vo] and denote by K C A2V the three-dimensional subspace such that
K = vo A K. Observe that there is a natural isomorphism A2V — Flyy) given by wedge
product with vg. The latter induces an isomorphism A3V — Fol-

Let [B] € LG, (10, A*W) be a Lagrangian space such that

BN F[vo] = {0} and BNA= {O}

Then the symplectic form 7 defines a canonical isomorphism B — F[\ljo] by which A appears
as the graph of a symmetric map Q4 : Fjyy) —> B = F[\,fo]. Composed with the isomorphisms
A2V — Fpyeand AV — Fy j we get a symmetric map

04 : N2V = A3V = (A2V)V.

Clearly ker Q4 = K. Let g4 be the quadric on A%V given by Qy, then g4 is a quadric
of rank 7; it is a cone over K. The map Q4 defines an isomorphism A2V /K — K+ and hence
the quadric ¢4 defines a quadric K+ C A3V

gy : B> voll@AB), where Qy(a)=p.
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18 lliev, Kapustka, Kapustka and Ranestad, EPW cubes

Moreover, to each v* € V'V we associate the quadric
Gor : A3V 3 o > vol(w(v*) Aw) € C.

The quadrics ¢+ are the Pliicker quadrics defining the Grassmannian G(3, V) C P(A3V). We
denote by Sy the smooth K3 surface (see [26, Corollary 4.9]) of genus 6 defined on P(K+) by
the restrictions of the quadrics ¢+ and the quadric ¢ . Let S/[f] and SE’] denote the appropriate
Hilbert schemes of points on S4. Observe that we have a natural isomorphism

WY =VY @V, ev*+cvg > que +cqi € H(Us,(2).
We then have a rational two-to-one map:
o: S pw),

well defined on the open subset consisting of reduced subschemes whose span is not contained
in G(3,V), by associating to {81, B2} C S4 the hyperplane in WV = H%(Jg(2)) consist-
ing of quadrics containing the line (81, f2). Let us describe this map more precisely. Since
{B1.B2} € K+ c A3V < A3W, wehave B; Ak = Ofori = 1,2 and k € K, and hence
also for k € K. Thus B; € A3W is contained in the space spanned by A and F [vo]- It follows
that there exists a; € A2V such that Bi + vo A € A. Let us fix such «; (determined up to
elements in K). Then O 4(«;) = B; and

g3 (A1B1 + A2B2) = vol((A1ar + Az202) A (A1B1 + A2B2))
= AAzvol(ar A B2 + a2 A 1)
since ¢ (B1) = q;(B2) = 0. But A is Lagrangian, so we have
aj ABi =0 fori =1,2,
and
vol(ay A B2) = vol(aa A B1) := c12.

Now, 1 and 8, are decomposable, i.e. ¢y=(f;) = 0, and their linear span is not contained in
G (3, V). We may therefore choose a basis {vy, ..., vs} for V such that ; = v; A vy A vz and
B> = v1 A vg A V5. A direct computation now shows

5
(10612 + Zfif]v;*)(klﬁl + A2f2) = 2t0c12A1A2 + 2014142
i=1

SO

4.1) e({B1.B2}) = [c12v0 + v1] € P(W).

It is proven in [26] that ¢({B1, B2}) lies on the EPW sextic associated to A. Let us present
the proof in a way that we will be able to further generalize. It suffices to show that there are
nonzero scalars x1, x, and an element ¥ € K such that

(x1(B1 + vo A ) + x2(B2 + vo A az) + vo Ak) A (c12v0 + v1) = 0.
Indeed, this implies

[x1(B1 + vo A1) + x2(B2 + vo A e2) + vo A k| € P(Fiepavgtv,]) N P(A).
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Let us now denote by 1, k2, k3 a basis of K, then we consider the equation

3
(X1(/31 +vo Aay) + x2(B2 +vo Aaz) + Z Yjvo A Kj) A (c12v9 + v1) =0,
Jj=1
i.e.
3
(—chlzv()/\ﬂl —)Czclzv()/\,BZ + X1V A0 AV +X209 A0 AV + Z VjVoAKj /\vl) =0.
Jj=1

To make this equation into a system of linear equations we multiply with the elements of basis
in A2V and compose with the volume map vol : ASW — C.

We obtain trivial equations when multiplying by v; Av;,i = 2, 3,4, 5. Multiplying with
vy A U3, We get

Ki AV AVa AV3=ki AP =0, 1=1,23,
B1 AvaAv3 =0,
o1 ANV1 AV AU3 =Ol1/\,31=(),

0y ANVl AU A U3 :Olz/\ﬂl =C12 :clzvol(vo/\ﬂz/\vz/\v3).

So the equation multiplied with vy A v3 is also trivial. Similarly, the equation multiplied
with vq A vs is trivial. So the only nontrivial linear equations are obtained by multiplying by
forms in (vy A v4,V2 A V5,03 A V4, V3 A s5). Each of these 2-vectors annihilates 81 and 2,
so we get the following four independent equations in five variables, with a unique solution up
to scalars:

xloel—i—xzoez—i—Zy, AVg AVl AUy Avg =0,

N

x1a1+x2a2+2y]/<j)/\vo/\v1/\v2/\v5:0,
X101 +x2(x2+Zyj/cj)/\vo/\vl/\v3/\v4—0

(xlotl + X200 + nyKf) A Vg AV1 Av3z Avs = 0.
Jj=1

Let us now consider the rational map ¥ : SE] — G(3, W) defined on general sub-
schemes s C S4 of length 3 as the codimensional-three space in WY = H%(J5(2)) consisting
of those quadrics which contain the plane spanned by . It is clear that for a subscheme corre-
sponding to a general triple of points {81, f2, B3} we have

(4.2) Y ({B1.B2.B3}) = [(e({B1. B2}) A 0({B1. B3}) A 9({B2. B3))].

Proposition 4.1. The map  is a generically two-to-one rational map onto Dfl.
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Proof. Let By, B2, B3 be three general points on S4. The proof then amounts to two
lemmas:

Lemma 4.2. The fiber of ¥,

v (W {B1. B2. B3)) = {{B1. B2. B3} {v1. v2. v3}}

is two triples of points on Sq whose union is a set of six distinct points on a twisted cubic
contained in G(3,V).

Proof. Let Ug,,Ug,,Ug, C V be the subspaces corresponding to 1, B2, B3. Then
there exists a unique three-dimensional subspace Ug, g, g, meeting each Upg, in a two-dimen-
sional space. It follows that Ug, , Ug,, Ug, are contained in the intersection Cg, g, g, of P
with the Schubert cycle 8g, g, g, in G(3,V) of three-spaces meeting Ug, g, g, in a two-
dimensional space. Since &g, g, g, is a cone over P! x P2, the considered intersection
Cg, 8,85 18, in general, a twisted cubic. Moreover, under the generality assumption,

Cp,.B2.ps N Sa = Cp, 8,85 N4

consists of six points. Three of them are 81, B2, 3 and the residual three will be denoted
by y1.y2,y3. The linear span of Cg, g, 8, is a P3, we denote it by P, and its intersection
with G(3,V)is P N G(3,V) = Cg, g, ;- We denote by I the plane (81, B2, B3). Now,
every quadric containing S4 and I1, when restricted to P, decomposes into IT and another
plane IT’. Since, in general, IT does not pass through y; for i = 1,2, 3, the plane T’ must pass
through the points y; for i = 1,2, 3. This means that IT" = (yy, y2,y3). It is then clear that
v({B1. B2. B3}) = ¥ ({y1.v2. v3}).

Assume on the other hand that ¥ ({81, B2, B3}) = ¥ ({y1. V5. ¥5})- Then, by (4.2) and
(4.1), we deduce that Ug, g, g, = in,yé,yé hence Cg, g, 8, = Cy;,yégyé. It follows that
(¥1. ¥4, v5) C P. But the net of quadrics corresponding to ¥ ({81, B2. B3}) = v ({y1. v5. ¥5))
defines on P two planes (y1, y2, y3) and (81, B2, B3). It follows that

(1. 7573y ={B1.B2. B3} or {yi.v3.v3) ={y1.v2.v3},

which ends the proof. O
Lemma 4.3. dim(Tl/f({ﬂ1,52,ﬂ3}) NA) =2

Proof. By appropriate choice of the basis of V' we can assume, without loss of general-
ity, that ,31 = V1 A\ VU A V3, ,32 = V1 A Vg4 A V35, and ,33 = Uy AN Ug A (l)3 + l)5). Observe as
above that B; Ax = 0fori = 1,2 and k € K, hence f; is contained in the space spanned by
A and Fy,). It follows that there exist a; € A2V such that Bi +vo Aaj € A. We fix such «;
(determined modulo K). Since A is Lagrangian, we have

ai ABi =0, =123,
a1 A B2 =az A PBr1i=c12,
a1 A B3 =az A Br = c13,

ar A B3 = a3z A B 1= c23.
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As above, a direct computation gives

e({B1.B2}) = c12v0 + V1,
e({B1.B3}) = c13v0 + V2,
e({B2.B3}) = —c23v0 + v4.

It follows that

Ty(Br.popsh) = @ € AW | @ A (c12v0 + v1) A (€130 + v2)
= o A (c12v0 + V1) A (—=C23V0 + v4)
= A (c13v9 + v2) A (—Cc23V0 + v4) = 0}.

Again we denote by k1, k2, k3 a basis of K. Now, B; + vo Aa; € Aand K A vg C A4, soto
prove the lemma it is enough to prove that the system of equations

3 3
(sz'(ﬁi +vo Adi) + Y yjvo A Kj) A (c12v0 + 1) A (c13v0 + v2) =0,
i=1 j=1

3 3
(in(ﬁi +vo Aj) + Zijo /\Kj) A (c12V9 4+ v1) A (—c23v0 + v4) = 0,
i=1 j=1

3 3
(Zx,-(ﬂ,- + v Aaj) + Zijo /\Kj) A (c13V9 4+ v2) A (—c23v0 + v4) =0
i=1 j=1

in variables x = (x1, x2,x3), ¥y = (¥1, ¥2, ¥3) has a two-dimensional set of solutions satisfy-
ing x = (x1, x2,x3) # 0. By reductions as above and rearranging, we get the system

3
Vo A (—012x2,32 Ava +c13x3f3Av + (inai —I—y,'/c,') AV /\vz) =0,
i=1
3
(4.3) §voA (—612X1ﬁ1 Av4 —c23x383 A vy + (inai +yiKi) A vy /\v4) =0,

i=1

3
Vo N\ (—(313)61,31 AVg — C'23X2,32/\v2 + (Zx,-oei —i—y,-K,-) /\v2/\U4) =0.

i=1

To make the system of equations (4.3) into a system of linear equations we multiply each
of the equations by the coordinate vectors and obtain a system of 18 linear equations in six
coordinates. If we now denote the three left-hand side expressions dependent on (x, y) in the
equations from (4.3) by u1(x, y), ua(x, y), uz(x, y) € A’°W, a straightforward computation,
as above, shows that the following equations are trivial:

ur(x,y) Avo =ur(x,y) Avy =up(x,y) Ava =uq(x,y) Avy =0,
uz(x,y) Avg = uz(x,y) Avp = ua(x,y) Avg =ua(x,y) Avs =0,
us(x,y) Avo = uz(x,y) Avy =uz(x,y) Avs = uz(x,y) A (vz +vs) = 0.
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The following products are equal:

ur(x,y) Avs = —uz(x,y) Avy =us(x,y) Avg

3
= (inoe,' + y,'K,') A Vg A VUL AUz A Vg,
i=1
while
3
ur(x,y) Avs = C13X3V9 A ... A Vs + (inai +yl~/<l~) A Vg A VU1 A Vs A Vs,
i=1
3
Uz(X,¥) A V3 = C23X3V9 A ... A Vs — (inai + yl'K,') A Vg A VU1 A VU3 A Vg,
i=1
us(x,y) A (v3 —vs) = (€13X1 — €23X2)Vg A ... A Us
3
— (Zx,-ozi + yi/c,-) A Vg AUz Avg A (V3 — vs).
i=1

So the 18 linear equations are reduced to the following four independent ones:

ur(x,y) Avg =0, ui(x,y) Avs =0,
uz(x,y) Avy =0, usz(x,y) A (v3 —vs) = 0.

It follows that the system of linear equations admits a two-dimensional system of solu-
tions. To prove that nonzero solutions satisfy x # 0 it is enough to observe that a solution with
x = 0is a 3-vector vy A Kk with k € K such that

KAVI AV =KAVL AVUg =K AVy Avg = 0.

But any such « lies in the space (V] A v, V] A Vg, V2 A Vg) = A2 (v, V2, Va). By assumption,
P(vo A K) C P(A) does not intersect G(3, W), so this is impossible. Therefore the only
solution of system (4.3) satisfying x = 0 is (x, y) = (0, 0). ]

Proposition 4.1 follows immediately from Lemmas 4.2 and 4.3. O

Remark 4.4. There is an alternative approach to Proposition 4.1. We consider the inter-
section F of the quadrics containing S4 together with a generic plane B = (B, B2, B3). This
is a complete intersection of degree 8 with six ordinary double points that span a three-space.
Three of them are the points of intersection of B N S4 and the residual three points span an-
other plane B’ contained in our Fano threefold F. Since S4 does not contain any plane curve,
if a plane passes through three points of S4, these points are isolated in the intersection. If
the plane is contained in F', the three points must therefore be three of the six ordinary double
points. Since the three-space spanned by B and B’ cuts F along the sum of B U B’, it follows
that the degree of ¥ is 2 at the point corresponding to F'. On the other hand the generic com-
plete intersection of three quadrics containing S4 has also six ordinary double points. The six
ordinary double points then span a P3. In this context, a complete intersection that contains
S4 corresponds to a point of the EPW cube exactly when the intersection of this P3 with F is
a reducible quadric.
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Next, we compute the codimension of the indeterminacy locus and the ramification locus

of V.

Proposition 4.5. The rational map  is well defined outside a set of codimension 2.
Moreover, the ramification locus of V¥ is of codimension > 2.

Before we pass to the proof of the proposition we introduce some more notation. Recall
first that, by the assumption on generality of A, we know that S4 does not contain any line,
conic or twisted cubic. Let F4 be the Fano threefold obtained as the intersection
G(3,V) N (S4). By the generality of A, it follows that Fy4 is smooth. Let [U] € G(3,V).
Consider the Schubert cycle 8y = {U’ € G(3,V) | dim(U N U’) > 2}. It is clear that in
the Pliicker embedding of G(3, V) C P(A3V) the variety 8y is the tangent cone of G(3, V)
in [U]. It spans the projective tangent space and is a cone over P! x P2 with vertex [U]. We
are interested in intersections 8y N F4. Note that Fy4 is of degree 5 and has Picard group of
rank 1 generated by the hyperplane class. Hence F4 does not contain any surface of degree
< 4. It follows that Pj N8y = F4 N &y is a cubic curve, a possibly reducible or non-reduced
degeneration of a twisted cubic curve. We denote the corresponding subscheme of the Hilbert
scheme of twisted cubics in Fq by Hy.

Let B be the subset of Sf[13] consisting of those subschemes that are contained in a conic
in Fq C G(3,V). Since Fy4 is a linear section of G(3, V') and contains no planes, the Hilbert
scheme of conics in F4 admits a birational map to P (V') associating to a conic ¢ the intersection
of three-spaces parametrized by points on c. It is hence of dimension 4 and we get that B is
of dimension 4. Let B, be the subset of S/[f'] consisting of those subschemes that meet some
line contained in G (3, V') in a scheme of length 2. Then B, is also of dimension 4, since the
Hilbert scheme of lines in Fy4 is isomorphic to P2 (cf. [26, Proposition 5.2] and [14]).

Lemma 4.6. Let s be a subscheme of length 3 in Sy corresponding to a point from
SE] \ (B1 U By). Then there is a unique, possibly degenerate, twisted cubic from H#4 that
contains s. Furthermore, the induced map Sf[13] \ (B1 U Br) — Hy is dominant.

Proof. Since S4 C G(3,V) = G(2, V"), we may characterize the elements of o € SE]
via the incidence of curves C, of degree 3 in (V') supported on lines. For a general o, the
curve Cy is the union of three lines and has a unique transversal line, a line that meets all three
lines. If 0 € SE] \ (81 U B»), then curve C, spans P (V) and contains no conic. It follows
that Cy; admits a unique transversal line hence s, is contained in 8y for a unique U. We
conclude by the definition of #4. For dominancy of the map we observe that if ¢ € #4, then
¢ N g} is contained in S4 and clearly contains a subscheme in SE] \ (81 U By). |

We can now pass to the proof of Proposition 4.5

Proof of Proposition 4.5. Any subscheme s of length 3 in S4 spans a plane [15. The
map v associates to s the space Vg of quadrics containing Sy U IT,. For general s the latter is
a space of dimension 3. Now,  is well defined exactly on those s for which dim VZ = 3. But
Ve is the kernel of the restriction map H(Sy4, ds,(2)) — H°(Is, ds,nm.(2)). The latter
kernel is three-dimensional unless dim H°(T1s, d5,nm.(2)) < 2. Hence ¥ is not defined only
if S4 N I1g has length at least 4. Then the intersection 15 N G(3, V') contains a scheme of
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length 4. As S4 contains no conics, [1g cannot be contained in G(3, V). We infer by the proof
of [20, Lemma 2.2] that I[Tg N G(3, V') contains a line or a unique conic. If [1g N G(3,V)
contains a line, then it is either a reducible conic or the union of this line with a point. In the
latter case, since S4 contains no lines, the intersection I15 NS4 does not contain any subscheme
of length 4. It follows that there is a map with finite fibers from the indeterminacy locus of
to the Hilbert scheme of conics in G(3, V) N IP® which is of dimension 4. We conclude that the
indeterminacy locus is of dimension at most 4. In fact, it is equal to 4 since a general V4 C V
defines a conic in G(3, V) N P® which meets S4 in four points.

Finally, to bound the dimension of the ramification locus, we again let s be a subscheme
of length 3 in S4 corresponding to a point from 51‘[13] \ (B1 U B3). Then by Lemma 4.6
there is a possibly degenerate twisted cubic from #4 spanning a P3 and containing s. Now,
from the proof of Proposition 4.1 we know that a point from S [3] \ (B1 U B3) can be in the
ramification locus of ¥ only if the quadric Q4 is totally tangent to the twisted cubic. The
latter is a codimension-three condition on twisted cubics in G(3, V) N P®, hence by Lemma
4.6 a codimension-three condition for the ramification locus. To be more precise we have an
incidence:

= {(C., Q) € J4 x H*(Ops(2)) | Q| is totally non-reduced}.

We compute its dimension from the projection onto 4. Indeed, fixing C, we get a codimen-
sion-three space of quadrics totally tangent to it. The dimension of the general fiber of the
second projection follows giving codimension 3 in 4. O

5. Proof of Theorem 1.1

Let us choose a generic Lagrangian space A satisfying
[4o] € A\ (T UX) C LGy(10, A>W).

Note that from Lemma 3.7, we can choose Ag such that K is generic in Fy,]. From Proposition
4.1 there is a rational two-to-one map

v SP - D

On the other hand from Proposition 3.1 there exists a double cover Y4, — D;l 0 such that Y4,
is a smooth sixfold with trivial canonical bundle. Our aim is to construct a birational map

SE)] -—> X4,-

We consider the subset B in S [301, the union of the 1ndeterm1nacy locus and the ramifica-
tion locus of the rational two-to-one map : S [3] — D, Ao . Clearly the restriction of the map v
to Sy [3] \ B is an étale covering of degree 2 onto a smooth open subset O C DAO In particular,
D ﬂ Dy 40 — ¢. Note that SE] is simply connected and that by Proposition 4. 5 the subset B is
of codlmenswn 2. This implies that Sy [3] \ B is also simply connected. Thus 1 (D) = Z, and
the restriction of ¥ to Sy [3] \ Bis a unlversal covering.

Since D is dlSJOlIlt from D 9, the restriction of the double cover fy,: Y4, — D; °to
fA—ol (D) is also an étale covering.
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By Proposition 3.1 the variety Y4, is smooth and irreducible. It follows that the restriction
of fa, to f 1o 1(D) is not trivial. We infer that it is also the universal covering. We deduce that
Yy, is birational to S [?)] and that f,- 1(J)) is simply connected. It follows that Y4, is also
simply connected because f, Ao 1(D) is obtained from the smooth variety Y4, by removing a
subset of real codimension 2. Moreover since both Y4, and S[3! have trivial canonical bundle,
by [15, Theorem 1.1] they have equal Hodge numbers. Thus

h*(Oy,,) = hz((95/[133) =1

From the Beauville classification theorem [3, Theorem 2] we infer that Y4, is IHS.
Recall the notation

LG, (10, A*W) := {[A] € LG, (10, W) | P(A) N G(3. W) = @ and
dim(A N Ty) < 3forall [U] € G(3, W)}.

Consider now the varieties
D = {([AL[U]) € LGL(10.A*W) x G, W) | [U] € D} fork =2.3.

By globalizing the construction in Proposition 3.1 to the affine variety LG;(IO, A3W) we
construct a variety ¥ which is a double cover of D, branched in £3. We get a smooth family

Y — LG, (10, A°W)

with fibers ¥[ 47 = Y4 polarized by the divisor defining the double cover. In particular, a special
fiber Y[4,) = Y4, is an IHS manifold. Since a smooth deformation of an IHS manifold is still
IHS, we obtain that Y4 is IHS for every A € LG;(IO, A3W). So Y — LG,%(IO, A3W)is a
family of IHS manifolds.

In order to show that the IHS sixfolds in the family ¥ are of K 3[3]—type we use the
fact proved above that Sf[ﬁ)] and Yy, are birational. Indeed, two birational IHS manifolds are
deformation equivalent from [12, Theorem 4.6]. The Beauville-Bogomolov degree ¢ = 4 of
our polarization follows from our computation of degree in Section 2.3.

We end the proof of Theorem 1.1 by performing a study of the moduli map defined by
the family Y.

Proposition 5.1. Let M be the coarse moduli space of polarized IHS sixfolds of K3[31-
type and Beauville—Bogomolov degree 4. Let

My : LGH(10, A3W) — M, [A] > [Y4]

be the map given by Y. The image of ‘My is a dense open subset of a component of dimen-
sion 20 in M.

For the proof we will need the following lemma.

Lemma 5.2. Let A € LG,ll(lO, A3W). If the linear automorphism q € PGL(A3W) is
such that Dfl CGB.W)YNag(GQ3,W)), then G(3, W) = g(G(3, W)).

Proof. Let us denote by G, G, the varieties G(3, W) and g(G(3, W)) respectively.
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Let X C G1 NGy be an irreducible component of the intersection that contains Di. Then
X has codimension at most 3 in both G and G, and spans P19, Furthermore it is contained
in a complete intersection of quadric hypersurfaces on each G;. If X has codimension 3, then
X = Dé‘l and it lies in a complete intersection of three quadrics. But the complete intersection
has degree 8 - 42 = 336, while Dé‘l has degree 480, so this is impossible.

For lower codimension of X we first note that Dé‘l - Df. Since

DA = [c1(TV)NGB.W)] and ¢ (TV) = 4h,

the divisor Di‘1 is a quartic hypersurface section of G; and G,. So we may assume that Dé“ is
contained in a quartic hypersurface section of X.

Consider the following subvariety in G;: Let Vs C W be a general five-dimensional
subspace, and let V7 be a general one-dimensional subspace of V5. Let

F(1,5)={[U]l€G | V1 CUCVs} C Gy

and denote by P (1, 5) the span of F(1,5). Then F(1,5) is a four-dimensional smooth quadric
and the span P(1,5) is a P>.

If X has codimension 2, then X(; 5) := X N F(1,5) is an irreducible surface. Further-
more, X(1s) is contained in at least two quadric sections of F(1,5). So X(; 5) has degree at
most 8. On the other hand

D5y = DA N F(1,5) C X5

is a curve of degree 56, contained in a quartic hypersurface section of X(; sy, which has degree
at most 32. Since this is absurd, we may assume that X has codimension 1, i.e. is a divisor in
the varieties G; .

Since Dé‘l spans P2, the divisor X must be a quadric hypersurface section of each G;.
Then P(1,5)N X is a complete intersection of two quadrics, and through every point of P (1, 5)
there are infinitely many secant lines to X . The union of the spaces P (1, 5) as V5 and V; varies
is a variety 21 C P19, characterized in [7, Lemma 3.3] as the locus of points in P19 that lie on
more than one secant line to G 1. Furthermore G is the singular locus of €2;. Similarly, €25 is
defined with respect to G,. By the above argument each P(1,5) in €27 is also contained in 2.
Thus 1 C Q5. But then they coincide, and since G; = Sing(£2;), the two Grassmannians G
and G5 coincide. O

Proof. We claim that iy ([41]) = My([A2]) if and only if there exists a linear auto-
morphism g € Aut(G(3, W)) >~ Z/2 x PGL(W) such that g(A;) = A». Indeed, assume that
My ([A1]) = My([A2]). Then Yy, and Yy,, polarized by ample classes defining double cov-
ersto D 311 and D/212 respectively, are isomorphic. It follows that there is a linear automorphism
g € PGL(A*W) such that g(D3 ) = Dj . It follows that

D7, CGB.W)Ng(GB.W)).

By Lemma 5.2, we deduce that G(3, W) = g(G(3, W)). It follows that g € Aut(G(3, W)).
By [24] the locus LG,% (10, A3W) is contained in the stable locus of the natural linearized
PGL (W) action on LG(10, A3W). From our claim we hence infer that
dim(My (LG, (10, A°W))) = dim LG, (10, A>W) — dim(PGL(W))
=55-35=20.
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But 20 is the dimension of M, so our map is surjective onto an (also by stability) open subset
of a component of M of dimension 20. |

We conclude by determining the component of the moduli space that is filled by our
family.

Recall that for v € H2((K3)13], Z) the divisibility of v is defined as the generator of the
subgroup (v, H2((K3)P, Z)) C Z where (-, -) is the scalar product induced by the Beauville—
Bogomolov form. Note that for Beauville-Bogomolov degree 4 there are two possible divisi-
bilities for H, either [ = 1 or 2 (see [9, Proposition 3.6]). It follows from [2, Proposition 2.1 (3)
and Corollary 2.4] that there are exactly two components, distinguished by the divisibility, of
the coarse moduli space of polarized IHS sixfolds of K3[-type and Beauville-Bogomolov
degree 4. The following proposition, whose proof was pointed out to us by Kieran O’Grady,
determines which one of those two components is filled by My.

Proposition 5.3. The image of WMy is open and dense in the connected component of
the coarse moduli space of IHS sixfolds of K 3[3]-type, Beauville-Bogomolov degree 4 and
divisibility 2.

Proof. By the above, it remains to compute the divisibility of our polarization. For
this, fix A general and denote the polarization by P. Observe that the involution of the dou-
ble cover Y4 — Dfl defined by the polarization is anti-symplectic. Indeed as an involution
on an IHS manifold it is either symplectic or anti-symplectic, but the fixed point locus of a
symplectic involution is a symplectic manifold (see [5, Proposition 3]) whereas the fixed locus
of our involution is of dimension 3. This means that the involution must be anti-symplectic.
Moreover, since we proved that our family is of maximal dimension, we may assume that Y4
has Picard group spanned by the polarization P. It follows that the action of the involution on
H?(Y,4) has an invariant subspace spanned by the class [P]. Furthermore, the involution re-
spects the Beauville-Bogomolov bilinear form (-, -). Thus, since ([ P], [P]) = 4, the involution
on H?(Yy) is of the form

Vi —v+ %(v, [P]D[P].

Since the involution must map integral cohomology to integral cohomology, it follows that
(v, [P]) is even for all integral classes v. This implies that the divisibility of [P] is not equal
to 1. We infer that it is equal to 2. O
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