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Abstract 

This report deals with the calculation of the velocity field 

induc,ed in a viscous incompressible fluid enclosed between two 

coaxial cylinders of which one is performing transverse, small 

amplitude, e1mple harmonic oscillations. 

The cases R << 1 
B 

and R8 >> 1 are investigated, where 

is the steady streaming Reynolds number. For R << 1 
B 

some 

new terms of a perturbation expansion of the secondary steady 

stream function are calculated. The importance of these higher 

order terms 1e discussed on the basis of numerical examples. In 

the special case R8 = 0 and none outer boundary a comparison 

with an inner and an outer asymptotic expansion of the theory of 

Holtemark & al. (1954) is carried out. Identical term-wise agree

ment is found. For R8 >> 1 higher order approximations of the 

steady boundary layer now close to the inner cylinder are calcu-
- -- ---- --

lated and the ef feet of the outer cylinder on this ffo-undary-Taye-r 

flow is also estimated.. Improved agreem~pt with experimental data 

is observed. 
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1 • Introduction 

This report deals with the velocity field induced in a vis

cous, incomp:t;essible fluici confined by two co-axial cylinders, of 

which one is performing small amplitude simple harmonic vibrations 

orthogonal to its ,gsnePators. The velocity field has ~ time depen

dent and a time independent part. We focuse attention upon the 

eteady streaining component. Higher order terms of u,_to,113 

expana1cna ·applied by ethers are calculated subject to 

t: = Q.o. << 1, M ::: a JI >> 1, N = A >> 1 R6 = £ 2M2. << 1 and 
~a v a ' 

R >> 1, where u0 is the velocity amplitude of the osoillat1ng 
8 

cylinder, w the angular frequency, v the kinetic viscosity of 

the fluid, a and A the radius of the inner and the outer cylin

ders, respectiveJ.y. The physical relevance of the parameters are: 

£, dimensionle.ss amplitude of the oscillating cylinder; M, modi

f'ied Reynolds number associated with the oscillatory motion; N, di-

mensionless radius ot the outer boundary; Rs' steady streaming 

Reynolds number .. 

The knowledge of the steady streaming generated by nonlinear 

effects in the vicinity of oscillating boundaries of a viscous fluid 

is quite extensive. Already in the last century Faraday (1831) 

observed such streaming and Rayleigh (1945) and Schlichting (1931) 

gave theoretical explanations of the gross features of the flow. In 

recent years Westervelt (1953), Nyborg (1953), Holtsrnark, Johnsen, 

------- SikkGland Be Ska11le:m (1954), Raney,, Corelli and WesterveJt (1954), 

Skavlem & Tj¢tta (1955), Segel (1961), Stuart (1966), Riley (1965, 

1·9'67), Wang (1%6), :Sert-eleen, Svtll"dal & TJ,.tta (1973) have paid 

attention to this streaming problem. But in spite of these efforts 

Bertelsen ('914) aa4 Riley (1975) ooserve discrepancies between 

existing theories and experimental data in the case R8 >> 1. 
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For R8 << 1 solutions including the effect of the outer 

boundary on the steady streaming were given by Skavlem & al. (1955) 

and Svardal (1965, but are formally restricted to R = O. s We 

apply the method of matched asymptotic expansions (hereafter 

abbreviated MAE) to obtain a solution of the stream function in-

eluding terms due to finite Rs and the importance of the various 

terms are discussed by means of numerical examples. In the case 

N = e1 and RB = 0 our results are compared with asymptotic ex

pansions of the theory of Holtsmark & al. (1954) and identical 

term-wise agreement is observed. 

For RB >> 1 the secondary steady streaming develops its 

own boundary layers around the inner cylinder. In this case a 

first order boundary layer solution of stream fUnction associated 

with this flow were given by Stuart (1966) and Riley (1965). 

Riley (1975) applied numerical methods to obtain a second order 

steady boundary layer solution. We calculate second order terms 

an-a-t-ytic--a--1-ly and an---e-stimate of-the e1"-:fect-e_cf the-outer-boU-l'lGarY 

on the steady streaming in the vicinity of the inner cylinder is 

also given subject to 

v'R" 
s ~ 0 

[( +2)NJ 2/3 
R + GO 

6 
--N .+a> 

----·---------·-------

This brings theoretical predictions in accordance with observed 

vel.ocities 1n the steady boundary layer at the inner cylinder. 

In spite of this improvement, the theoretical description of the 

effect of the outer boundary is unsatisfactory with_respect to 

several points which are discussed in section 6.2. 
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2. Formulation of the problem 

2.1 Basic equation 

The geometry of the problem is _as indicated in figure 1 where 

a polar coordinate system (r,e) is introduced • 

Figure 1. The figure indicates the inner cylinder of 
radius a and the outer cylinder of radius 

+ 
A which have the constrained motion U 0cos w t. 

Let Y(r,e,t) be the stream function in physical dimensions re

lated to the velocity field by the equation 

+. + I v ( r , e , t ) = - v x ( ! ( r ,'e , t ) I )----------------------------------------- ---- ---- --- . 
z . 

+ 
where iz is the unit.vector orthogonal to the plane of motion, and 

vx = i x a + ~ x 1 ..2_ r if e r ae 

The non-dimensional vorticity equation expressed in terms of the 

non-dimensional stream function ip(r,e,T), is, 
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(1) 

where 
r r = -, -r = wt, a 

is the two-

dimensional Laplacian and vi+ = v2 v2 • The outer cylinder is 

assumed to have the constrained motion, 

(2) 

We shall mainly be concerned with the calculation of the secondary 

steady streaming effects subject to the conditions, 

E << 1 , M >> 1, N = ~ >> 1, R8 = E 2M2 << 1, and R6 >> 1. 

The formula.ti.on of this problem with a view to the application of 

the method of MAE for N = oo has been thoroughly investigated 

by Riley ( 1965) and ( 1967). The formulation is easily adjusted to 

include large, but finite N. In order to Unearize equation ( 1), 

we put, 

(3) 

which inserted into equation ( 1), g1 ves the equation for iii 0 , 

(4) 

The general_ equation for the steady part 'fo of the second order 

stream function is , 

--·-----------

(5) 

+ 

where the triangle bracket means time averaging. 
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The boundary conditions must be expanded in powers of e: 

corresponding to the expansion (3) of the stream-function (see 

Skavlem and Tj¢tta (1954, pp.27). The non-dimensional velocity 

of the outer cylinder is, 

(6) 
+ 
U~ :; (-frCOS 0 + f 6sin 8 ) COST 

which is a Lagrangi/an velocity. This velocity can be expressed 

in terms of the Eulerian velocity field by performing a Taylor 

expansion.around the equilibrium position of the oscillating 

cylinder (see Svardal 1965, pp.8). Thus we have, 

+• (7) = U0 (e,T) , 

+ 
where N is the position vector of any point on the outer cylinder 

in its equilibrium position. According to the expans!on (3) of the 
+ 

stream ft:nction, we know that the solution of the velocity field v, 

will be expressed in a power series of e:, it is, 

.+ .... ... 

(8) V : YO + e:Vl + ••• 

which inserted into equation (7), gives 

(9) 

• • •. t ... ----------- ---

Equation (9) gives the linearized and second order boundary condi

tions at the outer cylinder. Since the inner cylinder is at rest, 

the boundary conditions at this surface are obvious. Thus the 

linearized boundary conditions are, 

[v0 (r,e,T) ]r= 1 = o 

( 10) 
+ + = (-ircos e + i 0sin e )cos T 
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The second order steady boundary conditions are 

[vi 8 )(r,e)] = 0 
r=1 

( 11) 

where the last condition can be expressed explicitly when the 

linearized solution is known. 

3. The linearized solution 

The problem of solving equation (4) subject to M >> 1, 
I 

N >> 1 and the boundary conditions (10), will be regarded as a 

singular perturbation problem and treated by the method of MAE. 

In order to apply this method, we have to construct, 

a) an outer asymptotic expansion •o of , 0 , valid outside 

the Stokes layers at the boundaries, 

(12) • 0 (r,e,T;M;N)r fixed~0 (r,e;M;N)= a 00 (M)a 000 (N)~000 (r,e,T) 
M....._ 
N+ai 

+ ••• 

. b) 

Stokes layer at the inner cylinder, 

~;. l 
J 

(1l) •o<r,e,T;N;N) ~ X0(n,a,T;M;N) = 8teCMlu 8 ~ 0 (N)X 000 (n,e,T) 
n fixed 

'M+a> 
N+oo 

+ 801(M)[µo1o<N)Xo10Cn,e,T) + µ011CN)Xo11Cn,e,T) + ••• J 

+ 802(M)[µo20CN)Xo20Cn,e,T) + ••• ] 

+ ••• 
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c) an inner asymptotic expansion wo of ~ 0 ., valid in the 

Stokes layer at the outer cyl:inder 

(14) •o<~,e,T;M;N) - ~0 (x,e,T;M;N) = K 00 (M)6 000 (N)~000 (x,e,T) 
x fixed 
M-t-co 

N..-

+ Ko1(M)[&o10CN)~o10Cx,e,T) + &011(N)~o11Cx,e,T)] 

+ K 02 (M)[& 020 (N)~020 (x,e,T) + & 021 (N)~021 (x,e,T) + ···] 

+ ••• , 

where n = l!.cr-1) = ~2.. and 
~ vr 

M M = .fair( N-r) = - Y are the sealed 
Vt:. V'Z 

boundary layer coordinates in the Stokes layers at the inher and 

the outer cylinder,_respectively. These length scales are deter

mined by claiming viscous and inertia terms in equation ( 4) to be 

of the same order of magnitude in the Stokes layers. Most of the 

other gauge functions are in due course determined from the matching 

and the boundary conditions, but some of them'must also be adapted 

to the order of magnitude of the inhomogeneity terms of the diffe

eential equations in question. In order to obtain the asymptotic 

expansions listed above, the gauge functions must be asymptotic 

sequences and fulfil the following requirement, here exemplified 

by {a 00 (M)} 

---------······ .. · ... 111nL:::~:f Mi i= ? . 
M+oo 

The matching conditions are ev;:i.1uated from the following equations 

by equalizing terms of the same order of magnitude; 
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a) for matching at the inner cylinder, 

(15) (aoo(M)crooo<N){•ooo<1,e,T) + [a~~oo }r=1g+ i[2::~oo]r=~2 + ••• 

+ «01CM)[cro1o(N){~o10(1,e,T) + r~~'P 1 Y + •••} 
r=1 

+ cro11(N){¢011(1,e,T) + [ 3~~11 ]. . Y + ···}] 

+ ao2o(M)cro2o(N)•o20(1,e,T) + •••) 

=(eoo(Mh1000CN)Xooo<:; 1,e,.r) 

r=1 

'1 fixed 
M+<o 
N+w 

+ 801(M)[µo10CN)Xo10<'72 .,,e,.T) +µ011(N)Xo11<721,e,·t)+•u) 

+ 602CM)[µo20(N)Xo20<.!. 7,e,T) + ···] + ···) 
vc. . y fixed 

M +co 

b) for matching at the outer cylinder, N +co 

(16) ( «ooCM)crooo(N-){•ooo(N,e,'t) + .(aOaoo.o] l' + ar r=N 
1[~} y2 +•··} ar r=N 

... } 
+ cro2o(M){•o2o<N,e,T) + [a:~io]r--NY + •••) 

Y fixed 
M+m 
N'+m 

__________ --·------- ____ -=(ic 90 ( M)1S0 0 0-(N )~0 00 (~ -,, e, -r )----------------- ___________ --=---- __________________________ _ 
.. 

+ ico1<ItO{cS01o<N)<?o10(~ Y,e,,T)+cS011CN)~o11(~ y,e,-r)+· .. } 

+ K o 2 ( M) { 6 <>2 o ( N) <? o 2 o ( ~ Y, e , -r )+a o 2 1 C N} <? o 2 t ( ~ Y, e , T )+ • • •} 

+ • O& )Y fixed 
Mo+ao 
N~ 
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The different1.a1 equations ror the first terms of the outer 

asymptotic expansion ( 12) are obtained by inserting this expansion 

into e4uation (4) and then performing an outer asymptotic expansion 

of that equation subject to the condition r fixed, M + 00 and 

N + oo. This gives 

( 17) a v2•000 = 0 -a 't 

.L v2 •010 = 0 
3'l' 

(18) a 
a" v2 •011 = -0 

a v2 •012 0 = 3'1' 

a v2 •020 0 oT :c 

(19) a v2 •0 21 0 = o't' 

a 
v2 •022 0 . a-r -

Likewise, the differential equations for the first terms of the 

inner asymptotic (13) are obtained by insertion of this expansion 

into equation (4) and then performing an inner asymptotic expansion 

of that equation subject to the conditions n fixed, M + • 

and N + 00 • This yields, 

_a4xegc ~ . .,i. a•x11cc - ...Q an oTon 2 

( 21) a4xQJ.r;i 
2 a 3 XJ;L;i,Q = 2V'f [- z.3x.QQG + ii. 2XQ.,liHl 1 

an 4 - oTon 2 an 3 a Tan 

(22a) a4Xo11 - 2 a3xcp = 0 an 4 aTan 

( 2·2b) a4xQ12 
an - 2 a3xc12 

oTan 2 = 0 
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(23) 

1 
- ""J7 

The differential equations of the four first terms of the asymptotic 

expansion (14) a~e obtained by inserting this expansion into equation 

(4) and then performin0 an inner asymptotic expansion of that equa

tion subject to the conditions A fixed, M + ~ and N + ~. After 

some calculations we find, 

(24) a4!eo o c - 2 '3 3!:2c o c = 0 
<n 4 a-r a A 2 

a 4!ic l a - 2 a 3~01 ~ = 0 
a A 4 3T3 A2 

(25) 

a'+S2~11 - 2 a s!:2c J l = 0 a X · 3T3.A. 2 
(26) 

a 4"'a 2 c 2 a 3 teo~o = 0 
aA.'+ - 31'3A 

(27a) 

a4!:2o ~ l - 2 3 3!:2021 c 2(/7( a 3!!i!D 11 - a2!:2aJ1) 
ax a T3 A2 a A. 3 3Alh,, 

(27b) 

3 4!£o.ac - 2 a 3!:20 .a a = 0 
a-A--'+ 3'r"3-A.2 .. 

(28a) 

(28b) 

It should be noticed that some of the information that can be 

drawn from the matching and the boundary conditions already have been 

used in order to establish the differential equations listed above. 

The generation and the solving of the differential equations must of 
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course be earr1ed a.itsuccessively as suggested in appendix A. 

When carrying out this successive procedure, the gauge functions 

also are determined. The calculations give in due course, 

-aoo(M) : 1 ' ao1(M) 

aooo(N) :: cro10CN) = 
(29) 

cro11(N) = cro2.1(N) :: 

cro1200 = ao22(N) ·-

Boo(M) = V1. 
; M ' 

(30) = Po1o(N) = 

llc11(N) 

rc: 00 (M)= :1, K 01 (M)= 

(31) ooooCN) 

1 ao2(M) 1 
:: M ' = M2 

cro2o(N) = 

1 
1-N-2)2N2 

1 
;1-N-2) 2N3 

Po20 (N) = 

1 

1-N-2 ' 

' 

• 

. 1 

-2 ' 1-N 

~o 2 (M) = v-i 
M2 

1 

' 

The d1tferent1al equatl--on-(17)~--tt-st,· (19),-.--.-.- and (280)--carr--i:ra------------

solved by elementary methods subject to the boundary conditions 

(10) and the matching conditions evaluated f'rom equations (15) and 

(16). The details of these simple calculations are omitted here, 

but exemplified. in appendi.x A. The final results are, in complex 

notations, where physical significance is ascribed to the real parts 

of the solutions, only, 
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(32) •ooo(r,e,,.~ (r -1 -r)sin 0 e1 T ;: -

(33a) •o l o ( r , e , ·t) = - v'7( 1-1 )r-1 sine e1,. 

(33b) ~011Cr 1 e,t) = - y'Z(1-i)(r'."" 1-r)sin e eiT 

(33c) ~ 12 Cr,e,,.) .... - '/7(1-i)(r-1-r)sine e1,. 
·.,_ 

(34a) •o2o<r,e,,.) = i r-1sin e e 1T 

(34b) ~02i<r,e,,.) = 1(5r-1-r)s1n e e1 ,. 

(3'4c) •022(r,e,-t) :r1(8r-1-4r)sine e1 ,. 

(35) XoooCn,e,T) = {-(1-i)+2n+(1-i)e-< 1+i)n}s1ne e 1,., 

(36) Xo10Cn,e,T) = V7{~(1-1)n-n 2+(-~+ -;+1 r1)e-( 1+i)n}s1ne e1 ,. 

(37a) Xo11 (n,e,,.) = 2VI{1+(1-1)n-1 e-< 1+i)n}s1n e e1 ,. 

(37b) Xo12Cn,e,,.) = 2n{1+(1-i)n-1 e-< 1+i)n}s1n e e1 ,. 

(38) Xo20Cn,e,-r) = {- 181 -in-2(1-i)n 2+2n3 

( 40) <Poto ( ", e,,.) = - AS in a e1 ,. 

(41) <Po11(A,e,,.) = {<1-1)-21.-(1-1)e-<.1+i)A}s1n ee1,. 

(42e.) <4>020<1.,e,,.) = 2v~{-:t-(1-i)A+ i e-< 1+1 )"}s1n e e1 ,. 
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(43a) 'PoaoC>.,e,T) = {-(1+i)+21X+(1+i)e-C1+i)X}sin e e1 T 

It should be noticed that X 0 0 0 ( n, e, T) is identical to a correspon

ding linearized solution found by Schlichting (1932,pp329). Likewise 

the term X010 {n,e,T) was first, given by Riley (1967,.pp.423). 

However, the gauge functions µ 000 (N) and µ 010 (N) were not in

cluded in the calculations of Schlichting and Riley. 

The main effect of the finite radius of the outer boundary, 

described by µ 000 (N}, is to increase the amplitude of the shear 

wave x000 (n,e,T). The term x010 (n,e,T) is to be interpreted as 

a modification of the asymptotic stream function x000 (n,e,T) due 

to the curved boundary (the inner cylinder) and the displacement flow. 

Xo 1 i( n, e, T) 1s an effect of the finite radius of the outer boundary. 

The higher order term x020 (n,e,T) describes more com~licated in

fluences of curvature and displacement flow. The main component of 
I 

the inner solution at the outer boundary is the potential oscilla

tions given by N<.p000 (x,e,.r) + f{ <Po 10 0.,e,T). There is also a shear 

wave <.po11C>.,e,T), which corresponds to X000 (n,e,T) in the inner 

solution at the inner cylinder, but the amplitude of <Po 11 ( X, e, T) is 
~~-----·-·--·--· ----· -·-------------- ------- ----- -------------·------------- -----~--~--~ ------- .. -----.----- -~--- ·----- -- ·---------------- -

Q reduced with the factor N- 2 relative to X000 (n,e,T). 

The flow outside the Stokes layers is poten~ial oscillations 

as indicated by the equations ( 17), ( 1 a) and ( 19). 
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4. The non-linear. steady streaming effects 

It.· is well known that the Reynolds stresses in an oscilla

tory boundary layer flow induces secondary steady and oscillator:t 

motion. Referring to equation ( 3) these motions are described by 

tji 1 (r,e) and (u) . . . I •o (r,e,T), respectively. We pay attention to the 

second order_ steady stream function tP 1 (r, e), only, which will be 

discussed in the two cases and R >> 1, s 

The second order steady boundary conditions formally stated 

by equation (11), can now, with the knowledge of the linearized 

solution, be given specifically. 

given by 

( 44) 

Inserting into equation (11) 

(where ari appropriate inner asymptotic expansion of the curl opera

- t_o:r is_p_!'e]Ju_pp_o~e~) ,__ !e g~t, 

(45) 

Equation (45) has a noticable property, namely, 

[v1 (A,0;M;N)] + ~ 
).,:Q 

M+«> 
N finite 

It should be mentioned, however, that the singularity demonstrated 

above, and all the other terms of equation (45), are cancelled by 
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the Stokes drift. The time averaged particle velocity is thus 

zero at the outer boundary, a result which is expected on phy

sical basis also. 

4.2 The caee R8 << 1. 

The general equation of the steady part · t/Ji of the second 

order stream function is given by equation (5). Inspection of 

this equation with the ihner and the outer expansions of the linea

rized solution in mind, leads us, with a view to the application 

Qf the method of MAE, to introduce the following expansions : 

(a) an inner asymptotic expansion x1 of "1 1 constructed to be 

valid in the Stokes layer at the 1nner cylinder, 

(47) t 1(r,e;M;N;R ) - x 1 (n,e;M;N~R ) = s10 (M)u 100 (N)x 100 (n,e) 
5 n fixed s 

M +-
N +-
R +O 

s 

+B11EM){u110(N)X11o<n,e;Rs) + U111(N)X111<n,e;Rs)} 

• • • 

(b) an inner asymptotic expansion ~1 of t 1 constructed to be 

valid in the Stokes layer at the outer cylinder, 

(48) • 1(r,e;M;N;R6 ) - ~1 (x,e;M;N;R8 ) = K 10 (M)6 10 (N)~10 (A,e) 
1 Fixed 

-- --------- ------------ -------------·----~- --------.. ----··· M • • 

N+co 
R +O s 

+ ~11<M>{~11o<N>~11o<A,e) + ~lll(N)•111(l,&)} 

+ K12(M){612o<Nl~120CA,e;Rs) + 5121~121(A,e;Rs)+•oo} 
+ ••• 

c) an outer asymptotic expansion ~1 of •i constructed to be 

valid outside the Stokes layers .. at the boundaries, 
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(49) 1'>1 (r,e;M,N;~) - ol(r,e;M,N;Re)- !'.; Y1o(Ro){a1oo<M)[a1ooo(N)<£11000<r,e) 
r fixed 
M +oo 
N +ao 

R + 0 s 

+ 0 101o(N) 0 101o<r,e) + 0 1oaa(N)tJ>102o<r,e) + ••• ] 

+ 0 11o(M)[cr1100(N) tJ>11oo(r,e,) + ••• ] + •••} 

+ Y11<Rs){a101CM)[cr1001(N)t1>1011Cr,e) + ••• 1 + •••} 

+ Y12<Ra){ 11 102 (M)[ 0 1002CN)tJ>1002(r,e) + ••• ] + ••• } 

Inserting into equation (5), the expansions defined above and 

taking into account that all the terms of the outer asymptotic 

expansion o0 describe potential oscillations, we can formally 

write, 

(50) 

(51) = 0 

(52) 

where of course only the real parts of x0 and (1) 0 can be used in 

- ttra·- c-a:i-c~ulat-i~n-o-r--t-he- norr•itnea-r t-erms-. -The mat-chin-g e-ond-i-t-i-e:n-s-
----------------···-

f'or the second order terms X1 , (1)1 and tJ>1 can also be settled 

formally now. These conditions can be evaluated from the following 

equations by claiming terms of the same order of magnitude to be 

equal, 

(a) for matching at the inner cylinder, 
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(~ c1 e·M·N·R ) + [a4>1 (r,e;M;N;Rs)]v + 
I ' ' ' ' s ar .. 

i[a~1 2 (r,:;~;N;Rs)]y2+.u) 
r=1 

M ) + B12(M)µ120 (N)X120<~2 y,e;R5 ) + ~ •• 
· y fixed 

M+m 
N+oo 

R -+-0 s 

r=1 
y fixed 
M+oo 
N+oo 

R +O 
8 

(b) for matching at the outer cylinder, 

( 54) (~1 (N,e)-[a~1(r 1 :~M;N;R8 ) ]Y + i[&2~1 (r,e~~~N;R8 )]y2 ... ) 

r=N r=N 

_rn _____ -----¥-fixed----- · 
M+oo 
N+• 

R •O s 

Y fixed 

N+oo 

R +O s 

The formal expansion (47) are introduced into equation (50). An 

inner asymptotic expansion of the operator v4 and the non-linear 

term is performed by putting r = 1 + '(;!- n. Equalizing terms of 

the same order of magnitude, then leads to 



( 
\. 

(55) 

. (56) 

(57) 

(58) 

... '19 1"'" 

axaao !!Xooo > 
an ari 2ae 

aX011 a3Xooo + aX011 o~Xooo ] > 
ae an 3 an an 2 ae 

V'1. iXooo ------ -- ---- - ----- ·- - ~ an 

+ 4[0Xaao aXoop 
a e a n 

aXaoo a3 Xaao 
ae ana 0 2 

ax 000 a3Xooo ] 
an ae3 > , 
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The asymptotic expansion ( 48) is inserted into equation (52). An 

inner asymptotic expansion of the operator v4 and the non-linear 

term are carried out by putting r = N - ~ A. Equalizing terms 

of the, same order of magnitude then yields, 

(59) 

(60a) a'+!£JJD = \{1. < a~o DD 33!~2D > 
3 A '4 ae ID. 

(60b) a '+<4'111 = 2 • 3~c:ir + V'Z< aceaac a a~g21 > 
a .Ai+ ax ae oA 

( 61 a) a '+q:1l2 D = V'Z< a~aoc ~ 3!£~3D > 
a .A"'" ae a>. 

(61b) a 4<s>121 = 2V"1 a 3~11a + V7 < aiacc a3!~Sl > 
a>. 4 a!.. 3 ae ax 

Finally, the asymptotic expansion (49) is introduced into equation 

(51). Equalizing terms of the same order of magnitude, then gives, 

(62) i = 0,1,2 

(63) i = 0,1,2,3 

- - -

-(64) __ -------- _r.;4~12QG -~-__Q__,__ __ 

(65) 

(66) v 4 ~1002 
= !(a(~1oa~ 1 v 2 <ti1ao1) + a(01°11,V 2<Ei1aao)J 

r a r,e} a r,e) 
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(67) 

(68) 

It should be noticed that the differential equations listed above 

and their solutions must be worked. out successively.. The gauge 

functions are also determined term by term. Some of the informa

tion which can be drawn from the gauge functions have already 

been used to establish the equations mentioned above. The equa

tions can be solved by elementary methods, but the calculation of 

some of the particular solutions are rather laborious. The details 

of the calculations a:re a:nitted hei:-e, but exemplified in appendix B. 

The final results of the calculations are, 

= '11. M2 ' 
(69) 

µlll{N) = 1' 

= 1, 
1 = M ' 

1 
M2 , a 1o1 = a 1o2 = 1 • 

n = 0,1,2 
1 

(70) 

-1 

1 = __, __ _ 
(1-N-2)2 
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1 

' 

(73) X110 (11,e;R6 ) s V7{[- 1 ~7 +-¥-n 4 n2+(-4+~3 ri+ 21'12)sinn e-n 

(74) X111<n,e;Rs) 

(75) X12o<n,e;Rs) 

_ {r3 3 -V7L4-2n+ e-n(sinn -cosn ) + ! e-2n ]s1n:2e 

- ~ R8 n2s1n4e + O(Rs2)} 

={4~~9 1359 294 
n2 - 6n 3 - 32 n--4-

+ [ 1081a _ 2089. n 278 2 25 3 ] . -n - 8 n - 4 n sinn e 

+ O(R ) s 
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(76, <P100<>.,e) : .,.. le->.sin >. s1n2e 

(77) <P110<>-,e) = i[ 1 - r->.(s1n >.+cos>. ) ]s1n2e 

(78) IP111(>.,e) = - >. e-Asin A s1n2e 

(79) <P12o<A.,e) = v7[! - 3>.' - ! cos >. e-A. )s1n2e 

(81) 0 1ooo<r,e) 
3 -2 ) = 1<r - 1 sin2e 

(82) C11oo<r,e) = 17(-49r-2 +75 )s1n2 e 

(83) •12oo<r,e) 
· 1 ( -2 = 16 1359r - 1907)sin2e 

{84) ~101o<r,e) = l<r- 2 -2+r2 )sin2e 

{85) 4>102o(r,e) = jc-r-2 + 1+r2 - r 4 )s1n2e 

(86) 4>111o(r,e) = 1<-144r-2 + 294 -1Sor2)s1n2e 

(88) ei1130 Cr,e) = ";c224r- 2 - 560 + 44er2- 112r'+)s'1.n2e 

(89) ( ; ) 3 ( ... i. -2. ~1001 ·r,e = 128 ... r + 2r - 1 )s1n4e 
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3 [ -4 -! -2 (90) ~1002 (r,e) = 4096 (-10r -28r -72r lnr -24lnr+38)sin2e 

+ r -3r +3r -1 sin60 ( -6 -4 -2 ) ] 

( ) ( ) 3 ( -4 2 92 Q'>1011 r,e = 64 r -3+2r )sin4e 

The solution x100 , equation (75), was first given by 

Schlichting (1932). Riley (1965) and Stuart (1966) reconsidered 

this solution using the method of MAE, and their results agreed 

identically with Schlichting's. Schlichting also calculated an 

outer solution corresponding to 

but the gauge functions, a 
1010 (i=0,1,2), which are implicitly 

present in his calculations, differ from ours. 

The physical interpretation of the terms mentioned above is: 

x 100 describes the steady flow induced by the Reynolds stresses in 

t~e Stokes layer. Thie flow causes by viscous drag a steady motion 

outside the Stokes layer which for M = = T N = = and R8 = O is 

given by 0 1000 • For finite M, displacement flow and curvature 

e-erre-Gtiens t-e- th~ f'lGW- in- th~ -St:ckes--1.ey-er das_crihe:d ny_ X_119 , 

propagate to the outer region and are in this region depicted by --------------

11>1100. For R8 finite ~1000 suffers self-interaction and generates 
I 

the term ~1001 • In this way, by studying the source terms and the 

boundary conditions, the higher order approximations can be given 

some sort of physical interpretation. The effect of finite N in

cludes a discussion of the Stokes layer at the outer boundary, but this 

ie most conveniently done in terms of the Lagrangian stream. runetion. 
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----.. - - -

In this section we seek a solution of equation (5) subject 

to the conditio'na e: cc 1, M >> 1, N >> 1 and :A.8 >~ 1. 

The lea.dine t·&n:l x100 of the second order steady stream function 

1n the Stokes layer 1s, as pointed out by Riley ( 1!Ui 7, pp. 4il), 'Im

o.hanged relative to the case R8 << 1. There'fore, this t_erm still 

introduces a slip velocity at the outer edge of the Stokes layer, 

but the Reynolds number R8 . associated with this slip veloc1ty,.1s 

now ututned to be large. For this case the steady flow (I.eve lops 

its own boundary layer just outside the Stokes layer, as emphasized. 
. 1 

b1 Stuart ( 1966). The typical thickness t5 11 of the steady boundary 

layer, is 

(tl) 

which indicate~ that the scale is a factor 1 
& 

lar.ger than 

the Stokes layer thickness 6 AC. Riley (1965) studied the flow in 

the steady boundary layer for N = co. He introduced Blasius se.ries 

expansions around e :: ~ (and e = - f J where the· slip· velocity · ·. 

at the outer edge or the Stokes layer indicates forward stagnation.· 

points in the steady eounc!ary layer. Ri.ley calculated the thre-e 

first terms of the Blasius series. In the later paper, Rt.ley ( 1;9 7~) 

incorporated the second order term in the steady boundary. layer 

a-pprux-nim.t:tun uf t-he stream -function, -btl-t sti~l t-he -eal--e-ul..a-tlGns 

left some discrepancies between the theory and the es:perimental data. 

0£ Bertelsen {1974). Therefore the theory is reconsidered here. 

We assume N >> 1 which means. that the boundary layers at 

the inner and the outer cylinder do not overlap~ Therefore . siirdla_r 

Blasius series expansions as used by Riley (1965) are attempted 

here, but we include gauge functions to take account of finite· N. 
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Accordingly, an asymptotic expansion of the steaay sTream f'Uncfton,; -

construc,ted to be valid in the steady boumdary layer, is tentatively 

written, 

(94) tSi 1 (r,~ 1 M;N;R8 ) - F 1 (z;,t;M;N;R6 ) 
i; fixed 
e + O 
M -+ B 
N + GO 

R +.., 
B 

= ao J ..i_ P1oo(N)F100<1;,E;) + P101(N,Rs)F101<1;,~) + •• 
dlvRs 

+ ..L. P11o(N)F110Cr;,~) + /•• "} 
Ra 

where r; ,·It v3fl18 y is the scaled steady boundartl~ayer coordinate, 

d 1T an ~ = e + _ Since the boundary layers at the inner and the 
2 

outer cylinder are assumed not to overlap, an outer regiom of 

approximately inviscid flow is expected. The asymptotic expansion 

or the steady stream fUnction associated with the flow in this 

region, can formally be stated as, - -

(95) +1(r,~;M;N;Rs)r fixed~ G1(r,t;M;N;Rs) 

t+ 0 
M + GO 

N + Q) 

R +.., 
s 

+ • • • } 

The matching of the steady Stokes layer solution with the steady 

boundary layer solution can be expressed by the follo~lng equation, 



,, 
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(96) -
I 
.ii; fixed 
a = t + ; 
f; .... 0 

M .... GO 

N -1- CD 

R .... CD 

6 

+ -R1 P1oo(N}(F11o(O,t) + [aF,oo] t+ ... )+ 
B 31; I;~~ 

-

This equatl,~!· yields in due course, 

(97) F1 o i( 0, t ) = 0 

(98) 

(99) 

(100) [aF101l = O 
. 3 r; J_\:1) . 

1101) F11o(O,t) = 0 

(102) 0 

( 1 0 3 ) P l o o ( N~ = 
(1 - N - 2 ) -z:-,. 

••• 

•• ·1 
Ji; fixed 

e·· ...- Q 
M + CD 

N 'llfo:,. GO 

R .+ ., 
s 



wh el".!€ a 0 0 = V"J, 2 
al - - -3 , 
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The matching of the steady boundary layer solution with the outer 

inviscid flow solution, can be formulated as the following, 

(104) 

+ ~~Q P11o(N)F11o<v:m; y,~) + uo 1 
y fixed 
e: + 0 

+~go q11o(N)G110(1,~) + 
s 

... } 

M + Cl) 

N + Cl) 

Rs + Cl) 

y fixed 
e: + 0 
M + Cl) 

N + Cl) 

Rs + CX> 

Equalizing terms of the same order of magnitude in equation (104) gives, 

(105a) lim. F100 (y:m;y,~) = G 100 (1,~) 
y f'1:x-ed ··· 

. -~-±--~---- - . 

( 1 OSb) lim [P101(N,Rs)F101(~ y,~)1= 
y fixed . 
R + m 

(N R )[ aG1 al "'j· 
q101 ' s ar 

r=1 

y 

s 
N + ., . 

( 1 OSc) 

(106) Q1oo(N) = P1oo(N) 



- 29 -

The asymptotic expansion (94) is inserted into equation (5) and 

' an asymptotic expansion of the operator v4 and the non-linear 

term of the equation is performed by putting r = 1 + __i__ • 
V3R5 

Equalizing terms of the same order of magnitude then yields, 

(107) o4F1 g.o = aF1oa a3F1ga + aF1 o o a3F100 -ar;;4 at a r;; 3 a~ a r;;2a t 

a 4F 1121 = - aF1aa a3F101 + aF1aa a 3FJ Pl 
ar;;4 at a r;; a ar;; a2 at 

(108) 

aF101 a3F1aa + aF3 13.J a3Fiaa 
at; a r;;3 a r; ar; 2 at 

a4Fu a + 2 a 3F1a a = aF100 a 3pl i o + 0F1 po a3F11a -ar;;4 ai:;3 at a z; 3 a r;; at 2a t 
(109) 

aFuo a3F1ori. + aF1 lo a3F2ao 
at a r;; 3 at ar;; 2 at 

aF1~0 a2 F1an + aF1po !2F1nn , 
at ar;; 2 ar;; ar;;at 

Partial 1n'tegrat1on and some manipulation leads to using equation 

(105), 

(11()} 

(111) 

a3F100: 
3t3 

a 3F1p1 
3t 3 = 3F1 a a -

·~ 
aF1 Pl 
at 

a2F!o1 + aF1oa a2F101 
ar;; &i: lH;&E 

a2F100 + aF1a1 a2F1oa 
ar;;2 a r; a r;; at 
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(112) 

Riley (1965) calculated an approximate solution of equation (110) 
by introducing a Blasiua series as the following, 

( 113) 

We attempt similar expansions of F1o1(r,;,t) and F110Cr;,t), 

( 114) 
co 2n+1 

F101(i;,t) = l b FlOln(r;)t 
n=O n 

00 2n+1 
F110Cr;1t) = l c F11on<r;)t 

n=O n ( 11 s) 

The three first terms og , {F100n} were given by Riley (1965) and 

his results are quoted in appendix c. For later use we need a 

solution of F 100 (r,;,t) with better accuracy than obtained by these 

- tefl'lls and there~ore-F 1003 ( ~) 1-s-calculated,_alaQ_in_appendiX___C. _ 

A three-term and a four-term Blasius series expansion of F10 0 ( t, t) 

are plotted in figure 10 which indicates that the discrepancies 

between theory and experiment, mentioned introductorily in this 

section, scarcely can be resolved by higher order terms) of the 

Blasius series. Therefore, the effect of the outer boundary is 

inveatisated more closeJy. 

The main features of the steady flow field are sketched in 

figure 9 and can be characterized as follows: The steady boundary 

layers, outside the Stokes layers at the inner cylinder, impinge 

on each other at 'II' 
t = 2 and t = 'If 

- 2 and form narrow outgoing jets. 

For the presence of an outer boundary, these jets collide with this 

boundary and form boundary layer flows resembling the essentials of 
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wall Jets. The wall jets impinge on each other in pairs at t = 0 

and ·~ :: 11' and two returning jets are created. It turns out that 

these returning jets affect the boundary layer flow at the inner 

cylinder appreciably. This influence will be estimated analytically. 

The outgoing jets. 

Following Riley (1974) the outgoing jets are approximated by 

the two-dimensional jet solution. The free constants of the solu

tion are determined aesuming the volume and the momentum flux of 

the impinging steady boundary layers at the inner cylinder to be 

transferred to the jets. Riley used numerical integration of the 

boundary layer equations to ob.tain sufficient accuracy of the volume 

and the momentum flux at However, a four term Blas,i us 

series expansion of F100 (t,t) gives these quantities with satis

factory precision. Referring to the results in appendix C, the 

volume flow in a steady boundary layer at 11' 
~ = 2 is, in physical 

dimensions, 

( 116) 

- ( ! a F (t)t2n+1] } 
n=O n 1 oon 

t = 0 
·- 'Ir 

: f:ij 8 rn - --H·-- -· § : 2 .-------. 0 

where ~ ~ 1,239. 

Likewise, the momentum flux in the boundary layer in question is, 

for t' - 11' 
... - ~ J 
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(117) 

Where ~ N 0,3284, 

The two-dimensional jet solution represented by the stream 

function (see for example Batchelor 1967,pp.345) is in t>hysical 

dimensions 

(118) 

where x is measured along and· z orthogonal to the jet. The 

virtual mcmentum source of the jet is situated at x = .x0 , z = O. 

The free constants are a and x0 • The volume and the momentum 

flux ·in the z-direction of one of the symmetrical halves of the jet 

(a half-jet) are, respectively, 

(119} 

(120) 

Oia±m~ng-, 

(121) Qg(xo) = ~(~) 

(122) M = ~(~) g 

yields, 
1/3 1/2 

(123) a = co [24ba] RB 
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(124} 

This completes the jet-solution in question. 

The outgoing jets impinge on the outer cylinder for x = (N-1 )a. 

Each of them are in regions of stagnating flow (see figure 9), split 

into two e-quiva.lent halves which are the eourees of the wall jets. 

The details of the flow in the stagnating regions are not considered, 

but it is supposed that the volume and the momentum flux of each 

half-Jet are transferred to the associated wall jet. These assump

tions are us.ed to detertnine the free constants of the wall jet solu

tion (see Glauert 1956). The general wall jet solution, represented 

by the stream function in physical dimensions, is, 

(125) 

where 

S is mea11ured along and Y orthogonal to the wall. S = - s0 , 

Y = O E!.I"~ t;l:l~_QQ:Si~A-Qll __ Q_f __ t;l:lt? "l:i_~ual ~Qurce Qf_the J_e_t .._ S :; 0_~_ 

----·--·----·--------y--=--o--c=-o=r=r=e=-a=p~o=n=-a~..,t-=-o=--:t'""hr=-e=--· -s=tcca=-gn=at~i~o~n-p-0~1-n~t-o~r.-~t-.-h_e_a_s_s_o_c_"i-a-,.-t-e--..d~-0-u-,.-t_g_o __ i_n_g 

jet. The :f'unction f(A) is given implicitly as follows, 

( 126) f(A) = (g(A)) 2 

( ~ 27) A = log Vi~~gz + V"J' Arctan ~: 
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The volume and the momentum flux along the wall for S = 0 are, 

respectively, 

(128) Qw(So) = [ r/4 40 B vs 0 

( 129) l\,(So) = p[2~~!3]1/~ 

The outgoing jets impinge on the outer cylinder with the following 

volume and momentum flux in each half jet, 
.I 

(130) 

(131) 

Q ((N-1)a) ~ Q (Na 
g g 

1/3 ,.., 6av(Na) 

Claiming, 

(132) 

(133) 

gives 

(134) 

( 135) 

so = .,,?}-(~: 

Q (Na) 
g 

s = ~a&+va(Na) 113 

which completes the wall jet solution in question. Of course, the· 
- . .. - - - - - .... - - ----- - - -- . - ..... 1t .. ..... . . - -

solution has physical ___ s1gn1f~~~-~<?~ in __ thi~ ___ cas~ _ _!:.()_E __ ~--~ __ \_o__,2_Na~~------ ·--

only. 

The returning jets. 
-----~--~----------
The wall jets originating at, say 

1T 'IT ; = 2 and ~ = - 2 , 

impinge on each other at ; = 0 and a new jet, flowing towards the 

inner cylinder, is formed. An equivalent returning jet develops at 

$ = 7T 
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·The returning jets are approximated by the two-dimensional jet solu

tion which for this application is written, 

(136) 'f (X,Z) = 6yv(X + X ) 1 /3 tanhl-y(X + X0 )-2/3 Z l. 
c 0 ~ 

Here X is measured along and Z orthogonal to the jet. The posi-

tion of the virtual source of the jet is X =-X, Z = 0. 
0 

The returning jets are created with the following volume and momentum 

flux (in each symmetrical half), respectively, 

(137) 

(138) 

Claiming, 

(139) 

( 14-0) 

we find, 

- (14-1) 

( 14-2) 

QC (XO) = 6y-v X~/3 

Mc = 24- P y3 v2 

QC (X0 ) = ~/~Na) 

=~(~Na) 

y 

and this completes the jet solution in question. 

The returning jets impinge on each other and a stagnating 

fl-ow develops around-the inner cylin{}er. ---In tltis Pegion the j-et 
- ----~----------·-~-------~------ ~-- ---~-------- -------~-----------~-~-~ -

solution referred to above is not valid, of course. Nevertheless, 

an approximate solution of the stagnation flow must be known before 

the effect og the returning jets on the steady boundary layer can 

be estimated. This approximate solution is established subject to 

the condition, 



- 36 .... 

(143) [(n+2)N]2/3 >> 1 

Fa 
which physically means that the width of the returning jets is 

much larger than the diameter of the inner cylinder. The convective 

inertia term.of the momentum equation, which is balanced by viscous 

forces in the returning jets must in the region of stagnation flow 

be balanced by pressure forces. Therefore, the stagnation flow 

can be characterized as an effectively inviscid flow with vorticityo 

The general equation for this type of motion in two dimensions is 

(see Batchelor 1967, pp. 536) 

2 'V' =-rCw) 

where w is the stream function and the vorticity distribution 

f(w) , which is arbitrary so far as inviscid fluid theory is con

cerned, must be known. The history of the establishment of the 

steady flow determines the vorticity distribution. In accordance 

with the approximations already introduced into the problem con

sidered here, the vorticity distribution in question is supposed 

to be generated by the returning jets and transported essentially 

unchanged through the region of stagnation flow. The solution of 

the returning jets (equation 136) gives, 

{144) 

where x1 = X0 +Na = (rr + 2)Na • Since x1 >> a, we put , 

(145) 

which is valid for Iii << x1 • 
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Introducing, 

(146) 

we get, 

(147) 

where terms o:f order y2~ -8/3 has been neglected. According to 

the assumptions stated above, the :flow in the stagnation region 

must be governed by an equation :formally equal to equation (147), 

i.e., 

(148) 

where 

and 

v p 2ir1 ( p ' S ) =- - H1 ( p ' s) + H1 ( p ' S ) 3 

. ~ x -2/3-" = ..,~ Y 1 r 

9 2 o2 1 o 1 a2 
p =a?"+p-rp+7~ 

Unfortunately, no linearization para.meter appeared in equation (148). 

Therefore, the following iteration procedure is used to generate 

----an-app'l?0:xima-te-solu1T-ion-of t-he equa.ti-on .. -Let-, 

(149) 

and provided, 

(150) 

_ ----- - - - then, approximately, 

(151) 2 
9 p H10 ( p ' ~) = H10 ( P ' g) 

(152) 2 3 
vp a, 1 ( p' ~) = - H11 ( p ' ~) + H10 ( p ' ~) 

(153) vp 2 H12 ( 9 ' S) = - H12 ( p ' S) + 3H10 2 ( p ' ig ) H11 ( p ' S ) 

••• 
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In analogy to 
' 

(154) H0 (p,i;) = -E: [psin s-tP3 sin3 s+ ~p5 sin5 s- ••• ] 
v , 

the above iteration is expected to give useful results if, 

(155) 

Wi.th a view to the specification of the matching conditions, 

the non-dimensional velocity components of the returning jet 

along s = 0 are calculated, 

;rr; c· 1c 2) 2 J ... . 2/3 1 - ~ 1 +p s + ••• 
[(n+2)N] 

(156) 

which lead to 

(157) 

(158) 

rv~ aH1J 1 2 2 
LT .-rr .. p fixed -> 1 - ~( 1 +P )s + • • • 

p; 
[(n+2)N]2/3 -> 0 

s -;> 0 

[v~ ~] . 
P p fixed 

. ;;rr; ·-~-u---------------· ... -·---------- --- -------·----- --·---- -·-·---------- ----------- ----- --- ------ [(n+2)N]2J3 

!! --> 0 

' 
Obviously, H1(p,s) must be regular for finite r which gives, 
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-

(159) lim!Li (p, i;) = ~H1 ( p, s)] p:;>O regular. 

r fixed 

/R; 
[(rr+2)N]J2/3 

-> 0 

The interaction between the inviscid stagnation flow and the out

going jets along s = ~ and s "" - ~ can be neglected tc- leading 

order of magnitude H1(p,S) of the inviscid flow for p~1 • 

Therefore H1(p,s) is an approximate solution of the stagnation 

flow ~t least for s E [O fTT] and p ~ 1 and the following symmetry 

exists, 

(160) 

(161) 

Therefore, 

H10Cp,s). Koo(p)Sin2E; 

H11 ( p , i;) = K, 0 ( P ) sin 2 i; + K11 ( p ) sin 3 2 ~ 

which inserted into equations (151) and (152), respectively, give, 

(162) 

(163) 

------- --------------------------------------------_ ---------~-------- -- - - - -------------------------------T----------··· 

_ (164) K11 (p) +-pK11 (p) + (1-~)K41 (p) = K00 (p) • 
p 

The general solutions 'are, 

(165) 

(166) 
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where Jn(p) and Yn(p) are Bessel functions of the first and 

second kind, respectively, and order n (n == 2,6). Owing to the 

regularity condition (159), 

(168) 

P10(p) and P11 (p) are particular solutions. With reference to 

assumption (150) 

(169) 

is used for later calculations. The matching conditions (157, 158) 

give, 

(170) 

(171) p = p z 2,30 fixed o 

which show that no overlap-region,between the returning jet solution 

and the stagnation flow solution exists, as required by the method 

of MAE. This is a very unsatisfactory result, but not surprising 

since there in the theoretical approach is an abrupt change of the 

governing forces at p = p0 • 

According to condition (143) the radius of the inner cylinder 

is vanishingly. small compared to the length scale in the stagnating 

________ flow region and therefore the __ Q:Ylinder does not affect the gross 

features of this flow. However, close to the cylinder, i.e. at 

distances of th.e order of its radius, the flow is obviously affected 

by the cylinder. In order to study this effect the inviscid flow 

solution is written in physical dimensions, 



- 41 -

(172) td(r, ~) = 0,08% < u0 a ~~s [ r 2 -t y2 413 r 4 + ••• ]sin 2S , 
X1 

which shows that for r fixed and (~JN --;;. 0 the inviscid flow 

is rurym:ptotically potential. Therefore, the presence of the inner 

cylinder can be .. accounted for.by introducing a region of potential 

flow where the function G101 (r,s) (see equation 95) have to 

satisfy the following boundary and matching conditions, 

(173) 

(1?4) [G101(r, ~) J = 0 • 
r=1 

The solution is, 

(175) 

which give the gauge function p101 (N,Rs) of equation (94), 

(176) 

and the constants {bn} of equation (114) are also determined, 

- ---- -______ · --- --------------- --+-- _____ b 0---~--~~-----~-~~-- -

(177) b1 z -0.2605 l ~2 .. 0.05210 

The term proportional to r-2 of the solution (175) c~ be matched 

to the inviscid stagnation flow by including Bessel functions of 

the second kind in the higher order approximations of this flow. 



- 42 -

The steady boundary layers at the walls of the container and 

the jet flows O.iscribed above, induce a potential velocity field 

outside these boundary layers. The purpose is to estimate the 

influence of this velocity field -0n the steady boundary layer at 

the inner cylinder and the potential velocity field is therefore 

approximated with a solution valid for r « N • In this approxima

tion the suction in the wall jets at the outer boundary can be 

neglected as the contribution from here to the potential flow f'or 

r -e> 1 is of order r5/3 • Consi3tent with assumptions already 

utilized, the potential velocity field is therefore calculated as 

if N =co • 

Since the width of the outgoing jets is of the order of 

magnitude R;112 and, 

a r sin s = x + a , 0 _:: ~ ~ TT 

the coordinate approximation, 

(178) 

is valid inside the width of the jet flowing out along TT s = ~ • 

Referring to equations (118), (123) and (178), we find, 

a 
Yix, z; li.J "' • Uo a is ( 9mi,) 1 /3 (r:':l'.'o )1/3 

···· ------~ z fixed ·· -----------------·---------·-------·-·--··-------··--·--- ··-·-----·--·-·-------

x = (r - 1 )a 

where (x0 by equation 124). Since 

r 0 << 1 , we put 



(179) Yg(x,z;Rs) f:::l 

x & z fixed 

x = (r - 1 )a 

R ->co s 
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r 2 5 3 
_ +r- 5/3 ro -8/3 J 

':J +~r - ••• 

which is a boundary condition on the outer potential flow in question. 

Owing to the symmetry of the problem, it is sufficient to state a 

solution valid for - ~ ~ s ~; • Letting G100(r, s) (see equa-

tion 95) be this solution, equation (179) gives the following 

boundary condition, 

G1oo<r,;) = (91I1t,)1/3[r 1/3 +f r-2/3 

(180) 
2 3 

_ ~ r-5/3+* r-8/3_ ••• J 

G100(r, - ~) = - G100(r,;) 

while the matching condition evaluated from equation (105a) is, 

(181) 

and also, 

(182) 

Since, from equation (125) 

-----------------------·----- -- --- .. 01! ---·------- -------- --------- ···- ---· 

[~] __;:,. O(N-5/3) 
A-> co 

we get 

(183) [ 1 oG100J r ag · ---> 0 • 
r::N +oo 
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Introducing, 

(184) 

and claiming 

(185) 

and also noticing, 

(186) 

the solution of Gg(r,s) is, 

(187) Gg(r, 0 = (72n;,) 113[r 1/3 sin!+ r'i'r-2/3 sin~~ 
r 2 5r 3 ~ 

0 -5/3 . .2.i: 0 A..j-" -8/3,, l - -g- r sin 3 ~ - ~43 r ?» + • • • J • 

This leads to, 

(188) Gb(1,~) ~ [o.242077 t;- 0.140922 i;3+0.017278 i;5 

- 0.000237 i;7 + ••• J 
Since, by equations (184) and (185) 

G0 (1,~) expressed by the leading terms of its Fourier series, is 

(189) ~ ( 1, s) ~ 0.12692 sin 2s - 0.00290 sin 4$ 

There.fore, an a.ppro:x::imate solution of ~(r,~) , is, 

(190) Gb (r, s) = 0.12692 r-2 sin 2s - 0.00290 r-4 sin 4s 

The constants {en} of equation (115) are hereby determined, 



(191) 

co = - 0.01252 

c1 = 0.1607 

c2 = - 0.03535 
• • • 
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where the term 0.0290 r-4ain4 s of Gb(r, s) has been neglected 

since, 

I 0. 00290 r-4 sin 4 ~I « lo. 12692 r-2 sin 2 s I 

and moreover, if only three terms of the power series of si..-r:i. 4s 
is included, meaningful accuracy of this term is not obtained 

for i; = 1 for which comparison with experimental data will be car

ried out.· 

Since it was possible to estimate numerical calues of 

b 0 ,b1 ,b2 , ••• and c0 ,c1 ,c2 , ••• , the leading terms of the Blasius 

series of F101 (C,~) and F110(C,s) will be given explicitly. 

Introducing the expansions (113) and (114) into equation (111) and 

by equalizing terms of the same order of magnitude the following 

equations for the leading terms of F101 CC,5) are obtained, 



t. 

... _ 

-%-

Higher order terms of the Blasius series given by equation (114) 

is not considered.. The equations (192), (193) and (194) are more 

closely treated in Appendix D where the following approximate solu

tion.a of the equations, subject to the relevant boundary and mat

ching conditions, are obtained, 

where 

(196a) f 11 CC) = ~-348 + 204C + (98-48C+306C2 )e-C _ 

- (741 + 306C)e-2C - (61+17C)e-3C:} 

(196b) g11 (c;) = ~156180 + (-544151+49660C -109548C2 - 22032c;3)e-C 

+ (366102 + 193392<: + 22032c2)e-2C 

+ (21869+10608C + 1~36C2 )e-3C} 

3a1b1 3a1 ~ a2b 
<197) F1012CC) = f12({:) + b g12(C) + b 0 h12(C) +-,;;:2- i12CC) 

2 2 2 

_________ where 

(197a) f 12(C) = ~ -732 + 456C + (4765-1836C+1140C)e-C 

- (3294 + 2280C)e-2C - (739 + 3BOC)e-3'} , 

while the algebra involved prohibit solving the equations of 

g12CC) , h~2 (C) and i 12(C) . The typical JDS.gni.tude of F1012CC) 
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relative to F101 (C,s) subject t0 

is given by lb'D211 and since, 

l~I « 1 

in our case, no more effort is spent at the Blasius series of 

Insertion of the expansions (113) and (115) into eq,uation 

(112 leads to, 

(198) F110~(C) + (1-e-C)F110;(C) - 2e-CF110;(C) - e-CF1100(C) = 

1 
= c! C F 100~ ( C ) 

a 
2 F 111( ) - c' 1002 ' • 2 

Higher order terms of the Blasius series given by equation (115) 

is not considered. The equations (198), (199) and (200) are dealt 
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with more closely in appendix D, where. the following approximate so

lutions are obtained, 

where, 

(201a) t 20 CC) = F1010(C) (F1010(C) is given by equation (195)). 

where, 

(202a) t 21 CC) = ~-969 + 204{; + (1498-48C+306C2 )e-C 

+ (-741-306C)e-2 ' + (-61-17C)e-3C} • 

(202b) g21 CC) = ~156180+ C-544151+49660C 

- 109548C2-22032C 3 )e-C 

(202c) h21 CC) = 299~552{-966092 + (5772641-486996C+22032c2 

+ 795152-C3)e-C 

+ (-4828452-3222792C-798660C2 )e-2 ' 

+ (21903-108766C-66402C2 )e-3'} 

2 a1c1 a1 c 
( 20 3) F 1102 ( C) = f 22 ( C) + C-- g22 ( C) + c o ( C) h22 ( C) 

2 2 2 
a1 a2 

+ C-i2J.C) +c- j22(C) 
0 2 
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where, 

f 22(') = t 12(') (f12(C) is given by equation 197a) 

while g22 CC) , h22 CC) , i 22 (C) and j 22(C) are not given ex

plicitly for the same reasons as the calculation of the corre

sponding terms of F101 (C,s) was dropped. The typical magnitude 

of F1102(C) relative to F110CC,s) subject to 

' ->co ' c ~ 1 

is depicted by ICC21 I and since 

(204) 1:~1 << 1 

in our case (see equation 191), no more attention is paid to the 

Blasius series of F101 (,,s) • The steady b0undary layer solution 

which now is known, is discussed more closely in the later section 

"Numerical results and discussion". 

The reason to consider the Stokes drift is two-fold. Fri-

marily, the steady streaming motion considered in this paper is of 

practicel interest chiefly because it leads to extensive migration 

of fluid particles, and secondly, the available experimental data 

is Lagrangean velocities (i.e. particle velocities). The Stokes 

-- -- ------dri:ft introduced as an --a4El:i.-'ti-a~-en term-----M-1----,--te---the-- --- -- ------ --- -u 

Eulerian stream function is (see Raney, Corelli & Westervelt 1954) 

to order e 

where v is the linearized solution calculated in section 3. 
-0 
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Equation (205) gives; 

a) in the Stokes layer at the inner cylinder, 

H-> oo 
N-> co 
R-> 0 s 

b) in the outer region, 

1 {.f'2 [ 1 _,.,c . ) 1 -211] = 2 2 Jr - ~ + e Tl sin TJ-cos Tl - ~ e 
(1-N- ) 

(207) [Aw1] . ~ Ai1(r,8;M;N;Rs) = 
r fixed 

1 s 1 W ~ 1 J -2 } · 2 0 _2 2 l" ~tJr+~ r +-sin 
(1-N ) . H 

M-> oo 
N-> oo 
R-> 0 s 

c) in the Stokes layer at the outer cylinder 

M-> oo 
N-> oo 
R-> 0 s 

'I/~ 1 r 1 -A.( . , )] 1 . 29 + 1'!'" ~ L- + e cos A. + sin I\. + ••• J sin 

where the Stokes drifts (a,b & c) match passing from one region to 

another. Comparing equations (76) and (195) it is easily verified 

that the singuiaI'i ty in the Ell.lerian velocity at A. = 0 is cancel-

led by the Stokes drift. The effect of Stokes layer flow at the 

outer cylinder on the time averaged particle velocity is at most 

of order (N-3) • 

The results above is valid for R = 0 • s In the case 

the leading term of the Stokes drift given by equation (206) is 
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unchanged because the linearized solution X000 (~,e,r) (equation 35) 

is so. The StokeB drift in the steady boundary layer can not be 

calculated unless more accurate time-dependant solutions are knowno 

It can be verified, however, by considering the order of magnitude 

of the terms involved that the Stokes drift in this layer is at 

most of the order of magnitude. €2~~ relative to the typical 

steady velocity in the layer. 

6.1 The case R << 1q a---
Holtsmark & al. (1954) studied the problem treated here by 

solving equation (4) on closed form subject to the condition N =co. 

This solution of v0 was inserted into equation (5) and the equa-

tion solved subject to the formal restriction R = 0 • s Thus the 

results of Holtsmark & al. (1954) is a good approximation when 

€ << 1 , N >> 1 , Rs << 1 and almost arbitrary M , only restricted 

by the condition e2r12 << 1 • Since the results in section (4.2) 

are valid subject to similar conditions, these results and the 

theory of Holtsmark & al. (1954) can be compared by performing 

inner and outer asymptotic expansions of the Holtsmark-theory. 

Raney, Corelli and Westervelt (1954) carried out an inner 

asymptotic expansion of this theory. The inner asymptotic expan-
---- - --- ------ ----------- -- -- --

sion of the steady _P~_ of __ the second _?rder_ co~ e )T stream-.fU:rlc-

tion is given by their equation (21). The comparable result 

achieved by the method of MAE is a two-term inner expansion with 

R8 = 0 and N =co • Referring to our equations (69), (72) and 

(73) we can readily write down this expansion in physical dimensions, 
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+ (- 4 + ¥ '11 + 21"12 ) sin 1"I e -1"1 
.,, 

+ ( ¥- +9'11) cos _1"1 e-TJ + (~ + ~)e-211}~in 28 • 

It is easily verified that this solution of is identical 

with that given by equation (21) in the paper of Raney & al. (1954) 

(notice their sligtly different definition of T]) • 

In order to compare the outer asymptotic expansion t 1 (r,8) 

(obtained by the method of MAE) with the solution of Holtsmark & al., 

it is necessary to carry out a corresponding expansion of equation 

(3.12) in their paper. The equation can be written, 

400 200 
(210) 'f1H(r,8) "" {- ~ JCT(x)dx+~ Jxo(x)dx 

r r 
oo co r 

+ .,fk. [J ~o(x) dx- 2 Jxo(x)dx + Jx3a(x)dx J 
1 1 1 

2 oo co r 

+ ~ [-2 J ~ cr(x)dx + 3 Jxa(x)dx - Jx5cr(x)dx ]}sin 29 
~ 1 1 

where r and x are the non-dimensional radial position and, 

(211) a(x) - --·····----------------- ----··-··-···--·--- --·----------------- ------ --------------------------------------- -----

-- 4 H( 1 )cz·)*H(1 )(z) +-1H(1 )(z )H( 1 )(z)* + 2H( 1 )(z)H(1 )(z) 
i u err o d 2 c.-2 o o o 2 I * 

= :3 {[ H(~)(zr)H(1)(z )* =L-J } 
0 0 0 0 

where z = :xMV' ! and i41 ) ( z) , m = 0 , 2) , are Hankel functions. 

Standard asymptotic series of the Hankd functions are used to obtain 
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an asymptotic expansion of a(x) • Repeated partial integration of 

the integrals involved in equation (95) was used to generate their 

asymptotic series. The important feature of the expressions then 

achieved, is that they consist of polynomials of 

by the exponential factors 

(1) multiplicated r 

-(r-1).l\. 4~ -(r-1 )f1./~ • 
e and e 

The outer asymptotic expansion 

(212) 
( O') 

f1H --> 'f1H 
y fixed 
H -\:> co 

of ~ 1H is defined as, 

where y = r - 1 • Referring to the main feature of the outer 

asymptotic series mentioned above, this means that only the limit 

of integration r = 1 contributes to the final result. This turns 

out to be 

(213) 

Comparison with the equations (82) and (87), and the gauge func

tions (73) with N =co , (it is a two-term outer expansion and 

Rs = 0 and N =co) shows identical agreement with equation (213). 

Thus, two different methods generate identical two-term inner and 

two-term outer expansions of the steady part of the second order 

_s_t_re_am~-=:f--"un"'-"--'-c--=-t-=i=o=n'-"-.---=T=hi=·--=-s_ag-'--'=r--=e--=e=m=e=-nt_we interprete _as a justification ____ H ___ _ 

of applying the matching principle of the method of MAE. 

6.2 The case R6 >> 1 • 

None analytical results for the case R >> 1 s and suitable 

for comparison with our section 4 are published, at least to the 

authors knowledge. 
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6. Numerical results and discussion. 
--~-----------------------------

6.1 The case R << 1 .. e---

The main features of the steady streaming pattern in our 

problem are known to be an inner and an outer vortex system in each 

quadrant (see Holtsmark & al. 1954, figure 7). In order to discuss 

the validity of the method of MAE, we first investigate the inner 

asymptotic expansion subject to Rs = 0 and N = oo , 

(214) 

where the functions x100 , x110 and x120 are given by equations 

(75), (76) and (78), respectively. The thickness 6DC of the inner 

vortex system, defined by the zero-point of the radial velocity 

component for 8 = 0 , say, is an important quantity with respect 

to the validity of the theory. Let the location of this zero-point 

be n0 • Then we have, 

6 
DC = v~ri 

5AC o 
(215) 

where oAC = J'¥ . Pi.gure 2 shows oDC/oAC versus M for a one

two- and three-term inner asymptotic expansion. We have also plot-

-----'tred.--41-he corresponding eurv·e from the closed- form solu.=t±on----e£------- --- - --- ----1 

Holtsmark & al. (1954). This solution is of course the best approxi

mation in the case Rs = 0 and N = co , and is therefore used as 

a reference for further conclusions. Thus figure 2 indicates that 

a one-, two- or three-term inner asymptotic expansion predicts the 

thickness oDC within 10% accuracy for M ~ 120, M ~ 60, M > 40 , 
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respective3..y. Figure 2 in the paper of Raney & al. (1954) should 

also be ref erred to in this connection. 

Since there is identical agreement between the asymptotic 

expansions of the solution of Holtsmark & al. (1954) treated in 

the previous section and the inner and outer expansions generated 

by the method of MAE (Rs = O, N = oo ) , we may use a composite 

solution, including Rs-terms, to estimate the region of validity 

of the solution of Holtsmark & al. (1954) with respect to Rs • 

The uniformly valid composite solution is, 

(216) 

where the functions X100' X110' •1000' 11100' 11200' ~1001 and°' 

+1101 are given by the equations (75), (76), (82), (83), (84), 

(87), (88) and (90), respectively. The common part CP(11,e;Rs) 

of the in~er .q;ud oute~ s;ymptotic eXl?ansions is, 

(217) CP(11,e;R8 ) = \f[if.-~11]sin 26 

+ (~) 2[ (- .J.f +if 11 + t n2 )sin 28 - ~R8 112 sin 48] 

The steady radial·velocity component is given by, 

(218) 
_____ n__________ o•(c) 

{'. 1 1 v1z. = - r -c:;-9--

and the tangential component, 

(219) 

Figure 3 and 4 show the radial velocity at e = O for M = 50 

-----------
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and 100, respectively. The three different curves in each figure, 

represent different values of Rs • The argument 8 = 0 is an 

angular position where the Rs-terms should be important. Figure 3 

and 4 indicate very little influence of these terms for 

but for Rs = 5 , they are of significant importance, 

R < 1 
s- ' 

The plot of 

the tangential velocity component at 8 = 45°' in figure 5 shows 

only a minor difference between the curves for Rs = 0 

This is reasonable since terms of magnitude O(R8 ) are 

and R = 5. s 
identical 

zero .for e = 45°, while terms of magnitude O(Rs2) contribute • 

The angular position 8 = 45° is thus a very favourable position 

in order to observe good agreement between experiment and a theory 

formally valid for Rs = 0 , only. On the other hand, such a theory 

is expected to be a good approximation for R < 1. s-
In order to illustrate the influence of the outer boundary 

on the flow field, the following composite solution of the stream-

function is used for numerical examples, 

(220) c 
~1 = ~10µ100X100 + l311µ110X110 

2 2 
+ i:Oa11o j~0°1ijo~1ijo +a110a1130~1130 

+ Rs{a101[a1001 11001+ 01011~1011] 

+ n111°1101 11101} 

-,_-~----~-----:;1-----------e- -- --·------. 
s 102 1002·1002 - p 

where Cp is the common part of the inner and the outer expansions 

and, 

(221) cP = 13 10µ100(~ - ~ ri)sin 2e 

+ 1311µ110\"~[ (-1t2-+ i( Tl+ ~TJ2 )sin 28 -~Rs n2 sin 49] 



" 
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The gauge .functions and the other terms involved in equations (220) 

and (221) are given at the end of section 4.2o The solution (220) 

is correct to where i+j+k > 2 .. - Numerical examples 

based on (220) and on the theory of Svardal (1965, equation 4.53, 

form.ally valid for R = 0) s are given in figures 6 and 7. For 

Rs = 0 , figure 6 indicate that these solutions give qualitatively 

the same increase of oDC/oAC versus decreasing (A-a)/6Ac• More

over, figure 6 shows that for Rs = 1 , the solution (220) predicts 

the thickness of the inner vortex systems to increase considerably 
TI 4 

from 8 = * ~ to e = 0 or 9 = n • In figure 7 the radial posi-

tion rc/oAC of the core of the outer vortex systems (defined 

by vr = v 9 = 0) is plotted versus (A-a)/oAC • The main features 

of the figure are decreasing rc/oAC with decreasing (A-a)/oAC' 

but for (A-a)/oAC ~ 25 the core begins to move outwards for 

decreasing (A-a)/oAC • Th.is unexpected effect is amplified for 

Rs> 0 • The angular position of the core is also, for Rs> 0 , 

dependant on M and N • This can be recognized from the solution 

-~220-)--;- ana-tne eITect-rs depicted-in flgure-s-;- Referring to -e-ms __ _ 

figure a resonable question is why the flow field observed by 

Bertelsen & al. (1973, .figure 7) is so symmetrical for Rs = 0,75. 

An evaluation of the various terms of the solution (220) reveals 

that there are mainly two competing effects, described by the terms 

. •1001 and 14101 , whi9l:t cause dist<:>.rtion in opposl:.-t;e dir~ctions 

and thus preserve 'the syllillietry;; ··· ~ortwrately,- the soluti--on (220) 

is not expected to give sufficiently precise results unless M>40 

and a quantitative comparison with the experimental results or 
Bertelsen & al. (1973) is therefore meaningless. 

' 
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6.2. The case R >> 1 • s--

The main features of the flow field in this case is shown 

stylisticly in figure 9, except for the Stokes layers at the bounda

ries. Details of the flow in the steady boundary layer at the 

~ inner cylinder is depicted in figure 10 where a three- and a four-t 

term approximation of the Blasius series of F100Cc,s) (see appen

dix C) is the bases of the velocity profiles. Comparison with the 

numerical solutions given by Riley (1975, figure 2) indicate fair 

accuracy of a Blasius series of F100(C,S) including four terms 

for I i; I ,:: ; ·• This statement is also supported by the good agree

ment between the terminal momentum. flux in the steady boundary 

layers at l~I = ~ (Riley 1975, p.p. 807, his M=0 .. 964 corre

sponding to 3~ f¥ 0.9852 here given on page 3 2 ). 

The velocity profiles in figure 11 is based on the following 

solution of the stream.function, 

(222) yC c) = e:U aJ-./"1l YA + aoo ~ a F (') s2n+1 
1 o l1r" ,.100 ,Fa n=O n 100n 

a 
+ (rr~2)N[boF1010Cc)i; + b1F1011CC)s3] 

where the solutions involved are given by equations (72), (C1), 

(C2), (C:;), (C5), (195), (196),(201) and (202). The stokes drift 

is negligible in the steady boundary layers. The measurements of 

Bertelsen (1974) are also plotted in figure 11 and good agreement 

between these measurements and the tangential velocity based upon 
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(222) is observed. The figure also indicate that the correction due 

to the suction velocity of the first order steady boundary layer 

solution and of the outgoing jet are of about the same magnitude 

as the correction forced upon the boundary layer solution by the 

returning jets. A stream line diagram based upon the results of 

section 43 is shown in figure 12. The diagram resembles the essen

tials of figure 4b in the paper of Bertelsen (1974). 

In spite of the improved agreement between theory and experi

ment mentioned above,the theory is unsatisfactory with respect to 

several points. The following points axe emphasized here: The 

model adopted is not unique (see Riley 1975, section 3) and the 

crude matching of the steady boundary layer flows with the regions 

of stagnating flows. But nevertheless the improved agreement bet

ween theory and experiment indicate that the main influence of the 

outer boundary on the steady flow close to the inner cylinder is 

preserved in the calculations of section 4.3. 
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Appendix A: Calculation of the linearized solutiono 

The calculation procedure for the linearized solution. i!s 0 

is here demonstrated in some detail. ';rb.e equations (17), (20), 

(24) and (25) is first established as suggested on page 10 ah~ 11. 

Using that the stream function according to the boundary conditions 

( 10) is proportional to sin 9 cos 't ; the formal solution in complex 

notations can readily be written down, 

(A 2) ~000 (r, e ,-r) = [B0 r + B1r-1]sin 9 ei'r 

(A 3) cpooo o .. ' e ,-r) = [c +C A.+C e-C 1+i)A.+C e(1+i)A.Jsin8eiT 
0 1 2 3 

(A 4) cpo1 o CA.' 9 ,-r) = In +D A.+D e-C 1+i)ft.+D e( 1+i)A.Jsinee1 ,. 
L o 1 2 3 

The boundary conditions at the inner cylinder give, 

(A 6) A1 - (1+i)~ + (1+i)A3 = 0 • 

The matching as expressed by equation (15) yields, 

where necessarily A3 = 0 as there are no terms in the outer solu

tion that can match an exponential growing term. The r-component 

of th& boundary conditions (10) for r = N now give 
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which leads to• 

(A 9) 

(A 10) o (N) = N 
000 

Now the 8-component of the same boundary conditions yields, 

(A 11) c1 - (1+i)C2 + (1+i)C3 = 0 • 

The matching as expressed by equation (16) give, 

••• 

where it has been used that, 

of the same reasons as A3 = 0 above, Matching to leading order, 

equation (A 12) give, 

Inserting (A 14) into equation (A 7) we find by term-wise matching, 

(A 15) aooo(N) = µooo(N) 

. ··~ 

·--······· ........ lL.16)_ aoo(M) ... ~------·· 

=-B 
0 

Putting B1 = - B0 into equation (A 12) reveals, 

(A 18) a (N) = 1 ~ 
000 1-N-

(A 19) c1 = 0 • 
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Combination of' the equations (A 11), (A 13) and (A 19) leads to, 

(A 20) 

It is, 

c = 1 
0 

It should be remembered that the 9-component of the boundary con

ditions (10) for r = N was not fullfilled by equation (A 11). 

Therefore we have to claim, 

(A 22) 

giving, 

(A- 23) 

(A 2'+) 

(A 25) D1 - (1+i)D2 =-1 • 

Since the - r•component of' the boundary conditions (40) for r =N 

was exactly full.fill.ad by equation (A 8), we have to demand, 

Inserting (A 17) and (A 19) into equation (A 12) and matching to 

(A 27) B = 1 , 
0 

end. then :rrom equatt.on (A 17) 

(A 28) B 1 = - 1 • 

Introducing the known gauge functions and constants into equation 
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(A 12), this equation can be written, 

(A 29) 
1 2 J~ 

N - y - 1-lr2 ~ y - •.. = N + 1f Do + D1 y + .. • • • 

Equalizing terms of the same order of magnitude in equation (A 29), 

gives, 

(A 30) D1 =-1 

which inserted into equation (A 25) 1 

(A 31) D2 = 0 • 

Equation (A'26) now yieldst 

(A 32) D = 0 • 
0 

Thus we have, 

. ,. 
(A 33) cp010C>.., e ,.r) = -A. sine ei 

and also, by equations (A 27) and (A 28), 

(A 34) • 

Equation (A 7) can now be written, 

r1a,tq})ing t9. leei-Otng order reveals, 

. ----·----· 

The boundary conditions (A 5) and (A 6) then give using ~ • O ' 

(A 37) A0 = - (1-i) 
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Thus we have 

The calculation procedure demonstrated above can be continued 
' 

systematically to arbitrary order of magnitude of the asymptotic 

expansions, but t'urther details a.re omitted here._ 
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Appendix B: OaJ.culation of the second order steady stream 
function $ 1 , Rs << 1 .. 

The viscous and the inertia forces are presupposed to be of 

the same order of magnitude in the Stokes layers. Subject to this 

assumption, the generation of equation (55), leads to, 

(B 1) 

(B 2) 

and equation ( 55) is then established. The general solution of 

this equation is 

(B 3) X100<11,e) = Ao(e)+A1(8)T)+A2(0)'1',2+A3(0)TJ3 

+ & 2e •Tl sin 11 - 3e -T'lcos 11 

-11 e-11 sin11 - ~ e-2T'l]sin 29 • 

In the Stokes layer at the outer cylinder the same assumption yields, 

(B 4) "'lo(M) = 1 

(B 5) ~1 (M) = Yj 
(B 6) 1 

(B 7) i 5110CN) .., (1:;1)N2 
- -- - --

and the equations (59) and (6oT-are then established. The general 

solutions of these equations are, 
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(B 9) tl>1100 .. ,e) = Co(e)+C4(8)A.+C2(9)).2 +c3(8)A.3 

- ~ e->..(sin A.+ cos >..)sin 29 • 

The outer expansions of the Stokes layer solutions are now investi-

gated. Thus we :find, 

(B 10) 

singular term in this expansion, give 

(B 11) A2 e 0 

(B 12) A3 !E 0 

The boundary condition (46) demands, 

(B 13) x100(o,e) • 0 

ax · 
CB 14) [ 0: 00J = o 

. - __ TI ···ft·O . t 

which yield, 

(B 15) A0 (e) = ifsin2S 

(B 16) A1 ( e ) = - ~ sin 2 e • 
- - - - -

A similar treatment ot . ep100 ( X_,_~ __ and ep110 ( X , 8 ) 

(B 17) Bo(e) = B4(e) - B2(0) = B3(0) • 0 

(B 18) C1(0) = 02(0).= 03(8) E 0 

(B 19) C0 (9) =;sin 29 • 

leads to, ·----··----·---·-
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Matching to lea.ding order in the equations (53) and (54), give, 

(B 20) a 100(M) = 1 

(B 21) a1000(N) .....> 1 
N .....>co 

Since all the functions t 10i 0 , i = 0,,1 ,2 satisfy the same 

differential equations and the matching conditions are proportional 

to sin 20 , it turns out, be convenient to introduce, 

(B 22) L100(r;N)sin 20 = cr1000(N}t1000(r, e) 

+ 01010CN)~1010Cr,e) -

+ 0 1020CN)t1020Cr,e) ' 

, which give 

4 (B 23) 'V [L100(r;N)sin 29] = o • 

The general solution of (B 23) is, 

The matching conditions evaluated from equations (53) and (54) yield, 

(B 25) L100(1,N) = 0 

ca 2s) [ OL1CJl?r(r;N)l.r=1 3 __ 1 __ 
u 'j . z:: ,'."" ~ ( 1 _N-2 ) 2 

(B 27) L100(N;N) = 0 

(B 28) 
r oL .. lOO(r;N)J 
L C\r r=N = 0 

These equations leads to., 
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(B 29) D (N). = ~ 2 4 
\ 0 4( 1 _,N""' ) 

(B 30) D1(N) = -:(1-?)4 - ;( 1-~-2/iJi2 
(B 31) D (N) ::: 3 . · . + 3 .. 

2 2(1-?lii? 4(1-?}i'.N4 

(B 32) n3(N) = - :(1?/i'Ji" 

The solution L100Cr;N)sin. 29 can. now be reorganized by using 

equation (B 22). Thus we find, 

1 
(B 33) cr1000(N) = .;N'=2 2 

(1- ), 

(B 34) cr1010CN) ~ ~· ti;2 
(1 ) 

(B 35) cr1020(N) = ~ y 
. (1 ) 

(B 36) ~ 1000Cr,e) = ~{r-2 -1)sin29 

(B 37) ~ 1010 (r, 8) = ~r-2 - 2 + r 2 )sin 28 

(B 38) t 1020Cr, 9) = t<- r-2 + 1 + r 2 - r 4 )sin 29 

The calculation procedure demonstrated above can. be continued 

systematically to arbitrary order of ma:gnitud~, but further details 

are not given here. 



ARRjndiJc: C • The steady boundary layer solution in 

the case R8 >> 1 ·• 

As mentioned in section 4.3, Riley (1965 pp. 167)gave the ' 
. 

three leading terms of the Blasius series (113). His results are 

quoted here in our notations, 

(C 2) 

(C 3) 

where• 

t 2 (C) • 18~52 [ 1440 + (?063+7200C)e-c - 72ooe-2C 

- 1200e-3C - 100e-4-C - 3e-5CJ 

s2<c) • ;'6~52oo[99216- (5392720+47790oc + 2504520c2)e-c 

+ (5486940+5009040C)e-2C 

+ (- 140655+417420C)e-3C 
- ----- - -----

The equation of the fourth term is, 

Putting, 

(C 5) 
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the equations of r3(C) , g3(C) and h3(C) ~11 read, 

(C 8) 

The relevant term of the boundary conditions (98) is claimed satis

fied by r 3 , and thus g3 and h3 must ful.fil homogeneous 

boundary conditions, i.e., 

f ;(o) - 1 
(0 9) 

f 3(o) .. f3(co) = 0 

(C 10) g;(o) = g3(0) = g;( 00) = 0 

(C 11) 
t 

h3(0) '."' h3(0) = h;(oo) .,. Q 

The sol.utions can formally be written ast 

which leads to, 

cc 13) .r3'{c) = ~921tM{ 151200 + (1957s14 + 10584-ooc)e-c 

- 1587600e-2~ -441000e-3C - 7350oe-4C - 6615e-5C 

. -· ;..;()-, . -7<:. . .. . .... - .. . 
- 294-e - 5e -l . -· ._._. n••-- -··-----·· ---- ·-··---------------.----··---·--·····---·--

Putting, 

(C 14) g3 (C) = g;h(C) + g3p(C) 

(C 15) h 3(C) = h 3h(C) +h3p(C) , 
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where index 11 h0 and ''p" indicate homogeneous and p~icular 

solutions, respectively, we find subject to the conditions (C 10) 

and (C 11), 

(C 16) g3h(C) = A3ge-C + B3g { 151200 + 10584-00Ce-C - 1587600e-2C 

- 441oco6'3!:_ 73500e-4-C - 6615e-5C - 294e-6C - 5e-7C} 

(C 17) g3p(C) = 21d~$6{7254-.4-3200C2 e-C+ (112611+129600C)e-2C 

+ (-7426 + 25200C)e'73C + (- 46~¥ + 2400C)e4 ' 

+ (-~+ 90C)e-5' --~e-6C + ~e-7'} 

(C 18) 
A3g "" - 0 • 704077008 

B3 ~- 0.96801791•10-7 g ' 

(C 19) h31i (C) = A3he-C + B3h { 151200 + 10584-00Ce-C -1587600e-2C 

- 441000e-3C - 73500e-4-C - 6615e-5C - 294-e-6C - 5e-7C} 

( 1 { 4-766634 2 3 _, 
C 20) h3P(C) = 91145976 - 7 + (-8181C + 751356C )e 

~3~ 4401 -5C 
- (~+~C)e 
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. rA3h N o.@880122017 
( c 21) .) . . 

LB3h N 0.334608072. 10-7 

The general homogeneous solution of (C 6), (C 7) and .Cc 8) coE..Sista 
,,. 

of three linear independant solutions, one of which increasing 

proportionally to C as C -> co • Subject to the conditions at 

infinity (see equations C 9, C ·10 and C 11) this solution must be 

dropped. 
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Appendix D • The higher order steady boundary layer 
approximations. 

Using test solutions of the form 

the .following general solution of equation (192) can be constructed, 

For the i'urther calculations an approximate form o.f (D 2) is chosen, 

(D 3) F1010(C) = B00e-<: +B01 (1 + Ce-C) 

+ Bo2~4+ C +;c2 e-'-te-2'+-?ke·3C) 

which subject to the boundary conditions (99) and (100), and the 

ma'{;cl:ij...ri.g_u~oI19-~1;:i.gn (~Q4-) g.i ve F1010(,) _ as P:r:'~B(l,Iltt3c1 by_ ~'!1.lB."t~on 

(195). This ·approximate form of F1010(C) and the solution (C 2) 

of F1001 (C) yield inserted into equation (193), 

( ) 111( ) . ( ' -C n ( ) _, 1 ( ) -C ( ) 
D 4 F1011 C + 1-e )F1011 C -_4e F1011 C - 3e F1011"tC 

ab 
IC ~ • ~C- 6640 + 2664C - 3888C2 )e-c 

-"}- ........ - . - . . . - . - -- . 

--------------------------------------- + '- 1048 + a7s4c--~ 2592c2 )e-2' 

+ (?1·64+4680C -~2)e-3C 

F1011 CC) is decomposed by writing, 
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which is/ used to construct a homogeneous equation of r11 (') and 

m. inhomogeneous equation of g11 ({;) • The solutions are claimed to 

satisfy the following conditions., 

I 

{ 
~:(O) • r 11(o) 

t 11 (o:i) = 1 

:= 0 
(D 6) 

( D 7) g11 ( 0) = g1 ~ ( 0) = ~ ~ ( co ) = O 

which·are found from the equations (99), (100) and (104-). The 

general solution of r11 (C) is, 

(D 8 ) ( ) B -C B ( 1 3r -C 3 -2C 1 -3') f11 C "" 106 + 11 + .,.e -~e - 'f'2' 6 

+ B12{~-~C + (5C-C2 )e-C + Ce-2 ' 

+ (~+,f1gc) e-3C + 4 ~ (-1)n (n-4~! a-nC}'" 
~n=O · (n!) 

The general solution of g11 (C) can be written, 

where index nh n and "p" indicate homogeneous and particular 

solutions, respectively, and 

as far as the general solutions are concerned. Since an approxima

tion already is introduced by F1010(C) , the following form of 

(D 8) is used, 
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(D 11) ±'11 (C) == B10e-C +B11 (1+3Ce'-'-~e-2' - ~e·3C) 

+ B12{~-~C + (5C-C2 )e-C + Ce-2 ' + (~+~C)e-3C} 

and a corresponding approximation of the particular solution 

g11P(C) is , 

(D 12) g11P(C) = ~- 18~20 + 4296C -1296C3 e""'C 

+ (6886 + 4932C + 1296C2)e-2C + (~+ 266C + 108C2 )e .. 3C}. 

The solution (D 11) subject to the conditions (D 6), and the solu

tion of g11 CC) , (constructed as the sum of (D 11) and (D/12) 1 

subject to the conditions (D 7), leads to the specific solutions 

of r11 (C) and g11 (C) given by equations (196a) and (196b). 

The typicEil/magnitude of' the error introduced by the approximations 

mentioned abolve, is 0(1o-3•e-4') relative to the solution in 

question, which-is regarded as sufficient accuracy for our purposes. 

A general homogeneous solution of equation (194) is calculated 

1l.l:li:rig t~E:Jt f3o_l1xt_icm.f:3 o_f i;b.~ ty-pe (:P ~)_ Md f31.l.bj_e_ct to th__e boJJIJ.d~ 

conditions, 

I = :r12(o) = o 

= 1 
. ' 

where f'12CC) is defined by equation (197), an approximate solution 

of .r12CC) is that given by equation (197a). The particular solu~---

tions of equation (194) are not considered in detail for reasons 

:mentioned before. 

The same procedure as sketched above is used to obtain the 

solutions (201a), (201b), (202a), (202b) and (202c) of equations 

(198) and (199). 
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Figure 8. Stream line diagram in one quadrant based on 
equation (220) and the parameters are: Full lines; M = 50, 
Rs = 0,. Dashed lines; M = 50, Rs = 1. 
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