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Abstract.

The onset of convection in a differentially heated porous
vertical layer 1s investigated theoretically. The medium is
filled with a solution which 1s stably stratified in the vertiéal
by temperature and solute. For moderate and large ﬁalues of the
solute Rayleigh number Rs, it 1s found that the presence of a
stable temperature gradient acts stabillizing, while for sufficiently
small values of Rs this gradient has a destabilizing effect.
‘Analogous to Hart [6], nonlinear resonance.is found to occur in
the limit of large Rs at a smaller wave number than that predicted
by linear theory. TFinally the effects of bounding side walls on the
onset of convection in a porous medium with vertical gradients of
heat and solute is considered. The results conform to those of

Beck [11] for the analogous oné-component problem



Nomenclature.

L,D,H,

AT,
SQ,

>
v(=u,v,w),

T,3,p,

width, depth and helght, respectively, of the modelj
dimensionless time;

dimensionless Cartesian coordinates;

unit vectors;

permeability of porous medium;

acceleration of gravity;

specific heat at constant pressure;

horizontal temperature difference;

initial vertical solute distribution;

dimensionless veloclty vector;

dimensionless temperature, solute, and pressure,
respectively;

W(x),T(x),3(x), dimensionless basic solution, Eq. (2.8);

C,R,
1l,m,
a,
Ch

defined by (2.9);
dimensionless wave numbers in the y- and z-direction;
overall wave number;

defined by (2.4);

thermal Raylelgh number KgaATL/van 5

solute Rayleigh numbes KgB(-asolaz‘)L?[vas;

vertical temperature and solute differénces,
respectively;

defined by (A.2);
defined by (A.4).



Greek 1letters.

a,B, thermal and volumetric expanslon coefficients,
respectively;

Ys dimensionless temperature gradient along x =# 3

s, defined by (A.7), (A.8);

0, dimensionless perturbation temperature;

KpTs Kpgs diffusivities of heat and solute in the porous
A medium;

Hi,2 ° defined by (L.5);

v, kinematlc viscosity;

Py density;

Pos reference density;

o, amplification factor of disturbance;

v, stream function.

Subscripts.

*, dimenslonal quantities;

f, fluid;

m, solid-fluid mixture;

c, critical;

r, ‘ resonant;

e, even;

o, odd.

Superscripts.

“y complex conjugate.



1. Introduction.

Convective instability in a fluid with two (or more) diffusive
components has lately received considerable interest in the litera-
ture; see the review by Turner [1]. This phenomenon, known as
double-diffusive convection, has several important geophysical
applications. Especially in the ocean, where the relevant cohponents
are heat and salt, double-diffusive (or'thermohaline) convectlion is
of.importance, as this phenomenon in general contributes to the vertl-
cal mixing process, and in particular may account for the formation-of

certain layers observed in the sea [2].

Published studies on double-diffusive convection in porous_media
are not so numerous, although this phenomenon may be of importance in
connection with hot, salty springs or fertilizer migration in satu-

rated heated soil [3].

The main part of the present note 1s concerned with convection
in a differentially heated infinite vertical porous layer filled with
a stably stratified.solution. Similar studles 1n Newtonlian fluilds
have been performed by Thorpe et.al. [4] and Hart [5,6]. In addition
to thelr models, the present study also includes the effect of a

stable vertical temperature gradient.

As in the Newtonian fluid case, the parallel flow set up by
sideways heatling results in a slanting of the original horilzontal
isosolutal lines. Accordingly, a parcel of fluid being displaced

sldeways, experlences a net buoyancy force due to the differential
diffusion of heat and solute in the porous medium, The motion
resulting from this diffusive destabilization, has been called side=-

ways diffusive convection.
It 1s thought that a porous medium may provide a convenient

means for studying sideways diffusive convection. Due to the lack



of inertial terms in the equation of motion, shear instabillity
does not occur in porous medla. Accordingly the slideways diffusive
mechanism i1s the only one acting in the present problem. Also when
performing laboratory experiments, ﬁhich can be done by using a
Hele-Shaw cell, the porous model may have some advantages. The
veloclities will now be very small, and hence the initial vertical

concentration gradient will last for quite a long period of time.

In the appendix we study the onset of convection in a limited
porous medium when the slide heating 1s abolished, and vertical gra-
dients of temperature and solute are imposed. Thils 1s an extension
of the analysis by Taunton et.al. [3], and corrects some of their

results.

2. Basic solution.

Consider the motion 1n a rectangular porous medium bounded by
impermeable planes. A Cartesian coordinate system, with the z-axis
directed upwards, is placed in the middle of the model such that the
bounding planes are situated at x_ =xL/2, v, =t D/2 and z, =% H/2.
In this part of the analysis we assume that H/L and D/L are
infinite. The medium is filled with a stably stratified solution
i.e. 038,/3z, < 0. The vertical boundaries at x, =+L/2 are taken
to be insulating to solute, and kept at temperatures + AT/2 + Y2y
such that the left-hand wall is the warmer.

Dimensionless (unstarred) varlables may now be introduced by

taking

Lv KgaAT AT



as units of length, time, velocity, temperature, solute concentration

and pressure.

Utilizing the Bousslinesq approximation, the governing equations

may be written in dimensionless form

W = —v + (T-3)k (2.2)
VeV = 0 (2.3)
Ra(c 2+ Jevm) = w21 (2.4)
Rat™! (22 + ¥.vS) - Rsw = v2S (2.5)

where ¢ = (pcp)m/(cp)f and 1T = Kma/KmT. The parameters
- ' - - 1.2
Ra = KgaATL/vaT and Rs = Kgg( asolaz*)L /“Kms are the thermal and

solute Rayleigh numbers, respectilvely.

Egs. (2.2)-(2.5) permit a steady parallel flow solution of the

form
u=v=20 :
W o= W(x) - (2.6)
T = T(x) + vz
S = S(x)

where <y = y L/AT i1g5the pPrescribed dimensionless temperature gradient

%
at x = * 3. By inserting these expressions into egs.(2.2)-(2.5) and

utilizing the boundary and continulty conditions

T(11) = 71, B(23) = 0
(2.7)

+
N ey, O}
=
[e})

s
1]

o



we obtain
() =SB (R
T(x) = - C(1-12)x +82 y(x) - (2.8)
S(x) ='T(x)'- w(x)
where
C = 1/[1-yRa/R + (2yRa/RVR)tanh (VR/2)1,

(2.9)

R Rs + {Ra

In a real problem the model wlll always be bounded vertically. If,
however, the ratio L/H 1s sufficiently small, the solution (2.8)
wlll be adequate in the central part of the layer.

Analogous to the studies by Elder [7], Vest and Arpaci [B],
Hart [9] a.o. 1in a differentially heated fluid slot with isothermal

vertical boundaries, we may let <y represent the bullding up of a
stable temberature gradient in the interior of the model due to the
presence of horizontal end walls, For L/H given, y will then be
é function of Ra; For large Ra, Yy approaches an asymptotilc limit,
being 0.67L/H for the vertical porous layer problem (Weber [10]).

In the present case, with'a stably stratified solution, this procgess

1s.accompanied by a gradual destruction of the initial solute

gradlent.

Gg;gfl heat.diffuses much faster than solute 1n g fluid, however,
(t » 1/400 for heat and salt in water), it is believed that, in a
laboratory experiment, a stable temperature gradient may manifest
itself in the central part of the layer before the solute distribu-

- tion 1s noticeably reduced there.



3. Linear perturbation analysis.

Perturbating the solution (2.8) by infinitesimal disturbances
of the form
{u,w,0,s} = {{i(x),W(x),8(x),8(x)}lexp{i(1ly + mz) + ot} (3.1)

where 1 and m are real dimensionless wave numbers in the y- and
z-direction, respectively, and ¢ the (complex) growth rate, the

" linearized perturbation equations are

(d2 -2a2)u =-imd e + im ds (3.2)
Ra(coo + imW(x)6 + udT(x) + yw) = (d2 - a2)s (3.3)
t"'Ra(os + 1mW(x)s + udS(x)) - Rsw = (d2 - a2)s (3.4)

where d = d/dx, a2 = 12+m2?2, and the carets have been dropped.
The boundary conditlons are

u=6=ds =0 at x =+3, (3.5)

In this problem we are able to demonstrate that two-dimensional
disturbances with axes aligned along the basic flow (longitudinal

rolls) are stable.

By assuming that 98/%z = im = 0, 1t follows immediately from
(3.2) that u = 0. Multiplying (3.3) and (3.4) by the complex con-
Jugates 8 and 5, respectively, integration across the layer |

(denoted by brackets) yilelds

2
g<aRa|e|2-r¥%§—|s|2> = - <yRa|w|2-+1%§(|ds|2+-12|s|2)

+ |del2 + 12}e]|2> (3.6)

where we have utilized that <w8 - wS> = <|w|2> from the yorticity



equation. Hence, since vy, Ra, Rs > 0, o 1s real and negative 1i.e.
longitudinal rolls can not grow. According to'this we study the
stabllity of the solution (2.8) with respect to disturbances having
3/3y = 0 (transverse rolls). We then may introduce a streamfunction °
Yy such that w=dy and u= - imy. The stability analysis 1is
performed by Galerkin's method. Since numerical computations for

the analogous problem in a fluid (Hart [5]), and the asymptotic result
presented later in this sectlon show no osclllatory behaviour at the
marginal state, we consider stationary rolls only.

Our solutions may then be written

e o
s = s, +1s, (3.7)
¢=¢0+1‘P'e

where 0o eo, Sgs B> wo, b, are real functions of x. The
subscripts e and o " denote even and odd with respect to x = 0,

respectively. Equivalently, the combination 6 = eo + iee etce.
might have been chosen (see Vest and Arpaci [8]). In (3.7) the
functions 8.5 8,5 Sy, °°° are developed in trigonometric serles
satisfying the boundary conditions at the vertical walls., By
inserting these expansions into Egs. (3.2)-(3.4) and using the ortho-
gonalization conditions, the resulting algebraic problem reduces to
finding zero of a 6N x 6N determinant, where N 1is the number of

terms in the exapnsions. The result will be discussed in sectlon 5.

b, Asymptotic results for strong concentration gradients.

When Rs 1s large, and +yRa << Rs, the situation 1s analogous
to that treated in detail by Hart [5,6]. We therefore just outline

the main steps in the analysis. From (2.8) it now follows that the
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vertical velocity effectively vanishes except in thin boundary layers

of order Rﬁ'% at the vertical walls. Here also the velocity is of
order Rs'%. In the interior, then, the horizontal gradients of heat and
solute are almost linear.Aésuming that the strong solute stratifica-
tion forces the disturbance into thin, wide cells, the lowest order
interior equations follow from Eqs. (3.2)-(3.4) by assuming W = O,

dS = 4T = -1 and neglecting d2 compared to m2. The solution of

N

this system 1s readlly obtalned. By applying ¢ = 0 at x = % 3,
which, according to Hart, are the proper boundary conditions for the
interior problem, an eigenvalue equation is obtained from which 1t
follows that ‘o 1s real. The correspondlng marginal state is

governed by
-1 - 2 m2Rs? % .
(t "=-1)Ra = 2(mRs+ —TIIT) (4.1)

giving a critical Rayleligh number

&
Ra, = VST Ro_ (4.2)
€ " -1)
L .
for m, = V¥RsY (4.3

The normalized marginal solution may then be written

¥ = cosmx cos{z(u;+u,)x +mz} (4.h)
where |
1,2 E%E{(T-1-1)Rai:¢(1_1-1)2Ra2 - UmzRg} (4.5)

At the critical point, the equation for the tilt lines can be obtalned

from (4.2)-(4.4). We find

L » ‘
z = - V21 RS %x + const. (4.6)
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This shows that the cells are sloping down from the hot wall. We

further see that the slope decreases with incregsing vertical sta-

bility, as would be expected.

Further comments on the asymptotic case will be given at the

end of next section, where some nonlinear results are presented.

5 Results and discussion.

In figure 1 we have displayed the results from the stabillty
analysis. The critical thermal Rayleigh number is plotted as a
function of the solute Rayleigh number. 1In figure 2 the corresponding
critical wave numbers are presented. In the computations we have
chosen <t = 1/100 which is a reasonable value for the salt-heat
problem in a porous medium., The number of terms needed for conver-
gence varied along the curves. The criterion was chosen such that
the change in the eigenvalue should be less than 0.5 % when in-
creasing the number of terms from N to N+1, For Rs zvuo five
terms were sﬁfficient, while for Rs < 30 nine or more terms ﬁad to

be used.

Figure 1 qulte strikingly exhibits the effectiveness of the
sideways diffusive mechanism. The minimum value of Ra 1s found to
be 2.9 for R8 = 70 and m = 4.3, which, for many geophysical

problems, 4is obtained for very small temperature and solute gradients.

As .mentioned before, however, one advantage by working with a
porous medium, or a Hele-Shaw cell,is that experiments may be con-
ducted even at this minimum point, and not only in the 1limit of large

Rs as in [4] or [6]. For experiments in progress with H = 100 cm,
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L=1cm, D= 0.1 cm and salt dissolved in 60 % glycerine, it is
found that Wmax & 5-10-“ cm/s at this particular point. Hence it
will take a particle about 28 h to travel from the center of the
cell to one end, which puts an upper 1limit to the time one can run

an experiment under quasi-static asumptions. The required horizontal
temperature difference will be 2.8 deg.C 1in this case.

We further observe from figure 1 that the presence of a stable
temperature gradient <y acts stabilizing for moderate and large
values of Rs. This 1s due to the fact that a positive y effecti-
vely diminishes the horizontal basic solute gradient, as seen from

(2.8). Hence the sideways diffusive mechanism is weakened.

For sufficlently small values of Rs, however, we find that «y
acts destabilizing. This may be explained as follows: For marginal
stabllity at small Rs and non-zero vy, the vertical density stratifi-
cation 1s mainly due to temperature and governed by the parameter <vRa,
Even though thls parameter, as before, results in a reduced horizontal
basic solute gradient, it also limits the vertical cell height, as
seen from figure 2. Obviously thinner cells are more efficient 1in
providing the solute and heat balance. Accordingly, for sufficiently
small values of Rs, the configuration with a positive vertical
temperature gfadient will be the most preferable. '

If vy 1s taken to represent the interlor temperature gradient
caused by the finiteness of the model, as discussed in sectilon 2,
this implies that vy would be of order L/H. If now L << H, as we
have assumed for (2.8) to be valid, figure 1 shows that this has a

negligible effect on the stability problem.

Although no experiments have been performed yet in the limit

of large Rs, it seems unlikely that a disturbance with wavelength



- 13 -

Ac = 2"/mc should be observed at the marginal state. This is due
to the fact that a nonlinear resonant instability may occur in the
present problem,analogeousiy to the case discussed by Hart [6]. If
one tries the usual normal mode cascade process for the interior
problem, starting with the solution (4.4) as a first approximation,
and writing the nonlinear solutions as poWer sefies in a small para-

. meter (which essentially is |Ra - RaCI%) it is found that the second
order golution contains a part

« 1 foYo):
Y2 * (72Rs—3m#) C°°S

{(u1+uz)x*-2mz} (5.1)

This part expresses the respons from the forcing of the second harmo-

nic of the fundamental, and becomes infinite when

or . (5.2)

As noted by Hart [6], the occurrence of resonans suggests that
also the time dependence of the second harmonic must be taken into
account in the nonlinear procedure. Hence one should start with the
fundamental and the second harmonic as primary waves. This will be

attempted in a forthcoming paper.
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APPENDIX: Double-diffusive convection in a bounded porous medium.

Assume now that H/L and D/L are finite. We abolish the
side heating, and take the vertical walls to be 1nsulating to heat
and solute, Let the horizontal bbundaries have constant temperature
and solute concentration; the differences between the bottom and

top plane being AT and ASA’ respectively.

A

Analogous'to Beck [11] it is easlly shown that the perturbation

solutions are separable in space and time, 1l.e.

W,8,8 = cos(pm % x)cos(am % y)sin(r-nz)eUt (A.1)

where we, for simplicity, have placed the origo in a corner of the
box and used the height' H as length scale., In (A.1) r = 1,2,3cee

and p,q = 0,1,2,3 (but p+q # 0). The appropriate Rayleigh numbers

are now
Ra* - KgaATAH
VK
(A.2)
. KBASAH
Rs™ = VK
mT

(note that here 1s used in the definition of solute Rayleigh

“mT
number). The governing equations then reduce to

cA2g24+{A*(1+ct)-B2Ra*+cB2Rs* }o+A2 {1A¥~TB2Ra+B2RE} = 0 (A.3)
where

BZ

wz(szz/L24'q2H2/D2) A
(A.L)

A2 B2 + g2p2
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We look for marginal stable solutions, 1.e. o_ = 0. Equation (A.3)

r
then ylelds
Ra* = A/B2 + Ra/t (A.5)
Ra* = (1+ct)A%/B2 + cR; (A.6)

for statlionary and osclllatory modes, respectively. It is easily
seen that Ra' has a minimum for r = 1. Accordingly the critical
Rayleigh numbers for the statlonary and oscillatory case are given,

respectively, by

* - % '
Ra_ = m2min(s+s 192 4 Rs/t (A.7)

1r2(1+c-r)min(6+6'1)2 + cRs* (A.8)

Ra*
e

where

62 = B2/q2 = p2H2/L2 + q2H2/D?

1)2 has an absolute minimum

We observe that the function I = (6+6;
for 6 =1, i.e. I = 4, Beck [11] has discussed the minimum of
I for general values of the box geometry parameters L/H and D/H,
and we refer to his work for detalls. We Just mention that when L/H
or L/D becomes large, Imin rapidly approaches 4y, Hence for an
unbounded horizontal layer (A.7) and (A.8) reduce to

Ra: = 4n2 + Rs*/x (A.9)
Ra: = 4g2(1+4ct) + cRs* (A.10)

In both cases the preferred disturbance has a horizontal overall wave

number that equals w,‘ as in ordinary ome-component porous convection.
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From (A.9) and (A.10) it follows that the transition from stationary

to oscillatory convection occurs when Rs* exceeds the value

*  lg2ce2
Rso = T——C;_—- (A.11)

which is a very small quantity for the heat-salt problem. The corre-
sponding value of Ra: is then slightly above U4nZ2,

The result (A.9) has previously been obtained by Nield [12]
and Taunton et.al. [3], while the result (A.10) for convection via
oscillatory modes differs from that given in [3]. This 1s due to the
fact that Taunton et.al. keep the time derivative.of the velocity
in the equation of motion when they at the same time neglect the con-
vective acceleration. When the (pore) Reynolds number 1is small,
however, both these terms are small and can be neglected, such that
the equation of motlon expresses a balance between pressure, frilction

and buoyancy (see eq. (2.2)).

As in Beck's work, the main conclusions to be drawn from this
part of the study 1s that the presence of side walls in general mekes
the system more stable. Further, when two-dimensional disturbances
(rolls) occur, they will be orientated 1n such a way that each roll

has the closest possible approximation to a square cross section.
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Figure legends.

Flgure 1

Figure 2

Marginal stabllity curves for various values
of the stable vertlical temperature gradient
vy when <t = 1/100.

The broken line represents the asymptotic
result (4.2). '

Wave numbers for marginal stability when

Tt = 1/100 and vy = 0,1,10. The upper and
lower broken lines represent the linear
asymptotic result (4.3) and the resonant wave

number (5.2), respectively.
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