J‘ SLAmeT _I . ﬁ.: b A ‘.':
gt . ! A £ e o
"f"p ""1%\‘! RS ¥ : g
S i - : }%.".
ek - * ; £ o I. . f‘..‘
: 2 - 4 ‘._' RS y .vr
L é.ﬁ‘% -

Ui0O ¢ Department of Physics

University of Oslo

Nuclear Structure and Dynamics in
the Quasi-Continuum of ?4°Pu

Fabio Zeiser
Master’'s Thesis, Spring 2016







Abstract

Nuclear level densities and ~-ray strength functions are essential quantities in various fields
of basic and applied research involving nuclear matter. From microscopic calculations and
structure research to nuclear reactor models and astrophysical applications a good knowledge
of these parameters determines fundamental properties of the systems. This study analyses
the level density and strength function of 2*°Pu below the particle separation threshold with
the Oslo Method. The results are used to examine the effect on the fast neutron capture
cross-section of 239Pu.

At the Oslo Cyclotron Laboratory a 23°Pu target was bombarded with a 12 MeV deuteron
beam to study (d,py) reactions in the quasi-continuum of 4°Pu. The particle-y coincidences
were used to obtain the primary v-rays and extract level density and 7-ray strength function
of 240Py using the Oslo Method.

This new experimental data reveals an increase in the y-ray strength function on the tail of
the Giant Electric Dipole Resonance, which is interpreted as a low-energy M1 scissor mode.
The B(M1) strength of this resonance between about 2-4 MeV has been estimated and is
compared to previous findings in the actinide region.

Furthermore, these results were used to calculate the (n,y) cross-sections for ?3°Pu with the
TALYS reaction code. This provides predictions for neutron energy regions where previously
no experimental data was available and may have a significant impact on calculations for next
generation reactors.
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Chapter 1.

Introduction

The story so far:

In the beginning the Universe was created.
This has made a lot of people very angry and
been widely regarded as a bad move.

Douglas Adams
The Hitchhiker’s Guide to the Galaxy

More than 100 years after Rutherford’s discovery of the atomic nucleus in 1911, basic ques-
tions on structure and properties of the nucleus still remain open. This work aims to investigate
the level density and v-ray strength function in the actinide region, in particular for 2°Pu. In
addition, the relevance of the results for other fields like the study of advanced nuclear reactors
and astrophysics is shown. To set the stage for the current analysis, a brief overview of the
historical and the scientific context is given.

In March 1911 Ernest Rutherford gave the first public presentation on the experimental
work on the nature of the atom that had been conducted over the previous two years by Hans
Geiger, Ernest Marsden and himself [1]. From the angular distribution of a-particles scattered
off a thin gold foil, he deduced that the prevailing theory of the atom as a plum pudding,
composed of electrons and surrounded by a big positive charge distribution, had to be replaced.
Instead, he put forward the theory of the atom as known today, with the protons forming the
nucleus and electrons orbiting around it in the distance of a few angstrgms. Soon after this,
speculations arose about the additional existence of neutral particles in the nucleus, however
it was only in 1932 that James Chadwick was able show the presence of the neutron [2]. By
the end of the second world war, many of the most famous experiments in nuclear physics had
been conducted, amongst them the activation of elements though neutron bombardment by
Enrico Fermi [3] and the neutron-induced fissioning of 233U by Lise Meitner, Otto Hahn, Fritz
Strassmann and Otto Robert Frisch [4]. With an astonishing foresight for the applications of
this new knowledge, these experiments would within only a few years lead to the first nuclear
reactors and nuclear weapons.

With the simultaneous development of quantum mechanics, a theoretical framework was
established in which the energy levels of a nucleus and transitions between them could be
described. For higher excitation energies and nuclear masses, the spacing between the levels
reduces greatly, thus forming a (quasi-)continuum of states. Then, the concept of discrete levels
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looses its relevance and one usually considers level densities and average transition strengths.
However, ab initio calculations to obtain these are today and in the foreseeable future only
feasible for few particle systems. Several methods have been introduced to enlarge the range
of nuclei accessible to theoretical predictions, for example the Monte Carlo Shell Model [5] or
the Hartree-Fock-Bogoliubov plus combinatorial method [6]. Still, these are constrained by
the computational power and limited knowledge of the prevailing nucleon-nucleon interactions.

In this context it is essential to obtain experimental data on level densities and ~-ray strength
functions. The latter is a reformulation of the transition probability which takes out the
direct energy dependence that emerges from a quantum mechanical treatment of the transition
operators; for a detailed derivation of this dependence see Ref. [7, p.595]. Several well known
experimental techniques exist to extract nuclear level densities like the particle evaporation [8]
and two-step cascade [9] method. However, both require prior knowledge, in the first case of
optical model parameters, and in the second case a model of the y-ray strength function. A
new method is coming up that utilizes high-energy light-ion reactions, see e.g. Ref. [10] using
(p,p’) and (e,e’) with energies of 200 MeV and 56 MeV respectively, to infer information on
discrete levels. This is essential in detailed tests of level density models. However, a major
constrain to the latter technique is that it requires level spacings in the order of, or larger,
than the experimental resolution.

The present work uses the Oslo method [11, 12|, which has the unique feature that it
allows the simultaneous extraction of level density and v-ray strength function in the quasi-
continuum without prior assumption of a model for these function. The method uses data
below the neutron separation threshold from particle-vy coincidences of inelastic scattering,
like (p, p'Y), and transfer reactions, like (*He, ay). In this thesis the (d,py) reaction on 2?Pu
will be analyzed.

In the last years there has been an increasing effort to systematically study properties of
nuclei in the actinide region. Previous publications using the Oslo method include analyses for
231-233T, 232-233py 23723977 [13-15], 238Np [16] and 243Pu [17]. The resulting level densities
follow a constant temperature formula and thereby challenge the back-shifted Fermi-gas model.
The latter includes pairing effects to the groundbreaking work of Bethe [18] in 1936, which
was the first theoretical attempt to describe nuclear level densities for heavy nuclei. As the
back-shifted Fermi-gas model has been widely used and is still a common reference, see for
example the data library RIPL3 [19], it is interesting to test the model’s validity for level
densities of more actinide nuclei.

In addition to the level densities, the vy-ray strength function will be analyzed in this thesis.
Early (,n) experiments revealed a strong resonance at excitation energies around 10-14 MeV
known as the Giant Electric Dipole Resonance (GEDR) [20]. In a macroscopic picture, this
is explained by protons oscillating against neutrons. As common for resonating systems, a
Lorentzian shaped response was assumed, which describes well the data around the peak of
the GEDR. However the above named publications using the Oslo Method [13-17] as well more
recent (v,7') and (e,e’) experiments [21-23] reveal an excess of strength between about 1 and
4 MeV on the tail of the GEDR.

This additional resonance is interpreted as the scissors mode. Name-giving is here the clas-
sical explanation of protons oscillating like scissor blades against neutrons, although a recent
review by Heyde et al. [24] clearly shows the benefit and necessity of a microscopic explanation.
Such an additional resonance may have a significantly impact on the branching ratio between
~ decay and other decay modes like fission and particle emission. The second aim of this study
is to find out the presence and potential strength of a scissors resonance in 2°Pu.



The resulting level density and v-ray strength function of 24°Pu, including a potential scissors
resonance, are essential inputs to calculations of the (n,) cross-section of ?*Pu within a stat-
istical framework [25]. Although there is accurate knowledge of the cross-section for thermal
and low-energy neutrons, one has little reliable experimental information on fast neutrons.
Without this constrain, predictions from major nuclear data libraries like ENDFB/VIL.1 [26]
and JENDL-4.0 [27| reveal discrepancies of up to about half an order of magnitude for in-
cident neutron energies above 0.5 MeV. Thus the reference article to ENDFB/VIIL.1 states
that "[t|hese reactions are so important that should new assessments, based on new measured
data, lead to significant changes in these evaluated cross sections, there will be significant
implications for nuclear applications, for example in our criticality calculations." [26]

This applies in particular for the assessment of fast neutron reactors, where the ratio of
fast neutron induced fissions over neutron captures and scattering is a key parameter. Recent
studies on the data needs for such systems by the OECD Nuclear Energy Agency (NEA) usually
demand target accuracies for the cross-sections well below 10 % [28, 29|. It is thus of direct
relevance to these analyses to obtain more accurate calculations of the (n,~y) cross-sections for
actinides.

In addition, studying a nucleus for which at least partially experimental data exists can
be regarded as a contribution to a validity test for cross-section calculations based on data
extracted with the Oslo method. With this technique, it is also possible to access nuclei
which pose a major challenge to direct experiments determining the cross-section due to e.g.
short half-lives. However, those nuclei may have a significant impact on the estimation of
the abundance of heavy elements in the universe. In fact, rapid neutron capture is the only
process that can lead to the formation of actinides and a large number of cross-sections enter
the calculations of their synthesis [30]. In return, this means that from their abundances given
e.g. from meteoroid samples, it is possible to infer the age of the universe.

Common to all these applications is that the goodness of the model predictions is to a large
extent limited by the quality of the input data. This work explores the level density and
y-ray strength function of 24°Pu and improves knowledge of the 23°Pu(n, ) cross-section for
fast neutrons. In addition it contributes to a an understanding of the systematics of various
properties in the actinide region.

The thesis is organized in the following way: After this short introduction, the next chapter
will explore the experimental set-up and the technique to obtain particle-y reactions from
the 2%Pu(d, p) reaction. Chapter 3 introduces the Oslo method and the level density and
y-ray strength function for 249Pu are extracted. Furthermore, this data is used to calculate
the 29Pu(n, ) cross-section. In Chapter 4 we discuss the context and significance of the
results. Finally, in Chapter 5 the main findings are summarized and put into perspective with
upcoming research .






Chapter 2.

Experimental setup and data
extraction

"Doc, you don’t just walk into a store and-and buy
plutonium! Did you rip that off 2"

"Of course. From a group of Libyan nationalists.
They wanted me to build them a bomb, so I took
their plutonium and, in turn, gave them a shoddy
bomb casing full of used pinball machine parts."

Back to the Future

2.1. The Oslo Cyclotron Laboratory

The heart and core of the Oslo Cyclotron Laboratory (OCL) is the Scanditronix MC-35 cyclo-
tron, that produces a pulsed ion beam. For this experiment a deuteron beam was chosen
in order to study the (d,p) reaction as a substitute with controlled energy deposit for (n,~)
reactions. The beam was tuned to 12 MeV with an intensity of about 1 nA.

2.1.1. Experimental setup

The experimental setup at OCL is shown in Figure 2.1. The facility is divided into an inner
hall where the cyclotron itself and auxiliary magnets are located, and an outer hall containing
both detectors, labeled CACTUS and SiRi and the target. After the particles have been ac-
celerated, the beam is focused and bended by several dipole D; and quadrupole @); magnets.
The switching magnets can be used to deliver beam to other experiments such as radio-isotope
production. Finally the beam passes though a set of collimators and magnets to be focused
on the target inside the detector array.

The data extraction method utilized in this thesis is based on a simultaneous measurement
of charged particles and 7-rays created in the 23°Pu(d,p)?*°Pu reaction. The 0.4mg/cm?
thick 23°Pu target was purified by an anion-exchange resin column procedure [32] prior to
electroplating it on a 1.9mg/cm? beryllium backing.

A ring of silicon detectors (SiRi) 33| shown in Figure 2.2 is used to measure the energy of
the charged particles. Each of the eight detector strips consists of eight thin (~ 130 pm) silicon
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Figure 2.1.: Schematic of the OCL with target stations. The inset shows
beams that have been experimentally realized with the possible energy re-
gions and intensities. Reproduced from [31].

pads in which the particles loose a fraction of their energy, thus being called AE detectors. The
latter are mounted in front of a silicon pad (labeled E detector) that is so thick (~ 1550 um)
that it stops the particle and thereby absorbs all the remaining energy. This results in a total
of 64 AE — FE detectors covering azimuthal angles from 126° — 140°. In front of all detectors
there is a 10.5 pm aluminum foil to shield é-electrons. Figure 2.2a illustrates one of the detector
strips, giving the angular coverage of each single AFE detector. The placement with respect to
target and beam is shown in Figure 2.3a. The beam energy was chosen as high as possible,
however such that the outgoing particles are still fully stopped in the E detector, thus enabling
to measure the full energy of the particle.

Surrounding SiRi, the CACTUS array [34] detects the emitted y-radiation and consists of
26 lead collimated NalI(Ti) crystals. Each crystal is 5”x5” (12.7x12.7 cm) large and mounted
on a spherical frame as can be seen in Figure 2.3b. Taking into account the reduced diameter
r = 3.5cm due to the lead collimators, the fraction of the total solid angle covered by the
detectors is Q2 = i\; 7;?; = 16.4%. Here N denotes the number of detectors and R = 22cm is
the distance between target and detector. For the 1332-keV 7-transition in %°Co the efficiency
was measured to be 14.1(2)% and the relative energy resolution is ~ 6%.

Recently the Nuclear Instrument for Fission Fragments (NIFF) [35] has been included inside
CACTUS in order to detect and veto fission events. The new low-pressure proportional counter,
more specifically a Parallel Plate Avalanche Counter (PPAC), detects heavy ions. The name
is derived from that fact that the heavy ions of importance at the OCL are fission fragments.
The detector’s intrinsic efficiency was measured with a 2°2Cf source to be more than 90%
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Figure 2.2.: The SiRi particle detector, (a) shows the layout of one silicon
chip with its eight AE detectors for the different reaction angles. The whole
detector including cables to read out the signal is shown in (b). Adapted
to backwards angles from [33].

for an incoming fragment. The design of the detector was limited by the available space and
the presence of SiRi inside CACTUS. As the fission fragments have an opposing impulse,
a geometric coverage of 60% of 27 leads to a total efficiency of 55(2)%. A recent study by
Ducasse et al. [36] carefully re-analyzed the geometrical and total efficiency taking into account
simulations of the angular anisotropy effects in the center-of-mass system for 22U(d, p) with
18 MeV deuterons. The obtained total efficiency was (48.0 £ 3.5)%, which is adopted in this
work.

More information on the detectors and the acquisition electronics can be found in [33, 34, 37]
and references therein.

2.2. Energy calibration and particle identification

2.2.1. The particle detectors

Bombarding a heavy nucleus like 23°Pu with deuterons leads to a manifold of reactions. A
crucial component in our data analysis is the selection of particle-y coincidences from the same
nuclear reaction. Thus we have to distinguish between the various ejectiles. For this purpose
we can take advantage of the stopping powers of charged particles in the detector material,
which depend i.a. on velocity, mass and charge of the particle. A more detailed description of
the interaction of light ions with matter and the average energy loss is given by the Bethe-Bloch
formula [38, 39|

dFE Z 22 2me 2 0? Winax
W= 2ﬂNar2m662pZF In <7T -2681, (2.1)

where following variables have been used:
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Figure 2.3.: Detector setup. (a) displays the placement of SiRi of with
respect to target and beam and (b) shows a picture of the complete setup
of the CACTUS array. Picture reproduced from [31].
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Figure 2.4.: (a) Energy deposited in SiRi’s front and back detectors, E and
AF respectively. (b) Corresponding apparent thickness spectrum used to
identify the ejectiles. The vertical lines indicate the gates set to extract
only (d,p) reactions. The small labels denote the ejectiles.

If we plot the energy deposited in the AFE against the energy deposited in the E detectors,
this leads to a separate "banana" shape for each ejectile shown in Figure 2.4a.

Every individual particle detector has to be calibrated. A linear correlation is assumed
between the true energy E and the channel number ch that is read out from the SiRi detector



2.2. Energy calibration and particle identification 9

E =a,+ a; X ch, (2.2)

where ag is commonly denoted as the energy shift and a; as the gain. These coefficients can be
determined if there are two calibration points, i.e. points of known energy in each spectrum.

The expected energy calibration points can be obtained with the Bethe-Bloch equation (2.1).
With a beam energy known from the cyclotron settings we calculate the energy loss in the
target and detectors. It has to be taken into account that the distance the ejectile travels
through the target depends on the scattering angle 6. Thus each of the eight detectors of a
strip will give slightly different deposited energies. The impact of the angular dependent recoil
energy is negligible, as the target nucleus ?3?Pu is much heavier than the projectile. At last,
for all inelastic reactions of type a + X — Y + b the reaction @) value must be added to the
ejectile energy (due to differences in the binding energy and configuration of the nucleus)

Q = (Ma+mx —my — mb)cz, (2.3)

where we have used the masses m; of the projectile a (i.e. deuterons), the target X (i.e. 23°Pu),
the nucleus Y created by the reaction, and the ejectile b, respectively.

The actual calculation were performed with "SiRi Kinematics Calculator" by A. Biirger [40],
combining the different steps with a user-friendly graphical interface. A makeshift solution
shown in Figure 2.5 was necessary to adopt the real target configuration to a usable input
by the program. Figure A.1b in the appendix is an example of a so called "banana plot" for
the scattering angle 8 = 140°, calculated for known discrete excitation levels of the residual
nucleus (i.e. 2%°Pu in the (d,p) reaction) and interpolated between these. The maximum
energy transfer to the ejectile occurs when it leaves the nucleus in its ground-state: This
marks the (easiest) calibration points at rightmost end of the "bananas". Due to the good
statistics the ground-state of 239Pu from 2?Pu(d,d")?3°Pu was chosen as a calibration point
besides 24°Pu ground-state from 23°Pu(d,p)?*°Pu. The results are listed in Table 2.1.

The (d,d") ground-state is clearly visible and it is also confirmed by magnetic spectrograms
from Ref. [41] that it is strongly populated in this reaction. The (d,p) ground-state can be
more difficult to establish; the rightmost end of the (d,p) banana is displayed in Figure A.2
(of the appendix). Comparisons with a magnetic spectrum from Friedman and Katori [42]
reprinted in the appendix, Figure A.3, in fact show a roughly 600 keV broad region which
contains little to no counts. This can only be reproduced by our data if the second peak to
the right is assumed to be the (d,p) ground-state. The rightmost peak probably stems from
contamination by another nucleus. Although contaminations should only form a small fraction
of the target, differences in the (d,p) reaction probabilities could explain that both peaks have
almost the same intensity.

Several peaks from nuclei other than 23Pu need to be taken into account in the latter
analysis. These include reactions with the 150 contamination of the target and the ?Be backing.
Note that there is also another contamination peak at approximately 14.4 MeV visible in Figure
A.2. Tt stems from a light nucleus, as for light masses the recoil leads to considerable angular
dependent energy shifts. The deposited energy fits well with calculations for 27Al, the target
frame material.
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Figure 2.5.: The ?3Pu target on its Be backing, where the particle tra-
jectories are indicated by arrows for different scattering angles 8 = 2w — 7.
The material thickness is given in mg/cm?. (a) The actual scattering target
used in the experiment. (b) Workaround to enable calculations with "SiRi
Kinematics Calculator" where ?Be is chosen as the "target" whilst keeping
239Pu as scattering isotope.

2.2.2. Particle discrimination: The apparent thickness

As the goal of the analysis is to find level densities and strength-functions related to the (d,p)
reaction, we have to select the corresponding events. Here we can again utilize the Bethe-
Bloch formula Eq. (2.1), now in a reversed manner, with the calibrated particle spectra as
input data. The apparent thickness of the AFE detector for protons is retrieved and plotted in
Figure 2.4b. Events of the (d,p) reaction will result in an apparent thickness near the real value
of 130 pm. One observes a distribution around a central peak which is due to the statistic
nature of the interaction of ions with matter: The Bethe-Bloch formula describes only the
average energy loss. However, as the proton peak is well separated from the other ejectiles, it
is without limitations possible to gate on its apparent thickness and therefore to extract only
(d,p) reactions. The applied gate from 120 to 150 pm is highlighted in the plot.

Table 2.1.: Calibration points for the SiRi spectra for different reactions
at 12 MeV beam energy. Values are given in keV. The detector rings are
numbered according to each scattering angle 6.

Ring © E(dp) E(dd) AFE (dp) AFE (d,d)

0 140°  14915.8 9454.5 785.2 1781.1
1 138°  14920.8 9461.8 782.2 1774.1
2 136° 14924.7 9466.2 780.2 1769.5
3 134°  14927.3 9467.7 779.2 1767.3
4 132°  14928.8 9466.1 779.1 1767.5
5 130°  14929.1 9461.3 780.0 1770.1
6 128°  14928.0 9453.2 781.9 1775.1
7 126° 14925.5 9441.5 784.9 1782.6
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2.2.3. The ~-ray detectors

Similarly to the particle detector, the Nal(T1) detectors are calibrated assuming a linear cor-
relation between true energy and the recorded channel number. The chosen reference points
are the y-rays from contaminants and backing of the target: the first excited state in 7O at
870 keV and in '°Be at 3367 keV respectivly. The energies were retrieved from the ENSDF
database [43, 44]. The plausibility of this calibration was checked by identifying the remaining
peaks; more information on this follows in Section 2.4.

2.3. True and random coincidences: The time spectrum

Coincidences between 7-rays and particles are recorded with a time-to-digital converter (TDC).
Each charged particle detected in SiRi gives a start signal and a stop signal is created upon
registration of a 7-ray by a Nal(Tl) detector. A typical TDC spectrum is shown in Figure
2.6a, where each timing bin is about 2.4 ns wide. The stop signal is delayed by about 200
bins which is longer than the cyclotron’s beam pulse period. Thus we need to distinguish
between true and random coincidences. An example for the latter would be a ~-ray detected
in coincidence with a particle from a previous beam burst. The strong peak at about bin 200
contains true and random coincidences for one given beam burst. Figure 2.6a also shows a gate
of equal width chosen long after the first beam burst which therefore only contains random
coincidences. The true events are obtained by subtracting the events in the the random gate
(bin 300 to 330) from those that fall into the peak gate (bin 190 to 220).

o
w
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2000

1000

T NI AN RT TR AR P I R E Lo Ly
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L L
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(Nal) [a.u.] th t \

(a) (b)

Figure 2.6.: (a) Time walk corrected time spectrum. The vertical lines
indicate the gates set on prompt coincidences (red) and background (blue).
(b) Schematic representation of a leading edge discriminator. Signals with
larger amplitude have have shorter rise times, thus they trigger earlier.
Adopted from [45].

In the data acquisition system the electronic signals that start and stop the TDCs are
processed by leading edge discriminators. Signals with larger amplitude, corresponding to
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higher energy deposits F, have shorter rise times. This dependence of the signal amplitude
on the trigger time ¢t is called time walk and sketched in Figure 2.6b. To correct for this the
flowing empirical formula was found [33] and applied to the data

C1

t(E) =t
(E) O+E+Cz

+ 3 x B, (2.4)

where tg is the recorded time and ¢; are parameters fitted in order to minimize the effect of
time walk.

2.4. Particle — y-ray coincidence matrix

Once all data has been calibrated and the necessary gates have been set, the remaining task
is to sort coincidences between protons and y-rays from the reaction 23*Pu(d,p)?*°Pu. Figure
2.7 displays the excitation energy E, of the compound nucleus ?*°Pu (calculated from the
kinematic of the reactions), plotted as a function of the coincident y-ray energies. It highlights
characteristic features like the Ey = E, diagonal, which results from direct decays to the
ground state.

The strong peaks in the coincidence matrix result from reactions with the 23°Pu target
contaminants like 60 and the ?Be backing. Although they need to be removed in the course
of the analysis, at this stage they were used to confirm the excellent quality of the ~-ray
calibration.

The horizontal stripes at i.a. Fx = 4.6,5.4 and 6.6 MeV occur at the same energies as very
strong peaks in the particle spectrum and contain counts with higher y-ray energies than the
excitation energy Ey. This can not be explained by de-excitation of the nucleus, but it is
attributed to pile-up in the detectors.

Also given is the neutron separation energy S, at 6.534 MeV [46] and the (inner) fission
barrier E, at 6.05 MeV [47]. At excitation energies exceeding the respective values, new
reaction channels open up and may heavily compete with the de-excitation by gamma emission.
Therefore often a drop in the «-ray intensity is observed.

Figure 2.8 contains the particle — y-ray events in coincidence with fission. The inset in the
lower right corner displays a histogram for the excitation energy FEy. The shape is in good
agreement with previous studies for (d,pf)-reactions as shown for example in Figure 3 of Ref.
[48]. Tunneling allows fission events at excitation energies Fy below the fission barrier Ej.
Note that states in the second well of the barrier can lead to sub-barrier fission resonances
[49], which is observable in the a small peak about 1 MeV below the fission barrier of 240Pu. As
~-rays from fission create false coincidences in our data analysis only events below Ey; < 4 MeV
are used further on.
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Figure 2.7.: Particle — y-ray coincidence matrix. The diagonal Fy = E,
highlights direct decays into the ground state and the horizontal line gives
the neutron separation energy S,. The horizontal stripes at i.a. Ey =
4.6,5.4 and 6.6 MeV are attributed to pile-up in the detectors. Visible
peaks due to contaminants are labeled in Table 2.2.

Table 2.2.: Peaks from contaminants in the coincidence matrix and the fitted
energies Fg; (simple Gaussian, no background subtraction). The error on
the fit is estimated to be about 420 keV due to the simple fitting procedure.
The reference values Eif are taken from from the ENSDF database [43, 44].

Label Nucleus Fg¢ [keV] Eper [keV] Comment

Oox1 "0 875 870 15 ex. level, calibration line

Ox2 170 3834 3842 3 ex. level

S1 515 511 annihilation peak

Bel 19Be 3363 3367 15' ex. level, calibration line

Be2 19Be 2867 2856 single escape peak

Be3 19Be 5965 5956 decay to gs, branching ration 10%
Be4 '"Be 5480 5445 single escape peak

Be5 19Be 3365 3367 1% level populated from "Be 7"
Be6 'Be 2876 2856 single escape peak

Be7 UBe 2582 2590 decay to 1% ex. level (—"Be 5"), branching ratio 90%
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Figure 2.8.: Particle — ~-ray coincidences from fission events. Tunneling
allows fission at excitation energies Ey below the fission barrier E, (high-
lighted). The inset in the lower right corner is a histogram for the excitation
energy Fy. The small peak about 1 MeV below the fission barrier of 24°Pu
is attributed sub-barrier fission resonance.



Chapter 3.

Data Analysis

"I’'m afraid I can’t comment on the name Rain God at
this present time, and we are calling him an example of a
Spontaneous Para-Causal Meteorological Phenomenon.”
"Can you tell us what that means?"

"I’'m not altogether sure. Let’s be straight here. If we
find something we can’t understand we like to call it
something you can’t understand, or indeed pronounce.

Douglas Adams
The Hitchhiker’s Guide to the Galaxy

This section explains how the level density p and the v-ray strength function vSF are ob-
tained from the particle-y coincidences. The procedure was established over several years by
the nuclear physics group at the University of Oslo and has since become known as the Oslo
method. Primary input are the events detected from the 23?Pu(d,p)?*°Pu reaction which were
extracted in the previous section. The corresponding ~-ray spectrum needs to be unfolded to
correct for the single and double-escape peaks, photon annihilation and the Compton scat-
tering process. From the unfolded spectrum, the primary ~-ray energy distribution is created
for each excitation energy. An iterative procedure is applied on this so-called first-generations
matrix to find the functional form of the level density p and the y-ray strength function ~SF.
Finally, information from other experiments is used to normalize the results.

3.1. Unfolding procedure

Photons emitted from an interrogated nucleus interact with matter in various ways. In the
first section, the nature and impact of the interactions is briefly characterized. Because these
interactions influence how much energy is deposited in the detectors, it is then discussed how
unfolding the ~-ray spectrum is used to account for those effects in the analysis. The unfold-
ing and correction method applied to reconstruct the incident spectrum were developed by
Guttormsen et al. [50] and are summarized in the following.

In photo-electric absorption the y-ray transfers all its energy to the detector material, so that

one observes a full-energy peak E, in the measured energy spectrum. However, the photon can
also be scattered and then it transfers a large fraction of its energy to a quasi-free electron (in

15
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the detector material), a process which is called Compton-scattering. The scattering angle ¢
determines the amount of energy that is transfered to the electron and thus also the vy-ray
energy observed in the spectrum. Additionally, the spectrum may contain a low energy peak
from backscattered photons absorbed in the detector.

Furthermore, if the v-ray energy exceeds twice the electron rest mass me =~ 511keV, pair
production in the Coulomb-field of a nucleus can lead to the creation of an electron-positron
pair. The positron quickly annihilates with any close-by electron to produce two 511keV
photons. This may cause several peaks in the spectrum. If both annihilation photons are
absorbed in the detector, the process contributes to the full-energy peak. However, if one of
the photons escapes the detector without being absorbed, this leads to a single-escape peak
with £ = E, — 511keV. A double-escape peak with £/ = E, — 2 x 511keV is observed when
both photons can escape the detector. Additionally, the escape of annihilation photons from
pair production in surrounding materials lead to the detection of the so-called annihilation
peak at ~ 511keV.

The effect of the interactions mentioned above can be expressed by the detector response
R(E,, E). It describes the probability for a count in the detector (channel) with energy E
as a function of the incident v-ray energy FE.. It is common practice to denote the original
spectrum of incident photons as the unfolded spectrum u. The measured spectrum f is then
obtained by folding with the detector response R

f=Ru. (3.1)

Note that while the procedure follows Guttormsen et al. [50], the response R for the set-up
at OCL was remeasured in 2012 !. Thus Table 1 in Ref. [50] has to be replaced by the new
values given in the appendix, Table A.1.

To obtain the unfolded spectrum w, the most intuitive method is to invert the response R
and multiply it with f. However, according to Guttormsen et al. [50], this approach leads to
strong oscillations in the unfolded spectrum u, due to which the resolution of u appears to be
higher than the experimental resolution. They achieved better result with a method which
iteratively folds the initially measured spectrum r to obtain the unfolded spectrum u. The
folding iteration method consists of the following steps:

1. As we do not know u, the observed spectrum r is set as an initial trial function u°:

u’ =r. (3.2)
2. We calculate the (first) folded spectrum f*, where i is the iteration index:
i =Rau'. (3.3)

3. Next, an improved trial function u**! is obtained by adding the difference r — f? to the
previous trial function u*:

u T =l (r— fY). (3.4)
4. After repeating step (2) and (3) about ten times (i = 10), the folded spectrum f°

reproduces the observed spectrum 7 within the uncertainties. We have thus found the
unfolded spectrum u ~ u!'°. The results are discussed in the next section.

M. Guttormsen (UiO), priv. comm., 03.02.2015.
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3.2. Compton subtraction method

The spectrum u gained from the folding iteration method still contains artificial fluctuations.
The idea of the Compton subtraction method developed by Guttormsen et al. [50] is to smooth
the contribution from Compton scattering, further denoted as the Compton background ¢, be-
fore removing it from the observed spectrum r. This is justified under the assumption that
the Compton background varies only slowly as a function of the energy.

First we define a new spectrum v that includes all contribution apart from Compton scat-
tering:

v(i) = (i) — c(i) (3.5)

pe(#) u(i) + w(i), (3.6)

where i is the channel number, p¢(7) u() is the full-energy peak contribution, and the structures
due to single and double escape and the annihilation peak are summed up in w = ug+uq + Ua-
The three terms are calculated as

us(? — i511) = ps(7) u(i), (3.7)
ud(i - i1012) = pd(i u(z), (3.8)

Ua(i511) = Zpa(i) u(i). (3.9)

The probabilities p, in the above formulas are obtained from measurements of mono-
energetic y-transitions and interpolations for values between the corresponding peaks. Further-
more, in the current analysis the spectra u; are smoothed with 10% of the FWHM measured
for the mono-energetic peaks in order to reproduce the energy resolution of the measured
spectrum.

In the next step, one can extract the Compton background spectrum ¢ by

c(i) =r(i) —v(i). (3.10)

The essential aspect of the method is the assumption, that the Compton background c varies
only slowly as a function of the energy. Therefore we smooth this spectrum rather strongly
(FWHM of corresponding mono-energetic peaks) to suppress the propagation of artificial os-
cillations to the final spectrum.

At last, the smoothed Compton background ¢ and the structures w are subtracted from the
observed spectrum r. Including the probability to obtain a full-energy peak p¢ and efficiency
etot Of the set-up, we finally obtain the (incident) spectrum of full energy peaks Upyy

r(i) —c(i) — w(z)

Uu = " "
ful (1) €ror (i)

(3.11)

This method can result in a negative number of counts in several bins of the spectrum.
This unphysical result is fixed by averaging the values of these channels with those of close-
by channels.
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Though not a straight forward proof, at least an indication for the capability of the unfolding
method including (the Compton subtraction) is given by applying the folding operation F to
the unfolded spectrum u

F(u) ~r. (3.12)

Equality only holds true for an ideal unfolding procedure. In Figure 3.1 it can be observed
that above 150 keV there is no significant deviation between the result of our procedure and
the originally observed spectrum r.

The unfolding and Compton subtraction method have been applied to the y-ray spectra
for each excitation energy Fy. The result is shown in Figure 3.2. Additionally, the 870 keV
contermination peak from the first excitation level of 17O seen in Fig. 2.7 has been removed
by a linear interpolation between the surrounding spectra.

3

2500712
- — observed spectrum r
2000F == F (u)
a 1500?
c -
=
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Figure 3.1.: Capability of the unfolding method. Displayed are the detected
coincidence «y-ray spectrum r and the folding of the unfolded spectrum F(u).
Above 150 keV there is no significant difference between the two spectra.

3.3. First-generation matrix

When higher excited states decay by ~v-ray emission, in general this involves not only direct
transitions to the ground-state. The state may decay through intermediate levels emitting
a cascade of photons. The first emitted photon in the cascade is called a primary or first-
generation ~-ray. The corresponding matrix containing the distribution of these photons for
each excitation energy Fy is thus labeled primary ~-ray or first-generations matrix. Since the
level density and strength function can be extracted from this matrix, a method has been
developed to separate the primary ~-rays from the rest of the cascades. The main features
of this method will be outlined in the following, for more information see Guttormsen et al. [51].
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Figure 3.2.: Unfolded coincidence spectrum of particles and ~-rays. The
dashed lines indicate the region for the extraction of the level density and
strength function (see Section 3.3).

The principal assumption of the first-generation method is that the v decay from any excited
state (more precisely, from any excitation energy bin) is independent of its formation. Thus
levels populated by the decay of higher-lying states (bins) have the same decay properties as
those populated directly by nuclear reactions. The justification of this assumption is discussed
in more detail in Section 3.8.2.

Experimentally we cannot distinguish between the emission time of photons from the same
cascade. The only information available from our set-up is the initial excitation Ey from
which the cascade originates. However, we can apply an iterative subtraction method that is
illustrated in Figure 3.3 to obtain the spectrum of primary ~-rays h; for each bin i. The idea is
that in the unfolded spectra? fj<i contain all transitions except the first y-rays emitted from
bin 7. Thus, we can obtain the primary 7-ray spectrum h; by subtracting the spectra f;<; of
the lower bins

hi = fz — g, where 9i = Znijwijfj. (313)
Jj<t

Here w;; is the initially unknown probability for the 7-decay from bin 7 to bin j (normalized
such that Zj wij = 1). In other words, w;; gives the branching ratio for decay from the
excitation energy bin ¢ and according to our assumption corresponds directly to the primary
~-ray spectrum h;.

In the previous chapters the folded spectrum was denoted f; and the unfolded spectrum wu;, respectively.
Please note that the notation in the following is adopted to the principal reference for the method [51].
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In general, the formation cross section varies between different states. To account for this
one introduces the coefficients n;;. They are determined such, that the number of counts for
each spectrum f; when multiplied by n;; results in the same number of cascades.

Ex
A E
3
E;
A 4 A 4 E,
g.8.

Figure 3.3.: Decay cascades for a hypothetical nucleus. The primary ~-rays
from the level E3 (blue lines) can be obtained by subtracting the spectra
from the levels below, Fy (red line) and E; (green lines).

The factors n;; can be determined in following ways:

1. Singles normalization: The single particle spectrum? is proportional to the population
of each bin, and thus the number of cascades emerging from it. Given the number of
counts S;; for the bins ¢ and j in the single particle spectra, their population ratio is
given by

Si

5. (3.14)

ni; =
2. Multiplicity normalization: Equation 3.14 can be expressed in terms of the average ~v-ray
multiplicity (M;) for the bins i and j. First, we note that the number of counts S; for

a bin in the singles spectrum is equivalent to the number of counts of the spectrum f;
(given by the area A(f;)) divided by the multiplicity (M;)

_Alf)
(M)

Si (3.15)
The average multiplicity (M;) gives the average number of v-rays in the decay cascades
from bin i. The average energy (E, ;) of each of these y-rays is related to the excitation
energy? E; by

E;

(3.16)

3The single particle spectrum corresponds to all (d,p) events, in contrast to the coincident spectrum that
requires simultaneous detection of «-rays. Direct population of the ground-state will, for example, only be
seen in the singles spectrum.

*In the following, the index z is dropped from the excitation energy F. ; for bin i to avoid an overload of the
notation . It should still be easily destinguishable from the «-ray energy E,.
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We can rearrange this equation to calculate the average multiplicity (M;) for each bin

E;
(M;) = (Bvi) (3.17)

Combining Equation (3.14) to (3.17) we obtain following expression for the correction
factors n;; when subtracting bin j from bin ¢

L A/M) _ Af)(Ey) By (3.18)
TEAUN/ LY T A E, ) B |

The two normalization methods have been shown to lead to the same results within the
experimental uncertainties [12] for most nuclei. In this analysis we chose the second method,
as it is assumed to be more robust®.

The number of counts in the primary y-ray spectrum A(h;) should be equal to the counts in
the unfolded spectrum A(f;) minus the counts in the underlying spectra A(g;). An improper
choice of the weighting functions w;; may violate this relation. It can be corrected introducing
a parameter J, close to unity, and substituting A(g;) by dA(g;). Then we find the following
two alternative descriptions for the counts in the primary ~-ray spectrum A(h;)

A(hi) = A(fi) — 0A(g:), (3.19)
LA
A(hi) = L) (3.20)

which we can solve for §,

(1 Y AGH)
‘5‘<1 <MJ~>>A<g@->' (3:21)

The parameter § is varied in order to obtain the best agreement between the number of
counts in h;, f; and g;. If the necessary variation exceeds 6 = 15%, a new weighting function
should be tried instead.

We have now explored all tools that form the iterative procedure which we use to extract
the first-generation spectrum h;:

1. Apply a trial function w;;. The choice for the initial function in this work has been a
primary -ray spectrum as expected from the a Fermi gas model.

2. Calculate h;.

3. Transform h; to w;; by application of the same energy calibration and normalization of
A(h;) to unity.

® An example taken from Ref. [12] are isomeric states with lifetimes greater than the TDC gate that pose
a problem to the singles normalization. Photons from these states are not registered in coincidence with
the particle spectra. The number of counts in the singles spectrum in that case doesn’t correspond to the
number of gammas from the state anymore. The multiplicity can still be determined by Eq. (3.17), as the
average y-ray energy will not change drastically.
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4. The result from step 3 can be used as new input for step 2. Convergence is reached if

w?f“’ ~ wf}d.

The convergence properties have been tested and the results are in good agreement with
simulated spectra already after three iterations. For this analysis 10 - 20 iterations are per-
formed for each spectrum f;. Combining the results for each excitation energy bin ¢, the
first-generations matrix for this experiment is shown in Figure 3.4 (a). The ~-rays below 1.2
MeV were excluded, as there are several strong transitions, e.g. the annihilation peak, that
could not be subtracted properly.

An additional correction was applied to the first-generations matrix. The feature was first
explained by Larsen et al. [12] and is briefly discussed in the following.

The direct reaction cross-section has a strong dependence on the intrinsic wave functions
of lower-lying states. Therefore, it is possible that some of these states have a high (d,p)
cross-sections, whilst being only weakly populated through decay from higher-lying states.
The procedure above would then lead to subtraction of too many ~-rays from the lower states,
observable by a vertical valley of low counts in the first-generations matrix. As can be seen
from Figure 3.4 (a), the initial first-generations matrix exhibits such valleys at around E, ~
1.1MeV and E, ~ 1.7MeV. To compensate for this effect, we excluded this low-lying states
by artificially setting their weighing functions w;; to 0. The final first-generations matrix
including these corrections is displayed in Figure 3.4 (b).
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Figure 3.4.: First-generations matrix. The arrows point at vertical valleys
of low counts in the initial matrix (a) that have been compensated in (b)
(most easily visible at £, ~ 1.1MeV). The dashed lines indicate the energy
region for the extraction of the level density and strength function.

In the following, the analysis will be constrained to energies between (EXMin, pmax, E;“i“) =
(2.6,4.03,1.2) MeV. The limits are set in order to utilize only the region of statistical ~-
ray transitions and exclude, for example, yrast transitions, as they might be not properly
subtracted in the first-generations method. For the upper limit of the excitation energy we
need to stay below the neutron separation threshold S,, and in particular also below the set-in
of fission events to remain selective on the (n,7) decay-channel.
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3.4. Determining level density and ~-strength function

Up to now the primary ~-ray spectra for each excitation energy (or corresponding bin F;)
have been obtained. They form the first-generations matrix P(E;, E5). According to Fermi’s
golden rule, the decay rate \i from an inital state |i) to a final state |[f) (which correspond to
P(E;, E,)) can be decomposed into the transition matrix element, and the level density p(Er)
of the final state £y = E; — E,,

LT (3:22)

where H is the transition operator. In the regime of statistical v-rays we need to consider
ensembles of initial and final states, thus receiving decay properties averaged over many levels.
The principal assumption is the validity of the generalized Brink-Axel hypothesis [52, 53|,
which states that the Giant Dipole Resonance is build the same way on ground and excited
states. Thus the decay properties do not depend on the specific levels, but only the energy
difference between them. In a generalized version, this applies for all collective decay modes.
Consequently, we can reduce the dependence of the matrix element (f|H[i) on initial and final
states to a single dependence on the energy difference given by the y-ray energy E,. The decay
probability, corresponding to P(E;, E), can therefore be factorized in the level density p(Er)
of the final state and the transmission coefficient .7 (E,),

P(E,, E,)  p(Er) 7 (E,). (3.23)

This relation holds true for compound states, where the relative decay probability for each
decay channel is independent of the mode of formation [7]. The Brink hypothesis, is believed
to be fulfilled at the considered energy regions (see Section 3.8 for more details.). For consid-
erably high excitations (=~ 20MeV) and/or spins involved in a reaction, the Brink hypothesis
is violated (for examples, see Ref. [11]).

The basic idea on how to obtain the level density p and transmission coefficient 7 from
P(E;, E.,) was first presented by Henden et al. [54], whilst the first attempt for an iterative
method was given by Tveter et al. [55]. It was improved by Schiller et al. [11] in 2000 to yield
the first comprehensive and successful solution. The main steps are outlined in the following.

The procedure is based on a comparison between the first-generations matrix P(E;, E,) and
a calculated solution Py, (E;, E,)

p(E; — Ey) T (Ey)
E;
ZE’y:E’rynin p(E’L - E’Y) y(E')/)
where the sum runs within the limits (E{Y]“in7 E%%) chosen for the experimental matrix P(E;, £ ).

We obtain Py (E;, E5) by iteratively improving the choice of p and .7 with respect to a x>
minimization

Py (Ei, Ey) = , (3.24)

E}t(nax E'L' 2
X2 _ 1 Z F)th(Eia E’Y) - P(Ela E’Y) (325)
Nfree AP<EZ7 EW) ’

E;=Epin [, =pEmin
where Npee is the number of degrees of freedom (connected to the total number of entries in
P, pand .7), and AP(E;, E,) is the uncertainty in the experimental first-generations matrix.
For details on the iteration procedure, see Ref. [11].
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The results of this procedure are displayed in Figure 3.5 together with the experiential data.
In general, there is a good agreement between the fitted and the experimental values.

However, it has also been shown that this method determines only the functional form of the
level density p and transmission coefficient .7 [11]. The following section will treat the correct
normalization for these quantities, as identical matrices P, are found for any transformation
with parameters a, A and B of the type

p(E; — E’y) = Aexpla (E; — E,)] p(E; — E,), (3.26)
7 (E,) = Bexpla E,] 7 (E,). (3.27)
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Figure 3.5.: The first-generations spectra for several initial excitation en-
ergies Fy (crosses) compared to the product of the obtained level density
p(Ef) and transmission coefficient .7 (E,) (blue line). In general, there is a
good agreement the fitted and the experimental values.

3.5. Normalizing the level density

In order to determine the transformation parameters o and A in Eq. (3.26) and (3.27) that
correspond to the correct physical solution, we need (at least) two normalization points for the
level density. At low excitation energies the number of known discrete levels [56| is averaged
over 128 keV bins and used up to a cut-off energy where we assume the level scheme to be
complete®. At high energies we utilize neutron resonance data from (n,~) reactions. For
the latter, the level density at the neutron separation energy p(S,) is calculated under the

SWe assume that the real level density does not flatten out and the observed plateau at excitations greater
than 1 MeV are a manifestation of an incomplete level sceme. This is lower than the calculations in RIPL3,
where maximum energy of the still complete level scheme is calculated to be 1.4 MeV [19].
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assumption of equal parity from the average neutron resonance spacing for s-waves Dy taken
from RIPL-3 [19] following [11],

207 1

p(Sn) = Do (I +0)exp[—(I +1)2/202] + exp|—12/207]

(3.28)

Here I is the spin of the target nucleus (2*°Pu). The derivation of any equation relating p(Sy,)
and Dy is inevitably model-dependent, here using the spin distribution g(Fx, I) of Gilbert and
Cameron [57] together with the rigid-body moment of inertia approach for the spin cut-off
parameter o from 2005 by von Egidy and Bucurescu [58]:

9(Be, ) = ;2&1) exp[— (I +1/2)%/207), (3.29)
o?(Ey) = 0.014642/31 VAU (Ex) V;lZU(EX), (3.30)

where A is the mass number of the nucleus, a is the level density parameter, U(Fy) = Ex — E4
is the intrinsic excitation energy, and F4 is the back-shift parameter. The parameters a and
E, are taken from the systematic study of Ref. [58]. Table 3.1 lists the adopted values used
in the normalization procedure. The effect of different choices for the spin cut-off parameter
o are discussed in Section 3.8.5.

Since there is a gap of about 2.5 MeV between the highest excitation energy of extracted
the level densities and the binding energy S,,, an interpolation is used to connect the data. In
accordance with the findings for other actinides [13], this is performed under the assumption
of a constant temperature level density formula [57]

1 E.— Fy

Ey) = ex , 3.31
pcr(Ex) Tor P " Ton (3.31)
with the shift in excitation energy FEy given by

Ey =S, —Tcr In[p(Sy)Ter). (3.32)

The best fit is obtained for a constant temperature of Tcr = 0.425(10) MeV. The level density
obtained with this procedure is shown in Figure 3.6.

3.6. Normalizing the ~-ray strength function

Although we obtain the total level density p through normalization, previous analyses in the
actinide region [14, 16] suggest that the light ion (d,p) reaction used in this experiment may
not transfer enough spin to populate all available levels. This would in general influence the
primary gamma ray spectra P(E, E,), which according to Eq. (3.23) is fitted by the product
p(E¢)7 (Ey). Following the generalized Brink-Axel hypothesis [52, 53], the transmission coeffi-
cient is assumed to be approximately independent of the spin. However, to account for the not
populated levels, the observed spectra P(E, E,) should be fitted with a reduced level density
Pred instead,

P(E,Ey) = p(E;) 7 (Ey) — P(E,Ey) = prea(Er) 7 (Ey). (3.33)
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Figure 3.6.: Level density obtained with the Oslo method. The experimental
data is normalized to known discrete levels at lower excitation energies tak-
ing into account the level scheme up to where it is assumed to be complete.
The level density at the neutron separation energy p(S,,) is calculated from
the neutron resonance spacing Dy. Between the last data points and the
separation energy an interpolation with a constant temperature level dens-
ity formula with Ter = 0.425(10) MeV is applied.

Table 3.1.: Parameters used to extract level density and ~-strength function
(see text). Where applicable, references are stated next to the variable.

Sn [46] a[58]  Ey[58]  o(Sa) Do [19]  p(Sn) P(Sh)red Tor  ToTpeg  (T4(Sn)) [19]
[MeV] [MeV™!]  [MeV] [eV]  [106MeV™!] [105MeV~!]  [MeV] [MeV] [MeV]

6.53420(23) 25.16(20) 0.12(8) 8.43(80) 2.20(9)  32.7(66) 18 0.425(10)  0.44(1) 43(4)
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Although the exact form of the reduced level density p..q needs to be investigated further, the
simplest working hypothesis” is that for each excitation energy only a fraction dependent on
a parameter r < 1 of all levels is populated. In the constant temperature interpolation Eq.
(3.31) one has to replace the total level density pior by

pred(sn) = 7”,Otot(Sn)- (334)

The parameter r is chosen within the range of previous analyses [14, 16], and such that
resulting transmission coefficient fits smoothly to existing data from other experiments. This
is discussed in more detail in the following section.

With this pretext we can now attempt to find the correct normalization for the transmission
coefficient .7. One of the two parameters in the transformation, Eq. (3.27), was already
determined. Now we use literature values of the average total radiative width (I'y) at the
neutron separation energy S, to obtain the second parameter B. Assuming that the -decay
is dominated by dipole transitions and that equal parity holds for all excitation energies and
spins, one finds 11, 59]

Sh
C(50) = 55 ; JRCE R CATER ) (3.35)

Here the summation runs over all final levels with spin I; accessible though 7-transitions with
energy E., and the initial spin and parity are denoted by I and . Note that the total level
density piot is used, as the reduced spin distribution has already been accounted for in the
extraction of the transmission coefficient .7. Again, the spin distribution g(FEx, I) of Ref. [57]
together with the spin cut-off parameter o by von Egidy and Bucurescu [58] from 2006 was
implied in the derivations; a more detailed account can be found in Ref. [37].

Due to the uncertainty of the exact form and reduction of the level density, the determination
of the parameter a through p,eq in Eq. (3.26) becomes rather unreliable. Thus we proceed in
inverse order and first compare our results (after conversion to the y-ray strength function) with
extrapolations from photo-nuclear experiments in order to then find the correct normalization.

The v-ray strength function f(F,) (in the following abbreviated as ySF) is a measure of
the transition probability between states. It emerges naturally from a quantum mechanical
treatment of transitions between states. It can be shown that when a multipole expansion is
applied, the transition probability is directly dependent on the energy difference between states
and the order of the expansion, that is L = 1 for dipole, L = 2 for quadrupole radiation, etc.,
see Ref. |7, p.595]. The ~SF is defined such that it divides out this direct energy dependence
of the transmission coefficient .7 (E,), thus one remains with the "strength" of the transition.

L=1
) = o T vl L (55)

T or E§L+1 27 E,?;

(3.36)

Figure 3.7 shows the comparison to the strength function obtained from photo-nuclear re-
action cross-sections 0., s, Where we used the following relation to convert the latter [60]:

1 O~,abs
f(E) = iy (3.37)
7 3nh2e? B,

"This hypothesis has the beauty of introducing only a single parameter, which could potentially be calculated
using nuclear reaction codes. A drawback is that the level density at low excitation energies is also reduced,
even though here one expects spins reachable even by a low spin transfer.
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To our knowledge there are no published measurements on ?°Pu. We assume that the
cross-sections for neighboring nuclei in this mass region do not show strong variations and
thus apply photo-nuclear data for 23?Pu. The comparison includes the ySF derived from (v, x)
(also called (y,abs)) cross-sections by Gurevich et al. [61], Caldwell et al. [62] and De Moraes
and Cesar [63].

As our data covers 7 energies below the neutron separation energy S,, the (vy,x) data
needs to be extrapolated to lower energies. The clearly visible double-humped structure of the
Giant Electric Dipole Resonance (GEDR) is fitted with two enhanced generalized Lorentzians
(EGLOs) as defined in Eq. (A.2). The most recent measurements, performed by De Moraes and
Cesar [63], give strong indications of a resonance-like structure® at around 7.5 MeV, that was
previously postulated for other actinides [14, 16]. It has been fitted with a standard Lorentzian
(SLO) given in Eq. (A.1) and is labeled pygmy in Figure 3.7. The sum of these resonances is
the estimation for the underlying strength of the vSF (without the scissors-resonance) for our
data and is marked with a red line. The resonance parameters for the extrapolation are given
in Table 3.2.

The o parameter is adjusted to fit the slope of this estimation; within certain limits, differ-
ent fits are possible and the resulting uncertainties will be discussed further in Section 3.8.5.
Although strictly speaking in the present case it might not have been necessary to reduce
the level density, it was nevertheless chosen to follow this procedure in the spirit of previous
indications in the actinide region [14, 16]. As a result, the level density at the neutron sep-
aration energy S, was reduced from 32.7 x 10% to 18 x 10% levels per MeV to account for the
reduced angular momentum transfer of the (d, p) reaction. Finally, the second parameter B is
determined by Eq. (3.35).

3.7. Scissors resonance

Provided that the extrapolation in the previous section is reliable, it can be assumed to be a
"baseline" of the vSF. In Figure 3.8 this baseline was subtracted. The observed excess strength

is interpreted as the scissors resonance, which is in accordance with previous observations for
231-233) 232-233py 287-23977 and 238Np [14, 16].

The scissors resonance appears to be split into two components, each of them is fitted with
a SLO. The drop in the data points between 1.6 to 1.9 MeV is assumed to be linked to a
very strong peak in the coincidence-matrix, that could not be sufficiently accounted for by the
"valley"-correction introduced in Section 3.3 on the primary «-ray extraction procedure.

The strength of each component can be expressed by the relation [14]

9hc [ osr,il'sr,i
Bep i = : . 3.38
SR,i 3972 < WSR. ( )

8The nature and origin of this resonance are not relevant for this analysis and shall thus not be speculated
upon.
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Figure 3.7.: Comparison of the vSF from the present experiment with photo-
absorption data by Gurevich et al. [61], Caldwell et al. [62] and De Mor-
aes and Cesar [63|. The solid red line represents the estimated strength
without the scissors resonance. The adopted data for further calculations
with TALYS [25] is shown with the solid blue line (and mostly falls together
with the red line). The dashed red curve is an unknown pygmy resonance
introduced to take into account the increased strength at E, ~ 7.5 MeV .

Table 3.2.: Parameters used for the vSF extrapolation. The GEDR para-
meters are indexed F1,1 and E1,2.

wp11 op1n U'ei1 wel2 op12 el Ty Wpyg  Opyg  Lpyg
[MeV] [mb] [MeV] [MeV] [mb] [MeV] [MeV] [MeV] [mb] [MeV]
11.3 290 3.2 14.15 340 5.5 0.34 7.5 20 5.45

9The quadrupole deformation parameter § is in first order related to ez and f2 by & = €2 & B2+/45/(167).
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Figure 3.8.: The extracted scissors resonance. It is fitted with two SLO res-
onances (dashed lines) and the parameters are given in the plot. The result-
ing strength is B(M1) ~ 11x%. The drop in the data points between 1.6 to
1.9 MeV is assumed to be linked to a very strong peak in the coincidence-
matrix, that could not be sufficiently accounted for in the primary ~-ray
extraction procedure.

Table 3.3.: Parameters of the scissors resonance and the sum-rule estimates.
The deformation parameter’s = 0.274 which has been taken from RIPL3
[19] is applied in the sum rule

Lower resonance Upper resonance Total Sum rule
WSR,1 OSR,1 sk Bsr1 WSR,2 OSR,2 I'sk2  Bsri | wsr Bsr wsr  Bsr
[MeV]  [mb]  [MeV]  [p&] | [MeV]  [mb]  [MeV]  [u] | MeV]  [u&] | [MeV] [1]

1.90(05) 0.68(5) 0.60(10) 7.6(14) | 2.70(10) 0.35(5) 0.75(15) 3.4(9) | 2.15(6) 11.0(16) | 2.24 10.1
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Table 3.3 lists resonance parameters for both components together with the total strength
Bgr and average energy centroid wsg, which are calculated by [14]

Bsg = Y Bsri, (3.39)
i=1,2
Zi—l 9 WSR iBsR,i
WSR = — : : 3.40
Zi:l,Z Bsr, ( )

The statistical uncertainty is estimated by linear error propagation following a one by one
variation of the resonance parameters w, ¢ and I' within reasonable limits. As a comparison
we also estimate the parameters by the sum rule [64]. The calculations follow the derivation
of Enders et al. [65], however the ground-state moment of inertia is replaced by a rigid-body
moment of inertia. The resulting description and formulas for the quasi-continuum can be
found in Ref. [14]; here it shall only be noted that the resulting B(M 1) value is proportional
to the moment of inertia @. There is a reasonably good agreement between the sum rule
estimates and the results from this experiment.

The two components of the scissors mode are separated by Awsg = 0.8(1) MeV. This is
very similar to previous results for 243Pu with Awsg = 0.81(6) MeV [17] and the average of
the analyzed Th, Pa and U isotopes Awsg = 0.89(15) MeV [14], but a little higher than for
238Np with Awsgr = 0.53(6) MeV [16].

3.8. Systematic errors

I don’t know half of you half as well as I
should like; and I like less than half of
you half as well as you deserve.

J.R.R. Tolkien
The Fellowship of the Ring

In recent years there has been a strong focus on determining and quantifying errors in the
Oslo method. As we study experimental data with sufficiently high statistics and therefore
low statistical errors, we are most concerned about systematic errors. More information about
the estimation and propagation of the statistical uncertainty can be found in Ref. [11]|. This
section first summaries findings of an article by Larsen et al. [12] on the "Analysis of possible
systematic errors in the Oslo method". It investigates the influence of experimental limitations
as well as the correctness and impact of assumptions that we applied throughout the analysis.
Finally we present the results of a re-analysis of the current data that take into account the
most important sources of systematic errors.

At many points the study of Larsen et al. [12] utilizes the DICEBOX code [66]. This
algorithm generates the decay scheme of an artificial nucleus from a specified discrete level
scheme, level density model and «SF. From this one can create particle-y coincidences. The
uncertainty that an element of the Oslo method generates can be derived from applying the
method on the artificial coincidence matrix and comparing the results to the (by definition)
correct input models.
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3.8.1. Unfolding

The unfolding of the recorded spectrum strongly relies on the correct response matrix of the
detector. An error in the total absorption efficiency of the Nal crystals will propagate though
the whole method. Thus the consequences of variations of up to ~ 20 % for ~y-energies above 1
MeV have been simulated with DICEBOX [66]. The study finds that whilst this has almost no
effect on the level density, it can considerably change the slope of the -ray strength function.
The quantitative effect corresponds directly to the imposed variation of the Nal efficiency,
which is assumed to be known within about 10 %°.

3.8.2. First-generations method

The principal assumption in the extraction of the primary ~-rays is that the ~ decay from
any excited level is independent of the formation of this state. Thus states populated by
the decay of higher-lying states have the same decay properties as those populated directly
by nuclear reactions. To test the assumption, it is sufficient to check that any level has the
same probability to be populated by the two processes, as the branching and decay ratios are
properties of the level itself. Looking at how the method is applied, we can (without loss of
generality) simply test the hypothesis for each energy bin (instead of each level), thus averaging
over many levels and corresponding spins.

In the region of high level densities, as given for actinides above about 1 to 2 MeV, a nucleus
bombarded with a light particle seems to thermalize prior to the emission of a y-ray. In these
cases one also speaks of the formation of a compound nucleus. The assumption of a compound
reaction is in very good agreement with calculations for %Dy (3He, ay) by Béték [67], which
are based on the an inclusion of y-ray emissions in the pre-equilibrium model'!. The fraction
of ~-rays that do not stem from a compound state is very small for y-ray energies below
~ 10 MeV.

Another approach is to compare results derived from two reactions for the same compound
nucleus like 4Z(3He, o)A~ Z and 4Z(*He,® He/)AZ. Examples that have been studied include
9%6.97Mo [69], 61:162Dy [70] and "1172YD [71]. For the energies of interest here there was no
significant difference between the obtained level densities and strength functions.

An additional concern for the first-generations method is the variation in the populated spins
as a function of the excitation energy. The most significant example which leads to "valleys"
in the first-generations matrix has already been mentioned in Section 3.3. The direct reaction
cross-section has a strong dependence on the intrinsic wave functions of lower-lying states.
Thus it is possible that some levels are strongly fed in the (d,p) reaction, but only weakly
populated through decay from higher-lying states. In the applied extraction procedure for
primary ~-rays this leads to an erroneously high subtraction of y-rays from the lower states,
observable by a vertical valley of low counts in the first-generations matrix.

Besides the influence of the finite detector resolution and the difference between the nor-
malization options have been studied with spectra created through the DICEBOX code [66].
It is found to be much smaller than the statistical errors.

M. Guttormsen (UiO), priv. comm., 30.09.2015.

"' This model bridges the gap between calculations that rely only on either compound or direct reactions. The
determination of the direct component is important in this case, because it is characterized by a strong
correlation between formation and decay channel. For an introduction to the model, see Ref. [68].
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3.8.3. Brink-Axel hypothesis

We determine the level density p and 7-ray transmission coefficient .7 under the assumption
that the generalized Brink-Axel hypothesis holds true (as discusses in Section 3.4). If, in
contrast, the transmission coefficient .7 was to also effectively depend on the excitation energy
of the final state E; (and thus nuclear temperature T'), it would no longer be possible to
separate the primary y-ray matrix P(FEy, E,) into two independent functions p and .7, but we
would find

P(E;, Ey) o p(Ep) 7 (Ex, E). (3.41)

Simulations were performed with the DICEBOX algorithm [66] on a nucleus that resembles
163Dy to test the effect of a temperature dependent strength function vSF(Ef, E,) with
T « VE. The normal separation procedure was applied to the spectra, where one assumes
P(E;, E,) < p(E¢)7 (E,). For « energies below about E, ~ 2.5 MeV a strong deviation of the
extracted results compared to the (by definition) temperature dependent input is observed.
However, the experimental vSFs of several nuclei have been analyzed |69, 72-74|, and there is,
so far, no evidence of a substantial temperature dependence for excitation energies used here
(below about 10 MeV). Thus the Brink-Axel hypothesis is considered to be applicable for the
purpose of this work. For further reference, see also a recently published article on the validity
of the hypothesis for 23¥Np [75].

3.8.4. Parity distribution

In the derivation of the level density p(S,,) from the neutron resonance spacing Dy, Eq. (3.28), it
was assumed that there are equally many positive and negative parity states at the binding en-
ergy Sy. In general one would need to multiply Eq. (3.28) by the parity asymmetry parameter
a which is defined by the number of positive and negative parity levels « = (p+—p—)/(p++p-).
To arrive at an easy form of the normalization of the yvSF using the average total radiative
width (I';) in Eq. (3.35) equal parity was even assumed for all excitation energies and spins.
Whereas this assumption is questionable for lighter nuclei like iron or molybdenum, it is gen-
erally believed to be fulfilled for heavier nuclei and certainly for actinides. For the latter,
the level density is so high that one finds a manifold of accessible orbitals even at excitation
energies well below S,,. A series of parity distributions which are derived from combinational
plus Hartree-Fock-Bogoliubov (HFB) calculations [6] for different nuclei can be found in Ref.
[12]. The parity distribution for 240py was obtained by the same method and is displayed in
Figure 3.9. One observes a well balanced parity distribution from Fy ~ 1 MeV.

3.8.5. Spin distribution

The spin distribution is maybe the source of most concern when it comes to the estimation
of systematic errors in the Oslo Method. Experimentally it is hardly or not at all accessible
for higher excitations energies. Thus there are little constrains for theoretical predictions
above about 2-3 MeV . A first impression on different spin distributions can be gained from
Figure 3.10, which shows selected predictions for 24°Pu with two phenomenological models by
von Egidy and Bucurescu of 2005 [58| (hereafter called EB05) and 2009 [76] (hereafter called
EB09) and microscopic calculations by Goriely et al. [6]. We now turn our attention to the
different ways the spin distribution can influence the results:
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Figure 3.9.: Parity distribution « as a function of excitation energy for
240py. Calculated from Ref. [6], data retrieved with RIPL3 [19)].

1. Extraction of the first-generations matrix (see Section 3.8.2)
2. Normalization of the level density by p(Sy)
3. Normalization of the v-ray strength function

4. Mismatch of the experimentally populated spins (typically 0 to 8 &, depends on target
spin and reaction) and the total spin range

As mentioned in Section 3.6, previous analyses in the actinide region [14, 16] suggest that the
light ion (d, p) reaction used in this experiment may not transfer enough spin to populate the
total spin range of the target nucleus. Currently, we have no prediction on the experimentally
populated spins. In the standard procedure for the Oslo Method, the levels which were not
populated are assumed to contribute on average with a scaling dependent on a factor r, see
Eq. (3.34). This factor is automatically corrected for when the total level density is obtained
by the usual normalization to p(S,). This implies the assumption, that the structure of the
level density is not strongly affected, e.g. due to nucleon pair breaking.

The sensitivity of the Oslo Method on the experimentally accessed spin window has partially
been tested with the COMBI code [74, 77]. It calculates the level density of a nucleus based
on a microscopic, combinatorial model using Bardeen-Cooper-Schrieffer (BCS) quasi-particles
and the Nilson single-particle level scheme.

The resulting level densities only using levels with spins (i) 0 < J < 6 and (ii) 0 < J < 30
are displayed for %6Fe and 194Dy in Figure 3.11 together with the experimental data extracted
with the Oslo method, Ref. [78] and Ref. [72] respectively. In both nuclei the general structure
of the level density is very similar for the different spin ranges. For *Fe, the difference between
results for the small and large spin window are at maximum 30%. Here no severe problems
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Figure 3.10.: Spin distributions of ?4°Pu at an excitation energy of Fy = S,,.
The microscopic calculations of Goriely et al. [6] (blue) agree well with the
phenomenological approach of von Egidy and Bucurescu [58] of 2005 (red).
Also shown is their latest model [76] of 2009 (black).

are expected in the normalization of the level density to the value at the binding energy p(Sy,)
(and subsequent normalization of the vSF with this density). However, for the heavier nucleus
164Dy the two cases deviate by a factor of about 2.5 at E ~ 7.5 MeV. As 24°Pu is even heavier
than %Dy, it has a higher total level density, so the effect is potentially even stronger here.
For a proper normalization of the vSF with the average total radiative width (I',) following
Eq. (3.35), one would need a better estimation of the reduced level density p,eq. In lack of
that, we have to work with extrapolations of photo-nuclear data, as is described in Section 3.6.

For the upper normalization point of the level density we calculate the number of levels
at the neutron separation energy p(S,) as a function of the neutron resonance spacing for
s-waves Dg. Any equation that relates these two quantities is inevitably linked to the spin
distribution; the derivation of Eq. (3.28) assumed the model of Gilbert and Cameron [57]. To
test the dependence of the final results on the distribution of initial spins, three scenarios were
simulated with the DICEBOX code [66] for two different (artificial) nuclei. The first relatively
light nucleus resembles > Fe and the second, heavier nucleus resembles 19Dy

Three spin ranges were simulated: (i)1/2 < J < 7/2, (ii)1/2 < J < 13/2, and (iii) 7/2 <
J < 13/2 where the weighting followed the spin distribution of the input level density, in this
case microscopic calculations of Ref. [6]. For each initial spin range the full Oslo method was
applied to gain the level density and y-ray strength function. Figure 3.12 shows the results for
the light nucleus.

Whereas a strong enhancement of the extracted ~-ray strength function at low energies is
observed for the light nucleus in cases (ii) and (iii), no such deviation was seen for the heavier
nucleus. By a simultaneous analysis of the true first-generations matrix (which is part of the
DICEBOX [66] generated data), it was also checked that the deviation is not simply an an-
omaly introduced by the unfolding or first-generations method. The finding is attributed to
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Figure 3.11.: Level densities for (a) *Fe and (b) 04Dy, calculated with
COMBI for two spin ranges: (i) 0 < J < 6 (dashed line) and (ii) 0 < J < 30
(solid line). For comparison we also show the experimental data (open
circles), Ref. |78] and Ref. [72| respectively, which are normalized to the
total level density at S,,. Reproduced from [12].

the fact that for lower mass nuclei the high spin levels are missing at low excitation energies.
Taking into account the restricted initial spin range, this implies that a higher spin level (e.g.
J = 13/2) at high excitation energy can not directly decay to low energies by dipole radiation.
The only way to get to lower excitation energies with dipole transitions is through a cascade,
thus increasing the probability to decay with several low-energy y-rays. For higher mass nuclei
the level density is so high, that even at low excitation energies relatively high spin states are
accessible. Thus the normalization procedure for low mass nuclei is more susceptible to differ-
ences in the spin distribution. An enhancement of the vSF at low excitation by the procedure
itself is consequently not expected for 240Pu.

3.8.6. Impact on this work

Summing up the different aspects mentioned in this section, the spin distribution is considered
to be the element potentially introducing the highest error to our calculations. The level
density p(S,) deduced from Dy with the spin distribution of Gilbert and Cameron [57] is
(i) 32.7(66) x 105 MeV~! with the spin cut-off parameter o of EB05 [58] and (ii) 12.9(25) x
10 MeV ! with o of EB09 [76]. In Figure 3.10 we can observe that the distribution extracted
with option (i) is very similar to results from microscopic calculations by Goriely et al. [6],
thus in principal we recommend this option. However, lacking experimental information about
the true distributions, we decided to pursue the analysis again for two more scenarios and use
these to span an error band for our results.
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[76].

For the total level density of the nucleus we assume that the (potentially) not populated
levels in the experiment due to spin restrictions are compensated for by the normalization to
p(Syn). Thus the recommended values are those extracted in Section 3.5, which is equivalent
to first option above. The lower limit for the error band is formed by the second option; all
values used in the extraction are listed in Table 3.4. The results are displayed in Figure 3.13.

The extraction of the y-ray strength function also depends on the level density and thus the
spin distribution models. The recommended values are those obtained in Section 3.6, where
we used option (i) but reduced the level density prq = 18 X 106 MeV~! to account for the
experimentally populated spin range. As the extend to which the reduction is necessary is
relatively uncertain, we form the error band by taking the total level density instead and once
again we use both options above for the spin cut-off. The «-ray strength function including
the error band is shown in Figure 3.14.

Finally, a change in the -ray strength function in general has an impact on the extracted
the scissors resonance. The shape and strength was reanalyzed with the same procedure as in
Section 3.7, including a re-fitting of the assumed background for each case. In Figure 3.15 it
can be observed that the general shape of the scissors resonance is preserved. The results for
the strength and energy centroid are listed in Table 3.4.
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Figure 3.14.: y-ray strength function obtained with the Oslo method. The
back points show the normalization with the spin cut-off parameter ¢ from
EBO05 [58], but extracted with a reduced level density preq = 18x 106 MeV L.
The upper limit of the error band (azure line) is determined using the total
level density. The lower limit is given by applying the spin cut-off from
EBO09 [76]. The solid red line represents the estimated strength without the
scissors resonance, deduced from extrapolation of photo-absorption data by
Gurevich et al. [61], Caldwell et al. [62] and De Moraes and Cesar [63].
Table 3.4.: Parameters used to extract level density and ~-strength function
for the different spin cut-offs by Ref. [58, 76]. Where applicable, references
are stated next to the variable. For all cases we used S,, = 6.53420(23) MeV
[46], Do = 2.20(9) eV [19] and (I'y(Sy)) = 43(4) MeV [19].
Case a [58] Eqy [58]  o(Sh) Tor p(Sn) p(Sn)red
[MeV™1]  [MeV] [MeV]  [106MeV~!] [105MeV™!]
EBO05 & preq 25.16(20) 0.12(8) 8.43(80) 0.425(1) 32.7(66) 18
EBO5 & prot  25.16(20) 0.12(8) 8.43(80) 0.425(1) 32.7(66) -
EB09 & pior 23.08(16) 0.33(6) 5.23(50) 0.455(1) 12.9(25) -
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Figure 3.15.: The extracted scissors resonances using the total level densities
and the spin cut-off of EB05 [58] (top) and EB09 [76] (bottom) including a
re-fitting of the base-line. They are fitted with two SLO resonances (dashed
lines) and the parameters are given in the plots. The drop in the data points
between 1.6 to 1.9 MeV is assumed to be linked to a very strong peak in
the coincidence-matrix, that could not be sufficiently accounted for in the
primary ~y-ray extraction procedure.
Table 3.5.: Parameters of the scissors resonance extracted with spin cut-off
parameters taken from EBO05 [58] and EB09 [76]. For a comparison, the
top row shows the estimate using a reduced density proq. The sum rule
estimates are wsg = 2.24 MeV and Bgg = 10.1;;12\1.
Case Lower resonance Upper resonance Total
WSR,1  OSR,1 I'srq Bsri WSR,2  OSR,2 I'sr2  Bsr,a WSR Bsr
[MeV]  [mb]  [MeV] W] | MeV]  [mb]  [MeV]  [pF] | [MeV] [1R]
EBO05 & preqa | 1.90(05) 0.68(5) 0.60(10) 7.6(14) | 2.70(10) 0.35(5) 0.75(15) 3.4(9) | 2.15(6) 11.0(16)
EBO05 & piot | 1.95(05) 0.55(5) 0.55(10) 5.5(12) | 2.90(10) 0.35(5) 0.70(10) 3.0(6) | 2.28(7)  8.5(13)
EB09 & piot | 1.90(05) 0.60(5) 0.70(10) 7.8(13) | 2.75(15) 0.35(5) 0.70(10) 3.1(7) | 2.14(6) 11.0(15)
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3.9. Cross-section calculations

Level densities and ySFs are essential inputs to cross-section calculations for nuclear reactions
in a statistical framework. We have performed calculation with the reactions code TALYS
v1.6 [25] which produces (n,7) cross-sections based on our data and a neutron optical model
potential (nOMP).

In order to use the level density and ySF extracted in this work, the databases and source
code of TALYS have to be modified slightly. We altered the level density model to include the
discrete level scheme up to 1.09 MeV and afterwards follow a constant temperature formula.
The source code of the strength function was adopted to an EGLO for the GEDR which was
used in the current analysis. It can be seen in Figures 3.14 and 3.16 that the implemented
level density and strength function then closely follow our results.
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Figure 3.16.: Level density obtained with the Oslo method compared to the
input for TALYS calculations. Up to 1.09 MeV TALYS uses the discrete
level scheme.

We performed calculations with both neutron optical model potentials available for actin-
ides in TALYS v1.6. According to the manual, the default option for actinides apparently
implements the nOMP of Soukhovitskii et al. [79], although it is only invoked by the keyword
localomp n. The potential itself is in very good agreement with experimental data. However,
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Table 3.6.: The predicted average resonance parameters from the present
analysis, from Soukhovitskii et al. [79], and data extracted from experiments
by Mughabghab and Dunford [81]. For comparison also calculations for 233U

are shown.
238(J 239py
SO Sl R So 51 R
Model [1074]  [107%] [fm| [107%] [107%] [fm]
Koning LocalOMP 0.38 2.32 8.95 0.44 0.47 9.15
12
TALYS v1.6 "Soukhovitskii" OMP 0.63 1.50 9.49 0.62 0.68 9.45
Reference Values Soukhovitskii'3[79) 0.95 1.80 9.57 0.93 1.77 9.56
Mughabghab [81] 1.2(1) 1.7(3) 9.6(1) 1.3(1) 2.3(4) 9.6(3)

a detailed study of the TALYS output shows that important bench-mark parameters from the
implemented potential [79] are not reproduced. A comparison between different results for
the average resonance parameters, the neutron strength functions Sy and .S; and the potential
scattering radius R, is displayed in Table 3.6. Although considerable effort has been spend to
trace back the origin of the discrepancy, we were not yet able to rectify the issue. The second
available option is an optical model potential by Koning and Delaroche [80]. This is a local
model but not optimized for the actinide region and thus quite naturally does not reproduce
the experimental average resonance parameters of 23?Pu either. Due to these discrepancies, it
is difficult to asses the reliability of the calculated cross-sections. The results presented in the
following are therefore considered preliminary.

The calculated cross-sections are displayed in Figure 3.17, together with experimental data
by Hopkins and Diven [82], Kononov et al. [83] and Schomberg et al. [84]. It can be observed
that the choice of different optical model potentials has a strong impact on the cross-section
calculations. The calculations with both OMP options fail to reproduce the experimental data.
Whilst this could hint at an erroneous level density and «-ray strength function, only very small
differences were seen when using the results obtained from different spin cut-off parameters
in the previous section as input to the calculations. Thus the discrepancy is considered more
likely to be an effect of the implemented OMPs failure to reproduce the experimental average
resonance parameters.

3Note that there is a slight energy dependence on these values. The displayed results are extracted for
E=325x10"%eV.

13Soukhovitskii et al. [79] gives the neutron strength functions Sp and S; in units of (eV)~/2 x 107, The
values have been adopted to the standard dimensionless quantity [19, 81], which is justified by a comparison
of values referred to within his work.
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Figure 3.17.: Preliminary 23*Pu(n, v) cross-sections calculated with TALYS
v1.6 using level density and v-ray strength obtained in this work. For com-
parison experimental data by Ref. [82-84| are displayed (see legend). Both
optical model potentials in their current implementation do not reproduce
average resonance parameters and thus the calculated cross-sections do not
match experimental data.






Chapter 4.

Discussion

In the previous chapter we extracted the level density and 7-ray strength function for 249Pu.
Moreover, we established the presence of an enhanced strength between 1 and 4 MeV that
is interpreted as the M1 scissors resonance. Finally, the neutron capture cross-section for
239Pu(n, ) was calculated. In the following we compare these results to other analyses in the
actinides region and stress the implications for selected application. Particular attention will
be given to similarities and differences to recent results for 243Pu [17].

Historically, the first theoretical attempt to describe nuclear level densities was undertaken
by Bethe [18]. In his work, he described the nucleus as a gas of noninteracting fermions with
equally spaced single-particle levels. This model was later adopted to include an excitation
energy shift parameter E; due to pairing correlations between nuclei. It has been widely used
and the popularity can be seen, for example, by its listing in the nuclear data library RIPL3
[19].

The main feature of the (back-shifted) Fermi-gas model is that the nuclear temperature is
connected to the excitation energy by T" o v E. However, recent publications in the quasi-
continuum region show more support for a constant temperature dependence of the level
density above E = 2A, where A is the pairing gap parameter. This is derived both from
particle evaporation techniques [85] and the Oslo Method. The new result is rather surprising,
as there is currently no fundamental theoretical explanation for such a behavior.

A constant temperature dependence of the level density could be expected if the whole
nucleus was in contact with one large heat bath [13]. However, there is no source for a heat
bath in an isolated system like the nucleus. Moreover, in Ref. [86] level densities have been
calculated for canonical, grand canonical and microcanonical ensembles, all of them yielding a
Fermi-gas like temperature dependence. A first explanation has been proposed by Guttormsen
et al. [13]| arguing that a continuous melting of Cooper pair is the source of the constant
temperature dependence. To develop and test a new theory that could explain this behavior,
the accessibility of experimental data is highly important. In recent years there has been an
increasing effort to study properties of nuclei in the actinide region. The publications include
observations for 2317233Th, 232-233py 237-2397] [13-15], 238Np [16] and 243Pu [17]. In Figure
4.1 the extracted level densities for 2°Pu are shown together with data for 243Pu [17] and for
the uranium isotopes [13]. All of them are in good agreement with the constant temperature
formula which is used to interpolate the results to p(S,). The limited excitation energy range
usable for 24°Pu does not allow a conclusive decision on either the constant temperature or
Fermi-gas model for this nucleus. However, we assume that there is no reason to expect that
240Py should behave very differently than other nuclei in the region.
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Figure 4.1.: Level density obtained with the Oslo method for (a) ?4°Pu
(black) and 243Pu [17] (red) and (b) 237=239U [13] (see legend). For 2*°Pu an
error band is given resulting from different spin cut-off parameters. The level
densities follow a constant temperature formula (interpolation lines). Note
that the discrete levels for normalization are only shown for the plutonium
isotopes. Figure (b) is reproduced from Ref. [13].

In a similar manner, the theory of the y-ray strength function has been subject to large
modifications. The first experiments using (y,n) reactions revealed a strong, resonance-like
structure called the Giant Electric Dipole Resonance (GEDR) at excitation energies of approx-
imately 10-14 MeV [20]. This was explained in a macroscopic picture, with protons oscillating
against neutrons. As common for resonating systems, a Lorentzian shape was assumed. With
the discovery of several resonances on top of the low energy tail of the GEDR the picture has
become more complex. The possibility to study the strength function below the neutron sep-
aration threshold enabled the Oslo nuclear physics group to discover an energy enhancement
below 2-3 MeV for many nuclei [73, 87| that is now known as the upbend. Moreover, for the
energy range between 1-4 MeV several nuclei exhibit an excess strength that is identified as
the scissors resonance.

In Figure 4.2 the y-ray strength function found in the current analysis is displayed together
with previous results extracted with the Oslo Method in the actinide region. The experimental
data above the neutron separation energy used in the normalization is taken from Gurevich
et al. [61], Caldwell et al. [62], De Moraes and Cesar [63] for 240-243Pu and the works stated
within Ref. [14, 16] for all other nuclei. Obviously all data sets exhibit an additional strength
between 1 and 4 MeV that fits with the energy region predicted for the scissors mode. Addi-
tionally, the results for 23*Np and 243Pu postulate not only a pygmy resonance at around 7
MeV necessary to fit the (v, z) results, but also a second pygmy resonance at 5.5 and 4.4 MeV,
respectively.
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Figure 4.2.: The «-ray strength function obtained with the Oslo method for
different nuclei. The panels show the present results for 24°Pu including the
error band (a), compared to 243Pu [17] (b), 23¥Np [16] (c), 233Th [14] (d),
238,239 [14] (e,f). For the reference to the experimental (v,z) data used
in the normalization, see reference within these works. All vSFs exhibit an
excess strength between 1-4 MeV that is interpreted as the scissors mode.

The current dataset may hint to a similar second resonance at around ~ 5 MeV; however
to reach this v-ray energies in 24°Pu, it would be necessary to extract data above the onset
of fission events and pile-up. This has been preformed for demonstration purposes and is
displayed Figure 4.3, but due to the mentioned constrains for ?4°Pu we do not think that those
findings would be very reliable. On the contrary, the rigorous analysis conducted in Section
3.6 does not require a second resonance. In order to minimize the number of assumptions
introduced, we therefore postulate only one additional resonance at 7.5 MeV.
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Figure 4.3.: The v-ray strength function obtained with the Oslo method
for 249Pu when extracting data up to Fy = 5.1MeV. This dataset may
hint at an additional resonance around 5 MeV (highlighted), however to
reach so high ~-ray energies in 24Pu, it is necessary to extract data above
the onset of fission events and pile-up at =~ 4MeV. This extended data is
not considered very reliable. For the results proposed in this work, see e.g.
Figure 4.2 (a).

For all nuclei the scissors mode was extracted and is shown in Figure 4.4. A common feature
is the double humped structure of the resonance. The current experiment yields an average
centroid wsg = 2.15(6) MeV and a summed B(M1) strength of B(M1) = 11.0(16) u%. The
systematic errors of different spin distributions are approximately of the same order then the
statistical uncertainties'. This is in good agreement with previous experiments from the Oslo
group for the above named nuclei, which result in an average centroid (wsg) = 2.38(16) MeV
and the average summed (B(M1)) strength of (B(M1)) = 9.2(16) uZ.

Experiments conducted by several other groups have determined the scissors states build on
the ground state by (v,7') and (e, e’) reactions [21-23|. Typically they yield B(M1) strength
between 2-4 u% in the actinide region. This is about a factor of 2-3 lower than the results in
of the Oslo group. There is at least two explanations that may resolve these discrepancies.

First, the B(M1) strength of the scissors mode is proportional to the moment of inertia
B(M1) < ©. With the Oslo method one observes the scissors resonance in the quasi continuum,
where a rigid-body momentum of inertia ©,igiq is assumed. For resonances build on the ground-
state naturally the ground-state moment of inertia O is used. For even-even nuclei in the
actinide region the ratio between these values is Oy;qig /Ogs ~ 2. For 232Th results are available

!Note that the uncertainty in the estimation of the GDR tail is not included.
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from both the Oslo Method and HIyS and there is a good agreement with the aforementioned
hypothesis: >> B(M1)osio/ Y. B(M]-)HI'yS = 2.2(7) [14].

Another reason why typically less strength is found by analysis of HIvS data could be that
it relies on identification of single states in a region where the level density reaches 103-10°
MeV~! [14]. Thus potentially not all strength is resolved experimentally. In this light it
is interesting that a recent measurement of discrete states at HIyS has discovered a B(M1)
strength of 8.1(1)u% for 238U, where two-thirds of it being attributed to the scissors mode [88];
this is higher then typical for HIvS.
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Figure 4.4.: Scissors resonance obtained with the Oslo method for different
nuclei. The panels show the present results for 24°Pu (a), compared to 2*3Pu
[17] (b), 238Np [16] (c), 233Th [14] (d), 238239U [14] (e,f). Also given is the
excitation energy range used in the analysis.

We have attempted to explore the impact of the current results on the 239Pu(n, ) cross-
section through calculations with the TALYS [25] nuclear reactions code. From the level
density and v-ray strength function extracted in this work and a suitable neutron optical model
potential the cross-sections can be calculated. However, as discusses in the previous section,



50 4. Discussion

the best available potential by Soukhovitskii et al. [79] seems to be erroneously implemented as
neither results from the original paper, nor experimental average neutron resonance parameters
could be reproduced. The cross-sections calculated with this potential are displayed in Figure
4.5. However, they are considered highly preliminary, and emphasize the need to solve the
problems in the implementation of the potential. As a comparison, the results from other
experiments [82-84| and the nuclear data libraries ENDFB/VII.1 [26] and JENDL-4.0 [27] are
shown.
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Figure 4.5.: Preliminary 2*Pu(n,~) cross-sections calculated with TALYS
v1.6 using level density and v-ray strength obtained in this work with the
OMP of Ref. [79]. There is a 25 % increase of the cross-section when
the scissors resonance is included (red line). For comparison experimental
data by Ref. [82-84] and the nuclear data libraries ENDFB/VII.1 [26] and
JENDL-4.0 [27] are displayed (see legend). There is a large discrepancy
between the two libraries for incident neutron energies above about 0.5
MeV.

Accurate knowledge of neutron capture cross-sections is essential for advanced reactor sys-
tems. Recent studies by the OECD Nuclear Energy Agency (NEA) analyzed the data needs
for such systems 28, 29]. With six fast neutron reactors out of the eight systems under con-
sideration, there are tight requirements on target accuracies (usually well below 10 %) for
actinide neutron capture cross-sections at energies between several keV and MeV. Therefore
one should note the large differences between the nuclear data libraries for incident neutron
energies F, above around 0.5 MeV. At maximum, the cross-sections given by JENDL-4.0 [27]
are up to about half an order of magnitude larger than for ENDFB/VIIL.1 [26]. The reference
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paper to ENDFB/VII.1 states that "[i]n the keV - MeV range, radiative neutron capture cross
sections for 235U and 23?Pu are poorly known: the covariance evaluation in ENDF /B-VIIL.1 has
capture uncertainties of the order of 15% for each of these nuclei. These reactions are so im-
portant that should new assessments, based on new measured data, lead to significant changes
in these evaluated cross sections, there will be significant implications for nuclear applica-
tions, for example in our criticality calculations." [26] With a more reliable implementation of
the OMP, it can be assumed that our results will confine the resulting uncertainty considerably.

Moreover, the determination of the neutron capture cross-sections is of importance in astro-
physical applications like the estimation of the actinide abundance, as rapid neutron capture is
the only process that can lead to the formation of actinide nuclei [30]. Given the abundances
and cross-sections for these nuclei, one can for example estimate the age of the universe. Our
results may have a direct impact by narrowing down the uncertainty for the neutron capture
cross-section of 239Pu.

Even more important might be an indirect contribution. The nucleosynthesis of heavy
elements involves the reaction rates of exotic nuclei which are far from the stability line and thus
unaccessible to direct measurements of cross-sections. With the described method, capture
cross-sections for these nuclei can be calculated. However, their accuracy crucially depends on
the input models. To the authors knowledge, the scissors resonance has up to now not been
included in such calculations. Although there might be a discussion about the exact strength
of the scissors mode, with the increasing number of experiments that have been conducted,
it can certainly be assumed that the resonance is a general feature of the actinides region -
and possibly even beyond. In Figure 4.5 it can be observed, that the inclusion of the scissors
resonance changes the cross section for 23?Pu(n, ) by about 25%. Similar deviations have
been found for other actinides, where cross-section calculations have been obtained from the
Oslo data [16, 17]. Note that we have not renormalized the 7-ray strength function without
the scissors resonance to the average radiative width (I'y). This reflects the situation for the
large number of nuclei where no data on (I',) exists. In the light of these findings we see a
strong need to include the scissors resonance in model calculations of the r-process and study
the impact on the resulting abundances and estimations of the age of the universe.






Chapter 5.

Conclusions and outlook

“Go back?” he thought. “No good at all!
Go sideways? Impossible! Go forward?
Only thing to do! On we go!”

J.R.R. Tolkien
The Hobbit

This thesis was motivated by the search for more detailed descriptions of the level density
and v-ray strength function of 24°Pu below the neutron separation energy. These are also the
main input for calculations of the neutron capture cross section of 23?Pu which is of significance
for applications in reactor and astrophysics.

A 239Pu target was bombarded with 12 MeV deuterons at the Oslo Cyclotron Laboratory
(OCL). The particle-y coincidences from the (d, p) reaction have been selected and converted
to the v-ray spectrum emitted at each excitation energy.

A set of techniques collectively known as the Oslo method have been applied to this data in
order to extract the level density and ~-ray strength function of 2*°Pu in the quasi-continuum.
In order to remain selective on deexcitation by ~-rays, only data for excitation energies below
the neutron separation energy at about 6.5 MeV have been analyzed. A further constrain was
given by sub-barrier fission resonances that were observed at approximately 5 MeV, which is
1 MeV below the fission barrier of 249Pu.

Previous studies on 2317233}, 232-233p, 237-23977 [13, 15] revealed a constant temperature
behavior of the level density. This is a surprising finding as it stands in contrast to the still
widely used back-shifted Fermi-gas. The latter model fails to properly describe the data.
Although the limited excitation energy region accessible does not allow a conclusive decision
between the two models for 24°Pu, on a macroscopic level the nucleus is similar enough to
the previously analyzed actinides that a constant temperature behavior for the level density
is strongly suggested.

The spin distribution has been a major source of uncertainty in the extraction of the y-ray
strength function. However, further research on the actually transfered spin in light-ion, e.g.
(d,p), reactions would be of great benefit in order to reduce the systematic errors.

The resulting ~-ray strength function shows an excess strength on the tail of the Gi-
ant Electric Dipole Resonance (GEDR) between 1 - 4 MeV that is interpreted as the scis-
sors resonance in the quasicontinuum. The scissors mode appears to be double humped
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with an average centroid wsg = 2.15(6) MeV and the derived summed B(M1) strength is
B(M1) = 11.0(16) p%. This is similar to previous analyses of actinides using the Oslo method
for 231=233 T 232-233py 237-2397] [13-15], 22Np [16] and 24*Pu [17]. Experiments using (,7’)
and (e, ') reactions typically yield about 2-3 times lower strength and two hypotheses for the
differences have been discussed.

Finally, the obtained level density and «-ray strength function have been used together with
the optical model potential of Soukhovitskii et al. [79] to calculated the neutron capture cross-
section of 239Pu using the TALY'S [25] nuclear reactions code. We expect a considerable impact
of the calculation for the study of fast neutron reactors and in the nucleosynthesis of heavy
elements. It is therefore of particular importance to correct the demonstrated inconsistencies
in the computational implementation of the optical model potential. Once these are resolved,
it is expected that our calculations lead to significantly more reliable (n,~) cross-sections for
fast neutrons.

To our knowledge, neither the scissors resonance nor the upbend have up to now been
included in astrophysical models of e.g. the nucleosynthesis of heavy elements. Two recently
initiated projects have started to address in depth the effect of these additional resonances on
(n, ) cross-sections and the impact on applications in reactor and astrophysics. The analysis
is based on the results found in this work, previous findings using the Oslo Method, and
systematics that can be derived from these.

In order to strengthen our knowledge on properties of heavy nuclei we will investigate further
nuclear reaction on actinides targets. In 2016, experiments with 24°Pu, 244Pu and 23"Np targets
are planed. Recently, a new technique has been developed that uses vy-ray spectra following
B-decay [89]. This further increases the already wide range of accessible nuclei. At the OCL
the Nal detectors will be replaced by large volume LaBrs:Ce detectors, which are superior
in timing, efficiency and energy resolution. This provides the possibility for a more detailed
study of the ~-ray strength function including the search for a potential fine structure in the
scissors resonance.
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Appendix

A.1. Experimental set-up and data extraction
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>
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Figure A.1.: (a) Energy deposited in SiRi’s front and back detectors, E
and AFE respectively. (b) Corresponding spectrum calculated with "SiRi
Kinematics Calculator" for ©® = 140°.

95



o6

A. Appendix

m_e_de_{5

AE(Si) [keV]

Mean x
Mean y

| RMS x
RMS y

| Entries  1.503147e+08

1.397e+04
834.4
784.7
60.41

.
14500

500
E(Si) [keV]

Figure A.2.: Energy deposited in SiRi’s front and back detectors, E and
AF respectively, at 6§ = 140°. The plot is zoomed in on the region close to
the (d,p) ground state. A brief explanation of the peaks is given as insets
in the Figure. Because of the detector resolution, the levels at 42 and 142
keV fall together with the ground-state. More information can be found in
Chapter 2.
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Figure A.3.: Magnetic spectrum for the reaction 2*Pu(d,p)?*°Pu with 12
MeV deuterons at a scattering angle of 100°. The y-axis gives the reaction
intensity in arbitrary units. Observe the approximately 600 keV wide region
that contains little to no counts. Reproduced from [42].



A.1. Experimental set-up and data extraction

Table A.1.: New intensities and FWHM obtained for the Nal response func-
tion R. Source: M. Guttormsen (UiO), priv. comm., 03.02.2015.

E’y FWHM # 6totb bt Pc Ds Pd Da
[keV] [keV]
252 33.7 0.7660 0.8140 0.1860 0.0000 0.0000 0.0000
572 62.2 0.8680 0.7061 0.2939 0.0000 0.0000 0.0000
892 76.1 0.9450 0.6045 0.3947 0.0009 0.0000 0.0000
1212 85.9 0.9830 0.4962 0.4966 0.0072 0.0000 0.0000
1532 100.2 1.0010 0.4203 0.5669 0.0095 0.0000 0.0033
1852 113.3 1.0110 0.3655 0.6158 0.0119 0.0000 0.0069
2172 127.0 1.0180 0.3349 0.6381 0.0154 0.0000 0.0115
2492 138.9 1.0250 0.3019 0.6632 0.0189 0.0000 0.0160
2812 149.1 1.0310 0.2672 0.6902 0.0222 0.0000 0.0204
3132 161.5 1.0360 0.2473 0.6918 0.0330 0.0070 0.0208
3452 172.3 1.0400 0.2288 0.6971 0.0372 0.0076 0.0294
3772 182.0 1.0430 0.2097 0.7031 0.0413 0.0081 0.0378
4092 190.6 1.0460 0.1911 0.7082 0.0455 0.0088 0.0465
4412 198.2 1.0490 0.1705 0.7163 0.0492 0.0093 0.0547
4732 205.7 1.0520 0.1609 0.7242 0.0519 0.0092 0.0537
5052 212.7 1.0550 0.1540 0.7342 0.0539 0.0089 0.0490
5372 218.9 1.0580 0.1478 0.7429 0.0561 0.0086 0.0446
5692 224.1 1.0600 0.1409 0.7528 0.0580 0.0082 0.0400
6012 228.5 1.0630 0.1341 0.7627 0.0599 0.0079 0.0354
6332 236.4 1.0650 0.1292 0.7685 0.0590 0.0080 0.0353
6652 246.6 1.0670 0.1256 0.7716 0.0565 0.0083 0.0380
6972 256.5 1.0700 0.1223 0.7742 0.0541 0.0086 0.0407
7292 266.3 1.0710 0.1183 0.7780 0.0514 0.0089 0.0433
7612 276.0 1.0720 0.1144 0.7818 0.0488 0.0092 0.0459
7932 285.4 1.0730 0.1102 0.7859 0.0460 0.0095 0.0484
8252 294.7 1.0740 0.1063 0.7896 0.0433 0.0098 0.0510
8572 303.8 1.0750 0.1024 0.7932 0.0407 0.0101 0.0536
8892 312.8 1.0760 0.0983 0.7973 0.0379 0.0104 0.0561
9212 321.5 1.0770 0.0942 0.8013 0.0352 0.0107 0.0586
9532 330.1 1.0780 0.0903 0.8051 0.0325 0.0110 0.0611
9852 338.6  1.0800 0.0859 0.8097 0.0297 0.0112 0.0634
10172 346.4 1.0800 0.0838 0.8122 0.0300 0.0112 0.0628
10492 354.0 1.0810 0.0822 0.8140 0.0308 0.0113 0.0618
10812 361.4 1.0820 0.0802 0.8165 0.0316 0.0112 0.0605
11132 368.6 1.0820 0.0783 0.8189 0.0323 0.0112 0.0592
11452 375.6 1.0830 0.0764 0.8214 0.0331 0.0112 0.0580
11772 382.4 1.0840 0.0743 0.8241 0.0338 0.0112 0.0566
12092 389.0 1.0840 0.0726 0.8262 0.0346 0.0112 0.0555
12412 395.4 1.0850 0.0706 0.8288 0.0353 0.0112 0.0542
12732 401.6 1.0850 0.0687 0.8312 0.0360 0.0111 0.0529
13052 407.6 1.0860 0.0667 0.8339 0.0367 0.0111 0.0516
13372 413.4 1.0870 0.0648 0.8361 0.0375 0.0111 0.0504
13692 419.0 1.0870 0.0629 0.8386 0.0382 0.0111 0.0492

#Normalized to 79.9 keV (6 %) at 1.33 MeV.
bArbitrary normalization to 1 at 1.33 MeV
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A.2. Resonance parametrization: SLO and EGLO

Over the time a manifold of different formulas were developed to fit resonances in the ~-ray
strength function. The basic starting point is usually the standard Lorentzian fsr,o [52], which
is derived from the response of a dampened harmonic oscillator [90]

1 E,T,

= r Al
3rh2c2 (E2 — E2)? + E2T, (A1)

fsLo(Ey)

where o, I', and E, are the cross-section, full width at half maximum and energy of the
resonance.

In order to improve the agreement with certain experimental observations, many studies
have included additional terms. In this work we use the Enhanced Generalized Lorentzian
fecro [91, 92| for the Giant Dipole Resonances, which i.a. takes into account the temperature
of final states T’

1 E,T(E.,Ty) I'(E, = 0,T})
=— ol SRS b LA 07— _ 28 A2
focLo = gm0l (E2 — E2)? + E2T2(E,,Ty) * B3 ’ (4.2)
where
PT 2 22
T

For a more detailed discussion of the different models in relation to the ~-ray strength
function, see Ref. [37].
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