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ABSTRACT 

The forces upon a foil noving below and close to a free 

surface a.11e examined. The f·oil move.a with a forward speed u and 

is subjected to heaving and pitching nctions in calm water, head 

waves or following waves. The model is two-dimensional and a.11 

equations are linearized. The fluid is assumed to be inviscid and 

the motion irrotational, except for the vortex wake. The fluid 

layer is infinitely deep. 

The problem is solved by applying a vortex distribution along 

the center line of the foil and the wake. The local vortex strength 

is found by solving a singular Fredholm equation of first kind, 

which appropriately is transformed to a non-singular Fredholm equa­

tion of second kind. The vortex wa]ce, the forward thrust upon the 

foil and the power-supplied to maintain the motion of the foil are 

investigated. The scattered free surface waves are .computed. For 

moderate value of Ua/g· (U =forward speed of the-foil, a• fre­

quency of oscillation, g •acceleration due to_gt'avity) it is found 

that the free .surface strongly influences the vortex wake and the 

forces upon the foil. When the foil is moving in incomin~ waves it 

is found that a relatively large amount of the wave energy may be 

extracted for propulsion. As application of the theory the propul-



1. INTRODUCTION 

The purpose of ·.this paper is to study t.lte··forces, irt>pa~ic­

ular the ho;iz~ntal force~· acting upan"an 6sa'11ri-e1&f foil:; ~ng. 

close to a fre.e surface. dur intetes't ~:tn"·ua"-p~·t•·,... ... ~i·•-dby 

inq _ of the foil. By an arrangement of springs the foil al .. c>'· was 
.: ,.: -~ d·: .: ' . . '" ... 

:.,. ) " ~· ;"• /, ~:- '') ... Fl~-... ·' ~ i-"'_.--f 

able to perform a pitchinq motion. The re•uit waa ·that. 
"lf·: -~;· ~ ·i 

obtained a thrust ~.~ -~nsiderable ~qnltfra~:Whi.eh: .... ~e 

a.s well as in following waves . 

the· foil 

tlle sh1p a 

Jakob~.e~,_,~I-~o· applfed:· a. set cit 'l\citi~t~1~¥d1is r(1ucllrto, '4.-
.. c;., 2\".1:( •: be:;\ • ,:;---: '"T . . , .. ~Y$ i'''C::t·" . . . ''\.' . • ... · .· .. ' 

vertical axis in a fan-like manner. Placed' tn·: a wave' f!iiia/':.~ 
.c.. ,_ -~ ;.; -:..y_,: . ' -"",; i ., I., l':·: ·. . •14;· ,. ! , ..... : 

·fan would start rotating ··a.bout its ajf~;. ~AcbH'rd±Hif'"ib 'J'akob$-ihl' 

this can be an ef£ecti ve way . of extracti&j' •fiei~ '".-oat: ~o~! t'?ie waves 
- . -'"····· ·- _ . .: :~.L. '..> ::: L ,:·- _., ::·:.:1'~• ..... :· . _._, , ··• '.~•~l ,,~ ~~ ~",:- -

- -fo-r -other purposes --t:ha-n-p~J..s-i-ng- a shift~~- ·> >;i .:: :::, ·""' '·"' • : ; ; 

:·~:: .. :··. ::·:. __ :·.":1~~- ;;,)'c{- ... _~~t=--. :{~-- :: -~~.~·:~ -~- ."' --· - __ ,.,;~,---r;,_:. ---.- ___ ... .: ....... ·-. 

The idea that·an oscillating foii may 'create·a forw'1.rct't.firust, 
't.,>\,-" -· ··- t,.' ... 

'''•''••• ~.-J, --~' . .._)J'· ·, ~-:, ~ ~ -~-;• ~ "•" . .t,c,··-=-_! • • .·.::·f:_r:y:>'·:) _;__~'-0 .. 'v··'~-;~~·.f'j)i.• .:;.~;"•;~·;, 

is not new. The theory for an oscillating foiI. in . art unfuiindid~ 
--;-r ~-7"",._....--~ '."---.;··~.-- -,_-~,..,-~- -i-"'·--if_:~-~-~--.-·z·;-. '-·~·i';i·:;;~ 

fluid was discussed thoroughly alre~dy' in 1934 (vaf Karman ana · 

Burgers, 1934). It ~l;~ tu;n~···~t'.;''i:h!£''~xp:~im;ntsj:som~hilt related 
.. ~. ...... --· .. 

~ .. -~:- ·~. ... :- : ;· ... -;='·_ ·--· r: . . . _,:·. . . . _-..... -; . . . '""t:. ' - -_·:,· :_ .. _: .;: . - ~:. ·. ·, . .___ ·_· ·. _._ . :" 

by Jakobsen - but far more·-p·r1m1t.i'Vt! ;o.;.'waS' ·car-to those performed 

~· • - • r -

He applied, instead of a' foil, a flexible, 11ori~dtttal'plate which 

Wt11 plareed in the .rear 0£ the .ship clcJSe to "the free. surface. 

More recently Wu · ( l 9'61 , 1971 a, 1971 b) in a series of papers on 

the hydromechanics of swimming.propulsion, has studied the optimum 

oscillating motion of a two-dimensional flat, flexible plate. Since 

- I 

I 

I 
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arou·~- a thin fl.at plate• The fluid layer is. supPQ11e~ to- -oe of 

infinite depth. 

As aPPn>p;rlate math\91iatical· tool ·we •.i~.-.pp-ly tae -:th~!pf 
1'~ ••• 

inteEJral equations. It wil.1 b• shown that the govte~.lJia.J.nt~~~t-. 

equation is a singular Fredht!>]Jft· ~t:U!l'l!:i<'R'''o1l"~:ki&u:I .... ;t'By -4 .. .s.iJlple 
' ·} !'"" .~' ·~.· " ~· ·' 

transf'ormation this is 'brought iatc> a :fo:em. of an a·Jrdiury Fredholm 

equation of .:second . kind I '#hich . is sol ""'11!: :. numerically ·'by .-a :·~J.,l.aca-

· ti on ~thod • 

. ~ .,~· 

on. the· ina.gafEudi Of thrust/'1'41fficiency:1.n4.'SUpplied p~·r~ T'h-.·, 

-ei~~ct''li iri'.0~~rtfeuiar· lar~e for small "'8.lues of -~~"1<1/f§. {J.L= 

sp~'ed 6£ t.ru. · f6il', ·a-'= fr-eqtien·cy of' eneoant.er·· aru:i,, g:·•i:,_&g,9:91•~-~j;.ion 

due to gr'8:viJty1 '. Th.us, >Q8clliat:1.n9'"' the. fo.1:1, .. cl.Qse.:."to·- t.he-·--~*41l: : 

s'u.'rfacie· w1t:.h· u ''and (j··· .. 11, we·•·find:'f.whan.•sthere,.is::no J.n~p.g 

waves, that the forward thruft· may<"be :'lout>l-.d: n-t;hout, insu:;~~ 

. .f.he wasted'.fi~:rw~-- In 'th1s7'ea4e the fr• lN.E~ iftcts..,·as, a. rigid 

wall, __ enlarglng :ifi•· ll:ft ~d- the forward; .. thrU111l. Fer r.l.e,rq.r, ~J.ues 

·oi. u _,·~nd -~-a 'the ·surface- wa.v'a···beaOlle impias,t.ant.. ~>mQm~n~n.i 

.. ·flux':iri' the wave!•·. ma'~i''b~; '.rasp'onsi'blef--·~-- a ··•a0nside~l·e:.~part .p; the 

·-·· ··chor.i~"6ntcli'torce~actirig "\ipon the t61fl 'F'or · ~<l/4 · ~he ·ef,~c-t.; <::>f 

'£11~: .. '!tV:>rnerltui:h; fiux is· to'r'idtl.ee the>thrust··wherN.arr~1·i:G1= .~.!f>l/4 tjie 

· e:ffect i.~ usu~lly''to'·in6rease' the thrust~· ;Also th~ energy wa~'t;~ due 

_;..to:.:; the ~liia v6amay ~ -C-:'"df<:e qr eat.~ impor"!DCJI I ~in-g:: ±n·~some -~ca-·-··- the-

main part. of the total. energy waste. 

When the foil· is moving in waves it .may extract .energy from 

the waves for propulsion.· For example, when the. amplitudes. of the 

incoming waves and the vertical notion of the foil .are. of the same 
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We shall assum~ that the hydrofoil has a small camber and 

angle of attack. Tbe foil is also assumed to be thin, though 

sufficiently rounded at the leading eclqe ~-~•R<~~+iow. f~~, ..... ,, 

';'being'"ilip~tec! tne~~ '?:at the oscillatory, pa~ of. th• flQW. the , ,..-__ ' - ' 

effects of camber ''&Bd ·-:t.h.t<:tttne•• are th•n ea.ly ..-conaary, at?-d th~ .. - - ~--· '•- . .. ""'" "'·-~· ' ' . ·' " "'~ ' ;. 

-fpil may mathematically be replaced by a flat plate. ]furthermore 

the amplitudes of the oscillations of the foil-and-the amplitudes 

of t.li.6-:ifteotdn9'' wav•s -are 'su.11 .. Hence, the· ooundaa:;y con.di tiQ:~ ., at 
. ' -- - - -- _,__ - -- _:.;L;... 

-- th~'-ftee'ii1rface and- a;c ·the foil may be~Ua•arue1ll,,, ev9n if the . , .... - --· . -... - ' ·._ ..... ;,_, 

foil is placed relatively close to the free surfac,_::" ... 

Let coordinates be taken with the origin in the mean free 

surface of the fluid. The x-axis is horizontal and· the y-axis 

posi~ive ~~rifs, sie !lguke T. ~·e~·~u'.i:d'"f-8' -~s~•f in(:•Ompr.-.tble 

and the motion irrot.'at:i~rr~'. 'c(:)fi$idflirin9 'the pt-ob1,.mr-~rom ~-•1rame 

of reference fixed to the mean position of the foil;" the water 
) - "'""" .. -

(''. ;::·-- - .... -. 

flows_with a horizontal speed t1 along ;the negative. x-axis. The 

where 

+ + 
v= V4> - Ue x 

is a velocity potential and 
"+ 
e x 

(:2 • 1 ) 

is the unit vector along 

the x-axis.·.$ satisfies the two-dimensional Laplacian 

_,, ... 
We shall consider a fluid of infinite depth. The boundary condition 

at y.,,,,.-aJ is then 

. y .~ ( 2 . 3 ) 
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'o = RejReif 0 (z)exp(jat) 

'l = RejR~if 1 (z)exp{jat) 
(2.10) 

with 

(2.11) 
; .. , 

Finally, at the t:ra.ili:g.g edge the Kutta condition is applied, 
r- ,_:~ ·~~ 

; ... , .. ,,. 
ensuring that the velocity 14,,,,.finite at this point. Also, at x=±m 

the radiation conditions must be satisfied. 

- .r: 

3. THE. I~ BCUATION 

To deriv-e,,·an integral equation for the motion we express 
·: ,~ ..... ~. 

·· f 1 (z) as a continuous": distribution of vortices. Siztce the fluid is 
•"if .'fl·::-·;.-

oscillating in time, due to the rootion of the foil cir an incoming 

wave, a vortex wake will be formed behind the foil, e•"MA~nq~ ~ont 

the trailing edge to x=-•. 

be considered to · be located al~ng . the. line ~-~. f 1 ( z ) is 

-- - there.fore expres.sedc as~an __ inte_gr.al from__ x=.- : to x=l • Let 

G(z,z0 ) denote the complex potential for a vortex of stren<Jt.l:l 

unity located. at z=z0 • G(z,z0 ) !ulfils the 'bQJndacy condition at 

!fie fre.t.au1:fac;e1:tbe·rad.ia~ion 90~4it.~9'°s a.t=- -~~tm ~d (2.3) at 

y-.-. · f 1 {z) ·may ~th!!m b49,.·wri1;ten .. 

. . ·.L · ... 
-f 1 Cz-) -Jr-<~ )G_(_z,_~-idjd~_: -

Here y is real with respect to i. This is to secure that the 
f. 

boundary cQ.hdition at y=O and the radiation conditions are 

satisfied. y is, however, complex 'in · j -~ being-":o~; the form -, 

_y=y 1+jy 2 where r 1 and Yz are real .... G(z,~z,0 ) is derived in 

appendix 1, and is shown to be given by 
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Let now" · 'z·+x'..-id' (x<l) fr.om below and above.· (3.9:)·:; taten gives 

df - 1 ~G 
u-iv • -d + fy{~)sz(z,~-id)d~ ± }rcx) -· z=x-id (3.10) 

ae..re t.l\11, + siqn and - si911 oorraspond .to · z•x-id from be,l.ow -and 

· .. ·al)~, ::respecuM:lY"tti:~ t;Ja.e.,~ .,~J:2t;'Jh,;-tf~ i~~4'jr8v-1 _ si~1;c-- !':·"'t 

!'d4i.C:ai::es tl\e :.prim::if•l:, ~al\W ~ To identj,~ _ y ~ . we .~uqtra,ct t.,~e 

1two,equations in (3.10) from each other. There'by ... ,;.: ..• 

y = Au (3.11) 

1-: "'~ere A denotes the difference between the lower and upper \value 
~ 'by' 

along the cut .-<x<l, y=-d. To obtain the governing integral 
.: • '-~ .. i"~> '. . • - ~ 

equation we tAk;' thef.:flD&gittary part. with·.,re,speCL' to . i.x,pf (3~·10). 
·.,./ 

For lxl<l this yields ;. ;. 
,· ·-

where v is given by the ~inemati.c bOuridary 'condititm at· thef' body 

'~<-2~ )_,_ 

Re .v exp(jat) 
J 

(3.13) 

To··. find y for -l<x<_.... we apply th! ... fact. that the vorticity in 

the wake is conserved. Hence 

-- - -. -· :_ t-~~- _.- "CJ-9, ..... \ All.• 0 . at· ·--ox-1 -~x- -- -- (3.14) 

The solution of this equation is 

A~!cx,t) = A~!<x+ut) (3.15) 

F rem p . B) and _ ( 3 • 1l ) 

y = y 0 exp ( jkx) -m<x<-1 (3.16) 
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problem in an unt;,ound::ad flUtd. _ Consi.derin~. fpr the 1TtOJDE!nt the 

r. h. s • of ( 3 • 20} as -_known, the solution of the equation is (see 

Froi:n. i;.-e~idue .calculation we obtain 
' .. , ' ' 

in the form _ .. 

1 -
K(X) + fK(~) K(x,~) d~ = fi(x) + YoP(x) 

-1 - (12-~2 }~ 

Here_ the tilde defines the transform 

~ c· x, -- ~ f1 ( 1_2 __ ~nf_ l ~---::c _, - - f ( n.Jd'l'l 
1t _ 1 t-n 

Furtherlt1~r~, 

::ie(x) - r12 -xl ) ~y ( x) ' -

and 

appendix 2. 
- -

.•. , ;:~· ,,,~·. ,, 

•• ':"f" ;'-~ ,. 

(3.26) 

·,.V 

. ) L~· 28 > 

To close the _prob lent' we apply thE! -Kutta -condition requiring 

•c.-:,:r:1)~~~;;-be '""£in:l'te~ Ii':incii'1!from ;._T:l.'Z6Jt"'a'lla "'r~~:"Zsr-~ ,,,, __ -·'··~·'C ,,,,_'"' • 

Combining (3.30) and (3.26) we finally bl:>tain 
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pres-ent.ed 5•25 ia app;1ied, giving an:·a.'.ccun.cy of ll ·~ Q.ett,er •• 

As a ·Ch.eek of the computations the wasted .energy, i$ e&:lei.il..ata4 .. h,y 

.. -. ( 

5. EFFECT OF THE FREE SURFACE. NO INCOMING WAVES. -

To solve the governing equation (3.31) the incomin9 wave and 

the motion of the foil ~~t b~ gi~~n.:'"trt thli-a•qtionl;'there is no 

incoming ~ave$. We · aball a1H,utDe ·. t;hat .the foil is a rigid body. 
• • . ~:"'f:;i\ 

performing oscillations in heave and pitch. Its forward speed. U 
" 

, ·~· 
is given by the Froude nu.mber 

Fr = U/(gl)~ ( 5 • 1 ) 

. 
Following Lighthill ( 1970) we write•·:t.11.i vertical coordinate of the 

plate m·· .. th•·,· for•'· .'. . 

(S.2) 

where -h, a;. and b 

tude h and a 

,-.! 

pitching of amplitude a:" a'i' ~::fi,xed ph~se l~g·'. of 

. go.0 before the he.avin.g, with the axis of gj,,t,dl, ,at. ,,., .. ,.._,_; __ c:~- . , x=b. 
·-:~~ -- ·p,-c 

" 
The foil will set up surface waves which at'' x=±m are 

;h.~rmc:in.fc :wa:~es ~:th'1Wve:"nunmers-:: kpkiikj':E•.·and1 :' x4f.. (~e "-l:r ... J?).,). 

- = __________ _rn_-±ruL.£r~ame __ of~r...e£erence 'wl'te:re ·"th• ourreni::·!s .zero.·;·' ·l~~ a.~l.ed 

the relative frame Of referena• I b'Oth :the :· d£1" wa..~· <an;d "'1;'-1\e k2 

wave have positive phase velocities larqer than IJ. 19:le .~ 1 , .~ave 

has group.velocity less than U whereas the k 2 wave has group 

velocity.larger than u. The k 3 wave has positive phase velocity 

being smaller than U, and the k 4 wave has negative phase vela-
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suction force,' it~, !acting at the leadi.ng edge, and a side force due 

€0 ~·~e piess:ur11 dif:feren'.ce aJ.onq the &>:U1 · rri,'• ~, '.~' mean 

,where 
l , I ... 

Tp = f t.~x 
-1 ~x 

'1 

' In4:.roduo·in9 tb.e ·_ .l..ilt L;:·r ~~tj.n9 uron th.a !'.l~~~ . 

... ~ ':.· r , 
~ .. 

•'' '.1. 
L ~· ft.pdx ~-

-~,,;.• ' 

Tp = L ~Tl 
~x 

'., ~,. ,_; 

where p is the density. 

·,::;",j.'-.' )-_, 

,($ . .;7) 

(S.8) 

' '." f {'·Ill.·.· ... ,. 0 ) . l~··· 9' .. 

" Th•· ~· ~ste ··of. ~~CJY mar oe_ shown._. to.~~. given by ---:- -~ -- ~ -_-_:--.. ~·~ - -··..._:.-:::..~· ._,. -:.2.-·:; "' . -, 

,:;·. ··"E = lf2'(e-~£-Ul - :Eof (c9'1-.u ). - E3tc93 -l1+_ ~ E4(qg47u) 

.·· -+··k1'tilr0l4[:i'-egp(-2kd)J ( ". .. (s~.12) 

. ·.-·-··· 

. Here E (n:ml , 2 I 3 I 4) is the wave energy dens 1 ty · ---~-~ 
l - « ~.' •.,' 

n=1,2,3,4 

and c (n=l,2,3,4) denotes the group velocities 
gn 

cgn = ~en :.:: -1 (g/Jtn1h 

cg4 = ~4 = - ;cg/k4)~ 

n=1 ,2,'3 
(S.14) 
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a.l/U 
\, ,··- ,,:·1 ,, __ 

le.ss than about 
·.··_,. 

unity,. figure 2'-' s~w:s. that.. the. thrust becomes considerable larger 
- -- _,__ --- ·-·- - ._:__,.:..:·.~ ~. ,.'.;._,._;_;''_'7~~ /.:.--~ ~ 

for the foil: ;ftlQVincJ .QJ.Pse. '1:9:"5t.he free sµrfaq~ .. than bei:qq deeply 
• •• ' O ' • • • "' ,. ,'.,.•' '~-:-~ .. ;,_,· ~ 1.·~~~\ \ -<, -<' 9L ·,,.,.J ~ 

· .o~~·llh• )f~-:..Qu:~J:. J;:&V&Flls.s. ,~t .~be e.~fipiJmcy is 
. -, ·~ ·. . ~- ~-- . ' 

"•lfght:ly :Ilar9er for sma.l~. values of .d/L Renee, f.or 5ma.ll Froude 
_.. , :..t(.":;·_;~ ~:.c,:: ~:;;.,) 

nuntbers·, ud. val~.~· of i~• .reduced_ :frequency less than about unity, 
•• ,,.,. ~ .... ·-·~ -.,,.. .· · •. .._··i _., '.-~w _; 

it is favourable moving the foil close to the free surface. The 
- ' , ''·; ~- -'- ~- ~-~-- ,- .-•·- ... :: ' 

interp~eta:c.i~l:l of .thesta r•sults is simple e. for these values of the 
-~--- . __ ., ,. .... ~~-'-~~- '.., ;·:::-~, .- ·_ - --~ .. 

Froude·:J1\.Unl:>§r •pd. the ;-~~u~~ ~re<Ju,nc:y, ,,1:,.}le ~.;;"&!, ~ur~ace condition 
' · --_,_..,.,.. ,. ·-:_· '!'."' ~'T~-;;;.r -::.:: -.. ~ 7._·;.,1;;-;~-~l.;- ~ZT;J_:..;: • ~- .. ;~ '""' ,7~"'",";':'.r,:·~ , 

·<::an:'.·be, approx~...,te4: by:.th• ri,qid wall C()n~;!.tion. In this approxima-
:~~- •. <·., ', .• -,- .. , -· . -''~:i,·fry_;,_,-:· '.· .•. ~-~'iliE ~lC'.:~J . . :. ~s;,,~~-

. I 

tilm oo··wav•• ~cµr • ~;'Ofh;£i911re 2b we see that E increases for · --.<:-.-r:~~, . .'_., . .:>· __ .. ;_};~. _,.':.rf ::~_ ~f~,"/ 

dacre.a&~lUJ'. values .Qt' 4ll.. Then, uain~''"'~B · J~) .• ,f!, fo,~}-~s:: ~~;0 Yo 

and· ~1'ler:eby,,_~t.be _<:ircu~t:ion,ja,roWld the. fp,iJ.,~ r' -J~cre~sef? for de-
- · -- - · -- - -.. · ~-' .. , ·vj ___ ./?h.~~f.,.; __ :_ .. : :i': ._ -~:r-ri·.~: 

creasing d/1. The· results obtained above are thus a result of the 
• I-\'." .,. ,., .,..; 

A ;typi;.cal .feat.~·~: ~-,;-~led in .figure.a, 2 .and } i• tjlat · for -. 
. · .. · .:. ' ~::<_..,,., _.; • ;;: •• ' ;· . -' • 

s:zaaller,:'tjt:'10 l/4,·:t.he~:generat-1 way~ play~ importan.t role. Thus, 
- -. -- ·-· - -· - ~- -_· . ___'___ _· ·~·' _. - ,.,_ -..!'-<.,, • ._ ·~··_· _I_· :::- :____.:___ j~_:J..;.~ --

"f'>er Fr=O .:4 the .en&.x'gy i.P•te. due , to tl\.e .. :'IJlV'e:s , , ~w, r is,: :!1.;>: to 16~~% of 

W.,: ·;and c..for ·Fr~l.O ~ 1~-w- ~ .. c)•9'5e to 1 OQ~r~-Q:f !i:·' We a.,lso :q~tice. that 

-:t-~e -momentum . fl.u.z.tiiaw~ ~ves is . larg~ t S~c,,o::·:t21·~ ~l~.:oand . . ~J :· 

waves <are the •dd'tl!linating ··ones, t.he flUJ( .is negative. For i; very 
' ' ·.- - '-:- -.. ' • - ' ,, \;' : ... L-. -'·.: ·, •;; !.:").;,;; ·,_;_ :~:- - '.; • 

· elos e · to 1 /4 (·,,~both . th-e ··tllru.st, and the enet'gy was.te becolJle very 
' •• ' . -. :~· • I."_... - ':';!:\..... -· ·': '•. ··-~. -· 

· -smalt. ·"The-ener9Y ,:flux ~q:r ~k{-- ~lii:i ~2 -~~ilv~$ ~-re -e~~-~ly--:_-~-~~~ · 

when· i:-.l/4. and it turns out. tnat,.the, .. ene~~ t;i.ux for ]< 3 and 

. k 4waves are neglig~J;)le Jn thi~ i:-region. Mal;'~ _surprising is, how-
. .:• ,< ~ •• ,, ·: - ~:, -~ : ..... ..:. ti'~;..;;.. ""'-· •·. ~- -· _.. -J-1'' ,...:.; • .._ ._.· -·,.c;: ~'.-..-

b~com!~ .. very_srnall, implying 
··- -- - --- - - -- . 

that thewake is all'[\Ost vanishing due to the free surface. For 
. - . . - ,, "'-'~-,... . ' ' --~ 

values of i; slightly larger than 1/4, r 0 increases drastically. 
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"6. E'!'FEC'!' OY THE: !'RD SURFACE:, INCOMI)TG ~VJ!!$ 

Let 'th.e wave'i eJ,.evation 11 0 of the j,.nc~ng~ ~'v~.' be given 'by 

..... ...,;" 

(6.2) 

:: ;_~ .. :~·. . 

a:ere a 0 is the wave ARlP+it~1tt'·. k 0 t~ .wave" nu~~r of the incoming 

wave, o=l for incoming head waves, i.e. k 0•k4 , &=-1 for incoming 

fdllowin~~·~a~~~, 1 ~i: · k~~k;· ;i~,k 3 . Th• + aitn 1:t4 •pplied for 

k4:: ·. '#aves, )'the - si"""' for incoJlti:nn k . ,_ ..... .a, ... ,.]( 
':jH ':J • l -~•·•·· 2 • 

. waves. 

Denoting the mean wave energy power o~ the inco~ng wave by 
. . ~ . ~ 

. , PD, the energy equation ( S ~ .6) then take~ 1 the . t'orin "'""·· 
''-.!-.' 

P + P = TU + E 
0 

(6.3) 
\ . 

-:,,~ 

; ·! >< 

'· ," ~ ., . :·, 
. P 0 . is given 9y . 

p. == E Jc-UI 
0. 0 g 

(6.4) 

l . . " 
where E0~ga5 is the energy density 

l,J . ... 
'-.l.; ;_ 

of the incoming wave and c 
g 

. . 1 --
is the group velocity. cg="i ./g/k0 

· __ -.::,~-, ..--: \-v 

for· incoming following waves and 
. l -. -
cg=2 ./g/k0 for incomiqg head waves. 

J 
The existence of an incoming wa:i.re, ol;)viously complicates the 

study of the problem considerably. It illt"rodi.ices into the problem 

three new parameters, viz. the. -wave amplitude, the phase between 

the·•···wa~~ ·and~·foiis·-~1ori·~and·'~the .... 'fr~1"\~'"'"'f;:..~a: ... wav•w~W.·x•laa.U 

only consfder the case When the foil and the wave :rnetion are 

oscillating with the same frequency. Hence only- .:two new parameters 

are introduced by the incoming wave. 
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The 'b~sl.s :f6r this -a~iri-ition is long in~g -w~ve.,,.. ,WI' ,11hall, 

h0wever / i!tiso apply ._it' fb!t' moderate ..-v. leuqth.s •, Tb.is' onJ.y me.alls 

tli4t ::!:h~tes.d ·o;:t<spwcifying ·~ pitchinq a.n'9'le. e1, we speci.q ~-

. ;i, 

Obviously, when the heavin9 motion of the foilc- ~ t.he wa.v• 

rn.Otion (t,1\e waW length: "assu~ large) are 180 .a..q;ees out -of 

p'haS'e;: · tl\~ c;enerat'ed :fluid :atotion is, equi-.:al!ent ~o the motion .. 
. ·'·I- •" 

r 

generated by the !t)il:'''d•ailt.•ting with ,t,~. eam.e il:f..:tf~l)ixi9 mot~q~'-

.. fi6 incoilling -~ivel; '.!bJit.·a:··-1arg.er ·. amplttu4• in··the :..h4!~ying motion •. 

Co~~elsportdlnCj!j-'/'.~jwH•nf'C!\e(h•ave motion 11..nd ••v.t ~ti~ ,are··· in. 
; ,·. ·,'_, '· ._.; .- .,. .. :_. " _-..,,•; 

phase,· the equiyi'.1enie£heatte motion withry DO.:•bco~1'9- wave11·. ~~'~"' 

·~1na11ar-' amj?1!tud•c;··, F6r)1ncCllling .. bead. wansi,,..,for'.: ig.ato,nce,,_: t~~-e>J,.1-rst 

of 't.hes'«!r: cases 'oorti!s~d'a:· ·'to -~•TC/2-, ~'9:iYinq ·A~~+~, ~.,S-~,. ;,,~d 
.,. .• A·, ..... , , '' 

0=a:tJ/a('h+a0 )1'~b'r&as''t.he latter aase.vis obta.i.n.edetor; ;:..;J~-:-.~/2t; , 

giving ~*ti...i~0 /··'~by; ant! 0•iWU{a(h-~0 .)'c. 'On' the, ~t •. ·~· ~~;:the 

foil andi Wave motiOn· &re 90' d~ees out o£: pha;s•.·;, ··~:· genera:t:"..~r, 

moti0n is ~iv2!f!ebt :no. tne: •tnot±on g·ener~ by .. tn•· ~il for ·nP: 
-- - ~ - -- • - - I - - - - - '· . , , -•·>· '·· ', 

incomirl(j :t.ftlves/·'·~e:.•·saflii'beavlimg motion· bUt thtl. pi;_tc}l ~.s l'IPV_ed 
..... - ' 

from b to ~. This case, with the foil and way:e:'mQ~Q .90,~. 9'tt of 

ph·ase, cor-resporida ·110 · '.~==o, 11: and the foil,.- is ~1+ ) ... ~1.-hi~est or 

''16\iest · posff.fort''Wheri -~e ·~v-•rtical 'velo~ity~ j,s maximum .upw:.ards. -.•.For 
' ~ ,.·~ -,. 

""· incciniing h~a'd ·wa-v'8a:•'an<1.:. 'J•1t, 

--tS~-b+l~/!l c--and ---c·9;;au/~.~ T'hU:s the-oiily~efieC:tc-;Q:F~q~oitp.n.9 ... wave -

is to move the pitch axis to the point 
/\ 

x=b+aofil.•; i 

we shall in this section 'study the thrust act.ing .up1;:;m and the 

power supplied to the foil for two different kinds-of motions .. In 

the first case, denoted <as· motion 1, the heaving. motion has. 

· opposite phase of the incoming wave. This corresponds to ~=1t/2 
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this case; the. largert effect . is obtained \Vt\en the .. f..oil is;·:moving 

in ~the short k 1 .. · ~ves •· For motion 2~ in cpar:tieul4$r't•. ·the power 

supply becomtli!i *•fYilsiMl! i ''*il• t.he .. thru:K re'Uill• •• sj.,gni:fi.QJU1t 

value. The value·of 'th•·•r:wM al.ao .. ,i-e11&l.aa :C.t.4it.@ tqr,.:, .. alJU-;t,9 .. 1 :tin 

We see from· ffgtttes 8 ·and ·e that. for i:>.l/4, the large~t. ~fust 

is obtaln&a tn"ii•aa· waves~ 'fhe• cpposite·;wa• tr\19. fqr Jf<J I 4. 

··For lft'&ition';., .·.and 8-0~fi :we have. fonnd. that. '. i 5 J;~. (;:~ider­

ably:-, stnall•:r. thart'''t' in all catres. For mcti.c· ii· · f 8 i.t,1•, close ~ T. 

The examples .~Cfied above clearly··;:showt.t.h4t..:.4 pa.rt. .. ,.~ t.R.,e. .. . ' ~ -... ' - ' ., - ··" 

energy of the incoming:.·_wi!lve.,; ·Us .utilized :t.o prodiJce ~~,forward 
, ·•. . . . . . . "'z\? r;_ '. ',• 

tj'le fot.l. In the special cases where the power supplied 
· -t.: ·:.; f'. :~: '":: 9C.. -

thruat ~. 
f}e.· .:c · 

- ·"· 
to. ,J;h~. fo~F l,s z•ro · or very snta.11, the ratio TU /P0 gives the part. 

··:·-_ 'i· .:-. ":"· . ' .• ;.. ·r"li·.. . 9''_t".'.l\··5 

P0 which is utilized for propulsion. Figures 6:_'9"·~hbW cases 
... ,. )--"'"": 

of 
·,,",._,_j, .• • " '-~· ' , 'f ,, H 

_,,·' ·-' ,, . -~, 

with p being very small. As an illustrious exampl-e we ref er to 

the case with d/1•1, ·b/l;.-0.5~ a·0/h•1 and mot1oi1'2which gives 

k. waves 
4 

k 2 waves 
k 1 waves 
k 3 waves 

.. _h.>• WCllVe~_· _• 

· 'o .-,~;':~~· , . o. s 
0.5 0.5 
0. 125 1 
o .·12s. 1 
0.3 1 

o. r2s· 
0.125 ,y:1 i'2s 

. Q;,)25 . 
0.3 

:·.-~- '::: .e- . ,·,,·, 

,..,~ ·- ' . ' 

0.09 
6. ff' '~ 
1. 24 

· 1. 54 . 

. a. fii;· .t ,,.Ji • oa6 :: . · o ,.oi4, 
0.6 0.113 0.091 
o ··cf:.'141'·~·..,.0:616 

0 0.093 Q.338 
o. 6 · c>'.;o93'· · o. l3o 

. 
'1'he table shows that for waves of moderate wave length, with 

moderate amount of ~ve energy, a considerable part can be utilized 

for propulsion. However, for long incoming waves, with larger wave 

energy, only a small fraction cart be extracted. 
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is very close to the free· surface. Foir · ~<l/4, Jww~var, when wave 

scattering effe.ct.s ·a:re important, the- approximate 1;:,h.eory .s.~rongly 

overprediets the forwar~'~brt.i-st when the <su:mmerg&11~• of -~ £q.µ., is . ·.--.- - -., .. ..;.. ..... ; 

small. When tl'Uf ground effeet &:>mi.na~, •. .i,. • .a ... fc:u::, JUDatJ.JonvarJ.ues of 

'ti~ and '. :;', the 1approdfnate theory underpr9dlatfr uhe' forward thrust. 

7 •. PROPULSION ··op· $HIP BY FOIL · PROPELLER. 

In th.ls S'ectiort ~ sh'a.11 · apply our tvo~aen•.).<:.>na.l ti}!ory. ~~o 

··study the!! '"propti1s'f.Oii 6f<:$liip ··1'Y· foil p~cpelJ;et ,;'. Tbe ·force is :then 
. ··- ' . ' . 

, . _;_ - . -: /' -... -; . ' -' :. ,..... __ ,,.;. __ · -: . ·:. - ~ ...... ~... '- ' -

found by applytnq the' strip~theory• approx~tien. W.. ~-s~ t~~ 

the · shlp, ~ith a foil propeller placed i.rF:~he front,·.· is atiwanc:A;ig 

with a:. ~~:-~d 0 iii ~egular waves. D-Ue--c 'ti()J~h· incemd.ng ~!'IJ'J• t:he 

ship. wilf U.nm.rgo;h$anngl ·and pJ.tchinq motionS•~'H>8nCa;t:: ,~~e,_, foil,: is 

~«~brbed: ~ th'ii'' -~h:lp· motion toL be movi'?l'J '. up ·.ul- ·down wi.tlil.e a fJ"~uency 

.equal to the f:l:iequ~1tcy of encounter. "Tbe o_s.ci1/La:tary'':17-ertica,l ~-·'" 

__ motion o!._ the'. fol.ii_ as wl·f> ·as the osaill&tory,• mction o·f .. ;t~e -~ye 

fi~ld'..;,· >will ··;.,.¥()duce'· a''~r. d ·thrust on. the:.fol.l r- and. ;~MX:'1Py, a 
'. '... ·.: . ·. · .. •; .• ·.:;;·• .. 
fot"Ward thrust on 'the-.:..ship. :'.·:: :::.··~;~-~ 

:~~-~-·- .~.',-, . - .. - -_ ·- -(.· .) ',' - ··.'' -" - '. - ~ \ 

studied in ·ma:ny pap'e·rs ~~ .. A thorough di:scussitsn of: 'iiltip tcl¢tioµs.;is. 

'"'given by. Newmari "(197 8) • A. main re.ult conc&:rnil:rg the :.-A'le'tion ... of a 

- . sh.ip-irthead 'waves ·i~ that c"lts --vert-ic!l·l· df•gpracemei,.-tJI; .J)~cc:a~ ~I-a.rger--

. th~n the; a.mp).i tude of ,.the incoming waves when. the .. wave length. t.. 

satisfies 1. 2<A./L<5, . L being the ship length• For values .of . A./L 

smaller than 1·.2· the vertical. ship motions··· rapidly become very· 

srria11. The vertical motions of a ship· in' following waves ,a.re 

generally somewhat smaller than in head waves. Wachnik and Zarnik 
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show that. 'it~ t~ fa.voura.ble to operate the ,foil close t"O- tl,\e free 

surface. 

In figure 1 Od T is displayed for h/ a 0 =l, · d/l--.1 . ,e.nQ 

!'r•0.5,1,2. For. -t>l/4 and fixed value of k 01, T increases for 

increasing value of U, as expected'. The fig1ire also shows that for 

'fixed ~alues of u and' lt andva!r'Ving 1, the 'la:rr·~t. tjlrus.t ·is 0 I •.i . :.:11~- ~ ··.. . •. 

obtained "'for'' smallest. U/lgl, ·i.e. largest v~lue Q:f the chord, 

length 21. 

--:·-_,. ,:'~ __ ~ _:''f- ,."" !.-~ r·-. . ' . f· _ ":· . 'c _ . . _ . ' lng wa:ves ... Th• figure• shew' t.hat . the thrust i.s :gen~&lly much 
> • :> ~."• ,- *1. -l!:' •" i_'-..fr •. : -~ • ' - ' ,"' '' > 

Sl\\8.1.let'" for·· fOllaw!:ng wavei •::than ftJJ!' 'bilad 'wayes -,,.: C~~!,n9. fi~xres 

1 o~: tfia.·> 11 a -ff~'al:So ., ..... , tmtf. t!he h·•a11int I11n&Lon in: tl\Mil . wi:'ves, &'•ds 

to a considerably "'la]!ijer.:' tfirttiit in Nlad't.,Wavee t.ban.rd.nt fflJ..,J..awi~S: 

·-waves. Fig. l 1b shO'o<lfs that in following wave$, ,in,,~oppc;:>sition to in 
. ~ ' . ":. "- ... ··. ;, " 

headwaves, the thrust has not its maximum value when the foil is 

ope;~·~e~ ~·~~ry -c'los~ to ~h~,'·~~~e surface.· Froni''·ff?ture"~'l 1 c we' s~w 
_that _t_or_·{~ng:;;T~;~id9_waves,h the· th¥t'.st ·ls''iar9+est. ~or sma:1r 

Froude numbers . 
.. ::. ~~ ,.,,.~ ~-J- ' 

A general ;esul.t. di>tne' various ·cciinPuta:t:ioris' is':t.haJt maxi~m 
"thr\l;t' i,~;.:~b~"~.i'~,;d f;r~ i;.;tL Howev~r~~ accordln<fto LT"<jh""t1fill'' ,, ' 

"~ ,.., 

n 910), sta1l l'Day ;:;c:5c;ui·' ~;n' the leadirlg '·~dcji!J::stlet'iort ~:i'& ·large'" 
~-;/~:-·--~- _'::'_,..~(-.· __ ;_._·: ___ ::i:·_.·1_•_:· ._·:_:..--··_. · .. -_ . _ _. 

hav·e therefore in· ~figures r2a~12b 
-.:.} ~--- $':'-~--~ ::+.-. -· ,' 

compared to the total thrust.·' We 
. - • · __ ' : __ --.--.~-- . --- '_. _--'->: -_ .... :'.: .. : ... ___ ; ~-·- __ ,_. -____ ·_ ' 

compar;d- tile-iaadiilg-:ea.ge-&uctron ~d th~tot.aT thns--e:-~tar- ~ious--

values of a, assuming that Fr=l, d/1 2 1 and. l)/a 0=l~ We see that 

by increasing a from O to 0.3, T is reduced essentially whereas s 

T is only decreased slightly. For e=0.6 the side fo~ce gives the 
. . 

maincontribution to th~ total thrust. 
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U<O.JlgL, a· r•asonable value for the drag coefficient is 

(see e.g. Newman19~7, PP• 30-31) .•... 

-3 c =3•10 
D 

D w for a ship ttl:lving in head waves is 

discussed by ,Faltin&en et al. (1~80) and, may be written 
, I ! .;..... 

( 7. 41) 

where c is a dimensionless function df U/lgL ''·~p<f' x)t~('Conipui-
w ' . -

-. 

tations displayed in the pal?er by Faltinsen et al. show that the 

values of Cw depend strongly on the wave length of the incoming 

waves and the response of the ship. It turns out that the maximum 

va·1ue>of ' c-;" approrl*te1y Oe'CW:'s vaen , the , v11rtieal. .motioJ:U,S of the w ......... : ., 

. iih-f p~ ar'e l~rgest ~ The m•i4tlum. ~lue of ... c~, -90P¥~4119 £~ ,.':-~/~,_ 1 , 

tJ:r abdtit 6 for . U//ijL°•o~ l > · and· ~bout a --~ .t1/ I gL~ •. ~.. .f..o:r l,ang~r 
• ' ~ .• '• ~ .i> I· •• '"• •' ' •. ,,,; 

or shorter waves, i.e. smaller vertical, JnO~S·,.P~i""1*~ -•~;ip,,_ ~b,e 

vlliue: of . c,;>·'--'Del:!!bm41.S.1:rapidly· smaller 'than. l~·~J;_:.~.i ; .. a; · .. ; 

P.or· a sli;.rp *'Vin~ in·;:,£D1i.awing .wave~, .. l4:1t:~,le .~. ~1?-~\~~~d 

about. the actual valu•s of ·C;,r W• kaow :t.h"~ ;fOJ:'.: ... U >ve~J'ma.~l, cw 

is · nega t:i ve; '!'t i• expected "":that for mo~8't.e ·· v.alues . of.~ :·1:1(Xgi;.,,,,--c; 
•1s small. .•'· .· ~ 

\ . 

· Rala-l'lee between-- 'I'- ,~and- ;;D+Dw .. for.-~ol.l,aw~n~ '. M4~he~9.~}~ay~s 

gives 

(7.5) 

or approximately 

·Let us assume that the beam to the length of the ship is B/L==l/8 

and that the Froude number is l. For incominghead and following 

waves we obtain the following table 
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When no incoming waves occur, we find that for 't • v~~::J~}l 

(or roore precisely ~at beth u· an.d a are •Dli\ll) the free sur~ 

face acts as a rigid wall, leading to a pronounced ground effect. 

J'or high-er val.ues of .. ~~, Jmt .•.. "t.., · ~"tJ..:lJ.. ~-ui ,~N\<J/ 4.,. ~J! ~nerated 

wa,,.s' ha·ve rU'titim:· targ-a' tuaplitu1!ies. ll'bi• ,r..ult.a. ~-_., r,e,l~t~y~ly 

large eher-gy''Wste, a~d a momentum flux in th• ... wave .}'11\j.~h .r.educes 
.,., ·'• '"'.-·· •' . ··~ '":-':..J., : ..... ~ .'·,.- :__ ;·; .• 

tne thrust. ;c1~· to ~1/ 4; 1:he thruet: · and· necet11t·~~ ~.,F are . . . -~-· ,, ' . - ' . ., .. 

usually very small. For "t>l / 4 the thrust inct"eaa4s .,:.:ap,i,.dly, ,wi 1;.h 
... - ·'_ '«'' ·:- ..;, ·' -· "-" .¥·; ·'-~ 

>t. For these -r-valuea usual~:y- a ~4 c .~~!~~~£ "'c~1:1.~.~-d~1~~le intensity 

is generated When the foil is close to the free surface. This wave 

CQ~veys a mc;'>1t1entum flux W'tlich contributes to a positive thrJ~i. ,,_ 
';, }' • .' ~ - ~ .• ~, ,:{ ·. _tf .... ,_,. ~ 

When a foil is moving in. i~com.i~g:·waves, it·· rsxf6und that 

.·often=' a·':relat.ivelfi'Siar~·. P«ft e£:-th& > w,ev-., •••r9y Rli!l;(y!•)!~vt:.il~~,a 

for-propulsion. The foil·may move such that the total ene;-~,a;upply 

for propulsion is ·due to,_ t.p..e __ J.ncow.i11g "f .. V!S. 
•4 ; > • ', ....... .t.,-' <>. • ' ':· l -'~ .... f • .! ' 

I 

!t is found that a passive foil propeller. may give a ship 

a forward speed of considerable magnitude in both head waves 'and . 

. fdl.Lowi.nci waves. 'nlE!"':~p;i.1_ propeller gi_y~ iarges,t· forwarc;l>fpeed 
.. ..-- -~ ~~-:-~·r 

when the ship is moving in headwaves, with wave lengths close to 

the length of the ship. 

,,•" ,'.. 
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the solution of the boundary value problem (Al.3)-(Al.~) 

obtained as ·''f 

'""- . ·~· ·> . . 
t exp{~ik · ( z-e)) du:. 

1 ij z exp(-ik3 (z:..u))du 
+ 1+ . . ( f f ~ . ) (A 1. 9) 

l'Jii /1 +4-t CD 
') .;.:. 

-1.l-ZQ 
. x. 

For -t<l /2, C. -, C .-... For 
.-JI ':. 2.. c t 

't>l /2, c1=iCD/k 1 , c 2=i•/k2 , to ensure 
... : ·:.- .:; c . \:,. ,,: \ r·:. 

tll4t ,J' C,z1 " is bounded in the entire fluid. 
' ~ ..... ~l - .. : ,,,.· : .. .,. ·: f 

.. :t; sll.o~},~ be ~ted that the values obtained for c1 ·'and ~d'2 
when -t> 1 /2 · are nOt identical. ·to those obtai~ed ''})y Has'kind 1ri'·;'bis 

values of c1 and c2 must be the same in the two cases. We 

r tb.erefore believe that Baskind'. s re•171:-t~;·for ,· .c,. and . c2 for 
•.• ~-- ~; 'i~1V: ·• ·,::._, ~,. ,,o • 

-t>l/2 are incorrect and shou"i<I·k>ethbs41·g~ven in this paper • 

. ; ' .. ,-.,, 
.. ·~ 
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Introducing (A2. 5-A2. 8) in (A2. 2), applying a partial i,ntegratJ.on 

_ 2'n4 manipulating wi "t:h Hankel functions we finally obtain 

2 . 2 2 ~[~ l+x ~ . 1 (2) 
.Po<.~> = iiexp(Jkx){l -x ) 2 - arctan<r::x> ] + 2a1 (kl) 

· ~ ·-.- ~ •··· •-··' ·' ~ •·· :;:.~ - ._, • '. ."'kl·'_' ·r f~ r ··· ·• ···.-, ....,.~-,.. •. ."• ,.-.r _., ... ,. 

- ¥a~2 > {kl) - !c12-x2 )exp(_jkx)bexp(•j-wc)Ha 2 > (ul)4u {~2:9) 

The last term in {A2.1), P1 , may by changing the order of 

integration be written 

{A2.10) 

where 
i 1 1 

K(n,~) = - ~[n-~-2jd + n-~+2jd] 

+ . j Ji (k 1 Fl (n-jd, ~-jd )-k2F 2 { tJ-jd, ~-jd)] 
{1-4-;) ' 

- j ;[k3F3 (n-jd,~-jd)-k4F4 (n-jd,~-jd)] 
( 1-4-;) 

(A2. 11 ) 

where 
___ _ __ . n-jd exp { jk u) 

F {n-jd, ~-jd) = -exp{-jk n-k-d) -y--~ ~u ---(A2. r2-) 
n n n C u- -J 

n 

C. , k and -. are defined in section 3 and a bar denotes complex 
n n 

conjugate. Changing the ordeF of integration and applying partial 

integration, we obtain 

exp(-jkl) { (iexp(v)E 1 (v)] + ~(exp(-v)E 1 (-v) J 

+ 
k k 

1 ;;[ct F 1 (n-jd,-1-jd) k ;k F 2 Cn-jd,-l-jd)] 
(1-4-.) 1 2 

k k4 
1 ~[k :k F3(n-jd,-l-jd) - iC"=k F4(n-jd,-l-jd)]} (A2.13) 

(1+4-.) 3 4. 
+ 
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APPENDlX 3. 

THE WAVE AMPLITUeES .IM.THE i'AR i'J:ELD 

The wave amplitudes in the far field are derived from the 

complex velocity field (3.9) 

.. 

u. -
(1(3~\) 

for x+±•. Here £0 (z) is the complex potential :for•c&e·'tncomirtg 

wave and G(z,z0 ) is the vortex potential defined in section 3. 

On th..e interval (-1, l) ~G/O z reduces to terms o~ the form ( 3. 4) 

whic;h for become 
~:: . . ... 

exp(ik u) 
n du -u-z -... a . . =-, -~ -? 

evaluated by contour integration. 

The contribution frOm. the wake is 
,. i' .-. __ ,. 

, ....... 1. . 
11m ..,-~- I exp·c;jkf~(z~ ~~id.'Yd~ 
x+:ta11 -

(A3. 3) 

The terms of the form (A3.2) are evaiuatfi~fby:.changing.the order of 

integration; .. applying '-'partial integr1lti6n ·a1t:rd .:eon tour ·'inte·grat±on. 

-'t'he.: re~in!ng ·part of (A3. 3); dti;~to · terlilai"'C'f ·the fo~ :<?1l[Cz-z 0 ) 

'.'f 

and · 1/(z-z0 r, a~~ fo~rtd -by b6ritour integration• -:'l'l\ese terms tend 

towards zero for x+"" • For . x+-"" they ~re non-zero.< They' give, 

however, no contribution to the vertic~l di.splacement. of,.,,the .free 
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Figures 2 and 3. Thrust T, efficiency TU/P, waste of energy E, and the 
part of the thrust and .waste of en·ergy due to the waves, Tw and Ew, re­
spectively. Foil oscillating in heave without pitching. d/1=0.5,1.0, 00 , 

Fr=0.4 (figures 2a,b), Fr=1.0 (figures3a,b). 
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Figure- "f5°. Thrust T 'and power p vs. rildiik:.~ f;teq~ncy crl/U. 
Foil mov'ing: in ·ineoming· head waves or followi:n.g:-w-.-ves. q/1=1,;; 
b/l =-0.5, a 0/h=1, Fr=0.5, e=o,.o.6. 
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Figure 10. Maximum thrust T vs. wave number •• k01 of incoming waves. 
Foil moving in head waves. 6=0. 

a) Fr=l, d/1=1, h/a0=1, 1 /3 ,o, a0 /h•1 /3,0~ 

b) Fr=1, h/a0=1, d/l=0.5,1,2,4,oo 

c) Fr=1, h/ao=3, d/l=0.5,1,2,4:. 00 

d) h/a0s1,. d/1=1, Fr=0.5, 1,2. 

The small arrows denote the occurrence of -r=l/4 
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Figure 12. Maximum thrust T and corresponding suction force Ts vs. 
watt number k()l of the incoming waves. d/1=1, b/1=0, Fr=1, h/a0=1, 
6=0,0.3,0.6,0.9. 

a) Foil moving in head waves. 

b) Foil moving in following waves. 


