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ABSTRACT. We introduce algebraic dynamical systems, which consist of an action
of a right LCM semigroup by injective endomorphisms of a group. To each algebraic
dynamical system we associate a C'*-algebra and describe it as a semigroup C*-algebra.
As part of our analysis of these C*-algebras we prove results for right LCM semigroups.
More precisely we discuss functoriality of the full semigroup C*-algebra and compute
its K-theory for a large class of semigroups. We introduce the notion of a Nica-Toeplitz
algebra of a product system over a right LCM semigroup, and show that it provides a
useful alternative to study algebraic dynamical systems.

1. INTRODUCTION

Dynamical systems arising from injective endomorphisms of countable, discrete groups
have provided an important source of algebraic data from which to build C*-algebras.
The case of group automorphisms can by now be considered classical, and is modelled
C*-algebraically by the much-studied crossed product. More recent work in the area has
focussed on injective endomorphisms which are not surjective. The study of C*-algebras
associated to a single injective endomorphism of a group with finite cokernel includes
Hirshberg’s work [14] on endomorphisms of amenable groups, and Cuntz and Vershik’s
work [10] on endomorphisms of abelian groups, while the situation with an injective
endomorphism with infinite cokernel was considered by Vieira [30)].

Through recent work in [2, 28] the authors have sought to build a unifying framework
for the above constructions, while at the same time significantly broadening the scope of
the theory. In [28] the third-named author generalised the single-endomorphism setting
to actions of semigroups of injective endomorphisms via the notion of an irreversible
algebraic dynamical system, which consists of an action of a countably generated, free
abelian monoid P (with identity) by injective group endomorphisms subject to an in-
dependence condition which originated from [I0]. A construction of very similar flavour
was proposed by the first two authors, see [16, Example 5.10] for details. The C*-algebra
from [28] associated to an irreversible algebraic dynamical system has a presentation by
generators and relations that encodes the action, and can be viewed alternatively as a
Cuntz-Nica-Pimsner algebra. In [2] the authors looked at similar actions 6 : P ~ G,
and studied them via the semidirect product semigroup G xy P. The focus of [2] is on
the semigroup C*-algebra, in the sense of Li [21], associated to G x4 P.

In many cases, the semidirect products G Xy P from [2] are examples of right LCM
semigroups. These are left cancellative semigroups with the property that principal right
ideals intersect to be either empty or another principal right ideal. Their C*-algebras,
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both the semigroup C*-algebra and a boundary-quotient type C*-algebra, have garnered
recent attention [25, [4, 29]. Right LCM semigroups lead to a tractable and yet rich
class of semigroup C*-algebras that includes the C*-algebras associated to quasi-lattice
ordered pairs as introduced by Nica [24], and the Toeplitz type C*-algebras associated
to a self-similar actions in [I8] as a counterpart to the Cuntz-Pimsner algebras from
[23]. In [2], the authors pursued the study of the semigroup C*-algebras of right LCM
semigroups by establishing uniqueness results.

This paper serves two major purposes. The first, and our original motivation for this
work, is to significantly extend the work of [2§] by introducing the notion of an alge-
braic dynamical system and studying C*-algebras that encode the action. An algebraic
dynamical system consists of an action 6 : P ~ G of a right LCM semigroup (with iden-
tity) P by injective endomorphisms of a group G which harmonise with the structure
of the principal right ideals in P. This setting is more general than the one considered
in [28] and gives a large class of new examples. To every algebraic dynamical system
(G, P,0) we associate a C*-algebra A[G, P, 0] that is universal for a unitary represen-
tation of G and a representation of P by isometries satisfying relations which encode
the dynamics. These relations lead to a Wick ordering on A[G, P,#]. Our first main
result says that A[G, P, 0] is canonically isomorphic to the full semigroup C*-algebra
of G g P. This explains and motivates our renewed interest in the study of the full
semigroup C*-algebra of right LCM semigroups. Therefore, a continuation of the work
in [2] in order to build a general theory of semigroup C*-algebras associated to right
LCM semigroups constitutes the second major purpose of this paper.

Conceptionally, A[G, P, 0] resembles a Toeplitz type crossed product for a generalised
Exel-Larsen system naturally arising from (G, P, #). To make this idea precise we appeal
to Fowler’s product systems of right-Hilbert bimodules over semigroups [12]. Explicitly,
we show that his theory, that was originally developed for quasi-lattice ordered pairs,
can be taken a considerable step further to the setting of right LCM semigroups.

Motivated by our analysis of the C*-algebra associated to algebraic dynamical sys-
tems, we prove a number of results for right LCM semigroups:

(1) We investigate the functoriality of S — C*(S) and determine the right notion
of a morphism for the category with objects right LCM semigroups so that the
construction of the full semigroup C*-algebra becomes functorial. We also charac-
terise surjectivity of the induced morphism, and injectivity in the case that both
left regular representations are faithful.

(2) We use the machinery of Cuntz, Echterhoff and Li 7] to show that, for a large
class of right LCM semigroups S, the K-theory of C*(S) is given by the K-theory
of C*(S*), where S* denotes the group of units in S.

(3) We extend the notion of a compactly aligned product system of right-Hilbert
bimodules, and of a Nica covariant representation of such a product system, from
the quasi-lattice ordered setting first introduced by Fowler [12] to the setting of
right LCM semigroups. This leads to the definition of a Nica-Toeplitz algebra for
product systems over right LCM semigroups.

Our description of A[G, P, 0] as the semigroup C*-algebra C*(G x4y P) of the right
LCM semigroup G xy P allows us to apply the general theory from (1) and (2). We
thus characterise the morphisms between algebraic dynamical systems which induce
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morphisms of their C*-algebras, and we compute the K-theory of A[G, P, 0] for a large
class of algebraic dynamical systems (G, P,#). We also apply the general theory built
in (3) to the setting of algebraic dynamical systems, where we construct a compactly
aligned product system M from an algebraic dynamical system (G, P,6) whose Nica-
Toeplitz algebra N7 (M) is canonically isomorphic to A[G, P,#]. This allows us to
conclude that, for right LCM semigroups S, C*(.5) can be modelled as the Nica-Toeplitz
algebra of the product system over S with fibres C. We would like to stress the point that
there is an abundance of compactly aligned product systems M, built from algebraic
dynamical systems, for which the left action on some (or all) of the fibres of M is not
by generalised compacts, as has frequently been the case in the context of quasi-lattice
ordered pairs.

We finish with a section on examples, the most basic of which is the system (Z, P, -)
in which P C Z* is generated by a family of relatively prime nonzero integers acting
on 7Z by multiplication. Despite the straightforward nature of these systems, we show
that they provide an interesting class of C*-algebras that warrant further study. Other
examples of algebraic dynamical systems include the more general (R, P,-) in which R
is a ring of integers in a number field and P a right LCM subsemigroup of R* acting by
multiplication, and shift systems (5, Go, P, §) in which Gy is countable, P right LCM,
and 6 the natural shift action on @, Go.

The structure of the paper is as follows: in Section [2] we introduce algebraic dynamical
systems (G, P,0) and their C*-algebras A[G, P, 0]. In Section [3| we address the question
of functoriality of S — C*(S), and in Section 4| we prove that A[G, P, 0] = C*(G x4 P),
and apply the results of Section [3| to the context of A[G, P, 6]. In Section [5| we prove
that for a large class of right LCM S we have K,.(C*(S)) = K.(C}(S*)), where C*(S*)
is the reduced C*-algebra of the group of units S* in S. In Section [6] we introduce the
Nica-Toeplitz algebra for a product system over a right LCM semigroup, and then in
Section [7| we describe A[G, P, 6] as such a Nica-Toeplitz algebra. We finish in Section
with a discussion of examples of algebraic dynamical systems and their C*-algebras. The
flow of the paper is a steady back and forth between algebraic dynamical systems and
general right LCM semigroups. We feel that this arrangement reflects in a proper way
the fruitful interplay between the two topics in the context of C*-algebraic constructions.

We would like to point out that algebraic dynamical systems are not the same as
algebraic dynamics, a terminology going back to [26]. The objects of interest in this
area are actions of countable, discrete groups on compact (abelian) groups, see [22] for a
recent survey of highly interesting connections to other fields. We remark that algebraic
dynamical systems (G, P, ) can be thought of as algebraic dynamics provided that G is
abelian and P is a group. We hope that our choice does not cause confusion, but rather
stimulates an examination of the connections between these two concepts.
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2. ALGEBRAIC DYNAMICAL SYSTEMS AND THEIR C*-ALGEBRAS

In [28, Definition 1.5, the third author introduced the notion of irreversible algebraic
dynamical systems and studied associated C*-algebras, which under mild assumptions
turn out to be unital UCT Kirchberg algebras. Recall that an irreversible algebraic
dynamical system (G, P, ) is given by a countable, discrete group G, a countably gen-
erated, free abelian semigroup P with identity, and a P-action 8 on GG by injective group
endomorphisms such that

0,(G) N 0,(G) = 0,,(G) if and only if pP N qP = pgP.

Note that due to the above displayed condition and injectivity of 6,, the group G
needs to be infinite whenever P is nontrivial. Moreover, the only group automorphism
of GG present in such a dynamical system is idg.

We are now going to provide a vast generalisation of the concept of an irreversible
algebraic dynamical system (G, P, ), where P is allowed to be any countable right
LCM semigroup with identity, for example a group, and relations of the images of 0,
and 0, no longer imply relations for pP” and ¢P. Recall that a semigroup S is right LCM
if it is left cancellative and for any p,q in S, the intersection of principal right ideals
pS N ¢S is either empty or of the form rS for some r € S, see [4].

All identities for semigroups will be denoted by 1. If S is a semigroup with identity,
we let S* denote the group of invertible elements in S.

Definition 2.1. An algebraic dynamical system is a triple (G, P, #) consisting of a count-
able, discrete group GG, a countable, right LCM semigroup P with identity, and an action
0 of P by injective group endomorphisms of GG such that for all p,q € P:

(2.1) 0,(G) N 6,(G) = 0,(G) whenever r € P satisfies pP N gP = rP.

Following [2] we say that 6 respects the order on P whenever is satisfied. Note
that if v’ € P satisfies rP = 1/ P, then there is x € P* such that " = rz. Hence one has
0, (G) =0,(0,(G)) = 0,(G) as 0, is a group automorphism of G.

The class of algebraic dynamical systems contains various types of examples, see
Section [§ In particular, it includes the irreversible algebraic dynamical systems from
[28]. We showed in [2], Proposition 8.2] that G' xy P is a right LCM semigroup whenever
(G, P,0) is a triple as in Definition In later sections we shall exploit this connection,
but for the moment we focus our attention on the triple (G, P, 0).

Definition 2.2. For an algebraic dynamical system (G, P, 0) let A[G, P, 0] be the uni-
versal C*-algebra generated by a unitary representation u of G' and an isometric repre-
sentation s of P satisfying

(A1) syuy = wug,g)s, forallpe P,ge G, and
usysyu; i pPNgP =1P pp'=qq =7

(A2) syu,s, = and g = 6,(k)0,(¢1) for some k, ¢ € G,
0 otherwise.
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We need to check that (A2) does not depend on the choice of r or (k,¢). If v’ € P
satisfies P = rP, then there exists x € P* such that ' = rx. If p”,¢" € P satisfy
pp" = qq" =1', then p" = p'z,¢" = ¢z, and hence syrs}, = sy5:8,57 = sy Sy

Now suppose ki, (; € G satisfy 0,(k1)0,((;") = g = 0,(k)0,(¢~') and pP N gqP = rP
for some r € P. But G is a group, so we have 0,(k™'k;) = 0,(¢7'¢1). As 6 respects
the order on P, this element belongs to 6,(G). Since 6, and 6, are injective, we get
k='ky = 0, (ko) and £~y = 0, (¢2) for some ko, {5 € G. Note that 0,(k ki) = 0,(071¢;)
is the same as 6,.(ks) = 0,(¢5), and injectivity of 6, then implies that ks = ¢5. Using
(A1) we conclude

* * * * * * * * * *
Uklsp/sq/Uel — Uk;kallep/Sq/U%fleluE — Uksp/UkQUKZSq/UK — Uk;Sp/Sq/uZ.

Remark 2.3. We chose (A2) as one of our defining relations of A[G, P, 0] because the
expressions of the form sjuys, are precisely the ones which need to be expressible in
terms of wug, sy, s5,ur . 9; € G,p; € P in order to get a Wick ordering on A[G, P, ],
i.e. monomials in the generators where all starred generators appear on the right of all

non-starred generators, see [17].

We like to think of A[G, P, 6] as a Toeplitz type crossed product of C*(G) by the P-
action 6. If one looks into the literature for semigroup crossed products, say by abelian
semigroups, one encounters a covariance condition that deals with the analogue of sju,s),
by means of a transfer operator. This was introduced by Ruy Exel in [I1] for N and
was extended to abelian semigroups by the second author in [19]. This development
gave rise to the notion of Exel-Larsen systems. In fact, for each algebraic dynamical
system, one can associate a transfer operator L to the action a : C*(G) — C*(G)
induced by 6. Explicitly, L is the semigroup homomorphism from the opposite semigroup
PP of P to the semigroup of unital, positive, linear maps C*(G) — C*(G) given by
Ly(84) = Xo,(c)(9)9g51(4), Where d, denote the generating unitaries in C*(G). In this
way, we can regard A[G, P, 0] as a Toeplitz type crossed product for the generalised
Exel-Larsen system (G, P, «, L), see Section [7| for details.

The step of moving from abelian to more general semigroups P requires taking care of
expressions of the form s7s, as well. If P happens to be right LCM, Nica covariance as it
appeared first in [24] provides a natural means to replace s3sq by sy sy itpPNgP =rP
with » = pp’ = ¢¢' and declare it to vanish otherwise.

Altogether we see that (A2) combines the idea of a covariance condition coming from
a transfer operator for 6 and Nica covariance for the semigroup P. Note, however, that
(A2) cannot be replaced by these two conditions in general, e.g. they say nothing about
terms of the form syu,s, with g # 1 and p,q € P \ P* such that rP D pP U ¢P implies
r € P* forall r € P.

For each g € G, p € P we denote the projection uys,syuy by €(g,). In the following
lemma we show that relation (A2) is equivalent to a more familiar looking relation
involving the product of these projections e, ).

Lemma 2.4. Let (G, P,0) be an algebraic dynamical system, u a unitary representation
of G and s an isometric representation of P satisfying (A1). Then u and s satisfy (A2)
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if and only if

eg0,(k)r) Y PPN qP =1P for somer € P and
(2.2) €(g.p)€(h,q) = 90,(k) € hl,(GQ) for some k € G,
0 otherwise.

Proof. Suppose (A2) holds. Since ey €(n,q) = tgsy(Spug-1154)55u, we know from (A2)
that e p)€(n,q) is zero unless pP N gP = rP and g~ 'h = 0,(k)0,(¢~") for some k, ¢ € G.
If these conditions hold, and p', ¢’ € P with pp’ = q¢' = r, then (A1) and (A2) give

*

€(g,p)€(h,q) = ugsp(s/pugflhsq)szuz = UgSpUkSp'SZIUZSZUZ = ug@p(k)srsi“;;eq(e) = C(gby(k),r)-
Now holds because g~ *h = 6,(k)0,(¢~1) for some k,¢ € G if and only if gb,(k) €
h6,(G) for some k € G.

Suppose holds. Let g € G and p,q € P. Then sjugs; = s,€(1,)€(g,9)UgSq Vanishes
according to unless pP N gP = rP for some r € P and 16,(k) = ¢0,(¢) for some
k,¢ € G. Note that this is the same condition as in (A2). If we let p/,¢’ € P satisfy
pp’ = q¢’ = r, we arrive at

* Uk % * ok _ * ok
SplgSq = SpC(1p)€(g.0)UgSq = SpU, (k) Spp' Sqq' Ugh, (0)UgSq = UkSp/ Sqr Uy,
which establishes (A2). O

Notation 2.5. Given p € P, we will refer to a complete set of representatives for
G/0,(G) as a transversal of G/6,(G) and denote it by 7).

Remark 2.6. Note that (2.2]) implies that for each p € P and each transversal T}, of
G/0,(G), the projections {ey, | g € T,} form a collection of mutually orthogonal
projections.

We would like to discuss the question of functoriality for the mapping (G, P,0) —
A[G, P, d]. To this end, we introduce a natural notion of a morphism between algebraic
dynamical systems.

Definition 2.7. Suppose (G1, Pi,6;) and (Ga, Py, 0,) are algebraic dynamical systems.
A morphism from (Gy, Py, 60,) to (G, Ps, 65) is a pair (¢q, ¢p), where
(i) ¢g : G1 — G is a group homomorphism,
(ii) ¢p : Pi — P, is an identity preserving semigroup homomorphism, and
(iii) @G 0 b1y = 024, © G holds for all p € P;.

The proof of the following lemma is straightforward and therefore omitted.

Lemma 2.8. Suppose (G, P1,01) and (G, Py, 02) are algebraic dynamical systems. If

(9G, ¢p) is a morphism from (G, P1,61) to (Ga, P2, 05), then (g,p) = (¢c(9), ¢r(p))
defines an identity preserving semigroup homomorphism ¢aX¢p : G1 X, P = Gaxg, Ps.

Remark 2.9. By Lemma [2.8] every morphism between algebraic dynamical systems
gives rise to a homomorphism between the corresponding semigroups. The converse is
false in general. More precisely, for given algebraic dynamical systems (G1, P;,6;) and
(Ga, Py, 05), a homomorphism ¢ : G X, Pi — G5 Xy, P» is induced by a morphism of the
algebraic dynamical systems if and only if p(G; x {1}) C G2 x {1} and p({1} x P;) C
{]_} X Pg.
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It is a natural question whether every morphism (¢q, ¢p) : (G1, P1,61) — (G2, Py, 05)
induces a *-homomorphism ¢g % ¢p : A[G1, P, 01] — A[G2, P, 6;]. We shall postpone
an answer to this question until the end of Section 4.

3. C*-ALGEBRAS OF RIGHT LCM SEMIGROUPS AND FUNCTORIALITY

In [21], Li investigated the functoriality of the assignment S — C*(S) in the context of
ax + b-semigroups over integral domains, and applied his findings to the Toeplitz type
C*-algebras associated to number fields in [6]. He remarked that functoriality is not
likely to be easily described for arbitrary S. Here we show that it can be successfully
approached in case that S is a right LCM semigroup with identity.

We first recall Li’s construction of the full and the reduced C*-algebra associated to a
discrete left cancellative semigroup S. A set X C S is a right ideal if it is closed under
right multiplication with any element of S. For each right ideal X, the sets

pX ={pz|z€X} and p'X={ycS|pyecX}

are also right ideals. Li [2I], p.4] defines J(S) to be the smallest family of right ideals
of S satisfying

(a) S,0 € J(S); and

(b) X € J(S) and p € S implies pX and p~'X € J(S).
The elements of J(S) are called constructible right ideals. The general form of a

constructible right ideal is given in [21, Equation (5)]. We note that J(S) is also
closed under finite intersections, a fact that can be derived from (a) and (b) using

pSNqS =pp—'(q9)).

Definition 3.1. The set of constructible right ideals [J(S) is called independent if for
every X, Xi,..., X, € J(S) we have

ngXforanganjUngX.

j=1
Alternatively, J(.S) is independent if U;L:1 X; =X = X, = X for some j.
Let us recall Li’s definition of the full semigroup C*-algebra for S.

Definition 3.2. Let S be a discrete left cancellative semigroup. The full semigroup C*-
algebra C*(S) is the universal C*-algebra generated by isometries (v,),es and projections
(ex)xeg(s) satisfying

(L1) vpvg = vpg;

(L2) vpexvy = epx;

(L3) ey =0 and eg = 1; and

(L4) exey = exny,
for all p,q € S, X, Y € J(S). Note that (L2) and (L3) give v,v; = e,s for all p € S.

The reduced semigroup C*-algebra C*(S) is defined by the left regular representation
of S on [*(S): if {€,}pes is the canonical orthonormal basis of ¢2(S), then C}(S) is
generated by the isometries V,, in L(¢%(S)) given by V,(g,) = €,,. The universal property
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of the full semigroup C*-algebra gives a x-homomorphism A : C*(S) — C}(S) which
sends v, to V), for each p € S; this is the left reqular representation.

A particularly nice class of semigroups in terms of the structure J(S) is the class of
right LCM semigroups S: Recall from [2, Lemma 3.3] that J(S) = {0} U {pS |p € S}
provided that S is a right LCM semigroup with identity. Further, J(5) is always
independent, see [2, Corollary 3.6]. Moreover, C*(S) is the closed span of products of
the form v,vy for p,q € S, see [2, Lemma 3.11].

Theorem 3.3. Suppose Sy and Sy are right LCM semigroups with identity. Let (0,)pes,
and (vy)pes, be families of generating isometries in C*(S1) and C*(Sz), respectively. An
identity preserving semigroup homomorphism ¢ : S1 — S induces a *x-homomorphism
@ : C*(S1) = C*(S2) such that O, — vy if and only if ¢ satisfies

(3.1) d(p)S2 N d(q)S2 = d(pS1 N ¢S1)Se for all p,q € 5.

Proof. Let {€,s, }pes, and {eps, }pes, be the standard projections in C*(S;) and C*(S2),
80 €ps, = Upv, for p € Sy and similarly for Sy.

We show first that is a necessary condition. Assume therefore that ¢ induces a
x-homomorphism ¢ : C*(S;) — C*(S). Given p,q € Si, we observe that pS; N ¢Sy # 0
forces ¢ (p)Sa N P(q)Ss D ¢(pS1 N qS1)Ss # . Conversely, ¢(p)Sa N @(q)Ss # O together
with the equation

€o(p)Sand(a)S2 = Co(p)S2€o(q)S2 = P(Cpsy )P (€gs,) = P(Eps,Cas,) = ©(Epsings: )

implies that pS;NqgS; # 0. Hence we have ¢(p)S2Neg(q) Sz # 0 if and only if pS1NgS; # 0.
Assuming both intersections to be non-empty, the fact that S; and Sy are right LCM
implies that there exist € S; and ry € Sy such that ¢(p)Sy N @(q)Sy = reSs and
pS1 N qSy = mSy. It follows that roSy O ¢(r1)Ss. If ¢(r1)Se was a proper subset of
7252, then the image of e,,s, — €4(r)s, under the left regular representation would be
non-zero. Since the assumption on ¢ implies that e,,5, = ©(€,,5,) = €4(r1)s,, We would
obtain a contradiction. Hence, 9 € ¢(r1)S5 and thus (3.1]) is satisfied.

Conversely, let us assume holds. We claim that (vep))pes, and (€pp)ss)pes:
satisfy (L1)-(L4). Since S; and Sy are right LCM, it suffices to prove (L4) because
(L1)-(L3) are immediate. Let p,q € S;. If pS; N ¢Sy = (), which by is equivalent
to ¢(p)Sa N ¢(q)S2 = 0, then

€o(p)S2€6(0)S> = Co(p)Sand(@)S> = 0
as required for (L4). If pS; N ¢Sy # 0, then pS; N ¢Sy = rS; for some r € S;. Now ({3.1)
ensures that
€o(p)S2€4(q)S2 = €4(p)S2nd(q)S2 = Cp(pS1NgS1)S2 = €(r)S2-
O

Remark 3.4. Note that the set on the right hand side in (3.1)) is always contained in the
set on the left. As we can see from the proof, is equivalent to the requirement that
the map ¢7 : J(S1) — J(S2) given by 0§ — 0 and pS; — ¢(p)Sz is compatible with
finite intersections. In fact, as S; and Sy are right LCM semigroups with identity, the
image J(¢) := ¢7(J(S1)) is the smallest family of right ideals in S which satisfies

(a) 0,55 € J(¢); and
(b) X € J(¢) and p € S implies ¢(p)X and ¢(p) ' X € J(¢).
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Therefore we interpret (3.1) as a condition which characterises when J(¢) is a subfamily
of constructible right ideals of Sy corresponding to ¢(5Sh).

Remark 3.5. The condition is essentially the same as (b) from [21, Lemma 2.18].
The apparent difference is that the similar identity in [21, Lemma 2.18] has images
under ¢ of right ideals in the left-hand side as well as in the right-hand side. Since
we deal with right LCM semigroups, we can phrase the condition only using images of
right ideals in the right-hand side of . It is striking that for right LCM semigroups
there is no need to require [2I, Lemma 2.18 (a)], and (b) turns out to be the precise
condition which is needed to ensure that ¢ induces a *-homomorphism on the level of
the full semigroup C*-algebra.

Proposition 3.6. Let S; and Sy be right LCM semigroups with identity and suppose
¢ S1 — Sy is a semigroup homomorphism satisfying . Then the induced *-
homomorphism ¢ : C*(Sy) — C*(S3) is surjective if and only if ¢ is surjective. If ¢
is injective, then ¢ is injective. The converse holds when the left reqular representation
implements an isomorphism C*(S;) = C*(S;) for each i =1,2.

Proof. Since ¢(51) is a subsemigroup of Sy and ¢(C*(S1)) N{vg | ¢ € So} = {vgp) | P €
S1}, the statement about surjectivity of ¢ is immediate. Assume that ¢ is not injective.
If p,q € S1,p # q are such that ¢(p) = ¢(q), then 0, # Ty but ©(V,) = Vg = Vg(g) =
©(0,), showing that ¢ is not injective either.

Finally, suppose that ¢ is injective and that the left regular representation implements
canonical isomorphisms C*(S;) = C*(S5;) for i = 1,2. The left regular representation of
Sy on (?(Sy) restricts to a representation of ¢(S;). Compressing this by the projection
onto ¢(S7) gives rise to a representation on (*(¢(S;)) C (*(S3). As ¢ is injective,
this is simply a representation of S; which is unitarily equivalent to the left regular
representation on ¢2(S). Since C*(S;) = C*(S)), we deduce that this compression of
is injective. Hence ¢ itself is injective. U

We shall examine (3.1) more closely for right LCM semigroups built from algebraic
dynamical systems in the next section.

4. A SEMIGROUP C*-ALGEBRA DESCRIPTION OF A[G, P, 0]

In this section we show that, for an algebraic dynamical system (G, P, 0), the C*-algebra
A[G, P, 0] is isomorphic to the full semigroup C*-algebra of the semidirect product
G Xy P, which is a right LCM semigroup by [2, Proposition 8.2]. As an application of
this identification we study functoriality of the assignment (G, P,0) — A[G, P, 6] based
on the findings of Section [3} Throughout this section we let (G, P, ) be an algebraic
dynamical system. We start with a description of the structure of the constructible right

ideals J (G x¢g P) of G xg P.

Notation 4.1. We denote the principal right ideals (g, p) (G X g P) by X(g.p)-
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Proposition 4.2. Let X, ,) and X3 q) be principal right ideals of G xg P, for g,h € G
and p,q € P. Then

X(gbp(k)r) f PPN gP =1P for somer € P and
Xigp) N Xhg) = g0,(k) € hb,(G) for some k € G,
0 otherwise.

Hence the family of constructible right ideals J (G g P) is independent. If (T,)pep is a
family of transversals, then J(G xg P) = {0} U{X(yp |p € P,g € T,}.

Proof. The formula for the intersection of principal ideals can be found in the proof of
[2, Proposition 8.2]. The remaining claims follow from [2 Lemma 3.3 and Corollary
3.6]. O

Corollary 4.3. C*(G x4 P) is the closed linear span of {v(g,p)vzkh,q) | g,h € G, p,q € P}.
Proof. Since G x4y P is right LCM, this follows from [2, Lemma 3.11]. O
We now state the main result of this section.

Theorem 4.4. There is an isomorphism ¢ : A|G, P, 0] — C*(G x¢ P) satisfying

p(ug) = vy and @(sp) =vay),
forallge G, pe P.

Proof. Straightforward calculations show that g = v, 1) is a unitary representation of G
and p — v(1p is an isometric representation of P. We show that these representations
satisfy (A1) and (A2). Recall that ex , = v(gpv(,,)- Fix g,h € G and p,q € P. Then
(L1) (L1)
Vap Ve = Yp)(g1) = Ylpl9)p) = Y(0u(9))V(1p)

so (A1) holds. To get (A2), we just check that (2.2]) holds. We have

V(g.)V(Ap)V(1.p)V(g,1) = Vigp)Ugp) = EX(gp)-

Proposition [4.2] gives that

€x
_ (g0p(k),T)
e‘((g,p) e‘i(h,q) {(Z)

which is . The universal property of A[G, P,0] gives therefore a homomorphism
¢+ A[G, P,0] — C*(G x4 P) satisfying ¢(ugy) = v(4,1) and ¢(s,) = v, for all g € G,
p € P. To prove the result we use the universal property of C*(G x4y P) to find an
inverse ¢ for .

Consider the elements ugsy, ey, € A[G, P,0]. Each ugys), is an isometry with range
projection equal to e, ). The elements {ugsy, e | 9. h € G, p,q € P}U{0} are easily
seen to satisfy (L1)—(L4): condition (L1) follows from an application of (A1), (L2) and
(L3) are immediate, and (L4) follows from and the formula for intersection of ideals
from Proposition[4.2] The universal property of C*(G 3y P) now gives a homomorphism
¢ C*(G x9 P) = A[G, P, 0] which satisfies v(y1) — uy and v( ) — s,, for all g € G,
p € P. Hence ¢ and ¢ are mutually inverse, so ¢ is an isomorphism. 0

if pP N gP =rP and g6,(k) € h8,(G) for some k € G,

otherwise,
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Let us return to the question of functoriality for (G, P, 6) — A[G, P, 0] raised at the end
of Section 2. Now that we have realised A[G, P, 0] as the semigroup C*-algebra of the
right LCM semigroup G x4 P, we can appeal to which gives us a precise condition
under which a morphism (¢g, ¢p) : (G1, P1,01) — (Ga, Py, 05) of algebraic dynamical
systems induces a x-homomorphism ¢g X ¢p : A[G1, P, 01] = A[Gs, Py, 0s].

Definition 4.5. A morphism (¢¢, ¢p) : (G, P1,01) — (Ga, P, 05) of algebraic dynami-
cal systems is called admissible, if, in addition to (i)(iii) of Definition [2.7] the following
two conditions hold for all p,q € P:

(iv) ¢p(p)P2 N op(q) P2 = dp(pPr N qP1) P
(V) 0" (06(G1) N o) (G2)02,60(q)(G2)) = 015(G1)014(Gh) if pPL NPy # 0.

Remark 4.6. Let us comment briefly on these extra requirements:

(a) For both (iv) and (v), the inclusion D holds for every morphism (¢¢, ¢p), so the
statement is about the reverse inclusion.

(b) Condition (iv) is nothing but for ¢p : P, — P5. As long as we do not have
more knowledge on P, and P,, we cannot expect to get anything better than
this, compare Theorem [3.3] But the existence of a semigroup homomorphism
¢p : PI — P, satisfying (iv) has structural consequences: If P, is such that the
family of principal right ideals ordered by reverse inclusion is directed, then the
same is true of P;. In particular, this is the case if P, is a group.

(¢) Condition (v) holds if ¢¢ is injective or the action 6; is by automorphisms of G;.

(d) Note that (v) forces 6, € Aut(G) whenever 05 4,(,) € Aut(G5). Hence a mor-
phism (¢¢, ¢p) : (G1, P1,01) = (Ga, P, 02) with Pf S ¢ (P5) is not admissible.

Before we proceed to the general considerations on functoriality we look at admissible
morphisms in two particular situations.

Proposition 4.7. Let P, be a group. Then every morphism (éq, op) : (G1, P1,01) —
(Ga, Py, 05) of algebraic dynamical systems is admissible.

Proof. 1f Py is a group, then Pj = P, and ¢p(P) C Py. Hence ¢p(p)Py N ¢p(q) Py =
Py = ¢p(pP1 N qPy)P; for all p,q € Py, which establishes (iv). Moreover, 0; and 6 4,(.)
are Pj-actions by group automorphisms of GGy and G, respectively, so
06 (66(G1) M 02,654)(G2)02,0p() (G2)) = G1 = 01,(G1)01,4(G)

for all p,q € P;. This shows (v). O
Proposition 4.8. Let P, = F} for some 1 < n < oco. A morphism of algebraic
dynamical systems (¢g, op) : (G1, P1,01) — (Ga, Py, 0s) is admissible if and only if it
satisfies o' (6 (G1) N b2, (Ga)) = 01,,(G1) for allp € P;.

Proof. Fix p,q € P;. Since pP; and ¢P; are disjoint unless pP, C qP;, or ¢P, C pP;, we
can assume q € pP;, i.e., ¢ = pr for some r € P;. In this case,

op(p) P2 N op(q)Pa = ¢p(p)Po N ¢p(p)op(r) Py = ¢p(q) P2 = ¢p(pPL N qP1) Py
shows (iv). In addition, we get 61 ,(G1)01,4(G1) = 61,(G1) and
06 (06(G1) N O2.0p40) (G2)02,65(0)(G2)) = 95 (06 (G1) N Oz, () (Ga)),
so (v) is valid if and only if ¢51 (¢G(G1) N 927¢P(p)(G2)) = 0,,(G;) for all p € P;. O
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The next two results show that admissible morphisms yield the right class of morphisms
with respect to functoriality for (G, P,6) — A[G, P, 0.

Lemma 4.9. Suppose (¢g, op) : (G1, P1,01) = (Ga, Ps,03) is a morphism of algebraic
dynamical systems. Then ¢g X ¢p : G1 X9, Pi — Gy Xy, Py satisfies (3.1)) if and only if
(¢pc, op) is admissible.

Proof. For convenience, let us denote S; := G; Xy, P; for i = 1,2 and ¢ := ¢ % ¢p. Pick
p,q € P;. We need to show that the equality

(4.1) ¢(g9,p)S2 N ¢(h,q)S2 = ¢((g,p)S1 N (h, q)S1)S2
holds for all g, h € G if and only if we have
(iv) op(p)Pa N op(q)Pa = ¢p(pPiNqP1)P, and

(V) &g (06(G1) NMOr6,)(G2)02,5,()(G2)) = 01(G1)014(Gr)  if pPLNgPy # 0.

It was noticed in Remark [3.4]and Remark (a) that, for all of these equations, the set
on the right is contained in the set on the left. Moreover, Proposition implies that
(9,p)S1 N (h,q)S; is non-empty if and only if

pPrNgP, # 0 and g 'h € 0,,(G1)0, ,(G1).
Likewise, ¢(g,p)Ss N ¢(h, q)Ss is non-empty if and only if
(4.2) ¢p(p)Pa N ¢p(q)Pa # 0 and ¢a(g7 h) € O2,4,) (G2)B2,6p(q) (G2)-

Now suppose holds. For g =h =1andp,q € P, implies ¢p(p)PoNpp(q) Py =
¢p(pPy N qPy)P,, which is (iv). Next, assume that pP, N gP; # () and take g = 1,h €
0 (0c(G1) N 02,4 ) (G2)02.6p()(G2)). We then have ¢(1,p)S> N ¢(h,q)S2 # 0. By
(4.1)), this implies (1,p)S1 N (h,q)S1 # 0. Hence h € 6, ,(G1)61 ,(G1) and (v) holds.
Conversely, suppose (iv) and (v) are satisfied. If ¢(g,p)S2 N ¢(h, q)Ss is empty, then
there is nothing to show, so assume it is non-empty. As noted before, this means that
we have (4.2)). In this case, (v) implies g~'h € 0, ,(G1)0; ,(G1). Together with (iv) this
yields or (g9,p) and (h,q). O

Corollary 4.10. A morphism (¢g, ¢p) : (G1, P1,01) — (Ga, Py, 02) of algebraic dynam-
ical systems induces a x-homomorphism pg X ¢p : A[G1, P1,01] = A[Gs, Ps, 05] if and
only if (¢a, ¢p) is admissible.

Proof. This follows from applying Lemma [4.9] Theorem and Theorem [4.4] O

5. THE K-THEORY FOR RIGHT LCM SEMIGROUPS THAT ARE LEFT ORE

The goal of this section is to compute the K-theory of C}(S) for a large class of right
LCM semigroups. In view of Theorem [4.4] we will thus obtain the K-theory of A[G, P, §]
whenever G xy P is left Ore and the left regular representation from C*(G x4y P) onto
C*(G %y P) is an isomorphism. As we shall see, right LCM left Ore semigroups form
a natural class to which the results in [7, §7] apply nicely: thus, as an outcome we will
obtain a stronger statement than just a computation of the K-groups.

Recall that a semigroup S is right reversible if every pair of non-empty left ideals has
non-empty intersection. If S is cancellative and right reversible, then it is called a left
Ore semigroup. It is well-known and an essential reason for the importance of the class
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of left Ore semigroups that a semigroup S is left Ore if and only if it embeds into a
group G such that G = S71S. The standing assumption in [7, §7] is that S is a left
Ore semigroup such that the family 7 (S) of constructible right ideals is independent.
By [2, Corollary 3.6], every right LCM semigroup S with identity satisfies that J(.5)
is independent. For the remainder of the section we assume that S is a right LCM left
Ore semigroup with identity, and we let G(S) denote its enveloping group. Recall also
that S* is the group of invertible elements in .S.

We recall now notation and facts from [7]. For ¢ € S and X € J(5) \ {0}, we let
¢!+ X denote the subset {¢~'r | r € X} of G(S). This should not be confused with the
right ideal ¢~'X defined in Section . However, if X is a subset of ¢S, then ¢7'X C S
can be identified with ¢~!- X C G(9) using the canonical embedding S C G(S) = S~'S
because ¢~ - X C 171S. Let Y denote the set

ST\ ={a" X ]qe S, X eT(S)\{0}}.

The group G(S) acts on Y by left multiplication. This action can be described as follows:
for s'sy € G(S) and ' - 59 with s;,t; € S, the left Ore condition for S implies that
there are r1, 7y € S such that sflsgtfth = 7’1_17“2 and therefore

sytsa - (17 t2S) =1yt 1S,
For X € J(S) \ {0}, the stabiliser subgroup is
G ={g9€G()|g- (17" X)=1"-X}.

We need to choose a complete set of representatives X' for the quotient G(5)\Y with
the property that X C J(S) \ {0}.

Lemma 5.1. The action of G(S) on 'Y is transitive. In particular, {S} is a complete
set of representatives for the quotient G(S)\Y .

Proof. Let X; =115 and Xy = 55 for t1,t3 € S be two elements of J(S5) \ {0}, see [2,
Lemma 3.3]. Let 51,5 € S. We need to find g € G(S) such that g- (s;'- X;) = 55" Xo.
Note that r-(17!-5) = 171.rS for all 7 € S. Hence, the choice g = s, 'tot; 's; works. [

Lemma 5.2. The stabiliser group G(S)° of S €Y is S*.

Proof. 1t suffices to note that for all s,¢ in .S we have
steG(s) = st-(171-9)=@1"-9)
— 17'tS=1".s8
— tS =355
— s 'te S
OJ

It is proved in [7, Lemma 4.2] that the reduced semigroup C*-algebra C}(S) is Morita

equivalent to a certain reduced crossed product D,(f)o)(S ) %, G(S). Let {Vi}ses denote
the family of isometries on [?(S) that generates C*(S) and consider the homomorphism

Vg : CHS") = CHS), A\s—1y = V]V, for s,t € S

from [7, Lemma 7.2].



14 NATHAN BROWNLOWE, NADIA S. LARSEN, AND NICOLAI STAMMEIER

We are now ready to state the main result of this subsection. With the preparation
above, the proof is a direct application of [7, Corollary 7.4]. As in [7], K, stands for
the direct sum of Ky and K; viewed as a Z/2Z-graded abelian group and K* is the
K-homology.

Theorem 5.3. If the enveloping group G(S) of S satisfies the Baum-Connes conjecture
with coefficients in the G(S)-algebras co(Y') and Dfnoo)(S), then K.(Vg) : K, (CH(S*)) —
K. (C:(S)) is an isomorphism. If, moreover, co(Y) %, G(S) and Dﬁoo)(S) X, G(S) satisfy
the UCT or G(S) satisfies the strong Baum-Connes conjecture with coefficients in co(Y)
and Dﬁoo)(S), then K*(Wg) : K*(Cf(S*)) — K*(C(S)) is an isomorphism.

We now apply Theorem to the semigroups arising from algebraic dynamical systems
(G, P,0). Our main result is a considerable generalisation of |8, Theorem 6.3.4].

Proposition 5.4. If (G, P,0) is an algebraic dynamical system, then the group of in-
vertible elements (G xg P)* is isomorphic to G xg P* and G xg P is left Ore precisely
when P is left Ore.

Proof. The claim about the group of units follows, for example, from [2, Lemma 2.4].
It is clear that P needs to be right reversible and right cancellative whenever G x4y P
has these two properties. In other words, P itself has to be a left Ore semigroup as
left cancellation is assumed throughout. So let us suppose that this P is left Ore. If
we have (¢10,,(h),p19) = (g20,,(h), p2q), then right cancellation for P and then for G
forces p; = po and g1 = go. To see that G Xy P is right reversible, consider the left ideals
(G %9 P)(g,p) and (G xg P)(h,q). By assumption, there exists r € P with r = p'p = ¢'q
and hence

(1,4)(h,q) = (O (h),7) = (0 ()0 (9)~",2') (g, p) € (G 19 P)(g,p) N (G 19 P)(h, q).

So G xy P is right reversible, and hence is a left Ore semigroup. 0J

Recall that A : C*(G xy P) — C(G xy P) denotes the left regular representation and
¢ : A[G,P,0] — C*(G x¢ P) is the isomorphism from Theorem [4.4 We have the
following consequence of Theorem [5.3]

Corollary 5.5. Let (G, P,0) be an algebraic dynamical system such that P is a left
Ore semigroup and let A|G, P,0] be its associated C*-algebra. Assume that X\ is an
isomorphism. If G(G xg P) satisfies the Baum-Connes conjecture with coefficients in

the G(G xg P)-algebras co(Y) and D (G g P), then
K. ((Aog)™ o We,p) : K.(CF(G xg P7)) = K.(A[G, P,0))

s an isomorphism.

If, moreover, co(Y') %, G(G x4 P) and Dﬁoo)(G Xg P) X, G(G x¢ P) satisfy the UCT or
G(G xg P) satisfies the strong Baum-Connes conjecture with coefficients in co(Y') and
Dﬁoo)(G Xg P), then

K*(Ao@) toWgu,p): K*(CH(G x4 P*)) — K*(A[G, P,0))

s an isomorphism.
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Corollary applies whenever G(G Xy P) satisfies the strong Baum-Connes conjecture
with commutative coefficients, in particular it applies when G(G x4 P) is amenable. To
check amenability, one possible strategy is as follows: by [8, Proposition 6.1.3], there is
an embedding of G ¢ P into a semidirect product G(*) X ye) P71 P, where G(*) is the
inductive limit of (G, 6,) over P. The universal property of G(G x4 P) gives an injective
group homomorphism G(G xg P) = G x4 P71P. Thus amenability of G(G x4 P)
will follow from that of G(*) x .y P~'P. For instance, the latter is amenable whenever
G and P~'P are amenable.

6. NICA-TOEPLITZ ALGEBRAS OF PRODUCT SYSTEMS OVER RIGHT LCM
SEMIGROUPS

Our next aim is to describe A[G, P, 0] as a C*-algebra associated to a product system
of right-Hilbert C*(G)-bimodules. As the natural product system to consider is fibred
over the right LCM semigroup P, we need to extend the existing theory to build Nica-
Toeplitz algebras for such product systems. In this section we define the notions of a
compactly aligned product system over a right LCM semigroup, and of a Nica covariant
representation of such a product system. We use Parseval frames to find a condition
under which a product system over a right LCM semigroup is compactly aligned, and
we show that the Fock representation is Nica covariant.

Let A be a C*-algebra and S a (countable, discrete) left cancellative semigroup with
identity 1. Recall from [12] that a product system of right-Hilbert A-bimodules over S is
a semigroup M = |_|pe o M, where each M, is a right-Hilbert A-bimodule; x ® 4y — zy
determines an isomorphism of M, ®4 M, onto M,, for all p,q € S such that p # 1; the
bimodule M; is 4A4; and the products from M; x M, — M, and M, x M; — M, are
given by the module actions of A on M,

Recall that for each p € S and each §,n € M, the operator O, : M, — M, defined
by ¢, (1) == &-(n, 1), is adjointable with ©7 , = ©, ¢. The space K(M,) := span{© |
§,m € M,} is a closed two-sided ideal in £(M,,) called the algebra of generalised compact
operators on M,. For p,q € S, there is a homomorphism b7 : L(M,) — L(M,y,)
characterised by

(6.1) W (T)(En) = (T€)n for all § € My, n € M,
In other words, b4(T) =T ® idy,. For g ¢ pS we set 1] = 0.
A representation ¢ of M in a C*-algebra B is a map M — B such that

(1) each v, := 9|y, : M, — B is linear, ¢, : A — B is a homomorphism,
(2) Yp(E)hg(n) = Ype(&m) for all p,q € S, € € M, and n € M,; and
(3) ¥p(&)*¥p(n) = ¥u({§, m)y) for all p € S, and &,n € M,.

For each p € S there is a homomorphism ¢® : K(M,) — B characterised by
VP (Ogy) = Up(E)¥p(n)"

In [12] Definition 5.7] Fowler introduced the notion of a compactly aligned product
system for quasi-lattice ordered pairs. We now extend this notion to product systems
over right LCM semigroups.
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Definition 6.1. A product system M over a right LCM semigroup S is called compactly
aligned if for all p,q,r € S such that pSN ¢S =rS and all T, € K(M,), T, € K(M,) we
have ¢ (T,)c(Ty) € K(M,).

Remark 6.2. Recall that if r is a right least common multiple of p and ¢, then all right
least common multiples of p and q are of the form rx for x € S*. Note that M, is a Morita
equivalence from A to A for every x € 5* because M, @4 My-1 = 4Ax = M1 ®4 M,.
Hence T — T ® id defines an adjunction between M, and M, -1 in the sense of [,
Definition 2.17]. Combining this with [5, Lemma 3.7], we deduce that the natural
isomorphism ¢[* : L(M,) — L(M,,) restricts to an isomorphism from K(M,) to K(M,,).
Thus, ¢, (T,)15(Ty) belongs to K(M,) if and only if 1% (T},)p* (15,) € K(M,,) for all z € S*.

We will shortly present a class of compactly aligned product systems. Before doing so we
recall that a Parseval frame for a right-Hilbert module Y over a unital C*-algebra A is a
countable family (§;)ic; C Y that satisfies the reconstruction formula n =, , & (&, n)
for all n € Y, where the convergence is in norm in Y. Parseval frames are also referred to
as standard normalised tight frames, which are the main objects of interest in [13]. For
our purposes the reconstruction formula is more relevant than the equivalent Parseval-
type identity in A that defines a standard normalised tight frame.

Lemma 6.3. Let A be a unital C*-algebra, S a right LCM semigroup with identity,
and M = |_|p M, a product system of right-Hilbert A-bimodules such that the following
condition s satisfied:

(CA) Whenever p,q,r € S satisfy pS N qS = rS, there are Parseval frames (fi(p))l-e[p
for M,, and (5,(‘1))Z.€Iq for My, such that L;(@g@ E(p))LZ(@g(_q) E@) is in KC(M,) for

(2

aliel,jel,

Then M is compactly aligned.
Proof. Let p,q,r € S satisfty pS N ¢S = rS. By linearity and continuity it suffices to
show 17 (O, )10 (O¢,.c,) € K(M,) for all ny,m9 € My, (1, (2 € My. We claim that, due to

the reconstruction formula, we have

FClI, finite

Z 6771,7726 () ¢(P) @771,772’ and
7 & &
F’CIy finite
Z @g(q) g(q)@gl,@ ®§17C27
JEF! g ™g

with convergence in norm in K(M,.). Firstly, note that it suffices to consider the second
case, where the rank one operators corresponding to the elements from the Parseval
frame are to the left, because the involution on L£(M,) is continuous. We start by
observing that

2 @fﬁ),éﬁ”@@@ 9.6 = 95 €96 )1

jEF’ jEF/
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It is routine to see that ||Og ¢ | < [|&1] - [|€2]| holds for all &,& € M, where M is a
right-Hilbert module over A. Using this observation, we obtain

| Z,@J@ @906~ Oel = 195 9 (€9 1)), ol
JEF jGF’
< €94 ¢ — alllill.
JEF’

Therefore i p O, (@ O¢ ¢, converges in norm to O, ¢, as F " 1, and, likewise,
JjoNg

Y icr Omma© ¢® ¢(») converges in norm to ©,, n, as F' ' I,. From this we deduce

FxF'CI,xI, finit
Z [,7"(@171,772) (@§<p)§(p>) <6§(q)§(q>) <®CI7C2) X P_X>q e

(i,j)EF X F'

Ly (67717772) (GCLCQ)

where, again, we have convergence with respect to the operator norm on L£(M,). By
condition (CA), the operator

> (@é(p) 5(::)) (@sw) g(q))

(i,j)EF x F'

is in IC(M,) for each finite set F' x F' C I, x I,. Since K(M,) is a norm closed ideal in
L(M,), the result follows. O

To associate a C*-algebra to product systems over right LCM semigroups we now in-
troduce the notion of Nica covariant representations of such product systems, which
is an extension of Fowler’s Nica covariance [12, Definition 5.7] for product systems of
quasi-lattice ordered pairs.

Definition 6.4. A representation v : M — B of a compactly aligned product system
M over a right LCM semigroup S in a C*-algebra B is called Nica covariant if for all
p,g € Sand T, € K(M,), T, € K(M,) we have

WO ((T,)en(T,))  if pSNgS =rS for some 7 € S,

q
0 otherwise.

(62)  WP(T)WO(T,) = {

Remark 6.5. An explanation is in order about this definition. Suppose we have p,q € S
such that pS N ¢S = rS for some r € S. Let T, € K(M,) and T, € K(M,). Let
x € 5%, so that rx is another right LCM for p and ¢. Then a necessary condition for a
representation 1) : M — B to be Nica covariant is that

(6.3) VO (T)eg(T,)) = ) (57 (T (1))

Since 1" = 1;% 0 1 and similarly for ¢/, and since ¢;* is a homomorphism on L(M,), we
have

by (Tp)eg" (Tg) = 1" (i (1) g (1))

p q T q

Using this, (6.3) will follow if /% (:5(T,)et(T,)) € K(Myy) and ) o * = (). The
first requirement is always satisfied because by Remark [6.2] the homomorphism ¢/*
restricts to an isomorphism from K(M,) onto K(M,,) and o (T},)u(T,) € K(M,) by

compact alignment. In the next result we present a class of product systems for which
the requirement (") o ;7 = ¢)(") holds for every representation ¢ of M.
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Lemma 6.6. Suppose A is a unital C*-algebra, S is a right LCM semigroup, and M
is a product system of right-Hilbert A-bimodules over S. If for each x € S* there is
an element 1, € M, satisfying ©1,1, = idy,, then ¥ o ® = ") holds for every
representation v of M and all v € S.

Proof. We claim that for each r € S, z € S* and p,v € M, we have J*(0,,) =
©,1,.1, € K(M,,). To see this, let &n € M., with € € M, and n € M,. We have

@Mlz,ljlz (577) = (Mlx) : <V1xa€77>rx = (Mlz) : <1:l?, pr(<l/7 €>r)77>x

= M(Glxalx (@x((% §>r)n))
= (M ) <V7 £>r>77 = (@#,V(é))n
= 17" (0,)(§7)-

Then the desired conclusion follows by linearity and continuity from
YD 0 4% (0) = VU (Opn,01,) = () (L) (L) ()"
= ()Y (O1,1, )0 ()"
= ¢ (1) (idar, )0 (v)'
="(0,,).

(&
(&

O

FExample 6.7. Suppose that M is a product system of right-Hilbert A-bimodules over a
right LCM semigroup S. Suppose that we have a collection of automorphisms {«, : x €
S*} such that each M, is given by 4A,, with inner product (a,b), = o *(a*b). Then
the elements 1, := 1 € A satisfy the hypothesis of Lemma[6.6] The product systems we
form in the next section fall in this class of examples.

It was observed [12] that a natural representation for product systems M is the Fock
representation. The details of the construction are as follows: let ¢, : A — L(M,) be
the *-homomorphism that implements the left action in M,,. The vector space

F(M) = {(fp)pes | gp S Mp’ % ||€P||122 < OO}

becomes a right-Hilbert A-bimodule when equipped with the inner product
((&p)pess (Mp)pes) = D (& Mp)ps

peS
together with left and right actions

pran(a)(&p)pes = (p(a)ép)pes and (§p)pes - a = (§p - a)pes-
It is routine to check that the map ¢p : M — L(F(M)) given by

Urp(€)(g)ges = (Xps(a) - €1 )ges
defines a representation of M, where x,s denotes the characteristic function on pS and
¢ = pr. Note that M, ®4 My = My, allows us to write 1,g = > ;cp Npgi @ Tpgs for
suitable 77;/)(1,@' € Mp,n;qﬂ- € M, and we have

wap(g)*mq)qGS = ( Z ¢p—1q(<€7n;q,i>P>n;q,i>qu‘

i€Tpg
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Proposition 6.8. If M is a compactly aligned product system over a right LCM semi-
group, then the Fock representation Vg 1s Nica covariant.

Proof. The following is a straightforward adaptation of the proof for the quasi-lattice
ordered case from [16, Subsection 2.3]. Let p,¢ € S and &,n € M, ¢ 0 € M,.

If pS N gS = 0, then ¥ (O, (Oer ) (()res = 0 for all (()res € F(M), so

ﬁf’)(@gm)z/;;?)(@m/) = 0. So let r € S satisfy pS N ¢S = rS. Since M is compactly
aligned we know that ¢,(O¢ )iy (O¢ ) € K(M,). If (O ,)iy(O¢ ) = O for some
&,m € M,, then it is routine to check

P (Oen) Ui (Og,y) = v (Og,).

By linearity and continuity, the required calculations extend to the general case of
U (O¢ ) te(Ogr ) € K(M,). In other words, we have

VP Oea)tid (O ) = i (1(Oc) iy (Og)).
so Y is Nica covariant. O

Definition 6.9. For a compactly aligned product system M over a right LCM semigroup
S, the Nica-Toeplitz algebra N'T (M) is the universal C*-algebra generated by a Nica
covariant representation of M. We denote the Nica covariant representation generating

Note that N7 (M) is always nonzero due to Proposition [6.8|

7. NICA-TOEPLITZ ALGEBRAS FOR ALGEBRAIC DYNAMICAL SYSTEMS

In this section we describe the C*-algebra A[G, P, 0] as the Nica-Toeplitz algebra of
a product system of right-Hilbert C*(G)-bimodules over the right LCM semigroup P.
Throughout this section, let (G, P, ) be an algebraic dynamical system. We denote the
canonical generating unitaries in C*(G) by dy4, g € G. The action # induces an action
a : P — EndC*(G), i.e. ap(dy) = dg,(g)- Note that injectivity passes from 6 to a,
so « is an action by unital injective x-homomorphisms. We also have an action of the
opposite semigroup P°P by unital, positive, linear maps L, : C*(G) — C*(G) given by
Ly(09) = X0,(6)(9)051()- Each L, is a transfer operator for (C*(G),ap), in the sense
that L,(a,(a)b) = aL,(b) for all a,b € C*(G), and so (C*(G), P,a, L) is a dynamical
system in the style of the Exel-Larsen systems studied in [3, [19].

Remark 7.1. We use the by now standard construction for associating a right-Hilbert
C*(G)-bimodule to each p € P: we take C*(G) as a vector space and give it a right
action a - b = aay(b), and a pre-inner product (a,b), = L,(a*b). We mod out by
N, = {a € C*(G) | L,(a*a) = 0} and complete to get a right-Hilbert C*(G)-module
M,. Left multiplication by elements of C*(G) extends to a left action ¢, on M, by
adjointable operators. We denote the quotient map by w, : C*(G) — C*(G)/N, and
note that the image of m, is dense in M,

Notation 7.2. For the remainder of this section we will write &, for the generalised
rank one projection O, (s,).,(s5,) € K(M,), where p € P and g € G.
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Proposition 7.3. Suppose {M, | p € P} is the collection of right-Hilbert C*(G)-
bimodules from Remark [7.1,  For each p € P and each transversal T, of G/0,(G)
the family {Eyp | 9 € Ty} consists of pairwise orthogonal projections in K(M,). In
particular, the set {m,(d,) | g € T,} is an orthonormal basis for M,. Furthermore,

0, (C*(G)) C K(M,) holds if and only if G/0,(G) is finite.
Proof. For each g, h € T}, we have

1 if g=h,
0 otherwise.

<7rp(5g)a 7Tp(5h»p = Lp((sgqh) = {

Thus &;,E,, = 0 whenever g,h € T, are distinct. For each h € G there is a unique
g €T, with h € ¢'0,(G), and hence

> &y, p(wp((sh)) > Xgbp(G ( )Wp((;h) = Xg’9p(G)(h>7Tp(5h) = 7Tp(5h>'

g€ty g€Tp

By linearity and continuity, this means }° .. &,(m) = m for all m € M,, and hence

{mp(64) | g € T} is an orthonormal basis for M,

For the third assertion note that ¢,(1) = 3_ ;. &, which, in case T}, is finite, means
that ¢,(1) € K(M,), and hence ¢,(C*(G)) C K(M,). If T, is infinite, then ¢,(1) is
an infinite sum (in the strict topology) of mutually orthogonal, equivalent, non-zero
projections &;,. Thus, ¢,(1) is not compact. O

We can use the bimodules M, to construct a product system of right-Hilbert C*(G)-
bimodules over P.

Proposition 7.4. Suppose {M, | p € P} is the collection of right-Hilbert C*(G)-
bimodules from Remark . Then the semigroup M = |_|p€P M, with multiplication
characterised by

Tp(0g) g (0n) = qu<590p(h)) forp,q e P, g,h €@,
is a product system of right-Hilbert C*(G)-bimodules over P.

Proof. The map (m,(dy), 74(0n)) = Tpq(dge,(n)) is bilinear, and extends to a surjective
map from the algebraic balanced tensor product M, ®¢«q) My to Mp,. This map is
equivariant with respect to the left and right actions of C*(G). It also follows from the
calculation

<7Tp(591) ® 7I-Q((Sfll)? 7TP<592) ® 71-Q((Shz»

7q(Ony )5 (p(0g1 ), Tp(0g5))p - T (Ohs))
a0 Lp(0-10g,)0n, )

a(Lp(0p(8,-1)0 109,05 (01, )))

(0 6, (he )59;15925917(@))

= <7qu (5g1 Op(h1) )7 Tpq (5929p(h2))

{
L
L
L,

that M, ®c=q) My — My, preserves the inner product, and hence extends to an iso-
morphism M, ®c+) My — Mpg. The remaining conditions for M := [ | ., M, to be a
product system are straightforward to check. 0
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Proposition 7.5. Given p,q € P and transversals T,, T, of G/0,(G), G/0,(G), respec-
tively, the map my,, : T, xT, — G given by (g, h) — g0,(h) is injective and its image is a
transversal for G /0,,(G). In particular, {7 (dgo,n)) | 9 € Tp, h € Ty} is an orthonormal
basis for My,.

Proof. Suppose we have my, ,(g1,h1) = my4(g2, he) for some g; € T, h; € T,. This
amounts to ¢, = ggép(hghl_l), so g1 = g2 as T, is a transversal. As 0, is injective, we
then immediately get hy = hy. Thus m, , is injective. Now given g € G|, let g; € T}, be
the element satisfying g € ¢16,(G). Next, choose hy € T, such that le(gl_lg) € hb,(G).
Then

(919p<h1))_19 = Qp(hfle;:l(gl_lg)) S ep(eq(G» = Hpq(G)a
S0 g € My 4(g1,71)0pe(G). Thus my, (T, x T,) is a transversal for G/6,,(G). O

Proposition can also be proven using the fact that orthonormal bases for M, and
M, yield an orthonormal basis for M, ®c«) My = Mg, see [20, Lemma 4.3].

In order to prove that the product system M from Proposition [7.4] is compactly
aligned, we need the following lemma. Within its proof, we will make multiple applica-
tions of the identity

Oy (501),7m0 (53) (T (1)) = Xguo,(c) (R)Tp (0, g-1,)  for all p € P, g1, 92,0 € G
Lemma 7.6. For each p,q,r € P with pP N\ qP =1rP and g1, g2, h1, ho € G we have
4Oy (307 (395)) g (O (81, g 0y
{@m(ngep(k)),m(ghﬁm if 920, (k) = h16,(0) for some k.l € G,

0

otherwise.

Proof. Choose p/, ¢ € P with pp’ = q¢’ = r. Let Ty and T}, be transversals for G/6,/(G)
and G/0,(G), respectively. We know from Proposition [7.3| that {m,(d;) | i € T,y} and
{my(8;) | 7 € Ty} are orthonormal bases for M, and M, respectively. We claim that

(7.1) L;(@Wp(&zl )7p(0gs) ) leZT: @Wr 8g10p(i))5Tr (Ogg0p (1))
and
(7.2) (O (61,)ma(01y)) = jGZTf O (5130017 (B0 1)

To see that holds, fix s € G. Using we get

L;(G)Wp((sgl)v”p(fsgz))(WT((;S)) = @”p(‘sm) WP(692)<7TP(6 ))71—17'(51)
&) (8)7p(8g, g514) T (01)
(

X929p(G S>7T7'( g1g2 5)

= X929p

For i € T}y we have

70 (8 06T By i) (T (05)) = Xn6, (100, () (8) T (8 =1,
Since g20,(G) = | ;cr, 9205(1)0,(G), we know that s belongs to g.0,(G) if and only if
there is an ¢ € T}y with s € g20,(7)0,(G). Note that 7 is uniquely determined in this case.
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It follows that ¢}(Oxr,,, )7, (5,,)) and ZieTp/ @”7’(591 006 (8,50, 1)) ABTEE OLL the image of

7, and hence on M,. So ([7.1]) holds. A similar argument gives ((7.2)).
Now observe that, for all ¢« € Ty, j € Ty, we have

®7rr(5glep<i))Jrr-((sgzep(i))G)Trr((shleq(j))ﬂr(%zoq(j))
= Xa0,(00:(@) (1104(1) O3, s, 00 im0 Gnyoqi)-
It then follows from ([7.1)) and (7.2)) that L;(@ﬂp((sgl)7ﬂ-p(5g2))LZ(@ﬂ-q((;hl)’ﬂ-q((shQ)) = 0 if and
only if
h104(5) € g20,(7)8,(G) for some i € T, j € Tjy.

As r € pP, we have 0,(G)0,.(G) = 0,(G), so the equation from above is equivalent to
g5 hy € 0,(G)0,(G). This in turn is equivalent to the existence of k,¢ € G satisfy-
ing g20,(k) = h10,(¢). In this case, the summand of L;(@ﬂp((;gl)77rp(592))l/2<@7rq(5h1)77rq(§h2))
corresponding to the unique pair (7, j) with k € i, (G) and ¢ € jO,(G) is non-zero.

Now suppose ki, ko, (1,02 € G satisty g20,(k,) = h16,(¢,),n = 1,2. We need to show
that k; 'ky € 0,,(G) and ¢;'0; € 0,(G). Rewriting the two equations as

Op(k1)0,(£71) = g5 tha = 0,(k2)8,((5)

gives 0,(k; 'ky) = 0,(¢;'¢y). Since 0 respects the order, we conclude that 6,(k; 'ky) €
0,(G) N 0,(G) = 0,(G) and, similarly, 6,(¢;'¢;) € 0,(G). Using that 6, and 0, are
injective and pp’ = q¢' = r, we conclude that k; 'ky € 0,(G) and ¢;'¢y € 0, (G). O

Remark 7.7. Note that if we apply Lemma to p,q,r € P with pP NqP = rP,
g=¢1 =92 € Gand h=hy = hy € G, we get the identity

Ego, (k) if gOp(K) € h8y(G) for some k € G,
73 r g r 8 — 9p , p q
(73) (Eqp)ta(Ena) {O otherwise.

Proposition 7.8. The product system M from Proposition[7.4) is compactly aligned.
Proof. This follows immediately from Lemma and ((7.3)). O

We can now state the main result of this section. Recall from Section [0 that jj; denotes
to the universal Nica covariant representation of a compactly aligned product system
M for each p € P we denote by j, the restriction jas|as, .

Theorem 7.9. Let M be the product system given in Proposition [7.4. There is an
isomorphism ¢ : A[G, P,0] — N'T (M) satisfying

p(ug) = ji(0g) and p(sp) = jp(mp(1)),
forallge G, pe P.

We will use the following result which provides a characterisation of Nica covariance in
terms of the generalised rank one projections &, .

Proposition 7.10. Let M be the product system given in Proposition [7.4 A repre-
sentation ¥ of M s Nica covariant if and only if for all g,h € G and p,q € P we
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have
VO (Egoyiyr)  if PPN qP = 1P for somer € P and
(7.4)  PP(E VD (Eny) = 90,(k) € h0,(G) for some k € G,

0 otherwise.

Proof. 1f 1 is Nica covariant, then (7.4) follows immediately from (7.3]). For the con-
verse direction, we note that, by linearity and continuity, it suffices to check (6.2)) for
Oy (64, )mp(64,) A0 @Wq((ghl)mq(%) for all p,q € P and g;, h; € G. We have

DO (5,0 (503)) 'Y (O30, ) o (51y))
= PP (Or (60, ) (03)E02:0) Y (Enr gy (60, ) smal6ny))

o 2/} ( mp(dgy ) Wp(fsqz))w(p) (592,P>w(q) (ghhq)w(Q)(@Wq(dhl),ﬂ'q(5h2))7
which we know by ((7.4) is equal to

(7.5) l/f(p)(@wp(6gl),7rp(692))¢(r)( 920p( )¢(q)< mq( 5h1)7rq(5h2))

if pP N gP = rP for some r € P and g29p(k) € hd,(G) for some k € G, and is zero,
otherwise. We immediately see from and Lemma that is satisfied when
pPNgP =0 or g;'hy ¢ 0,(G)0,(G).

So suppose pPNgP = rP for some r € P and ¢,0,(k) € h10,(G) for some k € G. Let
p',q € P with pp’ = q¢' =r, and ¢ € G with ¢.0,(k) = h10,(¢). The expression in (7.5
can be written as

@Dp(ﬁp((sm))wp<7rp(5gz))*¢(r) (5920p(k),7")¢q(77q(5h1))¢q(7rq<5h2))*-
Rewriting the middle term gives
P (Egao,6).0) = U (T (a0, () 1or (T ($ga0, (1))

= (7 (0 920, (k) ))¢T(7TT(5h19 © ))

= wp<7rp( gz))wp (Wp’(ék))wq (7Tq (58))*1/}q(77q(5h1))*-
Using 11 ((mp(6g,), Tp(6g5))p) = 1 = ©V1((m4(6n,), T4(0n,))q), We turn the expression in
into

wﬁ(”p((sm))wp’ (Wp’(516))7%/(7Tq’<5€))*wq(77q(5h2))* = ¢r(ﬂ'r<5gl9p k)))wr(ﬂ'r(dhz%(ﬁ)))
= ¢ ( mr(0g10,(k))> ﬂr(5h29q(z)))
But we know from Lemma [7.6] that
DO (1 (O (30,1, 03 i (O 1 0 00))) = U7 (Oms5,100 ) 7 By o))
So we get
w(p)(GWP(‘Sgl)vﬂp(dgg))w(Q)(@Wq(5h1)»7rq(5h2)) = dj(T) (L;(@Wp(fsm)ﬂrp(‘sm))LZ(@Wq(Cshl)Jrq((shg)))’

and hence is satisfied. [l

The conclusion we draw from Proposition is that, for the product system M, it suf-
fices to check Nica covariance on rank one projections coming from suitable orthonormal
bases.
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Proof of Theorem[7.9. The proof follows closely that of Theorem [£.4] The map g —
J1(d4) is a unitary representation of G in N'T (M), and p — j,(m,(1)) is a representation
of P by isometries in N'T(M). We have

o) 85) = Gn(mol9)) = (80,1,
which is (Al). Instead of (A2), we show (2.2), see Lemma [2.4 First note that
31(0) Jp(mp(1))p(7p(1))* 51 (04)" = j(p)(gg,p)' Now follows from applying (7.4) to
the representation j. So the universal property of A[G, P,0] gives a homomorphism
¢ : A[G, P, 0] — NT (M) satisfying p(u,) = j1(d,) and ¢(s,) = jy(m,y(1)), for all g € G,
p € P. This homomorphism is surjective because each j,(m,(d4)) = ¢(uysp) is in the
range of .

It is routine to show that m,(d,) +— uys, defines a representation of the product
system M, and gives , which is Nica covariance. The induced homomorphism
Y NT (M) — A|G, P, 6] is inverse to ¢, and hence ¢ is an isomorphism. U

We note the following immediate consequence:

Corollary 7.11. If S is a right LCM semigroup, then C*(S) is isomorphic to the Nica-
Toeplitz algebra N'T (M) of the product system of right-Hilbert bimodules M over S with
M, =C forallpe §.

Proof. The triple ({1}, S,id) defines an algebraic dynamical system and {1} x;q S = S,
so Theorem [4.4] and Theorem [7.9] imply

C*(S) = C*({1} xa S) = A[{1},S,id] = NT (M)
for the product system M from Proposition |7.4] associated to ({1}, .5,id). O

8. EXAMPLES

Observing that algebraic dynamical systems are a natural generalisation of irreversible
algebraic dynamical systems as introduced in [28] Definition 1.5], we already have various
examples at our disposal, namely [28, Examples 1.8-1.11,1.14].

Remark 8.1. For each irreversible algebraic dynamical system (G, P,#), the C*-algebra
A[G, P, 0] can be viewed as the natural Toeplitz extension of the C*-algebra O[G, P, 0]
from [28]. In fact, A[G, P, 0] is the Nica-Toeplitz algebra of the product system M asso-
ciated to (G, P,0) according to Theorem [7.9 and O|G, P, 6] is the Cuntz-Nica-Pimsner
algebra of M if (G, P, 0) is of finite type, see [28, Theorem 5.9].

But the class of algebraic dynamical systems is much larger:

FExample 8.2. Suppose P is a discrete group acting on another discrete group G by auto-
morphisms 6,,p € P. Then (G, P, ) is an algebraic dynamical system and A[G, P, 0] =
C*(G xg P) = C*(G) x P. In particular, we can take P = {1} and obtain the full group
C*-algebra for G.

Ezample 8.3. Similar to the last part in Example [8.2] if we let G = {1}, then any right
LCM semigroup P acts on G by the trivial action and A[G, P, 6] is nothing but the full
semigroup C*-algebra of P.
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Remark 8.4. Since we know that, conversely, G x¢ P is a right LCM semigroup for every
algebraic dynamical system (G, P,0), we see that studying algebraic dynamical systems
is a priori more sensible than studying right LCM semigroups. The difference is that
an algebraic dynamical system comes equipped with a decomposition of the right LCM
semigroup as a semidirect product of a group by a right LCM semigroup. A way of
extracting a specific semidirect product description for certain cancellative semigroups
out of their semigroup structure is presented in [2, Proposition 2.11].

Example 8.5. The semigroup N* is a right LCM semigroup which acts upon Z by
multiplication in an order preserving way. Hence we get an algebraic dynamical system
(Z,N*,-). By Theorem 1.4 we have A[Z,N*,.] = C*(Z x N*), and by Theorem [7.9]
they both are isomorphic to a Nica-Toeplitz algebra for a product system of right-Hilbert
C*(Z)-modules over N*. It was observed in [I, Example 3.9] and in [15] that the latter
C*-algebra is isomorphic to the additive boundary quotient 7Toqq(N x N*) of 7 (N x N*),
the Toeplitz algebra of the affine semigroup over the natural numbers. We note that
(Z,N*,-) is in fact an irreversible algebraic dynamical system and O[Z,N* .| = Oy.

Example yields an alternative perspective on the boundary quotient diagram of [1]
which seems well-suited for generalisations to other cases that are similar to N C Z.
The next example provides a reasonable framework for such a task.

Ezample 8.6. Suppose R is the ring of integers in a number field K and let (r) denote
the principal ideal generated by r € R. If we take G = R (equipped with addition)
and P C R* is a subsemigroup satisfying (p) N (¢) € {(r) | r € P} for all p,q € P,
then (G, P,-) is an algebraic dynamical system. Note that the intersection condition is
automatically satisfied if R is a principal ideal domain, i.e. the class number of K is
one. In this case, we recover the natural extension C*(R x R*) of the ring C*-algebra
2A[R] from [9].

Remark 8.7. Even though there are examples of semigroups P as in Example for
number fields K with class number bigger than one, it would be convenient to have a
systematic treatment which is available for arbitrary subsemigroups of R* for arbitrary
number fields K. This asks for a relaxation of the condition

0,(G) N 0,(G) = 6,(G) whenever pP NqP =rP
to the constraint
10,(G) N0,(G) : 6,(G)] < oo whenever pP N gP D rP and r is minimal

in the sense that pP NqP D r'P and ' P D rP imply ' P = rP. We would like to point
out that this condition is somewhat reminiscent of Spielberg’s notion of finite alignment
for categories of paths, see [27, Section 3].

Let us end with two basic constructions for algebraic dynamical systems, which have
been described in |28, Examples 1.12 and 1.13] for the irreversible case. The first one is
built by shifting some suitable group G along a right LCM semigroup P.

Proposition 8.8. Let P be a countable, right LCM semigroup with identity and Gy a
countable group. Then P admits a shift action 8 on G = @, Gy and (G, P,0) is an
algebraic dynamaical system.
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Proof. The action 6 is given by (0,((9¢)qepr))r = Xpr(1) gp-1, for all p,r € P. It is
apparent that 6, is an injective group endomorphism for all p € P. Observing that
0,(G) =0 (@qepp GO), we see that 0 also respects the order on P. Hence we get an
algebraic dynamical system in the sense of Definition [2.1} ([l

Example 8.9. If we apply the construction of Proposition to Go = Z/nZ and P = N,
the resulting algebra A[G, P, 0] is canonically isomorphic to the Toeplitz extension 7T,
of the Cuntz algebra O,,, compare [28, Example 3.30].

Ezample 8.10. Suppose we are given a family (G®, P,0®);c; of algebraic dynamical
systems. Then we can consider G := @,; G and let P act on G component-wise, i.e.

0,(9:)icr == (9;,(,1') (9:))ier- In this way we get a new algebraic dynamical system (G, P, 0).

Remark 8.11. Tt is also possible to decompose an algebraic dynamical system (G, P, 0).
Let G = @,.; Gi be a decomposition of G into §-invariant subgroups, i.e. 0,(G;) C G;
for all i € I. Then (G, P,0|¢,) defines an algebraic dynamical system for each i € I.
Indeed, it is easy to see that the subsystem (G;, P, 6|g,) inherits the required properties
from (G, P,0). Besides, we note that the procedure from Example is inverse to this
method of decomposing.

Example 8.12. For G = Z, the injective group endomorphisms are given by multiplica-
tion with elements from Z*. For P C Z*, let |P) denote the multiplicative subsemi-
group of Z* with identity generated by P. Let us consider subsemigroups P; = |2, 3),
Py, =1-2,3), Py =12,-3) and P, = | —2,—3). Each of them gives rise to an irreversible
algebraic dynamical system (Z, P;,-). It is an instructive exercise to show that the cor-
responding semidirect products Z x P; are mutually non-isomorphic. However, if we
add —1 as a generator to each of P;, we always arrive at P; = | — 1,2, 3). Moreover, the
corresponding embedding Z x P; C Z x Ps yields injective, admissible morphisms from
(Z, P;,0) into (Z, Ps, ). Hence, by Corollary there are canonical x-homomorphisms
from A[Z, P,,0] to A[Z, Ps,0] for i =1,...,4.

In this example the left regular representation implements an isomorphism between
the full and the reduced semigroup C*-algebras for Z x P; for each i = 1,...,5, see [2]
Example 6.3] or [2I]. Thus by Proposition 3.6, the C*-algebras A[Z, P;,],i = 1,...,4 are
proper subalgebras of A[Z, Ps, -] in a natural way. Note that the families of constructible
right ideals J(Z x P;) are isomorphic for all five semidirect products. Thus, their
diagonal subalgebras are canonically isomorphic, see [21]. Since this identification is
compatible with translation by Z, we also have an isomorphism on the level of the core
subalgebras F = D x Z, a fact that follows from [2, Definition 3.12] and [28, Theorem
A5

It is therefore natural to ask if, and in how far the C*-algebras A[Z, |2, 3), -], A[Z, | —
2,3),, AlZ,]2,-3),], A|Z,|—2,-3),-] and A[Z,|—1,2,3), ] are different. Corollary|[5.5|
shows that K,(A[Z,|P;),]) is isomorphic to Z® Z for i = 1,...,4, and that

K. (A[Z,|P5),"]) = K.(C*(Z x Z/2Z)).

Thus, K-theory distinguishes A[Z, | Ps), -] from any of the C*-algebras A[Z,|P;), ] for
1,...,4. However, finer invariants are needed in order to determine the exact relation-
ship between those four C*-algebras.
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