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Preface

Abstract

This thesis aims to study the risk measure Conditional Value-at-Risk and
analyse an optimization problem of maximizing expected return subject to
this risk measure. The analysis include performing Fourier-Motzkin elimina-
tions on the system of linear constraints of the problem, so that the portfolio
is the only remaining decision variable.



Acknowledgements

First of all I would like to thank my supervisor, Geir Dahl, for always taking
time to answer my questions, and for pointing me in the right direction.

Also, I very much appreciate the work Katinka put in proofreading my
thesis, even though she had her own exams to worry about.

I would like to thank my boyfriend, Gaute, and my family for their love
and support. Gaute deserves an extra ’thanks’ for checking my thesis for
wrong spellings.

And lastly, but not lest, I would like to thank my fellow students for
interesting conversations and for making every day enjoyable. Among these,
I would like to thank Johannes for interesting discussions on the topics of
this thesis.

Oslo, May 2016 Hilde.



Contents

1 Introduction

1.1

My contributions . . . . . ... ... o

2 Convexity and optimization

2.1
2.2
2.3
2.4

Basics of convexity . . . . .. .. Lo
Linear programming . . . . . . . . . . . . ... ... .....
Quadratic programming . . . . . ... ...
Fourier-Motzkin elimination . . . . . . .. .. ... ... ...

3 Mathematical Finance and Risk measures

3.1
3.2
3.3

Mathematical Finance . . . . . . .. . . . ... ... .....
Convex risk measures . . . . . . . . . ...
Value-at-Risk and Conditional Value-at-Risk . . . . . . . . ..

4 Portfolio optimization problems

4.1
4.2
4.3
44

Markowitz Mean-Variance portfolio optimization . . . . . . .
Efficient Frontiers . . . . . . . .. ... ... ... ... ...,
Portfolio optimization with CVaR constraints . . . . . . . ..
Constraints . . . . . . . . . .. ...

5 The model and Fourier — Motzkin elimination

5.1
5.2
5.3
5.4

The one period optimization model . . . . . . . .. ... ...
Fourier-Motzkin elimination . . . . . . . ... ... ... ...
Fourier-Motzkin elimination with one negative coefficient . . .
Fourier-Motzkin elimination with more than one negative co-

efficients . . . . . . ...

6 Numerical results

6.1
6.2

Efficient frontiers for problems with CVaR constraints
Efficient frontier for a Fourier-Motzkin example . . . . . . . .

25
25
34
36

49
50
52
o4
o6

59
99
61
70

73

81
82



1 Introduction

In portfolio optimization, since the future market prices are not known, one
is dealing with uncertainties. This implies that making decisions involve
some risk. Finding ’good’ measures of risk has since the Markowitz mean-
variance optimization problem in the 1950s been an essential problem. There
has been several approaches, some which has been flawed. In 1999 Philippe
Artzner, in ’Coherent risk measures’, gave some reasonable axioms for risk
measures.

The risk measure Value-at-Risk was introduced to measure an upper es-
timate of losses of a portfolio, but this risk measure lacked properties like for
instance convexity for discrete loss distributions. This made it undesirable
in optimization problems. To remedy Value-at-Risk’s shortcomings, the re-
lated risk measure Conditional Value-at-Risk was introduced.

This thesis aims to analyse an optimization model with this relatively new
risk measure. In doing so, the results and concepts from the main article
for this thesis, by Krokhmal, Palmquist and Uryasev [KPUO1], is presented.
The results and concepts from this article is used to describe an optimiza-
tion model of maximizing expected return subject to Conditional Value-at-
Risk constraints. In this optimization model, the decision variables are the
threshold, the variables representing the losses that are exceeding the thresh-
old, and the portfolio. At the end of this thesis I perform Fourier-Motzkin
eliminations on the system of constraints in the Conditional Value-at-Risk
optimization model. This elimination results in new, equivalent optimiza-
tion models where the portfolio is the only decision variable. In some cases,
as we will see, these new optimization models not only have fewer decision
variables, they also have fewer constraints.

In Chapter 2 I will give a short introduction to convex sets and functions. In



this chapter I also introduce the basics of linear programming and quadratic
programming, and aim to clarify the connection between convexity and opti-
mization. The final section in this chapter gives an introduction to Fourier-
Motzkin elimination. This technique of eliminating variables in a linear
system of inequalities can be used in optimization problems, where the con-
straints are linear. The Fourier-Motzkin elimination is of importance in
this thesis, as my main contributions are performing Fourier-Motzkin elim-
inations on the constraints of the Conditional Value-at-Risk optimization
problem.

In Chapter 3 I lie down the financial framework for this thesis, from a
stochastic calculus point of view. This chapter also gives an introduction to
convex risk measures. In the final section I present the risk measures Value-
at-Risk and Conditional Value-at-Risk, and some of their properties. In
particular, I show that Conditional Value-at-Risk is a coherent risk measure,
and hence also a convex risk measure.

Chapter 4 gives an introduction to portfolio optimization problems. I give
a short introduction to the classical Markowitz mean-variance optimization
problem, and Markowitz’s concept of efficient portfolios. In this chapter
I introduce the main optimization problem of this thesis; the problem of
maximizing expected return subject to the risk measure Conditional Value-
at-Risk. The presentation of this model is based on the article by Krokhmal
et. al. [KPUO1|. In addition, some additional constraints are introduced.

In Chapter 5 I aim to analyse an linearized, one period optimization
model with Conditional Value-at-Risk constraints. At the end of this chapter
I perform Fourier-Motzkin elimination on this one period model, under some
conditions on the scenario probabilities.

Chapter 6 contains some efficient frontiers for the Conditional Value-at-
Risk problem.

In chapter 7 I give some of the Matlab code I have produced working
with this thesis. Some code is left out, due to their simplicity.



1.1 My contributions

My main contribution in this thesis is the work I have done in Section 5.2,
Section 5.3 and Section 5.4; the Fourier-Motzkin elimination on the system
of linear constraints in the one period optimization model with Conditional
Value-at-Risk constraints.
all decision variables except those representing the portfolio. This results in
some new, simplified systems of linear constraints. I have also proved some
results and solved some examples to clarify some of the concepts presented.

Below is a list of my contributions in this thesis:

CHAPTER 2:
The proof of Proposition 2.1.7.

CHAPTER 3:

In the proof of Theorem 3.3.2, I proved some details,

in particular that the the function F, () is convex.

I produced some details in proving the convexity property in
Theorem 3.3.3

The proof of Proposition 3.3.4, except the proof of the
convexity property.

CHAPTER 5: Most of this chapter consists of my ideas.
Section 5.2. In particular, Theorem 5.2.1 and its proof.
Section 5.3. In particular, Lemma 5.3.1 and its proof.
Section 5.4.

CHAPTER 6: This chapter consists of the efficient
frontiers I have produced.

APPENDIX A: This appendix consists of some of the
Matlab code I have produced.

In these sections I show that we can eliminate



2 Convexity and optimization

Optimization is the mathematical theory of minimization or maximization
problems, and is an important theory in for instance finance. The goal in
optimization is to find the point z* such that f(z*) < f(z) for all . Such
a point z* is called a global minimum. The problem is that most numerical
methods for finding such a minimum, often only find a local minimum, i.e a
point & that is minimum for points ’sufficiently near’ . Even though such
a minimum is good locally, it may be very poor compared to the global
minimum. If, however, the function f we are looking at is convex, then local
minima are also global. This is a very important fact, and is why convexity
is fundamental in optimization.

2.1 Basics of convexity

In this thesis, the goal is to investigate some concepts and optimization mod-
els in finance. In doing so, it is important to look at convexity, as it also is
of great importance in financial optimization. In this section we will restrict
the attention to convexity in R", since the sets we are interested in will be
the set of some real vectors.

This section is based on the report by Dahl [Dah10].

Convex sets

In optimization, the set of feasible points is often a convex set. This is
the case in for instance linear programming. Here, the convexity of the
feasible set plays a role in the existence of optimal solutions and how to
solve optimization problems numerically. Also, for the applications in this
thesis, we will later see that some risk sets are convex sets.



Figure 2.1: Some convex sets.

L 3

Figure 2.2: Some non-convex sets.

Definition 2.1.1. A set C' C R" is called convex if
(I=XNx+ Ay eC, foralx,ycCand 0 <A< 1

Geometrically, a set is convex if it contains the line segments between
each point in the set. For an alternative definition of convex sets, let

X1,X2,...,X, € R™ be vectors and \; > 0 for j = 1,2,...,n such that
Z?:l Aj = 1. Then the vector x = Z?:Z x;\; is called a convex combination
of the vectors x1,Xo,...,x, € R™. A convex set is a set that is closed under

convex combinations.

The expectation of a random variable, in a discrete setting, relates to the
latter definition of convexity. Let X be the random variable taking values in
{z1,22,...,2,}, and let 0 < p; < 1 be the probability that X = x;. Then the
expectation E[X] =37 pjz; is a convex combination of {z1,z2,...,zn}.
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Proposition 2.1.2. A set is convex if and only if it contains all convex
combinations of its points.

Let A € R™" x = (z1,29,...,2,)] € R® and b = (by,bs,...,by,)T €
R™. The notation Ax < b should throughout this thesis be interpreted
component wise. That is, for each row a; in A, the inequality a;x < b; holds
foreach:=1,2,...,m.

Definition 2.1.3. A polyhedron is a set of the form {x € R" : Ax < b},
where A € R™*™ gnd b € R™.

A polyhedron is a special type of convex sets, it is the solution set of a linear
system. Let S C R™ be any set, then the convex hull of S is the set of all
convex combinations of points in S. We denote this set by conv(S). The
convex hull of a set S is the smallest convex set containing S.

Definition 2.1.4. A set P is called a polytope if it is the conver hull of a
finite number of points.

Often, in optimization problems, the feasible set is closed and the optimal
solution lies on the boundary of this feasible set. It is therefore of interest
to introduce some basic knowledge of topology. In the definition below,
||[x|| € R is the norm of vector x, representing the length of x.

Definition 2.1.5. Some useful definitions:
i) An open ball is a set B°(a,r) ={x € R": ||[x —al|| <r},
where r > 0.
it) Every open ball is an open set. Also, a set S CR"™ is open if
every point in S is contained in an open ball, i.e for each
x € S there is an € such that x € B°(a,e) C S.
i) A set S is closed if its set compliment S€ is open.
iv) A set S i called bounded if there exists a number M such
that ||x|| < M for allx € S.
v) A set is compact if it is closed and bounded.
vi) The interior of S, denoted int(S), is the union of all open
sets contained in S.
vii)  The closure of S, denoted cl(S), is the intersection of all
closed sets containing S.
viii) The boundary of S, denoted bd(S), is defined by
bd(S)=cl(S)\ int(S).
Polyhedrons are closed sets. The feasible set of a linear programming prob-
lem is a polyhedron, and the optimal solution lies on this polyhedron’s
boundary. A set is a polytope if and only if it is a bounded polyhedron.
This is an important theorem in convexity.

11



Convex functions

From calculus we know that a function f: R™ — R is called convex if f” > 0,
where f” denotes the second derivative of f. Geometrically, the graph of such
a function ’bends upward’. We will in this thesis use the following definition
of a convex function.

Definition 2.1.6. Let C C R” be a convex set, then the real function f: C' —
R™ 4s convex if

FA=Nx+Ay) < (1= f(x) +Af(y)
holds for every x,y € C and every 0 < \ < 1.

Geometrically, for f: R — R, this new definition says that the line seg-
ment between each pair (x1, f(z1)) and (z2, f(z2)) lies above the graph of f
in the interval [z, x2].

x2

xy
x1 T2

Figure 2.3: A convex function.

Proposition 2.1.7. The sum of convex functions is a convex function.

Proof. Let the functions g;: R™ — R be convex for ¢ = 1,2,...,m, and let
f:R™ — R be such that f(x) = >_i"; gi(x). Then for all x,y € R", and
0<A<1

12



FA=XNx+Xy) = Yitia(d A)X+Ay)

D
S (0= Ngi) + 2gi(y))
(1-X)
(1-N)f

IA

—A Zz 191( )+)‘Zi:19i(}’)

— A (x) +Af(y)

This proves that f is convex.

Definition 2.1.8. A function f is called concave if —f is conver.

The next result will be useful in showing that our main risk measure in
this thesis, Conditional Value-at-Risk, is a convex function. The proof of
this theorem will not be stated here.

Theorem 2.1.9. Let g, h be convex functions on C C R™. Then

f(x) = max{g(x), h(x)}
s convex for x € C.

The following corollary is very important in convex optimization, and
states that for convex functions, local minima are also global. Let V f(x)
denote the gradient of f at x.

Corollary 2.1.10. Let f: C — R be a differentiable convex function, defined
on an open conver set C C R™. Let x* € C. Then the following statements
are equivalent

i)  x* is local minimum

it)  x* is global minimum

iii) Vf(x*) =0, i.e all partial derivatives at x* are zero.

In Corollary 2.1.10, since C'is an open set, the optimal solutions, if they exist,
can not lie on the boundary of C. This is simply because these points lie
outside C. For the purpose of extending Corollary 2.1.10 to the case where C
is a closed set, which is more typical, consider a convex optimization problem
where C' C R" is closed and convex.

max{f(x) : x € C, C closed and convex} (2.1)

Lemma 2.1.11. Let f: C — R be a convexr function defined on a closed
convex set C'° C R™. Then in problem (2.1), each local minimum is also
global. Moreover, the set of minima in problem (2.1) is a closed convex

subset of C'.

13



In the case where C' is closed, optimal solutions may lie on the boundary of

C.

2.2 Linear programming

The purpose of this section is to give a basic introduction to linear pro-
gramming, which will be applied when analysing an one period optimization
model later. This section is based on theory from Vanderbei [Vanl4].

A linear programming (LP) problem is an optimization problem of maxi-
mizing or minimizing a linear function subject to linear constraints. The
variables whose values are to be decided in some optimal fashion, are called
decision variables. They are usually denoted x;, j = 1,2,...,n. The function
to be maximized or minimized is a linear function of the decision variables,
and is called the objective function. We can write the objective function as
¢ = cx, where x = (z1,22,...,2,)" and ¢ = (c1.co,...,c)’. The con-
straints of the problem can either be linear equalities or linear inequalities:

o
o]

IN IV
o

where a,x € R" and b € R™ are column vectors. It is easy to convert
constraints from one form to another. We will prefer ’less-than’ inequalities’.
The standard form of a linear program can be formulated as follows on matrix
form:

maximize ¢lx

subject to  Ax
X

(AVAIVAN

b (2.2)
0

where A € R™*" b € R™ and ¢,x € R"™. m is the number of constraints, n
is the number of decision variables.

A solution x* to problem (2.2) is called feasible if it satisfies all the con-
straints. Recall that a polyhedron is a convex set of form {x € R": Ax < b},
where A € R™*™ and b € R™. So, the set of all feasible solutions in LP

1Less-than inequalities are preferred from a mathematical point of view, see Vanderbei
[Van14]
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Figure 2.4: Geometrically solution to the LP problem in Example 2.2.1.

problems is a polyhedron. If the problem (2.2) has no feasible solutions, then
the problem itself is called infeasible. A feasible solution, that in addition
attains the desired maximum, is called an optimal solution. A problem is
unbounded if there exists a feasible solution with arbitrary large objective
value.

Example 2.2.1. Assume we have following LP problem in R2.

maximize 1 + 219
subject to 2x7 + 10z <5
r1 + T9 <1
2:L‘1 — 2:1}2 < 1
I y ) Z 0

This problem can be solved geometrically in the plane. From Figure 2.4
we can see that x = (x1,x2) has feasible solutions. The feasible set is a
polyhedron which is closed, so the optimal solution lies on this polyhedron’s
boundary. In fact, Figure 2.4 also tells us that the optimal solution is x* =
(0.62,0.38), and that the optimal value is 1.38.

O

Example 2.2.1 shows geometrically the concept of feasible sets. In addi-
tion, it shows that we can find the optimal solution geometrically by finding
the feasible point (or points) where the objective function leaves the feasi-
ble set. Although this is a simple method for finding optimal solutions in

15



T2

X1

Figure 2.5: Example of a unbounded LP problem.

R?, when dealing with higher dimensions, this method is not good at all.
The most commonly used method for solving LP problems is the Simplex
method. It can be shown that the Simplex method always will terminate, i.e
find the optimal solution or prove that no such solution exists, if the leaving
variable is selected by the lexicographic rule or Bland’s rule. For details on
the Simplex method see Vanderbei [Vanl4].

Theorem 2.2.1 (Fundamental theorem of linear programming). For an
arbitrary linear program in standard form, the following statements are true:
i) If there is no optimal solution, then the problem is either infeasible or
unbounded.

it) If a feasible solution exists, then a basic feasible solution exists.

iit) If an optimal solution exists, then a basic optimal solution exists.

The first property of the fundamental theorem of LP 2.2.1 states that if a
problem is neither infeasible nor unbounded, then there exists an optimal
solution. This means that a LP problem is either unbounded, infeasible or it
has an optimal solution. The second and third property of the fundamental
theorem on LP contains the concepts of basic feasible solutions and basic
optimal solutions, for definitions see Vanderbei [Vanl4, p. 13|.

The following result, Farkas’ Lemma, is important in LP, as it gives a nec-
essary and sufficient condition for a system of linear inequalities to have

16



solutions.

Lemma 2.2.2 (Farkas’ Lemma). The system Ax < b has no solutions if
and only if there exists a 'y such that

Aly =0
y =2 0
by < 0

2.3 Quadratic programming

We will later in this thesis look at the Markowitz mean-variance portfolio
optimization problem. This optimization problem has a quadratic objective
function and linear constraints. For this purpose, we will consider quadratic
optimization. This section is based on the book by Best [Bes10].

A general quadratic function @: R™ — R can be written as

1
Q(x) = §XTCX +cf'x (2.3)
where ¢ = (c1,¢2,...,¢,)7, X = (21,22,...,7,)" and C is a n x n sym-

metric matrix. We will also assume that C' is positive semidefinite, i.e that
sT'Cs > 0 for all s.

For minimizing the quadratic function @), iterative methods like the steepest
descent and conjugate gradient method may be used. These methods are
related to each other. For more on these, see Lyche [Lycl15].

A typical quadratic optimization problem will consist of a quadratic objec-
tive function and in addition some linear constraints. I will start by looking
at a geometric example in the plane to illustrate the idea.

Example 2.3.1. Assume we have following optimization problem
1
min{ngC’x +cfxalx= b}
where ¢ = (c1, )T, C is a 2x 2 symmetric, semidefinite matrix, a = (ay, az)”
and b is a scalar. The constraint function is represented as a line in the plane,

and the objective function as a paraboloid, with ellipses as level curves.
Then the optimal solution can be found geometrically where the objective

17



Z2

Figure 2.6: Geometrically solution to Example 2.3.1.

function and the constraint function intersect in one point. This means that
the gradient of the objective function, at this optimal point x*, is a multiple
of the linear constraint. Let d be the gradient of the constraint function,
then

VQ(x*) =ud

for some scalar u.

d
For the purpose of generalizing this optimality condition to problems
having n variables and m constraints, consider the problem

min{%xTC'x +clx: Ax = b} (2.4)

where ¢ € R", C € R™*" is symmetric and positive semidefinite, A € R™*",
b € R™. Let AT = (aj,ay,...,a,), where a; is the i'th row vector of A,
and let b = (by,ba,...,by,)T. We can write the constraints on the form

T

ajx=10b, fori=1,2,...,m

where a; is the gradient of the i’th constraint. Then for a vector u =
(u1,usz, ..., un)" we should have following optimality condition

—VQ(x) = ATu

18



Definition 2.3.1. The optimality conditions for problem (2.4) are Ax* = b
and that there exists a vector u such that —VQ(x*) = ATu

The vector u is called the multiplier vector for the problem. There is one
component u; for each constraint, and this wu; is called the multiplier asso-
ciated with constraint ¢. The optimality condition Ax* = b is often called
primal feasibility, and the second condition —VQ(x*) = ATu is often called
dual feasibility.

Theorem 2.3.2. x* is optimal for problem (2.4) if and only if X* satisfies
the optimality conditions in Definition 2.3.1.

Proof. Assume that x* satisfies the optimality conditions in Definition 2.3.1.
To show that x* is optimal, we must show that Q(x*) < Q(x) for all x
satisfying Ax = b. Let x be such that Ax = b. Then by Taylor’ theorem
we have

Q(x) = Q(x*) + VQ(x*)T (x —x") + %(X -x")T0(x —x")
From our assumption, VQ(x*) = —ATu, so
VO (x —x*) = —ulA(x —x*) = —ul(b—b) =0
Since C is positive semidefinite, we have that
(x —x)TC(x —x*) >0
This gives us that Q(x*) < Q(x) for all x.
To show that x* satisfies the optimal conditions, given that it is optimal,
is a bit more complicated. This part of the proof will be omitted. |

Theorem 2.3.3. x* is optimal for problem (2.4) if and only if there exists
a column vector u € R™ such that (x*,u)? satisfies the linear equations

T *
NN e
Proof. Performing the multiplication results in the equations
Cx* + ATu = —c and
Ax* =D
In the first equation we recognize Cx* + ¢ to be the the gradient at x*, so

VQ(x*) = —ATu. These two equations are just the optimality conditions
for problem (2.4), and the result follows from Theorem 2.3.2. [

19



2.4 Fourier-Motzkin elimination

This section is based on the reports by Dahl [Dah14] and by Dantzig [Dan72].
The purpose of this section is to give an introduction to the Fourier-Motzkin
elimination (FM elimination). This algorithm is used to eliminate variables
from a linear system of inequalities, and at the same time find the projection
of a polyhedron into a subspace. FM elimination may be used to solve LP
problems, as the set of constraints can be written as a system of linear in-
equalities. We will in this thesis use it to analyse the portfolio optimization
problem given Conditional Value-at-Risk constraints.

Assume that we have system Ax < b, where A = [a;;] € R™*" and b € R™.
Assume x = (21,9, ... ,2,)T are variables that we want to eliminate in the
given order, although any order will do. We start by eliminating variable ;.
First we divide the system into three subsystems:

anTi + aipras + - 4 apr, < b forielT
021 + apres + -+ + amxrn, < b forie 1°
a1 + apres A+ - 4+ amxy, < by forie T

where It = {i:a;; >0}, I~ = {i:a;; <0} and I’ = {i : a3 = 0}. The sets
I*t,I~ and I° form a partition of the row index set I = {1,2,...,m}. We
leave all inequalities with i € I as they are, since these don’t give upper or
lower bounds on z1. For alli € ITUI~, we divide a;121+ajpxo+- - -+ aimxn <
b; by |a;1| and get following system:

T+ apre + o+ alx, < b forielt
+ apre + - 4+ amr, < by foriel
— x4+ dyxe + - 4+ alx, < U foriel”

where a;; = ajj/|a;1| and b; = b;/|a;1|. Combining inequalities with indexes

from IT with inequalities with indexes from I, results in an equivalent
system of inequalities.

m m

Za;j:cj—bggxlgb;—Za;ﬂjmj forie I kel (2.6)
j=2 j=2

m

Zaij:cj <b; forie IO (2.7)
j=2

20



X is a solution to the original problem Ax < b if and only if xo,x3,..., 2y
satisfy

m m

Za;jxj—bggbz—Zazja?j forie I kel (2.8)
=2 =2

m

Zaijxj <b; forie IO (2.9)
=2

and x7 satisfies
m m
! / . / /
max E a;:x; — b p <z < ming b — . T; 2.10
iEI‘{j2 ij] ’L}— _k61+{ k Jz; kj ]} ( )

If either I or I~ is empty, then the set of inequalities in (2.8) vanishes, and
upper bounds or lower bounds in (2.10) should be set to oo or —oo, respec-
tively. If I° is empty and either It or I~ is empty, we terminate. In this
case, the general problem is obtained by choosing x9, 3, ..., z, arbitrarily,
and then choosing x; according to (2.10).

Assume we now have eliminated all variables x1,xo, ...,z (in that order)
which may be all or just some of the variables. Then we have a system
Li(ig1y ooy n) <ap <u(Tig1y...,xp), i =1,2,... k. Here uj(zit1,...,on)
and l;(xi41,...,Ty) are upper and lower bounds, respectively, dependent on
variables that have been eliminated after x; and variables that haven’t been
eliminated (if not all have been eliminated). We may choose xj € [l, ug].
Once zj, is chosen, we choose xx_1 € [lk—1(Tk,. .., Zn), Uk—1(Tk, ..., Tn)].
Continuing with this back-substitution produces a solution x. In fact, all
solutions of Ax < x may be produced this way.

Performing FM elimination on a variable can make the number of inequali-
ties grow. Assume that I has cardinality p and I~ has cardinality ¢q. Also
let 7 be the cardinality of I°. Then, after eliminating the variable, the num-
ber of inequalities equals pq+ 7. If the number of inequalities in the original
problem is m, the worst case occurs when p = ¢, = 0. In this case, the
number of new constraints will be 5 - 5 = "~

I will now give an example to illustrate the FM elimination.
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Example 2.4.1. Consider the problem in Example 2.2.1, and assume [ want
to eliminate 5. Now It = {1,2},1~ = {3,5} and I’ = {4} (inequality
numbers 4 and 5 correspond to x; > 0 and z2 > 0, respectively).

101‘2 S 5 - 21’1

rg < 1 - m

2.%2 > 21’1 - 1
xI9 Z 0

Dividing by |a;;| gives following system.

1 1
T2 < 5 -~ Bl
o < 1 - n
2 = X1 - 3
i) 2 0

Combining upper bounds with lower bounds will result in pg+r =441=5
inequalities. After eliminating x2, and some rewriting, we am left with this
new system

r1r = %
r < 1
r < 2
r1 < %
X1 2 0

0 1 < 20 < mind 1 1 1
max , L1 9 S T2 S 1nin I, 9 5331

This means that 0 < x; < %. Looking at Figure 2.7, we see that this interval
corresponds to the feasible x1-values. Let P be the polyhedron equal to the
feasible set in Figure 2.7, then the interval [O, %] is the projection of P along
ro-axis into the xj-axis. This projection is illustrated in Figure 2.7 by a
thick line along the zi-axis.

O
Since the constraints of a LP problem can be written as a system of
linear inequalities, it is sometimes useful to eliminate decision variables using
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T2

0.5

r1

0.75
Figure 2.7: Projection of the feasible set P in Example 2.4.1, into the x-axis.

FM elimination. Since performing a FM elimination produces an equivalent
system of linear inequalities to the original system, the new system will
have a solution if and only if the original system has one. A LP problem is
infeasible if we, by performing FM elimination, get something like 1 < 0. One
can also use Farkas’ Lemma 2.2.2 to decide whether the linear system has
solutions, i.e whether the LP problem is feasible. Below is an example of an
infeasible LP problem. The example will illustrate that when we perform FM
elimination on the constraints of this problem, we get an illogical inequality,
in this case 4 < 2.

Example 2.4.2. Assume we have following LP problem:

max S5r1 + 4dxo
subject to r1 + To < 2
—2{[}1 — 21‘2 < -8
X ) ) Z 0

we will show that this problem is infeasible, using FM elimination. First I
eliminate x1.

1 < 2—x9
1 =2 4-—m
T Z 0

kAfter eliminating 1 we have
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<
4—x9 <

2—.%'2
2 —x9

—
—

T2
4

INIA

Since we get that 4 < 2, the problem is infeasible.
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3 Mathematical Finance and
Risk measures

3.1 Mathematical Finance

In this section I will discuss the financial framework for this thesis, using
mathematical finance to describe the concepts. This chapter is based on
the books by Oksendal [@k13|, McDonald and Weiss [MW13], and Cmlar
[Cinl1].

Definition 3.1.1. A o-algebra F on a set 2 is a collection of subsets of 2

such that

i) 0eF

it) If F € F, then also F° € F. Here F° = Q\F.
iii) If F\,Fs,... € F, then U?ilFiEI

The set € is in a statistical setting thought of as the sample space, the
space of possible outcomes of a random experiment. In fact, 2 will be per-
mitted to be any set containing all of the possible outcomes. This is because
it may be difficult to know precisely the possible outcomes of an experiment.
In finance, €2 is often the set of possible prices in a market. F is often called
the set of events. The subsets F' of  which belongs to F are called F-
measurable sets. A pair (Q,F) is called a measurable space.

Definition 3.1.2. A measure p on a measurable space (2, F) is a function

w: F — R such that
i)  p(F)>0 foral FeF
i) () =0
wi) If Fi,Fs,... € F and {F;} is pairwise disjoint (i.e F; N F; =)
if i # j), then

p(JF) = uF)
=1 =1
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A measure P, which in addition satisfies the condition P(€2) = 1, is called a
probability measure. In this case, for every F' € F, P(F) is the probability
that event F' will occur. Since ) contains all possible outcomes, the prob-
ability that event 2 will occur must be equal to 1. Also, the probability of
the impossible event () is P()) = 0. We will from now on let P be a proba-
bility measure. A triple (2, F, P) is called a probability space, and is called
a complete probability space if it is such that F contains all subsets G of €2
with P-outer measure zero, i.e with

P*(G) =int{P(F): F € F,G C F} =0

Fore more on P-outer measures, see McDonald and Weiss [MW13]. We will
from now on assume that all our probability spaces are complete.

The following example illustrates some of the concepts presented in this
section.

Example 3.1.1. Let H denote head, and T denote tail when flipping a fair
coin. When flipping a coin twice, the sample space of the experiment is () =
{HH,HT,TH,TT}. Let F = P(Q), so that every subset of  is an event.
Let F' € F be the event that the first toss is tail, i.e. that F = {TH,TT}.
Then the probability that event F' will occur is P(F') = % = %

0

Definition 3.1.3. Let (2, F, P) be a probability space. A random variable
is a real-valued function X on Q such that {w : X(w) € B} € F for each
B € B (where B is the Borel o-algebra, see [Ok13]).

A stochastic process is a parametrized collection of random variables
{Xi}er, defined on a probability space (£, F, P). Here, and throughout
this section, T is some index set, typically [0,00),[0,S] or N. ¢ usually
denotes the time. For a fixed t € T, w — X;(w) is a random variable. For a
fixed w € Q, t = X;(w) is called a path.

Example 3.1.2 (Example 3.1.1 continued). Let (€2, F, P) be the probability
space described in Example 3.1.1. Let X: 2 — R be a random variable on
Q, such that X (w) is the number of heads after two flips. Then

P(X=0) = P{TT}) = 1/4
P(X=1) = P{HT,TH}) = 1/2
P(X=2) = P({HH)) = 1/4
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Definition 3.1.4. A filtration (on (2, F)) is a family {Fi}ier of o-algebras
such that Fy C F for allt € T, and for s <t, Fs C Fy.

In a financial setting, one should interpret the o- algebra JF; as the informa-
tion available to investors at time ¢, in the sense that if w is the true state of
the world, and if F' € F;, then at time ¢ the investors know whether w € F'.
Then, at time ¢ the filtration {F;}ier holds all the information about the
market, up to time ¢.

Definition 3.1.5. Let {F;}ier be an increasing family of o-algebras of sub-
sets of ). A stochastic process {Xi}ier, such that for all t € T, Xy is
Fi-measurable, is called Fy-adapted.

Every random variable induces a probability measure pux on R™, called
the distribution of X. This is defined by

Definition 3.1.6. A random variable X is said to be an absolutely con-
tinuous random variable if there is a nonnegative Borel measurable function
p such that px(B) = pr dX for all Borel sets B. For such function, we
usually write p = px and call px the density function of X.

In Definition 3.1.6, the integral is with respect to the Lebesgue measure A, see
McDonald and Weiss [MW13]. For functions that are Riemann integrable
on [a,b], the Lebesgue integral and the Riemann integral coincide on this
interval. The probability that a random variable X takes on a value in the
interval [a, b] is the area under the density function and above this interval.
For px(x) to be a density function, it must satisfy the following conditions:

i) px(xz) >0 forall z
i)  [rpx(z)dA(z) =1
If [ |X(w)|dP(w) < co, then the number
BIX] = [ X(@)dP(w) = | adux(a)
Q R
is called the expectation, and sometimes the mean, of X with respect to P.
The expectation is the Lebesgue integral on space the (2, F, P), see McDon-

ald and Weiss [MW13|. So, the following properties are just properties of
this integral.

27



Proposition 3.1.7 (Properties of the expectation). Let (2, F, P) be a prob-
ability space, let X and Y be random variables and let a,b € R be constants.
Then the following properties hold for the expectation:

i)  (Positivity) X >0 = E[X] > 0 with equality if and only if X =0

i)  (Monotonicity) X >Y >0 = E[X] > E[Y]

ii1) (Linearity) X, Y >0 = E[aX +bY] = aE[X]| + bE[Y]

iv)  (Insensitivity) X =Y almost surely — FE[X]| = E[Y]

The monotonicity property in Proposition 3.1.7 can be extended, see [Cin11].
If X >Y, and if both E[X] and E[Y] exists, then E[X] > E[Y]. By X =Y
almost surely (a.s.) we mean that X = Y except on a set of P- measure
zero, that is, except on a set N with P(N) = 0.

Definition 3.1.8. Let (2, F, P) be a probability space, let X be a random
variable such that E[|X|] < oo, and let H be a sub-o-algebra of F. The
conditional expectation of X given H, denoted E[X|H], is the almost surely
unique function from Q to R™ satisfying:

i) E[X|H] is H-measurable

i) [y EIX|H]dP = [,; XdP for all H € H

The following proposition states some properties of the conditional expecta-
tion. Some properties are taken from (ksendal [Pk13| and some are taken
from Qinlar [Cinll].

Proposition 3.1.9 (Properties of the conditional expectation). Let (2, F, P)
be a probability space, let H be a sub-o-algebra of F and let a,b,c € R be
constants. The following properties hold for the conditional expectation func-
tion:
i) (Monotonicity) X >Y = E[X|H] > E[Y|H]
if X,Y are F-measurable
ii)  (Linearity) ElaX +bY + ¢|H] = aE[X|H] + bE]Y |H] + ¢
if X,Y are F-measurable
i) FE[E[X|H]] = E[X] if X is F-measurable
i) E[X|H] =X if X is H-measurable
v) E[X|H|= E[X] if X is independent of H
vi) EY - -X|H|=Y - E[X|H] if Y is H-measurable, where - denotes
the usual inner product.

provided these conditional expectations exist.

Let H be an event. Then

EIX|H] = 5 F[X14]



where 17 denotes the indicator function on H. If P(H) = 0, then so is the
integral over H, and E[X|H]| = 0.

Definition 3.1.10. Let X be a random variable of finite expectation. Then
the variance of X, denoted Var(X), is defined by

VaR(X) = E[(X - B[X])%
The square root of the variance of X s called the standard deviation of X.

The variance of a random variable describes the variability in the distribution
of X.

Definition 3.1.11. Suppose X, Y are random variables having finite vari-
ances and are defined on the same probability space. Then the covariance of

X and Y, denoted by Cov(X,Y), is defined by
Cov(X,Y) = E|(X — E[X])(Y — E[Y])]

The covariance of two random variables describes how strongly they are
related. If the covariance is zero, then they are independent of each other.

The market model

The Brownian motion is a very important example of a stochastic process,
and has a number of real-world applications like for instance to mathematical
finance. In particular, the Brownian motion is widely applied in modelling
the financial market.

Definition 3.1.12. Let (2, F, P) be a probability space with filtration { Fy }ter,
and let s <t. A Fy-adapted stochastic process { By }ier is called a Brownian
motion starting in x € R? if
i) P(By=1z)=1
ii) By — Bs is independent of Fy
i11) By — Bs is normally distributed with mean x and variance
o= (t— s)I, where I is the d x d identity matrix

We often let z = 0 in Definition 3.1.12, so that the Brownian motion starts at
0. The second condition in Definition 3.1.12 states that the Brownian motion
has independent increments. The third condition states that the increments
are normally distributed. This means that E[B;(w) — Bs(w)] = z. Also, the
variance of the increments B;(w) — Bs(w) equals (t — s), where t, s € T'. The
variance is proportional to the time. We will throughout this section assume
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that the family of o-algebras {F; }ser, is generated by the Brownian motion.
This means that F; is the smallest o-algebra containing all sets of the form
{w: By, € F1,...,By, € F;}, where t; <t, and F}, j <k, are Borel sets.

It can be shown that the Brownian motion has a continuous modifica-
tion, i.e for all T" > 0 there exists positive constants «, 3, D such that
E[|B; — By|®] < D|t — s for 0 < s,t < T. If {X;}4er is a modifica-
tion of {Y;}ier, then they have the same finite-dimensional distributions.
From now on we will assume that B; is such a modification.

We will later define a market to be an It6 process. For this purpose we
want to define the [t6 integral:

T
/ f(s,w)dBs(w)
0

for a given function f(s,w). First we need to define the £P-spaces.

Definition 3.1.13. Let X be a random variable on probability space (Q, F, P),
and let p € [1,00]|. Then the LP-spaces are defined by

LP(P) = LP(Q) = {X : Q = R": ||X]|, < o0}

where the LP-norms || X||, are defined by

1
Xl = ([ X@papw)”
Q
forp € [1,00), and for p = oo
|| X||oo = Inf{N € R: | X (w)| < N almos surely}

The construction of the It6 integral consists of first defining it for simple
functions, i.e functions on the form ¥(t,w) = >, §i(w) 1, 1, ,)(t) where &
is J;,-measurable and E[¢?] < oo. 1(,4,41) is the indicator function on
[ti,ti+1). Then one extends it to functions in £2([0,T] x ), which is the
subspace of £2([0,7] x Q) that consists of adapted processes. For simple
functions ¢ (t,w), the Itd integral is defined to be

/ ¥(s,w)dBy(w) = Y &(w)[By41 — Byl

>0
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where

k27" if S <k2T LT
k=4 S it k27" < S
T it k27" >T

Definition 3.1.14. Let f € L2([0,T] x Q). Then the Ito integral of f from
0 to T is defined by

T T
| rane) = i [ vsw)inw)

where the limit is in L2(P), and {1y} is a sequence of simple functions such
that

E[/OT(f(s,w) —¢n(s,w))2d8] — 0 asn — o0

Assume we are playing a game with payoff Xs. The game is considered
to be fair if the expected payoff at time ¢ > s, X3, given that we have all
the information up to time s, is equal to X. This is the idea behind the
definition of a martingale.

Definition 3.1.15. A n-dimensional stochastic process { M¢}1>0 on (2, F, P)
is called a martingale with respect to filtration {M;}i>0 if

i) M is My-measurable for all t

i)  E[|M]] < oo for allt

iii)  E[MM;s] = M for all s <t

The Brownian motion {B;}:>0 is a martingale with respect to the filtra-
tion {F; }er, see Oksendal [Dk13|.

The It6 integral has a t-continuous modification, i.e there eX1sts a t-continuous
stochastic process J; on (£, F, P) such that P[J; = fo s,w)dBs] = 1. We
will from now on assume that the It6 mtegral is such a modlﬁcatlon Also,

it can be shown that the It6 integral M;(w fo s,w)dBs is a martingale
with respect to F;.

Definition 3.1.16. Let B; be the 1-dimensional Brownian motion on prob-
ability space (2, F, P). An 1-dimensional 1td process is a stochastic process

{Xi}>0 on (Q, F, P) of form

t t
X =Xo+ / u(s,w)ds + / v(s,w)dBs
0 0

where Xq is Fg-measurable, u and v are adapted processes, and we assume
fo lu(s)|ds] < oo and E| fo (s)ds] < oo for allt.
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Sometimes we use the following notation for an Ité process:

We are now ready to define a financial market. We will here define it
to be the prices of the available assets. Then at each time ¢, each asset
have a price Y (t). Also, the future price of an asset is not known, so we
are dealing with uncertainties. This implies that for each asset, its price
process should be a stochastic process. The following definitions are taken
from Qksendal [@k13], but other mathematical models are also possible and
actively investigated.

Definition 3.1.17. A market is a F-adapted (n + 1) dimensional Ito
process Y (t) = (Yo(t),Y1(t),...,Yn(t)),0 <t < T which we assume has the
form

0¥ (t) = plt,w)¥o(t)dt ; Yo(0) = 1

and

dY;(t) = pi(t,w)dt + > 0ij(t,w)dB;(t)
j=1

= pi(t,w)dt + o;(t,w)dB(t) ; Y;(0) = z;
where o; is row number i of the n x m matriz [0;;], 1 <i<neN

We think of the random variables Y;(t) = Y;(t,w) as the price of asset num-
ber 7 at time ¢. In Definition 3.1.17 there are n risky assets and one risk free
asset. The assets are called risky because of the presence of their diffusion
term (their expressions include the It6 integral). This represent the random-
ness in the prices; we can’t know what the prices will be in the future. For
many applications, the risky assets are stocks. Asset number 0 is called risk
free because of the absence of diffusion term. This term often represents the
bank investment.

The market {Y(t)}¢cpo,r] is called normalized if Yp(t) = 1. We can always
make the market normalized by defining Yo(t) = Yp(t) ~1Y;(¢) for 1 < i < n.
This new market is called the normalization of Y (t). The normalization
corresponds to regarding the price Yp(¢) of the safe investment as the unit
of price, and computing the other prices in terms of this unit.

Definition 3.1.18. A portfolio in the market {Y(t)}ejor is a (n + 1)-
(m)

dimensional (t,w)-measurable and F," -adapted stochastic process

X(t,w) = (Xo(t,w), X1 (t,w), ..., Xn(t,w))
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0<t<T.

A portfolio, as it is defined in Definition 3.1.18, holds n different securities.
The components Xo(t,w), ..., X,(t,w) represent the number of units of the
securities number 0, ..., n, respectively, which the investor holds at time t.
A portfolio is an adapted stochastic process, so at time ¢, the investor knows
how many units he or she has of each security. When an investor is choosing
a portfolio for the future, the portfolio is often called a trading strategy. It
says how the investor is investing his money, and the future value of this
portfolio is clearly not known.

Definition 3.1.19. The value at time t of a portfolio X (t) is defined by
Vit,w) =V¥(tw)=X(t) Y(t) =) Xi(t)Yi(t)
=0

where - denotes the inner product in R+,

To calculate the value of a portfolio at time ¢, one simply multiplies the
number of units in each security with its corresponding price at time ¢, and
sum over these products. The value is the total value of the portfolio at time
t.

Definition 3.1.20. The portfolio X (t) is called self-financing if

T n m n
/0 {Xo(9)0()Yn(9)+ 3 Xe( i)+ 3 [ 32 Kils)og(s)] Js < oo aus
i=1 j=1 =1
(3.1)
and
V(t) =V(0) +/0 X (s)dY (s) fort € [0,T] (3.2)

Condition (3.1) in Definition 3.1.20 is required to make (3.2) well-defined, for
more details see Oksendal [Dk13|. A portfolio is self-financing if no money
is brought in or taken out from the system.

Definition 3.1.21. A portfolio X (t), which satisfies condition (3.1) in Def-
inition 3.1.20 and which is self-financing, is called admissible if there exists
K = K(X) < oo such that

VX(t,w) > —K for almost all (t,w) € [0,T] x Q.
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The concept of an admissible portfolio is that there must be a limit to how
much debt an investor can tolerate.

Definition 3.1.22. An admissible portfolio X (t) is called an arbitrage in
the market {Y (t) }epo,r) if the corresponding value process VX (t) satisfies

VX(0) =0 and
VX(T) >0 a.s., and P[VX(T > 0)] >0

In other words, a portfolio X () is an arbitrage if it gives an increase in the
value from time ¢ = 0 to time ¢t = T a.s., and a strictly positive increase with
positive probability. It means that we are guaranteed value increase. The
existence of an arbitrage is a sign of lack of equilibrium in the market. No
such market can exist in the long run, so it is therefore important to be able
to determine whether a given market allows arbitrage or not.

3.2 Convex risk measures

The purpose of this section is to define and discuss what is good measures
of risk. This section is based on the papers by Rockafellar [Roc07]|, Artzner,
Delbaen, Eber and Heath [ADEH99|, Krokhmal, Zabarankin and Uryasev
[KZU11|, Kaina and Riischendorf [KR09|

When making decisions, and having to deal with future uncertainties,
one commonly talk about risk. In financial optimization, measuring risk is
very important. One is often interested in assigning a single value to a ran-
dom variable, since a random variable itself is not a single quantity. Over
the years, researchers have tried to find good measures of risk, some which
have been flawed. One approach has been to compute the variance. The
problem with this approach is that it does not distinguish between positive
and negative deviations. Assume we want to compute the risk of a loss func-
tion, then negative deviations (corresponding to gain) should be welcomed,
while positive deviations (corresponding to loss) should be disliked. Artzner
et. al [ADEH99] gives some reasonable axioms that should be satisfied, and
introduces the notion of coherent risk measure.

Let V(X,w) be the loss of portfolio X if w turns out to be the state of
the world. A risk measure is defined on a class of random variables, in
particular we can let this class be the class of losses V (X, w) of attainable
portfolios. Denote this set by X, so that VX (t,w) € X. For simplicity, we
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will use notation V(X,w), and sometimes just V. One should remember
that we are considering the loss of a portfolio. Any risk measure has domain
contained in £°(2, F, P), the class of all measurable random variables on
the probability space (£2, F, P). Sometimes we want more restrictions on
the random variables, for instance that they should be bounded. Then we
can let X = L£>(Q,F,P). In applications, risks are usually modelled by
unbounded random variables, and for such applications, one may choose to
use the space LP(Q, F,P), 1 < p < 0o, as domain, see [KR09|. We will in
this thesis let p = 2. This means that we require that ||V ||z = (E[VQ])% < 00.

The axioms in the definitions of convex risk measures and coherent risk
measures are taken from Krokhmal et. al [KZU11] and Rockafellar [Roc07].
Since the risk measure Conditional Value-at-Risk measures the risk of loss,
I have chosen to let the risk measures in this section also measure the risk
of loss. This means that negative outcomes are welcomed, while positive
outcomes are disliked.

Definition 3.2.1. A convex risk measure is a mapping p: £> — R, which
for all V,U € L? satisfies the following properties:
(R1) (Translation invariance)For every constant function ¢ € R
we have that p(V +¢) = p(V) +¢
(R2) (Monotonicity) If V< U, then p(V) < p(U)
(R3) (Convexity) p(AV + (1 = N)U) < Ap(V) + (1 — AN)p(U)
for all V,U € L% and X € [0,1].

Property (R1) states that if the amount ¢ of guaranteed loss is added to a
position, then the risk increases with this amount c¢. Property (R2) states
that if the loss V is less than loss U under every scenario, then the risk of V'
should be less than the risk of U. Property (R3) says that diversification?
reduces risk.

A convex risk measure is called coherent if in addition it satisfies the positive
homogeneity property, i.e that

(R4) p(AV) = Ap(V) for all A > 0 and V € £?

In Artzner et. al. [ADEH99]|, the definition of coherent risk measures
is based on sets called acceptance sets. Acceptance sets are sets of random
variables, in our case losses. The definition of such sets will not be stated

! Diversification is a technique of combining a variety of instruments. It corresponds to
"not putting all eggs in one basket".
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here, but the concept is that if the risk of some random variable V(w) is a
positive value, then the investor should invest less in risky assets to meet
capital requirements. If the risk of V(w) is a negative value, then the in-
vestor can invest more in risky assets. We say that the risk associated with
a random variable V' is acceptable with respect to a coherent risk measure
p when p(V') <0, i.e when the risk of loss is negative. The relationship be-
tween acceptance sets and coherent risk measures can be stated as follows:
The acceptance set is the set of acceptable random variables.

In the paper by Rockafellar [Roc07], there is introduced an additional axiom
for coherent risk measures:

(Closedness) p(V) <0 when |[[VF — V| — 0 with p(V¥) <0 (3.3)

This additional axiom (3.3) says that if the random variable V' can be
approximated by acceptable random variables V¥, then V is also acceptable.

3.3 Value-at-Risk and Conditional Value-at-Risk

It is the risk measure called Conditional Value-at-Risk (CVaR) that will be
the most important risk measure in this thesis, due to its suitable properties,
like for instance convexity. The related risk measure Value-at-Risk (VaR)
will also be considered. This section is based on the articles by Krokhmal
et. al. [KPUO1|, and Rockafellar and Uryasev [RU99|

VaR is defined to be an upper percentile of the loss distribution. a-VaR
is an upper estimate of loss witch is exceeded with (1 — a)100% probability.
For instance, if we have that 0.95-VaR equals $1000, for some loss distribu-
tion, then there is a 5% chance of losing $1000 or more.
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Figure 3.1: 0.95-VaR, when the loss function is normally distributed.

As a benefit of VaR being a upper a-quantile, VaR has simple representa-
tion of high losses, see Krokhmal et. al. [KPUO1]. When the the underlying
risk factors are normally distributed, VaR can be quite effectively estimated.
For non-normal distributions, VaR may have undesirable properties such as
lack of sub-additivity?. This implies that it is not a coherent risk measure.
VaR is also non-convex for discrete distributions when it is calculated using
scenarios. This makes it undesirable in optimization problems, as it is not
guaranteed that local extrema are global.

CVaR is another percentile risk measure, which is closely related to VaR.
As opposed to VaR, CVaR is convex and sub-additive. We will see that it is
in fact a coherent risk measure. CVaR is for continuous distributions defined
to be the conditional expected loss under the condition that it exceeds VaR,
while it for general distributions is defined to be the weighted average of VaR
and losses strictly exceeding VaR. I will only consider the continuous case in
this section. If 0.95-VaR equals $1000, then the 0.95-CVaR is the expected

2In some definitions of coherent risk measures, the convexity axiom is replaced by the
sub-additivity axiom.
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loss, given that the loss is $1000 or more. This means that a-CVaR> a-VaR
for all a.
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Figure 3.2: 0.95-CVaR, when the loss function is normally distributed.

When the loss distribution is normal, CVaR and VaR are equivalent in the
sense that they produce the same optimal portfolio. For skewed distributions,
CVaR and VaR risk optimal portfolios may be quite different, since CVaR
is more sensitive right skewness in the loss distribution.

VaR and CVaR with continuous loss distributions

Assume we are given probability space (Q, F, P). Let f(x,Y (t,w)) be the
loss associated with the decision vector x to be chosen from some set X C R".
We interpret x as a portfolio, with A" as the set of available portfolios, and
Y (t,w) as the market prices. For simplicity we will use notation Y for the
market prices. For each x, the loss f(x,Y) is again a random variable, having
a distribution in R induced by the distribution of Y. The assumption that Y
has continuous distribution implies that it has density, which will be denoted
py. We will first give the probability of f(x,Y’) not exceeding a threshold
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£, also known as the cumulative distribution function of the loss associated
with x (when x is fixed).

w(xv ) = P(f(X, Y) < g)
= Bl pxv)<ey]

:/Q]-{w:f(x,Y)gf}dP(w)

= / dP(w)
{wif(x,Y)<€}

py (y)dy

/{yGR”:f(x,y)Q}

The function ¥ (x, &) is non-decreasing and will be assumed to be everywhere
continuous with respect to £. This assumption is made for simplicity. Let

€ (0,1) be probability levels. We will denote by &,(x) and ¢, (x) the
a-VaR and a-CVaR values for the loss random variable, respectively. &4, (x)
is defined as follows:

a-VaR = £,(x) = min{¢ € R : ¢(x,§) > a} (3.4)

Since 1 (x, &) is continuous and non-decreasing, a-VaR comes out as the left
end point of the interval consisting of the values of £ satisfying 1 (x,&) = a.
Since the distribution of f is continuous, this interval will only consist of one
point. ¢q(x) is defined as follows:

a-CVaR = E[f(x,Y)|f(x,Y) > &] (3.5)

There is an equivalent representation of ¢, that will be used is this thesis:
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¢a(x) = E[f(x,Y)[f(x,Y) > &

1
T P(f(x,Y) > ga)E[f(X’ V)15, v)>¢0)

1

= Iy, dP

_ ! / £(x,¥)py (y)dy (3.6)
f(xy)>€a(x)

l—«o

The set f(x,Y) > £ in the integrals above is just notation for the set {w :
f(x,Y) > ¢}, and f(x,y) > € is notation for the set {y € R": f(x,y) > &}.
It should be clear from the context which set we are integrating over.

Example 3.3.1. Assume that the loss is normally distributed, then the 0.95
-VaR is the the minimum threshold such that ¥ (x,£) > 0.95. From tables
on the standard normal distribution we find that this minimum threshold is
& = 1.645. So &y.95 = 1.645, see Figure 3.1. There is a 5% chance that the
loss will exceed the mean by 1.645 standard deviations, or more.

O

Let us define a function Fy(x,£) on & x R. This will be useful for our

optimization problems later. We will see that F, is convex and continuously

differentiable, which eliminates the possibilities of a local minimum being
different from a global minimum.

Fa(x,6) =6+ (1—a)! / G y) — €y (y)dy (3.7)
yER”?
={+ (1- o) 'E[[f(x,Y) — ] (3.8)

where [t]T = max{t,0}. Both representations (3.7) and (3.8) will be useful
later.
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Before we state an important theorem, we will give a lemma that will be
helpful in the proof of this theorem.

Lemma 3.3.1. Let G(§) = [, cpn[f(y — &)]"py(y)dy. Then G is a contin-
wously differentiable function with derivative

G'(§) =v(§) -1

The following theorem show the importance of Fy; minimizing it with
respect to £ gives ¢, and as a bi-product we get &,.

Theorem 3.3.2. As a function of £, Fu(x,§) is convex and continuously
differentiable. The a-CVaR of the loss associated with any x € X can be
determined by

QZ)Q(X) = Igg]lrgl Fa(X,f)

Let
Aq(x) = argmin F,(x,§)
£ER

namely the set consisting of the values of & for which the minimum is at-
tained. Then Ay(X) is a non-empty, closed, bounded interval, and the a-VaR
of the loss is given by

€a(x) = left endpoint of Ay (%)
In particular, we always have

§a(x) € argmin Fy(x,8) and ¢o(X) = Fo(x, {a(x))
£eR

Proof. Let us start with showing that F,(x,&) is convex and continuously
differentiable, as a function of £&. To simplify notation we omit x, for instance
we write Fy,(§) in stead of F,(x,¢§).

The fact that F, (&) is continuously differentiable follows from Lemma 3.3.1.
The convexity of F,(§) follows from the linearity and monotonicity of the

expectation and the fact that the function [f(Y)—£] T is convex as a function
of &.

[F(Y) — &F = max{f(Y) — £,0} = { g(Y) —¢ i f(Y)
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Figure 3.3: The function [f(Y) — ¢]™.

We can view f(Y) as a constant, and ¢ as the variable. Since both f(Y')—
& and the zero function are convex functions, we know from Theorem 2.1.9
that the function max{f(Y) — &, 0} is convex. From Figure 3.3 we can also
see that it ’bends upward’. Let 0 < A < 1.

Fal(1 = N1 +262)
= (1= V& + 26 + = B[[f(Y) ~ (1- Ve - 6]*]

< (1= N6+ M+ T E[1- NFY) - 61 + M) - &)
1—-A

= (1= N& + T2 B[[(V) &%) + 26 + 2= B[[7(Y) - &]"]

= (1= N)Fu(&1) + AFu(&2)

The inequality above follows from the fact that [f(Y)—£&]* is convex with re-
spect to £, and from the monotonicity of the expectation. The second equal-
ity follows from the linearity of the expectation. This proves that Fi(x,¢)
is convex as a function of &.

Next we want to show the property ¢o(x) = mingerFo(x,§), and start by
rewriting F,(§):
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/ 1) py (y)dy
f(y)>¢

1l -«

Here I have used that liy)>e = 1rn — 1pyy<e. To differentiate F, with
respect to £ is rather difficult because of the dependence of £ in the integrals.
So, as in Rockafellar and Uryasev [RU99], we will rely on Lemma 3.3.1, and
get that

1
l1—«a

Fo(§) =1+ V(&) —1)

To minimize this, set F, =0
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The values of £ that furnish the minimum of F|, are precisely those £ satis-
fying 1(€) = a. The set of these &’s equals the set A,. From the definition
of &, we see that this is an interval where &, is its left end point. &, is
indeed contained in A,, which proves that it is non-empty. Since 1 (, «) is
continuous and nondecreasing in « with

lim (&, ) =1 and a1—i>13x> (& a)=0

a—r 00

A, 1s closed and bounded.

Now, we will get back to showing that mineer F'(x,§) = ¢a(x). If Ay = {&a}
then

£a 1

Fa(fa)zéafl_a(lfa)+l_a

/ %) oy (¥)dy = da
F(¥y)>Ea

Now, assume A, consists of more than one point, and let £* € A,. Then

g*

11—«

mingegr Fo (§) =¢* — (1-a)+

l1—a

/ £(y) py (y)dy
fly)=¢€*

1
— d
l -« /f(y)>£* 1) pv(y)dy

1
pu— d
T /f(y)>$a f(y) py(y)dy

=Qa

This finishes the proof.
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This next theorem will be very useful in the optimization model later.

Theorem 3.3.3. Minimizing ¢o(x) over all x € X is equivalent to mini-
mizing Fy(x,&) over all (x,£) € X x R, in the sense that

min da(x) = . gleingFa(x, §) (3.9)
where moreover a pair (x*,£*) achieves the right hand side minimum if and
only if x* achieves the left hand minimum and £* € Ay (x*). In particular,
in circumstances where Ay (x) reduces to a single point, the minimization of
Fu(x,8) over (x,£) € X X R produce a pair (x*,£*), not necessarily unique,
such that X* minimizes ¢q(x) and £ gives the corresponding a-VaR.
Furthermore, Fq(x,§) is conver with respect to (x,§), and ¢o(x) is convex
with respect to x, when f(x,Y) is convex with respect to x. In this case, if
the constraints are such that X is a convex set, the joint minimization is an
istance of convexr programming.

Proof. The initial claims in Theorem 3.3.3 is a consequence of the statement
ba(x) = minger Fo(x,§) in Theorem 3.3.2 and the fact that minimizing
Fuo(x,€) over (x,£) € X x R can be carried out by first minimizing over
¢ € R for fixed x and then minimizing the result over x € X.

To show that F,(x,£) is convex with respect to (x,&), it is enough to show
that the function [f(x,Y)—&]™ is convex with respect to (x,£). In fact, all we
need to show is that f(x,Y) —¢ is a convex function, see Theorem 2.1.9. To

see that this function is convex, let g(x,£) = f(x,Y) — €& and let 0 < XA < 1,
then

g((1 = N)(x1,&1) + A(x2,&2))
= f((T=X)x1+ Ax2,Y) — (1 = A)&1 — Ao
<A =Nf(x1,Y) = (1= A&+ Af(x2,Y) — A&

= (1 =N(f(x1,Y) = &) + A(f(x2,Y) — &)

= (1= N)g(x1,81) + Ag(x2,&2)

The inequality above follows from the assumption that f(x,Y") is convex.
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The convexity of ¢o(x) follows from the fact that minimization of an ex-
tended real valued convex function of two vector variables, with respect to
one of these variables, results in a convex function of the remaining variable,

see Rockafellar and Uryasev [RU99].
]

As mentioned earlier, CVaR is a coherent risk measure, and hence also a
convex risk measure.

Proposition 3.3.4. CVaR is a coherent risk measure.

Proof. To prove this proposition, we must show that CVaR satisfies axioms
(R1)-(R4) of the definition of a coherent risk measure in Section 3.2. Let
V(x,Y),Vi(x,Y), Va(x,Y) be random variables representing loss functions.
For simplicity we write V, V1, Va, respectively. To show this proposition we
will use Theorem 3.3.2 repeatedly.

(R1) Translation invariance: From Theorem 3.3.2 we know that ¢, (V)=
minger Fo (V. €). So let &4 be such that ¢o (V+c) = Eypet+(1—a) 1E[[V+

c—&vielT] and let &y be such that ¢ (V) = &y + (1 — ) LE[[V — &)1
Then, since &y 4. =&y + ¢

qba(v + C) = £V+c + (1 - a)_lE“V +c— £V+c]+]
=& t+ct(l—a) 'E[[V+c—&v — 7]
=&+ (1-a) B[V -¢&]t] +c
=¢a(V)+c
Before we show that the remaining axioms are satisfied, we will show con-

vexity, monotonicity and positive homogeneity of [V — £]T, with respect to
V. Here, £ is a constant number.
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Figure 3.4: The function [V — ¢ .
—¢ if
[V—§]+:max{V—§,0}:{ L 1f¥z§ (3.10)

As a function of V| [V — £]T is clearly convex as V — £ and the zero func-
tion are convex, see Theorem 2.1.9. From Figure 3.4, we see that it is also
a piecewise linear function that ’bends upward’. It is also clear that it is
monotone, i.e if Vi < V5 then [V} — €] < [V, — €F]. From equation (3.10)
we see that it is positive homogeneous, i.e. [A(V —&)]T = A[V —¢]*T.

(R2) Monotonicity: The monotonicity of CVaR follows from the mono-
tonicity of [V — &]T. Assume that V3 < Va. Assume that & is such that
pa(V1) = & + (1 — o) LE[[Vi — &]7] and that & is such that ¢ (Va) =
§2+ (1 — ) ' E[[Va — &]*]. Then
pa(Vi) =&+ (1 —a) 'E[[Vi —&]"]
<&+ (1—a) tE[[Va - &7

= Qba(VQ)

The inequality above follows from the monotonicity of [V — ]t and the ex-
pectation, and the fact that & < &.

(R3) Convexity: Let A € [0, 1]. As before, let £ be such that ¢o(V1) =& +
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(1—a)~LE[[Vi—£&1]1] and & be such that ¢ (V) = &+ (1—a) L E[[Va—&]T].
Also, let € be such that ¢n((1 —A\)Vi +AVa) =&+ (1 — ) LE[[(1 - )V +
AV —£]]. Then

$a((1 = A)V1+ AV2)
— 4+ (1—a)LE[[(1 - WVi + AV — €]7]
S(I=N&+A+ (1 -a) ' B[ - NV &) + AV - &)]F]
SA=Na+2e+ (1 —a) B[ =NV =G + Az - &
= (=N (6 + (- BV - 6]*]) + A(& + (1 - 0) B [1: - &1*])
= (1= A)@a(V1) + Apa(V2)
The first inequality follows from Theorem 3.3.2. The second inequality fol-
lows from the convexity of [V —¢| and the monotonicity of the expectation.
The second equality follows from the linearity of the expectation.
(R4) Positive homogeneity: Let A > 0, let £,y be such that &y + (1 —

) LE[[A\V — &4 T], and let & be such that &y + (1 — ) E[[V — &)1
Then since {y = Ay:

Pa(A\V) = &Lv+ (1 —a) LE[[AV = &iv]T]
=Xy + (1—a) 'E[AV = AT
= /\fv + )\(1 — Oz)_lEHV — fv]+]

= /\(ba(v)

48



4 | Portfolio optimization prob-
lems

In this chapter we will give an introduction to portfolio optimization prob-
lems. First, the classical Markowitz mean-variance problem will be given
some attention, then we will study an optimization model with CVaR con-
strains. Both of these optimization problems can be written as problems of
maximizing the expected return of a portfolio, subject to some risk measure.
For such optimization problems, the relationship between the mean and the
risk for optimal portfolios is often represented by a graph called an efficient
frontier.

Both of the optimization models presented in this chapter will be repre-
sented as one-step models, that is, decisions are made for one day, one month
or one year in the future. Multi-step models will not be considered, as they
are too complex.

This chapter is based on the articles by Krokhmal et. al. [KZU11]|,
Krokhmal et. al. [KPUO1] and the book by Best [Bes10].

Optimization and decision making under uncertainties is a popular area,
and so are the applications to finance and portfolio optimization. The basic
portfolio optimization problem is to decide how much of an investor’s wealth
that should be optimally invested in each asset. Recall, in a deterministic
setting, an optimization problem typically looks like

Wy I

subject to  ¢;(x) <0 ,i=1,...,m

where x € S is a decision vector in some deterministic set S C R", and
fy9i: S — R for all i. Let w be a random element, describing uncertain-
ties. When optimizing under uncertainties, we have to deal with f(x,w) and
gi(x,w), in stead of f(x) and g;(x). Optimizing f(x,w) subject to g;(x,w)

49



leads to some difficulties. The decision vector x must be determined before
one knows what the state of the world turns out to be, so the optimizer
has incomplete information at the time x must be chosen. This means that
making decisions involve some risk. Also, f(x,w) is a random variable for
a fixed x. This means that we can’t replace f(x) by f(x,w). The same
goes for the constraints. The treatment of the objective function and the
constraints should not be conceptual distinct. For the purpose of optimizing
functions with uncertainties, risk measures are brought into the picture. As
we have discussed in Section 3.2, there are several ways to measure risk.

4.1 Markowitz Mean-Variance portfolio optimiza-
tion

This section is based on the book by Best [Besl0]. The goal of classical
Markowitz mean-variance portfolio optimization is to choose a portfolio such
that the expected return of the portfolio is large, but the variance is small.
In this optimization model, the variance is the risk measure.

Let x = (z1,72,...,2,)T denote the portfolio, where z; denotes the pro-
portion of wealth to be invested in security j, for j = 1,...,n. Note that
this representation of the portfolio differ from the definition in Section 3.1,
where x; denoted the number of units to be invested in security j, rather
than the percentage. Let u; denote the expected return of asset j, and o; ;
denote the covariance between the returns of asset ¢ and j, 1 < 4,5 < n. Let

p= (1, oy s i)' and X = [oy,5]
where Y € R™" is a symmetric, positive semidefinite matrix. Then the
expected return and the variance of the portfolio is given by, respectively
Hp = p!'x and 02 =x'¥x

Suppose we have two portfolios with the same expected return, but the
first has smaller variance than the second one. Then the first portfolio is
clearly more attractive because it bears less risk for the same expected return.
This is the main idea behind Markowitz’s definition of efficient portfolios.

Definition 4.1.1. A portfolio is variance-efficient if for a fizved i, there is

no other portfolio which has a smaller variance ag.
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This definition implies that a portfolio is efficient if for some fixed expected
return p,, the variance is minimized. Variance efficient portfolios are solu-
tions to the following optimization problem:

min{x’¥x : p’'x = p,, e’ x = 1,x > 0} (4.1)

where e is the column vector consisting entirely of ones, of length n. This op-
timization problem has quadratic objective function and linear constraints,
and is a quadratic optimization problem as discussed in Section 2.3.

There is an equivalent definition of an efficient portfolio. Suppose we have
two portfolios with the same variance, but the first portfolio has larger ex-
pected return than the second portfolio. Then the first is more attractive
because it gives a higher return for the same risk.

Definition 4.1.2. A portfolio is expected return-efficient if for fixed ag,
there is no other portfolio with a larger pi,.

Definition 4.1.2 implies that a portfolio is efficient if it is the solution to the
following optimization problem:

max{p’x : xT¥x = 012), e’x=1,x >0} (4.2)

This optimization problem has linear objective function, quadratic and lin-
ear constraints.

There is a third, equivalent optimization problem, which also produce ef-
ficient portfolios. Let t be a scalar, and consider the following problem:

1
min{ —tpu’x + ixTZX cefx=1,x>0} (4.3)

This problem has quadratic objective function and linear constraints. It is
hence a quadratic optimization problem, see Section 2.3.

Definition 4.1.3. A portfolio is parametric-efficient if it is an optimal so-
lution for some non-negative parameter t.

The three optimization problems presented in this section generates a
family of optimal solutions. They are in fact identical, provided x is not a
multiple of e.

For solving the optimization problems where the objective is quadratic and

the constraints are linear, we can use what we know about quadratic opti-
mization from Section 2.3.
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4.2 Efficient Frontiers

This section is based on the article by Krokhmal et. el [KPUO1|, and aims to
describe the concept of efficient frontiers. The concept of efficient frontiers
is based on Markowitz’s concept of efficient portfolios. Efficient frontiers are
used to describe the relationship between the expected return and the risk
for optimal portfolios. Recall that a portfolio is said to be expected return-
efficient if for a fixed level of risk, there is no portfolio with higher return.
Similarly, a portfolio is said to be risk-efficient if for a fixed level of return,
there is no portfolio with lower risk. For Markowitz mean-variance opti-
mization, the three families of problems generate the same efficient frontiers.
So, in this section we will only consider the problems generating expected
return-efficient portfolios, to study the concept.

As we will see in the next section, the portfolio optimization problem with
CVaR constrains is a problem of maximizing expected return subject to the
risk measure CVaR. So, studying efficient frontiers for such problems is also
of interest.

Let x = (21, z2, . .. ,a:n)T denote the portfolio, where x; denotes the propor-
tion of wealth to be invested in security j, for j = 1,...,n, as in Section 4.1.
Let p(x) be some risk measure. In the Markowitz mean-variance optimiza-
tion problem, the risk measure is the variance and in the CVaR optimization
problem, the risk measure is the CVaR. Let R(x) denote the expected return
of portfolio x

R(x) = —E[f(x,Y)]

where —f(x,Y) is the payoff function and Y is a random variable repre-
senting prices. Then solutions to the following problem are expected return-
efficient portfolios:

max R(x)
subject to  p(x) < v (4.4)
xeX

Here, the parameter v represents the level of risk, and is often some percent-
age of the initial portfolio value that one are putting up for risk exposure.
For every feasible portfolio x, one gets a pair (p(x), R(x)) that can be repre-
sented as a point in the plane. These points are combinations of the points
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Figure 4.1: The efficient frontier for the Markowitz mean-variance optimiza-
tion problem.

corresponding to invest everything in one of the assets.

Let x* be the optimal solution to problem (4.4) for a fixed v. Varying v
will generate a set of points {(p(x}), R(x}))} for k in some index set 1. It is
the graph generated by this set of points that is called the efficient frontier.
As we can see from Figure 4.1, the relationship between risk and return is
not linear. This means that increasing the risk level v by a factor a does not
imply that the expected return is increased by the same factor a.

When choosing an optimal portfolio one should choose one that lies on
this efficient frontier. The plot of an efficient frontier should never have any
"horizontal lines’. Points lying on a horizontal line have the same returns,
but have different risks. Points on the right side of such a line correspond
to portfolios that are not optimal. The same is true for ’vertical lines’, as
points on these have same risks, but have different returns.

Assume the risk free asset, namely the bank investment is included in the
portfolio. The the efficient portfolios may be combinations of this risk free
asset and risky asset. The efficient frontier for such problems may therefore
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look a bit different from the case where the portfolio only consisted of risky
assets. The two different cases are illustrated in Section 6.1.

4.3 Portfolio optimization with CVaR constraints

In this section we will use the main article of this thesis, Krokhmal et. al.
[KPUO01], to give an optimization model of maximizing expected returns sub-
ject to CVaR constraints.

The key to the model is the function F,(x,{) given in Section 3.3, due
to its properties. The portfolio optimization technique we now shall look at,
will optimize CVaR and at the same time calculate VaR.

Let ¢o(x) be as in Section 3.3, x € X, where X is the set of attainable
portfolios, and let R(x) be the expected return of portfolio x. The following
theorem is a special case of Theorem 3 in Krokhmal et. al. [KPUO1].

Theorem 4.3.1. Let x be the portfolio, R(x) be the return of portfolio x
and ¢o(x) be the CVaR of x. Consider the following three problems:

(P1) min{oa(x) | RGx) = 7,x € X}
(P2) m&x{R(x) | da(x) <v,x € X}

(P3) m}in{g{)a(x) —pR(x) |xe X,k >0}

Suppose the constraints R(X) > v, ¢o(x) < v have initial points. Varying the
parameters v,v and k traces the efficient frontier for the problems (P1) —
(P3), accordingly. If ¢o(x) is conver, R(x) is concave and and the set X
is convez, then the three problems (P1) — (P3) generate the same efficient
frontier.

The proof of Theorem 4.3.1 can be found in the article by Krokhmal et. al.
[KPUO1].

Solutions to problems (P1)-(P3) in Theorem 4.3.1 correspond to what was de-

fined as variance-efficient, expected return-efficient and parametric-efficient
portfolios, respectively, in the Markowitz mean-variance optimization model.
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In the rest of this thesis we will concentrate on problem (P2), the problem
of maximizing the expected return with CVaR constraints. Theorem 3.3.3
shows that the function F,(x,&) can be used instead of ¢, (x) in problem
(P1). The next theorem shows that F,(x,£) can be used instead of ¢, (x)
in problem (P2). The same holds also for problem (P3), for more details on
this see Krokhmal et. al. [KPUO1].

Theorem 4.3.2. The two optimization problems below

(P2)  max{R() | da(x) < v,x € X}

P2 R Fy(x,¢) <vxed
(P2) | max (RG)| Fu(x.§) < vxe X)

are equivalent in the sense that their objectives achieve the same maximum
values. Moreover, if the CVaR constraint in (P2) is active, a pair (x*,&*)
achieves the maximum of (P2’) if and only if x* achieves the mazimum of
(P2) and £* € Ay (x*). In particular, when the interval Ay(x*) reduces to a
single point, the mazimization of R(x) over (x,£) € X x R produces a pair
(x*,&*) such that x* mazimizes the return, and £ gives the corresponding
a-VaR.

The proof of Theorem 4.3.2 can be found in the article by Krokhmal et. al.
[KPUO1].

If R(x) is linear, it is also convex. If the loss function f(x,Y’) also is linear,
then F,(x,&) is convex. In this case, problem (P2’) is a convex optimization
problem. This ensures that a local maximum is also global.

Discretization and linearization

The integral in F,,(x, &) can be approximated in various ways. The approxi-
mation we will use is described in Krokhmal et. al [KPUO1]. One can sample
the probability distribution of Y according to its density py. This sampling
generates a collection of vectors yi,y2,...,¥m, where y; € R", n is the
number of securities and m is the number of scenarios. There are several
ways to generate scenarios. One approach is to generate scenarios using the
Brownian Motion. The approach that we will use in this thesis is the one of
using historical returns.
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Let p € R™ be the column vector containing the probability of the scenarios,
i.e p; is the probability that scenario ¢ will occur. Then we can approximate

FOL(X7 5) by

Fo(x,8) =&+ (1—a) ™" Y il yi) — €]

i=1

If the loss function f(x,y;) is linear with respect to x, then Fa(x,g) is
convex and piecewise linear. Moreover, we can replace E, (x,&) by a linear
function. Let z € R™ be a column vector. Then we can replace Fa(x, €) by
the following linear function and set of linear constraints

£+ (1-a)'p'z
ZszX,yZ)—f 7':1727 ,m (45)
z>0

4.4 Constraints

Because of real-world requirements and concepts, we introduce some addi-
tional constraints that should be considered. For instance, buying or selling
an instrument often incurs a transaction cost, or short sales may not be
allowed. Therefore, in this section, we will state some constraints that are
reasonable to use. Throughout this section, n is the number of securities and
m is the number of scenarios. Budget constraint: e’x = 1,e = (1,1,...,1)7

This section is based on the paper by Krokhmal et. al. [KPUO1].

Transaction costs

we will assume, when transaction costs are considered, that they are linear
and proportional to the total value of the bought/sold asset. Let ¢ € R"
be the column vector of transaction costs, so that ¢; is the cost of selling or
buying security j . Let ¢y = 0 be the cost of moving money in or out of the
bank. Let xo € R” be the initial portfolio, q = (q1, ga, . .., ¢s)” be the initial
prices, and Vy = q7x° be the initial value.

n
Vo = chqj\:c? — il +q’'x
j=1
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This equality can be reformulated using the following set of linear constraints:

n
Vo = chqj(u;r +uj) + ql'x
j=1
zj—x) = u;“

u;,uj_z()forjzl,...,n

—uj forj=1,...,n

CVaR constraints

Current regulations impose capital requirements on investment companies,
proportional to VaR. These requirements can be met by constraining port-
folio CVaR at different confidence levels, since one always have that a-
CVaR> a-VaR, for all . Such constraints may look like this

Pa(x) < vVo

where ¢, (x) is the a-CVaR for the loss function, V5 = q”x is the initial
portfolio value, and v is a percentage of the initial portfolio value allowed
for risk exposure.

In the linearized case, the CVaR constraints will be as follows:

E4+(1—a)tpfz<vp
ziZf(XaYi)_f Z.:172a"'>m (46)
z>0

This constraint makes sure that an investor doesn’t lose more than he or she
can handle.
Change in individual positions and bounds on positions

Sometimes position changes are bounded. This reflects as limited liquidity
of securities in the portfolio. Such a bound can be a fixed number or be
proportional to the initial position in the security

0<uf<u/,0<u; <u;,j=1,...,n
One might also want to use bounds on the positions:
T; < x5 ST

for j =1,2,...,n. A typical example of a constraint of this type is the 'no
short sales’ constraint x > 0.
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Value constraints

Sometimes we do not allow a security, j, to constitute more than a given
percentage, v;, of the total portfolio value. Let q € R™ be the initial portfolio
prices. Then the value constraint can be formulated as follows:

gjzj < vj(q'x)

This constraint is only applicable when short positions are not allowed.

Admissibility constraint

In real life finance there must be a limit to how much debt an investor can
tolerate. So there exists a K = K(x) < oo, such that

V(t,w) > —-K

Assume we have generated scenarios Y = (y1,y2,...,¥m)’. Then the ad-
missibility constraint will be as follows:

yix>-K

for ¢ = 1,...,m. This constraint is only applicable when short sales are not
allowed. If no money is borrowed, the investor is ensured no debt.
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5 The model and Fourier —
Motzkin elimination

This chapter contains a description of an one period portfolio optimization
model with linearized CVaR constraints. Also, we will perform Fourier-
Motzkin elimination on the system of linear constraints for this problem.
The models presented in this chapter will be the main models for examples
and production of efficient frontiers.

5.1 The one period optimization model

This section is based on the article by Krokhmal et. al. [KPUO1]. In this
section we will study an one period portfolio optimization model. In such a
model we consider only two dates; ty and t1, the start and the end of the
period, respectively. At time tg, we know the prices in the market, but we
don’t know the state of the world at time t;. The ¢;- prices are scenario-
dependent. Throughout this chapter, m will be the number of scenarios and
n will be the number of securities.

Consider the linear system (4.5) in Section 4.3. Substituting these into
problem (P2) makes it a LP problem, and easy to solve using the Simplex
algorithm.

Let x € R™ be the portfolio and play the role of the decision variable. As
oppose to earlier discussions, we will now let the portfolio x be the propor-
tion of the initial wealth to be invested. For this purpose we will add the
constraints e’x = 1, initial portfolio value Vo = 1, and no short sales, i.e
x > 0. This approach corresponds to Rockafellar and Uryasev [RU99]|, and
to the Markowitz Mean-Variance model in Section 4.1. Because of this inter-
pretation of x, the CVaR constraint should be interpreted as the expected
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loss percentage, given this percentage is exceeding £. If one is interested in
finding the numbers of units that should be invested in each security, one can
calculated for each security j: Vox;/ q?, where q? is the tg-price of security j
and Vp is the value to be invested (in this case Vj is not equal to 1). This
number is usually not an integer, and in this case we should round down to
nearest integer.

Let the matrix of returns be denoted by A € R™*™. The elements of this
matrix is given by

a; = (45— @)/4) = a4i;/4) — 1

where @° = (¢9,43,...,4%) is the vector of initial prices, and q! € R™*" is
the matrix of ¢1-prices. The number a;; should be interpreted as the percent-
age of return from security j under scenario ¢. Defining A in this way makes
sense. If the t1-price qilj is higher than the ¢g-price q?, then a;; is positive,
corresponding to gain. If the ¢;-price ql-lj is lower than the tg-price q?, then
a;j is negative and corresponds to loss. Ax is the percentage of return of

portfolio x.

Let p € R™ be the vector of scenario probability. Also, for simplicity, let
(1 —a)~!'p = B. The reward function I will use is R(x) = Ax. Then the
expected return is p? Ax, and the loss is given by —Ax. As discussed in
Section 4.3, when linearizing F,, we introduce a vector z = (z1,...,2m)7,
where z; denotes the loss that is exceeding the threshold £. v € [0, 1] will as
before be the level of risk.

The one period portfolio optimization model with CVaR constraints is as
follows:

max pl Ax
&,z,x
subject to ¢ + A7z < v
— &e — z - Ax < O (5.1)
elx = 1
Z, x > 0

Problem (5.1) has feasible solutions, when the risk level v is not very small,
see Krokhmal et. al. [KPUO1|. Let for instance z = 0. Let also 1 = 1 and
xz; = 0 for j = 2,...,n. Then we can choose { to be less than the level of
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risk and larger than the loss of security 1 under each scenario, i.e

12@%{ ain} <E<v

5.2 Fourier-Motzkin elimination

The goal in this section is to perform Fourier-Motzkin eliminations (FM elim-
inations) on the system of linear constraints in the one period model (5.1)
from Section 5.1, to simplify this optimization model. We have seen that
the number of decision variables in this model equals m 4+ n + 1, where n is
the number of securities and m is the number of possible scenarios. I will
in this section, under some conditions, find an equivalent linear system with
the portfolio as the only decision variable.

Let A € R™*™ be the matrix of possible t1- market returns, as defined
in Section 5.1. Denote by a; the i'th row of A. Let p = (p1,p2,.-,Pm)"
where p; is the probability of scenario i, and let 8 = (1 — a) " 'p. Let
x = (z1,%9,...,2,)7 represent the portfolio interpreted as in Section 5.1,
and let z = (z1,22,...,2m)T represent the function [f(x,a;) — &7, the loss
exceeding threshold £. e will denote the column vector of length m consist-
ing entirely of ones, and v € [0, 1] will denote the risk level.

)

Recall problem (5.1):

max plAx
&,z,x
subject to ¢ + BTz < v
—fe — z — Ax < 0
efx =1
Z, x > 0

I will now, for the purpose of performing FM eliminations, only consider
the system of constraints. I start by eliminating &:

¢ <v-plz
e > -—z— Ax

I now have one upper bound for £ and m lower bounds. Combining these
will result in m new inequalities containing £. After some simple rewriting,
these new inequalities are as follows:
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—z+ (BTz)e — Ax < ve
Eliminating £ has resulted in reducing the number of inequalities by one,

and the new system is as follows:
— z + (BTz)e - Ax <ve
Z, X >0
max {—z —ax} <&<v-—p3Tz

1<i<m

Note that a; is a row vector, so the product a;x makes sense. I will now
continue and eliminate z. For this purpose, I will write the system of those
inequalities containing z on component form.

(B1— 1Dz + Baza + -+ + Bmzm — a1x < v
Biz1 + (B2 —1)zg + -+ + Bmzm — asx < v
- (5.2)
Prz1 + Poza + - 4 (B —Dzm — apx < v
21, 29, ey Zm > 0

I start by eliminating z;. From system (5.2) one can see that in the first
inequality, z1 has coefficient 51 — 1, and in the remaining inequalities z; has
coefficient B;. Recall that 31 = p1(1 — )™t > 0, but 81 — 1 may not be
positive. If f; — 1 were to be negative, then dividing by it on both sides
would change the inequality sign. So one wants to know when this is the
case. 1 —12>0 <= p1>1—a.

The following theorem will be interpreted after the proof.

Theorem 5.2.1. Assume p; > 1 —« for alli =1,2...,m. Then eliminat-
ing z from system (5.2), by performing FM eliminations, will result in the
following, equivalent system:

Ax > —ve
elx = 1 (5.3)
x> 0

with
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max {—=z; — ;X < < v—p"z
max (—z—ax} < ¢ < v-B
0 < 21 < ’l,Ll(ZQ,...,Zm,.’I,'l,..-,CUn)
0 < <2 < UQ(ZS)-"avaxlv"wxn)
0 < zm < oup(T1,...,T0)
where u; is the smallest upper bound for z;, 1 =1,2,...,m, and is given by

m
U; :min{ min (v — Z Brzk + ajx)ﬁi_l,

1<5<i—1

k=i+1
m
(v—=>_ Brar+aix)(Bi—1)7", (5.4)
k=i+1
m
: _ . Ng—1
i+1H%1jn§m(l/ kzﬂ Brzr +ajx + 2;); }
=1

Proof. T will prove this theorem by using induction on k. The induction hy-
pothesis will be that using FM elimination to eliminate zy, k € {1,2,...,m},
will result in just ’eliminating’ the column containing zj from system (5.2).
If this hypothesis turns out to be true, then eliminating zi, 2o ..., 2, will
give us the result of the theorem. I start by eliminating z;. In doing so, I
will use the following inequalities:

2 < (vo- Y, Bz + ax)(f— 1)}
2 < (v S, Bz b oz b asx)fyt

2 < (v - Y. Biz t zm + amx)Byt

Z1 Z 0

Combining the upper bounds with the lower bound reduces the number of
inequalities with one.

0 < (v - YXi%Biz + a;x)(B — 1)1
0 < (V - Z:ZQ Bizi  + zo agx)Bfl
0 < (v ST Bizi ozt amx)Bt

m m
0<z < min{(y—z Bizi+ax)(B1—1)71, Zg;iglm(y—z ﬁizi—l—zj—}—ajx),é’ll}
=2 - 1=2
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Since both B; and ; — 1 are nonnegative', one can multiply the first in-
equality by 81 — 1 and the rest by 1, without changing the inequality sign.

0o < v - Z:ZQ Bizi  + aix
0 < v - YY" Bizi + 2z +  ax
0 < v Yoo Bizi + Zm 4 agx

The new system is now as follows:

Boza + 0+ Bmzm - ax < v

(B? - 1)22 + - + Bmzm - ax < v
Pozz + -+ (Bm—Dzm - apx < v

29, ceey Zm > 0

with

0< 2 < min{(u—z ﬁizi+a1x)(ﬁl—1il)a min (V—Z /Bizi‘i‘zj‘i‘ajx)ﬂl_l}
i=2

9<i<m
i—2 =I=

Comparing this new system to system (5.2), it seems like we have just elim-
inated the zi-column. Now, assume we have eliminated zi,...,z;_1, and
that the corresponding columns have been deleted. I will now delete z; from
our current system, which is as follows:

Brzr + Brt12k+1 + o0+ Bmzm - aix < v
Brzr + ﬁk+1zk+1 + + Bmzm - ap_1X < v
Bk — Dz, + Br412k+1 + + Bmzm - agx < v
Brze + (Brg1 — Dz + + BmZm - app1Xx < v
Brzr + Br+1zk+1 + o+ B —1)zm - apx < v
2k Rk+1, sy Zm >0

'In fact, 81 > 0. If 81 was equal to zero, this would mean that p; = 0. Scenarios with
probability equal to zero should not be considered, as they represent impossible scenarios.
If 81 — 1 =0, then the first inequality should be deleted.
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with 0 < z; < wi(Zig1,-- -y Zm, X1, ..., 2p) for i = 1,...,k — 1. Here u; is
the smallest lower bound on z;. Since i and Bx — 1 both are nonnegative,

dividing by them doesn’t change the inequality sign.

e < (v - Xk Bz + a1x) ;!

ze < (v - Yl Bis + ap_1x)5; "

zEp < (V Zyikﬂﬁm + akx)(ﬁk —11)_1
2 < (V- XilpaBiz b oz b apax)By

g < (v - S Bzt zm + oanx)By

z, > 0

Combining these upper bounds with the lower bound reduces the number of

inequalities by one.

0 < (V E;‘ilﬁ_l Bizi  + alx)ﬂ]zl

0 < (V - Egk+1 ,87;25@' + ak_lx)ﬁgl

0 < (v i Bizi apx)(Br — 1)t
0 < (v - E?l]ﬁ-l Bizi +  zk+1 + ak+1x)B];1

0 < (v E?ik+1 Bizi  + Zm T+ amxﬂlzl

0 < 2k < up(2ht1,--+5 %150, Tn)

where

m
m :min{ min (v — Z Bizi + an)Blzl,

1<j<k—1 )
i=k+1
m
(v— ) Bizi+apx)(B,— 1),

1=k+1

min (v — Z Bizi+ajx+zj)ﬁ,;1}

k+1<5<
HsEme O

The expression for u; can actually be used to calculate u; forallz =1,...

Continue by multiplying row k by S — 1 and the rest by 5.
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0 < v E;lkJrl Bizi  + a;x
0o < v - Z;lkJrl Bizi  + arXx
0 < v Z?ik-i—l Bizi + k41 + app1x
0 < v - Z?ik-i-l Bizi + Zm +  apX

The new system is as follows:

Br+12k+1 + Brt22k42 + o0 + Bmzm - aix < v
Brt12k+1 + Bri2zk2 + -0+ Bmzm -  apx < v
(Brr1 — Dzpy1 + Brt22k42 + o0+ BmZm - ap1X < v
Brt12k+1 + (Brr2 — Dzggoa + -+ + Bmzm - agyox < v
Br+12k+1 + Brt22kt2 + -+ + (B —1)zm - apx < v
Rk+1s Rk+2) ST Zm >0
with
max;{—z —ax} < ¢ < v-plz
0 < 2z < U1($1....,$n,22,...,2m)
0 < 29 < UQ(wl,...,(L'n,Zg...,Zm)
0 < oz <0 uR(Tr, e Ty Zhg s - Zm)

Here the upper bounds u; are given by (5.4). The elimination of z; has
resulted in deleting the column containing zj, and the induction hypothesis

is proved. Eliminating z1, 2o, .. ., 2, gives the system stated in the theorem.
|
Theorem 5.2.1 says that if p; > 1—«a fori =1,...,m, then we can easily

eliminate ¢ and z such that the decision variable is only the portfolio. Also,
the number of constraints will be reduced from 2(m + 1) +n to m +n + 1.
The constraint Ax > —ve says that the loss percentage under each scenario
must be less than or equal to the percentage of the initial portfolio value
that is put up for risk exposure. The fact that one must have p; > 1 — «
implies that the number of scenarios m is bounded, in fact m < (1 —a)~ L.
If for instance a = 0.9, then we must have p; > 0.1 for all ¢, and the number
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of scenarios must be less than or equal to 10. If there are (1 —a)~! scenarios

with p; =1 — « for all ¢, then 8; — 1 = 0 for all 4. This means that m of the
coefficients in system (5.2) will be zero. If we have a = 0.99 then we must
have that p; > 0.01 in order to apply Theorem 5.2.1. In this case, the num-
ber of scenarios is bounded by 100, which also is a low number of scenarios.
In the next sections we will allow some of the probabilities p; to be less than
1 — «, which implies that we can have a larger number of scenarios. This
number will not increase by much, though.

Problem (5.1) is equivalent to the problem

max plAx
X
subject to Ax > -—ve (5.5)
efx =1
X =

with £ and z chosen according to

g
u

le
0

IAIA
N /™M
INIA

where lower and upper bounds on £ and z are given as in Theorem 5.2.1.
As discussed earlier, one often wants to add additional constraints to a op-
timization problem. Since these constraints often are constraints on the
portfolio, these can easily be added to problem (5.5). Once the solution
to problem (5.5) has been found, one can find the optimal objective value
since this does not depend on & and z. For computing the corresponding
a-CVaR value, one can for instance calculate £ and z using the upper and
lower bounds in Theorem 5.2.1. Using this approach, one gets a lower and a
upper bound on the a-CVaR value. Another alternative for computing the
corresponding a-CVaR value it to compute it using its definition. In order
to use the definition, one must first compute a-VaR, but this is not difficult.

I will now give an example to illustrate Theorem 5.2.1.

Example 5.2.1. Assume we want to solve optimization problem (5.1) when
we have a market consisting of two securities, and there are two possible
scenarios, i.e. m = n = 2. The bank position is not included in the portfolio.
Let p =[0.5 0.5]7, a = 0.95 and v = 0.1. Let the return matrix be
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0.13  —0.11
A= [—0.12 0.09]

Conditions for applying Theorem 5.2.1 are satisfied, since p1,p2 > 0.05. The
linear system can be written as follows:

—0.13 0.11 0.1

0.12 —0.09 [acl] < |01
1 1 zo| 1

-1 -1 -1

with 21,22 > 0. Since x € R?, we can illustrate this problem in the plane.

From Figure 5.1 one can see that the feasible set lies on the line z1+x9 = 1. It
is in fact the line segment between the points (0.905,0.095) and (0.042,0.958)
(thick line). This means that the optimal solution has to be either the point
(0.905,0.095), the point (0.042,0.958), or the whole line segment. In our
case p = [0.5 0.5]7, which implies that p” Ax = 0.005z17 — 0.01z2 (dashed
line). So the optimal solution is the point (0.905,0.095). This means that
an investor should invest 90, 5% of his or her wealth in security 1 and 9,5%
in security 2. The expected percentage return of this portfolio is 0.36%.

To find the corresponding 0.95-CVaR, value, I compute £ and z. Using
back substitution and the expression for upper bounds (5.4) in Theorem 5.2.1
gives:

up  =min{(v +ax)8; !, (v +ax)(B2 — 1)1}
= min{0.0207,0}
=0

Since 0 < z9 < ug = 0, we have that zo = 0.
up = min{(v — Boze +arx)(B1 — 1), (v — Baza + asx + Zz)ﬂfl}

= min{0.023,0}
=0

So, also z; = 0.

le =max{—z —aix, —2zp —asx}
— max{—0.1071,0.1}
=0.1
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T2

pl Ax = 0.0036

I

Figure 5.1: The feasible set of the problem in Example 5.2.1

Since ¢ < v — BTz = v, we have that £ = 0.1. Now we can calculate
0.95-CVaR

$0.95 = f+ﬁTZ =

This means that ¢g95 = 0.1. (To see the efficient frontier for this example,
see Figure 6.3).

O
As Example 5.2.1 illustrates, the optimization model in Theorem 5.2.1 is
good for finding optimal expected returns, but computing the CVaR takes
more effort, when computing it using back substitution. Once the optimal
solution x* has been found, one continues by finding an interval for z,,.
Then, one must choose a value for z,, from this interval. In the example,
we were lucky since this interval happened to be a single point. Once zy, is
determined, one continues with this back substitution. Since CVaR is linear
and a sum of positive numbers, one can when choosing z;’s and £ from inter-
vals, choose in two separate cases the lowest and highest value, respectively.
Then, for a given level of risk, one would get an interval containing CVaR.
Computing a-CVaR using its definition might be easier, as one only needs to
compute the upper percentile a-VaR, and find the expectation of the losses
exceeding this value.
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5.3 Fourier-Motzkin elimination with one negative
coefficient

I will in this section study what happens when we eliminate z from sys-
tem (5.2), when for some k € {1,2,...,m}, fr —1 <0 and 5; —1 > 0 for
all ¢ #£ k. Since we can eliminate 21,22 ..., 2z, in any order we like, I will
assume that & = m.2 When re-indexing so that k = m, since all coeffi-
cients 8 —1 >0 for¢=1,...,m — 1, we can easily eliminate all variables
Z1, .-+ 2Zm—1, see proof of Theorem 5.2.1. After eliminating z1,...,2m,m_1 We
are left with the following system:

Bmzm - aix < v

Bmzm — amix < v (5.6)
Bm—1zm —  amx < v

Zm >
with

max;{—z —a;x} < £ < v—p7"z
0 < oz < w22,y ZmTly e, Tn)
0 < Zme1 < Um—1(Zmn T, e, X))

where u; are upper bounds given by (5.4) in Theorem 5.2.1. In system (5.6)
the number of inequalities is m + 1. We are now ready to eliminate z,,

o < (v 4+ ax)Byt

Zm § (v + an_1x)8;} (5.7)
Zm > (v + anXx)(Bm — 1)71

zm > 0

Note that in the m’th inequality, the inequality sign is changed since 3,, — 1
is negative. We now have two lower bounds and m — 1 upper bounds, which

20ne could also re-index so that k = 1. This will result in a bit more complicated
systems, but it simplifies the work when one have several small p;’s
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will result in 2(m — 1) new inequalities (containing z,,). This means that
the number of inequalities has increased by m — 3. Combining the lower and
the upper bounds gives the following inequalities:

0 < (v + arx)st
0 S (v + an_1x)8;}
(V + amx) (/Bm — 1)_1 < (I/ 4 alx)/B;Ll (58)

IN ...

(v + anx)(Bm—1)71 (v + an_1x)8;}

In the case where (v + a;,x)(Bm — 1)~ < 0, we can delete the m — 1 last
inequalities. This is the case when

a,Xx > —v

i.e. when the loss percentage under scenario m is less than the risk level.
I assume this is not the case, and rewrite the m — 1 last inequalities in
system (5.8). For 1 <j <m — 1:

(v +amx)(Bn — 1) 7" < (v+ax)8,)!

v+anx > v+a;x)8, (Bn —1)

v+anx >v+ax— (v+ajx)s,!
Bmamx — fmajx > —(v + a;jx)

—(Bmam + (1 = Bm)aj)x <v

The new system is as follows:
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—aix < v
—a, 11X < (5 9)
_(Bmam + (1 - 5m)al)x < v .
_(ﬁmam + (1 - ﬁm)amfl)x < v

max{0, (v + anx) (B = )7} < 2n < | min {(v+a;%)8,"}

In the first m — 1 inequalities in system (5.9), I have used that §,, > 0,
and multiplied by (,, on both sides of the inequality sign. These m — 1
inequalities are equal to the m — 1 inequalities we had in Section 5.2. The
following lemma will be interpreted after its proof.

Lemma 5.3.1. Assume py, < 1—a« for somek € {1,2,...,m} andp; > 1—«

fori={1,2,....,m}\k. Then eliminating z from system (5.2), by using FM
elimination, will result in the following system

A'x

> —ve
ﬁkAkX—i-(l—,Bk)A,X > —ve
o Z s (5.10)
x > 0
with
s —axl< £ <y 3T
12112};{ zi—ax}<¢{<v-—pF'z
0< 2 <Ui(Zig1s-- s Zms @1 ..., Tp), fori #k
U (Zhgts s 2my 1, - oo, ) < 2 U (Zhg 1y - -+ Zmy Ty - -+ Tn)
(5.11)

where A’ € RM=DX" 45 the matriz A with row k deleted, and Aj, € Rm—1)xn
is the matriz consisting of rows equal to ai. The upper bounds u; for i # k
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are given by (5.4) in Theorem 5.2.1. The lower bound lj, and the upper bound
uj, are given by

I, = maX{O, (v — Zﬂizi + apx) (B — 1)1}

k+1

uj, = min{lggléig_l(y— . Z 512i+ajx)5k_1a k+{r;ijr1§m(v— _ Z 5i2i+ajx+zj)5k_l}
1=k-+1 i=k-+1

Proof. The system (5.10) was proved above, using Theorem 5.2.1. The lower

bound [}, follows from eliminating z1, .. ., z using the proof of Theorem 5.2.1.

Then 0 and (v—Y"1",; Bizi+apx) (8 — 1)~ are the lower bounds for zj,. The

upper bound wuj, follows from (5.4) and deleting (v — 7", | Bizi +apx)(B —

1)~1, since this is now a lower bound. n

Lemma 5.3.1 says that under scenarios ¢ # k, the loss percentage must be
less than the percentage of the initial portfolio that is up for risk exposure.
In addition, an affine combination of the percentage loss under scenario k
and the percentage loss under scenario 4, for each i € {2,3...,m}\k, must
be less than the risk level. An affine combination of vectors x1,Xs,...,X, is
a vector » " | a;X;, where Y " | a; = 1.

As in Section 5.2, constraints can easily be added to the problem of maxi-
mizing expected return subject to the constraints in Lemma 5.3.1. Assume
we have found the optimal solution to this problem, then the corresponding
a-CVaR value can be computed using back substitution or by using the def-
inition.

Although we in this section have allowed one scenario probability to be less
than 1 — «, the upper bound on the number of scenarios is still (1 — a)~!.
Since « often is chosen to be either 0.9,0.95 or 0.99, the number of scenarios
is still less than what is usually desire.

5.4 Fourier-Motzkin elimination with more than one
negative coefficients
In this section I will study what happens when /3; — 1 in system (5.2) is neg-

ative for two indexes k,l € {1,2...,m}. We will see that this will result in a
growth in the number of inequalities, which is because we will typically have
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more lower bounds on z; and z;. When we get more lower bounds, the sys-
tem of linear inequalities gets bigger, and the inequalities more complicated
to rewrite to a simplified form. For this reason I will not try to eliminate z
from system (5.2) when ; —1 < 0 for more than two i’s. Although a further
study is not done, one gets a sense of what will happen when more of the
coefficients ;’s are less than 1. Also, one gets a sense of how these systems,
after performing FM elimination, will look like.

Now, let there be two scenarios with probabilities such that pp < 1 — «
and p; < 1 —« . Arrange such that these are indexed p,,—1 and p,,. Assume
we have eliminated z1, ..., zy,—2 from system (5.2), such that we are left with
the following system:

Bm—-12m-1 + Bmzm — ax < v
Bm-12m-1 + Bmzm — am-2x < v (512)
(ﬁm—1_1>zm—1 + Bmzm — ap-1x < v
ﬁm—lzm—l + (ﬁm_l)zm — anpX < v
Zm—1» Zm Z 0
with lower and upper bounds on &, z21,...,2y,—1 as in Theorem 5.2.1. We
start by eliminating z,,_1.
Am—1 = (V - Bmzm + alx)ﬁgbl_l
Zme1 < (V= BmiZm + am_2x)B,1, (5.13)
Zm—1 > (V - /Bmzm + am—lx)(ﬂm—l_l)_l
Zm—1 < (V - Bmzm + zm + amx)ﬁy;bl_l
Zm—1 > 0

Since the coefficient 5,1 — 1 is negative, we get two lower bounds, and
m — 1 upper bounds on z,,—1. Combining upper and lower bounds result in
the following system:
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0 S (l/ - ﬁmzm + alx)@;l_l

0 S (V - /Bmzm + ameX)ﬁngfl

0 <= (B = Dzm+  amx)B,L,
B -1 (5.14)

(V - /Bmzm + am—1X> (6771—1 - 1) ! S (V - /Bmzm + alx)ﬁm_l

(V - /Bmzm + amflx) (5m71 — 1)_1 < (V — ﬁmzm + ameX)B;Ll_l

(V — Bmzm +amflx)(ﬁmfl - 1)_1 < (V - (/Bm - 1)Zm + amx)ﬁrzlfl

/ /
lm—l < Zm-1 < Upp—1

where I/, _; and u), ;, are given in Lemma 5.3.1. Rewriting inequalities
number m to 2(m — 1) in system (5.14) can be done in the same fashion as
in Section 5.3. For j =1,...,m —2:

(V - /Bmzm + am—lx)(ﬁm—l - 1)71 < (V - /Bmzm + ajx)/Bm—l

V— BmzZm + am-1X >V — Bpzm + a;x — (V — Bmzm + ajx)ﬁrgil

Bm—-18m—1X — /Bmflajx > —V+ Bmzm — a;Xx
Bm—18m-1X — Bn_18;X — Bpmzm + a;x < —v
Bmzm - (ﬁmflamfl + (1 - Bmfl)aj)x <v

The last inequality in system (5.14) is similar to the ones above. The differ-
ence is that, because we on the right hand side we have (v — (B, — 1)z, +
a;,X) 6;11_1, we get in addition (8,,_12m — zm on the left hand side after the
rewriting. That is:

(Bm + ﬁm—l - 1)Zm - (/Bm—lam—l + (1 - /Bm—l)am)x <v
Rewriting the system (5.14) has resulted in the following system:
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BmzZm — aix < v

Bmzm — am ox < v
(B = Dzm  — AmX S V(505
Bmzm - (Bm—lam—l + (1 - /Bm—l)al)x < ’
5mzm - (ﬁm—lam—l + (1 - /Bm—l)am—Q)X < v
(Bm + /Bm—l - 1)zm - (6m—1am—1 + (1 - /Bm—l)am)x < v
with 0 < z; < w, i =1,....om—2, and I, | < zp—1 < u,_; as in

Lemma 5.3.1. Now we continue by eliminating z,,. The critical coefficients
here are (B, — 1) and (B + Bm—1 — 1). We know that (52 — 1) < 0 from our
assumption, but (8, + Bm—1 — 1) might be negative as well. This happens if
Pm+Pm—1 < 1—a. We will assume this is not the case, i.e that p,, + pm—1 >
1—a. If (B + Bm—1—1) were to be negative, we would get one more lower
bound on z,,, and as a result the number of inequalities would become even
bigger.

Zm > (V + alx) ﬁ;zl

Zm S (v + am—9x) B,

Zm = (V + amx) (/Bm - 1)71 (5 16)
Zm < (V + (ﬁmflamfl + (1 - ﬁmfl)al)x) ﬁ;zl '
Zm S (V + (/Bmflamfl + (1 - Bmfl)am72)x) 5;11

Zm S (V + (ﬁm—lam—l + (1 - Bm—l)am)x) (/Bm + 5m—1 - 1)71

As when eliminating z,,_1, we now have two lower bounds. Combining these
with the 2m — 3 upper bounds result in 2(2m — 3) inequalities. Rewriting
the system of inequalities after combining lower bounds with upper bounds,
will require some work. For this reason we will divide the system into four
subsystems. The first subsystem consists of the inequalities with 0 as lower
bound. These inequalities are quite familiar, so we omit the rewriting of
these. This subsystem will after eliminating z,, be as follows:
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—a1x < v
—am—2X S v

_(Bm—lam—l + (1 - 5m—1)al)x < v (5.17)
_(Bm—lam—l + (1 - ﬁm—l)am—Q)X S 14
7(/8mflamfl + (1 - Bmfl)am)x < v

The second subsystem consist of the following inequalities, for 1 < j < m—2:

v+ anx)(Bmn — 1) < (v +a;%x)8;,

These inequalities are equivalent to the ones we had in system (5.8) in Sec-
tion 5.2 (with 7 = 1,...,m —1). So for j = 1,...m — 2, this subsystem of
inequalities can be written as:

—(Bmam + (1 — Bm)aj)x <v

The third subsystem is as follows, for j =1,...,m — 2:

(v + anx) (B —1)7" < (v + (Bu—1@m—1 + (1 = Bu1)a;)x) 5,

vtanx > v+ (Bm_1am_1+(1—Bm_1)a;)x— v+ (Bm_12m—1+(1—Bm_1)a;)x) 3"

ﬁmamx - ﬁm(ﬂmflamfl + (]- - Bmfl)aj)x 2 _(V+ (ﬁmflamfl + (]- - Bmfl)aj)x)

ﬂmamx - Bm(ﬁm—lam—l + (1 - ﬂm—l)aj)x + (Bm—lam—l + (1 - /Bm—l)aj)x) > —v

_(Bmam + (1 - ﬁm)(ﬁmflamfl + (]— - 5m71)aj)x <v

The fourth subsystem consists of only one inequality. Rewriting this inequal-
ity require some work.

(V + amx)(ﬁm - 1)_1 S (V + (ﬁmflamfl + (]- - ﬁmfl)am)x)(ﬂm + ﬂmfl - ]-)_1

(V + amx)(ﬁm + ﬁm—l - 1) Z (V + (ﬁm—lam—l + (1 - ﬁm—l)am)x)(ﬁm - 1)
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ﬂm—lV + (ﬂm + Bm—l - 1)amx > (6m—1am—1 + (1 - Bm—l)am)x)(ﬂm - 1)

Bm-1V + Bm—1amX + (/Bm - l)amx > (/Bm—lam—l + (1 - ﬂm—l)am)x)(ﬂm - 1)

Bmfly Z Bmﬁmflamflx - ﬁmflamflx - /Bmﬂmflamx

7(Bmamx + (1 - ﬂm,)am—l)x S v

We see that this inequality is similar to the ones in the first subsystem. The
new system of inequalities, after eliminating z is as follows:

—a1x < v
—am,—2X S v
—(Bm—1am-1+ (1= Bp-1)ar)x < v
_(ﬂmflamfl + (1 - /Bmfl)ame)X S 14
—(Bm-1am—1+ (1 = fBm-1)am)x < v (5.18)
*(ﬁmam + (1 - ﬁm)al)x < v
(Bt + (1= Bu)ag-)x < v
_(/Bmam + (1 - 5m>(5m—1am—1 + (1 - /Bm—l)al))x < v
_(ﬁmam + (1 - 5m)</8m—lam—1 + (1 - 6m—1)am—2))x S v

with lower and upper bounds on z;, 7 =1,...,m —1 as in Lemma 5.3.1, and
" < zm < wul, where

U (z1,...,20) = {0, (v + amx)ﬁn_qjl}

and
ul (z1,..., ) :min{KjHéi;Ll_Q(y + a;x) 5L,
min (V + (Bmflamfl + (1 - Bmfl)aj)x)ﬁ;mla
1<j<m—2

(V + (ﬁmflamfl + (1 - 5m71)am)x)(/3m + Bm—1 — 1)_1}
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Conclusions

The analysis in the three last sections has shown that we can eliminate the
decision variables £ and z, and get a new, equivalent optimization model
where the portfolio is the only decision variable. Also, adding constraints
to the new problems can easily be done. Once one has found the optimal
solution for one of these new problems, one can easily find the correspond-
ing expected return. For finding the corresponding a-CVaR, one can either
calculate VaR and then use the definition of CVaR, or one may use back
substitution using the lower and upper bounds found during the FM elimi-
nation.

In Section 5.2 we assumed that all the scenario probabilities were greater
or equal to 1 — . This resulted in a simplified optimization model, with
both less constraints and less decision variables. The original optimization
model had 2(m + 1) + n constraints, while after eliminating £ and z there
were only m +n 4+ 1 constraints. The result of this section was illustrated in
an example, where we could see from its efficient frontier (Figure 6.3) that
the optimal solution for this example was equivalent to the solution for the
original problem. The downside with this new model was that the number
of scenarios was bounded by (1 — ).

In Section 5.3 we allowed one of the scenario probabilities to be smaller
than 1 — «. This resulted in a similar model to the one in Section 5.2, but
with some additional constraint. The number of constraints after eliminating
¢ and z was 2m — 1 4+ n, so it was still less than the number of constraints
in the original problem. Allowing one of the probabilities pr < 1 — « did
not increase the upper bound on the number of scenarios. If for instance
a = 0.99, then p; = 0.01 is the smallest probability we can have for ¢ # k.
If m = 101, then e’'p = 0.01 - 100 + px > 1. So, m is bounded by (1 — a)~*
still.

In Section 5.4 we allowed two scenario probabilities p; and p; to be smaller
than 1 — «, and the result was a system of a larger number of constraints. In
the case where we assumed that the coefficient 5 + 5; — 1 was positive, the
number of constraints in the new problem became 4m — 5 + n. In the case
where this coefficient was negative, the number of constraints would be even
bigger. The upper bound on the number of scenarios for this case grew with
one compared to the two previous section. It was not much, but a welcomed
result.

Letting several scenario probabilities to be small will make the system
of constraints grow in size, as we will get at least two lower bounds for each
elimination of those z; with negative coefficients 8; — 1. It seems like we
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would be able to eliminate £ and z for these cases as well, but doing so
would require a lot of work. Studying the previous three section, one can
get a sense of how these systems will look like. A benefit of allowing more
scenario probabilities to be small is that the upper bound on the number of
scenarios will increase.
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§] Numerical results

In this chapter I will present some efficient frontiers. The portfolio consists
of a random selection of stocks in the S&P500. It is the 13 following stocks
I have chosen; ACN, AA, BA, DIS, MMM, AGG, CNX, AGN, CAT, CAM,
CA, CCE and CCI. If not otherwise specified, the portfolio consists of these.
The scenarios are generated from monthly historical prices, from May 1 2006
to May 1 2016.
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6.1 Efficient frontiers for problems with CVaR con-

straints
«1072 Efficient frontier, CVaR
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Figure 6.1: The efficient frontier of an one period model with CVaR con-
straints, of 13 assets from the S&P500. The graphs are plots of the efficient
fronter for a-values 0.9,0.95 and 0.99, respectively.
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<109 Efficient frontier, CVaR
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Figure 6.2: The efficient frontier of an one period model with CVaR con-
straints, of 13 assets from the S&P500, and the bank. The graphs are plots
of the efficient fronter for a-values 0.9,0.95 and 0.99, respectively.

In Figure 6.1 the portfolio consists only of risky assets, while the portfolio in
Figure 6.2 also includes the risk free asset. The interest rate is set to be 1%.
For low expected returns (left side of the graph), we see that a combination
of investing in the bank and in risky assets is preferred.

6.2 Efficient frontier for a Fourier-Motzkin example

Recall Example 5.2.1 where we found the optimal expected return and 0.95-
CVaR for a risk level of 10%. Below a plot of the efficient frontier for this
example. Since we only have two securities, this efficient frontier is a line.
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Figure 6.3: The efficient frontier for the problem in Example 5.2.1.

Figure 6.3 shows the efficient frontier for the optimization problem in
Example 5.2.1. I used the original optimization problem with CVaR con-
straints from Section 5.1 to generate this efficient frontier. In Example 5.2.1
we found that the expected return was 0.0036 for the optimal solution, and
that the corresponding 0.95-CVaR value was 0.1. This point lies, as we can
see, on the efficient frontier.
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Appendix A

In this chapter I will present my MATLAB code.

The following code computes the upper bound for zi, using the equa-
tion (5.4) in Theorem 5.2.1. The vector y that is input for the function
uBound, is of form (z1,...,%n, Zm,...,2k—1)°. This program can be used
when calculating CVaR using back substitution, for the problem in Sec-
tion 5.2.

function uk= uBound(A,nu,bet ,y,n)

% INPUT:

% A: matriz of returns

% nu: the risk level. it takes values in (0,1)
% bet: the beta wvector. bet=p’/(1—alpha)

% y: the decision wvariable containg z, and

% contain some z m,..z {k—1}. [z,z]’

% n: the number of assets

% OUTPUT: the wupper bound for z_k

m=length (bet) ;
z=y(n+1:length(y));
k=m—length(z);
x=y(1l:n);

% betxz=0 if all z has been eliminated
if isempty(z)
s=0;
else
s=bet (k+1:m) 'xz;
end

% initial upper bound
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uk=(nu—s+A(k,:) xx) /(bet (k)—1);

% seach for lower upper bounds
if k>1
for i=1:k—1
temp=(nu—s+A(i,:)*x)/bet(k);
if temp<uk
uk=temp ;
end
end
end

if k<m
for i=1:length(z)
temp=(nu—s+A(m-1+1,:)*x—z(i))/bet (k) ;

if temp<uk
uk=temp ;
end
end
end
if uk<10~(-9)
uk=0;
end
% since lb=0 for all z i:
if uk< 0
error ('Problem is infeasible’);
end
end

The following code computes the maximum expected returns and the
corresponding a-CVaR values for different risk levels. This program can be
used to plot efficient frontiers, together with a program fetching prices from
Yahoo. The code of these programs will be omitted here.

function [cvar,Fval|] =CVaREF(ret ,alp)

INPUT: ret: the returns

alp: alpha wvalue, takes values in (0,1)

Output:

cvar: wvector of alpha—CVaR, for different risk levels
Fval: optimal expected rate of return, for different
risk levels

N NN NN X
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[m,n]=size(ret);
p=1/msones (m,1) ;
bet=p/(1—alp);

% constraints

A=[1, bet’, zeros(l,n);ones(m,1).x(—1),—eye(m),—ret|;

b=zeros (1 ,m+1);
Aeq=|zeros (1 ,m+1) ones(1l,n)|;
beq=1;

% bounds on wvariabels
lb=zeros (1 ,mn+1);
ub = [];

% objective function
c=p’*xret;
c=[zeros (1 ,m+1) —c|’;

% levels of risk
nu=linspace (0.005,0.3);
k=length (nu) ;

% optimization

cvar=zeros (1,k);

Fval=zeros (1,k);

maxval=0;

for i=1:k
b(1)=nu(i);

[x, fval]=linprog(c,A,b,Aeq,beq,1b ,ub);

cvar (1)=A(1,:)*x;
Fval(i)=—fval;

% Keep track of highess expected return

if maxval<(—fval)
maxval=—fval;
end
end

% ensures no horizontal lines
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s=1;
for i=1:k

if maxval-Fval(i)>10"(-9)

s=s+1;
end
end

Fval=Fval(1:s);
cvar=cvar (1:s);
end
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