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STRONG SOLUTIONS OF SDE’S WITH GENERALIZED DRIFT AND
MULTIDIMENSIONAL FRACTIONAL BROWNIAN INITIAL NOISE

DAVID BANOS, SALVADOR ORTIZ-LATORRE, ANDREY PILIPENKO, AND FRANK PROSKE

ABSTRACT. In this paper we prove the existence of strong solutions to a SDE with a gen-
eralized drift driven by a multidimensional fractional Brownian motion for small Hurst
parameters H < % Here the generalized drift is given as the local time of the unknown
solution process, which can be considered an extension of the concept of a skew Brown-
ian motion to the case of fractional Brownian motion. Our approach for the construction
of strong solutions is new and relies on techniques from Malliavin calculus combined
with a "local time variational calculus" argument.

1. INTRODUCTION

Consider the d—dimensional stochastic differential equation (SDE)
X =z+al(X") 14+ B,0<t<T,zeR’ (1.1)

where the driving noise B of the this equation is a d—dimensional fractional Brownian
motion, whose components are given by one-dimensional independent fractional Brown-
ian motions with a Hurst parameter H € (0, 1/2), and where o € R is a constant and 1,4
is the vector in R¢ with entries given by 1. Further, L;(X?) is the (existing) local time at
zero of X which can be formally written as

nx) - | S(X)ds,

where d, denotes the Dirac delta function in 0.

We also assume that BY is defined on a complete probability space (2,2, P).

We recall here for d = 1 and Hurst parameter H € (0,1) that B0 <t < Tisa
centered Gaussian process with covariance structure Ry (t, s) given by

1
Ry(t,s) = E[BIBH] = 5(321{ + 2 |t — 5.

For H = % the fractional Brownian motion B coincides with the Brownian motion.
Moreover, BH has a version with (H — €)-Hdlder continuous paths for all € € (0, H) and
is the only stationary Gaussian process having the self-similarity property, that is

{BIl}i=0 = {7" B }i>0

in law for all v > 0. Finally, we mention that for H # % the fractional Brownian motion
is neither a Markov process nor a (weak) semimartingale. The latter properties however
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complicate the study of SDE’s driven by B* and in fact call for the development of new
construction techniques of solutions of such equations beyond the classical Markovian
framework. For further information about the fractional Brownian motion, the reader
may consult e.g. [42] and the references therein.

In this paper we want to analyze for small Hurst parameters H € (0, 1/2) strong solu-
tions X* to the SDE (L)), that is solutions to (L.I)), which are adapted to a P-augmented
filtration F = {F;}o<i<7 generated by B . Let us mention here that solutions to (L)
can be considered a generalization of the concept of a skew Brownian motion to the case
of a fractional Brownian motion. The skew Brownian motion, which was first studied in
the 1970ties in [23] and [S0]] and which has applications to e.g. astrophysics, geophysics
or more recently to the simulation of diffusion processes with discontinuous coefficients
(see e.g. [S3], [29], [14]) , is the a solution to the SDE

Xf=x+2p—1DL(X*)+B,0<t< T,z €R, (1.2)

where B. is a one-dimensional Brownian motion, L,(X®) the local time at zero of X* and
p a parameter, which stands for the probability of positive excursions of X?.

It was shown in [22] that the SDE (I.2)) has a unique strong solution if and only if
p € [0, 1]. The approach used by the latter authors relies on a one-to-one transformation
of (I.2)) into a SDE without drift and the symmetric It6-Tanaka formula. An extension of
the latter result to SDE’s of the type

dX; = o(X;)dB; + / v(dz)dLi(X) (1.3)
R
was given in the work [28] under fairly general conditions on the coefficient ¢ and the
measure v, where the author also proves that strong solutions to (I3) can be obtained
through a limit of sequences of solutions to classical Itd-SDE’s by using the comparison
theorem.

We remark here that the Walsh Brownian motion [S0]] also provides a natural extension
of the skew Brownian motion, which is a diffusion process on rays in R? originating in
zero and which exhibits the behaviour of a Brownian motion on each of those rays. A
further generalization of the latter process is the spider martingale, which has been used
in the literature for the study of Brownian filtrations [54].

Other important generalizations of the skew Brownian motion to the multidimensional
case in connection with weak solutions were studied in [45]] and [7]: Using PDE tech-
niques, Portenko in [45] gives a construction of a unique solution process associated with
an infinitesimal generator with a singular drift coefficient, which is concentrated on some
smooth hypersurface.

On the other hand Bass and Chen in [7] analyze (unique) weak solutions of equations
of the form

dXt = dAt -+ ch (14—)

where B. is a d—dimensional Brownian motion and A; a process , which is obtained from

limits of the form
t

lim b (Xs)ds

n—aoo 0
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in the sense of probability uniformly over time ¢ for functions b, : R? — R Here
the ith components of A; are bounded variation processes, which correspond to signed
measures in the Kato class /{; ;. The method of the authors for the construction of unique
weak solutions of such equations is based on the construction of a certain resolvent family
on the space C,(R?) in connection with the properties of the Kato class Ky_;.

In this context we also mention the paper [17] on SDE’s with distributional drift coef-
ficients. As for a general overview of various construction techniques with respect to the
skew Brownian motion and related processes based e.g. on the theory of Dirichlet forms
or martingale problems, the reader is referred to [30]. See also the book [43].

The objective of this paper is the construction of strong solutions to the multidimen-
sional SDE with fractional Brownian noise initial data for small Hurst parameters
H < %, where the generalized drift is given by the local time of the unknown process.
Note that in contrast to [22] in the case of a skew Brownian motion we obtain in this
article the existence of strong solutions to (L)) for all parameters o € R.

Since the fractional Brownian motion is neither a Markov process nor a semimartingale,
if H # %, the methods of the above mentioned authors cannot be (directly) used for
the construction of strong solutions in our setting. In fact, our construction technique
considerably differs from those in the literature in the Wiener case. More specifically, we
approximate the Dirac delta function in zero by means of functions ¢, for € ™\, 0 given by

we(T) = 5_%g0(5_%x),x c R¢

where ¢ is e.g. the d—dimensional standard Gaussian density. Then we prove that the
sequence of strong solutions X;* to the SDE’s

t
X! =z+ / ap1/n(X7) - 1gds + B/
0

converges in L*(Q2), strongly to a solution to (L) for n — oco. In showing this we
employ a compactness criterion for sets in L?(€2) based on Malliavin calculus combined
with a "local time variational calculus" argument. See [6] for the existence of strong
solutions of SDE’s driven by B H < %, when e.g. the drift coefficients b belong to
LY(RY) N L*(R?) or see [37] in the Wiener case. We also refer to a series of other
papers in the Wiener and Lévy process case and in the Hilbert space setting based on that

approach: [35]], (211, [38l], [L16], [4], [S].

Finally, we mention that the construction technique in this article may be also used for
showing strong solutions of SDE’s with respect to generalized drifts in the sense of (1.4)
based on Kato classes. The existence of strong solutions of such equations in the Wiener
case is to the best of our knowledge still an open problem. See the work of Bass, Chen

[7].

Our paper is organized as follows: In Section 2 we introduce the framework of our
paper and recall in this context some basic facts from fractional calculus and Malliavin
calculus for (fractional) Brownian noise. Further, in Section 3 we discuss an integration by
parts formula based on a local time on a simplex, which we want to employ in connection
with a compactness criterion from Malliavin calculus in Section 5. Section 4 is devoted to
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the study of the local time of the fractional Brownian motion and its properties. Finally,
in Section 5 we prove the existence of a strong solution to by using the results of the
previous sections.

2. FRAMEWORK

In this section we pass in review some theory on fractional calculus, Malliavin calculus
for fractional Brownian noise and occupation measures which will be progressively used
throughout the article. The reader might consult [34], [33] or [12] for a general theory
on Malliavin calculus for Brownian motion and [42, Chapter 5] for fractional Brownian
motion. For theory on occupation measures we refer to [[18] or [24].

2.1. Fractional calculus. We start up here with some basic definitions and properties of
fractional derivatives and integrals. For more information see [48] and [31].

Leta,b € Rwitha < b. Let f € LP([a,b]) with p > 1 and @ > 0. Introduce the left-
and right-sided Riemann-Liouville fractional integrals by

1% f(x) = ﬁ / (& — )™ f(y)dy
and ,
12 f(x) = ﬁ / (v — ) f(y)dy

for almost all = € [a, b] where I is the Gamma function.

Further, for a given integer p > 1, let 12, (L?) (resp. I{* (L?)) be the image of L”([a, b])
of the operator %, (resp. I;"). If f € 1% (LP) (resp. f € I{"(LP))and 0 < a < 1 then
define the left- and right-sided Riemann-Liouville fractional derivatives by

o 1 d [ f(y)
R e / Sy

and

o 1 d " f)
D1 = g a@/x PR Das

The left- and right-sided derivatives of f defined as above can be represented as follows

by
L (@[ - )
Da- ”‘ru—a)((x—a)a* | e dy)

1 (@) ' (@) — 1)
Dis10) = gy (e o Ty e

Finally, we see by construction that the following relations are valid
ot (Dg f) = f

and

forall f € 1% (LP) and
ar(Uge f) =1
forall f € LP([a,b]) and similarly for I and Dj" .
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2.2. Shuffles. Let m and n be integers. We denote by S(m, n) the set of shuffle permu-
tations, i.e. the set of permutations o : {1,...,m +n} — {1,...,m + n} such that
o)< ---<o(m)ando(m+1) <--- < o(m+n).

The m-dimensional simplex is defined as

A = {(5my---,81) €[0,T]™: 0 <5 < -0+ <51 < L}
The product of two simplices then is given by the following union
Agft X Ag,t = UUES(m,n){(wm+"’ coowp) €10, T 6 < Wo(man) < < Wo(1) < thUN,

where the set N has null Lebesgue measure. Thus, if f; : [0,7] > R,i=1,...,m+n
are integrable functions we obtain that

i m-+n
/ Hfj(sj)dSm...d31/ H fi(8)dSmin - - dSmi1
Agft _]:1 Ag,t ]:m.l,.l
m-+n
e /mm I fo0) (wj)dwm - -dwr. 2.1)
oeS(m,n) Ae,t j=1

We hereby give a slight generalization of the above lemma, whose proof can be also
found in [6]. This lemma will be used in Section 5. The reader may skip this lemma at
first reading.

Lemma 2.1. Let n,p and k be integers, k < n. Assume we have integrable functions
fi 10,7 =R j=1,...,nandg; : [0,T] = R, i =1,...,p. We may then write

fi(s1) ... fr(sk) / g1(r1) ... gp(rp)dry ... dry frs1(Skg1) - - fr(Sn)dsy ... ds;

n p
AG,t Ae,sk

- Z /Amp hi(wy) ... hy oy (Whyp)dwn gy . . . dwy,
6,t

0€Anp

where b € {f;,9; : 1 < j < n,1 < i < p}. Here A, , is a subset of permutations of
{1,...,n+ p} such that #A,,, < C"*? for a constant C > 1, and we use the definition
So — 0.

Proof. The proof of the result is given by induction on n. For n = 1 and k£ = 0 the result
is trivial. For £ = 1 we have

t
/ fl(Sl)/ 91(r1) - gp(rp)dry . . . drids,
9 .

= fi(wi)gi(wa) ... gp(wpi1)dwyyy .. . dwy,
aptt
where we have put w; = s1,wy = 71,..., Wpp1 = Tp.
Assume the result holds for n and let us show that this implies that the result is true for
n+ 1. Either k = 0,1 0r 2 < k < n + 1. For k = 0 the result is trivial. For £k = 1 we
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have

An+1f1(81) / g1 (Tl) g (T‘p)dTp dTlfg(Sg) e fn+1(3n+1)d3n+1 e d81

/fl 51) (/n /95 Gp(rp)dry ... drifa(s2) - .- fur1(Snt1)dsnyr - -

The result follows from 2.I) coupled with #S(n,p) = ("T;’, < Cntr < CHD+P | For
k > 2 we have from the induction hypothesis

0,sp,

= [ atsn RS [ 0l ar,

p
0,5},

X fk—i—l(sk—l—l) C. fn—l—l(sn—i—l)dsn—l—l e d82d81

Z / fi(sy / () - (W) Ay dwidsy
ApLr

= Z / h‘;’(wl) e an+1+pdw1 e dwn+1+p,

_ n+1l+p
GEART1,p a

where A, 11, is the set of permutations & of {1,...,n+ 1 + p} such that 5(1) = 1 and
dg(j+1)=0(j),j=1,...,n+pforsomeoc € 4, .
U

Remark 2.2. We remark that the set A,, , in the above Lemma also depends on % but we
shall not make use of this fact.

2.3. Fractional Brownian motion. Denote by B¥ = {B t € [0,T]} a d-dimensional
fractional Brownian motion with Hurst parameter H € (0,1/2). So B is a centered
Gaussian process with covariance structure

1
(Ri(t, )i = E[B"VBI) = 6 (P + 8 — 1 =), ij=1,....d

where §;; is one, if i = j, or zero else. Observe that E[|Bff — BH|?] = d|t — s|*! and
hence B has stationary increments and Holder continuous trajectories of index H — ¢ for
all e € (0, H). Observe that the increments of B, H € (0,1/2) are not independent. As
a matter of fact, this process does not satisfy the Makov property, either. Another obstacle
one is faced with is that BY is not a semimartingale, see e.g. [42] Proposition 5.1.1].

We give an abridged survey on how to construct fractional Brownian motion via an
isometry. We will do it in one dimension inasmuch as we will treat the multidimensional
case componentwise. See [42]] for further details.

Let £ be the set of step functions on [0, 7] and let H be the Hilbert space given by the
closure of £ with respect to the inner product

(Lo, Ljo,s))n = Ru(t, s).

. d82> dSl.

/ fi(s1)- --fk(sk)/ g1(r1) - gp(rp)dry . dry fri1(ska) - frr1(Snia)dspr -
At Ab
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The mapping 1o 4 + B; has an extension to an isometry between H and the Gaussian
subspace of L%(€) associated with BY. We denote the isometry by ¢ — B (). Let us
recall the following result (see [42, Proposition 5.1.3] ) which gives an integral represen-
tation of Ry (t,s) when H < 1/2:

Proposition 2.3. Let H < 1/2. The kernel

t H_% 1 ]_ 1 t 3 1
Ky(t,s) =cy [(—) (t—s)"2 + (5 — H) 52H/ w72 (u — S)H2du] ,
S S

where cyp = \/ =T 6(12—% RIESYD) being (3 the Beta function, satisfies

tAs
Ry(t,s) = / Ky(t,u)Kg(s,u)du. (2.2)
0
The kernel K5 also has the following representation by means of fractional derivatives
1 1 1
Ky(t,s) =cyl (H + 5) s2 H (Df_ HuH_5> (s).
Consider now the linear operator K3; : £ — L*([0,T)]) defined by
0Ky

(Kgp)(s) = Ku (T, s)e(s) +/ (p(t) = @(s)) =~ (¢ s)dt

for every ¢ € £. We see that (K3 1104)(s) = Ku(t,s)14(s), then from this fact and
(2.2) one can conclude that K3, is an isometry between £ and L?([0, T'|) which extends
to the Hilbert space ‘H. See e.g. [11] and [[1]] and the references therein.

For a given ¢ € H one proves that /;;can be represented in terms of fractional deriva-
tives in the following ways

1 1 1_
(K30)(s) = enT (H " 5) st (i

1

So(u)) (5)
and

(Kio)(s) et (1 + 1) (DE"6(6)) (9

+cn <% — H) /STSO(t)(t — )13 (1 — (é)mj dt.

One finds that H = I;fH(LQ) (see [11]] and [T}, Proposition 6]).
Using the fact that K}, is an isometry from # into L?([0, T']) the d-dimensional process
W = {W;,t e [0,T]} defined by

Wy = B"((Kj;) " (1)) (2.3)
is a Wiener process and the process B can be represented as follows
t
B = / Ky (t, s)dW,, (2.4)
0

see [L].
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We also need to introduce the concept of fractional Brownian motion associated with a
filtration.

Definition 2.4. Let § = {gt}te[o,T] be a right-continuous increasing family of o-algebras

on (€, F, P) such that G, contains the null sets. A fractional Brownian motion B is
called a G-fractional Brownian motion if the process I defined by is a G-Brownian
motion.

In what follows, we will denote by W a standard Wiener process on a given probability
space (€2, 2, P) equipped with the natural filtration F = {F;},c[0,7) Which is generated
by W and augmented by all P-null sets, we shall denote by B := B¥ the fractional
Brownian motion with Hurst parameter H € (0, 1/2) given by the representation (2.4).

In this paper, we want to make use of a version of Girsanov’s theorem for fractional
Brownian motion which is due to [11, Theorem 4.9]. Here we recall the version given
in [40, Theorem 2]. However, we first need the definition of an isomorphism Ky from

1
L*([0,T]) onto Iéfj? (L?) associated with the kernel Ky (¢, s) in terms of the fractional
integrals as follows, see [11, Theorem 2.1]

1 g, i-H g1
(Kuep)(s) = I3{'s> 12" s 20, @ e L2([0,T)).

It follows from this and the properties of the Riemann-Liouville fractional integrals and
derivatives that the inverse of Ky takes the form

(K7'e)(s) = 27D s 2D o(s), ¢ € Iy * (L),
The latter implies that if ¢ is absolutely continuous, see [40], one has
(Ki'e)(s) = s" 312" 5571 (s). 2.5)

Theorem 2.5 (Girsanov’s theorem for fBm). Let u = {u;,t € [0,T]} be an F-adapted

process with integrable trajectories and set BI' = BI' + [ u.ds, t € [0,T). Assume
that

(i) [ usds € I (L2([0,TY), P-a.s.
(i) E[¢r] = 1 where

£ = exp {— /OT K (/0 urdr) (8)dW, — %/OT K </O urdr)Q (s)ds} :

Then the shifted process B isan F -fractional Brownian motion with Hurst parameter
H under the new probability P defined by % =&

Remark 2.6. As for the multidimensional case, define

(Knp)(s) = (KneW)(s). ... (Kup')(s))", @ € L*([0,T;RY),
where * denotes transposition. Similarly for K ;' and K};.

In this paper, we will also employ a crucial property of the fractional Brownian motion
which was shown by [44]] for general Gaussian vector fields. The latter property will be a
helpful substitute for the lack of independent increments of the underlying noise.
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Letm € Nand 0 =: t) < t; < --- < t,, < T. Then for all &,...,&, € R? there
exists a positive finite constant C' > 0 (not depending on m) such that

m

Z<£jv Btj - Btj—1>]Rd

J=1

Var

> O g PVar [|B, — B, )7l (2.6)
j=1

The above property is referred to in literature as the (strong) local non-determinism
property of the fractional Brownian motion. The reader may consult [44] or [52] for more
information on this property. A stronger version of local non-determinism is also satisfied
by the fractional Brownian motion. There exists a constant X > 0, depending only on
and T, such that forany ¢ € [0,7],0 <r < tandfori=1,...,d,

Var [Bffﬂ {BH |t — 5| > r}] > Kr2H, 2.7)

3. AN INTEGRATION BY PARTS FORMULA

In this section we recall an integration by parts formula, which is essentially based on
the local time of the Gaussian process B . The whole content as well as the proofs can
be found in [6]].

Let m be an integer and let f : [0, 7]™ x (R)™ — R be a function of the form

f(s,z):ﬁfj(sj,zj), s=(51,...,8m) €[0,T]™, 2= {(z1,...,2%m) € (RH)™,

(3.1)
where f; : [0,T] x R — R, j = 1,..., m are smooth functions with compact support.
Further, let 5 : [0, 7)™ — R be a function of the form

s(s) = [[24(s). sel0.1), (32)
j=1
where »; : [0,7] — R, j = 1,..., m are integrable functions.
Next, denote by «; a multiindex and D its corresponding differential operator. For
o = (ai,...,a,) considered an element of NZ*™ so that |a| := > Zle ay), we
write

Df(s,2) = | [ D f(s5, 2)-
j=1
In this section we aim at deriving an integration by parts formula of the form

D°f(s, By)ds = / A (0,t,2)dz, (3.3)

Agft (Rd)m

for a suitable random field A/, where Ag', is the m-dimensional simplex as defined in
Section 2.2 and Bs = (B, ..., Bs,,) on that simplex. More specifically, we have that

Ag(@,t,z) = (27T)_dm /(Rd)m /m ﬁfj(sj,zj)(—iuj)“j exp{—i(u;, B, — 2z;) }dsdu.

0,t j=1

(3.4)
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Let us start by defining AJ(6,t, z) as above and show that it is a well-defined element
of L?(Q).

To this end, we need the following notation: Given (s, z) = (S1,...,8m, 21+, 2Zm) €
[0, 7]™ x (RY)™ and a shuffle ¢ € S(m, m) we write

2m

fols,2) = [ | foun(si 2007)

j=1

and
2m
= H () (55),

where [j] is equal to jif 1 < j <mandj —m1fm+1 <j<2m.
For integers £ > 0 let us define the expressions

2m
\Ili(97t7 Z) = Z A am( |f0<572)‘ H |8j — Sj,1|_6j ds
j=1

o€S(m,m) Be{Hd( 2k+1 (Hd}y2m

respectively,

CUUEED SRD SR BN \H\sj—wws

oeS(m,m) Be{Hd(2k+1),Hd}>™
Here, 6 = (617 s 7B2m)'

Theorem 3.1. Assume « is such that ay) < kforal j =1,...mandl =1,...,d
and that \Ifg(e, t,2),U7(0,t) < oo. Then, A (0,t,2) as in is a random variable in
L?(2) and there exists a universal constant C' = C(T, k) > 0 such that

E[|AL(0,1,2))7] < O™ (6,t, 2). (3.5)

Moreover, we have
’E[/ Y A%f(H t,z dz} ’ < Cm/2 H Hf]”Ll RY, Loo([0.T].R) ( («9 t))1/2. (3.6)
R m

Proof. See [6, Theorem 3.1]. [

The next result is a key estimate which shows why fractional Brownian motion regu-
larises (LI). It rests in fact on the earlier integration by parts formula. This estimate is
given in more explicit terms when the function s« is chosen to be

%j<s> = (KH(Sve) - KH(879/)>€j7 f<s<t
and,
x;(s) = (Ku(s,0)7, 0<s<t

for every j = 1,...,m with (eq,...,&,) € {0,1}". It will be made clear why these
choices are important in the forthcoming section. This estimate is computed in [[6, Propo-
sition 3.3 and Proposition 3.4] and the corresponding proofs can be found there.
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Proposition 3.2. Let BY, H € (0,1/2), be a standard d-dimensional fractional Brownian
motion and functions f and > as in (3.1)), respectively as in 3.2). Let 0',0,t € [0,T),
0 <6 <tand

»;(s) = (Ku(s,0) — Ku(s,0')%, 0<s<t

forevery j = 1,... . mwith (e1,...,&,) € {0,1}" for 6,0" € [0,T] with 0’ < 6. Let
a € (N&™ be an multi-index such that az(]) <kforalli=1,.... mandj=1,...,d. If

1
d2k+1)— 1)’

H < 5 (3.7

then there exists a universal constant C' > 0 (independent of m, { f;}i=1
that for any 6,t € [0, T] with 6 < t we have

m and o) such

.....

)E

/Aé'ft <H Dajfj(sjaBg)%j(Sj)> dS] ’

j=1
<cm ﬁ | f51 22 (e Lo 0,77,R)) (99;9/.9’)721-_1@ g(H=5-7) Tty e 48)
=1
o (t — )2 ZiD A+ (H=3=7) Tty eytm
Be{Hd(2k+1),Hd}>m [’ <_ E?Zl B +2 (H _ % B 7) Z;ﬂ:l e + 2m> 1/2
fory € (0,H).
Proof. See [0, Proposition 3.3]. 0O

Proposition 3.3. Let B, H € (0,1/2), be a standard d-dimensional fractional Brownian

motion and functions f and s as in (3.1)), respectively as in 3.2). Let 0,t € [0,T], 0 <t
and

x;(s) = (Ku(s,0)7, 0<s<t

forevery j = 1,...,mwith (¢1,...,&,) € {0,1}™. Let a« € (NZ)™ be an multi-index
such that o) <kforalli=1,.... mandj=1,...,d. If

i

1
< saerrn =1 3.9
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then there exists a universal constant C' > 0 (independent of m, { fi}i:l,---vm and «) such
that for any 6,t € [0, T] with 6 < t we have

‘E / (H Dajfj(sj,Bg)%j(sj)> dS] ‘
bt \j=1
m = -1 m_ Ej
=¢ Hl Hfj”Ll(Rd;Lw([OyTLR»@(H P i (3.10)
J:
(t — 9)—% I8 (H-%) iy ej+m
X )
1/2
pe{Hd(2k+1)Hayzm T (— ST B+ 2 (H —5) e+ 2m>
Proof. See [6, Proposition 3.4]. [

4. LOCAL TIMES OF A FRACTIONAL BROWNIAN MOTION AND PROPERTIES

One can define, heuristically, the local time L? (B*') of B" at x € R? by

b (8" = [ a.etis

It is known that L¢ (B) exists and is jointly continuous in (¢, ) as long as Hd < 1. See
e.g. [44]] and the references therein. Moreover, by the self-similarity property of the fBm

one has that Ly (B) law y1—ma o/t (BH) and, in particular
LY (BT) "2 i-HA 0 pH)y,

The rigorous construction of Ly (BH ) involves approximating the Dirac delta function by
an approximate unity. It is convenient to consider the Gaussian approximation of unity

o) = Ao (s ha). e>0

for every x € R? where ¢ is the d-dimensional standard Gaussian density. Then, we can
define the smoothed local times
t

Ly (B",¢) :/ ¢ (BT — x)ds
0

and construct L7 (BH ) as the limit when ¢ tends to zero in L? (). Note that, using the
Fourier transform, one can write ¢.(x) as follows

we(x) = (27T)d /Rd exp (z (€, )pa 5 ) dg.

The previous expression allows us to write

I :
Ly (Bng): (27r)d/0 /Rdexp <2<§,BSH—:E>Rd—€

|2
2

) dé&ds,
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)

X exp (-Z ( i (&5, ga + ‘gﬂ‘Rd» déds, (4.1

j=1

and

E[L; (B".¢)"] =

Rmd

7 (0,8)

where & = (£1,...,6,) = (&1,...,&0,...,€..,64) € R™ and s = (s1,...,5m) €
Tm(0,t) = {0 < sy < 59 <--- <s <t} Next, note that

m m d
exp (iz<£j,Bg>Rd>] = exp —%Var ZlkZ;ffBHk

7j=1
1 d m
_ _t k pHk
= exp 2Z:Var ijst
k
- on (-3 ame,. ),
where £ = (¢, ..., €F)) and Q(s) is the covariance matrix of the vector (B!, ... BI1).
Rearranging the terms in the second exponential in equation (4.I])we can write

wrn ) = ] oo (5 (e menn EE))

X exp < ZZ (&, x) )dfds,
7j=1

E

m! 1 € |§1|§zm 1 ‘

= (27)™ [rm(o,t) (/m eXp( (€ Q6 g 2 )d£> s
m!

= (27)™ /Tm(o,t) (/m P <__<€ Qs >) o )

= (2m)!d_m /T o (det Q(s))fg ds £ ay,.
T) 2 m (0.t

Hence, by dominated convergence, we can conclude that E [Lf (BH , e)m} converges
when ¢ tends to zero as long as «,, < oo. If @y < oo, then one can similarly show
that

lim E[Ly (B" &) Lf (B" e
€1 6121304- [ ( 81) ( )}
exists, which yields the convergence in L? () of L? (BH , 5) df o, <ocoforallm > 1
one can deduce the convergence in L? () ,p > 2 of L7 (B ¢).
The following well known result can be found in Anderson [3, p. 42].



STRONG SOLUTIONS OF D-DIMENSIONAL FBM DRIVEN SDE’S WITH GENERALIZED DRIFT 14

Lemma 4.1. Let (X1, ..., X,,) be a mean-zero Gaussian random vector. Then,
det (Cov [ X7, ..., X)) = Var [X;] Var [Xs| Xy] - - - Var [X,,| X1, ..., X4
Another useful elementary result is:

Lemma 4.2. Let X be a square integrable random variable and G, C Go be two o-
algebras. Then,
Var [X|gl] Z Var [X‘gz] .

Combining Lemmas 4.1l 4.2l and (2.7) we get that
detQ(s) = Var [BI'] Var [BIY B - Var [BIY B! . B
> sfHVar [BHl For] -+ Var [BEYF,, ]
> K" st (sp— s1) - (s — Sme1)?

and, therefore,

/ (et Q(s)) % ds < K
Tm (0,t)

Q‘

d
2

IN

(1=m) / sfHd (89 — 51)_Hd R sm,l)_Hd ds
Ton(0,2)

— K0 (HB (1 - Hd) 1—Hd)> gr=Hd) 50
if Hd< 1. Finally, we have proved the bound

Ka0-m <HB (1 — Hd) 1—Hd)> gm=Hd) (4 2y

E[L (B")"] = —=
(27T)T
Remark 4.3. We just have checked that if Hd < 1 then L} (BH ) exists and has mo-
ments of all orders. By checking that ), %* < oo, one can deduce that L (BH )
has exponential moments or all orders. Furthermore, one can also show the existence of

. 2 . o .
exponential moments of L7 (B#)” by doing similar computations as before. However,
one may also use Theorem 4.4!below to show that the exponential moments are finite.

Chen et al. [8] proved the following result on large deviations for local times of frac-
tional Brownian motion, which we won’t use in our paper but which is of independent
interest:

Theorem 4.4. Let BY be a standard fractional Brownian motion with Hurst index H such
that Hd < 1. Then the limit

lim a7 log P (LY(B") > a) = —0(H, d),

a—r o0

exists and 0( H, d) satisfies the following bounds

1

<%) o Oo(Hd) < 0(H,d) < (27)7 6,(Hd),

where cy is given by and

Bo(\) = A (%)m.
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5. EXISTENCE OF STRONG SOLUTIONS

As outlined in the introduction the object of study is a generalized SDE with additive
d-dimensional fractional Brownian noise B with Hurst parameter H € (0,1/2), i.e.

XF=z+al(X") - 1,+BF0<t<T xeR, (5.1

where L;(X"),t € [0, T]is a stochastic process of bounded variation which arises from

taking the limit
t

Ly(X7) =i X7
((X5) =l | e (X ),
in probability, where . are probability densities approximating dy, denoting &, the Dirac
delta generalized function with total mass at 0. We will consider

we(x) = 5’gg0(5’%:c), e>0, (5.2)

where ¢ is the d-dimensional standard Gaussian density function.
Hereunder, we establish the main result of this section.

Theorem 5.1. If H < 1/(2(3d — 1)), d > 1 there exists a continuous strong solution
X*={Xz t €0,T),z € R} of equation (5.1)) for all .. Moreover; for every t € [0,T],
X; is Malliavin differentiable in the direction of the Brownian motion W in (2.3)).

Proposition 5.2. Retain the conditions of Theorem Let Y* be another solution to the
SDE (5.1). Suppose that the Doelan-Dade exponentials

( / K / o (V) Ladu)* (5)dW,), & > 0

converge in LP(S)) for e — 0 for all p > 1, where p. is the approximation of the
Dirac delta o in and * denotes transposition. Then strong uniqueness holds for such
solutions.

In particular, this is the case, if e.g. uniqueness in law is satisfied.

The proof of Theorem (5.1)) essentially consists of four steps:

(1) In the first step, we construct a weak solution X to (5.1) by using the version
of Girsanov’s theorem for the fractional Brownian motion, that is we consider
a probability space (£2,2(, P) on which a fractional Brownian motion B¥ and a
process X* are defined such that (5.1]) holds. However, a priori the solution is not
a measurable functional of the the driving noise, that is X” is not adapted to the
filtration F = {F; }+c[0,r] generated by B

(2) In the next step, we approximate the generalized drift coefficient Jy by the Gauss-
ian kernels (.. Using classical Picard iteration, we know that for each smooth
coefficient ., € > 0, there exists unique strong solution X? to the SDE

dX: = ap.(X7) - 14dt +dB, 0 <t <T, X;=2¢cR?. (5.3)

Then we prove that for each ¢ € [0, 7] the family { X[ }.-, converges weakly as
e \\ 0 to the conditional expectation F[X;|F;] in the space L*(§); F;) of square
integrable, F;-measurable random variables.
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(3) Further, it is well known, see e.g. [42], that for each ¢ € [0, T'] the strong solution
X;, € > 0, is Malliavin differentiable, and that the Malliavin derivative D X[,
0 < s < t, with respect to W in (2.3) solves the equation

t
D, X; = Kg(t,s)ly +/ apl(XE) - 14D X du, 5.4)

where ¢. denotes the Jacobian of (.. Using a compactness criterion based on
Malliavin calculus (see Appendix A) we then show that for every ¢t € [0, 7] the
set of random variables { X7 }.-, is relatively compact in L?(2), which enables
us to conclude that X{ converges strongly as ¢ N\, 0 in L*(Q; F;) to E[X;|F].
As a consequence of the compactness criterion we also observe that F[X;|F;] is
Malliavin differentiable.

(4) Finally, we prove that E [ X;|F;] = X;, which entails that X, is ;-measurable and
thus a strong solution on our specific probability space, on which we assumed our
weak solution.

Let us first have a look at step 1 of our programme, that is we want to construct
weak solutions of (3.I) by using Girsanov’s theorem. Let (€, %, ]3) be some given
probability space which carries a d-dimensional fractional Brownian motion BH with
Hurst parameter H € (0,1/2) and set X7 = z + BH, t € [0,T], = € R Set
0 := (K" ([, 60(X7)drly)) (t) and consider the Doléans-Dade exponential

t 1 t
& = exp {/ oLaw, — 5/ HSTQSds} , te€]0,T).
0 0
formally.

If we were allowed to implement Girsanov’s theorem in this setting we would arrive at
the conclusion that the process

t
B =XI —2 —/ 8. (X5)ds1y (5.5)
0

. t
=B/ — / So(BM)ds1,
0

is a fractional Brownian motion on (2,2, P) with Hurst parameter H € (0, 1/2), where
Z—g = &7. Hence, because of (5.3), the couple (X%, B¥) will be a weak solution of[5.1]on
(Q,2, P).

Therefore, in what follows we show that the requirements of Theorem are accom-
plished.

Lemma5.3. Letz € R IfH < 2(1—2%) then

e>0

T .
sup Elexp(u / (K / e (BI)du)(1))2d1)] < oo
forall i € R, where

2

1 B — g

oc(B)) = ﬁexp(—@
(2me)2 2e

).
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Proof. In order to prove Lemmal[5.3] we can write

K ( /0 @,E(Bf)dr) (t) = ti-dpa M ( /0 '%,E(Bf)dr),@)

where
Yap(t,u) = (t —u)” uP.

Using the self-similarity of the fBm we can write

. 1
— law ,1_
KH1<A 90175(37{{)017“) (t) = t2 e /0 77%*H7%*H<17 u)90$t_H75(t)<Bf)du7

where £(t) := et—2¥, and hence

) 1
_ m law ,9m(i_ m
KHl(/ S%,e(Bq{{)dT)Q (t) = ¢2mia H(1+d))(/ V-i-ml (L u)pg- H t)(B )du)
0 0
2m

_ t2m(§H(1+d))(2m)/ HV** i (1, uy) -, (t)(BH)du,
Tom(0,1)

where 7,(0,5) = {0 < uy < us < ... <u, <s}and

parnco(BD) = o [ exo(i (6B —at ) = D15 s
Then
B 5[ e BOmOO a0
< /E [ aeB

T
= / $2m(3 —H(1+d)) (2m)! nyﬁf 1 (1)) ngm # (1) ]dudt
0 T2m (0,1) j=1
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Moreover,

2m

E[H Pat—H () (Bi)]

j=1

— ﬁﬂz[}_{ /Rd eXp<i <£j, BZ _ xt*H>Rd _ ( )|€]2|]Rd )dfj]

N (27r;2dm /R?dm expll ; <€]’ >
X exp(—i QZ <§J’v xt7H>Rd)

E(t) 2m )
X exp(——~ > 1&ila) s Ao
j=1

Next note that

2
Elexp(iy_ (€, B1))
’ 2m d
22 &8
j=1 k=1
1 d 2m
= exp(—§ZVar ijkaZk

j=1
= oxp(— Z<£ Q)M .0,

k 1

m
=1

= exp(—?/ar

)

where

Q(u) = Cov(BEt .. BEYY)

up U2m

18
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Hence,

2m
E[H Pat—H (t) (BQZ )]
j=1

< __l__/] ex(—lvm»§§§%gW#M YdEy...d¢

= R Joan 0N 2 =1 k=1 T o
1

— W/RM exp ——Z<£ Q)& 1o, )dEy ..o,
1

- G iy 3 ) i

< G detQ)

Using the last estimate, we get that

< -t 2m(L—H(1+d))
— (27T)dm
2m
<m)! [ ([T (L w)det Q) Hau
Tom(01) j2)
o I om0y
— (271—)dm

Xt D,

where the last bound is due to Lemma A.5 for a constant C'y 4 only depending on H and
d. So the result follows.
O

Proposition 5.4. Let v € R and H < Then there exists a X € LP(2) such that

(1+d)

&) Kt ([ peasnl B Ladu) (W) =5 X in 17(9)

n—aoo

forall p > 1. Furthermore,
B — L¥(BM)14,0<t<T

is a fractional Brownian motion with Hurst parameter H under the change of measure
with respect to the Radon-Nikodym-derivative X.
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Proof. Without loss of generality let p = 1. Then using |¢” — e¥| < |z — y|e™ ™, Holder’s
inequality, the supermartingale property of Doleans-Dade exponentials we get in connec-
tion with the previous Lemma that

E[]e"( / K37 / (B Ladu)* (5)dW.) — £( / K37 / oo (B Ladu)* (s)dW,)||
< C(L+DL)E,

where

[1::E[/OT
=si(f

t
E : = E[exp{,ul/
0

Elexp{y2 /O t

for constants C', p1q, pio > 0.

Now, let us have a look at the proof of the previous Lemma and adopt the notation
therein. In the sequel we omit 1,. Then we obtain for m = 1 by using the self-similarity
of the fBm in a similar way (but under expectation) that

2
dS]1/2,

K / (B Ladu)*(s) — K37l / o (B Lydu)*(s)

2 T
ds—/
0

K / (B Ladu)*(s)

2

d8)2]1/2

K / (B Ladu)*(s)

Kl / o (B Ladu)*(s)

2

ds}]1/4

2
ds}]1/4

K / o (B Ladu)*(s)

2 2

\K [ eatBaw |

Kl / (B )duy*(1)

= B[ HD) ()] / Hv it (1 )P oo (B
75m01

/ Hv it (L) P e (B,
7'2m01

where ¢;(t) = g;t 2%, i = 1,2. Using shuffling (see Section 2.2), we get that

2 2

]K o, (B )du)* (1) |

Kl / ey (B Ydu)* (1)

_ E[(t2m( H(1+d))(2m) )2

/7?1 Hfa(] u;)dul,

ceS(2m,2m) m(0,1) j=1
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where fj(s) = 7—%—H,%—H(17 S)S%t—H,el(t)(Bf)aifj =1,...,2m andW_%—H,%—H(la 3)<th—H,sg(t)(Bf)a
if 7 =2m + 1, ..., 4m. Without loss of generality, consider the case

4m

Ilquﬂuﬁ

2m

= Hfo%fH’%fH(lu Uj)‘th—H,el(t) (BIZ)
j=1

X H v_ ——H H 1 U])S%t HEQ(IE)(BQZ)'

] 2m+1
Then
im
1
S,
ﬁm(ovl) 7j=1

_ <t2m(%fH(1+d)) <2m) ')2

mion(Ly g (1, uy )
/717”01 H, H j H H H J

j=2m+1

Hgomt Hsl(t H Pat— H,Ez(t )]d

j=2m+1

= (tQm( H+d) (9m)! / H7 1og (1, u )
Tam(0,1) ;

E[H T/ oot {53 —et) et/

x H [ oot (g a7 xS

— (t2m(§— (14d)) (Qm)l)Q

/ 1_[’7/71{1 u(l UJ)
Tam (0,1)

< oy [ E[exp(z'f; (6:81),.)

'|Rd ‘|]Rd

4m
X exp(—i Z (&, :L’t’H>Rd) ex
j=1

dgl .. .d§4mdu.
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So

Tam (0,1)
(t2m( H(1+d)) 2m / H,y __Hl H 1 U/])
Tam (0,1)

1 1
g [, P53 (O
x exp(—1 Z (&, at™™) ) exp(

dé,...dEymdu.

Hence, using dominated convergence in connection with Lemma A.5, we see that

T
Tam (0,1)
— / t2m 7*H(1+d 2m / Hf}/,,,H i H 1 u])
Tam (0,1)

1
Xw/wmmexp __Z<§ Q f >R4m

’|Rd - ‘|Rd

k=1
4m
exp(—i Z <§j, xt*H>Rd)d§1...d§4mdudt
j=1

for 1,9 N\ 0. For other 0 € S(2m,2m), we obtain similar limit values. In summary,
we find (by also considering the case €; = €5) that

E(( / K57 / e (B )du)(s) — Ky / 0ea(BI)du)(5)
for 1,e9 \( 0. Thus

2

ds)?] — 0

I, = I(n,r) — 0 for n,r — o0.
Similarly, we have that
I = Ii(n,r) — 0 for n,r — o0.

Since £ = E(n,r) is uniformly bounded with respect to n,r because of the previous
Lemma [3.3] we obtain the convergence of the Radon-Nikodym derivatives to a X in
LP(Q2) for p = 1. The second statement of the Lemma follows by using characteristic
functions combined with dominated convergence. U

Henceforth, we confine ourselves to the filtered probability space (2,2, P), F =
{F:}tepo,r) which carries the weak solution (X*, B¥) of (5.1).
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We now turn to the second step of our procedure.

Lemma 5.5. Suppose that H < and let { .} e~ be defined as

2(1+d)

0e(y) = ealy) = e 2p(e 2 (y — 7)), > 0,

where @ is the d—dimensional standard normal density. Denote by X*° = { X[t €
[0, T} the corresponding solutions of (5.1)), if we replace 0, by ¢. .(y),e > 0. Then for
every t € [0,T] and bounded continuous function n : R — R we have that

0y
) E—>r

n(X;) — En(X)) | F]
weakly in L*(Q0, F;, P).

Proof. Without loss of generality let x = 0. We mention that

5, = {exp{z<a],BH B >} (a3 CRLO =ty < . <ty =tk > 1}

7=1

is a total subset of L?(2, F;, P). Denote X;”° by X/ for ¢ = 1/n. Then using Girsanov’s
theorem, we find that

WE

Eln(X7) exp{)_ (. B = B ))]

2
<04jaXZ - Xy —/ <p1/n(X§)1dds>}]
1 tj—1

<.
Il
-

= Eln(X}") exp{

M=

J

tj
<ozj,Bg—Bgl —/ gol/n(BsH)ldds>}
ti_1

J

J

M=

= En(B/) expy{

Il
—_

£( / K / (B Ladu) (s)dW,)].

On the other hand, we obtain by |e* — e¥| < |z — y|e* 1Y, Holder’s inequality, the
supermartingale property of Doleans-Dade exponentials and the proof of Proposition [3.4]
that

k tj
En(Bf") exp{> <Oéj7BH Bl —/ <P1/n(Bf)1ddS>}
j=1

ti—1

.5(/0 Kﬁl(/o. ©1/n (B 1gdu)* (s)dWs)

k
B) exp{z <ozj, tj ) / do(B d81d>}
j=1

-X]|
< 0(11 + I+ -[3)E7
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where

k t; tj i
L= E[(Z <% | amhas- [ soun<Bf>1dds>> 1,
ti—1 ti—1

j=1
2
dS]l/Q,

K / oun(BI)Ladu)*(s) — K37\ / o (B Ladu)*(s)
ds—/t

k t;
E :=sup E[exp{SZ <ij,Bth{ - Bgfl - / Spl/n(Bf>1ddS>}]l/8

r>1 tj

2 2

Kl / 1B )1y (s) Kl / oue (BE) Lydu)(s)| )12

j=1

k t;
-E[exp{8z <ij,Bth{ — Bgfl —/ 50(Bf)d51d>}]1/8
j=1 tj—1

2

ds}]'/®

2

ds}]1/16

- Elexp{u /0 t

K7 / (B Ladu)*(s)

- Elexp{y /0 t

for constants C, i1, s > 0.
By inspecting the proof of Proposition 5.4l once again, we know that

K /O v (BT dsLadu) (s)

[3 = [3(77/) — 0 forn — 0.

and
I, = I;(n) — 0 for n — oo.
Since L¥ (B ¢) converges to L¥(B™) in LP(2) for all p > 1, we also conclude that

I, = I;(n) — 0 for n — o0.
On the other hand, we obtain from (.2)), Theorem 4.4] and Lemma [5.3] that
E=En) <K

for all n, where K is a constant. So we see that

En(X}") exp{zk: <aj, Bl - Bff,l>}] —

j=1

k t;
E[n(Bf") exp{) _ <%‘735 - Bl —/ 50(35)1dd5>}

j=1 i

X]

= BIER) 1F] el (ag, B~ B )

j=1
for n — oo, which completes the proof. U
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We continue with the third step of our scheme. This is the most challenging part. For
notational convenience let us from know on assume that « = 1 in (5.I) and that . stands
for the Jacobian of ¢.1,. The following result is based on a compactness criterion for
subsets of L?(2) which is summarised in the Appendix.

Lemma 5.6. Let {p.}.~o the family of Gaussian kernels approximating Dirac’s delta
function 6y in the sense of (3.3). Fix t € [0,T] and denote by X; the corresponding
solutions of (8.1)) if we replace Li(X*) by fot 0e(XZ)ds, € > 0. Then there exists a
B € (0,1/2) such that

" [V E[||DyX; — Dy X%
do'do <
o [ &

and

sup 1D X5 | L2 (x[0,1),rex ey < 00 (5.6)
e>

Proof. Fix t € [0,T] and take 0,60 > 0 such that 0 < ¢’ < # < t. Using the chain rule for
the Malliavin derivative, see [42, Proposition 1.2.3], we have

t
[4

P-a.s. forall 0 < 0 <t where ¢.(z) = (%@“ (z)) denotes the Jacobian matrix
i ij=1

-----

of ¢, and I, the identity matrix in R%*¢. Thus we have

Do X —DyX: = Ku(t, 6V, — Ky(t,0)I,
v [ xapexias - [ oLocexas
Kt ) s KOV,
v [ exopexias s [0 DX - DX
:KH(et, 01, — Kul(t,0)1s +9D9/X§ — Ku(0,6)1,
+ /et OL(X)(Dy X; — DpX7)ds.

Using Picard iteration applied to the above equation we may write
Do X;—DgX; = Ky (t,0)I; — Ky (t,0)1,

+> [T #(X5) (K (sm. 01 — Kii(5im,0)1g) dsy - - dsy
m=1 Ag ’

0,t =1

+ (Id + Z/ [T LX) dsm - 'd51> (Do X5 — Kp(0,0')14).
m=1 A

0,t j=1
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On the other hand, observe that one may again write
Dy X5 — Ky(0,0); =) / [T (X ) (K (51, 0)1a) sy - - - dsy.
m=1"8y 5 j=1
Altogether, we can write
Do X; — Do X; = 1,(0',0) + I5(0',0) + I5(6,0),
where

Il (0/, 0) I:KH(t, 0’)Id — KH(t, H)Id

[2€<9/79) = Z /Am H(,O;(X;) (KH(Sm,el)[d — KH(5m79>[d) ds,, - - dsy
m=1

0,t j=1
I(6,0) := (Id + Z /Am H(p;(X;)dsm~-~dsl>
m=1" 85 j=1
X (Z/ ng’e(X;)(KH(sm,H’)Id)dsm~-~dsl.> .
m=1" 2y ¢ j=1

It follows from Lemma [A.4] that

/t /t ||Il(0/70)||%2(ﬂ) d0d0 — /t /t |Kp(t,0") — KH(ta‘g)‘Qd@dQ/ < 00 (5.7)
o Jo 1070 o Jo 6"~ |

1423 9‘1+25

for a suitably small 8 € (0,1/2).
Let us continue with the term I}(¢’,6). Then Girsanov’s theorem, Cauchy-Schwarz
inequality and Lemma[5.3]imply
B[ 15(¢',0)|1]
1/2

<CE

Z/ [[¢.(@+ BE) (K (sm, 0) 1o — Kpi(s,0)14) dsp -+ - dsy
m=1 Ag

0,t =1

where C' > 0 is an upperbound from Lemma[5.3]
Let || - || denote the matrix norm in R¥¢ such that ||A|| = Zf =1 |ai;| for a matrix

.....

00 d d
; 0
meorze(S Y | Lwvwsmn e mn.
m=14,j=111,...lm_1=1|| Y 26} Oz, Ooxy,

9

gl a4 BE) (Kirlsin,0) = Kt (5, 0)) ds - ds,
J

2
L4(Q,R)>
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Now we concentrate on the expression

0
J5(6,0) = — (x4 BEY (Ky (s, 0') — Kpg(5m, 0)) ds.

0
(@) BHyY. ..
¢ (z + By)) o,

Am 8:611
(5.8)

Then, shuffling J5(¢’,6) as shown in (2.1)), one can write (J5(6’,0))? as a sum of at most
22™ summands of length 2m of the form

/ 91(B3) + Gam (B, )dsom -~ ds1, (5.9)
AQm
where foreach [ = 1,...,2m,
9 9 o
dH(5) & { Grel o+ B, 5o+ B7) (Kl 0) = Kin(0)) 07 = ooy}
J

Repeating this argument once again, we find that J5(¢’,6)* can be expressed as a sum
of, at most, 28™ summands of length 4m of the form

/4 gi(BE) -+ g3 (BE Ydsup - - - ds, (5.10)
A m
where foreach [ = 1,...,4m,

0 A 0 , o
g (B € {%@Z)($+B.H) a—SOS (z + BM) (KH(',H)—KH(',Q)),Z,jzl,---,d}-
J .7

It is important to note that the function (Ky(-,60") — Ky (-,0)) appears only once in
term (3.8) and hence only four times in term (3.10). So there are indices ji,...,Js €
{1,...,4m} such that we can write (5.10) as

im 4
/A4m (nge(Bg)> H (Kp(s),,0") — Kg(sj,,0)) dsam - - - ds1,
ot \j=1 Py

where
0
g (B! e {a gp§2>(:c+Bff),i,j:1,...,d}, l=1,... 4m.

The latter enables us to use the estimate from Proposition [3.2] with Z _,&; = 4and
k = 1 and thus we obtain that

E(J5(0,0)" < (ee_f ) 05 O | gy AT (. £ = 0])

whenever H < and v € (0, H), where

(3d i)

1 8m 1
t _ 0 ) i—1 6j+4(H7§*’Y)+4m
[t =62 (5.11)

12"
Be{Hd,3Hd}sm T ( E B +8(H —7)+ 8m>

Note that ||| ;1 gay = 1.



STRONG SOLUTIONS OF D-DIMENSIONAL FBM DRIVEN SDE’S WITH GENERALIZED DRIFT 28

Altogether, we see that

2
0— 0\ : >
E[|I5(¢,0)]] s( 7 ) g2(H=37) (Zdm“c’”llwaIITl(Rd)Azn(H,d,|T|)1/4> :

m=1

So we can find a constant C' > 0 such that

0 — 0/ 2y )
sup B [||15(#, 6)]°] gC( 00 ) g(i-1)
e>0

for v € (0, H) provided that H < 2(3d 1y~ Itis easy to see that we can choose y € (0, H)
such that there is a suitably small 5 € (0,1/2),0 < 8 <y < H < 1/2 so that it follows

from the proof of Lemmal[A.4] that
0/
00’

2y

10212119 — ¢/| 2840/ df < oo, (5.12)

for every ¢t € (0,7].

We now turn to the term [5(6’,6). Observe that term I5(¢’, 0) is the product of two
terms, where the first one will simply be bounded uniformly in 6,¢ € [0, T] under expec-
tation. This can be shown by following meticulously the same steps as we did for I5(¢’, 6)
and observing that in virtue of Proposition [3.3] with ¢; = 0 for all j the singularity in 0
vanishes.

Again Girsanov’s theorem, Cauchy-Schwarz inequality several times and Lemma [5.3]
lead to
2

E(|15(6",0)|1") <C

Id+2/ Hcpex+BHdsm---d

th 1

LB(Q Rdxd)
2

Y

H% (€ + B Ky (5, 0 )dsp - - dsy

0,0 j=1 LA(Q,Rdxd)
where C' > 0 denotes an upperbound obtained from Lemma[3.3]
Again, we have
E|I5,0))% <C| 1 —— W (x4 BHy...
(CCOEE(ES b ol ol IF- I
m=11 1y--45 m 1= 5

0
g —pllm- 1><$L’+B£ﬂ)d8m~-~d81
]

x(ii 5

m=14,j=111,....Im—1=1

2
LS(Q,R))

aa @Um=1) (g 4 BI VK (s, 0)dsy, - - - dsy
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Using exactly the same reasoning as for I5(6',0) we see that the first factor can be
bounded by some finite constant C' depending on H, d, T', i.e.

o) d d
€ 8 7
CUES 09 ol ol F M- U
m=1ij=111,.lm_1=1 wo ok
2
L4(Q,R)>

0 0
0.0 = [ ST+ B ol B K5 s s,
Am $ll $]

(5.13)

aa @Um=1) (g 4 BIVKy(sm, 0)dsy, - - - dsy

As before, we pay attention to

We can express (J5(6',0))* as a sum of, at most, 28 summands of length 4m of the
form

/ GBS i (B, dsam -+ dsi, (5.14)
Am
where foreach [ = 1,...,4m,
e(npH 9w o 9 @ H N
g/ (B”) € oz, . (z + B ),%cps (x+ B )Kgy(-,0),4,j=1,...,d¢,
J

where the factor K H( 0) is repeated four times in the integrand of (3.14). Now we can
simply apply Proposition[3.3] with & = 1 and Z ., €; = 4 1in order to get

EI(J5(6,0))"] < 0' 0T 2) 0o, | 7y A (H. d, 10— 0')),

whenever H < where AY (H, d, |0 —¢'|) is defined as in (53.11)) by inserting y = 0.

2(3d )
As aresult,
o 2
E[| 159, 0)|?) < 6*(F7-%) (Z A" C™ e || s oy A (H, 160 — 9’|)1/4> :
m=1

Since the exponent of |§ — 0’| appearing in A% (H,d, |0 — 6]|) is strictly positive by
assumption, we can find a small enough 6 > 0 and a constant C' := Cy 4 > 0 such that

sup E[| I5(6',0))%) < |62 "=2)j6 — ¢/

e>0

provided H < 36T d Nk Then again, it is easy to see that we can choose 5 € (0, 1/2) small
enough so that it follows from the proof of Lemma[A.4] that

/ / 10]2(7-2) |0 — 0/)F~1=2P 46’ df < oo, (5.15)

forevery t € [0, 7).
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Altogether, taking a suitable 3 so that (3.7), (5.12)) and (5.13) are finite, we have

" [V E[||Dy X — Dy X |?]
do'do < .
wp [ [ o

Similar computations show that

sup ||D~Xf||L2(Q><[O,T},RdXd) < Q.
e>0

O

Corollary 5.7. Let { X[ }.~ the family of approximating solutions of (5.1)) in the sense of
(B.3). Then for every t € [0, T] and bounded continuous function h : R? — R we have

h(X7) === ME[X,|F])
strongly in L*(Q; F;). In addition, E [X;|F;] is Malliavin differentiable for every t €
[0, 7.

Proof. This is an immediate consequence of the relative compactness from Lemma
and by Lemma we can identify the limit as being E[X;|F;] then the convergence
holds for any bounded continuous functions as well. The Malliavin differentiability of
E[X;|F;] is shown by taking h = I, and estimate (3.6) together with [42], Proposition
1.2.3]. U

Finally, we can prove the main result of this section.

Proof of Theorem[5.1] Tt remains to prove that X, is F;-measurable for every ¢ € [0, T]. It
follows that there exists a strong solution in the usual sense that is Malliavin differentiable.
Indeed, let h be a globally Lipschitz continuous function, then by Corollary [5.7] we have
that

o(X}'™) = o(E[X,|F]), P—a.s.

asn — oo.
On the other hand, by Lemma[3.5] we also have

WX = Elp(X)|F]
weakly in L?(§2; F;) as n — oo. By the uniqueness of the limit we immediately have
h(E[Xi|F]) = EMX)|F], P—as.

which implies that X, is F;-measurable for every ¢ € [0, 7.
Let us finally show that our strong solution has a continuous modification. We observe
that

BlIXT = X"

< Cum(E[( / 50(X2)du)™] + E[|BE — BH|™)

< Cum(E( / S0(X2)du)™] + [t — s|™).
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On the other hand, we have that
t t
BI( [ 82wy < BI( [ (Bl + )™ B,

where X is the Radon-Nikodym derivative as constructed in Proposition[5.4l Further, we
know from (4.2)) for a similar estimate that

t
E[(/ So(BH + 2)du)?™)2 < Cmort |t — 5| FO-HA)
So )

which entails by Kolmogorov’s Lemma the existence of a continuous modification of X*.
O

Proof of Proposition[5.2l Denote by Y the LP—limit of the Doleans-Dade exponentials.
Using characteristic functions combined with Novikov’s condition, we see that

V¥ —x =Bl + L(Y")1y
is a fractional Brownian motion under a change of measure with respect to the density Y.

The latter enables us to proceed similarly to arguments in the proof of Lemma[5.3] and to
verify that

k k
By exp{_ {aj, B = B ) = BIX? exp{d_ (o, Bff = B )}
j=1 j=1

for all {a;}i_; C R0 =ty < ... <t} = t,k > 1, where X* denotes the constructed
strong solution of our main theorem. This allows us conclude that both solutions must
coincide a.e. UJ

APPENDIX A. TECHNICAL RESULTS

The following result which is due to [10, Theorem 1] provides a compactness criterion
for subsets of L?((2) using Malliavin calculus.

Theorem A.1. Let {(2, A, P); H} be a Gaussian probability space, that is (2, A, P) is
a probability space and H a separable closed subspace of Gaussian random variables
of L*(Q), which generate the o-field A. Denote by D the derivative operator acting on
elementary smooth random variables in the sense that

Further let DY2 be the closure of the family of elementary smooth random variables with
respect to the norm

10 = 1 2 ) + IDE 20y

Assume that C' is a self-adjoint compact operator on H with dense image. Then for any
¢ > 0 the set

G ={GeD? |Gl + |CTDE g < ¢}
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is relatively compact in L*(2).

In order to formulate compactness criteria useful for our purposes, we need the follow-
ing technical result which also can be found in [10].

Lemma A.2. Let v, s > 0 be the Haar basis of L*(|0,T]). For any 0 < o < 1/2 define
the operator A, on L*([0,T]) by

Agvs = 2k, if s = 28 + 4

fork>0,0<j < 2and
Al =1.

Then for all  with o < < (1/2), there exists a constant ¢, such that

|2 1/2
|Aaf]| < e Hf”Lz([o ) (/ / t’ 1+26 dtdt')

A direct consequence of Theorem[A.I] and Lemmal[A.2]is now the following compact-
ness criteria.

Corollary A.3. Let a sequence of Fr-measurable random variables X,, € D2, n =
1, 2..., be such that there exists a constant C' > () with

sup E[| X,|*] < C
mﬁH&%%mmﬁg

and there exists a 3 € (0,1/2) such that

|| D: X, — Dy X,|?]
sup/ / PRIEEE dtdt’ < oo

where || - || denotes any matrix norm.
Then the sequence X, n = 1,2..., is relatively compact in L*(Q).

For the use of the above result we will need to exploit the following technical results
which are extracted from [6].

Lemma A4. Let H € (0,1/2) and t € [0,T] be fixed. Then, there exists a € (0,1/2)

such that
Ky(t,0) — Ky (t,0)
//‘H P@f”ww<m. (A.1)
Proof. Let 0,6 € [0,t], 0" < 0 be fixed. Write

Kut,0) = Ku(t.0) = cu |140) — 10+ (3 = 1) (a®) - )]

where f;(0) := (%)Hﬁ% (t — 6)72 and g,(6) = fet f“deu, 6 € [0,1].

We will proceed to estimating Ky (t,0) — Kp(t,¢'). First, observe the following fact,

e —Q

y U —x

< Cy=
ey =Y
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forevery 0 <y <z <ooanda:= (3 — H) € (0,1/2) and v < 5 — . This implies

1
2

Further,

o / O =50, /: 1O,

/ Ju(0) = fu(6') fu @),

0 —0) [t (u—6)H 2
<
C 60 /6 ” du

— o ) 0o (o 1\H-3—v
g(j(e o) 9H2v/ udu
(06") 1

As aresult, we have forevery vy € (0, H),0< 0 <0<t <T,

e (9 o 9/)27
(Kpu(t,0) — Ku(t,6))* < CH,TW

92[—[71727 (t o 9)2H7172fy

for some constant C'y > 0 depending only on / and 7.



STRONG SOLUTIONS OF D-DIMENSIONAL FBM DRIVEN SDE’S WITH GENERALIZED DRIFT 34

Thus

" Ka(t.6) — Kn(t.0)?
/0/0 do'do

EYIEE:

<C ! ? |0 — 0/| ! 26+2702H7172’y(t _ 0)2H7172fyd0/d0
— Jo Jo (66')

t 0
— C/ 02H—1—4’y(t o 0)2H—1—2’y/ |0 o 0/|—1—26+2'y(01)—2'yd€/d0
0 0

28+ 29)I'(—2y+1)

022 dp
I(—26+1)

_ C/t 92H7174fy(t _ 9)2H7172fyr(_
0

IN

C/t 02H—1—4’y—26(t o 0)2H—1—2'\/d0
0

P(2H—27)P(2H 47—25) pAH 67261

=C
T(4H — 6+ — 25) =
for appropriately chosen small v and 5.
On the other hand, we have that
"Ky(t,0) — Ky(t,0))?
/ =] df'de
t |9 _ 9/|—1—2ﬁ+27
< C/ 02H—1—4’y(t _ 0)2H—1—2’y/ delde
—Jo 9 (0)*
t t
< C/ 92H7176'y(t . 9)2H12'y/ |9 . 9/|7172B+2fyd9/d9
0 )

— C/t 02H—1—6’y(t _ 0)2H—1—26d0
0

Hence

Y (Ea(t0) - Ku(t0))?
/O/O df'df < oo.

0 — 0/[1+28

Lemma A.S. If H < ; we have that

(1+d
_4d
T2m (0,1)

for some constant Cy 4 depending only on H and d.
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Proof. We have that

Qm/ ny Ll _y (1,u;) (det Cov (BH, ..., BIL)) 2  du
Tam (0,1)

< (2m)! /T o V-1i-m1 _g (Lu) HdH’fofH g (1,u5) (u; _ujfl)_Hddu
2m

) // / <7H (1, uz) H7 s (L) () — uy0)” Hd)

X </ V-i-Hi-m (1,u1) uy Hd (ug —uy)~ 1 dul) dug - - digy,.
0

The inner integral can be bounded by
u2
/ Yoromaog (L) up 7 (g — ug) ™ duy
0
3 2Hd-H _1_
0

1
——2Hd H
< uj /O Vol H(4d) A —HO+a) (L u1) duy

s oman,, (1
_ 2 HB<§—H(1+d),§—H(1+d)),

—-H

NI

<(1- ul)féfH. Hence,

Ié(zmﬂ/olfomm---/OM( s (L) Hv it (1 uj><uj»—w_1>‘“>

us3
x </ V-i-ma-2nd-an (1, u2) (us — up) du2) dug - - - dugy,
0

where we have used that (1 — uou)~

xB(——H(1+d) 2 H(1+d)).

The inner integral can be bounded by

u3
/ V-1_-H2-2Hd-2H (1, uz) (ug — u2)7Hd duuy
0

1

_1_

= o BH4- 2H/ V-rraz—2ma-am (1,u2) (1 — uguz) "2~ duy
0

1
3-3Hd—2H
< u3 / V-1 _H(1+d),2-2Hd—2H (1, u2) duy
0

1
= i 3Hd2 g (5 ~H(+d),3—2H(1+ d)) :
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and we get
1 U2m us 2m Hd
1< (27”)!/0 /0 /0 Yoromaog (Lua) [T rescmaom (L) (= i)
j=5

U4
x </0 Voiom1-sm(sa) (L us) (ua — ug) du:s) dug - - - dugy,

xB(%—H(1+d)g—H(1+d))8<%—H(1+d),3—2H(1+d)>.

Iterating the previous reasoning we have that

IS(Qm)!ﬁB(%—H(l+d),j(g—H(1+d) )

AT (A -HQO+d)T (- H(1+d)
~e S )

_(r(}_ o L(3—H(1+d)@2m)
_ (r (2 H<1+d>)) T(I—H(1+d) +2mE—H(+d))
CH T M 4 (=01 +0)
FE-HA+d)+jE-H1+d))

B 1 2m I'(2—H(1+4d)(2m)
—<F@ f““”ﬂ) T HO+d) 20— H(+d))

2m—1

< I1 (%—H(1+d)+j<g—ff(1+d)))

J=1

A 2m I'((-—H@1+d)r2m+1)
=(P(G-7040)) S ) ST

2m—1 P (—% + 2m + 1)
y <§ _HQ +d)) 3 2H(11d)

2 r (4(1—H(1+d)))
3—2H(1+d)

Next, taking into account the following asymptotics, see Wendel [S1]],

[ (m+A) ~m* (m),
T (m+1) ~ A2 (21) 7 A™m's (m)),
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we get that

=
=

T (2m + 1) ~ 23 (27) 72 4™m~2 (m))?,
r (— @ +H(1+ d)) +m(3—2H (1+d)) + 1) ~ (m (3 —2H (1 + d)) + 1)~ (3+H0+D)
xT(m@3—2H1+d)+1)

_3 _
~ Crr a4 (m) 2 (m)* 20+

2 2
r\- 2 1)~ (2 1) 3—2HQ+) ' (2 1
< 3—2H(1+d)+ m+) (2m+1) (2m +1)

~ C}{,d (K}{,d)m (m)7372H2(1+d)*% (ml)2

which yields

2
r(2m+1)F(_m+2m+1> o Ol (K )™ () SR (gt 204)
I(-(E+HO+d)+m@B-2H(1+d)+1) B0 !

and the result follows. ]

Y
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